FRACTIONAL DIVERGENCE-MEASURE FIELDS, LEIBNIZ RULE
AND GAUSS-GREEN FORMULA

GIOVANNI E. COMI AND GIORGIO STEFANI

ABSTRACT. Given « € [0,1] and p € [1,+0o0], we define the space DM™P(R™) of LP
vector fields whose a-divergence is a finite Radon measure, extending the theory of
divergence-measure vector fields to the distributional fractional setting. Our main results
concern the absolute continuity properties of the a-divergence-measure with respect to
the Hausdorff measure and fractional analogues of the Leibniz rule and the Gauss—Green
formula. The sharpness of our results is discussed via some explicit examples.

1. INTRODUCTION

1.1. The classical framework. The theory of divergence-measure fields in the Euclidean
space naturally emerged as the appropriate setting for the study of minimal regularity
conditions allowing for integration-by-parts and Gauss—Green formulas. Since Anzel-
lotti’s seminal paper [3], several fundamental results have been established in the last
20 years, such as Leibniz rules for divergence-measure fields and suitably weakly differ-
entiable scalar functions, well-posedness of generalized normal traces on rectifiable sets,
and integration-by-parts formulas under minimal regularity assumptions, see [1,/7-9,/14,
15,123-26,133,50-52]. Since its beginning, the theory of divergence-measure fields have
found numerous applications in several areas, including Continuum Mechanics [30,48,49],
hyperbolic systems of conservation laws [1,8,|11},29], gas dynamic [10] and Dirichlet
problems for the 1-Laplacian operator and prescribed mean curvature-type equations
[12,[27,128,|37H40}43,|46},47], just to name a few. For recent extensions to non-Euclidean
frameworks, we refer to [5}6,/16].

The basic definition goes as follows (see Section for the notation). Given p €
[1,400], we say that a vector field F' € LP(R"; R™) has divergence-measure, and we write
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2 G. E. COMI AND G. STEFANI
F € DM"P(R"), if there exists a finite Radon measure divF € M(R") such that
F-Veds = —/ ¢ ddivF (1.1)
Rn Rn

for all £ € C2°(R™). The integration-by-parts formula ([1.1)) clearly generalizes the usual

Divergence Theorem. In fact, if the vector field F' is sufficiently regular, say F €

Lipy,.(R™;R™), then divF = divF Z" in (1.1), where £ is the n-dimensional measure.
As for the analogous case of functions with bounded variation, the two principal ques-

tions regarding DM vector fields concern the absolute continuity properties of the

divergence-measure with respect to the Hausdorff measure 7%, for s € [0,n], and the

well-posedness of a Leibniz rule with suitable scalar functions.

The absolute continuity properties of the divergence-measure of a DM vector field
with respect to the Hausdorff measure hold as follows, see [49, Th. 3.2 and Exam. 3.3].

Theorem 1.1 (Absolute continuity properties of the divergence-measure). Assume that
F € DMYP(R") with p € [1,+00]. We have the following cases:

(i) if p € [1, ﬁ), then div F' does not enjoy any absolute continuity property;
(i1) if p € {%, —i—oo), then |divF|(B) = 0 on Borel sets B of o-finite A" 71 measure;
(iii) if p = +o0, then |divF| <« "L

The Leibniz rule involving DM'? vector fields and Sobolev functions is stated in
Theorem below, for which we refer to [7, Prop. 3.1], [8, Th. 3.1], [13, Th. 3.2.3]
and [34, Th. 2.1]. Here and in the following, for x € R", we let

lim ][ g(y)dy if the limit exists,
g*(x) = { 70" /Bi()

0 otherwise,

(1.2)

be the precise representative of g € L (R™). For the notion of (Anzellotti’s) pairing
measure briefly recalled in the statement, we refer the reader to [3, Def. 1.4], [8, Th. 3.2],
or to [23, Sec. 2.5] for a more general formulation.

Theorem 1.2 (Leibniz rule for DM vector fields and weakly differentiable functions).
Let p,q € [1,400] be such that % + é =1. If F € DM"P(R") and
L®(R") N Wh(R"™)  forp € [1,+00),
g€ {LOO(R") N BV(R™)  for p= +o0,

then gF € DM (R™) for all v € [1,p], with

div(gF) = g* divF + (F,Dg), in M(R"). (1.3)
Here
F-Vg<£" ifq>1, orq=1 and g € L®(R") N WH{(R"),
(F.Dg)  ifq=1and g L=(R") N (BV(R")\ WI(R")),
is the pairing measure between F' and Dg, where (F, Dg) is the unique weak limit

F-V(o.xg) Z" — (F,Dg) in M(R") ase — 0",

(F7Dg>q:{
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being 0. = € "o (g) for e > 0, with p € C°(R™) any non-negative radially symmetric
function such that supp o C By and [z, odx = 1.

Remark 1.3 (Choice of ¢* in ((1.3)) for p < +00). For p < +00, the function ¢* appearing
in (1.3) can be defined in a more specific way. For p € [1, ﬁ), g* can be taken as
the continuous representative of g. Instead, for p € {ﬁ, —|—oo>, g* can be taken as the

q-quasicontinuous representative of g. See [13], Sec. 3.2] for a more detailed discussion.

1.2. Fractional divergence-measure fields. The aim of the present note is to intro-
duce a fractional analogue of the theory of divergence-measure fields, following the dis-
tributional approach to fractional spaces recently introduced and studied by the authors
and collaborators in the series of papers [4,[17-22]. For results close to the main topic of
this paper, we also refer to [42}53]54], even though our point of view is different.

In the fractional setting, for o € (0, 1), one has the integration-by-parts formula

F-veeds = —/ ¢ diveF dz (1.4)
R” R
for all functions ¢ € Lip.(R") and vector fields F' € Lip.(R"; R™), where
(€(y) — &)y — =)
ve = na”/ d
§(@) = pina |

|y — z|ntat
is the fractional a-gradient,

(@) = [ PO =P =

R" |y — a|rrett

y, x€R" (1.5)

dy, =z eR", (1.6)

is the fractional a-divergence, and

n+a+1
,Un,a:2a7r_gr( 12 )
r(s)
is a renormalization constant, see [18, Sec. 2.2] for a detailed exposition. According to the
main results of [4,/19], with a slight (but justified) abuse of notation, we may identify
with the usual gradient V for a = 1, and with the vector-valued Riesz transform V° = R
for a = 0 (see Section [2.1| for the definition).

