UNIFORM CONTRACTIVITY OF THE FISHER INFINITESIMAL MODEL
WITH STRONGLY CONVEX SELECTION

VINCENT CALVEZ, DAVID POYATO, AND FILIPPO SANTAMBROGIO

ABSTRACT. The Fisher infinitesimal model is a classical model of phenotypic trait inheritance in quanti-
tative genetics. Here, we prove that it encompasses a remarkable convexity structure which is compatible
with a selection function having a convex shape. It yields uniform contractivity along the flow, as mea-
sured by a L°° version of the Fisher information. It induces in turn asynchronous exponential growth of
solutions, associated with a well-defined, log-concave, equilibrium distribution. Although the equation is
non-linear and non-conservative, our result shares some similarities with the Bakry-Emery approach to
the exponential convergence of solutions to the Fokker-Planck equation with a convex potential. Indeed,
the contraction takes place at the level of the Fisher information. Moreover, the key lemma for prov-
ing contraction involves the Wasserstein distance W between two probability distributions of a (dual)
backward-in-time process, and it is inspired by a maximum principle by Caffarelli for the Monge-Ampére
equation.

1. INTRODUCTION
Let us consider the following nonlinear model
F,=T[F,—1], neN, zeR, (1.1)

describing the evolution of the distribution F,, = F,(x) of a one-dimensional trait x € R, subject to
sexual reproduction and the effect of selection at each generation. The operator 7 above is defined by

TIF)(z) := e ™@®B[F](z), z€R, (1.2)

//R ( xl_gaa) F(x){;Hde doz, weR, (1.3)

for any F € LL(R)\ {0}. On the one hand, the operator B describes the distribution of traits of
descendants of the previous generation F,,_1, arising as recombination of parental traits in agreement
with Fisher’s infinitesimal model, which is a classical model in quantitative genetics [0, 23]. Accordingly,
the mixing kernel G is set to a centered Gaussian distribution with unit segregation variance without loss
of generality, namely

B[F](x) :

1 _a2
G(.’L‘) = W@ 2, z € R. (14)

On the other hand, the trait-dependent mortality function m = m(x) > 0 represents the effect of selection
on the population, which acts multiplicatively over the descendants. In other words, the multiplicative
factor e=™(*) in represents the survival probability to the next generation of individuals having the
trait . We note that the time-discrete generations n € N are assumed non-overlapping since, altogether,
F,, describes the distribution of those offspring of F),_; having survived after the selection step, and then
different generations do not get mixed, see [16] for further insight.
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As the model is tracking only one trait distribution, it applies either when individuals are hermaphroditic,
or when the traits are equally distributed between male and female individuals within the population.
We refer to [6] for a comprehensive presentation of the model, its derivation and its limitations.

The goal of this paper is to extend the studies initiated in [16] to a broader class of selection functions.
Specifically, when m is a strongly convex function we prove asynchronous exponential growth [45] of
solutions to . In other words, we derive quantitative rates for the relaxation of the solutions {F), }»en
of to a strongly log-concave quasi-equilibrium of the form A" F, where A > 0 and F € L*(R)NP(R)
is an appropriate probability density. The fact that the quasi-equilibrium is strongly log-concave is crucial
in our approach and will be present all along the paper.

Definition 1.1 (Log-concavity). Consider any non-negative function F = e~V : R — R, .

(i) F is said log-concave when V is a convex function.
(it) F is said strongly log-concave with log-concavity parameter v > 0 (or v-log-concave) when V' is a
strongly convex function with convexity parameter ~ (or y-convex).
When the potential function V € C%(R?), we can equivalently formulate log-concavity in terms of second
order derivatives. Namely, F is log-concave when D*V >0, and F is y-log-concave when D?V > ~I,.

We remark that in order for an anstaz of the form F,,(x) = \"F(x) to define a solution to (I.1]), we
need that the pair (\, F') solves the following nonlinear eigenproblem:

AF =T[F], ze€eR,
(1.5)
F>0, /F

Hence, the possible quasi-equilibria are to be found as solutions to . Note that contrarily to the
special quadratic regime treated in [I6], the Gaussian structure can no longer be exploited and, in
particular, the existence of solutions to is unclear. Indeed, the above non-linear integral operator is
1-homogenenous but non-monotone, and therefore the Krein-Rutman theorem [31] cannot be applied as
it has been done in other (usually linear) problems in population dynamics [7, 19]. Hence, the study of
the non-linear evolution problem and the non-linear eigenproblem requires innovative ideas.
Along this paper, we address jointly the following two problems: (i) Existence of a strongly log-
concave solution (X, F) to (LF)), and (ii) Quantitative relaxation of the solutions to towards the
quasi-equilibrium A" F'. We make the crucial hypothesis that m is a strongly convex function,

m” >a for some a >0, (H1)

The function m necessarily reaches its minimum value over R. For convenience, we assume the following
additional hypothesis without loss of generality,

m >0, and m(0)=0. (H2)

The L relative Fisher information Z, plays a pivotal role in our analysis, as it measures the contractivity
along the flow (see methodological notes below). It is defined as follows, for a pair of functions P, Q €

L1 (R) N C'(R),
ngwa_H;i(bgg) L

Theorem 1.2. Let m € C%(R?) satisfy -. Then, the following statements hold true:
(i) (Existence of quasi-equilibrium)
There is at least one solution (A, F) to (LE). In addition, F = e~V € LL(R) N C*(R) is
B-log-concave, where B > % is uniquely defined by the following relationship

(1.6)

2p
= _— 1.7
b=ati53 (1.7)
Moreover, (A, F) is the unique solution to (L.5)) among all pairs (A, F') such that
d F
1 L>®(R). 1.
4 (e ) e 12®) (1.9

(i) (One-step contraction)
Consider any Fy € LY (R) N C'(R) such that

d”; (log fg) € L™(R), (H3)



and let {F,, }nen be the solution to (1.1) issued at Fy. Then, we have

OO(FHHF)S IOO(Fn—IHF)a (1~9)

2
1128
for any n € N.
(#ii) (Asynchronous exponential growth)
Consider any Fy € LY (R) N C*(R) verifying the assumption above, and let {Fy,}nen be the
solution to issued at Fy. Then, we have

[ Fnllz ’ ( 2 )"
Enllll A\ <cC , 1.10
[Fn_1l: =7 \1+25 (1.10)

Fn 2 2n

[F 22
for every n € N, where C' > 0 is a explicit constant depending on Fy, and Dgy, is the Kullback-
Leibler divergence (or relative entropy), that is,

P
Dx1L(P||Q) := / log (Q@) P(z)dz, P,QeLL(R)NP(R). (1.12)
R
Remark 1.3 (Case of quadratic selection). For quadratic selection m(z) = $|z|?, we have that m

satisfies the hypothesis (HI)-(H2) in Theorem[1.4, and then our new result applies. Such a special case
was studied in detail in [16], where in particular it was proven that there is a unique eigenpair (A, F) of
([L.5), which involves a Gaussian eigenfunction F(z) = Gg ,2(x) with variance o > 0 verifying

(1.13)

In particular, F is —5 L _log-concave (cf. Deﬁmtwnl) which is compatible with our new result in view of

the identity 02 = 5_ stemming from equations and | - Furthermore, the contraction factor in
. 1.9) predicted by Theorem 9 also recovers the one obtained in [16] for quadratic selection. Specifically,

2 (3+2a)-/(B3+2x)2-8
1428 2 ’

which agrees precisely with the contraction factor found in [16, Lemma 6.3].

Remark 1.4 (Close to-equilibrium initial data). In contrast with [16], where the above framework was

restricted to m( x|2 but generic Fy € M4 (R), Theorem applies to a broader class of selection
functions verzfymg 1 at the cost of restricting to initial data fulfilling the hypothesis (H3)). Specif-

ically, such a condmon zmposes a precise behavior of the tails of Fy, which must be very close to those of
the eigenfunction F (in particular, two Gaussian initial distributions should have the same variance).

Remark 1.5 (Conditional uniqueness). Another difference with [16] is that the current approach does not
guarantee global uniqueness of solutions to the eigenproblem , but only within the class of eigenpairs
verifying (1.8]). Nevertheless, we conjecture that global uniqueness holds true, as in the quadratic case
m(z) = %\x|2 Proving global uniqueness would require a careful control of the behavior at infinity, in the
spirit of [16], which is beyond the scope of this paper.

Remark 1.6 (On the convexity assumption). The convezity assumption ensures that m must have
a unique minimum. It implies that the quasi-equilibrium F' obtained in Theorem is log-concave, as
a consequence of the Prékopa-Leindler inequality. In the presence of multiple local minima of m, it was
proven in [I5, Corollary 1.5] that several quasi-equilibria could co-exist in the time-continuous version of
provided that the variance of kernel is small enough (in original units). That is, in the case of
non-conver m there is evidence that the generalized eigenproblem may admit non-unique solutions,
in contrast with general conclusions of the Krein—Rutman theory in the linear case. This is illustrated by
numerical simulations shown in Figure where two different quasi-equilibria (one of them bimodal) are
found numerically if m has two minima. A similar behaviour can be observed in a population adapting
to a heterogeneous, patchy environment, when each patch is associated with a different optimal trait [20].
The same conclusions also hold for the (continuous) time-marching problem in [40} [37, 27].
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(b) Non-uniqueness of quasi-equilibria for the double-well selection function

FIGURE 1. (a) Double-well selection function m(x) = 0.015 ((x — 3)% + 1)(z + 5)? used
in the simulations. (b) Time-evolution of the normalized profiles F, /|| F,||r: up to gen-
eration n = 40 (solid line) for two different choices of initial datum Fp. On the left,
Fy = 1[_35,1.5 leads to concentration near the left (globally) optimal trait. On the
right, Fy = 1_1 5 3.5) leads to concentration near the right (locally) optimal trait.

Remark 1.7 (Log-concavity and contraction factor). For any « > 0, we have that the log-concavity pa-
rameter B in (1.7) and the corresponding contraction factor ﬁ in (L.9) satisfy the following properties:

1 2
O[\‘O — B\‘§ and W/‘l,
a /oo = [ oo and ﬁ\ﬂ,

see Figure @ In particular, we have genuine contraction in (1.9)) since 0 < ﬁ < 1 for every a > 0.

Remark 1.8 (One-dimensional traits). In this paper we restrict to one-dimensional traits, but note
that an analogous version of and makes sense in higher dimensions yet. In fact, these
were studied in [16] for quadratic selection functions. However, a higher-dimensional version of our
result for generic strongly convex selection function would require some non-trivial improvements of the
present methods. Just to emphasize some non-trivial obstructions, we remark that our approach exploits
a mazximum principle for the Monge-Ampére equation in convex but mot uniformly-conver domains, as
described below. In this setting, it is not even clear why the standard elliptic regularity should hold up
to the boundary, as in the seminal works [12]. In two-dimensional domains with special symmetries, this
theory has been developed recently in [28], but a higher dimensional extension would require further work
which goes beyond the scope of this paper. The extension to any dimension was achieved in [29], which
was released during the time of revision of the present work.

