EFFECTIVE QUASISTATIC EVOLUTION MODELS FOR PERFECTLY PLASTIC
PLATES WITH PERIODIC MICROSTRUCTURE: THE LIMITING REGIMES.
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ABSTRACT. We identify effective models for thin, linearly elastic and perfectly plastic plates exhibiting
a microstructure resulting from the periodic alternation of two elastoplastic phases. We study here
both the case in which the thickness of the plate converges to zero on a much faster scale than the
periodicity parameter and the opposite scenario in which homogenization occurs on a much finer scale
than dimension reduction. After performing a static analysis of the problem, we show convergence of
the corresponding quasistatic evolutions. The methodology relies on two-scale convergence and periodic
unfolding, combined with suitable measure-disintegration results and evolutionary I'-convergence.

1. INTRODUCTION

The main goal of this paper is to complete the study of limiting models stemming from the interplay
of homogenization and dimension reduction in perfect plasticity which we have initiated in [7], as well
as to show how the stress-strain approach introduced in [26] for the homogenization of elasto-perfect
plasticity can be used to identify effective theories for composite plates. In our previous contribution, we
considered a composite thin plate whose thickness A and microstructure-width e, were asymptotically
comparable, namely, we assumed

. h

}LIL% pait] € (0, +00).
In this work, instead, we analyze the two limiting regimes corresponding to the settings v = 0 and
v = 400. These can be seen, roughly speaking, as situations in which homogenization and dimension
reduction happen on different scales, so that the behavior of the composite plate should ideally approach
either that obtained via homogenization of the lower-dimensional model or the opposite one in which
dimension reduction is performed on the homogenized material.

To the Authors knowledge, apart from [7] there has been no other study of simultaneous homoge-
nization and dimension reduction for inelastic materials. In the purview of elasticity, we single out the
works [8, 14] (see also the book [43]) where first results were obtained in the case of linearized elasticity
and under isotropy or additional material symmetry assumptions, as well as [5] for the study of the
general case without further constitutive restrictions and for an extension to some nonlinear models. A
I-convergence analysis in the nonlinear case has been provided in [10, 42, 35, 4, 47], whereas the case of
high-contrast elastic plates is the subject of [6].

We shortly review below the literature on dimension reduction in plasticity and that on the study of
composite elastoplastic materials. Reduced models for homogeneous perfectly plastic plates have been
characterized in [15, 22, 40, 30] in the quasistatic and dynamic settings, respectively, whereas the case of
shallow shells is the focus of [39]. In the presence of hardening, an analogous study has been undertaken
in [37, 38]. Further results in finite plasticity are the subject of [16, 17].

Homogenization of the elastoplastic equations in the small strain regime has been studied in [44, 34,
33]. We also refer to [28, 29] for a study of the Fleck and Willis model, and to [32] for the case of gradient
plasticity. Static and partial evolutionary results for large-strain stratified composites in crystal plasticity
have been obtained in [11, 12, 18, 21], whereas static results in finite plasticity are the subject of [19,
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20]. Inhomogeneous perfectly plastic materials have been fully characterized in [27], an associated study
of periodic homogenization is the focus of [26].

The main result of the paper, Theorem 6.2 is rooted in the theory of evolutionary I'-convergence
(see [41]) and consists in showing that rescaled three-dimensional quasistatic evolutions associated to
the original composite plates converge, as the thickness and periodicity simultaneously go to zero, to
the quasistatic evolution corresponding to suitable reduced effective elastic energies (identified by static
I-convergence) and dissipation potentials, cf. Subsection 5.4. As one might expect, for ¥ = 0 the limiting
driving energy and dissipation potential are homogenized versions of those identified in [15] where only
dimension reduction was considered. In the v = oo setting, instead, the key functionals are obtained by
averaging the original ones in the periodicity cell.

Essential ingredients to identify the limiting models are to establish a characterization of two-scale
limits of rescaled linearized strains, as well as to prove variants of the principle of maximal work in each
of the two regimes. These are the content of Theorem 4.14, as well as Theorem 5.31 for the case v = 0,
and of Theorem 5.33 for v = 400, respectively. A very delicate point consists in the identification of
the limiting space of elastoplastic variables, for a fine characterization of the correctors arising in the
two-scale limit passage needs to be established by delicate measure-theoretic disintegration arguments,
cf. Section 4.

We finally mention that, for the regimes analyzed in this contribution, we obtain more restrictive results
than in [7], for an additional assumption on the ordering of the phases on the interface, cf. Section 3.1
needs to be imposed in order to ensure lower semicontinuity of the dissipation potential, cf. Remark 3.3.

We briefly outline the structure of the paper. In Section 2 we introduce our notation and recall
some preliminary results. Section 3 is devoted to the mathematical formulation of the problem, whereas
Section 4 tackles compactness properties of sequences with equibounded energy and dissipation. In
Section 5 we characterize the limiting model, we introduce the set of limiting deformations and stresses,
and we discuss duality between stress and strain. Eventually, in Section 6 we prove the main result of the
paper, i.e., Theorem 6.2, where we show convergence of the quasistatic evolution of 3d composite thin
plates to the quasistatic evolution associated to the limiting model. Similarly as in [26, 7], in the limiting
model a decoupling of macroscopic and microscopic variables is not possible and both scales contribute
to the description of the limiting evolution.

2. NOTATION AND PRELIMINARY RESULTS

Points = € R3 will be expressed as pairs (2, x3), with 2’ € R? and z3 € R, whereas we will write y € Y
to identify points on a flat 2-dimensional torus. We will denote by I the open interval I := (f%, %)
The notation V., will describe the gradient with respect to x’. Scaled gradients and symmetrized scaled

gradients will be similarly denoted as follows:
Vpv = [Vm/v ‘ %89:31) }, Epv :=sym Vyv. (2.1)

for h > 0, and for maps v defined on suitable subsets of R3. For N = 2,3, we use the notation M~*N
to identify the set of real N x N matrices. We will always implicitly assume this set to be endowed with

the classical Frobenius scalar product A : B := Z” A;; B;j and the associated norm |A| := VA : A,

NXxXN

for A, B € MV XN, The subspaces of symmetric and deviatoric matrices, will be denoted by Mgym™" and

MQ{;N , respectively. For the trace and deviatoric part of a matrix A € MY *¥ we will adopt the notation

trA, and
1
Agev = A — NtrA.
Given two vectors a,b € RY, we will adopt standard notation for their scalar product and Euclidean

norm, namely a - b and |a|. The dyadic (or tensor) product of a and b will be identified as by a ® b;
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correspondingly, the symmetrized tensor product a®b will be the symmetric matrix with entries (a®b);; =
M. We recall that tr(a ®b) = a-b, and |a ® b|* = %]al?[b]? + 3(a - b)?, so that
1

V2
Given a vector v € R3, we will use the notation v’ to denote the two-dimensional vector having its same
first two components

v = (m) )
U2

In the same way, for every A € M3*3, we will use the notation A” to identify the minor
A A
A// = 11 12 )
(A21 Ago

The natural embedding of R? into R? will be given by ¢ : R — R? defined as

lal[b] < |a © b] < |al[b].

U1
t(v) == | va
0
We will adopt standard notation for the Lebesgue and Hausdorff measure, as well as for Lebesgue and
Sobolev spaces, and for spaces of continuously differentiable functions. Given a set U C R, we will
denote its closure by U and its characteristic function by 1.

We will distinguish between the spaces CX(U; E) (C* functions with compact support contained in
U) and C§(U; E) (C* functions “vanishing on 0U”). The notation C(Y; E) will indicate the space of
all continuous functions which are [0, 1]?-periodic. Analogously, we will define C*(Y; E) := C*(R?; E) N
C(Y; E). With a slight abuse of notation, C*(); E) will be identified with the space of all C* functions
on the 2-dimensional torus.

We will frequently make use of the standard mollifier p € C°>°(RY), defined by

C —_— if |z| < 1,
p(l‘) — { €Xp (|aj| —1) 1 |J:|

0 otherwise,

where the constant C' > 0 is selected so that [,y p(x)dz = 1, as well as of the associated family
{Pe}e>0 C COO(RN) with
1 x

pe(z) = —gp (*) :

€

Throughout the text, the letter C stands for generic positive constants whose value may vary from
line to line.

A collection of all preliminary results which will be used throughout the paper can be found in [7,
Section 2]. For an overview on basic notions in measure theory, BV functions, as well as BD and BH
maps, we refer the reader to, e.g., [25], [1], [2], to the monograph [45], as well as to [23].

2.1. Convex functions of measures. Let U be an open set of RY. For every p € M,(U; X) let % be

the Radon-Nikodym derivative of 1 with respect to its variation |u|. Let H : X — [0, +00) be a convex
and positively one-homogeneous function such that

rlg] < H(E) < R[¢|  for every § € X, (2.2)

where r and R are two constants, with 0 < r < R.

Using the theory of convex functions of measures (see [31] and [24]) it is possible to define a nonnegative

Radon measure H(u) € M (U) as
dp
) (A) = | H{ g ) dlud
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for every Borel set A C U, as well as an associated functional H : My(U; X) — [0, +00) given by

HGw = 1) = [ 1 (%) dll

and being lower semicontinuous on M, (U; X) with respect to weak* convergence, cf. [1, Theorem 2.38]).

Let a, b € [0,T] with a < b. The total variation of a function u : [0,T] = M(U; X) on [a, b] is defined
as

n—1

V(u; a,b) == sup {Z [utiv) = )l pyixy ra =t <ta <...<t,=b, n€ N} .
i=1

Analogously, the H-variation of a function p : [0,T] = My(U; X) on [a,b] is given by

n—1
Dy (p;a,b) := sup {Z’H (u(tiv1) —p(t)ia=t1 <ta<...<t,=0b, ne N} .
i=1
From (2.2) it follows that
rV(p; a,b) < Dy (p;a,b) < RV(u;a,b). (2.3)

2.2. Disintegration of a measure. Let S and T be measurable spaces and let © be a measure on S.
Given a measurable function f : S — T, we denote by fuu the push-forward of y1 under the map f,
defined by

fan(B) == pu(f~1(B)), for every measurable set B C T.

In particular, for any measurable function g : T — R we have

/sQOfdu=/ng(f#u)~

Note that in the previous formula S = f~1(T).

Let S; ¢ RN, Sy ¢ RM2, for some Ni, Ny € N, be open sets, and let € M;(Sl). We say that a
function 2y € S1 — g, € My(S2;RM) is n-measurable if 21 € S; — p, (B) is n-measurable for every
Borel set B C S5.

Given a n-measurable function x1 — p1,, such that [, s |tz | dn < +00, then the generalized product

0® g, satisfies n © jip, € My(S1 x Sp; RM) and is such that

gen.
<77 & Mm154p> = / </ QO(:I;th) d,uwl (.’L'Q)) d'f](I]_),
51 \J 5,
for every bounded Borel function ¢ : S x S; — R.

2.3. Traces of stress tensors. In this last subsection we collect some properties of classes of maps
which will include our elastoplastic stress tensors.

We suppose here that U is an open bounded set of class C? in RN. If 0 € L2(U ;MgéN ) and
dive € L2(U;RY), then we can define a distribution [ov] on OU by

[ov](v) := /Uw -dive dx —‘y—/UO‘ : By d, (2.4)

for every ¢» € H'(U;RN). Tt follows that [ov] € H~'/2(0U;RY) (see, e.g., [46, Chapter 1, Theorem 1.2]).
If, in addition, o € L>®(U; MY XN) and dive € LY (U;RY), then (2.4) holds for v € WL1(U;RY). By

Gagliardo’s extension theoren*sl},lr?n this case we have [ov] € L= (0U;RY), and
[orv] = [ov] weakly* in L= (0U;RY),
whenever o;, = o weakly* in L>®°(U; MY XN) and divey, — dive weakly in LY (U;RY).
We will consider the normal and tangential parts of [ov], defined by

1

lovly == (lov] - v)v, oV,

4
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Since v € CY(OU; RY), we have that [ov],,, [ov]F € H-Y/2(0U;RYN). If, in addition, o4e, € L= (U; Mé\géN),
then it was proved in [36, Lemma 2.4] that [ov]} € L>®(0U;RY) and

N 1
oVl || Lo (ouirny < ﬁ”ffdev”Lw(U;Mglch).

More generally, if U has Lipschitz boundary and is such that there exists a compact set S C U
with HN=1(S) = 0 such that U \ S is a C?-hypersurface, then arguing as in [27, Section 1.2] we can
uniquely determine [ov]} as an element of L>(0U;RY) through any approximating sequence {o,} C
C>=(U; MYXNY such that

Sym

N><N)
sym ’

0, — o strongly in L?(U; M
dive,, — dive  strongly in L?(U; RY),

H(Un)deVHLoo(U;Mg’ejN) < HadeVHLoo(U;MNXN)-

dev

3. SETTING OF THE PROBLEM

We describe here our modeling assumptions and recall a few associated instrumental results. Unless
otherwise stated, w C R? is a bounded, connected, and open set with C? boundary. Given a small positive
number i > 0, we assume

Q" .= w x (hI),
to be the reference configuration of a linearly elastic and perfectly plastic plate.

We consider a non-zero Dirichlet boundary condition on the whole lateral surface, i.e. the Dirichlet
boundary of Q" is given by T'%, := dw x (hI).

We work under the assumption that the body is only submitted to a hard device on I"[’) and that there
are no applied loads, i.e. the evolution is only driven by time-dependent boundary conditions. More
general boundary conditions, together with volume and surfaces forces have been considered, e.g., in [13,
27, 15] but for simplicity of exposition will be neglected in this analysis.

3.1. Phase decomposition. We recall here some basic notation and assumptions from [26].

Recall that Y = R?/Z? is the 2-dimensional torus, let Y := [0,1)? be its associated periodicity cell,
and denote by Z : Y — Y their canonical identification. For any Z C ), we define

Z = {xERQ : g eZ2+I(Z)}, (3.1)

and to every function I : ) — X we associate the e-periodic function F, : R? — X, given by
x

x
F.(e)=F(y.), for = - LEJ =7Z(y.) €Y.
With a slight abuse of notation we will also write F(z) = F (£).

The torus ) is assumed to be made up of finitely many phases ); together with their interfaces.
We assume that those phases are pairwise disjoint open sets with Lipschitz boundary. Then we have
Y =J; Vi and we denote the interfaces by

I':= Uayz ﬂayj.

i,J

F = U Fij)
i#£j
where I';; stands for the interface between Y; and Y.

We will write

Correspondingly, w is composed of finitely many phases ();). and that ¢ is chosen small enough so that
HY (Ui (0Y;)e NOw) = 0. Additionally, we assume that Q" is a specimen of a linearly elastic - perfectly
plastic material having periodic elasticity tensor and dissipation potential.
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We are interested in the situation when the period ¢ is a function of the thickness h, i.e. € = ¢, and
we assume that the limit

exists in {0,400} . We additionally impose the following condition: there exists a compact set S C T
with H1(S) = 0 such that each connected component of I' \ S is either a closed curve of class C? or an
open curve with endpoints {a, b} which is of class C? (excluding the endpoints).

We say that a multi-phase torus ) is geometrically admissible if it satisfies the above assumptions.