As already done by the authors in the case of scalar functions, the basic idea is now to
use formula (1.4]) to define a fractional analogue of the divergence-measure (|1.1)).

Definition 1.4 (DM*? vector fields). Let o € [0,1] and p € [1,4+00]. A vector field
F € LP(R™;R") has fractional a-divergence-measure, and we write F' € DM*P(R"™), if

Sup{/RnF~Va§dx £ e OF(R™), [[€]lpoomny < 1} < 400,

The case a = 1 in Definition corresponds to classical divergence-measure fields.
Without loss of generality, we always assume n > 2, since for n = 1 one clearly identifies
DM*P(R) = BV*P(R), the space of L? functions with finite totale fractional a-variation,
see the aforementioned [17},20,21] for an extensive presentation of BV*? functions on R™.
We also observe that BV*?(R";R") C DM*>P(R") for n > 2, with strict inclusion at

least in the case p € [1 L), due to the fact that the vector fields in Example below

' n—«a

cannot belong to BV*P(R"; R™), in the light of |17, Th. 1].
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Similarly to the case of BV®? functions (see [18, Th. 3.2] and [4, Th. 5]), we can state
the following structural result for DM*? vector fields. The proof is very similar to the
one of [18, Th. 3.2] and is therefore omitted.

Theorem 1.5 (Structure Theorem for DM*? vector fields). Let o € [0,1] and p €
[1,+00]. A vector field F € LP(R";R"™) belongs to DM*P(R™) if and only if there exists
a finite Radon measure div*F € M(R"™) such that

F.-Vods = —/ ¢ ddiv® F (1.7)
Rn Rn
for all & € CX(R™). In addition, for any open set U C R", it holds
dF\0) =swpd [ P voedrie e CEO), el <1} (19)

If the vector field is sufficiently regular, say F' € Lip.(R™; R"™) for instance, then the
fractional divergence-measure given by Theorem is div*F = div*F £™, where div*F
is as in ([{1.6). Moreover, thanks to Theorem the linear space

DM*P(R") = {F € LP(R";R") : |div®* F|(R") < +o0}
endowed with the norm
||F||fDMa,p(Rn) = ||F||Lp(Rn;Rn) + |div*F|(R™), F € DM*P(R"),

is a Banach space, and the fractional divergence-measure in (|1.8)) is lower semicontinuous
with respect to the L” convergence.

Remark 1.6 (On the space DM"?). Although not strictly necessary for the purposes
of the present paper, let us briefly comment on the case a = 0 in Definition [1.4l By
exploiting [4, Lem. 26], if F € DM"?(R") for some p € (1,+00), then

div’F = div'"F.¢™" = (R- F) "
with R- F € LP(R"), where R = V° the vector-value Riesz transform (see Section [2.1| for
the definition). Therefore, for p € (1,400), we can write
DM (R") = {F € [P(R";R") : div’F € L'(R")}.
Hence, if F € DM?(R") for some p € (1, +00), then |div’F| < £". The limiting cases

p € {1,400} seem more intricate and we leave them for future investigations.

1.3. Main results. Our first main result deals with the absolute continuity properties
of DM*P vector fields with respect to the Hausdorff measure, extending Theorem [1.1}

Theorem 1.7 (Absolute continuity properties of the fractional divergence-measure). Let
a € (0,1), pe[l,+o0] and assume that F € DM*P(R™). We have the following cases:

(i) if p € [1 L), then div®F does not enjoy any absolute continuity property;

(it) if p € {ﬁ,ﬁ), then |div*F|(B) = 0 on Borel sets B C R" with o-finite

n——— T
HC rH0-9% measure;

(iii) if p € [&,—i—oo}, then |div®F| < " 5.
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In particular, Theorem tells that, if ¥ € DM**(R"), then |div*F| <« 5",
exactly as in Theorem for p = 4+00. For p < +o00, instead, the properties of the
fractional divergence-measure are different from the corresponding ones in the classical
setting. Indeed, as for the fractional variation of BV*? functions (see |17, Th. 1] for the
corresponding result), the threshold p = "~ imposes an interesting change of dimension of
the Hausdorff measure. This is quite customary in the distributional fractional framework,
and is essentially due to the mapping properties of Riesz potential I;_,, see [18, Sec. 2.3].

Our second main result concerns Leibniz rules for DM*P-fields and Besov functions,
see [20, Th 1.1] for the corresponding result for BV *? functions. We refer to Section
for the definitions of fractional Sobolev and Besov spaces.

Theorem 1.8 (Leibniz rule for DM*? vector fields with Besov functions). Let o € (0, 1)
and let p,q € [1,4+00] be such that % + % =1. If F € DM*P(R") and

B, (R") forpe[1,:%),
. L>*(R") N B (R™) with v € (Ynga,1) forpe {n"fa, ﬁ) , (1.9
g .
L=(R™) N By, (R") with B € (Buga 1) forp € [, +00),
L= (R™) N WeL(R™) for p = 400,
where
1 n n
Br.ga = — (a—l—n—) and  Ypgo = ——F—,
g q on+(1-a)g
then gF' € DM*"(R™) for all r € [1,p], with
div*(gF) = g*div*F + F - V% " + divy, (¢, F) " in M(R"),
where
o 9(y) —9(x))(Fy) — F(z)) - (y —x n
800, F) = e [ IDZINEW P (=) g g
R" ly — |
is the non-local fractional divergence of the couple (g, F'), and satisfies
[divRe (g, F)llr < tna l9] B, o) | F || (e ).
In addition,
div®(gF)(R") = / dive, (g, F) dz = 0, (1.10)
R
and
F-Vedx = —/ g* ddiv*F. (1.11)
R” R7

Theorem besides providing an extention of Theorem provides a Gauss—Green
formula for DM*> vector fields on W! sets. For the definitions of the fractional reduced
boundary F°E and of the inner fractional normal v%: F*E — S"! of a set E C R"™, we
refer the reader to [18, Def. 4.7].

