REGULARITY OF MINIMIZERS FOR FREE-DISCONTINUITY PROBLEMS
WITH p(-)-GROWTH

CHIARA LEONE, GIOVANNI SCILLA, FRANCESCO SOLOMBRINO, AND ANNA VERDE

ABSTRACT. A regularity result for free-discontinuity energies defined on the space SBVP®) of
special functions of bounded variation with variable exponent is proved, under the assumption
of a log-Holder continuity for the variable exponent p(z). Our analysis expand on the regularity
theory for minimizers of a class of free-discontinuity problems in the nonstandard growth case.
This may be seen as a follow-up of the paper [25], dealing with a constant exponent.
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1. INTRODUCTION

Integral functionals with non-standard growth, introduced by Zhikov [36, [37], are customary
in the modeling of composite materials which exhibit a strongly anisotropic behavior. In such a
setting, a point-dependent integrability of the deformation gradient is usually assumed, which
may be captured, for instance, in terms of variable exponents spaces (see [31, 35]). Over the
years, the regularity properties of minimizers (in the Sobolev space Wl’p(')(Q; R™), where 2 is
a reference configuration) of variational integrals of the form

/ f(z,Vu(zx)) dx, (1.1)
Q
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under a p(x)-growth condition
clelP® < f(,€) < C(1+ "), (12)

has been the subject of many contributions. Among them, we may mention [2 B, 1T} 18]
191 30, B38]. The common key assumptions to these papers are superlinearity of p(-) (meaning
ming p(+) > 1), and the (possibly strong) log-Hélder continuity of the exponent. This condition
on the modulus of continuity of the variable exponent was firstly considered by Zhikov in [38]
to prevent the Lavrentiev phenomenon. Roughly speaking, it allows one to freeze the exponent
on small balls around a point, as pointed out in [I5, Lemma 3.2] and is particularly suitable for
blow-up methods. Besides regularity issues, we may point out for instance its usage in [I], in
order to show that the singular part of the measure representation of relaxed functionals with

growth ([1.2) disappears.

The focus of our paper is, instead, on the regularity of minimizers of free-discontinuity func-
tionals in variable exponent spaces. In such a setting, which is rather natural to describe failure
phenomena such as fracture and damage, singularities may appear in the form of jump discon-
tinuities. These problems are characterized by the competition between a “bulk” energy of the
form and a “surface” energy accounting for the energy spent to produce a crack ([27, 23]).
A prototypical functional is then taking the form

/ f(z,Vu(z))dx —I—/ 9(z, ut(z), 0™ (z), vu(z)) dHI 1 (z). (1.3)
Q Ju

Above, J, is the set of jump discontinuities of u with normal v,,, which, exactly like the gradient
Vu and the one-sided traces ut(x), u~ (z), have in general to be understood in an approximate
measure-theoretical sense (see Section [2.2)). The p(-)-growth condition is assumed on f,
while g is bounded from above and from below by positive constants.

The above problem is usually complemented with lower order fidelity terms or boundary data,
which, whenever p(-) is superlinear, allow one to apply the results of [5] [6] (see also [24] for the
case of boundary data) and obtain sequential coercivity of the functional in the space of Special
functions of Bounded Variation (SBV), see [7]. Under the BV-ellipticity of g, which provides
lower semicontinuity of the surface integral, the well-posedness of the minimum problem
in the subspace SBV?() of SBV functions with p(-)-integrable gradients can be then inferred
from the results of [13], whenever f is convex in the gradient variable, or more in general of
[12], whenever f is quasiconvex and and the exponent is log-Holder continuous. We also refer
the reader to the recent [4], where mere continuity of p is shown to be sufficient for lower
semicontinuity of the bulk energy. We however warn the reader that log-Holder continuity is
again going to play a central role when coming to regularity issues. It is also worth mentioning
that, besides Materials Science, applications of a variable exponent in the setting of functions of
bounded variation already appeared in image reconstruction [10}, 28] 29, 32]. This is the setting
where free-discontinuity problems were originally introduced [33].

Now, for g = ¢, with ¢ > 0, (1.3) can be seen as a weak formulation of the problem
f(z, Vu(x)) dz + ¢cHI LK) (1.4)
O\K
for a closed set K, not prescribed a-priori, and a deformation u which is smooth outside of K.
One is then willing to show that, given a minimizer u of (L.3)), the pair (u,/,) indeed provides
a minimizer of (L.4). This is clearly the case whenever HL (T, \ Ju) = 0; notice that, once

this is achieved, setting K = J,, the smoothness of u in Q \ K can be then deduced from the
regularity theory for variational integrals in Sobolev spaces. For the model case

[z, Vu(z)) = [Vu(z) ],
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with p a constant exponent, this difficult task was first accomplished in the seminal paper [14]
for p = 2, and subsequently in [9] for p > 1. There, it was namely shown that H*1(S,\ S,) = 0,
where S, is the singular set of u, a superset of J, which, in a BV setting, differs therefrom only
by a H% !-null set. A crucial estimate in order to get their result was the so-called density lower
bound
HEL(S, N By(ao)) > Opp?~!

for zg € S, and sufficiently small balls B,(x¢), with 6y independent of zg and p. This requires a
fine decay analysis for the energy on small balls, which is partially simplified by the homogeneity
of the bulk energy, ensuring that minimality is invariant under suitable rescaling.

If one renounces to homogeneity, regularity results for minimizers of a class of nonhomogenous
bulk integrands with p-growth in ((1.3) have been obtained in [25], whose results we extend to
the variable growth setting.

Description of our results. In this paper, we focus on the scalar-valued case u: 2 — R and
consider f(z,£) = [£[P®) + h(z,€) in (L.3), where h is a continuous function, convex in ¢ and
has p(z)-growth. We assume that the variable exponent is strongly log-Hélder continuous (see
(2.4)) and show that minimizers of the weak formulation are strong minimizers in the sense
clarified above. We remark that the same decomposition for f, in the case of a constant exponent,
has been considered in [25]. As noted in Proposition and Remark it corresponds to a
uniform strict convexity of the bulk function which is crucial in order to obtain L°°-gradient
estimates (see [21]) for WP local minimizers. Such estimates, to which we are reconducted by
the blow-up procedure described below, are also fundamental in our case.