Remark 3.1. Notice that under the above assumptions, H'-almost every y € T is at the intersection of
the boundaries of exactly two phases.

Remark 3.2. We point out that we assume greater reqularity than that in [26], where the interface T'\ S
was allowed to be a C'-hypersurface. Under such weaker assumptions, in fact, the tangential part of
the trace of an admissible stress [ov]: at a point x on T'\' S would not be defined independently of the
considered approzimating sequence, cf. Subsection 2.3. By requiring a higher regularity of T'\ S, we will
avoid dealing with this situation.

The set of admissible stresses.

We assume that there exist convex compact sets K; € Mi:j’ associated to each phase ); which will

provide restrictions on the deviatoric part of the stress. We work under the assumption that there exist
two constants rx and Ry, with 0 < rg < R, such that for every i

{€e MY lel <vr} C Ki ©{€ € MY« [€] < R}

sym sym
Finally, we define
K(y) = K; for y € Y.
We will require an ordering between the phases at the interface. Namely, we assume that at the point
y € I where exactly two phases ); and ); meet we have that either K; C K; or K; C K.

We will call this requirement the assumption on the ordering of the phases.

Remark 3.3. The restrictive assumption on the ordering between the phases will allow us to use Reshet-
nyak’s lower semicontinuity theorem to obtain lower semicontinuity of the dissipation functional, cf. the
proof of Theorem 6.2. Notice that in the regime v € (0, +00), see [7], we did not rely on such assumption
(see also [27, 26]) and thus were able to prove the convergence to the limit model in the general case. In
the regimes v € {0,000} the general geometrical setting where no ordering between the phases is assumed
remains an open problem.

The elasticity tensor.

For every i, let (Cgey); and k; be a symmetric positive definite tensor on Mgexvg and a positive constant,
respectively, such that there exist two constants r. and R, with 0 < r. < R,, satisfying

rel€? < (Caev)i€ : € < Re|€|?  for every € € M3X2, (3.2)
Te S ki S Rc-
Let C be the elasticity tensor, considered as a map from ) taking values in the set of symmetric
positive definite linear operators, C : ¥ x M2} — M2*3, defined as
C(y)€ := Cyaey(y) Edev + (k(y) tr€) I3x3  for every y € Y and & € M>*3,
where Cyey (y) = (Caev )i and k(y) = k; for every y € ;.
Let Q: Y x M2X3 — [0, +00) be the quadratic form associated with C, and given by

sym

Q(y, &) := %(C(y)g : ¢ forevery y € Y and € € Mﬁyﬁﬁ
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It follows that () satisfies

relé < Q(y,€) < Re|¢|* for every y € Y and & € MJY (3.4)

sym*

The dissipation potential.
For each i, let H; : M3*3 — [0,400) be the support function of the set K;, i.e

dev
H;(§) = sup 7: &
TeK;

It follows that H; is convex, positively 1-homogeneous, and satisfies

rlé] < Hi(€) < Rulé] for every & € M3X2. (3.5)

dev

The dissipation potential H : Y x M3X% — [0, 4+-00] is defined as follows:

dev
(i) For every y € V;,
(ii) For a point y € I" that is at interface of exactly two phases ); and ); we define

H(y’ 6) = II&IJH{HZ(Q, 5)’ Hj (y7 f)}

(iii) For all other points we take

H(y, &) = min Hi(y, &)

Remark 3.4. We point out that H is a Borel, lower semicontinuous function on Y xMiCX\?. Furthermore,
for each y € Y, the function & — H(y, &) is positively 1-homogeneous and conver.

Admissible triples and energy.

On 'y we prescribe a boundary datum being the trace of a map w" € H*(Q";R?) with the following
Kirchhoff-Love structure:

wh(z) == <w1(z’) - %817113(2’), wa(2') — %’8211}3(2’)7 ;ng(z’)> for a.e. z = (',23) € Q",  (3.6)

where w, € H'(w), a = 1,2, and w3 € H%(w). The set of admissible displacements and strains for
the boundary datum w” is denoted by A(Q", w") and is defined as the class of all triples (v, f,q) €
BD(Q") x L2(QF; M3%3) x My (QP; M3%3) satisfying

sym dev
Ev=f+q in Q"

q=(wh —v) ©vgonH? on k.

The function v represents the displacement of the plate, while f and ¢ are called the elastic and plastic
strain, respectively.

For every admissible triple (v, f,q) € A(Q2", w") we define the associated energy as

_ Z 2 dg
s ta= [ @) [ a2 ) dal

The first term represents the elastic energy, while the second term accounts for plastic dissipation.
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3.2. The rescaled problem. As usual in dimension reduction problems, it is convenient to perform a
change of variables in such a way to rewrite the system on a fixed domain independent of h. To this
purpose, we consider the open interval I = (f%, %) and set

Q= wxlI, I'p := 0w x I.

We consider the change of variables 1y, : @ — W, defined as

Yp(x',x3) := (2’ has) for every (2, 23) € Q, (3.7
and the linear operator Ay, : MEX3 — M2x3 given by
fin &2 3éas
Apéi=| &1 &n 13 for every £ € Mg’;n?l’ (3.8)

FE31 3Es2 paas
To any triple (v, f,q) € A(Q", w") we associate a triple (u,e,p) € BD(2) x L*(Q;M3}3) x My(Q U
Lp; M2%3) defined as follows:
u = (v1,v2, hvz) 0 Py, e:= N\, foun, pi= %Agliﬁ#(fﬁ'
Here the measure w# (q) € My(Q; M3*3) is the pull-back measure of ¢, satisfying
/ go:dw#(q):/ (porpy ') :dg for every ¢ € Co(QUT p; M>*3).
QUI'p QruTh
According to this change of variable we have

En(v, f,q) = hQn(Ane) + hHn(Anp),

where )
On(Ane) = / Q<x,Ahe> do (3.9)
Q Eh
and )
dAhp
H, (A :/ (x >dA . 3.10
n(Anp) oor o dhnp] |Anp] (3.10)

We also introduce the scaled Dirichlet boundary datum w € H*(£;R3), given by
w(z) := (w1(2") — z301w3(2"), Wa(2") — 2300wz (x’), w3(x’)) for a.e. z € Q.

By the definition of the class A(Q", w") it follows that the scaled triple (u,e,p) satisfies

Eu=e+p inQ, (3.11)
p=(w—u)®vpgH? onTlp, (3.12)
P11+ P22+ 7zpss =0 in QUID. (3.13)

We are thus led to introduce the class Ay (w) of all triples (u,e,p) € BD(€) x L*(;M2%3) x My (QU
[p; M273) satisfying (3.11)~(3.13), and to define the functional
In(u,e,p) := Qn(Ane) + Hpn(Anp) (3.14)

for every (u,e,p) € Ap(w). In the following we will study the asymptotic behaviour of the quasistatic
evolution associated with Jy, as h — 0 and £, — 0.

Notice that if w, € H' (@), a = 1,2, and w3 € H?(@), where w C @, then we can trivially extend the
triple (u,e,p) to Q:=w x I by

u=w, e = FEw, p=20 onﬁ\ﬁ.

In the following, with a slight abuse of notation, we will still denote this extension by (u, e, p), whenever
such an extension procedure will be needed.

Kirchhoff-Love admissible triples and limit energy.
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We consider the set of Kirchhoff-Love displacements, defined as
KL(Q):={ue BD(Q): (Eu)iz =0 fori=1,2,3}.
We note that v € KL(Q) if and only if us € BH(w) and there exists & € BD(w) such that
Uy = Uy — T30z, U3, «a=1,2. (3.15)
In particular, if u € K L(Q2), then
B — x5 D%us 8 . (3.16)
0 0 0

If, in addition, u € W1P(Q;R?) for some 1 < p < oo, then & € WP(w;R?) and uz € W2P(w). We call
u,uz the Kirchhoff-Love components of u.

For every w € H'(Q;R3) N K L(2) we define the class A, (w) of Kirchhoff-Love admissible triples for

the boundary datum w as the set of all triples (u,e,p) € KL(€) x L*(Q;M2%3) x My(Q U p; M2%3)
satisfying

Fu=

Eu=e+p in{, p=(w—u)®vpgoH? onp, (3.17)
e3=0 inQ, p3=0 inQUlp, i=1,23. (3.18)
Note that the space
{€e M Gis=0fori=1,2,3}
is canonically isomorphic to M2X2 Therefore, in the following, given a triple (u,e,p) € Axr(w) we will
usually identify e with a functlon in L2(8; ngxnzl) and p with a measure in M, (QUT p; M2%2). Note also
that the class A (w) is always nonempty as it contains the triple (w, Ew, 0).

To provide a useful characterisation of admissible triplets in Ak (w), let us first recall the definition
of zero-th and first order moments of functions.

Definition 3.5. For f € L2(Q;M2X2) we denote by f, f € L2(w;M2%2) and f+ e L2(Q;M2%2) the

sym sym sym
following orthogonal components (with respect to the scalar product of L?(€; Mg;rg)) of f:
1 1
_ 2 . 3
fa') = ) f(a!, x3) dus, f@') = 12/ ) x3 f(a',x3) das (3.19)
-3 -3

for a.e. ¥’ € w, and

fH(@) = f(a) = f(a') — x5 f (")
for a.e. x € Q. We name f the zero-th order moment of f andf the first order moment of f. More
generally, we will also use the expressions (3.19) for any integrable function over I.

1

15 It ensures that if

The coefficient in the definition of f is chosen from the computation J; 23 dws =
f is of the form f(z) = x3g(z), for some g € L2(w; M2X2), then f = g.

sym

Analogously, we have the following definition of zero-th and first order moments of measures.

Definition 3.6. For p € My(Q U T p;M252) we define i, fi € My(w Uvp;ME<2) and p € My(Q U
I'p; M2%2) as follows:

sym
/ @:dﬁ::/ © :du, / <p:d/l:212/ T3 du
wUvyp QU p wUvyp QUTI'p

for every ¢ € Co(w U ’YD;MzXQ) and

sym
pri=p - p@ Ly, — p@wsly,
where @ is the usual product of measures, and ﬁis is the Lebesgue measure restricted to the third compo-

nent of R3. We call i the zero-th order moment of 1 and fi the first order moment of .

We are now ready to recall the following characterisation of A (w), given in [15, Proposition 4.3].
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Proposition 3.7. Let w € HY(Q;R3) N KL(Q) and let (u,e,p) € KL(Q) x L2(;M23%3) x M,(Q U

sym

Tp;M3X3). Then (u,e,p) € Axr(w) if and only if the following three conditions are satisfied:

dev
(i) Bi=¢é+pinwand p = (0 — ) ® va,H on vp;
(i) D*uz = —(é+p) inw, ug = wz on yp, and p = (Vuz — Vwz) © va,H' on vp;
(iii) pt = —et in Q and pt =0 on T'p.

3.3. The reduced problem. For a fixed y € Y, let A, : M2%2 — M23%3 be the operator given by

sym Sym
. NE
Ay¢ = AY(€) for every £ € ngxnz”
A€ A58 A5(9)
where for every & € M22 the triple (AY(€), A5(€), A§(€)) is the unique solution to the minimum problem
e )
min Q | v, A2 . (3.20)
et Mo Ag
We observe that for every £ € ngxlg, the matrix A, is given by the unique solution of the linear system
0 0 N
Cy)Ayl: [ 0 0 M| =0 forevery \j, 2, A3 €R.
AN N

This implies, in particular, for every y € ) that A, is a linear map.
Let Q, : Y x M2%2 — [0, 400) be the map

sym
Qr(y,€) == Q(y, Ay€) for every € € M2
By the properties of @), we have that Q,.(y,-) is positive definite on symmetric matrices.
We also define the tensor C, : Y x M2X2 — M3X3 given by

Sym Sym >’
C,(y)€ :=C(y)A, & for every £ € Mfyxlﬁ
We remark that by (3.20) it holds

"
Cr(y)§: ¢ =C(y)AyL : <<0 8) for every £ € Mfyxn%, (e M?;;”;,

and

1
Q0. = 5C0¢: (§ ) forevery ¢ € 122

The reduced dissipation potential.

The set K,.(y) C ngxrfl represents the set of admissible stresses in the reduced problem and can be

characterised as follows (see [15, Section 3.2]):
§in &2 0 1
5 S Kr(y) e 512 522 0] — g(tré)ngg S K(y), (321)
0 0 0

where I3y3 is the identity matrix in M?3*3.

The plastic dissipation potential H, : Y X Mg;rﬁ — [0, +00) is given by the support function of K,(y),
ie

H.(y,§):= sup o:& forevery¢e ngxn?
O'EKT(Z/)
It follows that H,(y, ) is convex and positively 1-homogeneous, and there are two constants 0 < rg < Ry
such that

ralél < Hp(y,€) < Rul¢|  for every & € MZ)2.
10



Therefore H,.(y,-) satisfies the triangle inequality
Hy(y, 61+ &) < Hp(y,61) + Hp(y, &) for every &y, & € M2
Finally, for a fixed y € ), we can deduce the property
K, (y) = 0H,(y,0).

3.4. Definition of quasistatic evolutions. The H,-variation of a map p : [0, 7] — My(QUT p; M3*?)
on [a, b] is defined as

n—1

Dy, (p;a,b) == sup{ZHh (w(tiz1) —p(ty)) ra=t1 <ty <...<t, =0, n€N}.

=1

For every t € [0,T] we prescribe a boundary datum w(t) € H'(Q;R3) N KL(2) and we assume the
map t — w(t) to be absolutely continuous from [0, T] into H!(Q;R3).

Definition 3.8. Let h > 0. An h-quasistatic evolution for the boundary datum w(t) is a function
t = (uh(t),e"(t),p"(t)) from [0,T) into BD(2) x L*(QM353) x My(QUT p; M2%3) that satisfies the
following conditions:

(gs1)y for every t € [0,T] we have (u"(t), e (t),p"(t)) € An(w(t)) and
Qn(Ane™ () < Qn(Ann) + Ha(Anm — Anp" (1)),

for every (v,n,m) € Ap(w(t)).
(qs2)n the function t — ph(t) from [0,T] into Myp(QUT p;M2X3) has bounded variation and for every

sym
te 0,7
(A" (1)) + Dy, (Anp"30,) = Qu(Ane( / / ) Ane(s) - Bui(s) drds.
The following existence result of a quasistatic evolution for a general multi-phase material can be found

in [27, Theorem 2.7].

Theorem 3.9. Assume (3.2), (3.3), and (3.5). Leth > 0 and let (ull, e, ph) € Ap(w(0)) satzsfy the global
stability condition (gs1),. Then, there exists a two-scale quasistatic evolution t — (ul(t),e"(t), p"(t)) for
the boundary datum w(t) such that u(0) = ug, €"(0) = e, and p"(0) = pf.

Our goal is to study the asymptotics of the quasistatic evolution when h goes to zero. The main result
is given by Theorem 6.2.

3.5. Two-scale convergence adapted to dimension reduction. We briefly recall some results and
definitions from [26].

Definition 3.10. Let Q C R? be an open set. Let {"}n~o be a family in M,(Q) and consider p €
My(2 x V). We say that

uh 2% wu two-scale weakly* in Mp(Q2 x Y),
if for every x € Co(Q2 x ))

. '
lim [ x (w ) dp () =/ x(z,y) du(z, y).
h—0 Jo Eh QxY

The convergence above is called two-scale weak* convergence.