Corollary 1.9 (Generalized fractional Gauss—Green formula). Let o € (0,1). If F' €
DM*>®(R™) and xp € W*(R™), then

/ ddiv®F = — [ F 02|V da,
E1 E

Fo
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where

E' = xGR”:Hlimwzl )
r—0t | B.(z)]

Corollary immediately follows from (1.11)) with g = xpg, since x5 = xg1 " *-a.e.
by [45, Prop. 3.1], and therefore |div® F|-a.e. thanks to point of Theorem [1.7]

Corollary provides the most general version known so far of the fractional Gauss—
Green formula proved in |18, Th. 4.2]. Unfortunately, we do not know if the assumption
xr € W*L(R") can be replaced with the weaker one x5 € BV*(R") in Corollary [1.9]
In fact, as observed in [17], we do not know whether the precise representative ¢g* defined
in of g € BV®>®(R") is well defined up to " *-negligible sets. We plan to tackle
this and other strictly-connected challenging open questions in future works.

1.4. Organization of the paper. In Section [2| we collect all the needed intermediate
results to prove our main theorems. In particular, Section [2.4] and Section [2.5] contain
the proofs of points and of Theorem , respectively. The proof of Theorem ,
instead, can be found in Section [2.6] Section [3| collects several examples. In Section [3.1]
we show point of Theorem while in Section we discuss the sharpness of the
other two points and of Theorem [1.7

2. PROOFS OF THE MAIN RESULTS

In this section, we provide the proofs of our main results Theorem [I.7]and Theorem [I.8]
The proof of Theorem [I.7] is split across Sections [3.1} [2.4] and [2.5] while the proof of
Theorem [[.§ is given in Section [2.6]

2.1. General notation. We start with a brief description of the main notation used in
this paper. In order to keep the exposition the most reader-friendly as possible, we retain
the same notation adopted in our works [4}17-22].

Lebesque and Hausdorff measures. We let £" and J* be the n-dimensional Lebesgue
measure and the a-dimensional Hausdorff measure on R", respectively, with a € [0, n].
We denote by B,.(x) the standard open Euclidean ball with center z € R™ and radius
r > 0. We let B, = B,(0). Recall that w,, = |By| = 72 /T (”7*2) and "1 (0B) = nw,,
where I' is Euler’s Gamma function.

Regular maps. Let © C R™ be an open (non-empty) set. For k& € Ny U {+o0} and
m € N, we let C*(Q; R™) and Lip,(£2;R™) be the spaces of C*-regular and, respectively,
Lipschitz-regular, m-vector-valued functions defined on R™ with compact support in the
open set 1 C R™. Analogously, we let CF(£2;R™) and Lip,(£2;R™) be the spaces of C*-
regular and, respectively, Lipschitz-regular, m-vector-valued bounded functions defined
on the open set 2 C R™. In the case k£ = 0, we drop the superscript and simply write
Ce(Q;R™) and Cp(2; R™).
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Radon measures. For m € N, the total variation on €} of the m-vector-valued Radon
measure f is defined as

al(2) =sup{ [ o+ diu: 0 € CEBR™), gl < 1},

We thus let M(£2; R™) be the space of m-vector-valued Radon measure with finite total
variation on Q. We say that (ux)ren C M(Q;R™) weakly converges to p € M(Q;R™),
and we write gy — p in M(Q;R™) as k — +o0, if

lim /g0~d,uk:/g0-du (2.1)
) Q

k—+o0

for all ¢ € C.(Q;R™). Note that we make a little abuse of terminology, since the limit
in (2.1)) actually defines the weak*-convergence in M(2; R™).

Lebesgue, Sobolev and BV spaces. For any exponent p € [1,400], we let LP(Q;R™) be
the space of m-vector-valued Lebesgue p-integrable functions on 2. We let

WP R™) = {u € LP(BR™) : [ulwroiozm = |Vl omem) < +00}
be the space of m-vector-valued Sobolev functions on €2, see [41, Ch. 11], and
BV(R™) = {u € L'(%R™) : [ulpvorm = | Dul(Q) < +oo}
be the space of m-vector-valued functions of bounded variation on €2, see |2, Ch. 3].

Fractional Sobolev spaces. For a € (0,1) and p € [1,+00), we let

o = e

WeP(Q;R™) = {u € LP(Q;R™) : [ulwaw(orm) = (/Q . lu(z) ~ wlw)F” ;, dy>p < +OO}

be the space of m-vector-valued fractional Sobolev functions on €2, see [31]. For o € (0, 1)
and p = 400, we simply let

cyeaty T —Y|®

W (Q; R™) = {u € L¥(Q;R™) . sup Ju(z) = uly)l < —1—00},

so that W®>(Q;R™) = CJ*(Q;R™), the space of m-vector-valued bounded a-Hélder
continuous functions on (2.

Besov spaces. For a € (0,1) and p, q € [1, +0o0], we let
Bg’q(Rn,Rm) = {u c Lp<Rn’Rm) . [U]B}O}é’q(Rn;Rm) < —|—OO}

be the space of m-vector-valued Besov functions on R"™, see [41, Ch. 17|, where

u(-+h) —ull%, e wm a
([ )l )

e

[U]Bqu(Rn;Rm) =
M h _— n.RmMm
Sup ||U( + ) UHLP(R ;R™)

if ¢ = 0.
heRm\ {0} |h|«
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Shorthand for scalar function spaces. In order to avoid heavy notation, if the elements
of a function space F(£2;R™) are real-valued (i.e., m = 1), then we will drop the target
space and simply write F(£2).

Riesz potential. Given « € (0,n), we let

n—o

_9—a —%F (T) f(y) n
Lf(z) = 277 o) Aﬂm_yWQd% z eR", (2.2)

be the Riesz potential of order o of f € C°(R™;R™). We recall that, if o, 5 € (0,n)
satisfy a + 8 < n, then we have the following semigroup property
I(Isf) = Latsf (2.3)
for all f € C*(R™;R™). In addition, if 1 < p < g < +o0 satisfy % = - — =, then there
exists a constant C,, o, > 0 such that the operator in (2.2)) satisfies
HIafHLq(Rn;an) S Cn7a7prHLp(Rn;R7n) (24)

for all f € C°(R™; R™). As a consequence, the operator in (2.2)) extends to a linear con-
tinuous operator from LP(R"™;R™) to LZ(R™;R™), for which we retain the same notation.