The proof of the crucial density lower bound goes, exactly as in [I4], 25], through a decay
Lemma (see Lemma [4.4]). One assumes by contradiction that the energy is decaying faster than
p®~! around a jump point xg. Setting p = p(z(), one may exploit smallness of the energy to
show that a scaled copy of blown-up sequences converges to a minimizer of a variational integral

of the type
/ (|Vul?P 4+ hoo(Vu)) da
By

for which decay estimates independent of p are available by [21], and provide a contradiction.
The function A is recovered as locally uniform limit of a scaled version of h acting on a scaled
deformation gradient. The strong log-Holder continuity assumption is crucial for a proper choice
of the scaling constants, despite the presence of a variable exponent, in order to ensure minimality
of the limit function. This also requires the proof of a I-liminf type inequality (see Step 1 of
Theorem for sequences of functionals with variable growth, which is achieved by means of
the Lusin-type approximation in [I2, Theorem 3.1], recalled in Theorem With the main
tools of Theorem and Lemma |4.4] at our disposal, we can prove the density lower bound and
eventually recover existence of strong minimizers in Theorem

Outline of the paper. The paper is structured as follows. In Section [2] we fix the basic no-
tation and recall some definitions in variable exponent spaces (Subsection and in SBV
(Subsection , while Subsection deals with the space SBVP(), the Poincaré inequality
and some of its consequences useful in the sequel. In Subsection we recall a Lusin-type
approximation result in SBV?(), while Subsection contains some definitions and results for
free-discontinuity problems in the variable exponent setting. Section [3]is entirely devoted to the
proof of a technical tool concerning the asymptotic behavior of almost minimizers with small
jump sets. The main result of the paper is contained in Section[d in Subsection [£.1] we state the
problem and list the main assumptions on the energies, in Subsection |4.2| we establish a crucial
decay estimate for our functionals while in Subsection 4.3| we prove a density lower bound and
then the main result with Theorem K7l
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2. BASIC NOTATION AND PRELIMINARIES

We start with some basic notation. Let © C R? be open and bounded. For every = € R? and
r > 0 we indicate by B,(z) C R? the open ball with center z and radius r. If 2 = 0, we will
often use the shorthand B,. For z, y € R%, we use the notation z - y for the scalar product and
|z| for the Euclidean norm. Moreover, we let S4~! := {z € R?: |z| = 1} and we denote by R
the set R?\ {0}. The m-dimensional Lebesgue measure of the unit ball in R™ is indicated by
Ym for every m € N. We denote by £¢ and H* the d-dimensional Lebesgue measure and the
k-dimensional Hausdorff measure, respectively. The closure of A is denoted by A. The diameter
of A is indicated by diam(A). We write x4 for the characteristic function of any A C R%, which
is 1 on A and 0 otherwise. If A is a set of finite perimeter, we denote its essential boundary by
0* A, see [7, Definition 3.60].

2.1. Variable exponent Lebesgue spaces. We briefly recall the notions of variable expo-
nents and variable exponent Lebesgue spaces. We refer the reader to [16] for a comprehensive
treatment of the topic.

A measurable function p : Q — [1, +00) will be called a variable exponent. Correspondingly,
for every A C Q we define

ph =esssupp(z) and pj = ess inf p(z),
z€A zeA

while pg and p, will be denoted by pT and p~, respectively.

For a measurable function u : 2 — R we define the modular as
o) = [ Jul@)P) da
and the (Luxembourg) norm
HUHLPO(Q) =inf{A > 0: g,)(u/A) < 1}.

The wvariable exponent Lebesgue space Lp(')(Q) is defined as the set of measurable functions u
such that g,.y(u/)\) < +oo for some A > 0. In the case p* < +o0, LP0)(Q) coincides with the set
of functions such that g,(.)(u) is finite. It can be checked that || - || s()(q) is a norm on LrO(Q).
Moreover, if pt < +o00, it holds that

1

1
2p() (W) 7" <l ooy ) < ep(y(w) ™ (2.1)
if ||| rp()(@) > 1, while an analogous inequality holds by exchanging the role of p~ and pt if
0< ||u||Lp(.)(Q) < 1. Another useful property of the modular, in the case p™ < +oo0, is the
following one:
min{ A", N Yo, (1) < 0,y (M) < max{ AP N } o, (u) (2.2)
for all A > 0.

We say that a function p : Q@ — R is log-Hélder continuous on 2 if the modulus of continuity
for p(x) satisfies
C
—log|z —y|’
with C a positive constant. In other words

1
w(lz —yl) < Vm,yGQ,Iw—yISQ-

1
lim sup w(p) log () < 4o00. (2.3)
p—0 p
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To prove our regularity result the previous condition will be reinforced into the strong log-Hdélder
continuity

1
limsup w(p) log <> =0, (2.4)
p—0 P

in complete accordance with the theory of regularity in the variable Sobolev framework (see [3]).

The following lemma provides an extension to the variable exponent setting of the well-known
embedding property of classical Lebesgue spaces (see, e.g., [16, Corollary 3.3.4]).

Lemma 2.1. Let p,q be measurable variable exponents on ), and assume that Ed(Q) < +o0.
Then LPO) () < L1O)(Q) if and only if q(x) < p(x) for L%a.e. x in Q. The embedding constant

) o d d AEA-Ht .4 (-1~
is less or equal to the minimum between 2(1 4+ L%(2)) and 2max{L*(Q)'a ¢’ [ L%Q)'« 2’ }.

2.2. BV and SBV functions. For a general survey on the spaces of BV and SBV functions
we refer for instance to [7]. Below, we just recall some basic definitions useful in the sequel.

Ifue L}OC(Q) and x € €, the precise representative of u at x is defined as the unique value
u(z) € R such that

1 / ~
lim — lu(y) — u(x)|dz =0.
p—0+ pd By ()
The set of points in {2 where the precise representative of x is not defined is called the approximate
singular set of u and denoted by S,. We say that a point x € {2 is an approximate jump point
of w if there exist a,b € R and v € S¥~!, such that a # b and

lim lu(y) —aldy =0 and lim lu(y) —bldy =0
p—0+t p—0t+
By (z,v) B, (z.v)

where B (x,v) := {y € By(z) : (y—x,v) 2 0}. The triplet (a,b,v) is uniquely determined by
the previous formulas, up to a permutation of a, b and a change of sign of v, and it is denoted by
(ut(z),u” (x),vy(x)). The Borel functions ut and v~ are called the upper and lower approzimate
limit of u at the point x € €. The set of approximate jump points of u is denoted by J,, C .S,,.

The space BV () of functions of bounded variation is defined as the set of all u € L' () whose
distributional gradient Du is a bounded Radon measure on  with values in R%. Moreover, the
usual decomposition

Du=VuLl?+ DU+ (u" —u") @ v, HL| T,

holds, where Vu is the Radon-Nikodym derivative of Du with respect to the Lebesgue measure
and D is the Cantor part of Du. If w € BV (), then Vu(z) is the approzimate gradient of u
for a.e. x € :

i 10) — u(@) = Vu@)(y — o)

dy =0.
P=0) B, (z) ly — x|

For the sake of simplicity, we denote by D%u = D + (ut —u™) @ v, H4™ | Jy. If u € BV (),
then H4~1(S, \ J.) = 0; so in the sequel we shall essentially identify the two sets.

We recall that the space SBV (Q) of special functions of bounded variation is defined as the
set of all u € BV () such that D*u is concentrated on Sy; i.e., |[D%ul(©2\ S,) = 0. Finally, for
p > 1 the space SBVP(Q) is the set of u € SBV(Q) with Vu € LP(;R?) and H?~1(S,) < oo.
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2.3. The space SBV?(), Poincaré-type inequality. We denote by SBVP(')(Q) the set of
functions u € SBV (Q) with Vu € LPO) (Q; R?) and HI1(S,) < +oc.