Bibliographical notes.
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FIGURE 2. Plot of the log-concavity parameter 5 of the eigenfunction F' and the con-
traction parameter ﬁ in Theorem as a function of «

This work can be viewed as another brick to combine optimal transportation tools for non-conservative
problems arising in biology. The connection between the Fisher infinitesimal model and the L? Wasser-
stein distance was spotted by G. RAoUL [39] (see also [32] for similar results in a different context of
protein exchanges between cells). In fact, when there is no selection (that is, m = const), the operator T
is non-expansive for the latter distance. Contraction cannot be expected because of translational invari-
ance. Nevertheless, it is contractive with rate 1/v/2 in the class of distributions having the same center
of mass (the latter being preserved by the flow) [39, Theorem 4.1 and Corollary 4.2]. This remarkable
structure was further exploited by G. RAoOUL [40] in a perturbative setting, when selection is small (in
amplitude), and restricted to a compact interval (m is constant beyond a certain range). More precisely,
G. RAOUL proved that the dynamics is well captured by some averaged quantities (“moments”) of the
Gaussian distribution coupled with the selection function, provided that the initial data is well-prepared,
in the basin of attraction of the stationary state, and the amplitude of selection is small enough. For
that purpose, he carefully established that the contraction issued from the infinitesimal operator was
robust enough to dominate detrimental effects due to selection. Note that the later references consider
overlapping generations, that is, a continuous-in-time rather than discrete dynamics. However, some
fruitful analogy can be drawn between the results and methodology.

In parallel, the regime of small segregation variance (when G has variance 2 and ¢ is small
enough) was investigated by [15, [37] in another perturbative setting, without exploiting the Wasserstein
metric structure. This methodology built upon the seminal works on vanishing viscosity limits associated
with linear (asexual) modes of reproduction in quantitative genetics models [21], 38, 5]. Interestingly,
it was proven in [I5] that the problem lacks uniqueness in full generality. More precisely, it was
possible to build a solution to centered in the vicinity of any local minimum of m, provided that
the selection value at the local minimum is close enough to the global minimum. This result entails
a clear separation with linear, order-preserving operators (and non-linear extensions [31] [33]) for which
genuinely admits a unique solution (under standard irreducibility assumptions), see Remark
The Cauchy problem initialized with some concentrated initial data was further investigated in [37] (in
a multiplicative perturbative approach) and more recently in [27] (in a moment-based approach), still in
the regime of small segregation variance. The case of zero segregation variance was the subject of the
recent [25].

Heuristically, uniqueness of the (non-linear) eigenpair (X, F') is rather clear when the selection function
m is convex, and [16] was a first contribution in this direction, restricted to m(z) = §|z|?. By exploiting
the quadratic structure of the operator 7 in (which involves products and convolutions by Gaussian
density functions), it was possible to prove asynchronous exponential growth towards the explicit Gaussian
distribution of equilibrium F', starting from any initial configuration Fj. This was achieved by a careful
study of the binary tree of ancestors, together with explicit change of variables in a high-dimensional
integral, to prove a sort of concentration of measure estimates. More precisely, it was shown that the
traits of the ancestors decorrelate sufficiently fast, backward in the tree, from the trait of the individual
at generation n. This implies that the dependence of the trait distribution F), at generation n upon the
initial distribution Fj diminishes exponentially fast. Asynchronous exponential growth is a consequence
of this observation, which is a backward feature.
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Last, but not least, let us mention that both the infinitesimal model (1.2]), and the relative information
(1.6) (or rather (|1.18]) below) date back to a couple of seminal works by R. A. FISHER in the same years
(circa 1920) on seemingly different purposes, respectively [23] and [24], see [42] for a discussion.

Methodological notes.

In the present study, we push further the observations of [16]. We identify a key mechanism ensuring
a one-step contraction for the flow (1.1). This can be summarized roughly as follows:

For any two given individuals with traits X and X' respectively, the associated parental
traits (X1, X2) and (X1, X}) are closer to each other than X and X' are, in some sense,

see also [26, Appendix F.2] for a visual explanation. To make sense of this contraction, we shall work
with the L>° Wasserstein distance, denoted by W, (in contrast with the L? Wasserstein distance). This
naturally leads to estimates on the so-called L* relative Fisher information Z, (1.6 (in contrast with
the (L?) relative Fisher information Z, see below). The core estimate s forward in time,
and it naturally arises as a dual estimate of a backward in time estimate analogous to the work in [16].

A forward-backward argument. We propose a short warm-up to this argument, which may help the reader
follow our method (without details of the proofs). Indeed, one complication of our setting is that each
individual has two parents, so that the dimension of the distribution doubles at each generation. Nonethe-
less, the same methodology can be applied to the case of a single parent, which boils down to a linear
operator. We thus consider, temporarily, the following linear operator:

A[F](z) := e™™@ /RG (x—y) Fly)dy, z€R, (1.14)

in place of the above non-linear operator 7 in . In this simpler case, the Krein-Rutman theorem
can be applied (at least formally), and there exists an eigenpair (A, F') of the linear eigenproblem
with 7 replaced by A. Now, consider any solution {F),},en to the time-discrete problem with 7
replaced again by the linear operator A. We may introduce the associated relative distribution u, = )ﬁ—"F
to follow the trend of F,, across generations. It satisfies the following equation:

_ G-y un(y) Fly
Jz Gz —2) F(z)dz

d
() Jdy _ [PEiw @y, neNzer
R

where the 2-dependent probability distribution function P(x;-) is defined as

v G-y F(y) .
P(x;y) = fR Gl 2) F(2)dz’ ,y € R, (1.15)

and it can be interpreted as the transition probability from trait y to trait x. The fact that it is a
probability distribution function, [ P(z;y)dy = 1, is immediate by the choice of the normalization,
which is such that constant functions u,, = const are invariant by the flow.

Next, it can be proven that, if F' is strongly log-concave, then we have

WOO(P(J:7)7P($/7)) < H|J)—J3/|, (116)
where k € (0,1) is related to the modulus of convexity of V. = —log F. By duality, this backward

contraction estimate results in the forward estimate below (c¢f. Lemma [2.4])

<K

Loo

)

Lo

d
. (log up—1)

d
de (loguy,)

which by iteration and using the L> relative Fisher information, it can be expressed as follows
Too(Fo| F) < 5" Too (Fo|| F). (1.17)

As mentioned in Remark the key estimate is a consequence of the maximum principle on the
Monge-Ampere equation for the optimal transportation plan between P(x;-) and P(2';-). Interestingly,
this is an argument borrowed from the theory of conservative equations, whereas our problem is not. The
trick is to match an individual to its ancestor, which is obviously a conservative process, backward in
time.



Analogy with the Bakry-Emery argument. There is some analogy between our results and the standard
Bakry-Emery method for exponential relaxation towards equilibrium for the gradient flow of some dis-
placement convex “entropy”, for instance, the Fokker-Planck equation with a convex potential [3] 2 [43, [4].
Indeed, from (alternatively in the linear case) we obtain exponential convergence on a quantity
which is the L> analog of the usual (L?) relative Fisher information,

2p1Q) = [ |4 (e ) ) 2

P(z)dzx. (1.18)
R

Recall that, in the usual Bakry-Emery argument, the exponential convergence is established at the level
of the dissipation of entropy, that is, the usual relative Fisher information [43]. In turn, the exponential
relaxation of the dissipation is intimately linked with the displacement convexity of the entropy functional
(essentially because the gradient flow is differentiated, which leads to the second derivative of the entropy
functional). In our argument, it is the convexity of V' = —log F' which induces the geometrical relaxation
of the uniform relative Fisher information.

Connection with another projective metric. The uniform relative Fisher information (1.6) may also be
viewed as a kind of first order version of the Hilbert’s projective distance associated with the cone of
non-negative functions, that is,

Plx) . P(x)

P J—
H(P,Q) := osc (log Q) = i]ég log 0 — ;relnf% log 00)

The latter distance is well-suited for the analysis of 1-positively homogeneous, order-preserving, operators
[33]. An obvious reason is the projective character of that metric [34], which makes it insensitive to the
exponential growth (or decay) O(A™). This character is also shared by Zo, (in contrast with Zo).

A linear argument, even in the non-linear case. The previous discussion focussed on the linear operator
for the sake of clarity. Interestingly, the non-linear case under study also involves a linear
argument when formulated backward in time. Similarly, define the relative distribution u, = 5%, where
the pair (A, F') is the strongly log-concave solution to from part (7) in the main Theorem Then,
uy,, satisfies the following forward-in-time non-linear problem:

1
() = ————— // P(z;21,22) un—1(21) up—1(x2)drydrs, neN, zeR, (1.19)
[un—1F |1 J /e

where the function P(z;x1,x2) is explicitly defined as
G (v — 1d22) F(zq) F(x2)
Sy G (= 5552 ) F(a)) F(a) da) da

Since P is normalized with respect to the variables (x1,x2), then it can be regarded as a Markov kernel
with source x € R and target (z1,z2) € R? representing the probability of transitioning from the trait of
the offspring x to the traits of the parents (x1,x2). In Lemma we prove the very same contraction
estimate as in for the family of Markov kernels P indexed by its first variable z. The key difference
is that this Markov kernel makes the transition between u,, and u,_1 ® u,_1 due to the joint distribution
of parental traits (the non-linearity, in fact). This is rescued by an appropriate tensorization property of
the relative Fisher information, which is expressed in Lemma [2:4]

P(z;z1,20) = r € R, (z1,72) € R (1.20)

A close-to-optimal result despite a non-optimal argument. The rate of contraction coincides with

2
1+2
the optimal one in the quadratic case (see Remark . However, there is some non—opfimal step in the
proof. Indeed, our key contraction estimate is a consequence of the maximum principle on the
Monge-Ampere equation satisfied by the Brenier transportation map between the joint distributions of
the parental traits (X1, X2) and (X, X}). There is some subtlety here to be noticed, as the contraction is
set for the L>° Wasserstein distance (maximum of the optimal transportation displacement), whereas the
Brenier transportation map used in our argument is optimal for the L? Wasserstein distance. Nevertheless,
in the quadratic case, the transportation map is simply a translation, so that it comes with the same
cost, measured either in (weighted) L? or in L°°.

In the recent contribution [29], the authors used a different approach based on Langevin dynamics to
make the connection between the two joint distributions. Hence, they by-pass the use of the Brenier map.
Their approach is much simpler, and it enables to extend the result readily to higher dimensions. These
results were originally motivated by a computation in a previous version of our paper, where we obtained
an upper bound on the displacement ||T'(z) — z||2 for the Brenier map between a strongly log-concave
density and a perturbation of it. In the current version, such an estimate cited by [29] is no more crucial,
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as the important one concerns the displacement ||T(x) — x||1 (see Sections [2.3|and and interpolating
£1 estimates from ¢o ones worsens the coefficients (cf. Remark. Then we have moved the ¢y estimates
to Appendix [C| for an easier readability. In [29], the authors by-pass this delicate issue of choosing ¢;
rather than /s based distances by establishing some fruitful anisotropic version of our Lemma

Organization of the paper.