For a proof of (2.3) and (2.4)), see [55, Ch. V, Sec. 1] or [36, Sec. 1.2.1].

1
p

Riesz transform. We let

L yflz+y) "
Rf(z) == zF(;)hmAPX}|WWLd% z € R", (2.5)

e—0t

be the (vector-valued) Riesz transform of a (sufficiently regular) function f. We refer
the reader to [36, Sec. 2.1 and 2.4.4], [55, Ch. III, Sec. 1] and [56, Ch. III] for a more
detailed exposition. We warn the reader that the definition in agrees with the one
in [56] and differs from the one in [36,/55] for a minus sign. The Riesz transform is
a singular integral of convolution type, thus in particular it defines a continuous operator
R: L?(R") — LP(R™;R") for any given p € (1,+00), see [35, Cor. 5.2.8]. We also recall
that its components R; satisfy

Y R}=-Id on L*(R"),
=1

see |35, Prop. 5.1.16].

2.2. Approximation by smooth vector fields. Here and in the rest of the paper, we
let (0.) € C°(R") be a family of standard mollifiers as in |18, Sec. 3.3]. The following
approximation result is the natural generalization to DM*? vector fields of [17, Th. 4].
We leave its proof to the reader.

Theorem 2.1 (Approximation by C* N DM*? fields). Let a € (0,1] and p € [1,+00].
Let F € DM*P(R™) and define F. = F x o, for alle > 0. Then (F.).so C DM*P(R") N
C*(R"™; R™) with div*F. = (9. * div* F).L™ for all e > 0. Moreover, we have:

(i) if p < 400, then F. — F in LP(R™;R") as ¢ — 0%, if p = +o0, then F. — F in
LL(R™R™) ase — 07 for all g € [1,400);

loc

(ii) div*F. — div®F in M(R") and |div® F.|(R") — |div® F|(R") as e — 0.
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2.3. Integration-by-parts with Sobolev tests. For future convenience, we note that
the integration-by-parts formula ([1.7)) actually holds for a wider class of test functions.
To this aim, let us recall the notion of non-local fractional gradient

of a couple of functions f, g € Lip.(R"). The operator V§; can be continuously extended
to Lebesgue and Besov spaces, see |20, Cor. 2.7] for the precise statement.

r eR",

Proposition 2.2 (W7 N Cy-regular test). Let a € (0,1) and let p,q € [1,+00] be such
that L+ 1 =1. If F € DM*?(R"), then

[ PV fdx:—/Rnfddw F (2.6)

for all £ € WH(R™) N Cy(R™), and for all £ € BV(R") N Cy(R") if ¢ = 1.

Proof. The proof is analogous to the one of [17, Prop. 3], so we only sketch it for the
reader’s convenience. By a routine regularization-by-convolution argument, it is not re-
strictive to assume that & € WH4(R™) N Lip,(R™) N C*°(R"). Letting (ng)r>0 C C°(R")
be a family of cut-off functions as in |18, Sec. 3.3|, by |19, Lems. 2.3 and 2.4] we can write

/RnnRF-V fdx:/R"F-V (nRg)dx—/RngF-V anx—/RnF-VNL(nR,ﬁ)dx (2.7)

for all R > 0. Moreover, since {ng € C2°(R™), we have

/]R F Vo (nge) dz = — /R Rt Adiv™F
for all R > 0. Since
lim [ €F Vgde = RETMARF-VNL(nR,g)dx —0,

R—+o00 JRn
the conclusion follows by passing to the limit as R — +o0 in (2.7)). U

2.4. Relation between DM*? and DM'?. We now deal with point (ii)) of Theorem .
To this aim, we study the relationship between DM and DM*? vector fields.
As one may expect, DM vector fields can be regarded as DM vector fields, but

only locally with respect to the divergence-measure. For o € (0,1) and p € [1, +0o0], we
write F € DMP(R™) if F € LP(R™;R™) and, for any U C R™ bounded open set,

loc

Sup{/RnF -Vedr 1 £ € C°(R™), ||f||L°o(Rn) <1, supp& C U} < oo,

Consequently, the Radon measure div®F € My.(R™) given by (1.7) may be such that
|div* F|(R™) = +o00. This issue is quite normal, and essentially due to the properties of
Riesz potential, in view of the representation V* = VI;_,, see [18, Sec. 2.3].

Lemma 2.3 (Inclusion). If a € (0,1) and p € [1,+oc], then DM'P(R™) C DMP(R™).

loc

Proof. Let F € DM"P(R"). Given ¢ € C®(R"), since I, ¢ € C°(R") with VY =
VI_o¢ € LP (R™), we can write

F .V de — / F-VI  fde=— / I, o€ ddivF.
]Rn Rn

R n
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Hence, for any bounded open set U D supp&, by [18, Lem. 2.4] we can find a constant
Chau > 0, depending only on n, o and diam(U), such that

F . Vaf dx S On’a7U|d'L/UF|(Rn>||§||L00(Rn)

Rn
This implies that £ € DM.P(R™), as desired. O

loc

The inclusion given by Lemma [2.3] can be somewhat reversed, as done in Lemma [2.4]
below. Note that this result, besides providing analogues of |18, Lem. 3.28], [19] Lem. 3.7]
and |17, Prop. 4], proves point of Theorem

Lemma 2.4 (Relation between DM*? and DM"P). Let a € (0,1), p € (1, &) and
0= o=l I F € DMOP(RY), then G = I_oF € DM I(R"), with

|Gl La@n;rny < Cnap || F|lLr@nsrny  and  div G = div®F in M(R").

As a consequence, the operator I,_o: DM*P(R™) — DM (R") is continuous. Moreover,
forp € [L L), if F € DM*P(R") then |div*F|(B) = 0 on Borel sets B C R™ of

n—a’ l—a
o-finite S"TT measure.
Proof. Let p' = ﬁ, qJ = q%l and note that r = #fja)p, € (1, &) By the Hardy—
Littlewood—Sobolev inequality, we immediately get that G = I;_,F € LY(R"; R™). More-
over, given £ € C®(R"), we clearly have I, ,|V¢| € L7 (R"), because |V¢| € LT(R™).
Hence, by Fubini Theorem, we can write

F-Voodz :/ F-I Vodr— / G-Vode (2.8)

R™ R™ R"
for all £ € C°(R"), proving that div*F = div G in M(R™). The remaining part of the
statement easily follows from Theorem (also see [49, Th. 3.2]). O

2.5. Decay estimates. We now deal with point of Theorem . To this aim, we
prove some decay estimates of the fractional divergence-measure on balls.