Remark 3.11. Notice that the family {u"}n~o determines the family of measures {v"}n~0 C My(QxY)

obtained by setting
mzI
/ x(x,y) dv" =/x (x> dp ()
QxYy Q €h

for every x € CY(Q x V). Thus u is simply the weak* limit in My(Q2 x V) of {v"}n>o0-
11



We collect some basic properties of two-scale convergence below (the first one is a direct consequence
of Remark 3.11 and the second one follows from the definition). Before stating them recall (3.1).

Proposition 3.12. (i) Any sequence that is bounded in Mp(2) admits a two-scale weakly* conver-
gent subsequence.

(ii) Let D C Y and assume that supp(u") C QN (D., x I). If u” 20x i two-scale weakly* in
My(2 x Y), then supp(u) C  x D.

4. COMPACTNESS RESULTS

In this section, we provide a characterization of two-scale limits of symmetrized scaled gradients. We
will consider sequences of deformations {v"} such that v" € BD(Q") for every h > 0, their L'-norms are
uniformly bounded (up to rescaling), and their symmetrized gradients Ev" form a sequence of uniformly
bounded Radon measures (again, up to rescaling). As already explained in Section 3.2, we associate to
the sequence {v"} above a rescaled sequence of maps {u"} C BD(f), defined as

ul = (o, vl holt) o 4y,
where 1, is defined in (3.7). The symmetric gradients of the maps {v"} and {u"} are related as follows
1
FE = () (An B, (4.1)
The boundedness of %HEvhHMb(Qh;Mgﬁ) is equivalent to the boundedness of ”AhEuh”Mb(Q;M?:;,i,)' We

will express our compactness result with respect to the sequence {u”}1,~¢.

We first recall a compactness result for sequences of non-oscillating fields (see [15]).
Proposition 4.1. Let {u"},~q C BD(Q) be a sequence such that there exists a constant C > 0 for which

[ | L1 (oms) + ||AhEUhHMb(Q;M3X3 <C.

sym)

Then, there exist functions 4 = (U1, u2) € BD(w) and us € BH(w) such that, up to subsequences, there
holds

Uy — Ugq — T30z, Uz, Strongly in Ll(Q), a € {1,2},

>R

ub — uz,  strongly in L'(Q),
Euh Ok (Eﬂ — $3D2U3 0

sym

0 0) weakly* in My(Q; M2X3).

Now we turn to identifying the two-scale limits of the sequence Ay, Eu.

4.1. Corrector properties and duality results. In order to define and analyze the space of measures
which arise as two-scale limits of scaled symmetrized gradients of BD functions, we will consider the
following general framework (see also [3]).

Let V and W be finite-dimensional Euclidean spaces of dimensions N and M, respectively. We
will consider k' order linear homogeneous partial differential operators with constant coefficients A :
C*(R™ V) — C(R™; W). More precisely, the operator A acts on functions u : R™ — V as

Au = > A 0%u.
o=k
where the coefficients A, € W@ V* = Lin(V; W) are constant tensors, a« = (aq, ..., a,) € Nj is a multi-
index and 9% := 9" - - 99~ denotes the distributional partial derivative of order o] = a3 + -+ + .
We define the space
BVAU) = {u e LY(U;V): Aue Mb(U;W)}

of functions with bounded A-variations on an open subset U of R™. This is a Banach space endowed with
the norm

lull pvawy = llullLr vy + [Au|(U).
12



Here, the distributional A-gradient is defined and extended to distributions via the duality
/ng cdAu = /U.A*<p cudx, e CX(UW"),
where A* : C°(R"™; W*) — C2°(R"™; V*) is the formal L?-adjoint operator of A
A= (-1)F Y AL
o=k

The total A-variation of u € L} (U;V) is defined as

loc

|Au|(U) := sup{/ A*p-udr: p € CHU; W), |p| < 1}.
U

Let {u,} C BVAU) and u € BVA(U). We say that {u,} converges weakly* to u in BVA if u,, —
u in LYU; V) and Au, = Au in My(U;W).

In order to characterize the two-scale weak* limit of scaled symmetrized gradients, we will generally
consider two domains Q7 € RM, Q, ¢ RM2, for some Ny, Ny € N and assume that the operator Az, is
defined through partial derivatives only with respect to the entries of the no-tuple xo. In the spirit of
[26, Section 4.2], we will define the space

XAz () = {u € Mp(Q1 X Qo3 V) : gyt € My(Q x Qo3 W),

w(F x Q9) = 0 for every Borel set S C Ql}.

We will assume that BV 2 (£),) satisfies the following weak* compactness property:

Assumption 1. If {u,} C BV4+2(Qy) is uniformly bounded in the BV >-norm, then there exists a
subsequence {um} C {u,} and a function u € BVA2(Qy) such that {u,} converges weakly* to u in
BV 42 (Qy), i.e.

Uy — u in LN Qo3 V) and Agytiy, = Agyu in My(Qa; W).

_ Furthermore, there exists a countable collection {U*} of open subsets of R"2 that increases to Qy (i.e.
Uk C UM for every k € N, and Qo = |J,, U*) such that BV A= (U*) satisfies the weak* compactness
property above for every k € N.

The following theorem is our main disintegration result for measures in X'A=2 (€1), which will be instru-
mental to define a notion of duality for admissible two-scale configurations. The proof is an adaptation
of the arguments in [26, Proposition 4.7] (see [7, Proposition 4.2]) .

Proposition 4.2. Let Assumption 1 be satisfied. Let i € XA=2(Q21). Then there exist n € M (1) and
a Borel map (x1,x2) € Q1 X Qo = g, (x2) € V such that, for n-a.e. x1 € Oy,

Mz, € By A» (Q22), / M, (22) dTg = 0, | Az, fre, | (Q2) # 0, (4.2)
Qo

and
1= oy (T2) 0 @ L2 (4.3)
Moreover, the map x1 — Ay, poz, € Mp(Q2; W) is n-measurable and

gen.

szu:n ® -Axmuxl'

Lastly, we give a necessary and sufficient condition with which we can characterize the A,,-gradient
of a measure, under the following two assumptions.

Assumption 2. For every x € Co( x Qo; W) with Ay x = 0 (in the sense of distributions), there
exists a sequence of smooth functions {xn} C C°( x Qa; W) such that A3 xn = 0 for every n, and
Xn = X in L (Qq x Qq; W).

13



Assumption 3. The following Poincaré-Korn type inequality holds in BV A=z (Qy):

u—/ u dxo
Qo

The proof of the following result is given in [7, Proposition 4.3].

< Ol Ag,u|(Q2), Yu e BVA»2(Qy).
L1(Q23V)

Proposition 4.3. Let Assumptions 1, 2 and 3 be satisfied. Let X € My(Q1 X Qa; W). Then, the following
items are equivalent:

(i) For every x € Co(Q1 x Q23 W) with A} x =0 (in the sense of distributions) we have

/ x(z1,22) - d\(z1,x2) = 0.
Q1 X0

4 ere exists | € *2(€)1) such that A = Ay, p.

ji) Th j XA (Q h that A = A,

Next we will apply these results to obtain auxiliary claims which we will use to characterize two-scale
limits of scaled symmetrized gradients.

4.1.1. Case v =0. We consider A,, = E,, A; =div,, Q1 =w, and Qs =) (it can be easily seen that
Proposition 4.2 and Proposition 4.3 are also valid if we take Qp = ))). Then, BV =2 (Qy) = BD()) and
we denote the associated corrector space by

Xo(w) :== {u € My(w x V;R?) : Byp € My(w x Y; M2X2),

sym
w(E x YY) =0 for every Borel set F' C w}.

Remark 4.4. We note that Xo(w) is the 2-dimensional variant of the set introduced in [26, Section 4.2],
where its main properties have been characterized.

Analogously, let A,, = D2, A%, = div,div,, ) =w, and Q = Y, then BV 4+ (Qy) = BH(Y) and
we denote the associated corrector space by
To(w) := {,«u € My(w x ¥) : D2k € My(w x V; M2X2),

Kk(F x Y) =0 for every Borel set F' C w}.

Remark 4.5. It is known that that Assumption 1 and Assumption 2 are satisfied in BH()), so we only
need to justify Assumption 3.

Owing to [23, Remarque 1.5], there exists a constant C > 0 such that
lu = p(u)llpry) < CIDGul(Y),

where p(u) is given by

p(u):/Vyudy-y—i—/udy—/Vyudy-/ydy.
y y Yy Y

However, since integrating first derivatives of periodic functions over the periodicity cell provides a zero
contribution, we precisely obtain the desired Poincaré-Korn type inequality.

As a consequence of Proposition 4.2 and Proposition 4.3, we infer the following results.

Proposition 4.6. Let i € Xp(w) and k € Yo(w). Then there exist n € M (w) and Borel maps
(2", y) €w x V> py(y) € R? and (2',y) € w X Y = ki (y) € R such that, for n-a.e. ' € w,

o € BD(Y), /y for () dy =0, By |(V) £0,

Ky € BH(JJ), / Ry (y) dy =0, |D§/€z/|(y) 7& 0,
Y
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and
p=p(y)n@ L, K=k (y)n L
Moreover, the maps «' +— Eypy € My(YV;M2S2) and ' — Dike € My(YV;MZ)2) are n-measurable and

sym sym
gen. gen.
Ey:u =1 ® Ey/fb:v’; Dgfi =71 & DZK"”/'
Proposition 4.7. Let A € My(w x Y;M2%2). The following items are equivalent:

Sym

(i) For every x € Co(w x Y;MZ2X2) with div,x(z',y) = 0 (in the sense of distributions) we have

sym

[ xta et =0
wxy
(1t) There exists pu € Xo(w) such that X = Eypu.
Proposition 4.8. Let X € My(w x Y; M2%2). The following items are equivalent:

(i) For every x € Co(w x Y; M2X2) with div,div,x(2’,y) =0 (in the sense of distributions) we have

sym

[t =0
wxy
(it) There exists s € To(w) such that X = D} k.

4.1.2. Case v = +oo. In this scaling regime, we consider A,, = E,, A}, = div,, ; =, and Qp = ).
Then, BV#4=2(Qy) = BD(Y) and we denote the associated corrector space by

X (Q) = {M € My(Q x ViR?) : By € My(Q x V3 M22),
w(F x ) =0 for every Borel set F' C Q},

Further, we choose A,, = D, A% = divy, Q; =, and Q =Y, so that BVA=2(Qy) = BV (Y) and the
associated corrector space is given by

Yoo (Q) = {/.; € My(Q2 x V) : Dyr € My(Q x V;R?),
Kk(F x Y) =0 for every Borel set F' C Q}

Clearly Assumption 1, Assumption 2 and Assumption 3 are satisfied in BD(Y) and BV ()). Thus, we
can state the following propositions as consequences of Proposition 4.2 and Proposition 4.3.
Proposition 4.9. Let 1 € Xoo(Q) and k € Too(). Then there exist n € M (Q) and Borel maps
(2,9) € Ax YV pur(y) €R? and (z,y) € X X YV ke(y) € R? such that, for n-a.e. x € Q,

jio € BD(Y), /y ) dy =0, |Eyua () 0,

k€ BVY) [ m@dy=0.  IDsl) 20
Yy
and
p=p(Y)n@ Ly, k=rg(y)n® L.
Moreover, the maps x +— Eyu, € My(Y;MZ32) and = Dyk, € My(V;R?) are n-measurable and
gen. gen.
Ejp=n @ Eyp,, Dys =1 ® Dyk,.
Proposition 4.10. Let A € M(2 x Y; ngxrfl) The following items are equivalent:

(i) For every x € Co(2 x Y; M2X2) with div,x(y) = 0 (in the sense of distributions) we have

/ x(@y) : dA(z, ) = 0.
%
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(i1) There exists p € X0 () such that A = Eyp.
Proposition 4.11. Let A € M,(2 x Y;R?). The following items are equivalent:
(i) For every x € Co(2 x V;R?) with divyx(y) = 0 (in the sense of distributions) we have

/yx(x,y) tdA(z,y) = 0.
(i1) There exists k € Yoo () such that A = Dyk.

4.2. Additional auxiliary results.

4.2.1. Case v = 0. In order to simplify the proof of the structure result for the two-scale limits of
symmetrized scaled gradients, we will use the following lemma.
Lemma 4.12. Let {y},50 be a bounded family in My (Q; M2%2) such that

Mh LL o two-scale weakly* in My(2 X y’ngxrg)

for some i € My(Q x Y; M2%2) as h — 0. Assume that

Sym
(i) @ 225 Ay two-scale weakly* in My(w x Y;M2X2), for some A\; € My(w x Y; MZ52);
(it) For every x € C*(w x Y;MZX2) such that div,div,x(z',y) = 0 we have
im [ (. 2) it = [ ),
wX

h—0 J,
Jor some Ay € My(w x Y; MZ%2);
(iii) There exists an open set I D I which compactly contains I such (u")* 22500 two-scale weakly*
in Mp(w x I x y,MS;H%)

Then, there exists k € To(w) such that
L=\ ® ,CglES + ()\2 + Dil{) ® 1’3£i3

Proof. Every u" determines a measure v on w x I x Y with the relation
VI (B) = (B 1 (@2 x V)
for every Borel set B C w x I x ). With a slight abuse of notation, we will still write x"* instead of .
Let v be the measure such that
p" 25y two-scale weakly* in My(w x I x Y; ngxnf)
We first observe that, from the assumption (i) and (iii), it follows that # = A; and v+ = 0. Furthermore,
uh 275 ) two-scale weakly™ in My (Q x Vs MZ%2).

Let x € C°(Q x Y;M2X2). If we consider the following orthogonal decomposition

Sym
x(@,y) = x(@,y) + 23x(2,y) + x (2, y),

then we have that

’

: — i z ). h(../
/le><31 X(Ly) ' dl/(x,y) o }{E}%/QX(I, Eh) Ly (:Z? )

— lim X(w’ L’)  di"(2) + — Tim ;g(x’ L’) L dph(2) + lim Qxi(x, z—) L d(pM) ()

h—0 J T en 12 h—o J, ' En h—0
1 /
_ = / . / . ~ /I x Lo anh
—Axyx(w,y)-dAl(x,y)+12 lim wx(x’:h) LAt ().

Suppose now that x(z,y) = zsx(z’,y) with divydiv,x(z’,y) = 0. Then the above equality yields

/ (2, y) : do(2',y) = lim )Q(x’, ?) dpl (2 = / (2’ y) dha(2',y).
wXxXy h wxy

h—0 J,,
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By a density argument, we infer that
[ i) d ) - el ) =0,
wxy

for every X € Cp(w x YV; M2X2) with div,div,x(2’,y) = 0 (in the sense of distributions). From this and

sym
Proposition 4.8 we conclude that there exists k € To(w) such that

U — Xy = Dk,

Since p = v on 2 x Y, we obtain the claim. (|

4.2.2. Case v = +o0. The following result will be in the proof of the structure result for the two-scale
limits of symmetrized scaled gradients. We note, however, that this result is independent of the limit
value 7.