In Section |2| we provide a sketch of the proof of the one-step contraction property in Theorem ii)
under an additional technical condition. In Section [3| we derive the fundamental contraction property of
the one-step transition probability of the problem under the W, ; Wasserstein distance (see definition
below), thus removing the technical condition used in the sketch of proof of Section In Section
we analyze a truncated version of the time-marching problem to bounded intervals, which will be
necessary in next part. Section [b|focuses on proving the existence of strongly log-concave solutions of the
nonlinear eigen-problem as claimed in Theorem i). In Section@ we prove asymptotic exponential
growth of for restricted initial data as in Theorem (iii). Finally, Appendices and

contain some technical results to alleviate the reading of the paper.

Notation.

e (Vector norms) Along the paper, R? will be endowed with the various {4 norms, namely, for any
z=(z1,...,24) € R% and any 1 < ¢ < oo we denote

d 1/q
i 4 ) if 1 < )
(Z il ) Hisasee (1.21)
=1

112?§}(d|zi|’ if ¢ = 0.

zllq :=

The associated /5 and ¢, open balls centered at 0 with radius R > 0 are respectively denoted by

Br:={2€R%: |z]a < R} and Qg:={z€cR%: ||z]|w < R}. (1.22)

e (Characteristic function) Given any set A C R, we will denote the associated characteristic function
of convex analysis by x4 : RY — (—00, +00], which is the mapping defined by

0, if z€ A,
xa(2) = { +oo, if z€RI\ A (1.23)

e (Measure spaces) We denote by M(R?) the space of finite Radon measures, endowed with the total
variation norm, and M*(R?) represents the cone of non-negative finite Radon measures. Similarly, P(R¢)
is the subspace of probability measures, endowed with the narrow topology except otherwise specified.

o (Wasserstein metrics) For any 1 < p < oo, we define the LP Wasserstein space

Pp(Rd) = {P € P(Rd) : / |z|P P(dz) < oo}, if 1 <p< oo,
Rd
Poc(R?) := {P € P(R?) : supp P is compact} .

Similarly, we consider the LP” Wasserstein metric associated with the ¢, vector norm of R?. Specifically,
for any P,Q € P(R?%) and any 1 < p,q < oo we denote

1/p
Wy e(P,Q) := (76111(1;@) /de Iz — Z{Z"y(dz,dé)) , if1<p<oo,
Weoo(P,Q) := inf -ess sup ||z — Z||q,

A5 Q) VP PQ) | sepd H I

(1.24)

where T'(P, Q) is the family of transference plan v € P(R? x R)? with marginals P and Q. Whilst the
LP Wasserstein distances could be infinitely-valued over P(R?), note that they take finite values over
Pp(Rd) at least, although not exclusively. In particular, note that the L>° Wasserstein distances take
finite values over distributions P and ) that only differ on a space translation independently on their
supports being compact or not. For this reason, along the paper we shall not restrict to compactly
supported distributions, but anyway in all our computations the involved L*° Wasserstein distances will
take finite values as it will become clear later in the proofs.



2. PROOF OF THE ONE-STEP CONTRACTION PROPERTY

For the reader convenience, we provide first the main ingredients behind the proof of the fundamental
one-step contraction property in Theorem ii). Here, we shall assume that Theorem (1) holds
true, i.e., there exists a (B-log-concave solution (A, F') to with 8 given by (recall the precise
notion of strong log-concavity in Definition . We remark that its use will be crucial in our following
argument, but its proof is not apparent with regards to classical approaches based on the application of
the Krein-Rutman theorem. For this reason, a major part of this paper is devoted to rigorously address
this question, which will be introduced in full detail in Section || of this paper.

2.1. Sharp log-concavity parameter. First, we elaborate on the precise value of § given in .
Specifically, we prove that it amounts to the sharpest possible log-concavity parameter of a generic
solution (A, F') to . To this end, it is worthwhile to note that the nonlinear operator 7 in can
be restated as the composition of a multiplicative operator and a double convolution operator, namely,

e ™ _

TF] = TFlm (G Fx*F), (2.1)

for every F' € L (R) \ {0}, where we define F(z) := 2F(2z) for z € R. The starting point is to realize
that strong log-concavity is stable under convolutions. This is a classical corollary of the celebrated
Prékopa-Leindler inequality, which reads as follows (see [41] Proposition 7.1] for futher details).

Lemma 2.1 (Stability of log-concavity under convolutions). Assume that Fy, Fy € L} (R) verify that F;
are y;-log-concave for some y1,v2 > 0. Then Fy x Fy is also y-log-concave for v > 0 given by

1 1 1

YoM e

Let us remark that the above result could be applied to any couple of Gaussian distributions F; and F;
with respective variances o7 and o3 since they are in particular ~;-log-concave with parameters v; = #
for i = 1,2. In doing so one finds that the above result is consistent with the classical fact that the
convolution Fy * F of two Gaussian distributions is again Gaussian with variance o2 = o} + 03.

In addition, note that the mortality function m has been chosen a-convex by the hypothesis
in Theorem and then e™™ is a-log-concave. Since strong log-concavity is also preserved under
multiplication, and F' is 4v-log-concave whenever F is v-log-concave, then we obtain that log-concavity
must also be preserved under the full operator 7.

Lemma 2.2 (Stability of log-concavity under 7). Assume that F € LY (R)\ {0} is vy-log-concave for
some v > 0. Then, T[F] is also §-log-concave for § > 0 given by

2
d=a+ i .
142y

Thereby, log-concavity is preserved by the dynamics in (1.1), and we also obtain that the sharpest
log-concavity coefficient of the eigenfunction F must be the one given in (1.7).

Lemma 2.3 (Propagation of log-concavity).

(i) Assume that Fy € L1 (R)\ {0} is 8y-log-concave for some 3y > 0. Then, the solution {F,}nen to
the evolution problem (1.1)) verifies that F,, is [3,,-log-concave for B, > 0 verifying the recurrence

2511—1
ot
1+28,_4

(i) Assume that (N, F) is any solution to the nonlinear eigenproblem (1.5) and that F is strongly
log-concave. Then, F is 3-log-concave with 8 given by (L.7), that is,

24
1+28°

Proof. Since (i) is clear by Lemma [2.2] we just prove (ii). Recall that for any solution (A, F) of with
7-log-concave F, we can build F;,(z) = A"F(z), which solves the evolution problem (L.I). Therefore,
the above applied to {F}, }nen shows that F is §,, log-concave for any n € N with {8},en verifying the
recurrence above and 3, = 7. Since §,, — (5, then F is also 8-log-concave. (]

B, = n € N. (2.2)

B=a+
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2.2. The renormalized problem. We introduce a renormalized version of the evolution problem
(1.1). Specifically, for any solution {F,},en to (L.1) we renormalize by the strongly log-concave quasi-
equilibrium A" F granted in Theorem [1.2(i). Namely, we set

Up () = m, neN, zeR. (2.3)

By inspection, we obtain that {u, }neny must solve the evolution problem

1
Up(r) = ————— // P(z;21,22) Up—1(x1) Up—1(22) dz1 daa, (2.4)
un—1 F e J Jge

for any = € R, where P(x;x1,x2) is the one-step transition probability of transitioning from the parental
traits (z1,22) to the descendant trait z. More, specifically, P(z;-) € L} (R?) N P(R?) is a probability
density on two variables (x1,x2) depending on the parameter x € R which takes the form (recall the

notation F = e~ V),
1 — W(z;z1,22) 2
P(z;z1,22) := Z(:z:)e wer2) e R, (x1,x2) € RY
2
1 +
W(x;x1,29) := 3|t % + V(x1) + V(z2), (2.5)

Z(x) = //]Rz e~ W@mEe2) go da,.

Inspired by our method in [I6], we plan to study the relaxation to zero of || %(log Up) H oo 85 T gTOWS.
Nevertheless, contrarily to the aforementioned paper, we do not need to accumulate a large enough
amount of generations in order to observe some ergodic behavior, but we rather find a precise contraction
of such a quantity after a single step.

2.3. A nonlinear Kantorovich-type duality. Our new approach exploits a nice nonlinear version of
a Kantorovich-type duality which relates the L* transport distance to the Lipschitz norm of the log of
test functions. This nonlinear extension is reminiscent of the usual Kantorovich duality theorem, which
relates the L' transport distance to the Lipschitz norm of test functions, see [I, Theorem 6.1.1]. More
specifically, we remark that the usual Kantorovich duality is fundamental in the linear setting to establish
a general equivalence between the contraction of a forward semigroup under the Lipschitz norm, and the
contraction of its backward (or dual) semigroup under the L! transport distance. We refer to [30] for
further extensions, yet in a linear setting. In our case, our nonlinear relation provides a method to
derive contraction of a forward semigroup under the Lipchitz norms of the log of tests functions, once
we know that there is contraction of the backward semigroup under a suitable L> transport distance.
Interestingly, our nonlinear relation does not only apply to the linear setting, but also to our nonlinear
setting. To the best of our knowledge, this relation appears to be new. Moreover, it does not represent
an isolated example but there is a full family of related inequalities interpolating between the (classical)
L' result and the (seemingly new) L result, and which further adapt to LP transport distances, see

Appendix [A]

Lemma 2.4 (L°°-type Kantorovich duality). Consider the one-step transition from ug to uy in (2.4)),
where it is assumed that ug € C*(R) with ug > 0 and - (logug) € L>(R). Then, we have

Woo, 1 (P(a3-), P(%;-)), (2.6)

~ d
|log ui(x) —loguy (Z)| < de(loguo)

for any x,2 € R. Here, the metric Woo 1 represents the L Wasserstein distance associated with the {1

norm, cf. (T.24).

Proof. Set z,% € R and assume that W, 1 (P(z;-), P(Z;-)) < oo (otherwise the inequality is obvious). In-
deed, this will always be the case as we prove later in Section Then, counsider any v € T'(P(z;-), P(Z;-))
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minimizing the W 1 transport distance (1.24) and note that
1 . -
u(x) = ———— // uo(x1) ug(z2) y(day, das, dZq, dis)
uo F |1 J Jre

1 - N
= m //Rz exp (loguo(zl) —logugp(z1) + log ug(z2) — loguo(z2)>

X UQ(il) uO(jg) 'y(dx1, d.l?g, di‘h di‘g)

<t [[eo (| Lm(mwa—@h@mQ
]da%uw

——(loguo)
X UO(i’l)UO(i’Q) 'Y(dxladx27di‘1adi‘2)
< exp ( y
X

dx
where in the next-to-last line we have used the mean value theorem and in the last one we have exploited
the fact that - is minimizer. Then, taking logarithm on each side of the above inequality ends the
proof. O

Woo1(P(z;-), P(Z, ))) u1(Z),
Lo

Remark 2.5 (The choice of ¢; norm). We note that Lemma s a particular instance of Proposition
in Appendiz[A] which can be recovered by setting dy =1, do =2, ¢ =1 and

u(z1,29) := up(w1) uo(x2), (21,22) € RZ.