Let us begin with the following result, which may be considered as a toy case for the
more general result in Theorem below.

Lemma 2.5 (Decay estimate for div®F > 0). Let a € (0,1] and p € [1,+00]. If F €
DM*P(R™) satisfies div*F > 0 on some open set A C R™, then

div* F(B,(x)) < Cpap | Fllzognzn r" ™75, (2.9)
for allxz € A and r > 0 such that By, (x) C A.

Proof. Let £ € C2°(Bsy) be such that £ > 0 and £ =1 on By. Then, for x € Aand r > 0
such that By,.(z) C A, we can estimate

div F(By(a) < [ ¢(Y0) adioFly) == [ Fly- (vog) (25 ) ey,
Thus we easily get

4t F(B,(@)) < |Fllogeny 7= ([ V€)' dy)”

n—a—2

= HFHLP(R";R") HvaguLP/(R";]R") r 7,
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from which the conclusion immediately follows. 0

Lemma [2.5] despite its simplicity, allows to recover the following rigidity result, which
may be seen as the natural fractional analogue of |44, Th. 3.1].

Proposition 2.6 (Rigidity). Let a € (0,1) and p € [1, ] If F € DM**(R") satisfies
div*F > 0, then div*F = 0.

Proof. If p < #, so that n — a — % < 0, then
0 < div*F(B,) < Cn,%IJHFHLP(Rn;Rn)rn—a_%

for all » > 0 by Lemma in the case x = 0. Hence the conclusion follows by taking the
limit as r — +oo. If instead p = -, then I div*F = div'F in L#-= (R™), since

/ L& ddiv® F = — / F-VoLtdr = — / F-V%de = / £divOF dz
Rn R» R» Rn

for all £ € C°(R™) by Proposition[2.2] Remark[L.6land [4, Prop. 7 and Lem. 26]. However,
for all R > 0 and x € R" we also have

1 div*F (B
1, div*F(x) > cma/ ————— ddiv* F(y) > ¢pq w—(R),
Bp |z —y|" (lz] + Ry
and thus I,div®F ¢ L7 unless div®F = 0. The proof is complete. O

To remove the non-negativity assumption div®F > 0 from the conclusion (2.9)) in
Lemma [2.5] we need to deal with integration-by-parts for DM*? fields on balls. The
following result is the analogue of [17, Th. 9].

Theorem 2.7 (Integration by parts on balls). Let « € (0,1) and p € (ﬁ,—l—oo}. If
F € DM*P(R"), ¢ € Lip.(R™) and x € R"™, then

/B (I)F -V dy + /Rn §F - VoXB,. () dy‘l’/RnF’V%L(XBr(x)vg) dy = —/

&ddiv® F
B (x)

(2.10)
for Lt-a.e. r > 0.

Proof. The proof is very similar to that of [17, Th. 9], so we only sketch it for the reader’s
convenience. Fix 2 € R™ and ¢ € Lip (R™) be fixed.
In the case p = +00, we consider h. ., € Lip.(R™) for ¢ > 0 and r > 0 defined as

+e—ly—
hera(y) = r ly =] ifr<ly—z|<r+e,

€
0 if ly —z| >r+e,
for all y € R". By [18| Lem. 5.1], V®h, ., € L'(R";R") with
a Hn,a r—=z l-n—a
VO heraly) = —/ 1—y dz 2.11
) e(m+a—1) JB(@)\B(2) |7 — 2| | | (2.11)
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for Z"-a.e. y € R". Since Since hero(y) = Xg () as ¢ — 0t for all y € R™ and

|div*F|(0B,(z)) = 0 for £'-a.e. r > 0, we can use he,, to approximate xp, () in (2.10).
On the one hand, since h.,, ¢ € Lip.(R™;R"), by Proposition we have

F Vo (heyo o) dy = — /R e p ddi® F. (2.12)

]Rn

On the other hand, by [18, Lem. 2.6], we can compute
Va(hs,r,x p) = hera Vi + o Vehe, + V%L(hs,r,xv ©). (2.13)

One then has to deal with each term of the right-hand side of (2.13]) separately. The most
difficult term is the second one, for which one has to observe that, by (2.11)),

/ &) Fy) - VOheraly) dy
__ Hna ) xr—z _ len-a
Celn+a—1) /R” ) ) /Br+£< NBr(2) |2 — \'Z vl dzdy

xr—z Cn—a
:/ / F(y)&y) |z —yl' " *dydz
Brie(@)\Br(z) |t — 2| Jrn

_ /”5 /a e vz / F(y)€(y) |z — [ dy d#™ () do.

) |z = 2]

Hence, by Lebesgue’s Differentiation Theorem,

i~ [ ) Fl)- [

e—=0 & Jrn Byrte(x)\Br(x |CL’ ‘

o xr—z ) o l-n—a n—1
—/aBT() /RHF(y)é(y)\Z yl dy A" (2)

o) |z — 2|
= [ & F@)- [ 12—yl dDxs (=) dy
for #'-a.e. r > 0. Thus, by [18, Th. 3.18, Eq. (3.26)], we get that

r —z

[z =yl dzdy

lim SF Ve . dy

e—0

Mo 1—n—
— e F / — y|"* dDxp, ) (2)d .
o1 S SO E@) [ 12—l XB,()(2) dy (2.14)

- Rn SF- Vo{XBr(f) dy

for #'-a.e. r > 0. The other terms are easier and hence left to the reader.