In order to state a Poincaré-Wirtinger inequality in SBVP(), we first fix some notation,
following [9]. With given a, b € R, we denote a A b := min(a,b) and a V b := max(a,b). Let B
be a ball in R%. For every measurable function u : B — R, we set

u.(s; B) ;= inf{t e R: LY({u <t} NB)>s} for 0 < s < L4(B),
and
med(u; B) := uy <;£d(B);B> .

For every u € SBVP()(Q) such that
d

e 1
(v (Sun )T < SLUB),

we define

4
7' (u; B) := us ((QVisoHdl(Su N B)) ot ;B) ,

7 (u; B) = u, (zd(B) ~ (27011 (Su 0 B)) i ;B) ,
and the truncation operator
Tpu(z) := (u(z) A"(u; B)) V 7'(u; B), (2.5)
where i, is the dimensional constant in the relative isoperimetric inequality.
For any M > 0, we also define
uM =M AuV (—M). (2.6)
We recall the following Poincaré-Wirtinger inequality for S BV functions with small jump set

in a ball, which was first proven in the scalar setting in [I14, Theorem 3.1], and then extended
to vector-valued functions in [9, Theorem 2.5].

Theorem 2.2. Let uw € SBV(B) and assume that
d
- _ 1
(2%0%‘1—1(5“ N B)) T ehs). (2.7)
If1 < p < d then the function Tpu satisfies |DTpu(B)| < 2 [ |Vu|dy,

1 1
- pF 2y —1 P
/ |Tpu — med(u; B)|P dx "< Hsop(d = 1) / |VulP do ’ , (2.8)
B d—p B

_d_
d—1
)

and
L{Tpu#u} N B) <2 (2%50}#—1(5” N B))
where p* := ddfpp. If p > d, then, for any q > 1,

1 1

Tpu — med(u; B)|? dz g < (g, N, iso) (LBt 75 (| [ VulP da g . (2.10)
B B

As a first application of Theorem one can obtain the following sufficient condition for the
existence of the approximate limit at a given point (see [7, Theorem 7.8]).
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Theorem 2.3. Let u € SBVipe(Q2) and x € Q. If there exist p,q > 1 such that

1
lim —— / IVulP dy +H (S, N By(x))| =0 and limsup ][ lu(y)|?dy < oo,
p=0p B,(x) p—0 B (@)
o(x

then x € Sy.

Another consequence of Theorem [2.2] is the following compactness result, which is a slight
extension of the result established in [34, Theorem 2.8] (see also [12] Theorem 4.1] for a related
result under the additional stronger assumption (2.3))). Motivated by the blow-up analysis of
Lemma [4.4] we will prove the result for a fixed ball and a uniformly convergent sequence of
continuous variable exponents pp, : B — (1, 400) satisfying:

1<p <puly) <p" < oo, Vy € B, (2.11)

where p~ and p™T satisfy
p~ <d and p" < (p7)" or p~ >d. (2.12)

Theorem 2.4. Let B C 2 be a ball, (pp)nen be a sequence of variable exponents pp : B —
(1,400) complying with (2.11) and (2.12) and converging uniformly to some p : B — (1, +00)
in B. Let {upYnen C SBVPU)(B) be such that

sup/ Vuy[Pr® dy < +00,  lim H?Y(S,, NB)=0. (2.13)
heNJB h—+00

Then there exist a function ug € W'PC)(B) and a subsequence (not relabeled) of {up,} such that

(7) lim / |Tpup, — med(up; B) — uo/P*¥) dy =0,
h—+oco J B
(i1) up, — med(up; B) = ug LY — a.e. in B,
(ii1) / [Vuo|P®) dy < lim inf / |V [Pr®) dy |
B h—+oo J B

(1v) hgrfoo LY{Tpup #up}NB) =0.

(2.14)

Proof. The extension with respect to Theorem 2.8 in [34] regards only the lower semicontinuity
inequality in (2.14]). We repeat the argument, since this gives us the occasion to develop some
details.

First, observe that p(-) also satisfies (2.11)) with the same constants. We set for brevity y :=
Tpup, — med(up; B) and we distinguish two cases, according to the values of p~ and p™.

Step 1. Here we assume that

*

p~ <dandpt < (p)*.
By Theorem and (2.13) we have

sup ||up, —y < +o0 2.15

heNH ”L(p )*(B) ( )
and |Dip,|(B) < 2 [5|Vup|dy. By the compactness theorem for BV functions (see for example
[T, Theorem 3.23]) there exists a function vy € BV (B) and a subsequence (not relabeled) of ay,

such that @, — ug weakly* in BV (thus, in particular, in L'). Now, for every M > 0, let ﬂﬁ/[
and ué\/f be the truncations of @, and wug, respectively, according to (2.6). Then, applying the
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compactness theorem in SBV ([7, Theorem 4.8]) to @} we get that u)! € SBV(B), ul — u}!
in LY, for any g > 1, VﬂhM — Vué\/[ weakly in L' and

HEN(S,ar) < liminf 7O (S0) = 0, (2.16)

h—+o00

meaning that u)! € W1(B). Now we apply De Giorgi’s semicontinuity Theorem ([I3]) to the
integral functional [, f(p(y), w(y)) dy defined by f: R x R% — [0, +00) as f(p, &) = |¢[PV!. The
continuous function f is convex in &, thus ensuring the sequential lower semicontinuity of the
functional whenever p; strongly converges in L'(B) and w; weakly converges in L'(B,RY). This
implies that

/ |vug4|ﬁ(y) dy < liminf/ |vglfy|ﬁh(y) dy < hminf/ ’vﬂh,ph(y) dy,
B h—+co Jp h—+co [ g

and Vué\/[ is equibounded in Lﬁ(')(B ,Rd). Therefore, letting M — 400, we obtain that ug €
WhPO)(B) and (2:14)(iii) follows. Thanks to (2.15), since pt < (p7)*, we get that [P
is equiintegrable, hence @y, strongly converges to ug in LP" (B). Now, (2-14) (i) follows from
Lemma [2.1 while (2.14)(é¢) and (iv) can be inferred from and (2.13).

Step 2. Here we assume p~ > d. In this case, the proof goes exactly as in Step 1 using

(2.10) of Theorem [2.2| instead of (2.8)).
(]

Remark 2.5. We observe that the previous assumptions (2.11)) and (2.12]) are always satisfied
if the sequence py,(-) converges uniformly to a constant function p. In fact, if p < d, then we can

find 17 > 0 such that, for h large,
p—n<pa()<p+n and p+n<(p—n)"
If p > d, then we can find 1 > 0 such that, for h large,
d<p—n<pn()<p+mn,

and these are the two cases in the previous theorem.