However, the special choice ¢ = 1 (that is {1 norms) is apparently less clear at this stage since in fact
choosing any other 1 < q¢ < oo would be possible in Proposition [A-1] and it would yield more generally

|log uy () — log us (7)| < 24/

d -
’d(log Ug) Weooq(P(z;), P(%;-)), (2.7)
x Loc
for every xz,x € R. Here, the metric Wy, 4 represents the L> Wasserstein distance associated with the

Ly norm, cf. (1.24). By the natural relation between £1 and £, vector norms, we infer that the above
estimate (2.6 is sharper than (2.7), namely

Woo 1 (P(x;), P(i3-)) < 2Y7 Wee o(P(a;-), P(&;)).

Therefore, it is clear that whenever q > 1 the additional factor 214" makes the one-step contraction
factor in next section non-optimal as compared to the explicit one-step contraction for quadratic selection
m(xz) = $lx|?, as dlustrated in Remark and more detailed later in Remark .

2.4. Contraction of the one-step transition probability. The last step of our argument requires
showing that the mapping = € R — P(z;-) € L} (R?) N P(R?) is a contraction when the space P(R?) is
endowed with the W, 1 Wasserstein distance in . Specifically, in the following result we quantify
the exact Lipschitz constant, which will account for the precise contraction factor in Theorem ii).

Lemma 2.6 (W i-contraction). Consider the one-step transition probability P = P(x;x1,x2) defined
in ([2.5)) in terms of the potential V' of the B-log-concave quasi-equilibrium F = e~V in Theorem (z)
Then, the following inequality holds true

|l’*j|,

Woe (P, P(5:) < 13575

for every x, & € R.
A similar contraction property, with respect to W; distances instead of W, appeared previously in
[35] [36] leading to the definition of coarse Ricci curvature of a Markov kernel P(x;-):
~ Wi(P(z;-), P(7;))
|z —

k(z,Z) =1 , x, T eR.

Specifically, the above references proved that a positive lower bound on the coarse Ricci curvature amounts
to the aforementioned contraction of the forward semigroup under the Lipschitz norm (or equivalently, the
contraction of the backward semigroup under the L! transport distance [30]). For heat kernels in a linear
setting, this hypothesis on the coarse Ricci curvature is compatible with the Bakry-Emery convexity
condition and it proved equivalent to the contraction of the backward semigroup in all W, transport
distances [44], including Wo,. However, the decay of the L™ relative Fisher information has not been
addressed in those works, and a nonlinear adaptation of them does not seem straightforward.
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Before entering into the details of the proof of the Lemma [2.6] let us note that putting Lemmas [2.4]
and together automatically implies the following one-step contraction estimate

- 23
>~ 1 n 25 Lo ) .
which can be iterated and propagated into in Theorem [L.2(ii) (at generation n), thus concluding
this section. Nevertheless, we remark that Lemma@ is far from straightforward as one typically cannot
even ensure that the above W 1 distance must be finite because the probability densities P(z;-) and
P(&;-) are supported on the full plane R2.

= (loguo)

d
’d:v (log ul)

Remark 2.7 (Quadratic selection). In the case of quadratic selection m(z) = $|x|* studied in [16], we
recall from Remark that the unique eigenfunction of (1.5)) is the Gaussian F' = G 52 with variance

02 = B~Y. Therefore, one easily obtains from (2.5) that
—fmll—QMﬂﬂ.

Completing squares with respect to the variables (x1,x2) we readily find that P(x;-) = G, 5 is the density
of a bivariate normal distribution with mean and covariance matrixz determined by
1 Ly B 1
= z,7), yl=| 4 4 )
he = g g0 ) < T+
Since 3 is independent of x, then any couple of Gaussians P(x;-) and P(Z;-) must agree up to a trans-

lation in the direction joining their means. Hence, the transport cost reduces to moving the center u, of
P(x;-) to the center uz of P(Z;-), which yields Lemma (with identity indeed):

- 2 -
Woo (P(a:). P(&1)) = s = el = 1551 — &1

The goal of this section is to prove Lemma [2.6] To alleviate the notation, along this section we name
2= (z1,72) € R? we fix ,7 € R with 7 # & and then we simplify the notation on the one-step transition
probability in ([2.5)) by setting p(z) := P(z;x1,z2) and p(z) := P(&;x1, z2), that is,

r1+x ?
P(x,21,22) X exp (—Q‘x— 12 2

1 1 _w
p(z) = Z¢ WE o p(z) = E(W(z)’ (2.9)
where the potentials W and W, and the normalizing constants Z and Z are then given by
1 + a5 |?
W(z) = W(z;z1,72) = 3 ‘x . 5 ) V(z1) + V(x2),
~ L o 1 I + xQ (2 10)
W(z):= W(Z;x1,22) = = |T — 5 + V(z1) + V(za), .

// W dz, Z:=2Z(2) // W) .
R2 R2

For any transport map 7' : R? — R? with Tl p = p, note that a possible strategy in order to estimate
the W1 distance is to compute an L°° bound for the ¢; associated displacement, namely,

Woot (P, D) < [ 1T = Il1][ Lo~ (2.11)

Whilst the choice of T is somehow arbitrary at this point, a comfortable one is usually the Brenier map
T : R? — R? from the density p to the density p, which is characterized as the unique transport map
verifying T p = p and solving the Monge problem [9]

//]Rz IT(2) = 2|3 p(2) dz = W3 ,(p, P),

where W 5 is the L? Wasserstein distance associated with the ¢ norm of R?, cf. . As we anticipated
in the Methodological notes in Section [I] in many cases this non-optimal argument leads to no loss
of generality since the W 1 and the uniform bound of the ¢; displacement of the Brenier map have the
same order. This was further depicted in the example of the Gaussians from Remark where the
Brenier map is a translation, and therefore the transport cost is indeed identical to the displacement.
Our proof of Lemma is based on the derivation of a novel L* bound of the ¢; displacement
|T — I]|1 associated with the Brenier map T between the densities p and p. We derive those bounds
by reformulating such a Brenier map as a solution to a Monge-Ampeére equation and using a version of
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Caffarelli’s mazximum principle along with the strong log-concavity of our densities. Indeed, by the strong
log-concavity of F in Theorem [1.2[i) we have

1 1
—D? logp = —D? logp > 1+8 1 >> (1 0),
(z1,25) 1O8P (z1,22) 1O8P = ( % %Jrﬂ > 0 1

and then p,p are (-log-concave. The aforementioned strategy recalls the one applied in Caffarelli’s
contraction principle [13 14, [I7) 18] to find Lipschitz bounds of the Brenier map between strongly log-
concave probability densities. Yet, in order to obtain Lipschitz bounds on the map (i.e. bounds on the
Hessian of the potential), it is necessary to differentiate twice the Monge-Ampeére equation; here we only
require bounds on the displacement, and we need to differentiate only once. This recalls more what
was done in [22], where the goal was to obtain Lipschitz bounds on the logarithm of the solution of a
JKO scheme or, equivalently, L> bounds of the displacement associated with the Brenier map between
two subsequent measures in the same JKO scheme. Among the important differences, [22] was not
concerned with log-concave measures, but required one of the two to be obtained from the other via the
JKO scheme. As another important difference, [22] was concerned with ¢» displacement bounds, and
the choice of the Euclidean ball played a special role. In our setting, in view of the definition of
W1, the choice of /3 is not suitable and we focus on ¢;. For the ¢; norm, we obtain new bounds on
the Monge-Ampere equation, which are able to find the sharp contraction factor, and which cannot be
recovered by interpolation from known ¢y estimates, see Remark

For the reader’s convenience, we provide below a formal proof of Lemma|2.6{under the strong additional
assumption that the maximal ¢; displacement associated with the Brenier map is attained. Whilst true
in particular situations (¢f. Remark , unfortunately this hypothesis is not necessarily always true,
and thus the rigorous derivation requires further work which we provide in detail in Section [3]

Formal proof of Lemma[2.6 It is well known that the Brenier map T : R?2 — R? from p to P takes
the form T' = V¢ for some convex function ¢ : R? — R. Since p,p > 0 and p,p € C(R?), then the
regularity results in [I1] imply that ¢ € C°°(R?). Moreover, the change of variable formula implies

p 2
det(D?*¢) = — , z€R%: 2.12
(D) = =Fes (212)
As usual we make the change of variables through the displacement potential
1
¥(z) = 6(2) — 3|23, 2 € R% (2.13)

In view of the relation (2.11)), we note that the core of the proof then reduces to obtaining L>° bounds
for the £; norm of the displacement of the Brenier map, that is,

H(z) == ||T(2) = 21 = VY (2) |1 = 100, (2)| + 102,%(2)], 2 € R% (2.14)
We start by restating the Monge-Ampere equation (2.12) by taking its logarithm,
. Z
log det(D?)(2) + I) = W (V(z) + 2) — W(z) + log - *€ R (2.15)
Taking partial derivatives 0, in (2.15) we have
tr ((D?¢) 105, D*) = VW (VY + 2) - 9, Vb + (VW (VY +2) = VW) e, 2 €R?, (2.16)

for k = 1,2. Let us assume that H attains its maximum at some 2* = (23, x3) € R? (for the general case
where the maximum is not attained we refer to Section [3) and let us also define the auxiliary function

H(z) = sgn(0s,9(2")) 0,9 (2) + 5g0(80,00(27)) 0y (2), 2z € R, (2.17)

Then, H must also attain its maximum at z* and it agrees with the maximum of H. In particular, we
have the necessary optimality conditions

VH(z*) =0, D?H(z*)<0. (2.18)

Now, we perform an appropriate convex combination of 12.16) depending on the signs of 9,1 (2*) and
0z, (2*) in order to make the auxiliary function H in (2.14)) appear.

o CASE 1: 9;,%(2") > 0 and 0,,9(2") > 0.
In this case we have H := 9,9 + 0,,%. Evaluating (2.16) at z* and summing over k € {1,2} we have

tr((D2¢(2*)) ' D2 H(2*)) = VW (V) (2*) + 2*) - VH(2%)
+ (VW (V(2*) + 2°) = VW (%)) - (1,1).
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By the optimality conditions and since D?¢(2*)~! is positive definite, the term in the left hand
side above is non-positive, and we obtain
(VW (V(2*) 4 2*) = VW (z9) - (1,1) < V(W =W) (%) - (1,1) = & — .
By expanding the left hand side we obtain
(VW (V(=") + 2*) = VW (=) - (1,1)

= 2D ROV |y, (%) + 27) — V(@) + V(Orath(=7) + 33) — V' (a3)

2
> 2P0 E) 55, p) + sy = 2P A,

where we have used that in this case 0, ¢(2*) > 0 and 0,,%(z*) > 0, along with the S-convexity of V.
Therefore, we conclude that & > z and

- 2
[Hl L~ = H(2") = H(z") < m\x - 7.

o CASE 2: 0,,9(z*) < 0 and 0,,9(z*) < 0.