In the case p € (1 a,+oo), instead, one regularizes ' € DM*P(R") to (F.).>o C
DM*P(R™) N L*(R™;R™) N C>*°(R™; R™) via convolution to reduce to the previous case
p = +00. The conclusion then follows by exploiting the convergence properties given by

Theorem and recalling that, thanks to [17, Cor. 1], V*xp,(») € LY(R";R") for any
p € (ﬁ,oo , where ¢ = -£5, and that VR (X5,(), &) € LY(R";R") as well, thanks to
[20, Cor. 2.7]. We leave the details to the reader. O

We are now ready to generalize Lemma beyond the non-negativity assumption, as
done in [17, Th. 10] for BV *? functions.
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Theorem 2.8 (Decay estimates for DM®? functions for p > ). Let o € (0,1) and

pE (ﬁ, —1—00}. There exists two constants A, op, Bnap > 0, depending on n, o and p

only, with the following property. If F € DM*P(R") then, for |div*F|-a.e. x € R", there
exists r, > 0 such that

|div® F|(By(x)) < Apapll Fll e oz ra @ (2.15)
and
|div® (X5, (@) F)|(R") < Buapl Fllr@nmey ra ™ (2.16)
for all r € (0,7,), where ¢ € [1,+00) is such that % + é =1.
Proof. The proof follows the same line of that of |17, Th. 10], so we only sketch it for the

reader’s ease. Since F' € DM*P(R™), by the Polar Decomposition Theorem for Radon
measures there exists a Borel function o%: R" — R such that

div®F = 0% |div®F| with |o%(z)| =1 for |div®F|-a.e. x € R"™. (2.17)
For € R" such that |o%(x)| = 1, given r > 0 we define &, ,: R" — R as

0% (z) ify € B.(x),
Gor(y) =02 (x) (2 2) ify € Byy(w) \ By(w), (2.18)
0 lfy g—f B2T(x)7

for all y € R™. Since &, € Lip,(R™) with |||z @n) < 1, we can find r, € (0, 1) such that
- QO (07 o - QO 1 .
[, &) ddiF ) = [ 02() o3 (o) dldiv* () = 5 die? FI(Br(e)) (219
for all » € (0,r,). Also, by (2.10]), we can estimate

/ 5x7rddwaF§| / F-vog,, dy
B, (2) B, (2)

+ ‘ / g:v,r F- voCXBT(x) dz
R (2.20)

+ ‘ /R F VR (XB, @) §ar) dy‘

for #'-a.e. r € (0,7,). Hence the inequality in (2.15]) follows by estimating the three
terms in the right-hand side of (2.20)), recalling the scaling property of V¢, |17, Cor. 1] and
[20, Cor. 2.7]. For the inequality in (2.16), instead, one notes that, given any ¢ € Lip,(R")

with [[£]| pee@ny < 1, from ([2.10), it holds

[, o B Vo€dy | < | FI(By (@) + | Flavcan i) |9 X0 n e

+ | F[ 2o (s ko) [ VRL (X B, (2) €) || La (e e

for #*-a.e. r € (0,7,). The conclusion thus follows from (2.15) and again [17, Cor. 1] and
[20, Cor. 2.7]. We leave the details to the reader. O

As a consequence of Theorem 2.8 we get the following result, in particular proving the
validity of point in Theorem . Note that Corollary below is actually relevant

only in the case of point of Theorem , since n — m <n-—oa-— % if and

n

only if p > "~ and p < -, but in this second case both exponents are negative.
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Corollary 2.9 (|div®F| < AT for p > ). Let a € (0,1) and p € (ﬁ,—l—oo}. If
F € DM*P(R™), then there exists a |div® F|-negligible set Zz" C R™ such that

’danF‘ < 2%—04 An,a,P
w

| F || oy 3 LR™\ Z37, (2.21)

where Ay qp i as in (2.15) and g € [1,+00) is such that % + % =1.

Proof. By Theorem [2.8] there exists a set Zp C R™, which we can assume to be Borel
without loss of generality, such that |div®F|(Z3") = 0 and ([2.15) holds for any = ¢ Z".
Hence, for all x € R™\ Z3*, we have

« Ca . div*F|(B,(x Ana

@%_a(|dw F|,z) = limsup | ( ﬂf(a ) < - il | F|| e () -

r—0+ wWn_,T49 %7a
q

Inequality (2.21) thus follows from [2, Th. 2.56]. O

Remark 2.10. Corollary holds true also in the limit case as @ — 17. Indeed, if
F € DMY®(R"), then |52, Prop. 1] implies that

|divF| < cu|F || oo znyzmy 2" LR\ Z5),

for some constant ¢, > 0 and any |divF|-negligible set Z5> C R”™.
2.6. Proof of Theorem We begin with the following technical result.

Lemma 2.11 (Zero total divergence-measure). Let o € (0,1] and p € [1,#). If
F € DM*P(R"), then div*F(R™) = 0.

Proof. Let n € C°(B,) be such that n = 1 on By and set ng(z) = n (%) for k € N and
x € R". By (1.7) and the a-homogeneity of the fractional gradient, we have

’/ Mk ddivo‘F‘ =
R

< k5| Fl|o@nmn) Vo0l onny = 0 as k — 400

F -V dl"
R”

for ¢ > >, which means p < ~"—. Hence, by the Dominated Convergence Theorem with
respect to the measure |div®F|, we get that
div*F(R") = ddiv*F = lim N ddiv®* F =0
R” k—+oc0 JR7

concluding the proof. ([l

We can now deal with the Leibniz rule for DM“? vector fields and bounded continuous
Besov functions, in analogy with [20, Th. 3.1]. To this purpose, we need to recall the
notion of non-local fractional divergence

A (0. o) = o [, SO ZANEDZ RN G0 g, e e

of a couple (g, F'), where g € Lip.(R") and F' € Lip,(R™;R"™). The operator divy; can be
continuously extended to Lebesgue and Besov spaces, see [20, Cor. 2.7].
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Theorem 2.12 (Leibniz rule for D/\/lap with C, N B2, for 1 + 2 =1). Let a € (0,1) and
let p,q € [1,+00] be such that 11) 5 =1. IfF e 'D./\/lap(]R”) and g € Gy(R") N Bg (R™),
then gF € DM*"(R™) for all r € [1,p], with divyy (g, F) € L'(R") and

div*(gF) = gdiv*F + F - V% " + divy (g, F) Z"  in M(R"). (2.22)
In addition,
div®(gF)(R") = 0, /R divy (g, F) dz =0, (2.23)
and

F-vegds = —/ g ddiv®F. (2.24)
R™ R™

Proof. We mimic the proof of [20, Th. 3.1]. Since g € LY(R") N L*(R™), we have
gF € L'(R™) N LP(R™) by Hoélder’s inequality. In addition, [20, Cor. 2.7] implies that
diviy (g, F) € L'(R™). We now divide the proof in two steps.