2.4. Lusin approximation in SBV?(). Let © be a positive, finite Radon measure in R¢. The
mazimal function is defined as

1(Bo(7)) cRY.

As a consequence of the Besicovitch covering theorem (see, e.g., [20]), it can be shown that
Lz e B M(p)(2) > A}) < Su(R) (2.17)

for a constant ¢ depending only on d.

We recall the Lipschitz truncation result for SBV?() functions, proved in [12, Theorem 3.1]
(see also [17]), which we state here in a slightly modified version suitable for our purposes.

Theorem 2.6. Let Q C R? be an open bounded set with Lipschitz boundary, and let p : Q —
(1,400) be log-Hélder continuous on Q and 1 < p~ < p(x) < p™ < oo, for every x € Q. Let
{vn}tnen C€ SBVPO(Q) be a sequence of functions with compact support in Q, such that

loplli = 0, sup ||lonllee < 400, sup/ Vo, |P®) dz < +o0.
heN heN JQ
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. . lvrll o
Let {0} hen be a sequence of strictly positive numbers such that 0, — 0 and % — 0.

Then for every h there exist sequences pj, A\pj > 1 such that for every h,j € N
2 <y < Any < pjs
and there ezists a sequence {vy ;} C WH(Q) such that for every h,j € N
[vhilloe < Ons [VUnjlloo < CAp

for some constant C depending on d,p~,p™, the log-Holder constant of p(-), and also on vy, in
terms of ||vnlly 1001 (). Moreover, up to a null set,

{vn; #vn} C{M(Jvn]) > 0p} U{M(|Dvy|) > 3K\, ;}
for some constant K depending on d,p~,p™, the log-Hélder constant of p(-), and also on vy, in
terms of ||vh||W1,p(.)(Q). For every j € N
Vop; =50 in L(RY) as h — +oo.
Finally, there exists a sequence €; > 0 with £; — 0 such that for every h,j € N,
VOB GX (M (o ) 505 UM (IV0n ) >2K 2} 22O ()
< ClAn g XM (fon ) > 00} oM (Vo )>2K M} 20 () < CWUH& +€j.

2.5. Free-discontinuity functionals with p(:)-growth. In this paragraph we consider inte-
gral functionals of the form

F(u,c, A) ::/Af(J:,Vu)dx—kC%d_l(SuﬂA), (2.18)

defined on SBVj,.(€2), where ¢ > 0 and A C € is an open set. The Carathéodory function
f:Q xR = R will be supposed to satisfy the following growth condition:

L7HEP® < f(a.€) < L+ [EPD), (2.19)

for any ¢ € R?, a.e. = € Q, where L > 1 and the variable exponent p : Q — (1,400) is a
bounded function. We will write F'(u, A) for F(u,1, A).

We recall the classical definition of deviation from minimality (see, e.g., [7]), which gives an

estimate of how far is u from being a minimizer of F' in 2.

Definition 2.7 (Deviation from minimality). The deviation from minimality of a function
u € SBVipe(Q) satisfying F(u,c, A) < +oo for all open sets A CC Q is defined as the smallest
A € [0, +00] such that

F(u,c,A) < F(v,c,A) + A
for all v € SBWy(Q2) satisfying {v # u} cC A CC Q. It is denoted by Dev(u, ¢, Q).

If Dev(u,c,2) = 0 we say that u is a local minimizer of F(u,c,) in Q.

The following lemma compares the energy of a function v in a ball B, with the energy of
the function vxp, + UXB,\B, ; where p < p’. The proof is a straightforward adaptation of [7,
Lemma 7.3].

Lemma 2.8. Let Q C R? be open and bounded and let B CC Q, p < p' < R. For every

functional F of the type (2.18) with f satisfying (2.19), and for every u,v € SBVioc(Bg) such
that F(u,c, By) < +00, F(v,¢, By) < +00, and H*" (S, NOB,) = 0, there holds

F(u,c,B,) < F(v,¢,B,) + cH¥ ({© # @} N OB,) + Dev(u,c, By),

2.20
Dev(v,c, B,) < F(v,¢, By) — F(u,c, Bp) + ¢cH* ' ({© # @} N 9B,) + Dev(u, ¢, By), (2:20)
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where 4 and ¥ denote the precise representatives of u and v, respectively.

3. ASYMPTOTIC BEHAVIOR OF ALMOST MINIMIZERS WITH SMALL JUMP SETS

This section is devoted to the proof of an auxiliary I'-convergence type result for sequences of
functionals with variable growth. We will namely consider a sequence of continuous functions
fr : Br x R = [0, +00) satisfying

LY@ < fr(a, €) < L(1 4 [¢P@) (3.1)

for any € € R%, 2 € Q, p, : Q — (1, +00) uniformly log-Hélder continuous satisfying (2.3) and
(2.11)), and L > 1. If v € SBVjpc(£2), ¢ > 0, we set

Fi(v,¢,B,) = / fe(z, Vo) dz + cHdil(SU NB,),
By

and we write Devy (v, ¢, B,) for the corresponding deviation from minimality.

The next theorem describes the behavior of a sequence u; of “almost minimizers” of func-
tionals Fj when the functions fi converge to f uniformly on compact sets and the measures of
the discontinuity sets S, are infinitesimal. The proof follows the lines of the proof of Theorem
2.6 in [25], taking advantage of a lower semicontinuity result proved in [I12, Theorem 4.1] in the
S BV setting of variable growth, here slightly modified.

Theorem 3.1. Let f;, : Bg x R — [0, +00) be a sequence of continuous functions, convex with
respect to the second variable, satisfying (3.1), with py converging uniformly to some p € (1,400)
in Br. Let up, € SBV(BRr), my := med(ug, Br), cx € (0,+00). Assume that

sup Fy(ug, ¢k, Br) < +00, (3.2)
k
lim H(S,,) = :
i HT(Sy,) =0, (3.3)
lim Devk(uk, Ck, BR) =0 s (34)
k——+o0
lim wy, —my = ug € WHP(Bg) L%a.e. in Bg. (3.5)

k—4o00
Then, if fr converges to f : R? — [0, +00), with L¢P < f(€) < LI€|P, uniformly on compact
subsets of Br x R%, the function ug is a local minimizer of the functional v — fBR f(Vv)dz in
WYP(Bg) and

lim Fi(u, o, By) — /B F(Vug)dz, Vpe (0R). (3.6)

k—4o00

Proof. Replacing up with ug — mg, we may always assume that mg = 0 for all k. By virtue of

assumptions (3.2) and (3.3)) we may appeal to Theorem (see also Remark . Thanks to
this and to an inspection of its proof, we have that ug € WP(Bg), Vﬂﬁ/f — Vup! in L,

CYBrA {un £ ) >0, and lim / g — o[ dy = 0, (3.7)
k—+o00 B
where we still used the notation uy := Tp,ui. We divide the proof into three steps.
Step 1: a lower semicontinuity result. We claim that for a.e. p € (0, R), it holds

fmmwgmm/ﬁmwmw, (3.8)
Bp k—+oc0 BP
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which in turn implies

/ f(V'LLO) dy < liminf Fk(ﬂkyckap) . (39)
B, k——+o0

If we show the lower semicontinuity inequality for Vﬁé” - Vué\/[ weakly in L', the claim
will be proved, since fx(y,0) — f(0) = 0 uniformly on B,. So, replacing i with @} we can
suppose that @ is bounded uniformly with respect to k. Let us denote v := 4 — ug, so that
vy — 0 in LY(Bpg), for every ¢ > 1. Now we adapt the proof of [I2, Theorem 4.1] to our setting.
Even if only a few changes are significant, we prefer to write it for the sake of completeness
(in particular the lower semicontinuity result in [I2, Theorem 4.1] is obtained when the limit
function is linear).