This case follows the same argument as CASE 1. Indeed, note now that H = —0p, ¥ — Op,%. Then, we
sum over k € 1,2, multiply by —1 on (2.16]) and we obtain
1428

H(z") <z -2

Hence, in this case we obtain x > & and we recover

. 9 ~
|H|lL~ = H(z*) = H(z*) < |z — 7.

We show below that the other two cases (namely, d,,%(z*) > 0 and 9,,9(2*) < 0, or 9,1 (z*) < 0
and 0,1 (z*) > 0) cannot happen.

o CASE 3: 05,%(2*) > 0 and 0,9 (%) < 0. )
Our goal is to show that this case cannot take place. In this case, we have H := 0,9 — 0,,%. Taking
the difference of ([2.16)) with £ =1 and k& = 2 we obtain

tr((D%¢(2*)) ' D2H(2*)) = VW (Vip(2*) + z*) - VH(z*)
+ (VW (V(z*) + 2%) = VW (2")) - (1, —1).
Since z* is a maximizer of H we have
(VW (V(z*) + 2°) = VW (2")) - (1, 1) < V(W -W)(z") - (1,—1) = 0
The expansion on the left hand side is now radically different because the above factor w
cancels and now we obtain
(VW (V(2*) +2%) = VW (2%)) - (1, 1)
= V' (05, ¥(27) + 27) = V'(a]) = V(00,00 (2") + 23) + V' (23)
> (05,9 (2%) = Ou,¥0(27)) = BH(2"),

which implies |H |z~ = H(z*) = H(z*) = 0. This is clearly impossible since otherwise T(z) = z for all
z € R?, that is, 2 = 7.

o CASE 4: 0,,9(z*) < 0 and 05,9 (z*) > 0. ) .
This case cannot happen either thanks to the same argument as in CASE 3 with H replaced by H =
—0g, ¥ + Og,¢. Then, we omit the proof. O

2.5. Proof of the one-step contraction property. With all the above machinery in hand, we are
finally in position to prove the one-step contraction property (|1.9) in Theorem |1.2

Proof of Theorem ( 7). Combining Lemmas and applied to the solution ([2.3) of (2.4)) we obtain

4 (1og I <2 L (1og
s\ F )|, = 1+28||az \®F )|,

for every n € N, and this amounts to (1.9)). a
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FiGure 3. Comparison of the theoretical contraction factor ﬁ
the contraction factor % obtained by estimating the ¢; norm with the £, norm in R2.

in Lemma and

3. MAIN CONTRACTIVITY LEMMA

In this section, we provide a rigorous proof of Lemma [2.6] where the a priori assumption that the
maximal displacement associated with the Brenier map must be attained is no longer required. To do
so, we shall argue by deriving a local version of the Lemma valid for more general strongly log-concave
densities f and g compactly supported on an appropriate domain and bounded away from zero on it.
More specifically, we propose to adapt the contribution of the maximum principle to the formal argument
above (Section to compact domains. However, since the maximum may be attained at the boundary,
the boundary information is crucial in order to infer information from the non-linear elliptic PDE (2.12))
and therefore the choice of the domain cannot be made arbitrarily.

We refer to Appendix [C| for a bound on the maximum of ||T"— I||2 (in ¢3 norm) for the Brenier map
T : B — Bpr between two generic strongly log-concave probability densities f = e™" and g = e~ ",
supported and strictly positive on an Euclidean ball Br. Specifically, we obtain

1 ~
Weo2(f:9) < IIT = Il2llpo () < ;IIIIV(W —Wll2llpo< () (3.1)

where vy > 0 is the log-concavity parameter of f and g.

Remark 3.1 (Inaccuracy of controlling ¢; by ¢5 norms). We may be tempted to apply this ly estimate to

our setting by setting f and g as truncations of poc e~ W and p x e=W (see [2.9)-(2.10))) to €2 balls and
using the Cauchy-Schwarz inequality to get €1 estimates. Specifically, consider an increasing sequence of
balls Br and set f and g in (3.1) to be the truncation of p and p on such balls. First, recall that
1 " 1
2 _ M2R _( 1tV (z1) 1 (B 0
D W(IEl,EEQ) = D W(l‘l,fﬂg) = ( i i + VH(.’EQ) - 0 ﬂ 5
because V' >0, and therefore we can set v = 3 in (3.1)). Also note that
- 1
V(W -W)(x1,22) = 5(55 -, & —x).
Altogether implies the {5 estimate

|
E)
&

1 ~ 111, . _
Weel£.9) < N7 = Tl iy < 51 I9OW =Wl = 5 H2<x S

2 V28
and by the Cauchy-Schwarz inequality we also have the ¢ estimate

1
B

In particular, we note that such an estimate only provides contraction as long as B > 1 and, in addition,
the contraction factor is worse than the one claimed in Lemma[2.6] as depicted in Figure[3

We refer to [29] for a nice and fruitful anisotropic version of which enables to obtain directly the
claimed contraction factor.

Woo,l(fag) S \/§Woo,2(fag) S |‘f17 - jvj|
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Thus, we need to improve our proof and avoid using the ¢ norm. This was done, formally, in the
previous section, but we need a rigorous proof which also takes care of the boundary. Let us focus on the
observation made in [22] Lemma 3.1] that, for generic f and g smooth on a ¢ ball and bounded away
from zero on it, the maximal {5 displacement of the Brenier map must be attained at some interior point
in the ball. Apparently, the use of ¢> norms to quantify the size of the displacement proved extremely
well suited in order to control the boundary information on ¢5 balls. Interestingly, in the sequel we show
that in order to find precise information about the maximizers for the ¢; displacement, we need densities
f and g to be supported over /, balls Br (cf. ) This is the content of the following

Lemma 3.2 (Maximizers in the ¢; setting). Consider two densities f,g € L% (R?) NP(R?), assume that,
{zeR?: f(2) >0} ={2€R?: g(2) >0} = Qp,

where QR is the Lo ball (cf. (1.22)), and suppose that f,g € CY%(QR) for some § > 0. Let T = V¢ :
Qr — Qr be the Brenier map from f to g, define the displacement potential ¥(2) := ¢(z) — %HzH% and
the displacement function quantified in €1 norm

H(2) = T(2) = 2 = 102, 9(2)| + |02,0(2)], 2 € Qr, (3:2)
Then, T € C?*(QRr) and we have the optimality conditions
VH(z*)=0, D?H(z*)<0, (3.3)

for any mazimizer z* = (2%,25) € Qg of H, where H is the auziliary function
H(2) = sgn(0z, 1 (")) Oa, 1 (2) + 580(00,9(27)) s (2), 2 € Q- (3-4)

In contrast with the standard regularity theory for optimal transport, Qg is not uniformly convex.
Then, the regularity theory of the Monge-Ampere equation is not directly applicable in full generality.
Specifically, since f,g € C*¥(Qr) are bounded away from zero on Qg, then T € C%(Qgr) by [10].
However, the lack of uniform convexity may prevent the full elliptic regularity [I2], which claims that T'
is a diffeomorphism of class C>?(Qr). Fortunately, we can proceed as in [28, Theorem 3.3] which, thanks
to a clever symmetrization argument around each corner of Qg and the classical interior regularity in [I1],
shows that T is indeed a diffeomorphism of class C%(Qr). Moreover, it fixes the corners and sends each
segment of the boundary to itself. This guarantees in particular that H € C?(Qpr) and the optimality
conditions above make sense, as shown below.

Proof of Lemma[3.3 We remark that z* € Qp must also be a maximizer of H since we have

H(z) < H(z) < H(z") = H(="),

for every z* € Qg by the definition of H and H in and . Since the maximizer z* may lie in
principle in all Qg, two possible options arise, either z* € Qg or z* € dQg. In the first case, the usual
optimality conditions at interior points yield . In the second case, namely z* € 0Q g, note that the
result is trivial if z* is one of the four corners since those are fixed points of T and therefore H = 0.
Hence, here on we will assume that z* € 0Qr is not at a corner, but it lies in the interior of some of the
four segments. Note that at those points we only have to prove that VH (z*) = 0. In fact, we remark
that those z* can be approached by interior points from any direction, and then the above readily implies
the second order optimality condition D>H(z*) < 0. To show that VH(z*) = 0, note that the boundary
O0Q R contains four segments:

St={(z1,22) €ER?*: 2y = R, x5 € [-R, R},
ST = {(x1,12) €R?: 2y = —R, x5 € [-R, R]},
Sy = {(z1,22) €ER?*: 2, € [-R, R], 25 = R},
Sy :={(x1,12) €R?: 21 € [-R, R], 29 = —R}.
Since T(0Qr) = OQr and each segment is mapped to itself, then we have the following information
0z, Y(2) = 0, if 2 € S UST, (3.5)
Dpy0(2) = 0, if z€ S5 US;. (3.6)
By differentiation it is clear that we also have
Ozy2,¥(2) = 0, if z € 0Qr. (3.7)

Now, we argue according to the four possible segments of Qg that z* may belong to.
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o CASE 1: z* € S UST.
In this case, by (3.5) we have 9,,1(2z*) = 0 and therefore we have

H(z) = sgn(02,1(2%)) 02,(2), 2 € Qp.

Since z* is a maximizer of I;E then there exist A € R (indeed A > 0 if z* € Sfr and A < 0if 2* € S7)
such that its gradient at z* equals the multiple A(1,0) of the outer normal vector, that is,

~ i )= (6)
VH(z") = sgn(0, (2" rr e = .
) =s@n) (G ) = (]
This implies that the second component of the gradient must vanish, but the first one also vanishes by
the condition (3.7) on the crossed derivative. Then, we have VH (z*) = 0.

o CASE 2: z* € SFUS; .
In this case, by (3.6) we have 9,,1%(2z*) = 0 and therefore we have

ﬁ(z) = sgn (0., ¥(2*)) 0, (2), 2 € Qr.

Since z* is a maximizer of H, then there exist A € R (indeed A > 0 if 2* € S and A < 0 if z* € S;)
such that its gradient at z* equals the multiple A(0,1) of the outer normal vector, that is,

VH(z") =sgn(0;,¢(z R = .