Proposition 4.13. Let {v/"},~¢ be a bounded family in BD(Q) such that
v Su o weakly* in BD(Q),
for some v € BD(Q)). Then there exists p € X0 () such that
(Evh)// 2B ® Ez + Eyp two-scale weakly* in My(Q x Y; M2X2).

Sym

Proof. The proof follows closely that of [26, Proposition 4.10].
By compactness, the exists A € My(Q x V; M2X3) such that (up to a subsequence)

sym

Evlh 225\ two-scale weakly™® in M, (€ x V; M3X3).

Sym
Since v — v strongly in L'(Q;R?), we have componentwise

ol 2% vi(z) L2 ® Cz two-scale weakly™ in M,(Q2 xY), i=1,2,3.

Consider x € C°(Q x Y;MZ%2) such that div,x(x,y) = 0. Then
i FAY M () = i AT
}lllg}) Qx(w, €h> d(EV") () ili% Qx(x, sh) D dEy (v") (x)

=—lim [ (") (z)-divy (X(x, f—;)) dx

h—0 Q
’ 1 ’
_ : h\/ . x h\/ . T
=~ lim ( / (W) (o) - diver(, 27) doot - [ (01 (@) - divyn(a £ dw)
_ . h\/ . z’
= —%11)% Q(v ) () ~d1vxx(;v, 57) dx

= —/ V' (z) - dive x (z,y) dady
Qxy

= / X(z,y) : d (Eyv' @ ﬁi) .
Qxy '

By a density argument, we infer that
/ x(z,y): d ()\(x, y) — Egv' @ ﬁfl) =0,
Qxy

for every x € Co(Q2 x YV;M2%2) with divyx(z,y) = 0 (in the sense of distributions). In view of Proposi-

sym

tion 4.10 we conclude that there exists pu € X (2) such that
A—E,v' @ L) = Eyp.
This yields the claim. t
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4.3. Two-scale limits of scaled symmetrized gradients. We are now ready to prove the main result
of this section.

Theorem 4.14. Let {u"},~o C BD(S) be a sequence such that there exists a constant C > 0 for which

||U’L||L1(Q;R3) + ||AhEuhHMb(Q;M3X3 <C.

sym)

Then there exist
@ = (1,2) € BD(w), us€ BH(w), E € My(Qx Y;M3),
and a (not relabeled) subsequence of {u"},~o which satisfy
FEu— $3DQU3 0
0 0
(a) If v =0, then there exist p € Xo(w), k € To(w) and ¢ € Mp(Q x V;R3) such that
P (Eyu(x’yy) ~ 23 Dyr(a’,y) C’(x,y)) .
(¢ (z,y)) Cs(x,y)
(b) If v = 400, then there exist 1 € Xoo (), K € Too(Q) and ¢ € My(Q;R3) such that
E= ( Byp(e,y) )+ Dw(x,y)) |
(¢"(x) + Dyr(z,y)) (3(x)

ApEul 225 ( ) ® Ei +E  two-scale weakly* in My(Q x Y; M223).

sym

Proof. Owing to [45, Chapter II, Remark 3.3], we can assume without loss of generality that the maps u”
are smooth functions for every h > 0. Further, the uniform boundedness of the sequence {Evh} implies
that

/ |0y, ubt + Dyl | dz < Ch,  for a=1,2, (4.4)
Q
/ |0p,ul| dz < Ch2. (4.5)
Q
In the following, we will consider A € M, (€2 x Y; M2x3) such that
ApBu 225\ two-scale weakly* in Mp(2 x Y; Msyxn?l’)
Step 1. We consider the case v =0, i.e. & — 0.

€h

By the Poincaré inequality in L!(T), there is a constant C' independent of h such that

/|u§ —ah|dws < C’/ |0, ul| dzs,
I I

for a.e. ' € w. Integrating over w we obtain that
/Q lul —al| da < C’/Q |0z, ul| dz < Ch2. (4.6)

Set . .,
ug(x) —ay ()
o) = D)
We have that {92}~ is uniformly bounded in L'(f2). Correspondingly, we construct a sequence of
antiderivatives {6%},~0 by

0% (x) == / 1 I (a!) 23) dzg — Cons

—h
where we choose C’ﬁg such that §; = 0. Note that the constructed sequence is also uniformly bounded in
LY(2). Next, for a € {1,2}, we construct sequences {6"1},~¢ by
ug (x) — T (2') + 2300, 75 (')

h
18
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Then 52 =0 and

5. oh — (’“)mug + 8%&’; Oyl + (%;aué’

23 0oy h + h,, U = 2 h :
since 0,,0% = ¥%. Thus, by the Poincaré inequality in L'(I) and integrating over w, we obtain that
/ |08 da < c/ 10,0 dx < C. (4.7)
Q Q
From the above constructions, we infer
ul(z) =al (') — 230, T4 (2') + h?0,, 0% (x) + ho" (z), a=1,2. (4.8)

For the 2 x 2 minors of the scaled symmetrized gradients, a direct calculation shows

/ x(@,y) - ANz, )
Qxy

= lim ., X(sc z—') (E@") (2') — z3D*u} (') + h*D2,05 (z) + hE, (0")(z)) da, (4.9)

h—0 " ehn

for every x € C®(w; C®(I x Y;MZx2)). Notice that the last two terms in (4.9) are negligible in the
limit. Indeed, we have

lim X(m, %) : h?D2,0% (x) dx
Q

h—0
. 2 h . i , L/
= }lllg%h /5203 (z) divy div, (x<x, sh)) dx

i oY, L .
= I}Ll_>nfbh2 Z / 9?(37) 8a:a (amBXaﬂ(x,Eh) + gayﬁxaﬂ<$7€h)> dx

a,p=1,2"% h

1 h 2 / h2 ,

= %{11{%) Z / 03 (ér) (h amazﬁgXaﬁ(fIf, ?7) + ?ayaz/sXaﬁ(x, ?7)
a,f=1,2"% h
h AL g
+ gamngaﬁ(x, a) + Ehizayayﬁxag(l', a) > dx

- (4.10)

Similarly we compute

lim X(x, L) - hE, (0" (z) da

h—0 Jo
=_ }llig%h Q(eh)/(x) - div, (X(JU, g)) de
. ) A )
= - %'li%a 52:1 2/982(1') (ham[aXaﬁ(l'a 57) + aayﬁxaﬁ((ﬁ, Zh>> dx
- (4.11)

Thus, considering an open set I > I which compactly contains I, we infer

(Eap(u"))

Since {(@")'} is bounded in BD(w) with (@)’ = @ weakly* in BD(w), by [26, Proposition 4.10] (the
result follows by duality argument, using Proposition 4.7) there exists pu € Xp(w) such that

T 220 two-scale weakly* in My (w x T x Y; M2X2). (4.12)

Sym

E(@" Ny T £§ + Eyu two-scale weakly* in My (w x Y; M2%2). (4.13)

sym
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From Proposition 4.1 there holds
ul = Gy — 130, us, strongly in L'(Q), «a=1,2,
ul — ug, strongly in L'(Q).
thus we infer that
a5 g (2)) L2 @ L} two-scale weakly* in My(w x ) (4.14)
Further, multiplying (4.8) with x5 and integrating over w, we obtain
0, h (a) = —at (2') + W28, 0% (x") + ho(z"), o =1,2.

Using similar calculations as in (4.10) and (4.11), we obtain that only the first term is not negligible in
the limit, from which we conclude that, for any ¢ € C°(w x Y)

lim / Oy, Tk (2) @(m', :”—/) dx’ :/ Op us(z") p(z,y) da'dy, o =1,2. (4.15)
h—0 €h wa
Consider now x € C°(w x Y;M2%2) such that divydivy,x(2’,y) = 0. Then

hm / D?ul (') da’
= 11m/u3 ) divydiv, ( (x',%)) dz’
i T8 (b ) ()

B=1,2

1 ’ 1 4
¢t 8) ¢ il )
= }]}g}) Z /u3 < maacﬁXaﬁ( ’sh) + 8 am5XaB< ))dx

a,f=1,2
_}ILIE%J Z /ﬂé wazaXaB< ’sh) dx’ —|—2/ (8% (Eg(x’) awxa,g(x',%>)
= 00, T (@) O X (7', 2 ) = WD) Ory Xas (@ ))dm

o,f=1,2 w
= }lll_r% ( / ﬂg(:c') 3xaxﬁxa5(3:', EI—;) dz’ — 2/ 8xaﬂ§($') a'chaB( , Eh) dm) ,
o,f=1,2 w w

where in the last equality we used Green’s theorem. Passing to the limit, by (4.14) and (4.15), we have

b [2(2.) oo

(— / U3(2") Dy X (27, y) ' dy — 2 / D, u3(2') B, Xeus (') dx'dy)
xY wXxy

I
2
=
I
o
S

_ (— / ws(&) Doy X (&) da’dy
a,B=1,2 wxy

- 2/ , (0% (u3(2") OzyXap (', y)) — us(@') Ozpwp Xap (@, y)) d:ﬂdy)

/ ws(2') Oy X (') d’dy
B=1,2 wx)y

— [ x@wid (PP ). (4.16)
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From (4.12), (4.13), (4.16) and Lemma 4.12, we conclude that
N'=FEu® L] + Eyp — x3D*us @ L, — 23Dk,

where 1 € Xy(w), k € To(w). Finally, consider the vector (*(z) given by the third column of Ay Eu”,
for every h > 0. The boundedness of the sequence of functions v" € BD(Q") implies that {¢"},~0 is a
uniformly bounded sequence in L(£2; R?). Consequently, we can extract a subsequence which two-scale
weakly* converges in My(Q x V;R3) such that

*Ea?)(uh) 2;*

1

N (o two-scale weakly* in My(2 xY), a=1,2,
1 2

h

—QEgd(uh) 5 (3 two-scale weakly* in M,(Q x V),
for a suitable ¢ € M,(2 x V;R3). This concludes the proof in the case v = 0.

Step 2. Consider the case 7 = +o0, i.e. g — 0.

For the 2 x 2 minors of two-scale limlt, by Proposition 4.13 and the proof Proposition 4.1, we have
that there exists p € X5 (2) such that

N' = (B — x3D*u3) ® L] 4+ Eyp.

Let x(V) € C°(Q) and x@ € C(¥;M2x3) such that [}, x® dy = 0. We consider a test function
x(z,y) = xY(x )X(Q)( ) such that

X zixe ) = Jim [ OO () d (3B @)

Q

For each ¢ = 1,2, 3, let G; denote the unique solution in C'*°()) to the Poisson’s equation
—N,Gi =X, / Gidy =0.
Yy
Then, observing that

/Qxyxgg(x,y) Hddas(w,y) = hn% h2 / a;v3U3 ( )Xé?( ’> dx,

h—

we find

/ x33(x,y) : dAs3(x,y)
Qxy

a=1
1> ’
i 2 S ([ @ (0,3 @0,.62(2)) do - [ () 00n D0, 02(2) o)
a=1,2
:;?L%ﬁ ( /8%113 Dpa XV ( )3yaG3(E} dx—!—/a%u?, ) 8y, x W (x )3yaG3(E}> dcc)
a=1,2
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Recalling (4.4) and (4.5), we deduce

/ Yas(y) < dhss (@, y)
QxYy

Z/<> Ve o)
2
= 2 (e, (a6 (2)) e [0 () )

et '
- }lzlg%) % Z / 33?auoz( )8$3x3X(1)(z)G3(§7h> dr
. (4.17)

Thus, recalling that fy X33 (2) dy = 0, and since for arbitrary test function we can subtract their mean value
over )Y to obtain a functlon with mean value zero, we infer that there exists (5 € M, () such that

A3 = (3@ L2,

Similarly, from the observation that

/ X13(2, ) : dAi3(2,y) +/ x23(z,y) : dAa3(w,y)
QxYy Qxy

= lim o 2h Z / O (@) + gty (@)) XD (@) (£) da,

we deduce
/ x13(7,y) : dAi3(z,y) +/ X23(7,y) 1 dA23(7,y)
Qxy QxY
—}I}E})? (/ O,y (@) XM (2)0y 0, G dx—i—/ Ouyult () XM ( )%wGa(g) dx).
B=1,2
(4.18)
Suppose now that divyxgza) =0, i.e. Ea,ﬁ:1,2 Oyoysys Ga = 0. Then we have
}IL%% Z /8Iau3 ( )ay/fy[sGa(%) dx
a,f=1,2
1 ’ 1
— lim — ( [ 5@ 8 x V@0, G () o= = [ @)X @y, (2) dx)
= Q hJa
1 h 1
==l S [ (@) 0D (@), Ga(2) do
B=1,2"9
. En '
= lim (/Qazsuu )0 X 010, Go(2) dot [ (@) 01X V(00,2 )dw)
a,B=1,2
€h
=g 2 S [ 00, 0) 0,V 010, 6o
B=1,2
:_%E%ﬂ /amuﬁ 0, X (@)D, Co( £ ) da
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_}Lli%% Z /uﬁ Doz XD ()0, G( )dm

= 0. A (4.19)
Furthermore,

lim 21%,;_:1,2 /Q azsug(x)X<1>(z)ayﬁyﬂaa(gf;) da

=,1g%;*;aﬁ_m(/gawuz< 20X 010y, G (2) di+ [ 2)01,0 V000, G 2) o)

.. En h

~fm 5 Y /Qamu () 0r X (2)0, G £)
s Eh h

=—lim 2t 37 /Qa%uﬁ(x)amx ()ayﬁa( )d:c

_ o Eh h — |t M z
}1&%2 > (/Quﬁ(x) Ornas XM (2)0y, G (Eh) + - / ug () Ouy X (x)ayayaGa(eh) dx)

.1 o
= %%27 / ug(x) awsx(l)(x)ayayﬁGa(g) dz
a,f=1,2"%
i T ([ 0000, u() et [ B0V 010 G 5) )
=0. (4.20)

From (4.18), (4.19) and (4.20), and Proposition 4.11, and recalling that fy X%) dy =0 and fy X%) dy =0,
we conclude that there exist kK € Yoo (Q2) and ¢’ € M,(2;R?) such that

)\13 A 2
()\23) B AR

This concludes the proof of the theorem. O

5. TWO-SCALE STATICS AND DUALITY

In this section we define a notion of stress-strain duality and analyze the two-scale behavior of our
functionals. The main goal is to prove the principle of maximum plastic work in Section 5.4, which we
will use in Section 6 to prove the global stability of the limiting model. In Section 5.1 we characterize the
duality between stress and strain on the torus ), the admissible two-scale configurations are discussed in
Section 5.2, while the admissible two-scale stresses are the subject of Section 5.3.

5.1. Stress-plastic strain duality on the cell.

5.1.1. Case v =0.

Definition 5.1. The set Ko of admissible stresses is defined as the set of all elements ¥ € L*(IxY; M3x3)
satisfying:
(i) iz(zs,y) =0 fori=1,2,3,
(it) Saev(z3,y) € K(y) for Ly, @ L2-a.e. (x3,y) € XY,
(iii) div,¥ =0 in Y,
(iv) div,div,2 =0 in Y,
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where &, 3 € L?(Y;M2X2) are the zero-th and the first order moments of the 2 X 2 minor of 3.

sym

Recalling (3.21), by conditions (i) and (ii) we may identify ¥ € Ko with an element of L> (I x Y; M2*3)

such that ¥(zs,y) € K,(y) for L} ® L2-a.e. (z3,y) € I x Y. Thus, in this regime it will be natural to
define the family of admissible configurations by means of conditions formulated on ngxrﬁ .