Step 1: proof of (2.22)). Let ¢ € Lip.(R™) be given. By [20, Lem. 3.2(i)], we have

V(g§) = gVE+EVTig + V(g §) in LY(R"),
so that
[ gF - Vogda = /R F-Vo(g€) da —/R £F - Vogdz —/R F V2 (g,6)dz
By [20, Lem. 2.9], we have that

| F-Vin(g.€)de = [ ¢diviy (9. F)da.

Now let (F.)e=0 € DM*P(R™) N C*°(R™;R") be given by F. = g. * F for all € > 0.
In particular, we have F. € WP(R";R") for each ¢ > 0. Note that WP(R";R") C
By (R™;R™) for all a € (0,1) and p, ¢ € [1,+00], see [41, Th. 17.33]. As a consequence,
F € B (R™;R”) for each € > 0. Since g€ € By, (R"), by [20, Lem. 2.6] we can write

/ F. - Vo(g€) dz = —/ g€ dive F, dz
Rn Rn

for all € > 0. On the one side, we have

lim [ F.-vo(g€) dx—/ F-vo(g€) da

e—=0t JRr
by Hoélder’s inequality in the case p < +o00 and by the Dominated Convergence Theorem
in the case p = +00. On the other side, since g¢ € C.(R™), we also have

lim [ g€diviE. dz = / g€ ddiv F
e—0t JR» R
thanks to Theorem 2.1l We thus conclude that
/ F -V (g€) de = —/ g€ ddin® F
Rn Rn
so that, for all £ € Lip,(R"),
/ gF -V dz — —/ g€ ddiv® F —/ ¢F -V da — / £ dive, (g, F) dz.
R Rn R™ R»

By a standard approximation argument for the test function, we get (2.22)).
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Step 2: proof of ([2.23) and (2.24)). Since gF € DM™'(R"™) by Step 1, the first equation
in (2.23) readily follows from Lemma [2.11} Moreover, since obviously V. (g,v) = 0 for
all v € R, by [20, Lem. 2.9] we get

U/ diviy (g, F) dx :/ vdivyy (g, F) de :/ F-Vip(g,v)dz =0
R™ Rr Rr

for all v € R and also the second equation in (2.23)) immediately follows. By combin-

ing ([2.22)) with (2.23)), we get (2.24]) and the proof is complete. O

We are now in position to prove our second main result Theorem [L.§|

Proof of Theorem[1.8 The proofs of the cases p € {1, = a) pE { +oo) and p = 400
are analogous to those of |20, Cors. 3.3, 3.6 and 3.7], respectively, and are hence omitted.
We thus deal with the case p € [#, &) We start by noticing that 7,,, > o if
and only if p > - so that B);(R") C Bg(R"), thanks to [41, Th. 17.82]. Hence
g € By (R") and so Vg € LY(R"™ R") by [20, Cor. 23 and Lem. 2.6]. Let (0:).>0 be as
in Theorem and set g. = o. * g for all ¢ > 0. Arguing as in the proof of [20, Cor. 3.5],
we can exploit [17, Sec. 5.1 and Th. 11] to conclude that

lim g.(z) = ¢*(x) forallz € R"\ D,, (2.25)

e—0t

for some set D, C R"™ such that s#"797(D,) = 0 for any ¢ > 0 sufficiently small. Since
ng n

SNy = Y>> ———————,
n+(1—a)g 7 7 n+ (1 —a)g

we conclude that |div*F|(D,) = 0, by Theorem |1 - Since g. € Cyp(R™) N B, (R™) for all
e > 0 thanks to |41, Prop. 17.12], by Theorem we get that g.F € D/\/lo‘p( ™), with

div*(g-F) = ge div® F + F - V. " + div} (9., F) Z"  in M(R").

Now V%, = 0. * Vg in LY(R™;R") (for example see |18, Lem. 3.5] and its proof), while
[20, Cor. 2.7] implies that
[divi (00, F) — divy (g, F)ll ey = Idivie (0 — 9, F)ll s s
< 2o [|F || ooy |9 — gelBo @m)

for all £ > 0. Therefore, since g, * V¥g — Vg in Lq(R”;R") and, by [41, Prop. 17.12],
EA B, ®n) — 0, the conclusion follows by exploiting ([2.25]) and the Dominated Conver-

gence Theorem Wlth respect to the measure |div® F|. Fmally, equations ((1.10) and -

can be proved as ) and - in Theorem m

3. EXAMPLES

In this section, we illustrate some examples concerning Theorem
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3.1. Example for point of Theorem . Example below shows that, if p €
{1, %), the fractional divergence-measure of DM*? vector fields is not absolutely con-

—

tinuous with respect to 7#¢ for any € > 0, in general, proving point (fif) of Theorem .
Example 3.1. Let a € (0,1), y, 2 € R", and define

Fy,z,au)—un,a( by -2 ) ceRN\ {2 (1)

|3§' _ y|n+1—a ‘x _ Z’n—i—l—a

n—

proof of |18, Prop. 3.14]). Moreover, by |18, Prop. 3.13], we know that
div®F, .o =0y, — 0.
Consequently, F), . , € DM*P(R") for all p € {1 L)

' n—a

A plain computation yields F, ., € LP(R";R") for all p € [1, La) (for example, see the

Interestingly, the vector field (3.1]) of Example works also in the limit case a = 1,
proving point (i) of Theorem [L.1] see [49, Prop. 6.1].

Example 3.2. Let y, z € R"™ and define

Fyen(s) = o ((l" ) (o= Z’) r R {y,2).

e —y[* o —z["

Computations as in Example show that F), ., € LP(R";R") for all p € (1, ﬁ), with
dZ.UFyV%l = 5y — 52:
Hence F, ., € DM"P(R") for all p € (1, %) Actually, we have F, ., € DMLL(R™).

3.2. Partial sharpness of Theorem . Arguing as in |49, Exam. 3.3 and Prop. 6.1],
we can exploit the properties of the vector field in Exampleto construct additional
examples proving a partial sharpness of Theorem [1.7]

The following result is the analogue of |17, Prop. 5].