) = s (G0 ) = ()

This implies that the first component of the gradient must vanish, but the second one also vanishes by
the condition (3.7) on the crossed derivative. Then, we have VH (z*) = 0. O

We remark that the unique formal point of the sketch of the proof of Lemmaln Section[2]which could
break down is the fact that for the global densities f = p and g = p in - 2.10)) the ¢; displacement of
their Brenier map does not attain its maximum necessarily. In particular, we may be deprived from the
optimality condition , which was crucially used throughout the maximum-type principle sketched in
Section [2 However, Lemma does guarantee that the maximum must be attained and the optimality
conditions must hold in particular when f and g are set to be the truncation of the densities p and
p on £, balls. In fact, the result does not exploit the special potential V' in the definition -
of p, p, which corresponds to the potential of the eigenfunction F = e~V in Theorem i), but it can
actually be replaced by any strongly convex function supported on Qg. Since we shall use this more
general version later in Section [d] we state in full generality below.

Lemma 3.3 (Maximum principle on £, balls). For any ~y-convex potential V € C’ll.gf (R) with v > 0, any
z,% € R with v # &, and any R > 0 we define f,g € L (RY) N P(R?) given by

1 1 5
1) =5, )= 2O, eR?,

where the potentials W and W, and the normalizing constants Z and Z are set as follows

2
‘ o )

+ V() +V(2) + Xgx(2),

+ V(1) + V(22) + X0, (2),

Z —// WE dz, 7= // e_W(Z)dz,
R2 R?

and X g, s the characteristic function associated to the £, ball Qr (cf. (1.23)). Then, the Brenier map
T=Vé¢:Qr — Qg from f to g verifies

2
. X1+ X2
o

2
Weot(fy9) < |WNT — 11| g0 — /.
1(0.9) S NIT = Tlhllman < Togrle =&
As explained above, we omit the proof since it follows the formal proof of Lemma [2.6]in Section [2] and
the optlmahty conditions in Lemma n In particular, by setting V' =V (and therefore *y B) we have

that Lemma is directly applicable to the truncations to Qg of the densities p, P in -
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Definition 3.4 (Truncation to Qr). For the probability densities p,p € LY (R?) NP(R?) given in (2.9)-
[2.10), we define their truncations to the L ball Qr (cf. (1.22)) as follows

1 _w . 1 _w
z) = —e R(Z), 2) = —e Wr(2),
pr(2) Zn Pr(z) Zn
Wr(2) = W(2) + Xxg,(2), Wr(2) = W(z)+ xg,(2),
Zr ::/ e~ Wr(2) gz, Zr ::/ e~ Wr(2) dz,
R2 R2

Jor any R > 0, where xg,, is the characteristic function associated to the { ball Qr (cf (1.23)).

Then, we are in position to rigorously prove Lemma by taking limits R — oo and noting that
Lemma [3.3| yields a uniform bound of the displacement independent on R.

Rigorous proof of Lemma[2.6. Consider p and p given in ([2.9)-(2.10) and set the associated Brenier map
T :R? — R? from p to p. Similarly, we consider the family of truncations py and pp in Definition
and we set the associated Brenier maps T : R2 — R?. By the above Lemma we have

2 -
TR — Il (@r) < WWU—%‘L (3.8)

for every R > 0. We set the optimal transference plans v € T',(p,p) and vg € T',(pg, Pr) associated

with the W o distance, which are known to be supported on the graph of the above Brenier maps, i.e.,
Y= (IvT)#pa YR ‘= (IvTR)#pR

Since the involved potentials W and W are f-convex, we have the enough integrability on p and p to
ensure that p,p € Po(R?). Hence, the dominated convergence theorem applies and we have indeed

Pr—P, Dr—P i (PR%), Way).
By stability of optimal transference plans, the sequence yg must converge narrowly to some optimal
transference plan (up to a subsequence), see [I, Proposition 7.1.3]. Since the unique optimal transference
plan between p and p is precisely the above v supported on the graph of T', then we obtain
YR — 7 mnarrowly in P(R?).

Now we use the Kuratowski convergence of the supports under the narrow convergence of measures,
see [I, Proposition 5.1.8]. Namely, consider any z € R?. Since (z,7(z)) € supp~, then there exists
(2%, w!) € suppyg such that (2%, w®) — (2,T(z)). Since vg is supported on the graph of Tk then
2 € Qr and wf = Tr(2%). In particular, we have Tr(2%) — 2% — T(2) — 2 as R — oo and by the above
uniform bound the same bound is preserved in the limit, that is,

2
WOO 7~ S T_I e S — _N.
a(p:p) < | il < 375l =2l

O
Remark 3.5 (Replacing £, balls by ¢, balls). We note that in Lemmas and the choice of lo is

crucial. Howewver, this is not the only possible choice and a similar proof could be obtained if replacing
U balls with €1 balls. It is clear anyway that the shape of the boundary and the norm to be optimized
should satisfy some form of compatibility conditions.

4. ANALYSIS OF A TRUNCATED PROBLEM

In this part, we study an auxiliary version of the original time marching problem (|1.1)) restricted to
the bounded interval I := (—R, R) with R > 0, namely,

FE=TR[FE ], neN zecR. (4.1)
Here, we truncate the selection function mpg as follows
ma(z) == m(@) + xi,(2), TER, (4.2)

where x, is the characteristic function associated to the interval Ir (cf. (1.23)), so that the truncated
integral operator T takes the form

TrlF)(z) = e mr(®) //R el (;z; - ;“) F(a) f;ﬁ) dey dzy, T €R. (4.3)
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Again, solutions of the form F*(x) = (\F)" FE(x) come as eigenpairs of the non-linear eigenproblem
MNEPR = TR[FE], 2 €R,

FE >0, /FR(x) de =1. (4.4)
R

The goal of this section is to derive an analogous truncated version of Theorem More specifically, we
study: (i) Existence of a unique strongly log-concave solution (A%, F®) to ([@.4)), and (ii) Quantitative
relaxation of the solutions to (1)) towards the quasi-equilibrium (A%)" FE,

Theorem 4.1 (Truncated problem). Consider any m € C?(R) verifying (H1)-(H2) in Theorem . Set
any R > 0 and define the truncation mg according to (4.2)). Then, the following statements hold true:
(i) (Existence of quasi-equilibrium)
There is a unique solution (A, FT) to (&4). In addition, F* = e~ v LY (R) N C>(IRg) is
compactly supported on Ir and bounded away from zero on it and (3-log-concave with parameter

B > 0 given in (1.7)) in Theorem .

(ii) (One-step contraction) B B
Consider any FJ* € L! (R)NCY(Ig) compactly supported on I and bounded away from zero on
it, and let {FF}, en be the solution to (&.1)) issued at FF. Then, we have

(g B (e P
dx OgFR dx ) FE

for any n € N.
(#ii) (Asynchronous exponential growth)

Consider any F§ € LL(R)N CY(IRr) compactly supported on Ir and bounded away from zero on
it, and let {F*},.cn be the solution to issued at F. Then, we have

2 n
CR<1+2B) ’

2 n
<ChHl —— ) ,
o R<1+2ﬂ)

for any n € N and some constants Cg,C% depending on R and F{.

N |
Loc(fR) 1 + 2ﬁ LOC(TR)

HFR”Ll

~ A\l <
w1l

R

H i

As we show below, our proof exploits the overarching local contraction Lemma to answer simul-
taneously both questions. More specifically, our main observation is the following type of contraction
which holds true providing that the initial data F? is strongly log-concave.

Lemma 4.2 (Cauchy-type property). Let m € C?(R) satisfy (H1} n Theorem- Consider a 3,

log-concave density F§* € LY (R) N C°(Ig) with By > 0 and 0 < (5 < 1 compactly supported on Ip and
bounded away from zero on it. Let {FE},en be the solution to issued at Ft. Then, we have

d FE
. . 1 n—1
H < > dx <og Ffz)

where the sequence {B,, }nen is defined by recurrence like in (2.2)).

2
- 1—"_267172

n>2

)

Le<(Ir)

3

L (Ig)

Proof. For any n € N, we define

F(x)

—F o~ L€ va
F ()

uf(z) =

and note that, arguing as in ([2.3)), we have that {uy },en must solve the following analogue of ([2.4]):

uf(x) ” allz //Q Pf‘(m;xl,xg)ufﬁl(xl)uffl(mg)dmldmg,
R

nfl”L1
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for any = € Ig and n > 2. We remark that the system above holds only on /5 and the one-step transition
probability P(z;-) € L (Qr) N P(Qr) is not time-homogeneous but it depends explicitly on n, namely

1 . _ _
Pf(l‘,x]_;xQ) = %6_W7?($71'1,x2)’ x € IR7 (3’;17.')3‘2) c QR)
2
1 T+
Wf(w;xl,xg) =3 r— 5 2 +Vn}32($1)+vn}32(x2)7

ZR(x) = // e~ Wi (@im1,22) dzq dzo,
R

where we denote V,F : [p — R so that Ff = ¢~V By Lemma V.E , is B,_y-convex and therefore
the contractivity Lemma [3.3| applies to f = Pf(z;-) and g = PR (;-) with 2,7 € I leading to
2
Woo 1(PE(z; ), PE(#; ) < ———
H(PI) PR ) < gy —

Therefore, arguing as in Lemma 2.4 we end the proof. O

Proof of Theorem[{.1]

o STEP 1: Proof of (7).
Under appropriate assumptions on Ff* we shall prove that |Ff||.:/||FE ||;2 and ER/|FE| L1 must
converge as in (i44), and their limit (A", F®) solves ([@.4). We set a B,-log-concave density Fi* € L1 (R)N
CY°(Ig) with B, > 8 and 0 < § < 1, compactly supported on I and bounded away from zero on it. Let
{F[},en be the solution to (4.1). Since the initial datum has been chosen strongly log-concave, Lemma

4.2] implies
& ()], < () [ ()
— (log < — (log =L
dz FR Lo (Tn) 1+28 dx F

for all n > 1 because F* are j3,-log-concave with 3, > B for all n € N by Lemma Setting
V. Ir — R as before so that F* = e~V we obtain

n—1 9 k
S -
| o 23 (1759)

k=m
for all n > m > 1. Since ﬁ < 1 by Remark then {%(VR)}HGN is a Cauchy sequence in C(Ig)

n

|z — Z|.