Definition 5.2. The family Ao of admissible configurations is given by the set of quadruplets
u € BD(Y), uz € BH(Y), FE € L*(I x Y;M2%2), P e My(I x Y;M2%2),

sym Sym
such that
Eyi—x3Dus=EL, L2+ P inlx). (5.1)

Recalling the definitions of zero-th and first order moments of functions and measures (see Definition 3.5
and Definition 3.6), we introduce the following analogue of the duality between moments of stresses and
plastic strains.

Definition 5.3. Let X € Ko and let (i, u3, E, P) € Ay. We define the distributions [~ : P] and [3 : P
on Y by

5 Pl(e) ::—/ygoE:Edy—/yE:(u@Vy@)dy, (5.2)

[2: Pl(p) ::—/y(pf]:Edy—i—Q/yf]: (Vyu;;QVycp)dy—i—/yugfI:VZgody, (5.3)

for every ¢ € C™(Y).

Remark 5.4. Note that the second integral in (5.2) is well defined since BD()) is embedded into
L?(Y;R?). Similarly, the second and third integrals in (5.3) are well defined since BH(Y) is embed-
ded into H'(Y). Moreover, the definitions are independent of the choice of (u, E), so (5.2) and (5.3)
define a meaningful distributions on Y (this is valid for arbitrary ¥, S e L (Y, ngxrfl) that satisfy the
properties (iii) and (iv) of Definition 5.1) . Arguing as in [15, Section 7], one can prove that [¥ : P)
and [E P] are bounded Radon measures on'Y. For ¥ of class Ct and 3 of class C2 it can be shown by

integration by parts (see e.g. [27] and [22, Remark 7.1, Remark 7.4] that
/ @d[S: P] = / ©SdP, / @d[S : P| = / ©SdP. (5.4)
y y Yy Yy
From this it follows that for ¥ of class C* and by of class C? we have
1S5 P < IS~ P |18 2] < IS~ P, ¢ € CO). (55)

Through the approximation by convolution (5.4) then estends to arbitrary continuous 3, Y and (5.5)
applies to arbitrary ¥,% € L>(YV; M2X2) satisfying the properties (iii) and (iv) of Definition 5.1)

sym

Remark 5.5. If o is a simple C? curve in Y, then
[X: Pl =Y} (4 — )M, (5.6)

where Vé is a unit normal on the curve o while 4y and U are the traces on « of @ (U is from the side
toward which normal is pointing, Uz is from the opposite side). This can be obtained from (5.4) and
approzimation by convolution, see e.g. [27, Lemma 3.8].

From, (2.4) it follows that if U is an open set in Y whose boundary is of class C* and 3, € L™ (U; MZ3)
a bounded sequence such that £, — ¥ almost everywhere (and thus in LP(U), for every p < oo) and
div, S, — 0 strongly in L*(U), then £,v} LSl weakly* in L°(K N a) for any compact set K C U,

Remark 5.6. It can be siiown that if « C Y is simple C? closed or non-closed C? curve with endpoints
{a,b} that there exists bi(X) € Lo (o) such that

[5: Pl = b (2)d, us*HE,  ona, (5.7)
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. . 1.2 . . . . . . .
where vy is a unit normal of o and J,, uz” is a jump in the normal derivative of us (from the side in

the opposite direction of the normal), which is an L («) function. This is a direct consequence of (5.3)

and [23, Théoreme 2], see also [22, Remark 7.4] and the fact that ‘[f) : 15]‘ {a,b} =0 (see 5.5).

From [23, Théoreme 2 and Appendice, Théoreme 1] it follows that if U is an open set in Y whose
boundary is of class C? and %, € L>=(U; Msyxrﬁ) a bounded sequence such that 3, — 3 almost everywhere

(and thus in LP(U), for every p < oo) and div,div,>, — 0 strongly in L*(U), then by(%,) = by (%),
weakly* in L (K N a) for any compact set K C U.

We are now in a position to introduce a duality pairing between admissible stresses and plastic strains.

Definition 5.7. Let 3 € Ky and let (u,us, E, P) € Ayg. Then we can define a bounded Radon measure
[:P] onIx) by setting

[X:P]:= [i:p]®/§;3+%[f}:ﬁ]®£;3—2l:EL,
so that
/ @d[E:P]:—/ @Z:Edaz;;dg/—/i:(ﬂ@Vygo)dy
Ixy Ixy y
1 A 1 X , (5.8)
+6/y§]:(vyu;;®vycp)dy+l2 yugZ:Vygpdy,

for every ¢ € C*(Y).

Remark 5.8. Notice that

- = 1

[2:P]:=[2:P]+12[2:?]—2L:Ei.

The following proposition will be used in Section 5.4 to prove the main result of this section.

Proposition 5.9. Let ¥ € Ky and (a,us, E,P) € Ag. If Y is a geometrically admissible multi-phase
torus, under the assumption on the ordering of the phases we have

dP [
m(%%mwpzphm. (5.9)

Proof. The proof is divided into two steps.
Step 1. In this step we consider a phase ); for arbitrary .

Regularizing ¥ just by convolution with respect to y, we obtain a sequence {¥,,} satisfying

Y, —» X strongly in L*(I x Y;M2X2),

sym

divyin =0,
div,div, 3, = 0.
We also have that for every € > 0 there exists n(e) large enough such that (2, (z3,v))dev € K; for a.e.
x3 € I and every y € Y; that are distanced from 9); more than e, for every n > n(e). Consider the the
orthogonal decomposition
P=P@L. +P®xL) + Pt

where P, P € My(Y; M2%2) and P+ e L2(I x Y; M2%2). We infer that |P| is absolutely continuous with

sym sym
respect to the measure

II:=|P|®L,, +|Pl®LL, +L5
As a consequence, for |IT}-a.e. (z3,y) € I x Y; such that dist(y, 0Y;) > € we have

dP dP

H, el PP =
@dmO— dJ|
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for every n > n(e). Thus for every ¢ € C.(Y;), such that ¢ > 0, we obtain

dP dP
o(y) H, (y) d| P :/ p H, (y) d|IT
/3, ae)) =, a ) M

dP dP
> pXn d|TI] = / P d|lP| = / pd[, : P,
/Ixyi dln‘ IxYy; d|P| IXY;

for n large enough. Since £,,, 3, and (£,)+ are smooth with respect to y, from (5.2), (5.3) and (5.5) we
conclude that

*

[$,:P] = [2: P] weakly* in My()),
(£, P] 2 [S: P] weakly* in My()),
/ (2,7t Pdasdy — o (D)t : PHdasdy.
IXY; IxY;

Passing to the limit, we have

dP
[ etn, (y) aplz [ pds:p
IxY; d|P| IxY;

This proves (5.9) on every phase.

Step 2. In this step we consider a curve « that is of class C? (together with its possible endpoints) and
that is the connected component of I'\S. The points on « (with the exception of the possible endpoints)
belong to the intersection of the boundary of exactly two phases 9); N 0Y;. From the assumption
on the ordering of the phases, without loss of generality we can assume that K; C K;. By (5.1) (cf.
Proposition 3.7) as well as by the continuity of ug, we find

P=(t; — ;) © v H, P=(Vul—Vu}) o H = Dyi u YU oviHY ona,  (5.10)
P=P+x3P, ona, (5.11)

where u;, u; are traces of 4 on «a from }; and )Y; respectively and 0, uéj is a jump in the normal
derivative of uz. From (5.6) and (5.7) (cf. Remark 5.8) we deduce

P = (zyg (T — ;) + bl(i)ayéugﬂ’) HY,  on o (5.12)

Since, for each 4, ); is a bounded open set with piecewise C? boundary (in particular, with Lipschitz
boundary) by [9, Proposition 2.5.4] there exists a finite open covering {U,EZ)} of Y; such that ); ﬂZ/{,gZ) is

(strongly) star-shaped with Lipschitz boundary (the construction is simple and those Ll,gi) that intersect
the boundary have cylindrical form up to rotation). We take only those members of the covering that
have non-empty intersection with a. We can easily modify these cylindrical sets Y; N Z/Ilgi) to be of class
C?. Let {wl(:)} be a partition of unity of a subordinate to the covering {U,Ei)}, ie. 1/),(3) € C(a), with
0< w,(:) < 1, such that supp(z/)l(f)) C L{lgi) and ), 1/11(? =1 on a and let ¢ € C.(a) be an arbitrary

non-negative function. For each k& we define an approximation of the stress ¥ on ); N U,gi) by
20, @ay) = ((Todl)) (ws,) +p 1) W), (5.13)

where dfj,)k (z3,9) = (:r:g, nLH(y — yl(j)) + y,(:)) and y,(:) is the point with respect to which ) mu,i” is star
shaped. Obviously one has for every k

(i € (K;), for |M-a.e. (x3,y) € I x (¥; nUM),

(ii HZ wlee < UEl e 3,000

(iii Z(Z - X, E( ) -3, E(l) — % strongly in L2(Y; mu s M2X2),

sym

) %
)
)
(iv) dlvyE( % =0, dlvydwyz( >k —0.
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From (i)-(iv) and by using Remark 5.4, Remark 5.5 and (5.12) we conclude for every k

A dp A dP
i H, (y,~— ) d|P| = i H(y,—— ) du
/Imwk(y)so(y) (y d|P|) | P| Ixawk(y)w(y) (y d|H> (1]
i (@ . 4P
> @ 2 g
o IXawkSD mok d|H| | |

_ / Ui (B0 - (= 1) + b1 (00, 05 ) dH?
%/@z;;@@ (zyg.(aj fﬂi)erl(ZA])(?uéué’j) dH.

By summing over k we infer (5.9) on «a.

The final claim goes by combining Step 1 and Step 2 and using the fact that both measures in (5.9)
are zero on S as a consequence of (5.1) and (5.5). O

5.1.2. Case v = 4o00. We first define the set of admissible stresses and configurations on the torus.

Definition 5.10. The set Koo of admissible stresses is defined as the set of all elements ¥ € L*(V; M3)3)
satisfying:
(i) divy,X =01in Y,
(it) Saev(y) € K(y) for L2-a.e. y €.
Notice that in (i) we neglect the third column of X.

Definition 5.11. The family A. of admissible configurations is given by the set of quintuplets
u € BD(Y), us € BV (), v e R3, E e LA(Y;M3%3), P e My(Y; M3%3),

sym dev
such that
Eyﬂ 'U/ + DyU3 o 2 .
<(U, + Dyus)” vs =EL,+P in). (5.14)
We also define a notion of stress-strain duality on the torus.

Definition 5.12. Let ¥ € Ko and let (G, us, v, E, P) € As. We define the distribution [Sgev : P] on Y
by

[Edev : Pl(p) ::—/yc,oE:Edy—/yE”:(u@Vygo)dy

Y13
-2 -V,pod 5.15

%
+2’UI- / © (213> dy+U3 / (nggdy,
Yy 23 y
for every ¢ € C(Y).

Remark 5.13. Note that the integrals in (5.15) are well defined since BD(Y) and BV (Y) are both
embedded into L?(Y;R?). Moreover, the definition is independent of the choice of (i, us,v, E), so (5.15)
defines a meaningful distribution on Y.

The following proposition provides an estimate on the total variation of [Z4e, : P]. As a consequence,
we find that [X4e, : P] depends indeed only on the deviatoric part of X.

Proposition 5.14. Let ¥ € K, and (@, us, v, E, P) € Asy. Then [Egey : P] can be extended to a bounded
Radon measure on Y, whose variation satisfies

[Edev : P| < szev||L<>o(y;1\/ll‘°’XS Pl in My(Y).

sym )
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Proof. Using a convolution argument we construct a sequence {¥,} C C=(Y;M2%?) such that

Y, — ¥ strongly in L?(); Mg;(n?)
div,S, = 0 in Y,

H(En)deVHLoo(y;Mz:f) < ||2deVHLoo(y;M3X3 :

dev

According to the integration by parts formulas for BD()) and BV ()), we have for every ¢ € C1())

[ et ady+ [ o) dBas [ ()7 @oV)d = o
y y y

/y@u;),divy <g;§£) dy+/y<p (g ;23) dD, u3+/ (ggz) Vypdy — 0.

From these two equalities, together with the above convergence and the expression in Equation (5.15),
we compute

[Zdev : Pl(¢)

= lim [—/@En:Edy—/(Zn)”: (u® V) dy
y y

n
Xn Xn
72/u3 <EZ 313> ~Vy<pdy+2?)/' 90 (( )13) dy + vg / @(En)ggdy}
hY n)23 n hY
:hm[—/gpzn:Eder/@dwy d +/¢ L dE,

n y

-udy
+2 wgdwy< )>dy+2/ (gzgz) -dDyus3

Z
+20 - < =) ) dy—i—vg ©(Zn)s3 dy}

:lim{ nglVy ()d e dp}

In view of the L*>-bound on {(X,,)dev }, passing to the limit yields

sym

Saew : PI#) < [Saevll e ynezis /y ol d|Pl,

from which the claims follow. O

The following proposition characterizes [Zqev : P] on the interface. Before the statement we recall
Remark 3.1

Proposition 5.15. Let ¥ € K. Assume that Y is a geometrically admissible multi-phase torus. Then,
for H'-a.e. y € OY; N 0Y;,
S0 ey () € (s M E D) - (5.16)

Furthermore, if (4, us,v, E, P) € A, then for every i # j,
[Sdev : P Ty ([z” 0L (@ —al) + 2 (@13) u> (u —ug)) H' [ Tj, (5.17)
23

where @', u and u?, ué are the traces on L's; of the restrictions of u, ug to YV; and Y; respectively, assuming
that v* points from Y; to Y;.

28



Proof. To prove (5.17), let ¢ € C'(Y) be such that its support is contained in Y; U Y; UT;;. Let
U CC Y be a compact set containing supp(y), and consider any smooth approximating sequence {¥,,} C
C>(U; M3%3) such that

sym
Y, — X strongly in L*(U; M), (5.18)
div,%, =0in U, (5.19)
H(En)deV||L°°(u;M3:v3) < ||ZdeVHL°°(u;M3:V3)' (5.20)

Note that ((£,)"0"); = ((Sa)jee?’),,. and

((Snie) o = [l weakdy® in 17°(T's; %)
Since ¢ € BD(Y) and ¢ us € BD()), with
Ey(pu) = pEyu+ a0 Vyp,
Dy (pus) = ¢ Dyus +uz Vg,
we compute using (5.14)

[Zdev : Pl(p)

zlim{—/ wEn:Edy—/ ()" (Wo Vyp)dy
RZISAYZ RZISNY

% b
_ 2/ us (Eznglg) . Vng dy + 20" . / %) <Ezn§13) dy + v3 / () (En)gg dy
YiUY; n)23 RZISAZ n)23 RZISAZ]
= lim {—/ @Zn:Edy—/ (3,)" : dE, ((pﬂ)—&-/ 0 (Z,)" : Eyu
" YUY, YUY, ViuY;
¥

n Zn)liﬁ
- 2 us) + 2/ <( > .dD. u
MU))J ( ” ) 80 3 V;UY; (En)% s
+20 / v ((E”)lg) dy +vs / @ (Sn)as dy|
RZISAZ ( ”)23 RZISAZ

~ lim {/yiuyj(En)“:dEy ((pﬂ)?/yiuyj (g ;23) dD, (gou?,)Jr/yinjcpEn:dP].

