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Abstract. We identify effective models for thin, linearly elastic and perfectly plastic plates exhibiting

a microstructure resulting from the periodic alternation of two elastoplastic phases. We study here

both the case in which the thickness of the plate converges to zero on a much faster scale than the
periodicity parameter and the opposite scenario in which homogenization occurs on a much finer scale

than dimension reduction. After performing a static analysis of the problem, we show convergence of

the corresponding quasistatic evolutions. The methodology relies on two-scale convergence and periodic
unfolding, combined with suitable measure-disintegration results and evolutionary Γ-convergence.

1. Introduction

The main goal of this paper is to complete the study of limiting models stemming from the interplay
of homogenization and dimension reduction in perfect plasticity which we have initiated in [7], as well
as to show how the stress-strain approach introduced in [26] for the homogenization of elasto-perfect
plasticity can be used to identify effective theories for composite plates. In our previous contribution, we
considered a composite thin plate whose thickness h and microstructure-width εh were asymptotically
comparable, namely, we assumed

lim
h→0

h

εh
=: γ ∈ (0,+∞).

In this work, instead, we analyze the two limiting regimes corresponding to the settings γ = 0 and
γ = +∞. These can be seen, roughly speaking, as situations in which homogenization and dimension
reduction happen on different scales, so that the behavior of the composite plate should ideally approach
either that obtained via homogenization of the lower-dimensional model or the opposite one in which
dimension reduction is performed on the homogenized material.

To the Authors knowledge, apart from [7] there has been no other study of simultaneous homoge-
nization and dimension reduction for inelastic materials. In the purview of elasticity, we single out the
works [8, 14] (see also the book [43]) where first results were obtained in the case of linearized elasticity
and under isotropy or additional material symmetry assumptions, as well as [5] for the study of the
general case without further constitutive restrictions and for an extension to some nonlinear models. A
Γ-convergence analysis in the nonlinear case has been provided in [10, 42, 35, 4, 47], whereas the case of
high-contrast elastic plates is the subject of [6].

We shortly review below the literature on dimension reduction in plasticity and that on the study of
composite elastoplastic materials. Reduced models for homogeneous perfectly plastic plates have been
characterized in [15, 22, 40, 30] in the quasistatic and dynamic settings, respectively, whereas the case of
shallow shells is the focus of [39]. In the presence of hardening, an analogous study has been undertaken
in [37, 38]. Further results in finite plasticity are the subject of [16, 17].

Homogenization of the elastoplastic equations in the small strain regime has been studied in [44, 34,
33]. We also refer to [28, 29] for a study of the Fleck and Willis model, and to [32] for the case of gradient
plasticity. Static and partial evolutionary results for large-strain stratified composites in crystal plasticity
have been obtained in [11, 12, 18, 21], whereas static results in finite plasticity are the subject of [19,
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20]. Inhomogeneous perfectly plastic materials have been fully characterized in [27], an associated study
of periodic homogenization is the focus of [26].

The main result of the paper, Theorem 6.2 is rooted in the theory of evolutionary Γ-convergence
(see [41]) and consists in showing that rescaled three-dimensional quasistatic evolutions associated to
the original composite plates converge, as the thickness and periodicity simultaneously go to zero, to
the quasistatic evolution corresponding to suitable reduced effective elastic energies (identified by static
Γ-convergence) and dissipation potentials, cf. Subsection 5.4. As one might expect, for γ = 0 the limiting
driving energy and dissipation potential are homogenized versions of those identified in [15] where only
dimension reduction was considered. In the γ = ∞ setting, instead, the key functionals are obtained by
averaging the original ones in the periodicity cell.

Essential ingredients to identify the limiting models are to establish a characterization of two-scale
limits of rescaled linearized strains, as well as to prove variants of the principle of maximal work in each
of the two regimes. These are the content of Theorem 4.14, as well as Theorem 5.31 for the case γ = 0,
and of Theorem 5.33 for γ = +∞, respectively. A very delicate point consists in the identification of
the limiting space of elastoplastic variables, for a fine characterization of the correctors arising in the
two-scale limit passage needs to be established by delicate measure-theoretic disintegration arguments,
cf. Section 4.

We finally mention that, for the regimes analyzed in this contribution, we obtain more restrictive results
than in [7], for an additional assumption on the ordering of the phases on the interface, cf. Section 3.1
needs to be imposed in order to ensure lower semicontinuity of the dissipation potential, cf. Remark 3.3.

We briefly outline the structure of the paper. In Section 2 we introduce our notation and recall
some preliminary results. Section 3 is devoted to the mathematical formulation of the problem, whereas
Section 4 tackles compactness properties of sequences with equibounded energy and dissipation. In
Section 5 we characterize the limiting model, we introduce the set of limiting deformations and stresses,
and we discuss duality between stress and strain. Eventually, in Section 6 we prove the main result of the
paper, i.e., Theorem 6.2, where we show convergence of the quasistatic evolution of 3d composite thin
plates to the quasistatic evolution associated to the limiting model. Similarly as in [26, 7], in the limiting
model a decoupling of macroscopic and microscopic variables is not possible and both scales contribute
to the description of the limiting evolution.

.

2. Notation and preliminary results

Points x ∈ R3 will be expressed as pairs (x′, x3), with x
′ ∈ R2 and x3 ∈ R, whereas we will write y ∈ Y

to identify points on a flat 2-dimensional torus. We will denote by I the open interval I :=
(
− 1

2 ,
1
2

)
.

The notation ∇x′ will describe the gradient with respect to x′. Scaled gradients and symmetrized scaled
gradients will be similarly denoted as follows:

∇hv :=
[
∇x′v

∣∣∣ 1
h ∂x3v

]
, Ehv := sym∇hv. (2.1)

for h > 0, and for maps v defined on suitable subsets of R3. For N = 2, 3, we use the notation MN×N

to identify the set of real N ×N matrices. We will always implicitly assume this set to be endowed with
the classical Frobenius scalar product A : B :=

∑
i,j Aij Bij and the associated norm |A| :=

√
A : A,

for A,B ∈ MN×N . The subspaces of symmetric and deviatoric matrices, will be denoted by MN×N
sym and

MN×N
dev , respectively. For the trace and deviatoric part of a matrix A ∈ MN×N we will adopt the notation

trA, and

Adev = A− 1

N
trA.

Given two vectors a, b ∈ RN , we will adopt standard notation for their scalar product and Euclidean
norm, namely a · b and |a|. The dyadic (or tensor) product of a and b will be identified as by a ⊗ b;

2



correspondingly, the symmetrized tensor product a⊙b will be the symmetric matrix with entries (a⊙b)ij :=
aibj+ajbi

2 . We recall that tr(a⊙ b) = a · b, and |a⊙ b|2 = 1
2 |a|

2|b|2 + 1
2 (a · b)

2, so that

1√
2
|a||b| ≤ |a⊙ b| ≤ |a||b|.

Given a vector v ∈ R3, we will use the notation v′ to denote the two-dimensional vector having its same
first two components

v′ :=

(
v1
v2

)
.

In the same way, for every A ∈ M3×3, we will use the notation A′′ to identify the minor

A′′ :=

(
A11 A12

A21 A22

)
.

The natural embedding of R2 into R3 will be given by ι : R2 → R3 defined as

ι(v) :=

v1v2
0

 .

We will adopt standard notation for the Lebesgue and Hausdorff measure, as well as for Lebesgue and
Sobolev spaces, and for spaces of continuously differentiable functions. Given a set U ⊂ RN , we will
denote its closure by U and its characteristic function by 1U .

We will distinguish between the spaces Ck
c (U ;E) (Ck functions with compact support contained in

U) and Ck
0 (U ;E) (Ck functions “vanishing on ∂U”). The notation C(Y;E) will indicate the space of

all continuous functions which are [0, 1]2-periodic. Analogously, we will define Ck(Y;E) := Ck(R2;E) ∩
C(Y;E). With a slight abuse of notation, Ck(Y;E) will be identified with the space of all Ck functions
on the 2-dimensional torus.

We will frequently make use of the standard mollifier ρ ∈ C∞(RN ), defined by

ρ(x) :=

{
C exp

(
1

|x|2−1

)
if |x| < 1,

0 otherwise,

where the constant C > 0 is selected so that
´
RN ρ(x) dx = 1, as well as of the associated family

{ρϵ}ϵ>0 ⊂ C∞(RN ) with

ρϵ(x) :=
1

ϵN
ρ
(x
ϵ

)
.

Throughout the text, the letter C stands for generic positive constants whose value may vary from
line to line.

A collection of all preliminary results which will be used throughout the paper can be found in [7,
Section 2]. For an overview on basic notions in measure theory, BV functions, as well as BD and BH
maps, we refer the reader to, e.g., [25], [1], [2], to the monograph [45], as well as to [23].

2.1. Convex functions of measures. Let U be an open set of RN . For every µ ∈ Mb(U ;X) let dµ
d|µ| be

the Radon-Nikodym derivative of µ with respect to its variation |µ|. Let H : X → [0,+∞) be a convex
and positively one-homogeneous function such that

r|ξ| ≤ H(ξ) ≤ R|ξ| for every ξ ∈ X, (2.2)

where r and R are two constants, with 0 < r ≤ R.

Using the theory of convex functions of measures (see [31] and [24]) it is possible to define a nonnegative
Radon measure H(µ) ∈ M+

b (U) as

H(µ)(A) :=

ˆ
A

H

(
dµ

d|µ|

)
d|µ|,
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for every Borel set A ⊂ U , as well as an associated functional H : Mb(U ;X) → [0,+∞) given by

H(µ) := H(µ)(U) =

ˆ
U

H

(
dµ

d|µ|

)
d|µ|.

and being lower semicontinuous on Mb(U ;X) with respect to weak* convergence, cf. [1, Theorem 2.38]).

Let a, b ∈ [0, T ] with a ≤ b. The total variation of a function µ : [0, T ] → Mb(U ;X) on [a, b] is defined
as

V(µ; a, b) := sup

{
n−1∑
i=1

∥µ(ti+1)− µ(ti)∥Mb(U ;X) : a = t1 < t2 < . . . < tn = b, n ∈ N

}
.

Analogously, the H-variation of a function µ : [0, T ] → Mb(U ;X) on [a, b] is given by

DH(µ; a, b) := sup

{
n−1∑
i=1

H (µ(ti+1)− µ(ti)) : a = t1 < t2 < . . . < tn = b, n ∈ N

}
.

From (2.2) it follows that

rV(µ; a, b) ≤ DH(µ; a, b) ≤ RV(µ; a, b). (2.3)

2.2. Disintegration of a measure. Let S and T be measurable spaces and let µ be a measure on S.
Given a measurable function f : S → T , we denote by f#µ the push-forward of µ under the map f ,
defined by

f#µ(B) := µ
(
f−1(B)

)
, for every measurable set B ⊆ T .

In particular, for any measurable function g : T → R we haveˆ
S

g ◦ f dµ =

ˆ
T

g d(f#µ).

Note that in the previous formula S = f−1(T ).

Let S1 ⊂ RN1 , S2 ⊂ RN2 , for some N1, N2 ∈ N, be open sets, and let η ∈ M+
b (S1). We say that a

function x1 ∈ S1 → µx1 ∈ Mb(S2;RM ) is η-measurable if x1 ∈ S1 → µx1(B) is η-measurable for every
Borel set B ⊆ S2.

Given a η-measurable function x1 → µx1 such that
´
S1

|µx1 | dη < +∞, then the generalized product

η
gen.
⊗ µx1

satisfies η
gen.
⊗ µx1

∈ Mb(S1 × S2;RM ) and is such that

⟨η
gen.
⊗ µx1

, φ⟩ :=
ˆ
S1

(ˆ
S2

φ(x1, x2) dµx1
(x2)

)
dη(x1),

for every bounded Borel function φ : S1 × S2 → R.

2.3. Traces of stress tensors. In this last subsection we collect some properties of classes of maps
which will include our elastoplastic stress tensors.

We suppose here that U is an open bounded set of class C2 in RN . If σ ∈ L2(U ;MN×N
sym ) and

divσ ∈ L2(U ;RN ), then we can define a distribution [σν] on ∂U by

[σν](ψ) :=

ˆ
U

ψ · divσ dx+

ˆ
U

σ : Eψ dx, (2.4)

for every ψ ∈ H1(U ;RN ). It follows that [σν] ∈ H−1/2(∂U ;RN ) (see, e.g., [46, Chapter 1, Theorem 1.2]).
If, in addition, σ ∈ L∞(U ;MN×N

sym ) and divσ ∈ LN (U ;RN ), then (2.4) holds for ψ ∈ W 1,1(U ;RN ). By

Gagliardo’s extension theorem, in this case we have [σν] ∈ L∞(∂U ;RN ), and

[σkν]
∗−⇀ [σν] weakly* in L∞(∂U ;RN ),

whenever σk
∗−⇀ σ weakly* in L∞(U ;MN×N

sym ) and divσk −⇀ divσ weakly in LN (U ;RN ).

We will consider the normal and tangential parts of [σν], defined by

[σν]ν := ([σν] · ν)ν, [σν]⊥ν := [σν]− ([σν] · ν)ν.
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Since ν ∈ C1(∂U ;RN ), we have that [σν]ν , [σν]
⊥
ν ∈ H−1/2(∂U ;RN ). If, in addition, σdev ∈ L∞(U ;MN×N

dev ),

then it was proved in [36, Lemma 2.4] that [σν]⊥ν ∈ L∞(∂U ;RN ) and

∥[σν]⊥ν ∥L∞(∂U ;RN ) ≤
1√
2
∥σdev∥L∞(U ;MN×N

dev ).

More generally, if U has Lipschitz boundary and is such that there exists a compact set S ⊂ ∂U
with HN−1(S) = 0 such that ∂U \ S is a C2-hypersurface, then arguing as in [27, Section 1.2] we can
uniquely determine [σν]⊥ν as an element of L∞(∂U ;RN ) through any approximating sequence {σn} ⊂
C∞(U ;MN×N

sym ) such that

σn → σ strongly in L2(U ;MN×N
sym ),

divσn → divσ strongly in L2(U ;RN ),

∥(σn)dev∥L∞(U ;MN×N
dev ) ≤ ∥σdev∥L∞(U ;MN×N

dev ).

3. Setting of the problem

We describe here our modeling assumptions and recall a few associated instrumental results. Unless
otherwise stated, ω ⊂ R2 is a bounded, connected, and open set with C2 boundary. Given a small positive
number h > 0, we assume

Ωh := ω × (hI),

to be the reference configuration of a linearly elastic and perfectly plastic plate.

We consider a non-zero Dirichlet boundary condition on the whole lateral surface, i.e. the Dirichlet
boundary of Ωh is given by Γh

D := ∂ω × (hI).

We work under the assumption that the body is only submitted to a hard device on Γh
D and that there

are no applied loads, i.e. the evolution is only driven by time-dependent boundary conditions. More
general boundary conditions, together with volume and surfaces forces have been considered, e.g., in [13,
27, 15] but for simplicity of exposition will be neglected in this analysis.

3.1. Phase decomposition. We recall here some basic notation and assumptions from [26].

Recall that Y = R2/Z2 is the 2-dimensional torus, let Y := [0, 1)2 be its associated periodicity cell,
and denote by I : Y → Y their canonical identification. For any Z ⊂ Y, we define

Zε :=
{
x ∈ R2 :

x

ε
∈ Z2 + I(Z)

}
, (3.1)

and to every function F : Y → X we associate the ε-periodic function Fε : R2 → X, given by

Fε(x) := F (yε) , for
x

ε
−
⌊x
ε

⌋
= I(yε) ∈ Y.

With a slight abuse of notation we will also write Fε(x) = F
(
x
ε

)
.

The torus Y is assumed to be made up of finitely many phases Yi together with their interfaces.
We assume that those phases are pairwise disjoint open sets with Lipschitz boundary. Then we have
Y =

⋃
i Yi and we denote the interfaces by

Γ :=
⋃
i,j

∂Yi ∩ ∂Yj .

We will write

Γ :=
⋃
i ̸=j

Γij ,

where Γij stands for the interface between Yi and Yj .

Correspondingly, ω is composed of finitely many phases (Yi)ε and that ε is chosen small enough so that
H1 (∪i(∂Yi)ε ∩ ∂ω) = 0. Additionally, we assume that Ωh is a specimen of a linearly elastic - perfectly
plastic material having periodic elasticity tensor and dissipation potential.
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We are interested in the situation when the period ε is a function of the thickness h, i.e. ε = εh, and
we assume that the limit

γ := lim
h→0

h

εh
.

exists in {0,+∞} . We additionally impose the following condition: there exists a compact set S ⊂ Γ
with H1(S) = 0 such that each connected component of Γ \ S is either a closed curve of class C2 or an
open curve with endpoints {a, b} which is of class C2 (excluding the endpoints).

We say that a multi-phase torus Y is geometrically admissible if it satisfies the above assumptions.

Remark 3.1. Notice that under the above assumptions, H1-almost every y ∈ Γ is at the intersection of
the boundaries of exactly two phases.

Remark 3.2. We point out that we assume greater regularity than that in [26], where the interface Γ\S
was allowed to be a C1-hypersurface. Under such weaker assumptions, in fact, the tangential part of
the trace of an admissible stress [σν]⊥ν at a point x on Γ \ S would not be defined independently of the
considered approximating sequence, cf. Subsection 2.3. By requiring a higher regularity of Γ \ S, we will
avoid dealing with this situation.

The set of admissible stresses.

We assume that there exist convex compact sets Ki ∈ M3×3
dev associated to each phase Yi which will

provide restrictions on the deviatoric part of the stress. We work under the assumption that there exist
two constants rK and RK , with 0 < rK ≤ RK , such that for every i

{ξ ∈ M3×3
sym : |ξ| ≤ rK} ⊆ Ki ⊆ {ξ ∈ M3×3

sym : |ξ| ≤ RK}.

Finally, we define

K(y) := Ki, for y ∈ Yi.

We will require an ordering between the phases at the interface. Namely, we assume that at the point
y ∈ Γ where exactly two phases Yi and Yj meet we have that either Ki ⊂ Kj or Kj ⊂ Ki.

We will call this requirement the assumption on the ordering of the phases.

Remark 3.3. The restrictive assumption on the ordering between the phases will allow us to use Reshet-
nyak’s lower semicontinuity theorem to obtain lower semicontinuity of the dissipation functional, cf. the
proof of Theorem 6.2. Notice that in the regime γ ∈ (0,+∞), see [7], we did not rely on such assumption
(see also [27, 26]) and thus were able to prove the convergence to the limit model in the general case. In
the regimes γ ∈ {0,∞} the general geometrical setting where no ordering between the phases is assumed
remains an open problem.

The elasticity tensor.

For every i, let (Cdev)i and ki be a symmetric positive definite tensor on M3×3
dev and a positive constant,

respectively, such that there exist two constants rc and Rc, with 0 < rc ≤ Rc, satisfying

rc|ξ|2 ≤ (Cdev)iξ : ξ ≤ Rc|ξ|2 for every ξ ∈ M3×3
dev , (3.2)

rc ≤ ki ≤ Rc. (3.3)

Let C be the elasticity tensor, considered as a map from Y taking values in the set of symmetric
positive definite linear operators, C : Y ×M3×3

sym → M3×3
sym, defined as

C(y)ξ := Cdev(y) ξdev + (k(y) trξ) I3×3 for every y ∈ Y and ξ ∈ M3×3,

where Cdev(y) = (Cdev)i and k(y) = ki for every y ∈ Yi.

Let Q : Y ×M3×3
sym → [0,+∞) be the quadratic form associated with C, and given by

Q(y, ξ) :=
1

2
C(y)ξ : ξ for every y ∈ Y and ξ ∈ M3×3

sym.
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It follows that Q satisfies

rc|ξ|2 ≤ Q(y, ξ) ≤ Rc|ξ|2 for every y ∈ Y and ξ ∈ M3×3
sym. (3.4)

The dissipation potential.

For each i, let Hi : M3×3
dev → [0,+∞) be the support function of the set Ki, i.e

Hi(ξ) = sup
τ∈Ki

τ : ξ.

It follows that Hi is convex, positively 1-homogeneous, and satisfies

rk|ξ| ≤ Hi(ξ) ≤ Rk|ξ| for every ξ ∈ M3×3
dev . (3.5)

The dissipation potential H : Y ×M3×3
dev → [0,+∞] is defined as follows:

(i) For every y ∈ Yi,

H(y, ξ) := Hi(ξ).