)

Leo(IRr)

n

Y

L>(Ir)  k=m+1

d R R

d d
S (VR-VR) V-V

dr 1 0

)

Le<(Ir)

and therefore it must converge uniformly to some limit D® € C(Ig). In particular, we have

%(logFff)%DR in C(Ig). (4.5)

Now, we show that F%/||FE| . must also converge when evaluated at least at one point, and we choose
x = 0 for instance. To this purpose, we note that F*(0)/||F.f||.: can be restated as follows

S 6 (5 e (00l = V0D - (V5 s(aa) = V4 0) o i
Qr

)

/IR //Q ¢ (x - ;xz) exp (—m(a’) = (Vi (@1) = V;L1(0) = (VL (22) = Vi1 (0))) da’ davy drsy

and, by the fundamental theory of calculus, V,% ;(z) — V,* | (0) in the integrand can be represented by

! anRf 1

. (Oz)xdd, z € Ig,

R () _ VR _
VR (2) - VP (0) /

which converges uniformly to some limit. Therefore, there exists L € R such that
R

F;4(0) R
n L. 4.
IR (4.6)

Putting (4.5))-(4.6|) together and using the fundamental theorem of calculus entail

Fii(x) F(0) L4 R R 'R ; 17
log TER = log TER L +/(J %(loan)(Gx)de%L +/0 D*(@z)xdd in C (Ig).
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We define F7(z) := exp(L® + fol DE(0z) xdf + x1,(z)) € L1 (R) N P(R) and therefore we achieve

R
—n__ S FpR i CY(Ip). 4.7
P2l ) )
Our second step is to prove the convergence of ||[FR| 11 /||[FE || 11. Note that we have
FR FR FR
Il */ Hp(x1,22) 1) 1(2) dxy dzs, (4.8)
Il R? Il 1z

where we have defined
Hg(x1,x9) := / e )G (m — xl;”) dr, (z1,z2) € R2.
Ir

Since Hp is a bounded function, therefore Hr € L'(Qr) and, consequently, the above uniform conver-
gence (4.7) of the normalized profiles along with (4.8]) imply that there must exists AR with

[EAlP

— AR (4.9)
Iyl
The last step is to show that (A®, F®) must solve ([£.4). This is actually clear because we have
”FRHLl Fy Faty
R, =R
Iyl [z [z 1||L1

for all n € N, and [|[Ff| 11 /| FF || and FE/||FE| 11 converge in the above sense (4.7)-(£.9). We note
that F® must be j- log-concave because so is F* for all n € N. The uniqueness of solutlon to will
not be analyzed here, but it will hold as a consequence of the next contraction property in STEP 2.
o STEP 2: Proof of (ii).
Once a strongly log-concave solution ()\R JF R) of the truncated nonlinear eigenproblem (4.4)) exists, the
one-step contraction property follows the same ideas as in the global version in Theorem ii) sketched
in Section [2 More specifically, we shall argue like in the proof of Lemma where again we replace u,,
by the normalization of F¥ by the quasi-equilibrium ()\R)” FE_ That is, for any n € N, we define
FR(x) -
R L n
un(x) T (}\R)n FR7 erRa

which must solve

1
ul(z) = T CRTRE // PRz, z0)ull | (21)ulf | (22) dzy das,
[y (L1 S Gn

for any = € I and n € N, where P"(z;-) € L}.(Qr) N P(Qr) is the one-step transition probability

1 _ _
PE(zi2q,20) = e~ W (@z1e2) e Tp, (31,29) € ,
(w521, 22) Z7(2) R, (®1,72) € Qr
1 T+ 2
WR(m;acl,mg) =3 ‘x it 5 2l + VR(ml) + VR(.'L'Q),

n $) = /f e WR(z;xl,x2) dIl dIQ.
R

Again, we denote VE . Ir — R so that F*® = e~ Ve By STEP 1 we have that YR is [B-convex and
therefore the contractivity Lemma applies to PT(z;-) and PR(i; -) with x,Z € I leading to

Weo (P (x3), P(#;)) <

2 -
132504
Therefore, arguing as in Lemma we end the proof.

In particular, the above implies that ()\R , F™) must be the unique solution to the truncated nonlinear
eigenproblem Indeed, if a second solution (A?, FF) exists, one can always define the special solution
FE(x) = O\ FE(z) of and therefore the above one-step contraction implies

‘d (10g FR) < 2 |4 (log FR) .
dx FE Leo(fmy 1+ 26 || dx FE Loo(Tr)

Since 1+25 < 1 by Remark [1.7, then we have F® = F® (and therefore A\ = )\R) because both F and
F® are probability densities by definition.
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o STEP 3: Proof of (ii7).
We prove that the convergence in STEP 1 holds for generic initial data F{f* € LL(R)nC! (Ir) compactly
supported on I and bounded away from zero on it, and not necessarily strongly log-concave. Note that
by the above one-step contractivity property we have again

d 2 "
v <(ch)
‘ dx Lo (IR) 1+25
for all n € N. Then, the same argument as in STEP 1 can be applied with explicit convergence rates and
equal to (ﬁ) at each step: first & (log F'®), second log (F(0)/||FE| 1), hence log (FR /| FE||1.),

and finally also |[FZ| 11 /||[FE |||1. Therefore, we readily obtain the claimed convergence rates for the
rates of growth and the normalized profiles. O

)

Vit —v"h

4
dx

L (IR)

5. EXISTENCE AND UNIQUENESS OF STRONGLY LOG-CONCAVE QUASI-EQUILIBRIA

In this section, we employ the truncated quasi-equilibria in the above Theorem to build a globally
defined quasi-equilibrium of the non-truncated model , thus proving Theorem i). In the following,
we show that the family of probability densities {FR }r>0 are uniformly tight, and therefore weak limits
cannot lose mass at infinity, which will be useful in the sequel in order to pass to the limit with R — oc.

Proposition 5.1 (Bounded second-order moments). Under the assumptions in Theorem let us
consider the unique eigenpair (N, F®) of [@.4) for any R > 0 according to Theorem (z) Then,

sup /x2 FB(2)dz < co. (5.1)
R>0 JR

We recall that a similar result was necessary in [10]. Indeed, a general strategy was developed therein
to propagate second-order moments along any solution {F),},en under the a priori knowledge that the
centers of mass stay uniformly bounded. However, such a condition proved difficult to verify unless the
initial datum Fj is centered at the origin, and m is an even function, which would leave the center of mass
fixed at the origin (and thus bounded) for all times. To overcome this problem, an alternative approach
was developed in [16, Lemma 4.5] in order to control the convergence to zero of the center of mass in the
case of quadratic selection. Unfortunately, the proof exploits the Gaussian structure in a crucial way and
cannot be easily adapted to more general selection functions. Here, we propose an alternative strategy
based on the extra knowledge that F¥ are S-log-concave.

Proof of Proposition [5.1]

o STEP 1: Uniform bound of the variance.
Let us define the center of mass and the variance

PR = / x FE(z) d,
R
a%:ié(x—uRfF£COd%

for any R > 0. Since each eigenfunction FEis B-log-concave, then a straightforward application of the
Brascamp-Lieb inequality shows that variances o% verify

1
U2R S Ba
for any R > 0, see [8, Theorem 4.1]. Then, in order to control the (non-centered) second order moments,
we actually need to find a bound of the center of mass pp.

(5.2)

¢ STEP 2: Uniform bound of the center of mass.
Assume that {ptp}r>0 is unbounded by contradiction. Changing variables z with —z if necessary, we
may assume without loss of generality that gy  +00 as R ' 400 up to an appropriate subsequence,
which we denote in the same way for simplicity of notation. Note that integrating against e™#(®)
and remarking that [, B[FF|(z) dx = Iz Ff(z)dx =1 (where B is given in (L:3)) we obtain

ApBr =1, (5.3)
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for every R > 0, where each factor reads

Ap ;:/emﬂ@ F%(z)dz,
R

Bp = / ot <w) FB(z)) FR(zy) dxy das,
e 2
and ¢ := G * e”™%. By Chebyshev’s inequality we know that
1
/ FR(z)de > =, (5.4)
o—pp|<VIon 2

for all R > 0. Therefore, noting that m is non-decreasing in R by virtue of the hypothesis (H1)-(H2)
we obtain the following lower bound

AR 2/ emr(@) FR(x) d
|z_l‘R |S\/§GR
> 1 min em(m) — lem(HR —\/50-3)7
2 jo—ppl<Vien 2

for large enough R > 0 so that [up —v20 R, up +v20r] C R,. Similarly, using (5.4) and noting that
#' is non-increasing at the right of its maximizer (by strong log-concavity, cf. Lemma we obtain

Bg > // P <W> FB(z)) FR(xy) day day
|zi—p g |<V20R 2

1
> - min o (x) > = (up +V20R),
DL mn 98 2 16 )

(5.5)

(5.6)

for large enough R > 0 so that [pup —V20p, nr ++v2 0] lies in that region of the domain. Note that
the above can be obtained if R > 0 is large enough since u® —/2 0 r — 0o by assumptions, but however
the maximizers of ¢ must converge to the maximizer of ¢, which is a fixed number in the real line.

Multiplying (5.5 and (5.6]) yields the lower bound
1
ApBpr > gemwrﬂm (Gxe ™) (pr +V20R), (5.7)

for large enough R > 0. Lemma provides a explicit lower bound on Gaussian convolutions.
Therefore, applying it to the second factor in (5.7)) with the choices

f:eimv Y= Q, Lo = UR, 5:\60}37

implies the following lower bound

a V2eop
5T MR~ ot 1
ArBgr > G(2\/§0’R)/ exp (a;— z2) dz
0

oA A a+l ,
>G | — exp z% ) dz,
VB ) Jo 2

where in the last line we have used the bound (5.2)) of variances. Since the left hand side in (5.8) diverges
as R — oo because pp — +00, then we reach a contradiction with (5.3]), and this ends the proof. ]

(5.8)

Theorem 5.2 (Existence of quasi-equilibria). Under the assumptions in Theorem let us consider
the unique eigenpair ()\R, F1) of [@4) for any R > 0. Then, there exist \ € R and F LY (R)NC>(R)
which is B-log-concave (with B given in (1.7))) such that

Ao, FESF, as R— oo,
up to subsequence, both pointwise and in any space (Pp(R), W) with 1 < p < 2. Moreover, the pair
(X, F) is the unique solution to (1.5) among all pairs (A, F') verifying (1.8).
Proof.

o STEP 1: Existence via limit as R — oo.
Let us notice that by in Proposition we have that {F®} - is a uniformly tight sequence of
probability measures. Therefore, by Prokhorov’s theorem there must exist R,, /" oo and some limiting
probability measure F' € P(R) such that

Ff» 5 F  narrowly in P(R). (5.9)



24 VINCENT CALVEZ, DAVID POYATO, AND FILIPPO SANTAMBROGIO

By integration on (4.4) we also obtain that

AR" = // (e_mRn * G) (.’1?1 —;—3?2) FR”(Z‘l) FR"(CEQ) dxq dzs,
R2

and then we can pass to the limit as n — oo in the eigenvalues too. Specifically, since e™™% — e~ ™ in
L>(R), then e™™" « G — e~ ™ % G in Cp(R), and therefore by (5.9) we obtain

Aftn 5 X, (5.10)

as n — 0o, where A is given by
A= // e (ml ;“) F(11) F(xs) d des :/T[F}(z) dz. (5.11)
R2 R

Putting (5.9) and (5.10) together and taking limits as n — oo in (4.4) implies that {FR"}neN must
also converge pointwise to some other limit F' € Li (R) by Fatou’s lemma. Note that since FE are all