Owing to the assumption on supp(y), we have that the only relevant part of the boundary of Y; UY; is
I';;. Thus, an integration by parts yields

[Edev : P()
= lim | /F P ()" - (3" —a?) dH +2 /F ¢ ((Ei?iﬁ) '”’) (1 — ) dH'

ij

" / ¢ (S0 )dey - dP}.
Yiuy;

PITy; <( Eyu Dyu3> Ty — (((yi —aj) OV (uh—u)v ) o

Dy'LL3)T 0 ul — uy) (vHT 0

and tr P = 0 imply that @‘(y) — @/ (y) L v'(y) for H'-a.e. y € I';;. The above computation then yields
Bawe s Pl = [ ot @ —ayant 2 [ o ((52) 01 - o
r; Iy 23

+ lim © (Xn)dev : dP.
" Yiuy;

Now

ij

(5.21)
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Defining A,, € My(Y; UY; UT;) as
)\n((p) = / 2 (Zn)dev 1dP,
YivY;

then the L*°-bound on {(X,)dev} ensures that it satisfies

[An| < CIPILQ: U Y5),
and we infer from (5.21) that

An = A weakly* in M, (Y; UY; UTy;)

for a suitable \ € Mb(yi U yj ] FZJ) with

A< CIPILY: UY)), (5.22)
and

. . . )3 . , ,
Bawe s Pl = [ o2 @ a2 [ (32 00) (- udyan
Tij Tij 23
+ Ag).

Since (5.22) implies A|I';; = 0, the result directly follows. To prove (5.16) we first notice that as a
consequence of [27, Section 1.2] there holds [Ye(v?)]+ i € L>(T"). We locally approximate ¥ at every

(v
point y € 9Y; by dilation and convolution as in the proof of Proposition 5.9, see (5.13), so that the
approximating sequence {X,} consequently satisfies (5.18)-(5.20) and also ¥,, € K;. Since we have that

[Enb(ui)]f@i) SSw)] ) the claim follows from the convexity of K;. O

(vt

The following proposition is analogous to Proposition 5.9 and will also be used in Section 5.4 to prove
the main result of this section.

Proposition 5.16. Let Y € Ko, and (4, us, v, E, P) € As. If Y is a geometrically admissible multi-phase
torus and the assumption on the ordering of the phases is satisfied we have

dP
H <ya d|P> ‘P‘ > [Zdev : P] in Mb(y)

Proof. To establish the stated inequality, we consider the behavior of the measures on each phase }; and
inteface I';; respectively. First, consider an opet set ¢ such that & C ); for some i. Regularizing by
convolution, we obtain a sequence X, € C°°(U; M2%3) such that
¥, =¥ strongly in L*(U; Mg’;n?;),
divy®, =0in Y.

Furthermore, (X,,(y))dev € K; for every y € U. As a consequence, for |Pl|-a.e. y € U we have

dP dP dP
H — | =H; |- ) >X,: —.
(y’ dP> <d|P|) = =narp|

Thus for every ¢ € C(U), such that ¢ > 0, we obtain

dP dP
pH <y, > d|P| > / X, —d|P| = / pd[%, : P].
/u d|P| u d|P| u

Since ¥, is smooth, we conclude that

[, :P] > [2:P] weakly* in My(U).

/usoH(y,dﬁO d|P|2/u<pd[2:P].
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The inequality on the phase ); now follows by considering a collection of open subsets that increases to
YV;. Next, for every i # j,
aP . (@ ) ov (W —u)) ) 4
H (’Ua d|P|) |P||li; = min{H,;, H,} (((uj — )T 0 HTy;.
where @, ué and @, u% are the traces on I';; of the restrictions of @, us to ); and ); respectively,
assuming that v points from Y; to ;. The claim then directly follows in view of Proposition 5.15. O

5.2. Disintegration of admissible configurations. Let @ C R? be an open and bounded set such
that w C w and w N dw = yp. We also denote by Q) = & x I the associated reference domain. In order
to make sense of the duality between the two-scale limits of stresses and plastic strains, we will need to
disintegrate the two-scale limits of the kinematically admissible fields in such a way to obtain elements
of Ay and A, respectively.

5.2.1. Case v =0.

Definition 5.17. Let w € HY(Q;R?) N KL(Q). We define the class AL°™(w) of admissible two-scale
configurations relative to the boundary datum w as the set of triplets (u, E, P) with

we KL(Q), EeL*QxY;MZ2),  PeMy(Qxy;ME2),
such that B
u=w, E = Ew, P=0 on (Q\ Q) x Y,
and also such that there exist p € Xo(@), k € To(@) with

Bu® L2+ Eyp—13D2 =ELS@ L+ P inQx Y. (5.23)
The following lemma gives the disintegration result that will be used in the proof of Proposition 5.30.
Lemma 5.18. Let (u, E, P) € AR (w) with the associated p € Xo(@), k € Yo(@), and let u € BD(®)

and uz € BH(@) be the Kirchhoff-Love components of u. Then there exists n € M (@) such that the
following disintegrations hold true:

Eu® L] = (Ay(2) + 234s(2))n @ L}, @ L7, (5.24)

ELY® L) =C()E(x,y)ne L), ® L] (5.25)

P=1"% Py (5.26)

Above, A1, Ay 1 W — Mg;n% and C : @ — [0,+00] are respective Radon-Nikodym derivatives of ET,
—D?ug and L2, with respect to n, E(x,y) is a Borel representative of E, and Py € My(I x Y;MZ2)

for n-a.e. ' € @. Furthermore, we can choose Borel maps (z',y) € @ x YV + puu(y) € R? and
(', y) €W x Y+ Ky (y) € R such that, for n-a.e. ' € @,

gen.

p=pe W)N® LY, Eyp=n @ Eypa, (5.27)
K=Ky (Y)n® Ei, D;ﬁ =7 gg' D;Hw/, (5.28)

where p,r € BD(Y), [, par (y) dy = 0 and w5, € BH(Y), [y, ke (y) dy = 0.

Proof. The proof is a consequence of Proposition 4.6 and follows along the lines of [7, Lemma 5.8]. O

Remark 5.19. From the above disintegration, we have that, for n-a.e. ¥’ € @,
Eypy — 333D§’%;' = [C(2")E(z,y) — (A1(2) + z342(2"))] L), @ EZQJ + Py inIx).
Thus, the quadruplet
(Hars Kar, [C(2") E(@,y) — (A1(2) + 2342(2"))], Por)
is an element of Ayp.
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5.2.2. Case 7 = 4o0.

Definition 5.20. Let w € H'(Q;R3) N KL(Q). We define the class A™(w) of admissible two-scale
configurations relative to the boundary datum w as the set of triplets (u, E, P) with

we KL(Q), EecL*QxY;M>33),  PeMy(QxY;MX*3),

sym dev
such that
u=w, E = Ew, P=0 on (Q\ Q) x Y,

and also such that there exist i € X (), k € X (), ¢ € My(4;R3) with

!
Eu®£5+( By Gt Dyk

— /3 o 2 3
(' + Dyr)” G ) =EL,®L,+P in Qx Y. (5.29)

The following lemma provides a disintegration result in this regime and will be instrumental for
Proposition 5.32.

Lemma 5.21. Let (u, E, P) € A" (w) with the associated 1 € X (), k € Xoo(Q), ¢ € My(Q;R?) and
let u € BD(@) and uz € BH(@) be the Kirchhoff-Love components of u. Then there exists n € My ()
such that the following disintegrations hold true:

Eu® L] = (Ay(2) + 234s(2')) n ® L, (5.30)
(L) =z2(x)n® L, (5.31)
ELI® L. =C(x)E(x,y)n® L] (5.32)
P=n'® P, (5.33)

Above, A1,Ay : & — MZS2, z 1 @ — R3 and C : Q — [0,+00] are the respective Radon-Nikodym
derivatives of Eu, —D?ug, ¢ and L3 with respect to n, E(x,y) is a Borel representative of E, and

P, € My(V;M3%3) for n-a.e. = € Q.

dev
Furthermore, we can choose Borel maps (z,y) € Qx Y — ua(y) € R2 and (z,y) € Ax Y 5 ka(y) € R
such that, for n-a.e. x € ),

gen.

p=p(y)n®@ L, Eypu=n® By, (5.34)
k= ro(y)n@ L2, D2i=1'"8 Dk, (5.35)

where i, € BD(Y), [y, p2(y) dy = 0 and k, € BV(Y), [y, ka(y) dy = 0.
Proof. The proof builds upon Proposition 4.9 and follows along [7, Lemma 5.8]. ([

Remark 5.22. From the above disintegration, we have that, for n-a.e. x € fvl,

Ey iz "+ Dykiy A (2") +x23A45(2") 0 .
((ZI‘FEJ)IL;IQQC)T : +Z3y/€ ) = |:C($)E(x7y) - ( 1(1;) O‘T3 Q(I) O>:| £Z+Pa: m y

Thus, the quintuplet

(12 [C@BG) - (M7 | )

is an element of Aso-
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3x3

5.3. Admissible stress configurations and approximations. For every e € L?((; Mm

oh(z) :=C (%) Ape"(x). We introduce the set of stresses for the rescaled h problems:

) we define

Ky = {ah € LA M2X3) : divye" =0in Q, o"v =01in 99\ Tp,

Sym

/

X
Ugev(z/’x3) eEK <> for a.e. 7’ Cw, 3 € I}.
Eh

We recall some properties of the limiting stress that can be found in [15].

If we consider the weak limit o € L?(Q;M3X3) of the sequence ol e Ky as h — 0, then o;3 = 0 for

sym
i =1,2,3. Furthermore, since the uniform boundedness of the sets K (y) implies that the deviatoric part
of the weak limit, i.e. o0geyv = 0 — %tr o133, is bounded in L>(Q; Mg’;ﬁ% we have that the components
0qp are all bounded in L ().

Lastly,

divyyd =0 in w, and divydivyd =0 in w.

In the following, we further characterize the sets of two-scale limits of sequences of elastic stresses

{a"}, depending on the regime.

5.3.1. Case v = 0. We first introduce the set of limiting two-scale stress.
Definition 5.23. The set K2°™ is the set of all elements ¥ € L™= (2 x Y; Mg’;rg) satisfying:
(Z) 21’3(1'7y) =0 fO’f’i =1,2,3,
(it) Yaev(w,y) € K(y) for L3 ®L2-ae (z,y) € Qx),
(1it) divyX(2’,-) =0 in Y for a.e. 2’ € w,
(iv) div,div,3(z',-) =0 in Y for a.e. ' € w,
(v) divyd =0 inw,

(vi) divydivyd =0 in w,

where £, % € L®(w x y;mgyxn%) are the zero-th and first order moments of the 2 x 2 minor of %,

o= fy S(-,y)dy, and 5, 6 € L>®(w;M2x2) are the zero-th and first order moments of the 2 x 2 minor
of o.

The following proposition motivates the above definition.

Proposition 5.24. Let {o"} be a bounded family in L*(Q;M2X3) such that o" € Kj, and

sym
o 2% two-scale weakly in L*(Q x Y; M2%3).

sym

Then X € Khem.

Proof. Properties (v) and (vi) follow from Section 5.3.

To prove (i) let 1 € C°(w; C*°(I x Y;R3)) and consider the test function h 1) (307 %) We find that

o 2)) [ (- 2)+ £ 2) ()
Eh €h €h €h Eh

converges strongly in L2(Q x J; M?*3). Hence, taking such a test function in div,c" = 0 and passing to
the limit, we get

/ Y(z,y) : 0 0 Ops02(x,y) | dedy =0,
Qxy 813 '9[11 (LU, y) ax's 1#2 ($7 y) 8:63 1/13(% y)

which is sufficient to conclude that 3;5(z,y) =0 for i =1,2,3.
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To prove (ii) we define
Shay) = Y Lo: (2') o (eni 4+ enZ(y), x3), (5.36)
icl., (@)
and consider the set

S={2 € L*(Qx ;M) : Baev(z,y) € K(y) for LI ® Li-ae. (z,y) € QA x V}.

sym
The construction of X" from o € K, ensures that ¥ € S and that £ — ¥ weakly in L2(Qx); Mg;n?;)
(i) and (ii) imply that ¥ € L*°.
Since compactness of K (y) implies that S is convex and weakly closed in L?(Q x J; Mf;ni’) we have
that 3 € S, which concludes the proof.

Finally to prove (iii) and (iv) let ¢ € C2°(w; C*°(Y;R?)) and consider the test function

(bl( 75}}) —1’383;1@253( 75,})_ ay1¢3( 7?}})
SO(:E) =E&n d)Q( 9 Eh) + €h2 —I3 ax2¢3( ) Eh) - 6y2¢3( 7;)
0 Los(a, 2)

By a direct computation we infer

0
Eyqb'(x’,y) *IgDiQﬁg(l’l,y) 0
0 0 0

strongly in L?(Q x Y; M3X3).

sym

Epe(x) —

Hence, taking such a test function in divyo” = 0 and passing to the limit, we get

/o 2
/ Y(z,y) : (Equ SCBDy(b‘S 8) dxdy = 0.
QxYy

Suppose now that ¢ (2, y) = M (z') 3 (y) for v € C=(w) and ¥ € C>*(Y;R3). Then

/w $ () ( /wz(m) : <Ey<w<2>>'< y) — . 5 D29 (1) 8) dedy> da' =0,

from which we deduce that, for a.e. ' € w,

2V (2 _ (2)
0= /Ixyz(x,y): (Ey(w 7Y W) 0 3Dy () 8) dxsdy

_ 1
= [ 26 B @O Wy - g [ 5600 D way

= —/ div, 2 (2, y) - (@) (y) dy — 7/ div,div,S(2,y) - 2 (y) dy.
N

Thus, div,%(z/,-) = 0 in Y and div,div,2(z’,-) = 0 in V.
]

The following lemma approximates the limiting stresses with respect to the macroscopic variable and
will be used in Proposition 5.30. It is proved under the assumption that the domain is star-shaped.

Lemma 5.25. Let w C R? be an open bounded set that is star-shaped with respect to one of its points
and let ¥ € Kho™. Then, there ezists a sequence ¥, € L®(R? x I x ); M2%3) such that the following
holds:

(a) Xp € C®(R% LI x Y;M27%3)) and B, — ¥ strongly in LP(w x I x Y;M2%3), for 1 <p < +o0.

(b) (Zp)is(x,y) =0 fori=1,2,3,

(¢) (Bn(@,9))dev € K(y) for every a’ € R? and L}, ® L2-a.e. (z3,y) €I XY,

(d) divyX,(x ’, )=01inY for every a’' € w,

(e) divydivyX,(z',-) =0 in Y for every z’ € w,
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where S, &, € Loo(w X y MQXQ) are the zero-th and first order moments of the 2 x 2 minor of 3,.

sym
Further, if we set o,(x) := fy (z,y)dy, and G, 6, € L™(w; Mbym) are the zero-th and first order
moments of the 2 X 2 minor of o, then:

(f) on € C(R?* x I;MZ3) and o, — o strongly in LP(w x I;M2%3), for 1 < p < +o0.
(9) divya, =0 in w,
(h) divydive 6, =0 in w.