Proposition 3.3 (The vector field G, = F, *v). Let a € (0,1) and F, = Fye, o be as in
Ezxample and let v € M(R™). Then we have

n

=)

Go=F,xv e DM*P(R") forallp e [1,
n

with
div® Gy =V — (Te, )20, (3.2)
where 7,(y) =y + x for all x,y € R". In addition, if there exist C e > 0 such that
\v|(Br(x)) < Cr®  for all z € R" and r > 0, (3.3)
then

[1, nﬁ;ig) ife € (0,n — a),

Go € DMP(RY)  forallp e {[1,+00)  ife=n—a, (3.4)

1, +o0] ife € (n—a,n).
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Proof. We divide the proof into two steps.

Step 1. Let v € .4 (R™). We claim that G, € DM*P(R"™) for all p € [1, #) and that
G, satisfies (3.2). Indeed, by Young’s inequality (for Radon measures), we can estimate

|Gallzt@nmny < [[Fallo@nmm VI(R?).

Moreover, thanks to the translation invariance of V¢ and exploiting the explicit expression
of F, given in Example [3.1, we can write

/Rn Go(z) - VO¢(2) do = / /]R Fur — ) - VO£(x) duly) da
- /n /Rn Fo(r —y) - V(x)dz dv(y)

:_/n/ng z+y)d(do(z) = be, () dr(y)
:—/ E(y+er)) dv(y)

for all ¢ € C2(R™). This proves G, € DM*'(R") and (3.2). In addition, by Jensen’s
inequality and Tonelli’s Theorem, we can estimate
[ jGa@lde < [ W@y [ (F e - y)Pdvly)de

= VIR | FollZp@nny < +00

for all p € [ ) thanks to the 1ntegrab1hty properties of F,, given in Example
Step 2. We prove that (3.3)) implies (3.4). To this aim, let ¢ = Lrand 0 <6 < g¢.

I
Since |F,| = \Fa\g\FaP_g, by Hélder’s inequality we get

Gale)l < ([ 1Rl = )l¥ [Fale = )" Fdll(w))
< ([ 1B =)l i) ([ 1Fue - )09 dpi))

for a.e. x € R™. We now recall the explicit expression of F, in Example and write

(QJ)UB%(:c—el))‘ ( )| ’ ’( )

o (3.5)
Fa T — J d|lv R
j=1 C'(%%)UCj(m—eh%) ’ ( y)| ‘ ‘(Z/)

where we have set

Cj(x,r) = Byi(x) \ B+ ()
(0,1) and j € N, 5 > 1, for brevity. Now, on the one hand, if
(x — el)>, then x —y € R™ \ (B% U B%(el)), so that

for all z € R", r €
yeR"\ (By(x)UB

1
2

Pz =) < fina (2770 +277) = o 27170
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for all y € R"\ (B

/R"\ (B

for all x € R™. On the other hand, for all x € R™ and j > 1, we have

_n a—n 4
/CJ_(%%) |Folz — o) dlv|(y) < 1 _q /Cj%) (le =yl "+ |z —y—e|*™) dl(y)

. S\ —"N g
<i . (2(g+1)(n—a) +(1-27) ) V[ (B2 (x))

%(1‘) U B% (x — el)>. Therefore, we can estimate

g
Fo(xr — 6dV < n7a2n+1ia vI(R™ 3.6
oy o) P2~ 9 A1) (1n. ) IR (36)

< i, (20700 g gnee)’ e, (3.7)
Reasoning analogously, we obtain
ey Vol = AI(0) < O, (207007 o) 2 oy
i(z—e1,3
for all x € R” and j > 1. Therefore, inserting , and in , we get that
L VFala =)l dvl(y) < Cocs (39)

for all x € R", where C,.5 > 0 is constant depending on «, ¢, and § which is finite
provided that we choose § < -5, as we are assuming from now on. We thus have

n—ao’

Jo NGaterdz < ciZy [ [ 1F =Pt dilw) o
R™ 7 R? JR™

= L @) [ 1F@) Y da.

Now, recalling Example [3.1], we immediately see that
n ) n—on+ ad

/Rn |Fa(x)|p(1_5)dx<+oo — p< =) (1= 0) 1_g5" (n—a)1—-0)

is monotone increasing, we easily see that

Hence, since the function 6 — (nﬂsﬂ
n—a)(1-9)

ee(0,n—a) = d< <1:>pe{1,n_5)

n—o n—a—¢
and, similarly,
c€n—an = dn—a)<ecforalld e (0,1) = pe]l,+o0).

Finally, in the case € € (n — «a, nl, we exploit (3.9)) for 6 = 1 in order to conclude that
Gal@)| < [ |Fale = )] d|(y) = Cu < o0
for all x € R", which implies that G, € L>*(R™). The conclusion thus follows. O

Thanks to Proposition [3.3, we can now give the following example.

Example 3.4. Let a € (0, 1) and let v and G,, be as in Proposition[3.3] By [32, Cor. 4.12],
there exists a compact set K C R such that v = J#°L K, so that |div®G,| & H#* for all
s > . Now we observe that, by (3.4), we have the following situations:
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n—a’
since, if € € [n — a,n], then p € [1,400), while, for ¢ € (0,n — «), we have
p < ==, which implies € > n — ag;
e in order to have G, € DM**(R"), we need ¢ > n — a, since, if € € (n — a, n],

then p € [1, 400].

e in order to have G, € DM*P(R™) for some p € [L —|—oo), we need € > n — agq,

Therefore, these lower bounds on e imply that, for p € {ﬁ, —i—oo}, we have
|div* G| & H° for all s > n — aq.

Notice that

ng n
n—ag > maxqn— ——, — —«
ng+(1—-a)g q

n n

for all ¢ € {1, g}, which means p € [n_a, +oo}, with equality only for ¢ = ~ and ¢ = 1.
Consequently, Example shows that points and in Theorem cannot be
improved beyond |div®F'| < ™%, which is actually sharp for p = +o0.

Remark 3.5 (Correction to |17, Exam. 2]). For n = 1, Example [3.4] together with the
above considerations corrects the conclusions of [17, Exam. 2].
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