(ii) For a point y ∈ Γ that is at interface of exactly two phases Yi and Yj we define

H(y, ξ) = min
i,j

{Hi(y, ξ), Hj(y, ξ)}.

(iii) For all other points we take

H(y, ξ) = min
i
Hi(y, ξ).

Remark 3.4. We point out that H is a Borel, lower semicontinuous function on Y×M3×3
dev . Furthermore,

for each y ∈ Y, the function ξ 7→ H(y, ξ) is positively 1-homogeneous and convex.

Admissible triples and energy.

On Γh
D we prescribe a boundary datum being the trace of a map wh ∈ H1(Ωh;R3) with the following

Kirchhoff-Love structure:

wh(z) :=

(
w̄1(z

′)− z3
h
∂1w̄3(z

′), w̄2(z
′)− z3

h
∂2w̄3(z

′),
1

h
w̄3(z

′)

)
for a.e. z = (z′, z3) ∈ Ωh, (3.6)

where w̄α ∈ H1(ω), α = 1, 2, and w̄3 ∈ H2(ω). The set of admissible displacements and strains for
the boundary datum wh is denoted by A(Ωh, wh) and is defined as the class of all triples (v, f, q) ∈
BD(Ωh)× L2(Ωh;M3×3

sym)×Mb(Ω
h;M3×3

dev ) satisfying

Ev = f + q in Ωh,

q = (wh − v)⊙ ν∂ΩhH2 on Γh
D.

The function v represents the displacement of the plate, while f and q are called the elastic and plastic
strain, respectively.

For every admissible triple (v, f, q) ∈ A(Ωh, wh) we define the associated energy as

Eh(v, f, q) :=
ˆ
Ωh

Q

(
z′

εh
, f(z)

)
dz +

ˆ
Ωh∪Γh

D

H

(
z′

εh
,
dq

d|q|

)
d|q|.

The first term represents the elastic energy, while the second term accounts for plastic dissipation.
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3.2. The rescaled problem. As usual in dimension reduction problems, it is convenient to perform a
change of variables in such a way to rewrite the system on a fixed domain independent of h. To this
purpose, we consider the open interval I =

(
− 1

2 ,
1
2

)
and set

Ω := ω × I, ΓD := ∂ω × I.

We consider the change of variables ψh : Ω → Ωh, defined as

ψh(x
′, x3) := (x′, hx3) for every (x′, x3) ∈ Ω, (3.7)

and the linear operator Λh : M3×3
sym → M3×3

sym given by

Λhξ :=

 ξ11 ξ12
1
hξ13

ξ21 ξ22
1
hξ23

1
hξ31

1
hξ32

1
h2 ξ33

 for every ξ ∈ M3×3
sym. (3.8)

To any triple (v, f, q) ∈ A(Ωh, wh) we associate a triple (u, e, p) ∈ BD(Ω) × L2(Ω;M3×3
sym) × Mb(Ω ∪

ΓD;M3×3
sym) defined as follows:

u := (v1, v2, hv3) ◦ ψh, e := Λ−1
h f ◦ ψh, p := 1

hΛ
−1
h ψ#

h (q).

Here the measure ψ#
h (q) ∈ Mb(Ω;M3×3) is the pull-back measure of q, satisfyingˆ

Ω∪ΓD

φ : dψ#
h (q) =

ˆ
Ωh∪Γh

D

(φ ◦ ψ−1
h ) : dq for every φ ∈ C0(Ω ∪ ΓD;M3×3).

According to this change of variable we have

Eh(v, f, q) = hQh(Λhe) + hHh(Λhp),

where

Qh(Λhe) =

ˆ
Ω

Q

(
x′

εh
,Λhe

)
dx (3.9)

and

Hh(Λhp) =

ˆ
Ω∪ΓD

H

(
x′

εh
,
dΛhp

d|Λhp|

)
d|Λhp|. (3.10)

We also introduce the scaled Dirichlet boundary datum w ∈ H1(Ω;R3), given by

w(x) := (w̄1(x
′)− x3∂1w3(x

′), w̄2(x
′)− x3∂2w3(x

′), w3(x
′)) for a.e. x ∈ Ω.

By the definition of the class A(Ωh, wh) it follows that the scaled triple (u, e, p) satisfies

Eu = e+ p in Ω, (3.11)

p = (w − u)⊙ ν∂ΩH2 on ΓD, (3.12)

p11 + p22 +
1
h2 p33 = 0 in Ω ∪ ΓD. (3.13)

We are thus led to introduce the class Ah(w) of all triples (u, e, p) ∈ BD(Ω) × L2(Ω;M3×3
sym) ×Mb(Ω ∪

ΓD;M3×3
sym) satisfying (3.11)–(3.13), and to define the functional

Jh(u, e, p) := Qh(Λhe) +Hh(Λhp) (3.14)

for every (u, e, p) ∈ Ah(w). In the following we will study the asymptotic behaviour of the quasistatic
evolution associated with Jh, as h→ 0 and εh → 0.

Notice that if w̄α ∈ H1(ω̃), α = 1, 2, and w̄3 ∈ H2(ω̃), where ω ⊂ ω̃, then we can trivially extend the

triple (u, e, p) to Ω̃ := ω̃ × I by

u = w, e = Ew, p = 0 on Ω̃ \ Ω.

In the following, with a slight abuse of notation, we will still denote this extension by (u, e, p), whenever
such an extension procedure will be needed.

Kirchhoff-Love admissible triples and limit energy.
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We consider the set of Kirchhoff-Love displacements, defined as

KL(Ω) :=
{
u ∈ BD(Ω) : (Eu)i3 = 0 for i = 1, 2, 3

}
.

We note that u ∈ KL(Ω) if and only if u3 ∈ BH(ω) and there exists ū ∈ BD(ω) such that

uα = ūα − x3∂xα
u3, α = 1, 2. (3.15)

In particular, if u ∈ KL(Ω), then

Eu =

Eū− x3D
2u3

0
0

0 0 0

 . (3.16)

If, in addition, u ∈ W 1,p(Ω;R3) for some 1 ≤ p ≤ ∞, then ū ∈ W 1,p(ω;R2) and u3 ∈ W 2,p(ω). We call
ū, u3 the Kirchhoff-Love components of u.

For every w ∈ H1(Ω;R3)∩KL(Ω) we define the class AKL(w) of Kirchhoff-Love admissible triples for
the boundary datum w as the set of all triples (u, e, p) ∈ KL(Ω) × L2(Ω;M3×3

sym) × Mb(Ω ∪ ΓD;M3×3
sym)

satisfying

Eu = e+ p in Ω, p = (w − u)⊙ ν∂ΩH2 on ΓD, (3.17)

ei3 = 0 in Ω, pi3 = 0 in Ω ∪ ΓD, i = 1, 2, 3. (3.18)

Note that the space {
ξ ∈ M3×3

sym : ξi3 = 0 for i = 1, 2, 3
}

is canonically isomorphic to M2×2
sym. Therefore, in the following, given a triple (u, e, p) ∈ AKL(w) we will

usually identify e with a function in L2(Ω;M2×2
sym) and p with a measure in Mb(Ω∪ΓD;M2×2

sym). Note also
that the class AKL(w) is always nonempty as it contains the triple (w,Ew, 0).

To provide a useful characterisation of admissible triplets in AKL(w), let us first recall the definition
of zero-th and first order moments of functions.

Definition 3.5. For f ∈ L2(Ω;M2×2
sym) we denote by f̄ , f̂ ∈ L2(ω;M2×2

sym) and f⊥ ∈ L2(Ω;M2×2
sym) the

following orthogonal components (with respect to the scalar product of L2(Ω;M2×2
sym)) of f :

f̄(x′) :=

ˆ 1
2

− 1
2

f(x′, x3) dx3, f̂(x′) := 12

ˆ 1
2

− 1
2

x3f(x
′, x3) dx3 (3.19)

for a.e. x′ ∈ ω, and

f⊥(x) := f(x)− f̄(x′)− x3f̂(x
′)

for a.e. x ∈ Ω. We name f̄ the zero-th order moment of f and f̂ the first order moment of f . More
generally, we will also use the expressions (3.19) for any integrable function over I.

The coefficient in the definition of f̂ is chosen from the computation
´
I
x23 dx3 = 1

12 . It ensures that if

f is of the form f(x) = x3g(x
′), for some g ∈ L2(ω;M2×2

sym), then f̂ = g.

Analogously, we have the following definition of zero-th and first order moments of measures.

Definition 3.6. For µ ∈ Mb(Ω ∪ ΓD;M2×2
sym) we define µ̄, µ̂ ∈ Mb(ω ∪ γD;M2×2

sym) and µ⊥ ∈ Mb(Ω ∪
ΓD;M2×2

sym) as follows:ˆ
ω∪γD

φ : dµ̄ :=

ˆ
Ω∪ΓD

φ : dµ,

ˆ
ω∪γD

φ : dµ̂ := 12

ˆ
Ω∪ΓD

x3φ : dµ

for every φ ∈ C0(ω ∪ γD;M2×2
sym), and

µ⊥ := µ− µ̄⊗ L1
x3

− µ̂⊗ x3L1
x3
,

where ⊗ is the usual product of measures, and L1
x3

is the Lebesgue measure restricted to the third compo-

nent of R3. We call µ̄ the zero-th order moment of µ and µ̂ the first order moment of µ.

We are now ready to recall the following characterisation of AKL(w), given in [15, Proposition 4.3].
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Proposition 3.7. Let w ∈ H1(Ω;R3) ∩ KL(Ω) and let (u, e, p) ∈ KL(Ω) × L2(Ω;M3×3
sym) × Mb(Ω ∪

ΓD;M3×3
dev ). Then (u, e, p) ∈ AKL(w) if and only if the following three conditions are satisfied:

(i) Eū = ē+ p̄ in ω and p̄ = (w̄ − ū)⊙ ν∂ωH1 on γD;
(ii) D2u3 = −(ê+ p̂) in ω, u3 = w3 on γD, and p̂ = (∇u3 −∇w3)⊙ ν∂ωH1 on γD;
(iii) p⊥ = −e⊥ in Ω and p⊥ = 0 on ΓD.

3.3. The reduced problem. For a fixed y ∈ Y, let Ay : M2×2
sym → M3×3

sym be the operator given by

Ayξ :=

 ξ
λy1(ξ)
λy2(ξ)

λy1(ξ) λy2(ξ) λy3(ξ)

 for every ξ ∈ M2×2
sym,

where for every ξ ∈ M2×2
sym the triple (λy1(ξ), λ

y
2(ξ), λ

y
3(ξ)) is the unique solution to the minimum problem

min
λi∈R

Q

y,
 ξ

λ1
λ2

λ1 λ2 λ3

 . (3.20)

We observe that for every ξ ∈ M2×2
sym, the matrix Ayξ is given by the unique solution of the linear system

C(y)Ayξ :

 0 0 λy1
0 0 λy2
λy1 λy2 λy3

 = 0 for every λ1, λ2, λ3 ∈ R.

This implies, in particular, for every y ∈ Y that Ay is a linear map.

Let Qr : Y ×M2×2
sym → [0,+∞) be the map

Qr(y, ξ) := Q(y,Ayξ) for every ξ ∈ M2×2
sym.

By the properties of Q, we have that Qr(y, ·) is positive definite on symmetric matrices.

We also define the tensor Cr : Y ×M2×2
sym → M3×3

sym, given by

Cr(y)ξ := C(y)Ayξ for every ξ ∈ M2×2
sym.

We remark that by (3.20) it holds

Cr(y)ξ : ζ = C(y)Ayξ :

(
ζ ′′ 0
0 0

)
for every ξ ∈ M2×2

sym, ζ ∈ M3×3
sym,

and

Qr(y, ξ) =
1

2
Cr(y)ξ :

(
ξ 0
0 0

)
for every ξ ∈ M2×2

sym.

The reduced dissipation potential.

The set Kr(y) ⊂ M2×2
sym represents the set of admissible stresses in the reduced problem and can be

characterised as follows (see [15, Section 3.2]):

ξ ∈ Kr(y) ⇐⇒

ξ11 ξ12 0
ξ12 ξ22 0
0 0 0

− 1

3
(trξ)I3×3 ∈ K(y), (3.21)

where I3×3 is the identity matrix in M3×3.

The plastic dissipation potential Hr : Y ×M2×2
sym → [0,+∞) is given by the support function of Kr(y),

i.e

Hr(y, ξ) := sup
σ∈Kr(y)

σ : ξ for every ξ ∈ M2×2
sym.

It follows that Hr(y, ·) is convex and positively 1-homogeneous, and there are two constants 0 < rH ≤ RH

such that

rH |ξ| ≤ Hr(y, ξ) ≤ RH |ξ| for every ξ ∈ M2×2
sym.
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Therefore Hr(y, ·) satisfies the triangle inequality

Hr(y, ξ1 + ξ2) ≤ Hr(y, ξ1) +Hr(y, ξ2) for every ξ1, ξ2 ∈ M2×2
sym.

Finally, for a fixed y ∈ Y, we can deduce the property

Kr(y) = ∂Hr(y, 0).

3.4. Definition of quasistatic evolutions. The Hh-variation of a map µ : [0, T ] → Mb(Ω∪ΓD;M3×3
dev )

on [a, b] is defined as

DHh
(µ; a, b) := sup

{
n−1∑
i=1

Hh (µ(ti+1)− µ(ti)) : a = t1 < t2 < . . . < tn = b, n ∈ N

}
.

For every t ∈ [0, T ] we prescribe a boundary datum w(t) ∈ H1(Ω;R3) ∩ KL(Ω) and we assume the
map t 7→ w(t) to be absolutely continuous from [0, T ] into H1(Ω;R3).

Definition 3.8. Let h > 0. An h-quasistatic evolution for the boundary datum w(t) is a function
t 7→ (uh(t), eh(t), ph(t)) from [0, T ] into BD(Ω) × L2(Ω;M3×3

sym) × Mb(Ω ∪ ΓD;M3×3
sym) that satisfies the

following conditions:

(qs1)h for every t ∈ [0, T ] we have (uh(t), eh(t), ph(t)) ∈ Ah(w(t)) and

Qh(Λhe
h(t)) ≤ Qh(Λhη) +Hh(Λhπ − Λhp

h(t)),

for every (υ, η, π) ∈ Ah(w(t)).
(qs2)h the function t 7→ ph(t) from [0, T ] into Mb(Ω ∪ ΓD;M3×3

sym) has bounded variation and for every
t ∈ [0, T ]

Qh(Λhe
h(t)) +DHh

(Λhp
h; 0, t) = Qh(Λhe

h(0)) +

ˆ t

0

ˆ
Ω

C
(

x′

εh

)
Λhe

h(s) : Eẇ(s) dxds.

The following existence result of a quasistatic evolution for a general multi-phase material can be found
in [27, Theorem 2.7].

Theorem 3.9. Assume (3.2), (3.3), and (3.5). Let h > 0 and let (uh0 , e
h
0 , p

h
0 ) ∈ Ah(w(0)) satisfy the global

stability condition (qs1)h. Then, there exists a two-scale quasistatic evolution t 7→ (uh(t), eh(t), ph(t)) for
the boundary datum w(t) such that uh(0) = u0, e

h(0) = eh0 , and p
h(0) = ph0 .

Our goal is to study the asymptotics of the quasistatic evolution when h goes to zero. The main result
is given by Theorem 6.2.

3.5. Two-scale convergence adapted to dimension reduction. We briefly recall some results and
definitions from [26].

Definition 3.10. Let Ω ⊂ R3 be an open set. Let {µh}h>0 be a family in Mb(Ω) and consider µ ∈
Mb(Ω× Y). We say that

µh 2−∗−−⇀ µ two-scale weakly* in Mb(Ω× Y),

if for every χ ∈ C0(Ω× Y)

lim
h→0

ˆ
Ω

χ

(
x,
x′

εh

)
dµh(x) =

ˆ
Ω×Y

χ(x, y) dµ(x, y).

The convergence above is called two-scale weak* convergence.

Remark 3.11. Notice that the family {µh}h>0 determines the family of measures {νh}h>0 ⊂ Mb(Ω×Y)
obtained by setting ˆ

Ω×Y
χ(x, y) dνh =

ˆ
Ω

χ

(
x,
x′

εh

)
dµh(x)

for every χ ∈ C0
0 (Ω× Y). Thus µ is simply the weak* limit in Mb(Ω× Y) of {νh}h>0.
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We collect some basic properties of two-scale convergence below (the first one is a direct consequence
of Remark 3.11 and the second one follows from the definition). Before stating them recall (3.1).

Proposition 3.12. (i) Any sequence that is bounded in Mb(Ω) admits a two-scale weakly* conver-
gent subsequence.

(ii) Let D ⊂ Y and assume that supp(µh) ⊂ Ω ∩ (Dεh × I). If µh 2−∗−−⇀ µ two-scale weakly* in
Mb(Ω× Y), then supp(µ) ⊂ Ω×D.

4. Compactness results

In this section, we provide a characterization of two-scale limits of symmetrized scaled gradients. We
will consider sequences of deformations {vh} such that vh ∈ BD(Ωh) for every h > 0, their L1-norms are
uniformly bounded (up to rescaling), and their symmetrized gradients Evh form a sequence of uniformly
bounded Radon measures (again, up to rescaling). As already explained in Section 3.2, we associate to
the sequence {vh} above a rescaled sequence of maps {uh} ⊂ BD(Ω), defined as

uh := (vh1 , v
h
2 , hv

h
3 ) ◦ ψh,

where ψh is defined in (3.7). The symmetric gradients of the maps {vh} and {uh} are related as follows

1

h
Evh = (ψh)#(ΛhEu

h). (4.1)

The boundedness of 1
h∥Ev

h∥Mb(Ωh;M3×3
sym) is equivalent to the boundedness of ∥ΛhEu

h∥Mb(Ω;M3×3
sym). We

will express our compactness result with respect to the sequence {uh}h>0.

We first recall a compactness result for sequences of non-oscillating fields (see [15]).

Proposition 4.1. Let {uh}h>0 ⊂ BD(Ω) be a sequence such that there exists a constant C > 0 for which

∥uh∥L1(Ω;R3) + ∥ΛhEu
h∥Mb(Ω;M3×3

sym) ≤ C.

Then, there exist functions ū = (ū1, ū2) ∈ BD(ω) and u3 ∈ BH(ω) such that, up to subsequences, there
holds

uhα → ūα − x3∂xα
u3, strongly in L1(Ω), α ∈ {1, 2},

uh3 → u3, strongly in L1(Ω),

Euh
∗−⇀
(
Eū− x3D

2u3 0
0 0

)
weakly* in Mb(Ω;M3×3

sym).

Now we turn to identifying the two-scale limits of the sequence ΛhEu
h.

4.1. Corrector properties and duality results. In order to define and analyze the space of measures
which arise as two-scale limits of scaled symmetrized gradients of BD functions, we will consider the
following general framework (see also [3]).

Let V and W be finite-dimensional Euclidean spaces of dimensions N and M , respectively. We
will consider kth order linear homogeneous partial differential operators with constant coefficients A :
C∞

c (Rn;V ) → C∞
c (Rn;W ). More precisely, the operator A acts on functions u : Rn → V as

Au :=
∑
|α|=k

Aα∂
αu.

where the coefficients Aα ∈W ⊗V ∗ ∼= Lin(V ;W ) are constant tensors, α = (α1, . . . , αn) ∈ Nn
0 is a multi-

index and ∂α := ∂α1
1 · · · ∂αn

n denotes the distributional partial derivative of order |α| = α1 + · · ·+ αn.

We define the space

BV A(U) =
{
u ∈ L1(U ;V ) : Au ∈ Mb(U ;W )

}
of functions with bounded A-variations on an open subset U of Rn. This is a Banach space endowed with
the norm

∥u∥BV A(U) := ∥u∥L1(U ;V ) + |Au|(U).
12



Here, the distributional A-gradient is defined and extended to distributions via the dualityˆ
U

φ · dAu :=

ˆ
U

A∗φ · u dx, φ ∈ C∞
c (U ;W ∗),

where A∗ : C∞
c (Rn;W ∗) → C∞

c (Rn;V ∗) is the formal L2-adjoint operator of A

A∗ := (−1)k
∑
|α|=k

A∗
α∂

α.

The total A-variation of u ∈ L1
loc(U ;V ) is defined as

|Au|(U) := sup

{ˆ
U

A∗φ · u dx : φ ∈ Ck
c (U ;W ∗), |φ| ≤ 1

}
.