Proof. The approximation is done by dilation and convolution and is analogous to [7, Lemma 5.13]. O

5.3.2. Case v = 4o00. In this regime, the set of limiting two-scale stresses is defined as follows.
Definition 5.26. The set KLo™ is the set of all elements ¥ € L*(2 x Y; M2X3) satisfying:

(1) divyX(z,-) =0 in ) for ae z €,
(it) Saev(z,y) € K(y) for L3 @ L2-a.e. (z,y) € X x Y,
(iii) ois(z) =0 fori=1,2,3,
() divyd =0 inw,
(v) divydivy 6 =0 in w,
where o = fy S(-,y)dy, and 7, 6 € L*(w;MZ%2) are the zero-th and first order moments of the 2 x 2
minor of o.

The previous definition is motivated by the following.
Proposition 5.27. Let {o"} be a bounded family in L?(S; M2x3) such that o € Ky and

o' 2% two-scale weakly in L*(Q x Y, Mé”yﬁi)

Then ¥ € Khom.

Proof. Properties (iii), (iv) and (v) follow in view of Section 5.3. To prove (i) we consider the test function
en (x, %), for ¢ € C2°(w; C=(I x Y;R3)). We see that
5h ’
oot ()]
€h

h (€h,¢ (I, xl)) = {5}1, V¢ <1’, aj/) +Vyo <937 ml)
Eh Eh Eh

converges strongly in L2(Q x J; M?*3). Hence, taking such a test function in div,c" = 0 and passing to
the limit, we get

/ Y(z,y) : By¢ (z,y) dedy = 0.
QxYy

Suppose now that ¢ (z,y) = 1 (z) Y@ (y) for () € C(w; C=(T)) and 3 € C>°(Y;R?). Then

| ( / S(2,y) : B (y) dy) dx =0,

from which we can deduce that div,X(z,-) =0in ) for a.e. z € Q.

To conclude the proof, it remains to show the stress constraint Xqey (2, y) € K(y) for LI®L2-a.e. (z,y) €
1x ). To do this we can define the approximating sequence (5.36) and argue as in the proof of Proposition
5.24. |

The following lemma is analogous to Lemma 5.28.

Lemma 5.28. Let w C R? be an open bounded set that is star-shaped with respect to one of its points
and let X € Khom. Then, there exists a sequence ¥, € L*(R? x I x Y; M2%3) such that the following
holds:

oo (TR3. T2 3x3 T2 33
(a) Xn € C(R? L*(V; M) and ¥, — 3 strongly in L*(w x I x Y; MZD),

(b) divyX,(z,-) =0 on Y for every v € R3,
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(¢) (Zn(z,Y))dev € K( ) for every x € R® and L2-a.e. y € V.

Further, if we set o,(x) = fy (z,y)dy, and G, 6, € L?(w; MS;HQI) are the zero-th and first order
moments of the 2 x 2 minor of o,, then:

(d) o, € C°(R? x ;M2%3) and 0, — o strongly in L*(w x I;M2X3),
(e) divyd, =0 inw,
(f) divydivy 6, =0 in w.

Proof. The proof is again analogous to [7, Lemma 5.13]. The only difference is that the convolution and
dilation used to define ¥,, are taken in R® instead of R2. O

5.4. The principle of maximum plastic work. We introduce the following functionals: Let v €
{0,400}. For (u, E, P) € AL°™(w) we define

o) = [ Q. E) dady, Qn(E)= [ Qv E) dady (5.37)
QxYy Qxy
and dP dP
hom = H, (y,— | d|P|, H"om .:/ H( ) d|P|. 5.38
Hhom(P) : /M (y dp) Pl [ (g ) arl )

The aim of this subsection is to prove the following inequality between two-scale dissipation and
plastic work, which in turn will be essential to prove the global stability condition of two-scale quasistatic
evolutions. Its proof is a direct consequence of Theorem 5.31 for the case v = 0, and of Theorem 5.33 for
the case v = 4-o00.

Corollary 5.29. Let v € {0,400} . Then
1
H’;"’”(P)z—/ E:Edazdy—k/a’:Ewdm’——/&:Dngda?',
XY w w
for every X € Khom and (u, E, P) € A" (w).

The proof relies on the approximation argument given in Lemma 5.25 and Lemma 5.28 and on two-
scale duality, which can be established only for smooth stresses by disintegration and duality pairings
between admissible stresses and plastic strains (given by (5.8) and (5.15)). The problem is that the
measure 7 defined in Lemma 5.18 and Lemma 5.21 can concentrate on the points where the stress (which
is only in L?) is not well-defined. The difference with respect to [26, Proposition 5.11] is that one can
rely only on the approximation given by Lemma 5.25 and Lemma 5.28, which are given for star-shaped
domains. To prove the corresponding result for general domains we rely on the localization argument
(see the proof of Step 2 of Proposition 5.30 and the proof of Theorem 5.31, as well as a Proposition 5.32
and Theorem 5.33).

5.4.1. Case~y = 0. The following proposition defines the measure A through two-scale stress-strain duality
based on the approximation argument.

Proposition 5.30. Let ¥ € K™ and (u, E, P) € Al°™(w) with the associated i € Xo(@), k € Yo(@).
There exists an element A € My(Q2 x V) such that for every ¢ € C2(w)

1
, =— T : ray + o:bhbwdr — — o w3 ax
A @) / o) 2 : Edxd /(p Ewdx’ /@A D?ws da’
QxYy w 12 w

1
—/6: ((a—w) ® V) dx’—E/&: (V(uz — ws) © Vo) da’
1 .
— E/w(ug —w3) & Vipdr'.
Furthermore, the mass of X is given by
)\(KNZXJ)):—/ E:dedy+/6:Eu’)dx’—i/&:D2w3dx’. (5.39)
QxYy w 12 w
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Proof. The proof is divided into two steps.
Step 1. Suppose that w is star-shaped with respect to one of its points.
Let {3,} C C®(R?; L3(I x Y;M2%3)) be sequence given by Lemma 5.25. We define the sequence

sym

Ani=1 & [Snla’,): Pl € My(Qx V),

where 7 is given by lemma 5.18 and the duality [X,(2',-) : Py] is a well defined bounded measure on
I x Y for n-a.e. ' € &. Further, in view of Remark 5.19, (5.8) gives

wd[zn(x/, )+ Pyl
IxYy

= - V() Zn(z,y) : [C(2)E(z,y) — (Ar(z") + 2342(2"))] drzdy
—/yin(x’,y) : (par () © Vyo(y)) dy

1 - 1 A
5, En(@’ ) (Vyrar (y) © Vit (v) dy + 15 /y Ko (y) B (2, y) : Vib(y) dy,
for every 1 € C?()), and
|[En(;[;/7 ) : Pm/H S ”271(1'/7 )HLOC(IXJ),MSJL?)'P”C/‘ S C |Pz’|,
where the last inequality stems from item (c¢) in Lemma 5.25. This in turn implies that
gen. gen.
Al =1 & [[En(@’,): Pu]|<Cn ® |Po|=CIP|,
from which we conclude that is {\,,} is a bounded sequence.

Let now I> 1 bean open set which compactly contains I. We extend these measures by zero on
wx I x)Y. Let £ be a smooth cut-off function with £ = 1 on I, with support contained in I. Finally,
we consider a test function ¢(z,y) = @(a')€(x3), for ¢ € C°(w). Then, since Vy¢(z,y) = 0 and
V2o(x,y) = 0, we have

Ot = [([ oo d, @) : P ante)
= _/ﬁ (') S (2,y) : [C(2")E(z,y) — (A (2)) + 2342(2"))] d (n® L], ® E;)
— 7/~ o) (x,y) : B(x,y)dedy + /~ o(@") on(z) : (Ar(2)) + 23A2(2")) d (77 ® Eij)
QxYy Q

_ / (&) S, y) : Ex,y) dady + / (&) on(x) : dBu(z)
aQxy Q
Since u € KL(Q), we have

)
1
/;go(x')an(x) . dBu(z) = / o) a,(2') : dEu(x') — E/ (') 6n(2") : dD*us(z’),
¢ by @

where @ € BD(W) and uz € BH(w) are the Kirchhoff-Love components of u. From the characterization

given in Proposition 3.7, we can thus conclude that

[w(m’) ou() : dBu(z) = / (@) onla’) - e(e) da’ + / (@) au(a’) : dp(e’)

Q w w
+ % g o(z") 6, (") : () da’ + % i o(@") 6, (") dp(z”)
- / (@) onla’) : e(a") da’ + / (@) d[oy - ()



where in the last equality we used that &, and &, are smooth functions. Notice that, since p = 0 and
p = 0 outside of w U yp, we have

/vad[anrp]ZLUWDwd[an:p}7 /asod[%:ﬁ]:/wuwapd[&n;ﬁ].

Furthermore, since e = E = Ew — z3D%w3 on Q \ Q, we can conclude that

1
(x\n,qb):—/ gp(a:’)En:dedy+/<p6n:édx’+—/<p&n:éd:c’
OxY 5 12 J5

I | .
+/ pdloy, :p]+f12/ ¢ d[6y : P
wUyp wUyp

1
:—/ ‘P(JC/)En1dedy+/<pc‘rn:édx’+—
Qxy

; 12 w(p&n:édaj

o501 A
+/ god[an:p]—&—ﬁ/ od[6, : Pl
wUvp wUyp

Taking into account that div,.d,, = 0 in w, by integration by parts (see also [15, Proposition 7.2]) we
have for every ¢ € C1(w)

/wUA/DSﬁ’d[Unip]-i-/wgoan:(e—Ew)dm’-i—/gn;((u_w)stp) d’ — 0.

w

Likewise taking into account div,/div,/6, = 0 in w and uz = w3 on vp, by integration by parts (see also
[15, Proposition 7.6]), we have for every » € C%(w)

/ wd[6, : P +/ 0o (64 D*ws)da’
wUyp w
+ 2/ Oyt (V(ug —w3) ® V<p) dz’ —|—/(u3 —ws3) 6, 2 Vipdr' = 0.

Let now A € M, (Q x V) be such that (up to a subsequence)
An 2N weakly® in My(Q x V).
By items (a) and (f) in Lemma 5.25, we have in the limit

A, 6) = lim (A, 9)

1
= lim [f/ cp(:c')En:deder/cpc_rn:Ewd:c'f—/cpfrn:Dngdx’
aQxy w 12 w

n

—/w&n:((ﬂ—w)QVgo) dx'—é/wﬁn:(V(u;;—w;;)@Vga)dx’

1 .
— E/(ug —ws3) 6y, 0 V3 dm’}

1
:—/ w(m’)E:dedy—&—/w&:E@dm’——/gp&:Dzwgdx’
Qxy w 12 J,

_/w&:((a—w)@wp) dw’—é/w&:(V(ug,—wg)@Vgo)dw’
1

D) /U;(Ug —w3) 6 : Vipdr'.

Taking ¢ 7 15, we deduce (5.39).

Step 2. If w is not star-shaped, then since w is a bounded C? domain (in particular, with Lipschitz
boundary) by [9, Proposition 2.5.4] there exists a finite open covering {U;} of @ such that w N U; is
(strongly) star-shaped with Lipschitz boundary. Again, since the sets which are intersecting dw are
cylindrical up to a rotation, we can slightly change them such that they become C?2.
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Let {t;} be a smooth partition of unity subordinate to the covering {U;}, i.e. v¢; € C®(w), with
0 < 1; <1, such that supp(;) C U; and ), %; =1 on @.

For each 7, let
i Y(z,y if 2’ e wnNU;,
Yz, y) = () :
0 otherwise.

Since X € Kho™, the construction in Step 1 yields that there exist sequences {%} € C>(R?; L3(I x
V;M3X3)) and

sym
gen.

MNoi=1® [(Z)dev(z’, ) s Pu] € My((wnNU;) x I x V),
such that
NN weakly* in My((wNU;) x T x ),
with

- 1
ALy = — )Y Edxdy + 7:FBwds — — 6 : D*ws dx’
¥ ¥ ¥ ¥
(wﬁUi)><1><y wnU; 12 wnU;

1
_/ 6:((12—711)®V<p)dm’—7/ 6 : (V(ug —ws3) © Vo) da’
wnU 6 wnU,
1 AL 2 /
1 mei(ug—wg)o.V pdz'.

for every ¢ € C2(wNU;). This allows us to define measures on Q x Y by letting, for every ¢ € C’o(ﬁ x ),
<)\na ¢> = Z<)‘2w 1)[)1(17/) ¢>7
and

A @) =D (N hi(a!) 6).

i

Then we can see that A\, — \ weakly* in /\/lb(?) x ), and X satisfies all the required properties. O

The following theorem provides a two-scale Hill’s principle (cf. [26, Theorem 5.12]).

Theorem 5.31. Let ¥ € K™ and (u, E, P) € A°™(w) with the associated p € Xo(@), k € Yo(@). If
Y is a geometrically admissible multi-phase torus, under the assumption on the ordering of phases we

have
dP -
H — ) |P| >
r<y,d|P|> [Pl > A,

where A\ € My(2 x V) is given by Proposition 5.30.

Proof. Take ¢ € C.(w x V) non-negative. Let {3%}, {\} and A\’ be defined as in Step 2 of the proof of
Proposition 5.30. Item (c) in Lemma 5.25 implies that

(E)dev(z,y) € K(y) for every 2’ € w and L}, ®£2 -a.e. (zg,y) €I x Y.

By Proposition 5.9, we have for n-a.e. ' € @

dP, )
/ Qp(x/7y) Hr (y, ) dlpm’| Z / @($/7y) d[ZzL : Px’]7 for every ¢ € C(y)7§0 2 0.
IxY d| Py | IxY

Since d|P\ B(x,y) = dd I(xg, y) for |Pyl|-a.e. (z3,y) € I x Y by [7, Proposition 2.2], we can conclude that

gen. dP gon. dPy
Pl=n® H(y, 5= ) [Pl =1 @ H, (y, ) |Pus
< dP> |=n@ <y d|P|> [=n@ (y d|Pm/>' |
gen. AP,
=3 H, (v, Py
i vin & (y de/I) | Py
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Consequently,

et FELE > L [ ewan, (g ) 1P i)
2> [t ( RS Pul) dnfe

=S [ et ) X e) = / o dh.