Possibly multiplying vj, by a cut-off function ¢ € C°°(R?), with compact support in Br
and identically equal to 1 in B,, we can assume, without loss of generality, that the functions
vy, € SBV(R?) have compact support in Br. Fix > 0 such that py == p—mn > 1 and
P — Pllzoe(By) <, for k large enough, so that

sup / Vol dy < sup [/ Vo 4+ £9(Bg)|| < 40,
k Br k Br

Ve i = okl () = 05 U el () < +oo.

So we can apply Theorem to vg: given Oy, with /6, — 0, there exist sequences ¢; €
(0,1), uj, Mg > 1, with 5 = 0, pj — 400, and p; < A ; < pjy1, and there exists a sequence
Vg, € Wl’oo(Rd) such that vg,; = 0 in R4 \ Brg, ||Uk,j||oo < O, vak,jHoo < C’)\ij, {'Uk,j # v} C
Br N A{|M([vk]) > 0k} U{M(|Dvg|) > 3K X5}, and

Pn
AL BR O IM () > 63 U (Vo) > 2K0)) £ € [ Fgaa 2] o (3.0

with K and C two constants independent of k, j,n. Moreover, for every j € N and for k — oo,
Vop; —0  weakly* in L°°(Bg, RY).

For any r > 0, we have

fe(y, Vug)dy = [ fi(y, Vuo + Vog) dy > / fie(y, Vuo + Vv ;) dy,
B, B, Ern{ve=vk,;}

where E, = {y € B, : [Vu| < r}. Recalling the convergence of fj, to f, we deduce that

fr(y, V) dy > / [fi(y, Vuo + Vg j) — f(Vuo + Vg ;)] dy

By Ern{vi=vy ;}

+ / f(Vug + Vg ;) dy = / ey, Vug + Vg j) — f(Vuo + Vg ;)] dy
E-n{vp=v,;} Ern{vp=vg ;}

f(Vug+ Vg ;) dy — / f(Vug + Vo ;) dy,
E, E’rm{vkivk ]}

obtaining, when k — +o0,

hmlnf/ fr(y, Vag) dy>hm1nf/ f(Vug + Vg ;) dy

— lim sup/ f(Vug + Vuy ;) dy
E'Tﬂ{'uk;évk j}

k—+o00

f(Vug)dy — Llim sup/ |Vug + Vg ;1P dy,
E, k—+oo JErN{vk#vk,;}
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where the De Giorgi’s semicontinuity Theorem ([I3]) and the growth assumption on f have been
applied for the last inequality. We now treat the last term:

/ |Vug + Vg ;|Pdy < ¢ <r*5 + /\Izj> LYy € Br:vg # vk })
Ern{vg#vk,;} 7
<e (rﬁ + )\Zyj) [ﬁd(BR N {M (Jog] > 0k} U{M(|Vug]) > 2K M i)
+L(Br O {M(D* o) > KM}
Recalling (2.17)), we have

o o 1,
¢ (1P 4+ L) £4BR N {M(ID*vi) > KNs}) < e (17 4+ 07 ) oM (S0,
7]

which is infinitesimal as k — 400, since p; < A, ; < prj41. Thus we are left to estimate
Ty o= ¢ (17 + X ;) £9(Br 0 {M(jo] > 0} U{M (Vo) > 2K M 5}),
for which we can use (3.10]), so that

X [ P [ " Tk "
w”[akumﬁj} = O [ek‘“““j] Fei {’““Hj] ’
ki

Ik i<c

whence

hm sup hH(l) limsupZy ; = 0.
j—+oo M7V ko400

In conclusion, we obtained

limint [ fu(y, Vay) dy > / £(Vug) dy,
k—+o00 Bp E,

and letting r tend to +o00, we proved the lower semicontinuity result (3.8]).

Step 2: asymptotics. Now we integrate H~1({1y, # @} N OB,) with respect to p, and
using coarea formula and ([2.9)), we obtain

R
ap = Ck/o HEY (i, # @} N0B,) dp = e L%(Br N {ay # i)

< 2c <2’yisoHd_1(Suk N B]g))ﬁ .

We will prove that klim ar = 0. We need to distinguish two cases, according to the value of
——+00

the limit ¢ := limy ¢, which exists up to a subsequence (not relabeled). If ¢y, < 400, the
assertion immediately follows from (3.3). If coo = +00, from (3.2) we have

) L M\TT 1\ a .
Ck (2"}/1507'[6[ I(Suk N BR)) -t < Ck <27isock> < <Ck> (Q'VisoM) d=1

and again the thesis follows.

Then, up to a subsequence, we may assume that, for almost every p € (0, R),
lim ¢ HO ({an # @} N OB,) = 0. (3.11)
k—4o00
Since for any k and for £ -a.e. p € (0, R), H? (Sa, NIB,) = 0, we can apply Lemma
which gives

Fk(uk, Ck,Bp) < Fk(ﬂk, Ck, Bp) + Ck’Hd_l({'l:ik 7é ﬁk} N 8Bp) + Der(uk, Ck, BR) , (3.12)
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and

Devk(ﬁk,ck, Bp) < Fk<ﬁk, Ck, Bp) — Fh(uk, Ck,Bp> + CkHd_l({’L:Lk 7é ’LNLk} M 6Bp)
(3.13)
—i—Der(uk,Ck,BR) .

Moreover, from the growth assumption (3.1]) on fi, taking into account that @y is a truncation
of uy, we also have

Fy (g, cx, By) < Fy(ug, ek, By) + L LYB, N {ay, # ug}) . (3.14)
Thus, if we set for all p < R,
= lim F B
a(p) R k(uk, ek, By)

which exists, up to a subsequence (not relabeled), by virtue of Helly’s Selection Theorem since
the function p — Fj(ug, cx, By) is increasing and equibounded, thanks to (3.12)), (3.14)), (3.11)),

‘) and l , WE may Conclude ‘hat for ,Cl—a.e. 1% S (0,R)7
a(p) = lim Fy(u B)). 3.15
( ) K 1 k(uka Ck, p) ( )

From this and (3.13]) we also have that

lim Devy(tg, cx, By) = 0.
k——+o0

Now we observe that the sequence of Radon measures
Ui = ’Vﬂk‘p’“(y)ﬁd + CkHd71|Sﬂk

is equibounded in mass in view of (3.2)), so it weak* converges (up to a subsequence) to some
Radon measure p on Bpg.