Let {un} ⊂ BV A(U) and u ∈ BV A(U). We say that {un} converges weakly* to u in BV A if un →
u in L1(U ;V ) and Aun

∗−⇀ Au in Mb(U ;W ).

In order to characterize the two-scale weak* limit of scaled symmetrized gradients, we will generally
consider two domains Ω1 ⊂ RN1 , Ω2 ⊂ RN2 , for some N1, N2 ∈ N and assume that the operator Ax2

is
defined through partial derivatives only with respect to the entries of the n2-tuple x2. In the spirit of
[26, Section 4.2], we will define the space

XAx2 (Ω1) :=
{
µ ∈ Mb(Ω1 × Ω2;V ) : Ax2

µ ∈ Mb(Ω1 × Ω2;W ),

µ(F × Ω2) = 0 for every Borel set S ⊆ Ω1

}
.

We will assume that BV Ax2 (Ω2) satisfies the following weak* compactness property:

Assumption 1. If {un} ⊂ BV Ax2 (Ω2) is uniformly bounded in the BV Ax2 -norm, then there exists a
subsequence {um} ⊆ {un} and a function u ∈ BV Ax2 (Ω2) such that {um} converges weakly* to u in
BV Ax2 (Ω2), i.e.

um → u in L1(Ω2;V ) and Ax2
um

∗−⇀ Ax2
u in Mb(Ω2;W ).

Furthermore, there exists a countable collection {Uk} of open subsets of Rn2 that increases to Ω2 (i.e.

Uk ⊂ Uk+1 for every k ∈ N, and Ω2 =
⋃

k U
k) such that BV Ax2 (Uk) satisfies the weak* compactness

property above for every k ∈ N.

The following theorem is our main disintegration result for measures in XAx2 (Ω1), which will be instru-
mental to define a notion of duality for admissible two-scale configurations. The proof is an adaptation
of the arguments in [26, Proposition 4.7] (see [7, Proposition 4.2]) .

Proposition 4.2. Let Assumption 1 be satisfied. Let µ ∈ XAx2 (Ω1). Then there exist η ∈ M+
b (Ω1) and

a Borel map (x1, x2) ∈ Ω1 × Ω2 7→ µx1
(x2) ∈ V such that, for η-a.e. x1 ∈ Ω1,

µx1 ∈ BV Ax2 (Ω2),

ˆ
Ω2

µx1(x2) dx2 = 0, |Ax2µx1 |(Ω2) ̸= 0, (4.2)

and

µ = µx1(x2) η ⊗ Ln2
x2
. (4.3)

Moreover, the map x1 7→ Ax2
µx1

∈ Mb(Ω2;W ) is η-measurable and

Ax2µ = η
gen.
⊗ Ax2µx1 .

Lastly, we give a necessary and sufficient condition with which we can characterize the Ax2
-gradient

of a measure, under the following two assumptions.

Assumption 2. For every χ ∈ C0(Ω1 × Ω2;W ) with A∗
x2
χ = 0 (in the sense of distributions), there

exists a sequence of smooth functions {χn} ⊂ C∞
c (Ω1 × Ω2;W ) such that A∗

x2
χn = 0 for every n, and

χn → χ in L∞(Ω1 × Ω2;W ).
13



Assumption 3. The following Poincaré-Korn type inequality holds in BV Ax2 (Ω2):∥∥∥∥u−
ˆ
Ω2

u dx2

∥∥∥∥
L1(Ω2;V )

≤ C|Ax2u|(Ω2), ∀u ∈ BV Ax2 (Ω2).

The proof of the following result is given in [7, Proposition 4.3].

Proposition 4.3. Let Assumptions 1, 2 and 3 be satisfied. Let λ ∈ Mb(Ω1×Ω2;W ). Then, the following
items are equivalent:

(i) For every χ ∈ C0(Ω1 × Ω2;W ) with A∗
x2
χ = 0 (in the sense of distributions) we haveˆ

Ω1×Ω2

χ(x1, x2) · dλ(x1, x2) = 0.

(ii) There exists µ ∈ XAx2 (Ω1) such that λ = Ax2
µ.

Next we will apply these results to obtain auxiliary claims which we will use to characterize two-scale
limits of scaled symmetrized gradients.

4.1.1. Case γ = 0. We consider Ax2 = Ey, A∗
x2

= divy, Ω1 = ω, and Ω2 = Y (it can be easily seen that

Proposition 4.2 and Proposition 4.3 are also valid if we take Ω2 = Y). Then, BV Ax2 (Ω2) = BD(Y) and
we denote the associated corrector space by

X0(ω) :=
{
µ ∈ Mb(ω × Y;R2) : Eyµ ∈ Mb(ω × Y;M2×2

sym),

µ(F × Y) = 0 for every Borel set F ⊆ ω
}
.

Remark 4.4. We note that X0(ω) is the 2-dimensional variant of the set introduced in [26, Section 4.2],
where its main properties have been characterized.

Analogously, let Ax2 = D2
y, A∗

x2
= divydivy, Ω1 = ω, and Ω2 = Y, then BV Ax2 (Ω2) = BH(Y) and

we denote the associated corrector space by

Υ0(ω) :=
{
κ ∈ Mb(ω × Y) : D2

yκ ∈ Mb(ω × Y;M2×2
sym),

κ(F × Y) = 0 for every Borel set F ⊆ ω
}
.

Remark 4.5. It is known that that Assumption 1 and Assumption 2 are satisfied in BH(Y), so we only
need to justify Assumption 3.

Owing to [23, Remarque 1.3], there exists a constant C > 0 such that

∥u− p(u)∥BH(Y) ≤ C|D2
yu|(Y),

where p(u) is given by

p(u) =

ˆ
Y
∇yu dy · y +

ˆ
Y
u dy −

ˆ
Y
∇yu dy ·

ˆ
Y
y dy.

However, since integrating first derivatives of periodic functions over the periodicity cell provides a zero
contribution, we precisely obtain the desired Poincaré-Korn type inequality.

As a consequence of Proposition 4.2 and Proposition 4.3, we infer the following results.

Proposition 4.6. Let µ ∈ X0(ω) and κ ∈ Υ0(ω). Then there exist η ∈ M+
b (ω) and Borel maps

(x′, y) ∈ ω × Y 7→ µx′(y) ∈ R2 and (x′, y) ∈ ω × Y 7→ κx′(y) ∈ R such that, for η-a.e. x′ ∈ ω,

µx′ ∈ BD(Y),

ˆ
Y
µx′(y) dy = 0, |Eyµx′ |(Y) ̸= 0,

κx′ ∈ BH(Y),

ˆ
Y
κx′(y) dy = 0, |D2

yκx′ |(Y) ̸= 0,
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and

µ = µx′(y) η ⊗ L2
y, κ = κx′(y) η ⊗ L2

y.

Moreover, the maps x′ 7→ Eyµx′ ∈ Mb(Y;M2×2
sym) and x′ 7→ D2

yκx′ ∈ Mb(Y;M2×2
sym) are η-measurable and

Eyµ = η
gen.
⊗ Eyµx′ , D2

yκ = η
gen.
⊗ D2

yκx′ .

Proposition 4.7. Let λ ∈ Mb(ω × Y;M2×2
sym). The following items are equivalent:

(i) For every χ ∈ C0(ω × Y;M2×2
sym) with divyχ(x

′, y) = 0 (in the sense of distributions) we haveˆ
ω×Y

χ(x′, y) : dλ(x′, y) = 0.

(ii) There exists µ ∈ X0(ω) such that λ = Eyµ.

Proposition 4.8. Let λ ∈ Mb(ω × Y;M2×2
sym). The following items are equivalent:

(i) For every χ ∈ C0(ω ×Y;M2×2
sym) with divydivyχ(x

′, y) = 0 (in the sense of distributions) we haveˆ
ω×Y

χ(x′, y) : dλ(x′, y) = 0.

(ii) There exists κ ∈ Υ0(ω) such that λ = D2
yκ.

4.1.2. Case γ = +∞. In this scaling regime, we consider Ax2
= Ey, A∗

x2
= divy, Ω1 = Ω, and Ω2 = Y.

Then, BV Ax2 (Ω2) = BD(Y) and we denote the associated corrector space by

X∞(Ω) :=
{
µ ∈ Mb(Ω× Y;R2) : Eyµ ∈ Mb(Ω× Y;M2×2

sym),

µ(F × Y) = 0 for every Borel set F ⊆ Ω
}
,

Further, we choose Ax2
= Dy, A∗

x2
= divy, Ω1 = Ω, and Ω2 = Y, so that BV Ax2 (Ω2) = BV (Y) and the

associated corrector space is given by

Υ∞(Ω) :=
{
κ ∈ Mb(Ω× Y) : Dyκ ∈ Mb(Ω× Y;R2),

κ(F × Y) = 0 for every Borel set F ⊆ Ω
}
.

Clearly Assumption 1, Assumption 2 and Assumption 3 are satisfied in BD(Y) and BV (Y). Thus, we
can state the following propositions as consequences of Proposition 4.2 and Proposition 4.3.

Proposition 4.9. Let µ ∈ X∞(Ω) and κ ∈ Υ∞(Ω). Then there exist η ∈ M+
b (Ω) and Borel maps

(x, y) ∈ Ω× Y 7→ µx(y) ∈ R2 and (x, y) ∈ Ω× Y 7→ κx(y) ∈ R2 such that, for η-a.e. x ∈ Ω,

µx ∈ BD(Y),

ˆ
Y
µx(y) dy = 0, |Eyµx|(Y) ̸= 0,

κx ∈ BV (Y),

ˆ
Y
κx(y) dy = 0, |Dyκx|(Y) ̸= 0,

and

µ = µx(y) η ⊗ L2
y, κ = κx(y) η ⊗ L2

y.

Moreover, the maps x 7→ Eyµx ∈ Mb(Y;M2×2
sym) and x 7→ Dyκx ∈ Mb(Y;R2) are η-measurable and

Eyµ = η
gen.
⊗ Eyµx, Dyκ = η

gen.
⊗ Dyκx.

Proposition 4.10. Let λ ∈ Mb(Ω× Y;M2×2
sym). The following items are equivalent:

(i) For every χ ∈ C0(Ω× Y;M2×2
sym) with divyχ(y) = 0 (in the sense of distributions) we haveˆ

Y
χ(x, y) : dλ(x, y) = 0.
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(ii) There exists µ ∈ X∞(Ω) such that λ = Eyµ.

Proposition 4.11. Let λ ∈ Mb(Ω× Y;R2). The following items are equivalent:

(i) For every χ ∈ C0(Ω× Y;R2) with divyχ(y) = 0 (in the sense of distributions) we haveˆ
Y
χ(x, y) : dλ(x, y) = 0.

(ii) There exists κ ∈ Υ∞(Ω) such that λ = Dyκ.

4.2. Additional auxiliary results.

4.2.1. Case γ = 0. In order to simplify the proof of the structure result for the two-scale limits of
symmetrized scaled gradients, we will use the following lemma.

Lemma 4.12. Let {µh}h>0 be a bounded family in Mb(Ω;M2×2
sym) such that

µh 2−∗−−⇀ µ two-scale weakly* in Mb(Ω× Y;M2×2
sym).

for some µ ∈ Mb(Ω× Y;M2×2
sym) as h→ 0. Assume that

(i) µ̄h 2−∗−−⇀ λ1 two-scale weakly* in Mb(ω × Y;M2×2
sym), for some λ1 ∈ Mb(ω × Y;M2×2

sym);

(ii) For every χ ∈ C∞
c (ω × Y;M2×2

sym) such that divydivyχ(x
′, y) = 0 we have

lim
h→0

ˆ
ω

χ
(
x′, x′

εh

)
: dµ̂h(x′) =

ˆ
ω×Y

χ(x′, y) : dλ2(x
′, y),

for some λ2 ∈ Mb(ω × Y;M2×2
sym);

(iii) There exists an open set Ĩ ⊃ I which compactly contains I such (µh)⊥
2−∗−−⇀ 0 two-scale weakly*

in Mb(ω × Ĩ × Y;M2×2
sym).

Then, there exists κ ∈ Υ0(ω) such that

µ = λ1 ⊗ L1
x3

+
(
λ2 +D2

yκ
)
⊗ x3L1

x3
.

Proof. Every µh determines a measure νh on ω × Ĩ × Y with the relation

νh(B) := µh(B ∩ (Ω× Y))

for every Borel set B ⊆ ω × Ĩ × Y. With a slight abuse of notation, we will still write µh instead of νh.

Let ν be the measure such that

µh 2−∗−−⇀ ν two-scale weakly* in Mb(ω × Ĩ × Y;M2×2
sym).

We first observe that, from the assumption (i) and (iii), it follows that ν̄ = λ1 and ν⊥ = 0. Furthermore,

µh 2−∗−−⇀ ν two-scale weakly* in Mb(Ω× Y;M2×2
sym).

Let χ ∈ C∞
c (Ω× Y;M2×2

sym). If we consider the following orthogonal decomposition

χ(x, y) = χ̄(x′, y) + x3χ̂(x
′, y) + χ⊥(x, y),

then we have thatˆ
Ω×Y

χ(x, y) : dν(x, y) = lim
h→0

ˆ
Ω

χ
(
x, x′

εh

)
: dµh(x′)

= lim
h→0

ˆ
ω

χ̄
(
x′, x′

εh

)
: dµ̄h(x′) +

1

12
lim
h→0

ˆ
ω

χ̂
(
x′, x′

εh

)
: dµ̂h(x′) + lim

h→0

ˆ
Ω

χ⊥
(
x, x′

εh

)
: d(µh)⊥(x)

=

ˆ
ω×Y

χ̄ (x′, y) : dλ1(x
′, y) +

1

12
lim
h→0

ˆ
ω

χ̂
(
x′, x′

εh

)
: dµ̂h(x′).

Suppose now that χ(x, y) = x3χ̂(x
′, y) with divydivyχ̂(x

′, y) = 0. Then the above equality yieldsˆ
ω×Y

χ̂(x′, y) : dν̂(x′, y) = lim
h→0

ˆ
ω

χ̂
(
x′, x′

εh

)
: dµ̂h(x′) =

ˆ
ω×Y

χ̂(x′, y) : dλ2(x
′, y).
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By a density argument, we infer thatˆ
ω×Y

χ̂(x′, y) : d (ν̂(x′, y)− λ2(x
′, y)) = 0,

for every χ̂ ∈ C0(ω × Y;M2×2
sym) with divydivyχ̂(x

′, y) = 0 (in the sense of distributions). From this and
Proposition 4.8 we conclude that there exists κ ∈ Υ0(ω) such that

ν̂ − λ2 = D2
yκ.

Since µ = ν on Ω× Y, we obtain the claim. □

4.2.2. Case γ = +∞. The following result will be in the proof of the structure result for the two-scale
limits of symmetrized scaled gradients. We note, however, that this result is independent of the limit
value γ.

Proposition 4.13. Let {vh}h>0 be a bounded family in BD(Ω) such that

vh
∗−⇀ v weakly* in BD(Ω),

for some v ∈ BD(Ω). Then there exists µ ∈ X∞(Ω) such that(
Evh

)′′ 2−∗−−⇀ Ex′v′ ⊗ L2
y + Eyµ two-scale weakly* in Mb(Ω× Y;M2×2

sym).

Proof. The proof follows closely that of [26, Proposition 4.10].

By compactness, the exists λ ∈ Mb(Ω× Y;M3×3
sym) such that (up to a subsequence)

Evh
2−∗−−⇀ λ two-scale weakly* in Mb(Ω× Y;M3×3

sym).

Since vh → v strongly in L1(Ω;R3), we have componentwise

vhi
2−∗−−⇀ vi(x)L3

x ⊗ L2
y two-scale weakly* in Mb(Ω× Y), i = 1, 2, 3.

Consider χ ∈ C∞
c (Ω× Y;M2×2

sym) such that divyχ(x, y) = 0. Then

lim
h→0

ˆ
Ω

χ
(
x, x′

εh

)
: d
(
Evh

)′′
(x) = lim

h→0

ˆ
Ω

χ
(
x, x′

εh

)
: dEx′(vh)′(x)

= − lim
h→0

ˆ
Ω

(vh)′(x) · divx′

(
χ
(
x, x′

εh

))
dx

= − lim
h→0

(ˆ
Ω

(vh)′(x) · divx′χ
(
x, x′

εh

)
dx+

1

εh

ˆ
Ω

(vh)′(x) · divyχ
(
x, x′

εh

)
dx

)
= − lim

h→0

ˆ
Ω

(vh)′(x) · divxχ
(
x, x′

εh

)
dx

= −
ˆ
Ω×Y

v′(x) · divx′χ (x, y) dxdy

=

ˆ
Ω×Y

χ(x, y) : d
(
Ex′v′ ⊗ L2

y

)
.

By a density argument, we infer thatˆ
Ω×Y

χ(x, y) : d
(
λ(x, y)− Ex′v′ ⊗ L2

y

)
= 0,

for every χ ∈ C0(Ω × Y;M2×2
sym) with divyχ(x, y) = 0 (in the sense of distributions). In view of Proposi-

tion 4.10 we conclude that there exists µ ∈ X∞(Ω) such that

λ− Ex′v′ ⊗ L2
y = Eyµ.

This yields the claim. □
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4.3. Two-scale limits of scaled symmetrized gradients. We are now ready to prove the main result
of this section.

Theorem 4.14. Let {uh}h>0 ⊂ BD(Ω) be a sequence such that there exists a constant C > 0 for which

∥uh∥L1(Ω;R3) + ∥ΛhEu
h∥Mb(Ω;M3×3

sym) ≤ C.

Then there exist

ū = (ū1, ū2) ∈ BD(ω), u3 ∈ BH(ω), Ẽ ∈ Mb(Ω× Y;M3×3
sym),

and a (not relabeled) subsequence of {uh}h>0 which satisfy

ΛhEu
h 2−∗−−⇀

(
Eū− x3D

2u3 0
0 0

)
⊗ L2

y + Ẽ two-scale weakly* in Mb(Ω× Y;M3×3
sym).

(a) If γ = 0, then there exist µ ∈ X0(ω), κ ∈ Υ0(ω) and ζ ∈ Mb(Ω× Y;R3) such that

Ẽ =

(
Eyµ(x

′, y)− x3D
2
yκ(x

′, y) ζ ′(x, y)
(ζ ′(x, y))T ζ3(x, y)

)
.

(b) If γ = +∞, then there exist µ ∈ X∞(Ω), κ ∈ Υ∞(Ω) and ζ ∈ Mb(Ω;R3) such that

Ẽ =

(
Eyµ(x, y) ζ ′(x) +Dyκ(x, y)

(ζ ′(x) +Dyκ(x, y))
T ζ3(x)

)
.

Proof. Owing to [45, Chapter II, Remark 3.3], we can assume without loss of generality that the maps uh

are smooth functions for every h > 0. Further, the uniform boundedness of the sequence {Evh} implies
that ˆ

Ω

|∂xα
uh3 + ∂x3

uhα| dx ≤ Ch, for α = 1, 2, (4.4)

ˆ
Ω

|∂x3u
h
3 | dx ≤ Ch2. (4.5)

In the following, we will consider λ ∈ Mb(Ω× Y;M3×3
sym) such that

ΛhEu
h 2−∗−−⇀ λ two-scale weakly* in Mb(Ω× Y;M3×3

sym).

Step 1. We consider the case γ = 0, i.e. h
εh

→ 0.

By the Poincaré inequality in L1(I), there is a constant C independent of h such thatˆ
I

|uh3 − uh3 | dx3 ≤ C

ˆ
I

|∂x3
uh3 | dx3,

for a.e. x′ ∈ ω. Integrating over ω we obtain thatˆ
Ω

|uh3 − uh3 | dx ≤ C

ˆ
Ω

|∂x3
uh3 | dx ≤ Ch2. (4.6)

Set

ϑh3 (x) :=
uh3 (x)− uh3 (x

′)

h2
.