Qxy Qxy

By passing to the limit, we infer the desired inequality. ([

5.4.2. Case v = +00. The following proposition is the analogue of Proposition 5.30.

Proposition 5.32. Let & € K™ and (u, E, P) € A"™(w) with the associated pn € Xoo(R), K € Xoo (),
¢ € My(;R3). There exists an element A € My(Q x V) such that for every p € C%(®)

1
(A,gp}z—/ @(x’)E:dedy—&-/<p5:E1Ddx'——/g0&:D2w3da:’
Qxy w 12 w

_/wa:((ﬁ—w)@Vgo) dm’—é/w&:(V(ug—wg)@Vgo)dx’

1
- E/w(u?, —w3) 6 : Vipdr'.
Furthermore, the mass of \ is given by
~ 1
)\(Qx))):—/ E:dedy—i—/5:Ewd:ﬂ’——/6:D2w3dm’. (5.40)
QxYy w 12 w

Proof. Suppose that w is star-shaped with respect to one of its points.
Let {,} C C®(R3; L?(Y; M2%2)) be sequence given by Lemma 5.28. We define the sequence

Sym

An =1 ggg [(En)dev(‘rv ) : Pﬂc] € Mb(ﬁ X y)’

where 7 is given by lemma 5.21 and the duality [(X,)dev(2, ) : Py is a well defined bounded measure on
Y for n-a.e. x € Q. Further, in view of Remark 5.22, (5.15) gives

/ Gd[(Sn)aer(z,) : Py

/ o, [ ey (Al(a:’) +2042(e) 8)] "

—/(zwy) (1 (5) © V() dy
,Z//{x na3zy) dy+zzz/¢ Yn)is(z,y) dy,

1=1,2,3

for every ¢ € C(Y), and
[(En)dev () : Po]l < 1(En)dev (@, )l oo (pimzcz)

where the last inequality stems from item (c) in Lemma 5.28. This in turn implies that

Pl < C Pyl

gen. gen.
Aol =1 @ [[(En)dev(z,") : B]| < Cn @ |Py| =C|P|,
from which we conclude that is {\,} is a bounded sequence.

Let now I O I be an open set which compactly contains I and extend the above measures by zero on
w x I x Y. Let £ be a smooth cut-off function with £ =1 on I, with support contained in I. Finally, we
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consider a test function ¢(x) := @(z"){(x3) , for p € C°(w). Then, since Vyé(z) =0, 9y, ¢(x) = 0 and
fy nszy dyZO,Wehave

) = /(/¢y a2 2] ) dna)

_ / ) Ai(z') + 2342(2") 0 9

— [ ez [c@eey - (MR N ag o)

_— / (@) S, y) : Bla,y) dudy + / (@) onl2) + (Ay (') + 25 As(a')) di
aQxy Q

= */~ (@) Xn(z,y) : E(z,y) dscdy+/~go(:c')on(a:): dEu(z)
Qxy

Q

From this point on, the proof is exactly the same as the proof of Proposition 5.30 by defining in the
analogous way X4, AL ie. 3, A O

The following theorem is analogous to Theorem 5.31.

Theorem 5.33. Let & € K™ and (u, E, P) € ALo™(w) with the associated p € Xso (), K € Xoo (),
¢ € Mp(Q;R3). If Y is a geometrically admissible multi-phase torus, under the assumption on the

ordering of phases we have
#(y, ) P>
Y, d[P] =
where \ € Mb(ﬁ x ) is given by Proposition 5.32.

Proof. Let {1}, {\i} and A" be defined as in the proof of Proposition 5.32. Item (c) in Lemma 5.28
implies that 4
(3),)dev(z,y) € K(y) for every z € Q and Ei—a.e. ye.

By Proposition 5.16, we have for n-a.e. x € Q

H (y, dd; |) |Py| > [(Z%)dev(z,-) : Py] as measures on ).

Since %(m y) = P = (y) for |Pyl-a.e. y € Y by [7, Proposition 2.2], we can conclude that
# (v ) 1P =8 1 (i ) 1Pl = 8 a1 (3 ) 1P
=S # (v ) 1P
>3 wilan @ [(Zac(.) : Pi]
= zl:%(x/))\; = An.

By passing to the limit, we have the desired inequality. ([

6. TWO-SCALE QUASISTATIC EVOLUTIONS

The associated H"™-variation of a function P : [0,T] — M, (2 x Y; M>*%) on [a, b] is then defined as

dev

n—1

Dsgrom (P;a,b) := sup {Z HE™ (P(tiy1) — P(t)) ta=t <tz <...<t,=b ne N} .
i=1
In this section we prescribe for every ¢ € [0,7] a boundary datum w(t) € H*(Q;R3) N KL(Q) and we
assume the map ¢ — w(t) to be absolutely continuous from [0, 7] into H!(Q2;R3).
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We now give the notion of the limiting quasistatic elasto-plastic evolution.

Definition 6.1. A two-scale quasistatic evolution for the boundary datum w(t) is a function t

](‘ul<lt)’E(t)’PS')t)' from [0,T] into KL(Q) x L*(Q x Y; MEX3) x My(Q x Y;MES?) which satisfies the
ollowing conditions:

(gs1)2o™ for every t € [0,T] we have (u(t), E(t), P(t)) € AL™(w(t)) and
QM (B(t)) < Q7™ (H) + Hy™ (I - P(t)),
for every (v, H,1T) € AL°™(w(t)).
(qs?)gom the function t — P(t) from [0,T)] into My(Q x Y;M3*3) has bounded variation and for every

te0,T] dev

QU™ (B(t)) + Dyggor (P50,8) = Qh™( / / )+ Bui(s) dudyds,
forv =0 and e

QT (1)) + Dygpom (P:0,1) = QL / / )+ Bub(s) dadyds,
for v = +oo. e

Recalling the definition of a h-quasistatic evolution for the boundary datum w(t) given in Definition
3.8, we are in a position to formulate the main result of the paper.

Theorem 6.2. Let t — w(t) be absolutely continuous from [0,T] into HY(Q;R3) N KL(Q). Let Y be a
geometrically admissible multi-phase torus and let the assumption on the ordering of phases be satisfied.
Assume also (3.2), (3.3) and (3.5) and that there exists a sequence of triples (ul,elt, ph) € Ap(w(0)) such
that

up > ug  weakly* in BD(), (6.1)
Apell 25 By two-scale strongly in L2 (Q x Y MZx3), (6.2)
Anph 22 Py two-scale weakly* in My(Q x Y; M3X3), (6.3)

for (uo, Eo, Py) € A™(w(0)) if v = 400, and (ug, B, P') € Ao™(w(0)) with Eg = Ay E{ if v = 0.
For every h > 0, let
t (u(t),e" (), p" (1))
be a h- quasistatic evolution in the sense of Definition 3.8 for the boundary datum w such that u"(0) = ug,
e"(0) = el, and p"(0) = pl. Then, there exists a two-scale quasistatic evolution
t— (u(t), E(t), P(t))

for the boundary datum w(t) such that u(0) = ug, E(0) = Ey, and P(0) = Py, and such that (up to
subsequence) for every t € [0,T)

u"(t) 2 u(t)  weakly* in BD(RQ), (6.4)
Ape(t) 2 E(t)  two-scale weakly in L*(€ x Y M3, (6.5)
App"(t) 22 P(t) two-scale weakly* in My(Q x Yy MB3X3), (6.6)
in case vy = +o0o , and
u"(t) 2 u(t)  weakly* in BD(RQ), (6.7)
Apel(t) 2 AyE(t)  two-scale weakly in L*(Q x V; M3, (6.8)
P (t) 2 (P(()t) 8) two-scale weakly* in My(€2 x Y Mfyxrg), (6.9)

i case vy = 0.
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Proof. The proof is divided into several steps, in the spirit of evolutionary I'-convergence and it follows
the lines of [7, Theorem 6.2]. We present the proof in the case v = 0, while the argument for the case
v = +o0o is identical upon replacing the appropriate structures in the statement of Theorem 4.14 and
definition of A" (w).
Step 1: Compactness.

First, we prove that that there exists a constant C, depending only on the initial and boundary data,
such that

sxs, < C and Dy, (Ap™;0,T) < C, (6.10)

sup HAheh(t)HLZ(ﬁxy;Msym

t€[0,T]

for every h > 0. Indeed, the energy balance of the h-quasistatic evolution (qs2);, and (3.4) imply

Te HAheh(t)HL2(ﬁxy;M3X3) + Dy, (Anp";0,1)

sym

T
< R HAheh(O)HL?(ﬁxy;ngﬁg’) + 2R, sup HAheh(t)HLz(ﬁxy;Mf‘” /0 1Ew()]| L2 ppazzzy s,

te[0,T) sym Y

where the last integral is well defined as ¢ — Eu(t) belongs to L'([0,T]; L2(€;M3%3)). In view of

sym
the boundedness of Apel that is implied by (6.2), property (6.10) now follows by the Cauchy-Schwarz
inequality.

Second, from the latter inequality in (6.10) and (3.5), we infer that
i [[Anp" (8) = Ao || uq, @oxyanses) < Mo (Anp"(8) = Anpf) < Do, (Anp";0,8) < €,
for every ¢ € [0, T], which together with (6.3) implies

h
ES[%F’T] [Anp (t)HMb(ﬁxy;Mijf) <C. (6.11)

Next, we note that ||| . g\ gumx2) is @ continuous seminorm on BD({2) which is also a norm on the
MR

set of rigid motions. Then, using a variant of Poincaré-Korn’s inequality (see [45, Chapter II, Proposition
2.4]) and the fact (u(t),e"(t),p"(t)) € An(w(t)), we conclude that, for every h > 0 and ¢ € [0, T,

HUh ’Euh(t)HMb(ﬁ;MSyxn?)>
< O (IOl s @z + 1€ O ozt + 17Ol i@anzes,)

=C (Hw(t)”L%ﬁ;W) + [ Ane" O] o sz + HAWhU)Hm(@M%f)) :

(t)HBD(ﬁ) <C (Huh(t)HLl(ﬁ\ﬁ;Ri") +|

In view of the assumption w € H(€2; R3), from (6.11) and the former inequality in (6.10) it follows that

the sequences {u”(t)} are bounded in BD(2) uniformly with respect to t.

Owing to (2.3), we infer that Dy, and V are equivalent norms, which immediately implies
V(Anp";0,T) < C, (6.12)

for every h > 0. Hence, by a generalized version of Helly’s selection theorem (see [13, Lemma 7.2]), there
exists a (not relabeled) subsequence, independent of ¢, and P € BV (0,T; My (€ x Y; M3%3)) such that

dev

App"(t) 2= P(t) two-scale weakly* in M, (€ x ; M323),

dev

for every ¢ € [0,T], and V(P;0,T) < C. We extract a further subsequence (possibly depending on ),

ut () = u(t)  weakly* in BD(9),

Ay el (t) 2 E(t) two-scale weakly in L2(ﬁ x V; M3X3),

t sym

for every t € [0,7]. From Proposition 4.1 , we can conclude for every ¢ € [0,7T] that u(t) € KL(Q).
Furthermore, according to Theorem 4.14, one can choose the above subsequence in a way such that there
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exist u(t) € Xo(@), k(t) € To(@) and ¢(t) € My(Q x Y;R3) such that

h(p) 275 B 2, (Eyn(t) = x3D3x(t) C'(t)
ApEul(t) Eu(t) ® £, + ( ' @)T Cs(t)) '

Since, Ap, Eult(t) = Ap,ePe(t) + Ap,p™(t) in Q for every h > 0 and t € [0,7T], we deduce that
(u(t), E"(t), P"(t)) € AG"™ (w(t)) -

Lastly, we consider for every t € [0, T]

o (t) .= C () A, e (t).

Then we can choose a (not relabeled) subsequence, such that

oM (t) 2 %(t)  two-scale weakly in L2(€ x Y; M3X3), (6.13)

Sym

where X(t) := C(y)E(t). Since o”t(t) € Ky, for every t € [0,T], by Proposition 5.24 we can conclude
3(t) € K™, From this it follows that E(t) = A,E" (t).

Step 2: Global stability.

Since from Step 1 we have (u(t), E”(t), P"(t)) € Af°™(w(t)) with the associated pu(t) € Xo(@), x(t) €
Yo(@) , then for every (v, H,II) € Al°™(w(t)) with the associated v(t) € Xy(©), A(t) € Yo(@) we have

(v —u(t), H — E"(t), 11 - P"(t)) € A" (0).
Furthermore, since from the first step of the proof C,.(y)E"(t) € K™, by Corollary 5.29 we have

HAO™ (I — P" (1)) > — / ., Cr B (0) < (H — B(0)) dady

= Q¢ (E" (1)) + Q5™ (H — E"(1)) — Q5™ (H),
where the last equality is a straightforward computation. From the above, we immediately deduce
Mo (I = P"(2)) + Q4™ (H) = Q™ (B (1) + QB (H — " (1)) = Q4™ (B (1),
hence the global stability of the two-scale quasistatic evolution (qsl)’wm

We proceed by proving that the limit functions u(t) and E(¢) do not depend on the subsequence. Since
E(t) = AyE"(t), it is enough to conclude that E”(t) is unique. Assume (v(t), H(t), P(t)) € AR™(w(t))
with the associated v(t) € Xp(@), A(t) € To(w) also satisfy the global stability of the two-scale quasistatic
evolution. By the strict convexity of QR we immediately obtain that

H(t) = E"(t).
Identifing Fu(t), Ev(t) with elements of M, (€; M2%2) and using (5.23), we have that

sym
Eu(t) ® L3 + Eyv(t) — z3Dpk(t) = H(t) L3 ® L) + P(t)
_ 3 2
=E(t) L, ® L, + P(t)
= Eu(t) ® L2 + Eyu(t) — 3 DJx(t).
Integrating over ), we obtain
Ev(t) = Eu(t).
Using the variant of Poincaré-Korn’s inequality as in Step 1, we can infer that v(t) = u(¢) on Q.
This implies that the whole sequences converge without depening on ¢, i.e.
u"(t) = u(t) weakly* in BD(),
Apel(t) 2 E(t) = AyE"(t) two-scale weakly in L2(Q x Y; M2X3).

sym

Step 3: Energy balance.
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In order to prove energy balance of the two-scale quasistatic evolution (qu)z”m, it is enough (by

arguing as in, e.g. [13, Theorem 4.7] and [27, Theorem 2.7]) to prove the energy inequality
Q4™ (E" () + Dygrom (P 0, 1)

6.14
< Qhem(E"(0) / i yc ~(Y)E" (s) : Bi(s) dadyds. (6.14)

For a fixed t € [0,T], let us consider a subdivision 0 = t; < t3 < ... < t, =t of [0,¢]. In view of
the lower semicontinuity of Q"™ and H"°™ as a consequence of the convexity of @ and Reshetnyak
lower-semicontinuity (see [1, Theorem 2.38] and Remark 3.11 , see also [26, Lemma 4.6]) from (qs2);, we
have

Qhom + ZHhom 7+1) - P(tl))

< lim inf (Qh(Aheh(t)) + Z Hp (Anp" (tig1) — Ahph(ti))>

i=1

< lim inf (Qn(Ane™ (1)) + Dy, (Anp™;0,1))

= limhinf (Qh (Ane”( / / sh A eM(s) : Eui(s) dxds) .

In view of the strong convergence assumed in (6.2) and (6.13), by the Lebesgue’s dominated convergence

theorem we infer
hm (Qh (Apeh( / / E} Ahe (s) : Bu(s) dxds)

= Qp°™(E(0)) —|—/ C,(y)E"(s) : Bii(s) dxdyds.
Qxy

Hence, we have

hom + ZHhom P// ) _ P”(ti))

< Qb™(E"(0 // y)E" (s) : B(s) drdyds.
Qxy

Taking the supremum over all partitions of [0, ] yields (6.14), which concludes the proof, after replacement
of E with E” and P with P”. O
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