Step 3: conclusion. To get the final result, let v € W1P(Bg) be such that {v # ug} CC
Bgr. We also consider a regularized function v® € W1°°(Bg) of v, strongly converging to v in
WP(Bg). Let p < p/ € (0,R), with p’ such that (3.15) holds, u(0By) = u(dB,) = 0 and
{v#wu} CC B,. Let p € CX(B,) be such that ¢ = 1 on B, and define (, = ¢v® + (1 — @)ux;
since {(k # ur} CC By, straightforward computations lead to

Fy(tg, ek, By) < Fi(Crs ¢y By) + Devy (g, cg, Byr)

e _ g, |Pe()
/ 14 [Voe @) 4 |V, [Pr®) + [0 — | dy
Bp/\Bp (p’ — p)Pk(y)

+ CkHd_l(Sﬂk N Bp/ \Ep) + Devk(ak, Ck, Bp/) ,
for a suitable constant ¢ > 1 depending only on L and p*,p~. Letting k — +o0 and using (3.7)),

we have
p o, [v°—uol”
/ (1 + [Vo© [P + ) dy
B,\B, (0 —p)P

Now we let ¢ — 0 and recalling that v = ug outside B, we easily obtain

/ (14 [Vol) dy
B,\B,

Therefore, letting p’ tend to p we finally get that for £! -a.e. p and any v € WP(Bg) such that
{v # ug} CC B, we have

< Fk(vsa Ck, Bp) +c

a(p) < [ f(Vof)dy+e
By

+cp(By \ By).

a(p) < afp') < : f(Vv)dy +c

+cu(By \ B).

lim Fk(uk,ck,B)Z lim Fj(ug,cx, B / f(Vv)d
k——+o00 —+0o0
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Choosing v = ug in the previous inequality and taking into account (3.9), we get that

lim Fk(uk,ck,Bp)—/ f(Vug) dy
Bp

k—4o00

and that ug has the claimed minimizing property. This concludes the proof.

4. STRONG MINIMIZERS OF FREE-DISCONTINUITY FUNCTIONALS WITH p(-)—GROWTH

4.1. Assumptions on the energy. Consider a variable exponent p: Q — (1, +00) satisfying
1<p <px)<p" <+, Vr e B. (4.1)
For K C R? be a closed set and u € WP()(Q\ K) we define the functional

G(K,u) = f(z,Vu) d:c+a/ lu—g|?dz +HTH(K NQ) (4.2)
O\K O\K

where v > 0, ¢ > 1, and g € L*°(Q). Accordingly, we will denote with F the weak formulation
of G, that is the free-discontinuity functional of the form

Fu) :—/Qf(m,Vu)dx—l—a/Qu—g|qda:+7-ld1(Suﬂ§2), (4.3)

defined for u € SBVPO)(Q).
We assume that the function f: Q x R? — [0, +00) has the form

f(,) = 6P + h(x,€), (44)
where h is a continuous function, convex in £ and such that
0 < h(z,€§) < L(L+ [, (4.5)
for each (z,¢) € 2 x R?, and
|h(2,€) = h(z0,€)| < Lew(le — ol ) (1P + [€[70) (1 + |log [€]]) (4.6)

for any ¢ € R, 2,29 € Q and where L > 1. Here w : [0,4+00) — [0, +00) is a nondecreasing
continuous function such that w(0) = 0, which represents the modulus of continuity of p(-).
From now on, we will assume w to satisfy (2.4)).

4.2. A Decay lemma. We start by proving a crucial decay property of the energy F' (see )
in small balls. The proof is the variable exponent counterpart of the well-known argument, based
on a blow-up procedure, devised for energies with p-growth (see, e.g., [7, Lemma 7.14]). The
adaptation to the variable exponent setting is nontrivial, since one of the major ingredients -
the homogeneity of the bulk densities - is missing. A first step in this direction, but still for a
constant p, is provided by [25] Lemma 3.3] with the introduction of a inhomogeneous correction,
namely a function h as above.

Before stating and proving our decay Lemma, we recall a regularity result from [21] for Sobolev
minimizers of autonomous variational integrals (see Theorem 2.2 therein), which will be used in
our proof. As noticed in [3, Theorem 3.2], where a more general result is proved, the constant
Cy depends on p only through p~ and p*.
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Proposition 4.1. Let f : R* — R be a continuous function satisfying

LM (2 + 1272 < £(€) < L(p? + [¢)P2 (4.7)
forall € € R, where 0 < u<1,L>1,1<p” <p<pt, and
/Q £(& + Vi)da = /Q O+ L7 2+ 6P + Vo) e 22 VePlde, ()

for all £ € R, o € CL(Q), Q be the unit cube. Let B be a ball in R? and let v € W1P(Bg)
be a local minimizer of the functional w — fBR f(Vw)dx. Then there exists a constant Cy =

Co(p~,p™, L) such that
sup (47 + Vo2 < Cof (i + Vo), (49)
R/2 Bgr

Remark 4.2. Observe that the previous Theorem can be applied to

F€) = (1 + 6P + h(g)
where h is a convex function satisfying 0 < h(£) < C(u? + |€]?)?/2. Indeed, by [22, Proposition

2.2] a continuous function f satisfying (4.7)) admits the above decomposition if and only if (4.8)
holds.

The following result is a slight generalization of [25] Lemma 3.2] to sequences of functions.

Lemma 4.3. Let (gj)jen, 9 : R% — [0,00), be a sequence of quasi-convex functions, and let
(pj)jen, with p; > 1 for every j € N, be a bounded sequence. Assume that

0<g;(§) <L+ ), VEeR?, VjeN,
and let (t;) C (0,00) be a sequence such that lim;t; = +o00. Then, setting

X 9;(t;¢) :
99(5)2%7 £€Rd7]€Nv
J
there exists a subsequence (t;,) such that §;, converge to a quasi-convez function g uniformly
on compact subsets of R:. If, in addition, pj — p for some p > 1, then

goo(§) S LIEP, VEERY.

Proof. The assertion follows in a standard way noticing that each g; is continuous and complying
with the estimate (see, e.g., [26, Lemma 5.2])

19j(61) = gj(€2)] S CL+ [t + &P — |, V&,& €RY, VjEN,

where C' = C(L, sup; p;). Then, the sequence g; is uniformly bounded and uniformly equicon-
tinuous in any ball. O

We are now in a position to state and prove the announced decay property. Recall that the
shorthand F'(u, A) below stands for F(u, 1, A), as defined in ([2.18)).