We have that {ϑh3}h>0 is uniformly bounded in L1(Ω). Correspondingly, we construct a sequence of
antiderivatives {θh3}h>0 by

θh3 (x) :=

ˆ x3

− 1
2

ϑh3 (x
′, z3) dz3 − Cϑh

3
,

where we choose Cϑh
3
such that θ

h

3 = 0. Note that the constructed sequence is also uniformly bounded in

L1(Ω). Next, for α ∈ {1, 2}, we construct sequences {θhα}h>0 by

θhα(x) :=
uhα(x)− uhα(x

′) + x3∂xα
uh3 (x

′)

h
+ h∂xα

θh3 (x).
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Then θ
h

α = 0 and

∂x3θ
h
α =

∂x3u
h
α + ∂xαu

h
3

h
+ h∂xαϑ

h
3 =

∂x3u
h
α + ∂xαu

h
3

h
,

since ∂x3θ
h
3 = ϑh3 . Thus, by the Poincaré inequality in L1(I) and integrating over ω, we obtain thatˆ

Ω

|θhα| dx ≤ C

ˆ
Ω

|∂x3θ
h
α| dx ≤ C. (4.7)

From the above constructions, we infer

uhα(x) = uhα(x
′)− x3∂xα

uh3 (x
′) + h2∂xα

θh3 (x) + hθhα(x), α = 1, 2. (4.8)

For the 2× 2 minors of the scaled symmetrized gradients, a direct calculation showsˆ
Ω×Y

χ(x, y) : dλ′′(x, y)

= lim
h→0

ˆ
Ω

χ
(
x, x′

εh

)
:
(
E(uh)′(x′)− x3D

2uh3 (x
′) + h2D2

x′θh3 (x) + hEx′(θh)′(x)
)
dx, (4.9)

for every χ ∈ C∞
c (ω;C∞(I × Y;M2×2

sym)). Notice that the last two terms in (4.9) are negligible in the
limit. Indeed, we have

lim
h→0

ˆ
Ω

χ
(
x, x′

εh

)
: h2D2

x′θh3 (x) dx

= lim
h→0

h2
ˆ
Ω

θh3 (x) divx′divx′

(
χ
(
x, x′

εh

))
dx

= lim
h→0

h2
∑

α,β=1,2

ˆ
Ω

θh3 (x) ∂xα

(
∂xβ

χαβ

(
x, x′

εh

)
+

1

εh
∂yβ

χαβ

(
x, x′

εh

))
dx

= lim
h→0

∑
α,β=1,2

ˆ
Ω

θh3 (x)

(
h2∂xαxβ

χαβ

(
x, x′

εh

)
+
h2

εh
∂yαxβ

χαβ

(
x, x′

εh

)
+
h2

εh
∂xαyβ

χαβ

(
x, x′

εh

)
+

h2

εh2
∂yαyβ

χαβ

(
x, x′

εh

))
dx

= 0. (4.10)

Similarly we compute

lim
h→0

ˆ
Ω

χ
(
x, x′

εh

)
: hEx′(θh)′(x) dx

= − lim
h→0

h

ˆ
Ω

(θh)′(x) · divx′

(
χ
(
x, x′

εh

))
dx

= − lim
h→0

∑
α,β=1,2

ˆ
Ω

θhα(x)

(
h∂xβ

χαβ

(
x, x′

εh

)
+

h

εh
∂yβ

χαβ

(
x, x′

εh

))
dx

= 0. (4.11)

Thus, considering an open set Ĩ ⊃ I which compactly contains I, we infer(
Eαβ(u

h)
)⊥ 2−∗−−⇀ 0 two-scale weakly* in Mb(ω × Ĩ × Y;M2×2

sym). (4.12)

Since {(uh)′} is bounded in BD(ω) with (uh)′
∗−⇀ ū weakly* in BD(ω), by [26, Proposition 4.10] (the

result follows by duality argument, using Proposition 4.7) there exists µ ∈ X0(ω) such that

E(uh)′
2−∗−−⇀ Eū⊗ L2

y + Eyµ two-scale weakly* in Mb(ω × Y;M2×2
sym). (4.13)

19



From Proposition 4.1 there holds

uhα → ūα − x3∂xα
u3, strongly in L1(Ω), α = 1, 2,

uh3 → u3, strongly in L1(Ω).

thus we infer that

uh3
2−∗−−⇀ u3(x

′)L2
x′ ⊗ L2

y two-scale weakly* in Mb(ω × Y) (4.14)

Further, multiplying (4.8) with x3 and integrating over ω, we obtain

∂xα
uh3 (x

′) = −ûhα(x′) + h2∂xα
θ̂h3 (x

′) + hθ̂hα(x
′), α = 1, 2.

Using similar calculations as in (4.10) and (4.11), we obtain that only the first term is not negligible in
the limit, from which we conclude that, for any φ ∈ C∞

c (ω × Y)

lim
h→0

ˆ
ω

∂xαu
h
3 (x

′)φ
(
x′, x′

εh

)
dx′ =

ˆ
ω×Y

∂xαu3(x
′)φ(x′, y) dx′dy, α = 1, 2. (4.15)

Consider now χ ∈ C∞
c (ω × Y;M2×2

sym) such that divydivyχ(x
′, y) = 0. Then

lim
h→0

ˆ
ω

χ
(
x′, x′

εh

)
: D2uh3 (x

′) dx′

= lim
h→0

ˆ
ω

uh3 (x
′) divx′divx′

(
χ
(
x′, x′

εh

))
dx′

= lim
h→0

∑
α,β=1,2

ˆ
ω

uh3 (x
′)

(
∂xαxβ

χαβ

(
x′, x′

εh

)
+

1

εh
∂yαxβ

χαβ

(
x′, x′

εh

)
+

1

εh
∂xαyβ

χαβ

(
x′, x′

εh

)
+

1

εh2
∂yαyβ

χαβ

(
x′, x′

εh

))
dx′

= lim
h→0

∑
α,β=1,2

ˆ
ω

uh3 (x
′)

(
∂xαxβ

χαβ

(
x′, x′

εh

)
+

2

εh
∂yαxβ

χαβ

(
x′, x′

εh

))
dx′

= lim
h→0

∑
α,β=1,2

ˆ
ω

uh3 (x
′) ∂xαxβ

χαβ

(
x′, x′

εh

)
dx′ + 2

ˆ
ω

(
∂xα

(
uh3 (x

′) ∂xβ
χαβ

(
x′, x′

εh

))
− ∂xα

uh3 (x
′) ∂xβ

χαβ

(
x′, x′

εh

)
− uh3 (x

′) ∂xαxβ
χαβ

(
x′, x′

εh

))
dx′

= lim
h→0

∑
α,β=1,2

(
−
ˆ
ω

uh3 (x
′) ∂xαxβ

χαβ

(
x′, x′

εh

)
dx′ − 2

ˆ
ω

∂xαu
h
3 (x

′) ∂xβ
χαβ

(
x′, x′

εh

)
dx′
)
,

where in the last equality we used Green’s theorem. Passing to the limit, by (4.14) and (4.15), we have

lim
h→0

ˆ
ω

χ
(
x′, x′

εh

)
: D2uh3 (x

′) dx′

=
∑

α,β=1,2

(
−
ˆ
ω×Y

u3(x
′) ∂xαxβ

χαβ (x
′, y) dx′dy − 2

ˆ
ω×Y

∂xαu3(x
′) ∂xβ

χαβ (x
′, y) dx′dy

)

=
∑

α,β=1,2

(
−
ˆ
ω×Y

u3(x
′) ∂xαxβ

χαβ (x
′, y) dx′dy

− 2

ˆ
ω×Y

(
∂xα

(
u3(x

′) ∂xβ
χαβ (x

′, y)
)
− u3(x

′) ∂xαxβ
χαβ (x

′, y)
)
dx′dy

)
=

∑
α,β=1,2

ˆ
ω×Y

u3(x
′) ∂xαxβ

χαβ (x
′, y) dx′dy

=

ˆ
ω×Y

χ(x′, y) : d
(
D2u3 ⊗ L2

y

)
. (4.16)

20



From (4.12), (4.13), (4.16) and Lemma 4.12, we conclude that

λ′′ = Eū⊗ L2
y + Eyµ− x3D

2u3 ⊗ L2
y − x3D

2
yκ,

where µ ∈ X0(ω), κ ∈ Υ0(ω). Finally, consider the vector ζh(x) given by the third column of ΛhEu
h,

for every h > 0. The boundedness of the sequence of functions vh ∈ BD(Ωh) implies that {ζh}h>0 is a
uniformly bounded sequence in L1(Ω;R3). Consequently, we can extract a subsequence which two-scale
weakly* converges in Mb(Ω× Y;R3) such that

1

h
Eα3(u

h)
2−∗−−⇀ ζα two-scale weakly* in Mb(Ω× Y), α = 1, 2,

1

h2
E33(u

h)
2−∗−−⇀ ζ3 two-scale weakly* in Mb(Ω× Y),

for a suitable ζ ∈ Mb(Ω× Y;R3). This concludes the proof in the case γ = 0.

Step 2. Consider the case γ = +∞, i.e. εh
h → 0.

For the 2 × 2 minors of two-scale limit, by Proposition 4.13 and the proof Proposition 4.1, we have
that there exists µ ∈ X∞(Ω) such that

λ′′ =
(
Eū− x3D

2u3
)
⊗ L2

y + Eyµ.

Let χ(1) ∈ C∞
c (Ω) and χ(2) ∈ C∞(Y;M3×3

sym) such that
´
Y χ

(2) dy = 0. We consider a test function

χ(x, y) = χ(1)(x)χ(2)
(

x′

εh

)
, such that

ˆ
Ω×Y

χ(x, y) : dλ(x, y) = lim
h→0

ˆ
Ω

χ(1)(x)χ(2)
(

x′

εh

)
: d
(
ΛhEu

h(x)
)
.

For each i = 1, 2, 3, let Gi denote the unique solution in C∞(Y) to the Poisson’s equation

−△yGi = χ
(2)
3i ,

ˆ
Y
Gi dy = 0.

Then, observing that

ˆ
Ω×Y

χ33(x, y) : dλ33(x, y) = lim
h→0

1

h2

ˆ
Ω

∂x3
uh3 (x)χ

(1)(x)χ
(2)
33

(
x′

εh

)
dx,

we find
ˆ
Ω×Y

χ33(x, y) : dλ33(x, y)

= − lim
h→0

1

h2

∑
α=1,2

ˆ
Ω

∂x3u
h
3 (x)χ

(1)(x)∂yαyαG3

(
x′

εh

)
dx

= lim
h→0

1

h2

∑
α=1,2

ˆ
Ω

uh3 (x) ∂x3
χ(1)(x)∂yαyα

G3

(
x′

εh

)
dx

= lim
h→0

εh
h2

∑
α=1,2

(ˆ
Ω

uh3 (x) ∂xα

(
∂x3

χ(1)(x)∂yα
G3

(
x′

εh

))
dx−

ˆ
Ω

uh3 (x) ∂xαx3
χ(1)(x)∂yα

G3

(
x′

εh

)
dx

)
= lim

h→0

εh
h2

∑
α=1,2

(
−
ˆ
Ω

∂xα
uh3 (x) ∂x3

χ(1)(x)∂yα
G3

(
x′

εh

)
dx+

ˆ
Ω

∂x3
uh3 (x) ∂xα

χ(1)(x)∂yα
G3

(
x′

εh

)
dx

)
.
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Recalling (4.4) and (4.5), we deduceˆ
Ω×Y

χ33(x, y) : dλ33(x, y)

= lim
h→0

εh
h2

∑
α=1,2

ˆ
Ω

∂x3
uhα(x) ∂x3

χ(1)(x)∂yα
G3

(
x′

εh

)
dx

= − lim
h→0

εh
h2

∑
α=1,2

ˆ
Ω

uhα(x) ∂x3x3
χ(1)(x)∂yα

G3

(
x′

εh

)
dx

= − lim
h→0

εh
2

h2

∑
α=1,2

(ˆ
Ω

uhα(x) ∂xα

(
∂x3x3

χ(1)(x)G3

(
x′

εh

))
dx−

ˆ
Ω

uh3 (x) ∂xαx3x3
χ(1)(x)∂yα

G3

(
x′

εh

)
dx

)

= lim
h→0

εh
2

h2

∑
α=1,2

ˆ
Ω

∂xα
uhα(x) ∂x3x3

χ(1)(x)G3

(
x′

εh

)
dx

= 0. (4.17)

Thus, recalling that
´
Y χ

(2)
33 dy = 0, and since for arbitrary test function we can subtract their mean value

over Y to obtain a function with mean value zero, we infer that there exists ζ3 ∈ Mb(Ω) such that

λ33 = ζ3 ⊗ L2
y.

Similarly, from the observation thatˆ
Ω×Y

χ13(x, y) : dλ13(x, y) +

ˆ
Ω×Y

χ23(x, y) : dλ23(x, y)

= lim
h→0

1

2h

∑
α=1,2

ˆ
Ω

(
∂xα

uh3 (x) + ∂x3
uhα(x)

)
χ(1)(x)χ

(2)
3α

(
x′

εh

)
dx,

we deduceˆ
Ω×Y

χ13(x, y) : dλ13(x, y) +

ˆ
Ω×Y

χ23(x, y) : dλ23(x, y)

= lim
h→0

1

2h

∑
α,β=1,2

(ˆ
Ω

∂xα
uh3 (x)χ

(1)(x)∂yβyβ
Gα

(
x′

εh

)
dx+

ˆ
Ω

∂x3
uhα(x)χ

(1)(x)∂yβyβ
Gα

(
x′

εh

)
dx

)
.

(4.18)

Suppose now that divyχ
(2)
3α = 0, i.e.

∑
α,β=1,2 ∂yαyβyβ

Gα = 0. Then we have

lim
h→0

1

2h

∑
α,β=1,2

ˆ
Ω

∂xαu
h
3 (x)χ

(1)(x)∂yβyβ
Gα

(
x′

εh

)
dx

= lim
h→0

1

2h

∑
α,β=1,2

(
−
ˆ
Ω

uh3 (x) ∂xαχ
(1)(x)∂yβyβ

Gα

(
x′

εh

)
dx− 1

εh

ˆ
Ω

uh3 (x)χ
(1)(x)∂yαyβyβ

Gα

(
x′

εh

)
dx

)
= − lim

h→0

1

2h

∑
α,β=1,2

ˆ
Ω

uh3 (x) ∂xα
χ(1)(x)∂yβyβ

Gα

(
x′

εh

)
dx

= lim
h→0

εh
2h

∑
α,β=1,2

(ˆ
Ω

∂xβ
uh3 (x) ∂xαχ

(1)(x)∂yβ
Gα

(
x′

εh

)
dx+

ˆ
Ω

uh3 (x) ∂xαxβ
χ(1)(x)∂yβ

Gα

(
x′

εh

)
dx

)
= lim

h→0

εh
2h

∑
α,β=1,2

ˆ
Ω

∂xβ
uh3 (x) ∂xα

χ(1)(x)∂yβ
Gα

(
x′

εh

)
dx

= − lim
h→0

εh
2h

∑
α,β=1,2

ˆ
Ω

∂x3u
h
β(x) ∂xαχ

(1)(x)∂yβ
Gα

(
x′

εh

)
dx
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= lim
h→0

εh
2h

∑
α,β=1,2

ˆ
Ω

uhβ(x) ∂xαx3χ
(1)(x)∂yβ

Gα

(
x′

εh

)
dx

= 0. (4.19)

Furthermore,

lim
h→0

1

2h

∑
α,β=1,2

ˆ
Ω

∂x3
uhα(x)χ

(1)(x)∂yβyβ
Gα

(
x′

εh

)
dx

= − lim
h→0

1

2h

∑
α,β=1,2

ˆ
Ω

uhα(x) ∂x3χ
(1)(x)∂yβyβ

Gα

(
x′

εh

)
dx

= lim
h→0

εh
2h

∑
α,β=1,2

(ˆ
Ω

∂xβ
uhα(x) ∂x3χ

(1)(x)∂yβ
Gα

(
x′

εh

)
dx+

ˆ
Ω

uhα(x) ∂xβx3χ
(1)(x)∂yβ

Gα

(
x′

εh

)
dx

)
= lim

h→0

εh
2h

∑
α,β=1,2

ˆ
Ω

∂xβ
uhα(x) ∂x3

χ(1)(x)∂yβ
Gα

(
x′

εh

)
dx

= − lim
h→0

εh
2h

∑
α,β=1,2

ˆ
Ω

∂xα
uhβ(x) ∂x3

χ(1)(x)∂yβ
Gα

(
x′

εh

)
dx

= lim
h→0

εh
2h

∑
α,β=1,2

(ˆ
Ω

uhβ(x) ∂xαx3
χ(1)(x)∂yβ

Gα

(
x′

εh

)
+

1

εh

ˆ
Ω

uhβ(x) ∂x3
χ(1)(x)∂yαyβ

Gα

(
x′

εh

)
dx

)
= lim

h→0

1

2h

∑
α,β=1,2

ˆ
Ω

uhβ(x) ∂x3χ
(1)(x)∂yαyβ

Gα

(
x′

εh

)
dx

= − lim
h→0

εh
2h

∑
α,β=1,2

(ˆ
Ω

∂xβ
uhβ(x) ∂x3

χ(1)(x)∂yα
Gα

(
x′

εh

)
dx+

ˆ
Ω

uhβ(x) ∂xβx3
χ(1)(x)∂yα

Gα

(
x′

εh

)
dx

)
= 0. (4.20)

From (4.18), (4.19) and (4.20), and Proposition 4.11, and recalling that
´
Y χ

(2)
13 dy = 0 and

´
Y χ

(2)
23 dy = 0,

we conclude that there exist κ ∈ Υ∞(Ω) and ζ ′ ∈ Mb(Ω;R2) such that(
λ13
λ23

)
= ζ ′ ⊗ L2

y +Dyκ.

This concludes the proof of the theorem. □

5. Two-scale statics and duality

In this section we define a notion of stress-strain duality and analyze the two-scale behavior of our
functionals. The main goal is to prove the principle of maximum plastic work in Section 5.4, which we
will use in Section 6 to prove the global stability of the limiting model. In Section 5.1 we characterize the
duality between stress and strain on the torus Y, the admissible two-scale configurations are discussed in
Section 5.2, while the admissible two-scale stresses are the subject of Section 5.3.

5.1. Stress-plastic strain duality on the cell.

5.1.1. Case γ = 0.

Definition 5.1. The set K0 of admissible stresses is defined as the set of all elements Σ ∈ L2(I×Y;M3×3
sym)

satisfying:

(i) Σi3(x3, y) = 0 for i = 1, 2, 3,
(ii) Σdev(x3, y) ∈ K(y) for L1

x3
⊗ L2

y-a.e. (x3, y) ∈ I × Y,

(iii) divyΣ̄ = 0 in Y,

(iv) divydivyΣ̂ = 0 in Y,
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where Σ̄, Σ̂ ∈ L2(Y;M2×2
sym) are the zero-th and the first order moments of the 2× 2 minor of Σ.

Recalling (3.21), by conditions (i) and (ii) we may identify Σ ∈ K0 with an element of L∞(I×Y;M2×2
sym)

such that Σ(x3, y) ∈ Kr(y) for L1
x3

⊗ L2
y-a.e. (x3, y) ∈ I × Y. Thus, in this regime it will be natural to

define the family of admissible configurations by means of conditions formulated on M2×2
sym .

Definition 5.2. The family A0 of admissible configurations is given by the set of quadruplets

ū ∈ BD(Y), u3 ∈ BH(Y), E ∈ L2(I × Y;M2×2
sym), P ∈ Mb(I × Y;M2×2

sym),

such that
Eyū− x3D

2
yu3 = E L1

x3
⊗ L2

y + P in I × Y. (5.1)

Recalling the definitions of zero-th and first order moments of functions and measures (see Definition 3.5
and Definition 3.6), we introduce the following analogue of the duality between moments of stresses and
plastic strains.

Definition 5.3. Let Σ ∈ K0 and let (ū, u3, E, P ) ∈ A0. We define the distributions [Σ̄ : P̄ ] and [Σ̂ : P̂ ]
on Y by

[Σ̄ : P̄ ](φ) := −
ˆ
Y
φ Σ̄ : Ē dy −

ˆ
Y
Σ̄ :
(
ū⊙∇yφ

)
dy, (5.2)

[Σ̂ : P̂ ](φ) := −
ˆ
Y
φ Σ̂ : Ê dy + 2

ˆ
Y
Σ̂ :
(
∇yu3 ⊙∇yφ

)
dy +

ˆ
Y
u3 Σ̂ : ∇2

yφdy, (5.3)

for every φ ∈ C∞(Y).

Remark 5.4. Note that the second integral in (5.2) is well defined since BD(Y) is embedded into
L2(Y;R2). Similarly, the second and third integrals in (5.3) are well defined since BH(Y) is embed-
ded into H1(Y). Moreover, the definitions are independent of the choice of (u,E), so (5.2) and (5.3)

define a meaningful distributions on Y (this is valid for arbitrary Σ̄, Σ̂ ∈ L∞(Y;M2×2
sym) that satisfy the

properties (iii) and (iv) of Definition 5.1) . Arguing as in [15, Section 7], one can prove that [Σ̄ : P̄ ]

and [Σ̂ : P̂ ] are bounded Radon measures on Y. For Σ̄ of class C1 and Σ̂ of class C2 it can be shown by
integration by parts (see e.g. [27] and [22, Remark 7.1, Remark 7.4] thatˆ

Y
φd[Σ̄ : P̄ ] =

ˆ
Y
φΣ̄dP̄ ,

ˆ
Y
φd[Σ̂ : P̂ ] =

ˆ
Y
φΣ̂dP̂ . (5.4)

From this it follows that for Σ̄ of class C1 and Σ̂ of class C2 we have∣∣[Σ̄ : P̄ ]
∣∣ ≤ ∥Σ̄∥L∞ |P̄ |,

∣∣∣[Σ̂ : P̂ ]
∣∣∣ ≤ ∥Σ̂∥L∞ |P̂ |, φ ∈ C(Y). (5.5)

Through the approximation by convolution (5.4) then extends to arbitrary continuous Σ̄, Σ̂ and (5.5)

applies to arbitrary Σ̄, Σ̂ ∈ L∞(Y;M2×2
sym) satisfying the properties (iii) and (iv) of Definition 5.1)

Remark 5.5. If α is a simple C2 curve in Y, then

[Σ̄ : P̄ ] = Σν1α · (ū1 − ū2)H1, (5.6)

where ν1α is a unit normal on the curve α while ū1 and ū2 are the traces on α of ū (ū1 is from the side
toward which normal is pointing, ū2 is from the opposite side). This can be obtained from (5.4) and
approximation by convolution, see e.g. [27, Lemma 3.8].

From (2.4) it follows that if U is an open set in Y whose boundary is of class C2 and Σ̄n ∈ L∞(U ;M2×2
sym)

a bounded sequence such that Σ̄n → Σ̄ almost everywhere (and thus in Lp(U), for every p < ∞) and

divyΣ̄n → 0 strongly in L2(U), then Σ̄nν
1
α

∗−⇀ Σ̄ν1α, weakly* in L∞(K ∩ α) for any compact set K ⊂ U .

Remark 5.6. It can be shown that if α ⊂ Y is simple C2 closed or non-closed C2 curve with endpoints
{a, b} that there exists b1(Σ̂) ∈ L∞

loc(α) such that

[Σ̂ : P̂ ] = b1(Σ̂)∂να
u1,23 H1, on α, (5.7)
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where να is a unit normal of α and ∂ναu
1,2
3 is a jump in the normal derivative of u3 (from the side in

the opposite direction of the normal), which is an L1
loc(α) function. This is a direct consequence of (5.3)

and [23, Théoreme 2], see also [22, Remark 7.4] and the fact that
∣∣∣[Σ̂ : P̂ ]

∣∣∣ {a, b} = 0 (see 5.5).

From [23, Théoreme 2 and Appendice, Théoreme 1] it follows that if U is an open set in Y whose

boundary is of class C2 and Σ̂n ∈ L∞(U ;M2×2
sym) a bounded sequence such that Σ̂n → Σ̂ almost everywhere

(and thus in Lp(U), for every p < ∞) and divydivyΣ̂n → 0 strongly in L2(U), then b1(Σ̂n)
∗−⇀ b1(Σ̂),

weakly* in L∞(K ∩ α) for any compact set K ⊂ U .

We are now in a position to introduce a duality pairing between admissible stresses and plastic strains.

Definition 5.7. Let Σ ∈ K0 and let (ū, u3, E, P ) ∈ A0. Then we can define a bounded Radon measure
[Σ : P ] on I × Y by setting

[Σ : P ] := [Σ̄ : P̄ ]⊗ L1
x3

+
1

12
[Σ̂ : P̂ ]⊗ L1

x3
− Σ⊥ : E⊥,

so that ˆ
I×Y

φd[Σ : P ] = −
ˆ
I×Y

φΣ : E dx3dy −
ˆ
Y
Σ̄ :
(
ū⊙∇yφ

)
dy

+
1

6

ˆ
Y
Σ̂ :
(
∇yu3 ⊙∇yφ

)
dy +

1

12

ˆ
Y
u3 Σ̂ : ∇2

yφdy,

(5.8)

for every φ ∈ C2(Y).

Remark 5.8. Notice that

[Σ : P ] := [Σ̄ : P̄ ] +
1

12
[Σ̂ : P̂ ]− Σ⊥ : E⊥.

The following proposition will be used in Section 5.4 to prove the main result of this section.

Proposition 5.9. Let Σ ∈ K0 and (ū, u3, E, P ) ∈ A0. If Y is a geometrically admissible multi-phase
torus, under the assumption on the ordering of the phases we have

Hr

(
y,

dP

d|P |

)
|P | ≥ [Σ : P ]. (5.9)

Proof. The proof is divided into two steps.

Step 1. In this step we consider a phase Yi for arbitrary i.

Regularizing Σ just by convolution with respect to y, we obtain a sequence {Σn} satisfying

Σn → Σ strongly in L2(I × Y;M2×2
sym),

divyΣ̄n = 0,

divydivyΣ̂n = 0.

We also have that for every ε > 0 there exists n(ε) large enough such that (Σn(x3, y))dev ∈ Ki for a.e.
x3 ∈ I and every y ∈ Yi that are distanced from ∂Yi more than ε, for every n ≥ n(ε). Consider the the
orthogonal decomposition

P = P̄ ⊗ L1
x3

+ P̂ ⊗ x3L1
x3

+ P⊥,

where P̄ , P̂ ∈ Mb(Y;M2×2
sym) and P⊥ ∈ L2(I ×Y;M2×2

sym). We infer that |P | is absolutely continuous with
respect to the measure

Π := |P̄ | ⊗ L1
x3

+ |P̂ | ⊗ L1
x3

+ L3
x3,y.

As a consequence, for |Π|-a.e. (x3, y) ∈ I × Yi such that dist(y, ∂Yi) > ε we have

Hr

(
y,

dP

d|Π|

)
≥ Σn :

dP

d|Π|
,
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for every n ≥ n(ε). Thus for every φ ∈ Cc(Yi), such that φ ≥ 0, we obtainˆ
I×Yi

φ(y)Hr

(
y,

dP

d|P |

)
d|P | =

ˆ
I×Yi

φHr

(
y,

dP

d|Π|

)
d|Π|

≥
ˆ
I×Yi

φΣn :
dP

d|Π|
d|Π| =

ˆ
I×Yi

φΣn :
dP

d|P |
d|P | =

ˆ
I×Yi

φd[Σn : P ],

for n large enough. Since Σ̄n, Σ̂n and (Σn)
⊥ are smooth with respect to y, from (5.2), (5.3) and (5.5) we

conclude that

[Σ̄n : P̄ ]
∗−⇀ [Σ̄ : P̄ ] weakly* in Mb(Y),

[Σ̂n : P̂ ]
∗−⇀ [Σ̂ : P̂ ] weakly* in Mb(Y),ˆ

I×Yi

φ (Σn)
⊥ : P⊥ dx3dy →

ˆ
I×Yi

φ (Σ)⊥ : P⊥ dx3dy.

Passing to the limit, we haveˆ
I×Yi

φ(y)Hr

(
y,

dP

d|P |

)
d|P | ≥

ˆ
I×Yi

φd[Σ : P ].

This proves (5.9) on every phase.
Step 2. In this step we consider a curve α that is of class C2 (together with its possible endpoints) and
that is the connected component of Γ\S. The points on α (with the exception of the possible endpoints)
belong to the intersection of the boundary of exactly two phases ∂Yi ∩ ∂Yj . From the assumption
on the ordering of the phases, without loss of generality we can assume that Ki ⊂ Kj . By (5.1) (cf.
Proposition 3.7) as well as by the continuity of u3, we find

P̄ = (ūj − ūi)⊙ νiαH1, P̂ = (∇ui3 −∇uj3)⊙ νiαH1 = ∂νi
α
ui,j3 νiα ⊙ νiαH1 on α, (5.10)

P = P̄ + x3P̂ , on α, (5.11)

where ūi, ūj are traces of ū on α from Yi and Yj respectively and ∂νi
α
ui,j3 is a jump in the normal

derivative of u3. From (5.6) and (5.7) (cf. Remark 5.8) we deduce

[Σ : P ] =
(
Σνiα · (ūj − ūi) + b1(Σ̂)∂νi

α
ui,j3

)
H1, on α. (5.12)

Since, for each i, Yi is a bounded open set with piecewise C2 boundary (in particular, with Lipschitz

boundary) by [9, Proposition 2.5.4] there exists a finite open covering {U (i)
k } of Yi such that Yi ∩ U (i)

k is

(strongly) star-shaped with Lipschitz boundary (the construction is simple and those U (i)
k that intersect

the boundary have cylindrical form up to rotation). We take only those members of the covering that

have non-empty intersection with α. We can easily modify these cylindrical sets Yi ∩ U (i)
k to be of class

C2. Let {ψ(i)
k } be a partition of unity of α subordinate to the covering {U (i)

k }, i.e. ψ(i)
k ∈ C(α), with

0 ≤ ψ
(i)
k ≤ 1, such that supp(ψ

(i)
k ) ⊂ U (i)

k and
∑

k ψ
(i)
k = 1 on α and let φ ∈ Cc(α) be an arbitrary

non-negative function. For each k we define an approximation of the stress Σ on Yi ∩ U (i)
k by

Σ
(i)
n,k(x3, y) :=

( (
Σ ◦ d(i)n,k

)
(x3, ·) ∗ ρ 1

n+1

)
(y), (5.13)

where d
(i)
n,k(x3, y) =

(
x3,

n
n+1 (y − y

(i)
k ) + y

(i)
k

)
and y

(i)
k is the point with respect to which Yi ∩U (i)

k is star

shaped. Obviously one has for every k

(i) Σ
(i)
n,k ∈ (Ki)r for |Π|-a.e. (x3, y) ∈ I × (Yi ∩ U (i)

k ),

(ii) ∥Σ(i)
n,k∥L∞ ≤ ∥Σ∥

L∞(Yi∩U(i)
k )

,

(iii) Σ
(i)
n,k → Σ, Σ̄

(i)
n,k → Σ̄, Σ̂

(i)
n,k → Σ̂ strongly in L2(Yi ∩ U (i)

k ;M2×2
sym),

(iv) divyΣ̄
(i)
n,k = 0, divydivyΣ̂

(i)
n,k = 0.
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From (i)-(iv) and by using Remark 5.4, Remark 5.5 and (5.12) we conclude for every kˆ
I×α

ψi
k(y)φ(y)Hr

(
y,

dP

d|P |

)
d|P | =

ˆ
I×α

ψi
k(y)φ(y)Hr

(
y,

dP

d|Π|

)
d|Π|

≥
ˆ
I×α

ψi
kφΣ

(i)
n,k :

dP

d|Π|
d|Π|

=

ˆ
α

ψi
kφ
(
Σ

(i)
n,kν

i
α · (ūj − ūi) + b1(Σ̂

(i)
n,k)∂νi

α
ui,j3

)
dH1

→
ˆ
α

ψi
kφ
(
Σνiα · (ūj − ūi) + b1(Σ̂)∂νi

α
ui,j3

)
dH1.

By summing over k we infer (5.9) on α.

The final claim goes by combining Step 1 and Step 2 and using the fact that both measures in (5.9)
are zero on S as a consequence of (5.1) and (5.5). □

5.1.2. Case γ = +∞. We first define the set of admissible stresses and configurations on the torus.

Definition 5.10. The set K∞ of admissible stresses is defined as the set of all elements Σ ∈ L2(Y;M3×3
sym)

satisfying:

(i) divyΣ = 0 in Y,
(ii) Σdev(y) ∈ K(y) for L2

y-a.e. y ∈ Y.

Notice that in (i) we neglect the third column of Σ.

Definition 5.11. The family A∞ of admissible configurations is given by the set of quintuplets

ū ∈ BD(Y), u3 ∈ BV (Y), v ∈ R3, E ∈ L2(Y;M3×3
sym), P ∈ Mb(Y;M3×3

dev ),

such that (
Eyū v′ +Dyu3

(v′ +Dyu3)
T v3

)
= E L2

y + P in Y. (5.14)

We also define a notion of stress-strain duality on the torus.

Definition 5.12. Let Σ ∈ K∞ and let (ū, u3, v, E, P ) ∈ A∞. We define the distribution [Σdev : P ] on Y
by

[Σdev : P ](φ) :=−
ˆ
Y
φΣ : E dy −

ˆ
Y
Σ′′ :

(
ū⊙∇yφ

)
dy

− 2

ˆ
Y
u3

(
Σ13

Σ23

)
· ∇yφdy

+ 2 v′ ·
ˆ
Y
φ

(
Σ13

Σ23

)
dy + v3

ˆ
Y
φΣ33 dy,

(5.15)

for every φ ∈ C∞(Y).

Remark 5.13. Note that the integrals in (5.15) are well defined since BD(Y) and BV (Y) are both
embedded into L2(Y;R2). Moreover, the definition is independent of the choice of (ū, u3, v, E), so (5.15)
defines a meaningful distribution on Y.

The following proposition provides an estimate on the total variation of [Σdev : P ]. As a consequence,
we find that [Σdev : P ] depends indeed only on the deviatoric part of Σ.

Proposition 5.14. Let Σ ∈ K∞ and (ū, u3, v, E, P ) ∈ A∞. Then [Σdev : P ] can be extended to a bounded
Radon measure on Y, whose variation satisfies

|[Σdev : P ]| ≤ ∥Σdev∥L∞(Y;M3×3
sym)|P | in Mb(Y).
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Proof. Using a convolution argument we construct a sequence {Σn} ⊂ C∞(Y;M3×3
sym) such that

Σn → Σ strongly in L2(Y;M3×3
sym),

divyΣn = 0 in Y,
∥(Σn)dev∥L∞(Y;M3×3

dev ) ≤ ∥Σdev∥L∞(Y;M3×3
dev ).

According to the integration by parts formulas for BD(Y) and BV (Y), we have for every φ ∈ C1(Y)ˆ
Y
φdivy(Σn)

′′ · ū dy +
ˆ
Y
φ (Σn)

′′ : dEyū+

ˆ
Y
(Σn)

′′ :
(
ū⊙∇yφ

)
dy = 0,

ˆ
Y
φu3 divy

(
(Σn)13
(Σn)23

)
dy +

ˆ
Y
φ

(
(Σn)13
(Σn)23

)
· dDyu3 +

ˆ
Y
u3

(
(Σn)13
(Σn)23

)
· ∇yφdy = 0.

From these two equalities, together with the above convergence and the expression in Equation (5.15),
we compute

[Σdev : P ](φ)

= lim
n

[
−
ˆ
Y
φΣn : E dy −

ˆ
Y
(Σn)

′′ :
(
ū⊙∇yφ

)
dy

− 2

ˆ
Y
u3

(
(Σn)13
(Σn)23

)
· ∇yφdy + 2 v′ ·

ˆ
Y
φ

(
(Σn)13
(Σn)23

)
dy + v3

ˆ
Y
φ (Σn)33 dy

]
= lim

n

[
−
ˆ
Y
φΣn : E dy +

ˆ
Y
φdivy(Σn)

′′ · ū dy +
ˆ
Y
φ (Σn)

′′ : dEyū

+ 2

ˆ
Y
φu3 divy

(
(Σn)13
(Σn)23

)
dy + 2

ˆ
Y
φ

(
(Σn)13
(Σn)23

)
· dDyu3

+ 2 v′ ·
ˆ
Y
φ

(
(Σn)13
(Σn)23

)
dy + v3

ˆ
Y
φ (Σn)33 dy

]
= lim

n

[ ˆ
Y
φdivy(Σn) ·

(
ū
u3

)
dy +

ˆ
Y
φΣn : dP

]
= lim

n

ˆ
Y
φ (Σn)dev : dP.

In view of the L∞-bound on {(Σn)dev}, passing to the limit yields

|[Σdev : P ]|(φ) ≤ ∥Σdev∥L∞(Y;M3×3
sym)

ˆ
Y
|φ| d|P |,

from which the claims follow. □

The following proposition characterizes [Σdev : P ] on the interface. Before the statement we recall
Remark 3.1

Proposition 5.15. Let Σ ∈ K∞. Assume that Y is a geometrically admissible multi-phase torus. Then,
for H1-a.e. y ∈ ∂Yi ∩ ∂Yj,

[Σι(νi)]⊥ι(νi)(y) ∈
(
(Ki ∩Kj)ι(ν

i)
)⊥
ι(νi)

. (5.16)

Furthermore, if (ū, u3, v, E, P ) ∈ A∞, then for every i ̸= j,

[Σdev : P ]⌊Γij =

(
[Σ′′νi]⊥νi · (ūi − ūj) + 2

((
Σ13

Σ23

)
· νi
)
(ui3 − uj3)

)
H1⌊Γij , (5.17)

where ūi, ui3 and ū
j , uj3 are the traces on Γij of the restrictions of ū, u3 to Yi and Yj respectively, assuming

that νi points from Yj to Yi.
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Proof. To prove (5.17), let φ ∈ C1(Y) be such that its support is contained in Yi ∪ Yj ∪ Γij . Let
U ⊂⊂ Y be a compact set containing supp(φ), and consider any smooth approximating sequence {Σn} ⊂
C∞(U ;M3×3

sym) such that

Σn → Σ strongly in L2(U ;M3×3
sym), (5.18)

divyΣn = 0 in U , (5.19)

∥(Σn)dev∥L∞(U ;M3×3
dev ) ≤ ∥Σdev∥L∞(U ;M3×3

dev ). (5.20)

Note that
(
(Σn)

′′νi
)⊥
νi =

(
(Σn)

′′
devν

i
)⊥
νi and(

(Σn)
′′
devν

i
)⊥
νi

∗−⇀ [Σ′′
devν

i]⊥νi weakly* in L∞(Γij ;R2).

Since φ ū ∈ BD(Y) and φu3 ∈ BD(Y), with

Ey (φ ū) = φEyū+ ū⊙∇yφ,

Dy (φu3) = φDyu3 + u3 ∇yφ,

we compute using (5.14)

[Σdev : P ](φ)

= lim
n

[
−
ˆ
Yi∪Yj

φΣn : E dy −
ˆ
Yi∪Yj

(Σn)
′′ :
(
ū⊙∇yφ

)
dy

− 2

ˆ
Yi∪Yj

u3

(
(Σn)13
(Σn)23

)
· ∇yφdy + 2 v′ ·

ˆ
Yi∪Yj

φ

(
(Σn)13
(Σn)23

)
dy + v3

ˆ
Yi∪Yj

φ (Σn)33 dy
]

= lim
n

[
−
ˆ
Yi∪Yj

φΣn : E dy −
ˆ
Yi∪Yj

(Σn)
′′ : dEy (φ ū) +

ˆ
Yi∪Yj

φ (Σn)
′′ : Eyū

− 2

ˆ
Yi∪Yj

(
(Σn)13
(Σn)23

)
· dDy (φu3) + 2

ˆ
Yi∪Yj

φ

(
(Σn)13
(Σn)23

)
· dDyu3

+ 2 v′ ·
ˆ
Yi∪Yj

φ

(
(Σn)13
(Σn)23

)
dy + v3

ˆ
Yi∪Yj

φ (Σn)33 dy
]

= lim
n

[
−
ˆ
Yi∪Yj

(Σn)
′′ : dEy (φ ū)− 2

ˆ
Yi∪Yj

(
(Σn)13
(Σn)23

)
· dDy (φu3) +

ˆ
Yi∪Yj

φΣn : dP
]
.

Owing to the assumption on supp(φ), we have that the only relevant part of the boundary of Yi ∪ Yj is
Γij . Thus, an integration by parts yields

[Σdev : P ](φ)

= lim
n

[ ˆ
Γij

φ
(
(Σn)

′′νi
)
· (ūi − ūj) dH1 + 2

ˆ
Γij

φ

((
(Σn)13
(Σn)23

)
· νi
)
(ui3 − uj3) dH1

+

ˆ
Yi∪Yj

φ (Σn)dev : dP
]
.