Lemma 4.4 (Decay estimate). Let f be a function satisfying , , , for a strongly
log-Holder continous exponent p(-) complying with (£.1)). There is a constant Cy = C1(d, L,p~, p™)
with the property that for every T € (0,1) there exist ¢ = e(1), 6 = 0(7) in (0,1) such that if
u € SBV(Q) satisfies, for x € Q and B,(z) CC Q, p < €2,

F(u, By(z)) <ep™',  Dev(u, By(x)) < 0F (u, By(x)),

then
F(u, B,(x)) < C17%F (u, B,(z)). (4.10)
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Proof. Tt is enough to assume 7 € (0,1/2) (otherwise just take C; = 2%). We argue by contradic-
tion and assume that (4.10)) does not hold. In this case, there exist a sequence u; € SBV (),
sequences of nonnegative numbers ¢;, 6;, p;, with lim;e; = lim; 0; = 0, p; < 5?, and z; € (),
with B, (x;) CC €, such that

F(uj, By, (x)) <e;pf",  Dev(uj, By, () < 0;F(uj, By, (x)), (4.11)
and

F(uj, Brp,(25)) > C17°F(uj, By, (x;)) (4.12)

where C; = (1 + L)Cj and Cy comes from (4.9)) in Proposition

For every j, we consider the exponent p; := p(z;), the scaled variable exponent p; : By —
(1,400) and the function v; : By — R defined as

pi(y) = p(z; + pjy)
and
vi(y) = () P uj(xy + piy)p;

respectively, with v; := 1/¢;. Now, if we set

Fy(v,7j, By) = /B £(2, Vo) dy + 7 HE (S0, B,)

with f;(y, &) == vipi f(xj + pjy, (vip;) " /Pi€), [@11) and ([E12) can be rewritten respectively as
Fj(vj,vj, B1) <1, Dev;(vj,v;, B1) < 65, (4.13)

and
Fj(vj,75, Br) > C17Fj(vj,75, Br) - (4.14)
The first bound in in turn implies
H(S,, N By) < ey,
and

/B Vo, Pi¥) dy < ’Yjpj/B Vuj(a;+ piy) P dy <1,
1 1

where we used that ~;p; < 1.

Extracting eventually a further subsequence (not relabeled for convenience), we may also
assume that z; — xo, with ¢ € , so that, setting p := p(zo), we have

sup [p;j(y) — pl < sup |p(z; + pjy) — p(z;)| + [p(x5) — p(wo)| < w(pj) +o(1) =0
yEB, yeB]

as j — +o0. Thus, p;(y) — p uniformly in B;. Taking into account Theorem and Remark
E we find a function vy € WHP(By) such that the convergences stated in (2.14) hold.

We now prove that the function f;(y,&) converges to a convex function fo(§) uniformly on
compact subsets of By x R%. Moreover, |£[P < foo(€) < L(1 + |£[P). Setting

Fi(&) == 5pi (x5, (vjpy) " 1P2€) (4.15)
we start by proving that, if y € By, |{| < R,
1£i(9,€) = Fi(©)] < wjr
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for some w; g which is infinitesimal as j — +00. In fact, we observe that

_ Pj(y)

i = &P (yp5) 7

(5, €) = F(O] < vipj [IEIP7Y) (v;5)

+ 750 ‘h(fﬁj + 03y, (vipy) 7€) = Rl (i) PI)
= Ij + % .

We first estimate Z;: by triangle inequality, we have

P 4 P
LA piw) _jeppi| e [( ) P
7 < | — ’!5\”’—!&\3 + 1P| — — 1 =Tj1+Zj>.
YiPj ViPj
As for the coefficient of Z; 1, we note that
P (W) =Pj Ipj (v)—5;1 1og ( 55~
( 1 N 1| <e ! ]ﬁj <7]pj> 1< e—p%W(’Yij)log(’Yij) 1,
ViPj
whence
pj(y)il
. 1 Pj
lim | — =1, (4.16)
J—+o00 YiPj

since lim;(7;p;) = 0 and w satisfies (2.4). On the other hand it is easy to prove that |¢|Ps(¥) —|¢|Pi
converges to 0 uniformly on By if [§| < R. We now treat Z;»: we have

. p;(¥)=P; ) pj(¥)—p;
asi|(—) 7 -1 <m0y It
ViPj ViPj

and the term in the right hand side is infinitesimal as j — 400 by virtue of (4.16). We are only
left with estimating J;: by (4.6) we have

_mw - w
Jj < Ljpjw(p;) [‘fl”j(y)(wm) "1 () [1 *oa(lElCris) © )]
pi(y)
. . 1 1 Pj
ViPi ViPi

the last term being bounded again by (4.16)). Therefore,

_ 1
J; < ¢ max{RF ,R’ﬁ}log |R|w(vjpj) {1 + log ()] =! Wj R-

ViPj
Now, thanks to Lemma applied to the sequences p; = pj, ¢;(§) = h(z;,§) with t; =
(vip;)~Y/Pi, since f;(&) = |€]P7 + §;(€) we may conclude that up to another subsequence

Fi(,€) = 1617 + 900(€)

uniformly on B; x K, where K is a compact subset in R?, for a convex function g such that
0 < goo(€) < LIEP. Now, set foo(€) = [€P + goo(€). Thus, Theorem [3.1] allows us to conclude
that v is a local minimizer of the functional v — [ B, Joo(Vv) dz and

lim Fj(vj,yj,Bp):/ foo(Vvg)dz  Vp € (0,1).
By

j—+oo
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Let us note that thanks to Proposition and Remark vo satisfies

sup [Vaol” < Cof [Vool?dy < Cof fo(Vun)dy.

B, B

B
In conclusion

lim Fj(vj,v4, Br) = / foo(Vuo)dy < (14 L) sup |Vuo|PreLY(By)
oo B, B,

< (14 L)C’m’d foo(Vuvo)dy < (1 + L)C’on lim sup Fj(vj,~;, B1) ,
By Jj—r+o0

which provides the contradiction to (4.14).
O

4.3. Density lower bound. In order to study the regularity of the jump set S, a key tool will
be an Ahlfors-type regularity result, ensuring that F'(u, B,(x)), where B,(x) is any ball centred
at a jump point x € Sy, is controlled from above and from below.

We first recall the definition of quasi-minimizer (see [7, Definition 7.17]).
Definition 4.5. A function u € SBVj,.(€?) is a quasi-minimizer of the functional F'(v,Q) if
there exists a constant x > 0 such that for all balls BP(ZL‘) cC Q it holds that
Dev(u, B,(z)) < rp. (4.17)
The class of quasi-minimizers complying with is denoted by M, (Q2).

It is easy to check (see, e.g., [T, Remark 7.16]) that any minimizer u of the functional F in
([4.3]) belongs to M,;(Q) with r := 2%a7,||g||%-

The following upper bound is quite immediate, as it follows from a standard comparison
argument. Note that here the assumption x € .S, is, actually, not needed.