Now

P ⌊Γij =

(
Eyū Dyu3

(Dyu3)
T 0

)
⌊Γij =

(
(ūi − ūj)⊙ νi (ui3 − uj3) ν

i

(ui3 − uj3) (ν
i)T 0

)
H1

and trP = 0 imply that ūi(y)− ūj(y) ⊥ νi(y) for H1-a.e. y ∈ Γij . The above computation then yields

[Σdev : P ](φ) =

ˆ
Γij

φ [Σ′′νi]⊥νi · (ūi − ūj) dH1 + 2

ˆ
Γij

φ

((
Σ13

Σ23

)
· νi
)
(ui3 − uj3) dH1

+ lim
n

ˆ
Yi∪Yj

φ (Σn)dev : dP.

(5.21)
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Defining λn ∈ Mb(Yi ∪ Yj ∪ Γij) as

λn(φ) :=

ˆ
Yi∪Yj

φ (Σn)dev : dP,

then the L∞-bound on {(Σn)dev} ensures that it satisfies

|λn| ≤ C |P |⌊(Yi ∪ Yj),

and we infer from (5.21) that

λn
∗−⇀ λ weakly* in Mb(Yi ∪ Yj ∪ Γij)

for a suitable λ ∈ Mb(Yi ∪ Yj ∪ Γij) with

|λ| ≤ C |P |⌊(Yi ∪ Yj), (5.22)

and

[Σdev : P ](φ) =

ˆ
Γij

φ [Σ′′νi]⊥ι(νi) · (ū
i − ūj) dH1 + 2

ˆ
Γij

φ

((
Σ13

Σ23

)
· νi
)
(ui3 − uj3) dH1

+ λ(φ).

Since (5.22) implies λ⌊Γij = 0, the result directly follows. To prove (5.16) we first notice that as a
consequence of [27, Section 1.2] there holds [Σι(νi)]⊥ι(νi) ∈ L∞(Γ). We locally approximate Σ at every

point y ∈ ∂Yi by dilation and convolution as in the proof of Proposition 5.9, see (5.13), so that the
approximating sequence {Σn} consequently satisfies (5.18)-(5.20) and also Σn ∈ Ki. Since we have that

[Σnι(ν
i)]⊥ι(νi)

∗−⇀ [Σι(νi)]⊥ι(νi) the claim follows from the convexity of Ki. □

The following proposition is analogous to Proposition 5.9 and will also be used in Section 5.4 to prove
the main result of this section.

Proposition 5.16. Let Σ ∈ K∞ and (ū, u3, v, E, P ) ∈ A∞. If Y is a geometrically admissible multi-phase
torus and the assumption on the ordering of the phases is satisfied we have

H

(
y,

dP

d|P |

)
|P | ≥ [Σdev : P ] in Mb(Y).

Proof. To establish the stated inequality, we consider the behavior of the measures on each phase Yi and
inteface Γij respectively. First, consider an opet set U such that U ⊂ Yi for some i. Regularizing by
convolution, we obtain a sequence Σn ∈ C∞(U ;M3×3

sym) such that

Σn → Σ strongly in L2(U ;M3×3
sym),

divyΣn = 0 in U .

Furthermore, (Σn(y))dev ∈ Ki for every y ∈ U . As a consequence, for |P |-a.e. y ∈ U we have

H

(
y,

dP

d|P |

)
= Hi

(
dP

d|P |

)
≥ Σn :

dP

d|P |
.

Thus for every φ ∈ C(U), such that φ ≥ 0, we obtainˆ
U
φH

(
y,

dP

d|P |

)
d|P | ≥

ˆ
U
φΣn :

dP

d|P |
d|P | =

ˆ
U
φd[Σn : P ].

Since Σn is smooth, we conclude that

[Σn : P̄ ]
∗−⇀ [Σ : P̄ ] weakly* in Mb(U).

Passing to the limit we have ˆ
U
φH

(
y,

dP

d|P |

)
d|P | ≥

ˆ
U
φd[Σ : P ].
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The inequality on the phase Yi now follows by considering a collection of open subsets that increases to
Yi. Next, for every i ̸= j,

H

(
y,

dP

d|P |

)
|P |⌊Γij = min{Hi, Hj}

((
(ūj − ūi)⊙ ν (uj3 − ui3) ν

(uj3 − ui3) ν
T 0

))
H1⌊Γij .

where ūi, ui3 and ūj , uj3 are the traces on Γij of the restrictions of ū, u3 to Yi and Yj respectively,
assuming that ν points from Yj to Yi. The claim then directly follows in view of Proposition 5.15. □

5.2. Disintegration of admissible configurations. Let ω̃ ⊆ R2 be an open and bounded set such

that ω ⊂ ω̃ and ω̃ ∩ ∂ω = γD. We also denote by Ω̃ = ω̃ × I the associated reference domain. In order
to make sense of the duality between the two-scale limits of stresses and plastic strains, we will need to
disintegrate the two-scale limits of the kinematically admissible fields in such a way to obtain elements
of A0 and A∞, respectively.

5.2.1. Case γ = 0.

Definition 5.17. Let w ∈ H1(Ω̃;R3) ∩ KL(Ω̃). We define the class Ahom
0 (w) of admissible two-scale

configurations relative to the boundary datum w as the set of triplets (u,E, P ) with

u ∈ KL(Ω̃), E ∈ L2(Ω̃× Y;M2×2
sym), P ∈ Mb(Ω̃× Y;M2×2

sym),

such that
u = w, E = Ew, P = 0 on (Ω̃ \ Ω)× Y,

and also such that there exist µ ∈ X0(ω̃), κ ∈ Υ0(ω̃) with

Eu⊗ L2
y + Eyµ− x3D

2
yκ = E L3

x ⊗ L2
y + P in Ω̃× Y. (5.23)

The following lemma gives the disintegration result that will be used in the proof of Proposition 5.30.

Lemma 5.18. Let (u,E, P ) ∈ Ahom
0 (w) with the associated µ ∈ X0(ω̃), κ ∈ Υ0(ω̃), and let ū ∈ BD(ω̃)

and u3 ∈ BH(ω̃) be the Kirchhoff-Love components of u. Then there exists η ∈ M+
b (ω̃) such that the

following disintegrations hold true:

Eu⊗ L2
y = (A1(x

′) + x3A2(x
′)) η ⊗ L1

x3
⊗ L2

y, (5.24)

E L3
x ⊗ L2

y = C(x′)E(x, y) η ⊗ L1
x3

⊗ L2
y (5.25)

P = η
gen.
⊗ Px′ . (5.26)

Above, A1, A2 : ω̃ → M2×2
sym and C : ω̃ → [0,+∞] are respective Radon-Nikodym derivatives of Eū,

−D2u3 and L2
x′ with respect to η, E(x, y) is a Borel representative of E, and Px′ ∈ Mb(I × Y;M2×2

sym)

for η-a.e. x′ ∈ ω̃. Furthermore, we can choose Borel maps (x′, y) ∈ ω̃ × Y 7→ µx′(y) ∈ R2 and
(x′, y) ∈ ω̃ × Y 7→ κx′(y) ∈ R such that, for η-a.e. x′ ∈ ω̃,

µ = µx′(y) η ⊗ L2
y, Eyµ = η

gen.
⊗ Eyµx′ , (5.27)

κ = κx′(y) η ⊗ L2
y, D2

yκ = η
gen.
⊗ D2

yκx′ , (5.28)

where µx′ ∈ BD(Y),
´
Y µx′(y) dy = 0 and κx′ ∈ BH(Y),

´
Y κx′(y) dy = 0.

Proof. The proof is a consequence of Proposition 4.6 and follows along the lines of [7, Lemma 5.8]. □

Remark 5.19. From the above disintegration, we have that, for η-a.e. x′ ∈ ω̃,

Eyµx′ − x3D
2
yκx′ = [C(x′)E(x, y)− (A1(x

′) + x3A2(x
′))]L1

x3
⊗ L2

y + Px′ in I × Y.
Thus, the quadruplet

(µx′ , κx′ , [C(x′)E(x, y)− (A1(x
′) + x3A2(x

′))] , Px′)

is an element of A0.
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5.2.2. Case γ = +∞.

Definition 5.20. Let w ∈ H1(Ω̃;R3) ∩ KL(Ω̃). We define the class Ahom
∞ (w) of admissible two-scale

configurations relative to the boundary datum w as the set of triplets (u,E, P ) with

u ∈ KL(Ω̃), E ∈ L2(Ω̃× Y;M3×3
sym), P ∈ Mb(Ω̃× Y;M3×3

dev ),

such that

u = w, E = Ew, P = 0 on (Ω̃ \ Ω)× Y,

and also such that there exist µ ∈ X∞(Ω̃), κ ∈ X∞(Ω̃), ζ ∈ Mb(Ω;R3) with

Eu⊗ L2
y +

(
Eyµ ζ ′ +Dyκ

(ζ ′ +Dyκ)
T ζ3

)
= E L3

x ⊗ L2
y + P in Ω̃× Y. (5.29)

The following lemma provides a disintegration result in this regime and will be instrumental for
Proposition 5.32.

Lemma 5.21. Let (u,E, P ) ∈ Ahom
∞ (w) with the associated µ ∈ X∞(Ω̃), κ ∈ X∞(Ω̃), ζ ∈ Mb(Ω;R3) and

let ū ∈ BD(ω̃) and u3 ∈ BH(ω̃) be the Kirchhoff-Love components of u. Then there exists η ∈ M+
b (Ω̃)

such that the following disintegrations hold true:

Eu⊗ L2
y = (A1(x

′) + x3A2(x
′)) η ⊗ L2

y, (5.30)

ζ ⊗ L2
y = z(x) η ⊗ L2

y, (5.31)

E L3
x ⊗ L2

y = C(x)E(x, y) η ⊗ L2
y (5.32)

P = η
gen.
⊗ Px. (5.33)

Above, A1, A2 : ω̃ → M2×2
sym, z : ω̃ → R3 and C : Ω̃ → [0,+∞] are the respective Radon-Nikodym

derivatives of Eū, −D2u3, ζ and L3
x with respect to η, E(x, y) is a Borel representative of E, and

Px ∈ Mb(Y;M3×3
dev ) for η-a.e. x ∈ Ω̃.

Furthermore, we can choose Borel maps (x, y) ∈ Ω̃×Y 7→ µx(y) ∈ R2 and (x, y) ∈ Ω̃×Y 7→ κx(y) ∈ R
such that, for η-a.e. x ∈ Ω̃,

µ = µx(y) η ⊗ L2
y, Eyµ = η

gen.
⊗ Eyµx, (5.34)

κ = κx(y) η ⊗ L2
y, D2

yκ = η
gen.
⊗ D2

yκx, (5.35)

where µx ∈ BD(Y),
´
Y µx(y) dy = 0 and κx ∈ BV (Y),

´
Y κx(y) dy = 0.

Proof. The proof builds upon Proposition 4.9 and follows along [7, Lemma 5.8]. □

Remark 5.22. From the above disintegration, we have that, for η-a.e. x ∈ Ω̃,(
Eyµx z′ +Dyκx

(z′ +Dyκx)
T z3

)
=

[
C(x)E(x, y)−

(
A1(x

′) + x3A2(x
′) 0

0 0

)]
L2
y + Px in Y.

Thus, the quintuplet (
µx, κx, z,

[
C(x)E(x, y)−

(
A1(x

′) + x3A2(x
′) 0

0 0

)]
, Px

)
is an element of A∞.
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5.3. Admissible stress configurations and approximations. For every eh ∈ L2(Ω;M3×3
sym) we define

σh(x) := C
(

x′

εh

)
Λhe

h(x). We introduce the set of stresses for the rescaled h problems:

Kh =

{
σh ∈ L2(Ω;M3×3

sym) : divhσ
h = 0 in Ω, σh ν = 0 in ∂Ω \ ΓD,

σh
dev(x

′, x3) ∈ K

(
x′

εh

)
for a.e. x′ ∈ ω, x3 ∈ I

}
.

We recall some properties of the limiting stress that can be found in [15].

If we consider the weak limit σ ∈ L2(Ω;M3×3
sym) of the sequence σh ∈ Kh as h → 0, then σi3 = 0 for

i = 1, 2, 3. Furthermore, since the uniform boundedness of the sets K(y) implies that the deviatoric part
of the weak limit, i.e. σdev = σ − 1

3 trσI3×3, is bounded in L∞(Ω;M3×3
sym), we have that the components

σαβ are all bounded in L∞(Ω).

Lastly,

divx′ σ̄ = 0 in ω, and divx′divx′ σ̂ = 0 in ω.

In the following, we further characterize the sets of two-scale limits of sequences of elastic stresses
{σh}, depending on the regime.

5.3.1. Case γ = 0. We first introduce the set of limiting two-scale stress.

Definition 5.23. The set Khom
0 is the set of all elements Σ ∈ L∞(Ω× Y;M3×3

sym) satisfying:

(i) Σi3(x, y) = 0 for i = 1, 2, 3,
(ii) Σdev(x, y) ∈ K(y) for L3

x ⊗ L2
y-a.e. (x, y) ∈ Ω× Y,

(iii) divyΣ̄(x
′, ·) = 0 in Y for a.e. x′ ∈ ω,

(iv) divydivyΣ̂(x
′, ·) = 0 in Y for a.e. x′ ∈ ω,

(v) divx′ σ̄ = 0 in ω,
(vi) divx′divx′ σ̂ = 0 in ω,

where Σ̄, Σ̂ ∈ L∞(ω × Y;M2×2
sym) are the zero-th and first order moments of the 2 × 2 minor of Σ,

σ :=
´
Y Σ(·, y) dy, and σ̄, σ̂ ∈ L∞(ω;M2×2

sym) are the zero-th and first order moments of the 2 × 2 minor
of σ.

The following proposition motivates the above definition.

Proposition 5.24. Let {σh} be a bounded family in L2(Ω;M3×3
sym) such that σh ∈ Kh and

σh 2−⇀ Σ two-scale weakly in L2(Ω× Y;M3×3
sym).

Then Σ ∈ Khom
0 .

Proof. Properties (v) and (vi) follow from Section 5.3.

To prove (i) let ψ ∈ C∞
c (ω;C∞(I × Y;R3)) and consider the test function hψ

(
x, x′

εh

)
. We find that

∇h

(
hψ

(
x,
x′

εh

))
=

[
h∇x′ψ

(
x,
x′

εh

)
+

h

εh
∇yψ

(
x,
x′

εh

) ∣∣∣∣ ∂x3
ψ

(
x,
x′

εh

) ]
converges strongly in L2(Ω×Y;M3×3). Hence, taking such a test function in divhσ

h = 0 and passing to
the limit, we get

ˆ
Ω×Y

Σ(x, y) :

 0 0 ∂x3
ψ1(x, y)

0 0 ∂x3ψ2(x, y)
∂x3ψ1(x, y) ∂x3ψ2(x, y) ∂x3ψ3(x, y)

 dxdy = 0,

which is sufficient to conclude that Σi3(x, y) = 0 for i = 1, 2, 3.
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To prove (ii) we define

Σh(x, y) =
∑

i∈Iεh (ω̃)

1Qi
εh
(x′)σh(εhi+ εhI(y), x3), (5.36)

and consider the set

S = {Ξ ∈ L2(Ω× Y;M3×3
sym) : Ξdev(x, y) ∈ K(y) for L3

x ⊗ L2
y-a.e. (x, y) ∈ Ω× Y}.

The construction of Σh from σh ∈ Kh ensures that Σh ∈ S and that Σh −⇀ Σ weakly in L2(Ω×Y;M3×3
sym).

(i) and (ii) imply that Σ ∈ L∞.

Since compactness of K(y) implies that S is convex and weakly closed in L2(Ω × Y;M3×3
sym), we have

that Σ ∈ S, which concludes the proof.

Finally to prove (iii) and (iv) let ϕ ∈ C∞
c (ω;C∞(Y;R3)) and consider the test function

φ(x) = εh

 ϕ1(x
′, x′

εh
)

ϕ2(x
′, x′

εh
)

0

+ εh
2

 −x3 ∂x1
ϕ3(x

′, x′

εh
)− x3

εh
∂y1

ϕ3(x
′, x′

εh
)

−x3 ∂x2
ϕ3(x

′, x′

εh
)− x3

εh
∂y2

ϕ3(x
′, x′

εh
)

1
h ϕ3(x

′, x′

εh
)

 .

By a direct computation we infer

Ehφ(x) →

Eyϕ
′(x′, y)− x3D

2
yϕ3(x

′, y)
0
0

0 0 0

 strongly in L2(Ω× Y;M3×3
sym).

Hence, taking such a test function in divhσ
h = 0 and passing to the limit, we getˆ

Ω×Y
Σ(x, y) :

(
Eyϕ

′ − x3D
2
yϕ3 0

0 0

)
dxdy = 0.

Suppose now that ϕ (x′, y) = ψ(1)(x′)ψ(2)(y) for ψ(1) ∈ C∞
c (ω) and ψ(2) ∈ C∞(Y;R3). Thenˆ

ω

ψ(1)(x′)

(ˆ
I×Y

Σ(x, y) :

(
Ey(ψ

(2))′(y)− x3D
2
yψ

(2)
3 (y) 0

0 0

)
dx3dy

)
dx′ = 0,

from which we deduce that, for a.e. x′ ∈ ω,

0 =

ˆ
I×Y

Σ(x, y) :

(
Ey(ψ

(2))′(y)− x3D
2
yψ

(2)
3 (y) 0

0 0

)
dx3dy

=

ˆ
Y
Σ̄(x′, y) : Ey(ψ

(2))′(y) dy − 1

12

ˆ
Y
Σ̂(x′, y) : D2

yψ
(2)
3 (y) dy

= −
ˆ
Y
divyΣ̄(x

′, y) · (ψ(2))′(y) dy − 1

12

ˆ
Y
divydivyΣ̂(x

′, y) · ψ(2)
3 (y) dy.

Thus, divyΣ̄(x
′, ·) = 0 in Y and divydivyΣ̂(x

′, ·) = 0 in Y.

□

The following lemma approximates the limiting stresses with respect to the macroscopic variable and
will be used in Proposition 5.30. It is proved under the assumption that the domain is star-shaped.

Lemma 5.25. Let ω ⊂ R2 be an open bounded set that is star-shaped with respect to one of its points
and let Σ ∈ Khom

0 . Then, there exists a sequence Σn ∈ L∞(R2 × I × Y;M3×3
sym) such that the following

holds:

(a) Σn ∈ C∞(R2;L∞(I ×Y;M3×3
sym)) and Σn → Σ strongly in Lp(ω× I ×Y;M3×3

sym), for 1 ≤ p < +∞.
(b) (Σn)i3(x, y) = 0 for i = 1, 2, 3,
(c) (Σn(x, y))dev ∈ K(y) for every x′ ∈ R2 and L1

x3
⊗ L2

y-a.e. (x3, y) ∈ I × Y,

(d) divyΣ̄n(x
′, ·) = 0 in Y for every x′ ∈ ω,

(e) divydivyΣ̂n(x
′, ·) = 0 in Y for every x′ ∈ ω,
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where Σ̄n, Σ̂n ∈ L∞(ω × Y;M2×2
sym) are the zero-th and first order moments of the 2 × 2 minor of Σn.

Further, if we set σn(x) :=
´
Y Σn(x, y) dy, and σ̄n, σ̂n ∈ L∞(ω;M2×2

sym) are the zero-th and first order
moments of the 2× 2 minor of σn, then:

(f) σn ∈ C∞(R2 × I;M3×3
sym) and σn → σ strongly in Lp(ω × I;M3×3

sym), for 1 ≤ p < +∞.
(g) divx′ σ̄n = 0 in ω,
(h) divx′divx′ σ̂n = 0 in ω.

Proof. The approximation is done by dilation and convolution and is analogous to [7, Lemma 5.13]. □

5.3.2. Case γ = +∞. In this regime, the set of limiting two-scale stresses is defined as follows.

Definition 5.26. The set Khom
∞ is the set of all elements Σ ∈ L2(Ω× Y;M3×3

sym) satisfying:

(i) divyΣ(x, ·) = 0 in Y for a.e. x ∈ Ω,
(ii) Σdev(x, y) ∈ K(y) for L3

x ⊗ L2
y-a.e. (x, y) ∈ Ω× Y,

(iii) σi3(x) = 0 for i = 1, 2, 3,
(iv) divx′ σ̄ = 0 in ω,
(v) divx′divx′ σ̂ = 0 in ω,

where σ :=
´
Y Σ(·, y) dy, and σ̄, σ̂ ∈ L2(ω;M2×2

sym) are the zero-th and first order moments of the 2 × 2
minor of σ.

The previous definition is motivated by the following.

Proposition 5.27. Let {σh} be a bounded family in L2(Ω;M3×3
sym) such that σh ∈ Kh and

σh 2−⇀ Σ two-scale weakly in L2(Ω× Y;M3×3
sym).

Then Σ ∈ Khom
∞ .

Proof. Properties (iii), (iv) and (v) follow in view of Section 5.3. To prove (i) we consider the test function

εh ϕ
(
x, x′

εh

)
, for ϕ ∈ C∞

c (ω;C∞(I × Y;R3)). We see that

∇h

(
εh ϕ

(
x,
x′

εh

))
=

[
εh ∇x′ϕ

(
x,
x′

εh

)
+∇yϕ

(
x,
x′

εh

) ∣∣∣∣ εh
h
∂x3ϕ

(
x,
x′

εh

) ]
converges strongly in L2(Ω×Y;M3×3). Hence, taking such a test function in divhσ

h = 0 and passing to
the limit, we get ˆ

Ω×Y
Σ(x, y) : Eyϕ (x, y) dxdy = 0.

Suppose now that ϕ (x, y) = ψ(1)(x)ψ(2)(y) for ψ(1) ∈ C∞
c (ω;C∞(I)) and ψ(2) ∈ C∞(Y;R3). Thenˆ

Ω

ψ(1)(x)

(ˆ
Y
Σ(x, y) : Eyψ

(2)(y) dy

)
dx = 0,

from which we can deduce that divyΣ(x, ·) = 0 in Y for a.e. x ∈ Ω.

To conclude the proof, it remains to show the stress constraint Σdev(x, y) ∈ K(y) for L3
x⊗L2

y-a.e. (x, y) ∈
Ω×Y. To do this we can define the approximating sequence (5.36) and argue as in the proof of Proposition
5.24. □

The following lemma is analogous to Lemma 5.28.

Lemma 5.28. Let ω ⊂ R2 be an open bounded set that is star-shaped with respect to one of its points
and let Σ ∈ Khom

∞ . Then, there exists a sequence Σn ∈ L2(R2 × I × Y;M3×3
sym) such that the following

holds:

(a) Σn ∈ C∞(R3;L2(Y;M3×3
sym)) and Σn → Σ strongly in L2(ω × I × Y;M3×3

sym),

(b) divyΣn(x, ·) = 0 on Y for every x ∈ R3,
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(c) (Σn(x, y))dev ∈ K(y) for every x ∈ R3 and L2
y-a.e. y ∈ Y.

Further, if we set σn(x) :=
´
Y Σn(x, y) dy, and σ̄n, σ̂n ∈ L2(ω;M2×2

sym) are the zero-th and first order
moments of the 2× 2 minor of σn, then:

(d) σn ∈ C∞(R2 × I;M3×3
sym) and σn → σ strongly in L2(ω × I;M3×3

sym),
(e) divx′ σ̄n = 0 in ω,
(f) divx′divx′ σ̂n = 0 in ω.

Proof. The proof is again analogous to [7, Lemma 5.13]. The only difference is that the convolution and
dilation used to define Σn are taken in R3 instead of R2. □

5.4. The principle of maximum plastic work. We introduce the following functionals: Let γ ∈
{0,+∞}. For (u,E, P ) ∈ Ahom

γ (w) we define

Qhom
0 (E) :=

ˆ
Ω×Y

Qr (y,E) dxdy, Qhom
+∞ (E) :=

ˆ
Ω×Y

Q (y,E) dxdy (5.37)

and

Hhom
0 (P ) :=

ˆ
Ω×Y

Hr

(
y,

dP

d|P |

)
d|P |, Hhom

+∞ (P ) :=

ˆ
Ω×Y

H

(
y,

dP

d|P |

)
d|P |. (5.38)

The aim of this subsection is to prove the following inequality between two-scale dissipation and
plastic work, which in turn will be essential to prove the global stability condition of two-scale quasistatic
evolutions. Its proof is a direct consequence of Theorem 5.31 for the case γ = 0, and of Theorem 5.33 for
the case γ = +∞.

Corollary 5.29. Let γ ∈ {0,+∞} . Then

Hhom
γ (P ) ≥ −

ˆ
Ω×Y

Σ : E dxdy +

ˆ
ω

σ̄ : Ew̄ dx′ − 1

12

ˆ
ω

σ̂ : D2w3 dx
′,

for every Σ ∈ Khom
γ and (u,E, P ) ∈ Ahom

γ (w).

The proof relies on the approximation argument given in Lemma 5.25 and Lemma 5.28 and on two-
scale duality, which can be established only for smooth stresses by disintegration and duality pairings
between admissible stresses and plastic strains (given by (5.8) and (5.15)). The problem is that the
measure η defined in Lemma 5.18 and Lemma 5.21 can concentrate on the points where the stress (which
is only in L2) is not well-defined. The difference with respect to [26, Proposition 5.11] is that one can
rely only on the approximation given by Lemma 5.25 and Lemma 5.28, which are given for star-shaped
domains. To prove the corresponding result for general domains we rely on the localization argument
(see the proof of Step 2 of Proposition 5.30 and the proof of Theorem 5.31, as well as a Proposition 5.32
and Theorem 5.33).

5.4.1. Case γ = 0. The following proposition defines the measure λ through two-scale stress-strain duality
based on the approximation argument.

Proposition 5.30. Let Σ ∈ Khom
0 and (u,E, P ) ∈ Ahom

0 (w) with the associated µ ∈ X0(ω̃), κ ∈ Υ0(ω̃).

There exists an element λ ∈ Mb(Ω̃× Y) such that for every φ ∈ C2
c (ω̃)

⟨λ, φ⟩ =−
ˆ
Ω×Y

φ(x′) Σ : E dxdy +

ˆ
ω

φ σ̄ : Ew̄ dx′ − 1

12

ˆ
ω

φ σ̂ : D2w3 dx
′

−
ˆ
ω

σ̄ : ((ū− w̄)⊙∇φ) dx′ − 1

6

ˆ
ω

σ̂ :
(
∇(u3 − w3)⊙∇φ

)
dx′

− 1

12

ˆ
ω

(u3 − w3) σ̂ : ∇2φdx′.

Furthermore, the mass of λ is given by

λ(Ω̃× Y) = −
ˆ
Ω×Y

Σ : E dxdy +

ˆ
ω

σ̄ : Ew̄ dx′ − 1

12

ˆ
ω

σ̂ : D2w3 dx
′. (5.39)
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Proof. The proof is divided into two steps.

Step 1. Suppose that ω is star-shaped with respect to one of its points.

Let {Σn} ⊂ C∞(R2;L2(I × Y;M3×3
sym)) be sequence given by Lemma 5.25. We define the sequence

λn := η
gen.
⊗ [Σn(x

′, ·) : Px′ ] ∈ Mb(Ω̃× Y),

where η is given by lemma 5.18 and the duality [Σn(x
′, ·) : Px′ ] is a well defined bounded measure on

I × Y for η-a.e. x′ ∈ ω̃. Further, in view of Remark 5.19, (5.8) givesˆ
I×Y

ψ d[Σn(x
′, ·) : Px′ ]

= −
ˆ
I×Y

ψ(y) Σn(x, y) : [C(x
′)E(x, y)− (A1(x

′) + x3A2(x
′))] dx3dy

−
ˆ
Y
Σ̄n(x

′, y) :
(
µx′(y)⊙∇yψ(y)

)
dy

+
1

6

ˆ
Y
Σ̂n(x

′, y) :
(
∇yκx′(y)⊙∇yψ(y)

)
dy +

1

12

ˆ
Y
κx′(y) Σ̂n(x

′, y) : ∇2
yψ(y) dy,

for every ψ ∈ C2(Y), and

|[Σn(x
′, ·) : Px′ ]| ≤ ∥Σn(x

′, ·)∥L∞(I×Y;M2×2
sym)|Px′ | ≤ C |Px′ |,

where the last inequality stems from item (c) in Lemma 5.25. This in turn implies that

|λn| = η
gen.
⊗ |[Σn(x

′, ·) : Px′ ]| ≤ C η
gen.
⊗ |Px′ | = C |P |,

from which we conclude that is {λn} is a bounded sequence.

Let now Ĩ ⊃ I be an open set which compactly contains I. We extend these measures by zero on

ω̃ × Ĩ × Y. Let ξ be a smooth cut-off function with ξ ≡ 1 on I, with support contained in Ĩ. Finally,
we consider a test function ϕ(x, y) := φ(x′)ξ(x3), for φ ∈ C∞

c (ω̃). Then, since ∇yϕ(x, y) = 0 and
∇2

yϕ(x, y) = 0, we have

⟨λn, ϕ⟩ =
ˆ
ω̃

(ˆ
I×Y

ϕ(x, y) d[Σn(x
′, ·) : Px′ ]

)
dη(x′)

= −
ˆ
Ω̃×Y

φ(x′) Σn(x, y) : [C(x
′)E(x, y)− (A1(x

′) + x3A2(x
′))] d

(
η ⊗ L1

x3
⊗ L2

y

)
= −

ˆ
Ω̃×Y

φ(x′) Σn(x, y) : E(x, y) dxdy +

ˆ
Ω̃

φ(x′)σn(x) : (A1(x
′) + x3A2(x

′)) d
(
η ⊗ L1

x3

)
= −

ˆ
Ω̃×Y

φ(x′) Σn(x, y) : E(x, y) dxdy +

ˆ
Ω̃

φ(x′)σn(x) : dEu(x)

Since u ∈ KL(Ω̃), we haveˆ
Ω̃

φ(x′)σn(x) : dEu(x) =

ˆ
ω̃

φ(x′) σ̄n(x
′) : dEū(x′)− 1

12

ˆ
ω̃

φ(x′) σ̂n(x
′) : dD2u3(x

′),

where ū ∈ BD(ω̃) and u3 ∈ BH(ω̃) are the Kirchhoff-Love components of u. From the characterization
given in Proposition 3.7, we can thus conclude thatˆ

Ω̃

φ(x′)σn(x) : dEu(x) =

ˆ
ω̃

φ(x′) σ̄n(x
′) : ē(x′) dx′ +

ˆ
ω̃

φ(x′) σ̄n(x
′) : dp̄(x′)

+
1

12

ˆ
ω̃

φ(x′) σ̂n(x
′) : ê(x′) dx′ +

1

12

ˆ
ω̃

φ(x′) σ̂n(x
′) : dp̂(x′)

=

ˆ
ω̃

φ(x′) σ̄n(x
′) : ē(x′) dx′ +

ˆ
ω̃

φ(x′) d[σ̄n : p̄](x′)

+
1

12

ˆ
ω̃

φ(x′) σ̂n(x
′) : ê(x′) dx′ +

1

12

ˆ
ω̃

φ(x′) d[σ̂n : p̂](x′),
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where in the last equality we used that σ̄n and σ̂n are smooth functions. Notice that, since p̄ ≡ 0 and
p̂ ≡ 0 outside of ω ∪ γD, we haveˆ

ω̃

φd[σ̄n : p̄] =

ˆ
ω∪γD

φd[σ̄n : p̄],

ˆ
ω̃

φd[σ̂n : p̂] =

ˆ
ω∪γD

φd[σ̂n : p̂].

Furthermore, since e = E = Ew̄ − x3D
2w3 on Ω̃ \ Ω, we can conclude that

⟨λn, ϕ⟩ = −
ˆ
Ω̃×Y

φ(x′) Σn : E dxdy +

ˆ
ω̃

φ σ̄n : ē dx′ +
1

12

ˆ
ω̃

φ σ̂n : ê dx′

+

ˆ
ω∪γD

φd[σ̄n : p̄] +
1

12

ˆ
ω∪γD

φd[σ̂n : p̂]

= −
ˆ
Ω×Y

φ(x′) Σn : E dxdy +

ˆ
ω

φ σ̄n : ē dx′ +
1

12

ˆ
ω

φ σ̂n : ê dx′

+

ˆ
ω∪γD

φd[σ̄n : p̄] +
1

12

ˆ
ω∪γD

φd[σ̂n : p̂].

Taking into account that divx′ σ̄n = 0 in ω, by integration by parts (see also [15, Proposition 7.2]) we
have for every φ ∈ C1(ω)ˆ

ω∪γD

φd[σ̄n : p̄] +

ˆ
ω

φ σ̄n : (ē− Ew̄) dx′ +

ˆ
ω

σ̄n : ((ū− w̄)⊙∇φ) dx′ = 0.

Likewise taking into account divx′divx′ σ̂n = 0 in ω and u3 = w3 on γD, by integration by parts (see also
[15, Proposition 7.6]), we have for every φ ∈ C2(ω)ˆ

ω∪γD

φd[σ̂n : p̂] +

ˆ
ω

φ σ̂n : (ê+D2w3) dx
′

+ 2

ˆ
ω

σ̂n :
(
∇(u3 − w3)⊙∇φ

)
dx′ +

ˆ
ω

(u3 − w3) σ̂n : ∇2φdx′ = 0.

Let now λ ∈ Mb(Ω̃× Y) be such that (up to a subsequence)

λn
∗−⇀ λ weakly* in Mb(Ω̃× Y).

By items (a) and (f) in Lemma 5.25, we have in the limit

⟨λ, ϕ⟩ = lim
n

⟨λn, ϕ⟩

= lim
n

[
−
ˆ
Ω×Y

φ(x′) Σn : E dxdy +

ˆ
ω

φ σ̄n : Ew̄ dx′ − 1

12

ˆ
ω

φ σ̂n : D2w3 dx
′

−
ˆ
ω

σ̄n : ((ū− w̄)⊙∇φ) dx′ − 1

6

ˆ
ω

σ̂n :
(
∇(u3 − w3)⊙∇φ

)
dx′

− 1

12

ˆ
ω

(u3 − w3) σ̂n : ∇2φdx′
]

= −
ˆ
Ω×Y

φ(x′) Σ : E dxdy +

ˆ
ω

φ σ̄ : Ew̄ dx′ − 1

12

ˆ
ω

φ σ̂ : D2w3 dx
′

−
ˆ
ω

σ̄ : ((ū− w̄)⊙∇φ) dx′ − 1

6

ˆ
ω

σ̂ :
(
∇(u3 − w3)⊙∇φ

)
dx′

− 1

12

ˆ
ω

(u3 − w3) σ̂ : ∇2φdx′.

Taking φ↗ 1ω̃, we deduce (5.39).

Step 2. If ω is not star-shaped, then since ω is a bounded C2 domain (in particular, with Lipschitz
boundary) by [9, Proposition 2.5.4] there exists a finite open covering {Ui} of ω such that ω ∩ Ui is
(strongly) star-shaped with Lipschitz boundary. Again, since the sets which are intersecting ∂ω are
cylindrical up to a rotation, we can slightly change them such that they become C2.
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Let {ψi} be a smooth partition of unity subordinate to the covering {Ui}, i.e. ψi ∈ C∞(ω), with
0 ≤ ψi ≤ 1, such that supp(ψi) ⊂ Ui and

∑
i ψi = 1 on ω.

For each i, let

Σi(x, y) :=

{
Σ(x, y) if x′ ∈ ω ∩ Ui,

0 otherwise.

Since Σi ∈ Khom
0 , the construction in Step 1 yields that there exist sequences {Σi

n} ⊂ C∞(R2;L2(I ×
Y;M3×3

sym)) and

λin := η
gen.
⊗ [(Σi

n)dev(x
′, ·) : Px′ ] ∈ Mb((ω ∩ Ui)× I × Y),

such that

λin
∗−⇀ λi weakly* in Mb((ω ∩ Ui)× I × Y),

with

⟨λi, φ⟩ = −
ˆ
(ω∩Ui)×I×Y

φ(x′) Σ : E dxdy +

ˆ
ω∩Ui

φ σ̄ : Ew̄ dx′ − 1

12

ˆ
ω∩Ui

φ σ̂ : D2w3 dx
′

−
ˆ
ω∩Ui

σ̄ : ((ū− w̄)⊙∇φ) dx′ − 1

6

ˆ
ω∩Ui

σ̂ :
(
∇(u3 − w3)⊙∇φ

)
dx′

− 1

12

ˆ
ω∩Ui

(u3 − w3) σ̂ : ∇2φdx′.

for every φ ∈ C2
c (ω∩Ui). This allows us to define measures on Ω̃×Y by letting, for every ϕ ∈ C0(Ω̃×Y),

⟨λn, ϕ⟩ :=
∑
i

⟨λin, ψi(x
′)ϕ⟩,

and

⟨λ, ϕ⟩ :=
∑
i

⟨λi, ψi(x
′)ϕ⟩.

Then we can see that λn
∗−⇀ λ weakly* in Mb(Ω̃× Y), and λ satisfies all the required properties. □

The following theorem provides a two-scale Hill’s principle (cf. [26, Theorem 5.12]).

Theorem 5.31. Let Σ ∈ Khom
0 and (u,E, P ) ∈ Ahom

0 (w) with the associated µ ∈ X0(ω̃), κ ∈ Υ0(ω̃). If
Y is a geometrically admissible multi-phase torus, under the assumption on the ordering of phases we
have

Hr

(
y,

dP

d|P |

)
|P | ≥ λ̄,

where λ ∈ Mb(Ω̃× Y) is given by Proposition 5.30.

Proof. Take φ ∈ Cc(ω̃ × Y) non-negative. Let {Σi
n}, {λin} and λi be defined as in Step 2 of the proof of

Proposition 5.30. Item (c) in Lemma 5.25 implies that

(Σi
n)dev(x, y) ∈ K(y) for every x′ ∈ ω and L1

x3
⊗ L2

y-a.e. (x3, y) ∈ I × Y.

By Proposition 5.9, we have for η-a.e. x′ ∈ ω̃ˆ
I×Y

φ(x′, y)Hr

(
y,

dPx′

d|Px′ |

)
d|Px′ | ≥

ˆ
I×Y

φ(x′, y) d[Σi
n : Px′ ], for every φ ∈ C(Y), φ ≥ 0.

Since dP
d|P | (x, y) =

dPx′
d|Px′ | (x3, y) for |Px′ |-a.e. (x3, y) ∈ I ×Y by [7, Proposition 2.2], we can conclude that

Hr

(
y,

dP

d|P |

)
|P | = η

gen.
⊗ Hr

(
y,

dP

d|P |

)
|Px′ | = η

gen.
⊗ Hr

(
y,

dPx′

d|Px′ |

)
|Px′ |

=
∑
i

ψiη
gen.
⊗ Hr

(
y,

dPx′

d|Px′ |

)
|Px′ |.
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Consequently,ˆ
Ω̃×Y

φ(·, y)Hr

(
y,

dP

d|P |

)
d|P | =

∑
i

ˆ
ω̃

ψi(x
′)

(ˆ
I×Y

φ(x′, y)Hr

(
y,

dPx′

d|Px′ |

)
|Px′ |

)
dη(x′)

≥
∑
i

ˆ
ω̃

ψi(x
′)

(ˆ
I×Y

φ(x′, y) d[Σi
n : Px′ ]

)
dη(x′)

=
∑
i

ˆ
Ω̃×Y

ψi(x
′)φ(x′, y) dλin(x, y) =

ˆ
Ω̃×Y

φdλn.

By passing to the limit, we infer the desired inequality. □

5.4.2. Case γ = +∞. The following proposition is the analogue of Proposition 5.30.

Proposition 5.32. Let Σ ∈ Khom
∞ and (u,E, P ) ∈ Ahom

∞ (w) with the associated µ ∈ X∞(Ω̃), κ ∈ X∞(Ω̃),

ζ ∈ Mb(Ω;R3). There exists an element λ ∈ Mb(Ω̃× Y) such that for every φ ∈ C2
c (ω̃)

⟨λ, φ⟩ =−
ˆ
Ω×Y

φ(x′) Σ : E dxdy +

ˆ
ω

φ σ̄ : Ew̄ dx′ − 1

12

ˆ
ω

φ σ̂ : D2w3 dx
′

−
ˆ
ω

σ̄ : ((ū− w̄)⊙∇φ) dx′ − 1

6

ˆ
ω

σ̂ :
(
∇(u3 − w3)⊙∇φ

)
dx′

− 1

12

ˆ
ω

(u3 − w3) σ̂ : ∇2φdx′.