Lemma 4.6 (Energy upper bound). Assume that f complies with (4.4)), and let u € M (Q).
Then, for all balls B,(x) C §2

[ F Ty 5,0 Bye) < a4 (418)
By(z

where k' = k + Lyq.

Proof. See, e.g., [1, Lemma 7.19], with  replaced by «’ since f(z,0) < L in B,(z). O

On the contrary, the following lower bound for F'(u, B,(x)) requires that the small balls B,(x)
be centred at z € S,. The proof is based on the decay estimate of Lemma [£.4] and it follows
along the lines of the proof of [7, Theorem 7.21] where p is constant. The difference is in the
introduction of the set ¥ where the Ll -function |Vu[P() is locally large (see below),
which turns out to be H% -negligible. For the sake of completeness, we prefer to provide all

the details.

Theorem 4.7 (Density lower bound). Let f be a function satisfying (4.4), (4.5)), (4.6), for a
strongly log-Hdélder continous exponent p complying with (4.1)). There exist 6y and py depending

on d,p~,pT and L with the property that if u € SBV(Q) is a quasi-minimizer of F in Q, then
F(u, By(x)) > o™ (4.19)

for all balls By(x) C Q with centre x € S, and radius p < 2, where £’ is that of (4.18).
Moreover, B
HIL((S,\ Su) N Q) = 0. (4.20)
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Proof. Without loss of generality, we may assume that x = 0. Let 0 < 7 < 1 be fixed such that
VT < C% and set g9 := &(7), where C} and (1) are given from Lemma H Let 0 < 0 <1 be
such that

€
o< 0

< m ) (4.21)

and set

po := min{1,e(0)?, 07 (7), 2004 10(0)} , (4.22)
where 6(7) and 6(o) are the constants of Lemma corresponding to 7 and o, respectively.
First, we claim that if p < 22 and B, C Q, then

F(u,B,) < e(o)p?™? (4.23)
implies
F(u, Byym,) < go72 (07™p)?™ 1, V¥m eN. (4.24)
We first prove for m = 0. With , and if
Dev(u, B,) < 0(0)F(u, By) (4.25)

holds, in view of , and the choice of o we deduce that
F(u, B,,) < C10%F(u, B,) < C10%(dyagp®™" + v p?)
< (op)*Cro(dya +1) (4.26)
< eo(op),

as desired. If (4.25]) does not hold, then from the definition of py and the quasi-minimality of u

we infer 4

F(u,B,,) < F(u,B,) < 9(10)Dev(u,Bp) < % < eo(op)®t,
proving again for m = 0.
Now, we assume that is valid for some m > 0, and that
Dev(u, Borm,) < 0(T)F(u, Byrm)) . (4.27)
Then, by Lemma [4.4] and the choice of 7 we get
F(u, Byrm+1,) < C174F (u, Byrm,)
< Cirleor (o™ p)d

(m+1)
<eor 2 (oT

m+1 _\d—1
)

p)
which corresponds to (4.24]) for m + 1. If (4.27) is not true, using (4.17), we get

1 K
F(u, Byrm+1,) < F(u, Bormp) < mDev(u, Bgrm,) < W(U’fmp)d
+1

S 807—72 (O_Tm+1 d—1 .

p)
This proves the claim.

Now, we assume (4.23) for some ball B, C Q, with p < 22, From (4.24) we get
tim £ 50
r—0 pd-1

whence, by using the inequality [£[P7 < 1+ |£[P(), we infer

lim

1 _
Pdy=0.
e A
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Therefore, Theorem with p = p~ and ¢ = 1* implies that 0 € I, where

I= {er:limsup][ lu(y) |V dy:+oo}.
r—0 B,(m)

Then holds true for all z € S, \ I. Exploiting the uniformity of the bound, by a density
argument, the inequality is still true for balls centred in = € S, \ I. We are left to prove that
Sy \I =S, Letx¢&S,\I; we first observe that the set I is H? !-negligible (see [7, Lemma
3.75]. Thus, we can find a neighborhood V' of 2 such that H?~1(V N S,) = 0, and this implies

in a standard way that u € W1 (V). Now, by virtue of the classical Poincaré inequality for
Sobolev functions and the upper bound (4.18)) we get

/

Bp(m)

where (u);,, denotes the average of u in B,(x) and o := (p~ — 1)/p~. With (4.28) and the
Campanato’s characterization of Holder continuity (see, e.g., [8]), we infer that a representative
of u belongs to C%*(V). Therefore, z ¢ S,,, and this concludes the proof of (4.19).

As for (4.20)), it follows from (4.19) by a geometric measure theory argument. Let us define
the set

u— (U)m,p v

dy < e, (4.28)
pa

Y= {:r € Q: limsup rdl_l / f(y, Vu)dy > 0} . (4.29)
By (x)

r—0

Since |VulP®) € LL (Q), it holds that H41(X) = 0 (see, e.g., [20, Section 2.4.3, Theorem 3]).

loc

On the other hand, if z € QN (S, \ ¥), from ([4.19) we derive that the density

. HY1(S, N B,(z))
ed—l(SU7 .’E) E hlilj(l)lp d’}/dT'dil

Let us define, for any Borel set E C R? | the Radon measure u(E) = HY(E N S,). Since
from ©4_1(E,z) > 6 for every € B, B a Borel set, we infer that p > 6y H* | B (see, e.g.,
[7, Theorem 2.56]), choosing B = QN (S, \ Su) \ X, we deduce that p(2N (S, \ Sy) \ ) >
Oo HA=H(Q2 N (Sy \ Su) \ B). Thus we get HH QN (S, \ Su) \ £) = 0, which in turn implies
([@:20), since HI~H(X) = 0.

200>0.

O

We are now in position to prove the following existence result for minimizers of F defined
in . Since the integrand f does not depend on u, it is immediate to check that F(u) is
non increasing by truncations. Therefore, in order to minimize F, we may restrict to those
u € SBV(Q) such that ||u|lcc < M, where M := ||¢||co-

Theorem 4.8. Let f comply with the assumptions of Theorem [{.7. Then there exists a mini-
mizer u € SBV (Q)NL>(Q) of F defined in (4.3). Moreover, the pair (Sy,w) is a minimizer of
the functional G (4.2)).

Proof. As f(z,-) is convex for every x € 2, and p(+) is superlinear, the existence of a minimizer
u as above can be established in a standard way by using the lower semicontinuity result of
[13] combined with the classical closure and compactness results in SBV (see [7, Theorem 4.7
and 4.8]). Using the minimality property of u, a comparison with the constant function v = 0
gives u € WhPO)(Q\ S,). Moreover, holds. Now, let (K,v) be any competitor with
G(K,v) < +o0. Since the functionals are non increasing by truncations, it is not restrictive to
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assume v € L>(Q), whence (see [7, Theorem 4.4]) v € SBV(Q) and HI1(S, \ K) = 0. Using
the minimality of u again, we conclude that G(S,,u) = F(u) < F(v) < G(K,v). O
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