Furthermore, the mass of λ is given by

λ(Ω̃× Y) = −
ˆ
Ω×Y

Σ : E dxdy +

ˆ
ω

σ̄ : Ew̄ dx′ − 1

12

ˆ
ω

σ̂ : D2w3 dx
′. (5.40)

Proof. Suppose that ω is star-shaped with respect to one of its points.

Let {Σn} ⊂ C∞(R3;L2(Y;M3×3
sym)) be sequence given by Lemma 5.28. We define the sequence

λn := η
gen.
⊗ [(Σn)dev(x, ·) : Px] ∈ Mb(Ω̃× Y),

where η is given by lemma 5.21 and the duality [(Σn)dev(x, ·) : Px] is a well defined bounded measure on

Y for η-a.e. x ∈ Ω̃. Further, in view of Remark 5.22, (5.15) givesˆ
Y
ψ d[(Σn)dev(x, ·) : Px]

= −
ˆ
Y
ψΣn :

[
C(x)E(x, y)−

(
A1(x

′) + x3A2(x
′) 0

0 0

)]
dy

−
ˆ
Y
(Σn)

′′(x, y) :
(
µx(y)⊙∇yψ(y)

)
dy

−
∑

α=1,2

ˆ
Y
κx(y) (Σn)α3(x, y) ∂yα

ψ(y) dy +
∑

i=1,2,3

zi

ˆ
Y
ψ(y) (Σn)i3(x, y) dy,

for every ψ ∈ C1(Y), and

|[(Σn)dev(x, ·) : Px]| ≤ ∥(Σn)dev(x, ·)∥L∞(Y;M3×3
sym)|Px| ≤ C |Px|,

where the last inequality stems from item (c) in Lemma 5.28. This in turn implies that

|λn| = η
gen.
⊗ |[(Σn)dev(x, ·) : Px]| ≤ C η

gen.
⊗ |Px| = C |P |,

from which we conclude that is {λn} is a bounded sequence.

Let now Ĩ ⊃ I be an open set which compactly contains I and extend the above measures by zero on

ω̃ × Ĩ ×Y. Let ξ be a smooth cut-off function with ξ ≡ 1 on I, with support contained in Ĩ. Finally, we
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consider a test function ϕ(x) := φ(x′)ξ(x3) , for φ ∈ C∞
c (ω̃). Then, since ∇yϕ(x) = 0 , ∂yαϕ(x) = 0 and´

Y(Σn)i3(x, y) dy = 0, we have

⟨λn, ϕ⟩ =
ˆ
Ω̃

(ˆ
Y
ϕ(x, y) d[(Σn)dev(x, ·) : Px]

)
dη(x)

= −
ˆ
Ω̃×Y

φ(x′) Σn(x, y) :

[
C(x)E(x, y)−

(
A1(x

′) + x3A2(x
′) 0

0 0

)]
d
(
η ⊗ L2

y

)
= −

ˆ
Ω̃×Y

φ(x′) Σn(x, y) : E(x, y) dxdy +

ˆ
Ω̃

φ(x′)σn(x) : (A1(x
′) + x3A2(x

′)) dη

= −
ˆ
Ω̃×Y

φ(x′) Σn(x, y) : E(x, y) dxdy +

ˆ
Ω̃

φ(x′)σn(x) : dEu(x)

From this point on, the proof is exactly the same as the proof of Proposition 5.30 by defining in the
analogous way Σi

n, λ
i
n, i.e. Σi, λi. □

The following theorem is analogous to Theorem 5.31.

Theorem 5.33. Let Σ ∈ Khom
∞ and (u,E, P ) ∈ Ahom

∞ (w) with the associated µ ∈ X∞(Ω̃), κ ∈ X∞(Ω̃),
ζ ∈ Mb(Ω;R3). If Y is a geometrically admissible multi-phase torus, under the assumption on the
ordering of phases we have

H

(
y,

dP

d|P |

)
|P | ≥ λ,

where λ ∈ Mb(Ω̃× Y) is given by Proposition 5.32.

Proof. Let {Σi
n}, {λin} and λi be defined as in the proof of Proposition 5.32. Item (c) in Lemma 5.28

implies that

(Σi
n)dev(x, y) ∈ K(y) for every x ∈ Ω and L2

y-a.e. y ∈ Y.

By Proposition 5.16, we have for η-a.e. x ∈ Ω̃

H

(
y,

dPx

d|Px|

)
|Px| ≥ [(Σi

n)dev(x, ·) : Px] as measures on Y.

Since dP
d|P | (x, y) =

dPx

d|Px| (y) for |Px|-a.e. y ∈ Y by [7, Proposition 2.2], we can conclude that

H

(
y,

dP

d|P |

)
|P | = η

gen.
⊗ H

(
y,

dP

d|P |

)
|Px| = η

gen.
⊗ H

(
y,

dPx

d|Px|

)
|Px|

=
∑
i

ψi(x
′)η

gen.
⊗ H

(
y,

dPx

d|Px|

)
|Px|

≥
∑
i

ψi(x
′)η

gen.
⊗ [(Σi

n)dev(x, ·) : Px]

=
∑
i

ψi(x
′)λin = λn.

By passing to the limit, we have the desired inequality. □

6. Two-scale quasistatic evolutions

The associated Hhom-variation of a function P : [0, T ] → Mb(Ω̃×Y;M3×3
dev ) on [a, b] is then defined as

DHhom
γ

(P ; a, b) := sup

{
n−1∑
i=1

Hhom
γ (P (ti+1)− P (ti)) : a = t1 < t2 < . . . < tn = b, n ∈ N

}
.

In this section we prescribe for every t ∈ [0, T ] a boundary datum w(t) ∈ H1(Ω̃;R3) ∩ KL(Ω̃) and we

assume the map t 7→ w(t) to be absolutely continuous from [0, T ] into H1(Ω̃;R3).
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We now give the notion of the limiting quasistatic elasto-plastic evolution.

Definition 6.1. A two-scale quasistatic evolution for the boundary datum w(t) is a function t 7→
(u(t), E(t), P (t)) from [0, T ] into KL(Ω̃) × L2(Ω̃ × Y;M3×3

sym) × Mb(Ω̃ × Y;M3×3
dev ) which satisfies the

following conditions:

(qs1)homγ for every t ∈ [0, T ] we have (u(t), E(t), P (t)) ∈ Ahom
γ (w(t)) and

Qhom
γ (E(t)) ≤ Qhom

γ (H) +Hhom
γ (Π− P (t)),

for every (υ,H,Π) ∈ Ahom
γ (w(t)).

(qs2)homγ the function t 7→ P (t) from [0, T ] into Mb(Ω̃ × Y;M3×3
dev ) has bounded variation and for every

t ∈ [0, T ]

Qhom
0 (E(t)) +DHhom

0
(P ; 0, t) = Qhom

0 (E(0)) +

ˆ t

0

ˆ
Ω×Y

Cr(y)E(s) : Eẇ(s) dxdyds,

for γ = 0 and

Qhom
+∞ (E(t)) +DHhom

+∞
(P ; 0, t) = Qhom

+∞ (E(0)) +

ˆ t

0

ˆ
Ω×Y

C(y)E(s) : Eẇ(s) dxdyds,

for γ = +∞.

Recalling the definition of a h-quasistatic evolution for the boundary datum w(t) given in Definition
3.8, we are in a position to formulate the main result of the paper.

Theorem 6.2. Let t 7→ w(t) be absolutely continuous from [0, T ] into H1(Ω̃;R3) ∩KL(Ω̃). Let Y be a
geometrically admissible multi-phase torus and let the assumption on the ordering of phases be satisfied.
Assume also (3.2), (3.3) and (3.5) and that there exists a sequence of triples (uh0 , e

h
0 , p

h
0 ) ∈ Ah(w(0)) such

that

uh0
∗−⇀ u0 weakly* in BD(Ω̃), (6.1)

Λhe
h
0

2−→ E0 two-scale strongly in L2(Ω̃× Y;M3×3
sym), (6.2)

Λhp
h
0

2−∗−−⇀ P0 two-scale weakly* in Mb(Ω̃× Y;M3×3
dev ), (6.3)

for (u0, E0, P0) ∈ Ahom
∞ (w(0)) if γ = +∞, and (u0, E

′′
0 , P

′′
0 ) ∈ Ahom

0 (w(0)) with E0 = AyE
′′
0 if γ = 0.

For every h > 0, let
t 7→ (uh(t), eh(t), ph(t))

be a h-quasistatic evolution in the sense of Definition 3.8 for the boundary datum w such that uh(0) = uh0 ,
eh(0) = eh0 , and p

h(0) = ph0 . Then, there exists a two-scale quasistatic evolution

t 7→ (u(t), E(t), P (t))

for the boundary datum w(t) such that u(0) = u0, E(0) = E0, and P (0) = P0, and such that (up to
subsequence) for every t ∈ [0, T ]

uh(t)
∗−⇀ u(t) weakly* in BD(Ω̃), (6.4)

Λhe
h(t)

2−⇀ E(t) two-scale weakly in L2(Ω̃× Y;M3×3
sym), (6.5)

Λhp
h(t)

2−∗−−⇀ P (t) two-scale weakly* in Mb(Ω̃× Y;M3×3
dev ), (6.6)

in case γ = +∞ , and

uh(t)
∗−⇀ u(t) weakly* in BD(Ω̃), (6.7)

Λhe
h(t)

2−⇀ AyE(t) two-scale weakly in L2(Ω̃× Y;M3×3
sym), (6.8)

ph(t)
2−∗−−⇀

(
P (t) 0
0 0

)
two-scale weakly* in Mb(Ω̃× Y;M3×3

sym), (6.9)

in case γ = 0.
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Proof. The proof is divided into several steps, in the spirit of evolutionary Γ-convergence and it follows
the lines of [7, Theorem 6.2]. We present the proof in the case γ = 0, while the argument for the case
γ = +∞ is identical upon replacing the appropriate structures in the statement of Theorem 4.14 and
definition of Ahom

γ (w).

Step 1: Compactness.

First, we prove that that there exists a constant C, depending only on the initial and boundary data,
such that

sup
t∈[0,T ]

∥∥Λhe
h(t)

∥∥
L2(Ω̃×Y;M3×3

sym)
≤ C and DHh

(Λhp
h; 0, T ) ≤ C, (6.10)

for every h > 0. Indeed, the energy balance of the h-quasistatic evolution (qs2)h and (3.4) imply

rc
∥∥Λhe

h(t)
∥∥
L2(Ω̃×Y;M3×3

sym)
+DHh

(Λhp
h; 0, t)

≤ Rc

∥∥Λhe
h(0)

∥∥
L2(Ω̃×Y;M3×3

sym)
+ 2Rc sup

t∈[0,T ]

∥∥Λhe
h(t)

∥∥
L2(Ω̃×Y;M3×3

sym)

ˆ T

0

∥Eẇ(s)∥L2(Ω̃;M3×3
sym) ds,

where the last integral is well defined as t 7→ Eẇ(t) belongs to L1([0, T ];L2(Ω̃;M3×3
sym)). In view of

the boundedness of Λhe
h
0 that is implied by (6.2), property (6.10) now follows by the Cauchy-Schwarz

inequality.

Second, from the latter inequality in (6.10) and (3.5), we infer that

rk
∥∥Λhp

h(t)− Λhp
h
0

∥∥
Mb(Ω̃×Y;M3×3

dev )
≤ Hh

(
Λhp

h(t)− Λhp
h
0

)
≤ DHh

(Λhp
h; 0, t) ≤ C,

for every t ∈ [0, T ], which together with (6.3) implies

sup
t∈[0,T ]

∥∥Λhp
h(t)

∥∥
Mb(Ω̃×Y;M3×3

dev )
≤ C. (6.11)

Next, we note that ∥·∥L1(Ω̃\Ω;M3×3
sym) is a continuous seminorm on BD(Ω̃) which is also a norm on the

set of rigid motions. Then, using a variant of Poincaré-Korn’s inequality (see [45, Chapter II, Proposition
2.4]) and the fact (uh(t), eh(t), ph(t)) ∈ Ah(w(t)), we conclude that, for every h > 0 and t ∈ [0, T ],∥∥uh(t)∥∥

BD(Ω̃)
≤ C

(∥∥uh(t)∥∥
L1(Ω̃\Ω;R3)

+
∥∥Euh(t)∥∥Mb(Ω̃;M3×3

sym)

)
≤ C

(
∥w(t)∥L1(Ω̃\Ω;R3) +

∥∥eh(t)∥∥
L2(Ω̃;M3×3

sym)
+
∥∥ph(t)∥∥Mb(Ω̃;M3×3

dev )

)
≤ C

(
∥w(t)∥L2(Ω̃;R3) +

∥∥Λhe
h(t)

∥∥
L2(Ω̃;M3×3

sym)
+
∥∥Λhp

h(t)
∥∥
Mb(Ω̃;M3×3

dev )

)
.

In view of the assumption w ∈ H1(Ω̃;R3), from (6.11) and the former inequality in (6.10) it follows that

the sequences {uh(t)} are bounded in BD(Ω̃) uniformly with respect to t.

Owing to (2.3), we infer that DHh
and V are equivalent norms, which immediately implies

V(Λhp
h; 0, T ) ≤ C, (6.12)

for every h > 0. Hence, by a generalized version of Helly’s selection theorem (see [13, Lemma 7.2]), there

exists a (not relabeled) subsequence, independent of t, and P ∈ BV (0, T ;Mb(Ω̃× Y;M3×3
dev )) such that

Λhp
h(t)

2−∗−−⇀ P (t) two-scale weakly* in Mb(Ω̃× Y;M3×3
dev ),

for every t ∈ [0, T ], and V(P ; 0, T ) ≤ C. We extract a further subsequence (possibly depending on t),

uht(t)
∗−⇀ u(t) weakly* in BD(Ω̃),

Λht
eht(t)

2−⇀ E(t) two-scale weakly in L2(Ω̃× Y;M3×3
sym),

for every t ∈ [0, T ]. From Proposition 4.1 , we can conclude for every t ∈ [0, T ] that u(t) ∈ KL(Ω̃).
Furthermore, according to Theorem 4.14, one can choose the above subsequence in a way such that there
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exist µ(t) ∈ X0(ω̃), κ(t) ∈ Υ0(ω̃) and ζ(t) ∈ Mb(Ω̃× Y;R3) such that

ΛhEu
ht(t)

2−∗−−⇀ Eu(t)⊗ L2
y +

(
Eyµ(t)− x3D

2
yκ(t) ζ ′(t)

(ζ ′(t))T ζ3(t)

)
.

Since, ΛhtEu
ht(t) = Λhte

ht(t) + Λhtp
ht(t) in Ω̃ for every h > 0 and t ∈ [0, T ], we deduce that

(u(t), E′′(t), P ′′(t)) ∈ Ahom
0 (w(t)) .

Lastly, we consider for every t ∈ [0, T ]

σht(t) := C
(

x′

εht

)
Λht

eht(t).

Then we can choose a (not relabeled) subsequence, such that

σht(t)
2−⇀ Σ(t) two-scale weakly in L2(Ω̃× Y;M3×3

sym), (6.13)

where Σ(t) := C(y)E(t). Since σht(t) ∈ Kht for every t ∈ [0, T ], by Proposition 5.24 we can conclude
Σ(t) ∈ Khom

0 . From this it follows that E(t) = AyE
′′(t).

Step 2: Global stability.

Since from Step 1 we have (u(t), E′′(t), P ′′(t)) ∈ Ahom
0 (w(t)) with the associated µ(t) ∈ X0(ω̃), κ(t) ∈

Υ0(ω̃) , then for every (υ,H,Π) ∈ Ahom
0 (w(t)) with the associated ν(t) ∈ X0(ω̃), λ(t) ∈ Υ0(ω̃) we have

(υ − u(t), H − E′′(t),Π− P ′′(t)) ∈ Ahom
0 (0).

Furthermore, since from the first step of the proof Cr(y)E
′′(t) ∈ Khom

0 , by Corollary 5.29 we have

Hhom
0 (Π− P ′′(t)) ≥ −

ˆ
ω×I×Y

Cr(y)E
′′(t) : (H − E′′(t)) dxdy

= Qhom
0 (E′′(t)) +Qhom

0 (H − E′′(t))−Qhom
0 (H),

where the last equality is a straightforward computation. From the above, we immediately deduce

Hhom
0 (Π− P ′′(t)) +Qhom

0 (H) ≥ Qhom(E′′(t)) +Qhom
0 (H − E′′(t)) ≥ Qhom

0 (E′′(t)),

hence the global stability of the two-scale quasistatic evolution (qs1)homγ .

We proceed by proving that the limit functions u(t) and E(t) do not depend on the subsequence. Since
E(t) = AyE

′′(t), it is enough to conclude that E′′(t) is unique. Assume (υ(t), H(t), P (t)) ∈ Ahom
0 (w(t))

with the associated ν(t) ∈ X0(ω̃), λ(t) ∈ Υ0(ω̃) also satisfy the global stability of the two-scale quasistatic
evolution. By the strict convexity of Qhom

0 , we immediately obtain that

H(t) = E′′(t).

Identifing Eu(t), Eυ(t) with elements of Mb(Ω̃;M2×2
sym) and using (5.23), we have that

Eυ(t)⊗ L2
y + Eyν(t)− x3D

2
yκ(t) = H(t)L3

x ⊗ L2
y + P (t)

= E(t)L3
x ⊗ L2

y + P (t)

= Eu(t)⊗ L2
y + Eyµ(t)− x3D

2
yκ(t).

Integrating over Y, we obtain

Eυ(t) = Eu(t).

Using the variant of Poincaré-Korn’s inequality as in Step 1, we can infer that υ(t) = u(t) on Ω̃.

This implies that the whole sequences converge without depening on t, i.e.

uh(t)
∗−⇀ u(t) weakly* in BD(Ω̃),

Λhe
h(t)

2−⇀ E(t) = AyE
′′(t) two-scale weakly in L2(Ω̃× Y;M3×3

sym).

Step 3: Energy balance.
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In order to prove energy balance of the two-scale quasistatic evolution (qs2)homγ , it is enough (by
arguing as in, e.g. [13, Theorem 4.7] and [27, Theorem 2.7]) to prove the energy inequality

Qhom
0 (E′′(t)) +DHhom

0
(P ′′; 0, t)

≤ Qhom
0 (E′′(0)) +

ˆ t

0

ˆ
Ω×Y

Cr(y)E
′′(s) : Eẇ(s) dxdyds.

(6.14)

For a fixed t ∈ [0, T ], let us consider a subdivision 0 = t1 < t2 < . . . < tn = t of [0, t]. In view of
the lower semicontinuity of Qhom and Hhom as a consequence of the convexity of Q and Reshetnyak
lower-semicontinuity (see [1, Theorem 2.38] and Remark 3.11 , see also [26, Lemma 4.6]) from (qs2)h we
have

Qhom
0 (E(t)) +

n∑
i=1

Hhom
0 (P (ti+1)− P (ti))

≤ lim inf
h

(
Qh(Λhe

h(t)) +

n∑
i=1

Hh

(
Λhp

h(ti+1)− Λhp
h(ti)

))
≤ lim inf

h

(
Qh(Λhe

h(t)) +DHh
(Λhp

h; 0, t)
)

= lim inf
h

(
Qh(Λhe

h(0)) +

ˆ t

0

ˆ
Ω

C
(

x′

εh

)
Λhe

h(s) : Eẇ(s) dxds

)
.

In view of the strong convergence assumed in (6.2) and (6.13), by the Lebesgue’s dominated convergence
theorem we infer

lim
h

(
Qh(Λhe

h(0)) +

ˆ t

0

ˆ
Ω

C
(

x′

εh

)
Λhe

h(s) : Eẇ(s) dxds

)
= Qhom

0 (E(0)) +

ˆ t

0

ˆ
Ω×Y

Cr(y)E
′′(s) : Eẇ(s) dxdyds.

Hence, we have

Qhom
0 (E(t)) +

n∑
i=1

Hhom
0 (P ′′(ti+1)− P ′′(ti))

≤ Qhom
0 (E′′(0)) +

ˆ t

0

ˆ
Ω×Y

Cr(y)E
′′(s) : Eẇ(s) dxdyds.

Taking the supremum over all partitions of [0, t] yields (6.14), which concludes the proof, after replacement
of E with E′′ and P with P ′′. □
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