B-log-concave, then so must also be their pointwise limit F. Indeed, note that we further have
AF(z) = T[F)(z), =€R, (5.12)

and therefore, F € L% (R) N P(R), in view of (5.11). Then, we actually have F** — F in L*(R) (thus
narrowly in P(R)) by Scheffé’s lemma. Since F' is a narrow limit of the same sequence, then we have
F = F and by we obtain that (A, F') must verify the initial problem . Let us also emphasize
that, we indeed have convergence in any LP Wasserstein space with 1 < p < 2 because all the p-th order
moment with 1 < p < 2 are uniformly integrable by , see [1l Proposition 7.1.5].

o STEP 2: Uniqueness of quasi-equilibria.
Note that several different convergent subsequences of {FR} R>0 in STEP 1 could give rise to various
eigenpairs (A, F') of . Whilst the global uniqueness is unclear with this method, we prove that there
can only exist one solution to (|1.5) among the pairs (A, F') verifying . For, we exploit the one-step
contraction property in Theorii). Specifically, assume that (A, F') is any other solution to
and define F,,(z) = A" F(z), which is clearly a solution to the evolution problem (|1.1]) with initial datum
Fy € Lt (R)NC*(R) verifying the hypothesis by virtue of the assumption ([1.8). Then, implies

4 (e £ <2 4, E

dr \®*F)||,. = 1128 ||dz \®*F )|,
Again, since ﬁ <1 by Remark then we obtain that F'/ F must be constant. Since both F' and F
are normalized probability densities, then we necessarily have that F' = F' (and therefore A = A). |

6. CONVERGENCE TO EQUILIBRIUM FOR RESTRICTED INITIAL DATA

In this section, we prove asynchronous exponential as claimed in Theorem iii). More specifically, we
show that for restricted initial the asymptotic behavior of the rate of growth of mass || F, | 1/||Fn-1| 1
and the normalized profiles F, /| F,||r: is dictated by the solution (A, F) of the eigenproblem
obtained in Theorem u(l) We derive the relaxation of the normalized profiles under the relative entropy
metric. Our starting point is the one-step contraction property of the L relative Fisher information in
Theorem ii) and the following version of the logarithmic-Sobolev inequality with respect to strongly
log-concave densities, which relate the (L?) relative Fisher information and the relative entropy.

Proposition 6.1 (Logarithmic-Sobolev inequality). Consider any couple P,Q € L} (R)NP(R) such that
Q is y-log-concave for some v > 0. Then, we have

1 1
Drr(PlQ) < ﬂlz(PllQ) < EIfO(PIIQ% (6.1)

where D1, is the relative entropy (1.12), Zy is the usual (or L?) relative Fisher information (1.18)), and
Too is the L™ relative Fisher information (1.6]).

On the one hand, the first part of the inequality amounts to the usual logarithmic-Sobolev
inequality with respect to a strongly log-concave measure, see Corollary 5.7.2 and Section 9.3.1 in [4]
for details. On the other hand, the second part of the inequality readily holds by definition. Therefore,
putting Theorem ii) and Proposition together, we end the proof of Theorem iii).
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Proof of Theorem ( ii1). Notice that by iterating n times the one-step contraction property in Theorem
ii) and using the logarithmic-Sobolev inequality (6.1]) in Proposition we obtain

F 2 2n
D [ —2 N F)<oy (——) | 6.2
K<F| > 1<1+2/3) (6.2)

for every n € N, where the constant C; reads
1
= — 12 (K| F
Cy 5 o (Fol| F),

and it is finite by the assumption (H3|). This proves the relaxation of the normalized profiles towards F'
in the relative entropy sense. Regarding the rate of growth, we note that

||F (7} // <I1 +9€2) n—1(x1) Fp_1(z2)
dxy dxo, 6.3
Tl Je®\" 2 ) TRl Tl % (6.3)
,\z//qu(””‘g“) F(z)) F(z2) dzy drs. (6.4)

where (A, F) is the solution to (1.5)) in Theorem i), and ¢ := G x e~ again. Taking the difference of
the two identities (6.3)) and (6.4) above, we achieve

i Foa Fo
[asyp [l ([l

1 Fn_1 Fnh_1
< Loo DKL( n ®
Il \/ 2P\ Tl © Tl
Fn—l
||¢||Lm\/DKL(|F —— F)

2 n
< -
=@ (1 +2 5) ’
with a explicit constant Cy > 0 taking the form
CQ = ||¢||Loo \ Cl.

Note that above, we have used successively Holder’s inequality, Pinsker’s inequality, the tensorization
property of the relative entropy, and (6.2 to reach the conclusion. O

—F®F

_ A] < 16l

Lt

F®F>

APPENDIX A. INTERMEDIATE DUALITIES

For simplicity of the discussion, we do not present here the intermediate Kantorovich-type dualities in
the case of non-linear transition semigroups like in , but we rather focus on linear semigroups. More
specifically, we have the following intermediate result which is reminiscent of the natural interpolation of
Kantorovich duality for L' Wasserstein distance, and Lemma for L°>° Wassestein metric.

Proposition A.1. Consider any p,v € Py(R) for some 1 < p < oo, and set any function u € C*(R?)
such that u > 0 and V(u'/?P) € L®°(R?,RY). Then, the following inequality holds true

‘(/R u() ,u(dsc))l/p - (/R (@) V(dx))l/p

forany 1 < q < oo, and q' given by %—i—% = 1. Here, W, , denotes the LP Wasserstein distance associated
with £, norm of RY, cf. (1.24), and we admit the convention that u'/* =logu for all u > 0.

Wp,q(,uv V)a

< [Iv@l||, .

Proof. Let us consider any constant-speed geodesic t € [0,1] — p; € P,(R?) in the Wasserstein space
(P,(RY), W, ,) joining u to v. Specifically, p verifies the continuity equation

Oipe + div(psv) =0, t€[0,1], z € RY,
po=H, pP1=V,

(A1)

in distributional sense and, in addition, we have

Hlvellallze o) = Waa(psv), ¢ € [0,1]. (A.2)
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Let us also define the function
E(t) := /d u(y) pe(dy), te€][0,1].
R

Since p € Lip([0, 1], Pp(R%)), then E € AC([0,1]) and by the continuity equation (A.1)) we have
dE

%(t):/ Vau(y) - ve(y) pe(dy) =p | V(u'P)(y) - vely) w7 (y) pe(dy), (A.3)
R4 Rd

for a.e. t € [0,1], where we have used the identity Vu = p V(u!/?) u!/?". Therefore, we obtain

dE

SO <0 [ IV o)l ) o)

L @l ) )
Rd

<p 19y

<p IV @)l

’
o el oy 1627 M1 )

for a.e. t € [0,1], where in the first step we have used Hoélder’s inequality with exponent ¢ applied to
the inner product in the integrand of , and in the last step we have used Holder’s inequality with
exponent p applied to the integral of the second line. Using the constant-speed condition in the
second factor, and [u!'/?’ e (p0) = E(t)Y/?" in the last one, we obtain the relation

dE /
Lol <[ IV Wyl B
LQC
for a.e. t € [0,1], which amounts to
dEY/P
O] <[l | Wi
for a.e. t € [0,1]. Integrating between 0 and 1 implies
|E<o>1/P - B()'7| < anw“ﬁ)uq/ o Woa(v).
Then, noting that E(0) = [, u(z ) and E(1) = [p, u(z) v(dz) ends the proof. O

As a consequence, we obtain the following result, which allows identifying the Lipschitz constant of a
function with the Lipschitz constant of an associated nonlinear functional over P,(R?).

Corollary A.2. Consider any 1 < p < oo, set any v € CY(R?) with Vv € L=(R? R?), and assume that
v > 0 when p < oo but not necessarily when p = co. Define the functional ®,,, : Pp(R?) — R by

1/p
( / v(x)pmdm) L ifp <o,
(I);D,v[:“] = RY
log (/ e“(w)u(dﬂf)> , ifp=o0,
Rd

for any p € Pp(RY). Then, for any 1 < q < oo the following identify holds true

D, (1] — Ppo
|| HV'UHq/HLoo = sup b, [/’L] P, [V} .
pwer,®d)  Wpg(p,v)

Proof. First, note that the change of variables v = u'/? and Proposition readily implies

&, [u] —d,,
HVolglle > sup Szl = Zoal]
1,vEP,(RE) Wp,q (:u’ V)

On the other hand, also note that by particularizing the measures yu,v € P,(R?) to be Dirac masses at
respective points z, 2’ € R? we obtain

wp U] Bl = Opulf] L v(e) —v()
v EP,(RE) Wuq(%”) z,z’ ER4 Wp,q((swa(sw’) z,x’ ER4 ||x— ||q

= [[IVollgllzee-

This proves the converse inequality and then the above identity holds. O
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APPENDIX B. LOWER BOUND OF (GAUSSIAN CONVOLUTION OF LOG-CONCAVE DENSITIES

We present a technical result which computes an explicit lower bound on the convolution of a Gaussian
density and any strongly log-concave probability density.

Lemma B.1 (Lower bound I). Consider any f = e~V € LY (R) N P(R), such that V € C*(R) with
V'(0) =0, and f is v-log-concave for some v > 0. Then, we have

(G P +0) > G3) faa =) [T e (T52) e (B.1)

for any 6 > 0 and each xg > %"25, where G denotes the standard Gaussian distribution (1.4]).

Proof. For simplicity of notation, we define x4 := zg & § and we note that we can write

(G f)(y) =

Wf(fﬁ_) ‘/Rev(mi)iU(m) dl’, (B2)
where the function U : R — R is defined by

U(z) :=V(x) + %(a: —x4)%, z€R.

Since the potential V' is v convex, then we have that the potential U is (v + 1)-convex. By the convexity
inequality applied to the pair of points (z,z_) we then obtain
v+1

2
for any € R. Consider the unique minimizer x, € R of the potential U. Since in particular z, is a
critical point of U, then we have

Ul_) > U(z)+ U (z) (- —x) + (r_ — )% (B.3)

0=U'(z.) =V'(zs) + (x4 — T4).

Multiplying above by z*, using that V’(0) = 0 by hypothesis along with the convexity inequality of V
applied at the pair (z.,0), we infer y22 < (4 — )., and therefore,

Ty < Ty, B.4
o < o (B.4)
Since U'(x) > 0 for > x, and z_ — 2 > 0 for < z_, then (B.3) implies
1
U ) 2 U) + 10— a)?,

for any © € (x4, z_). Let us note that indeed we have the appropriate ordering z, < x_ since by (B.4)
and the assumption zg > %“25 we obtain

1 1
Ty < Ty = To+0)<zg—0=x_.
< = ) <o
Writing everything in terms of V' implies
1 1
Ve )= U@) 2 —5 (e —a)? + L@ —a)?, (B.5)

for any x € (z.,z_). Injecting (B.5)) into (B.2)) we obtain
*- 1
* f)(zy) 2 Gy —2-) f(o— exp| — (- — = .
G f G f 7; 2) g

€T
Of course, the above implies (B.1) by a simple change of variables z = 2z_ — x, and noting again that
1 ¥ v+ 2
xy =(rg—0)— ——(rg+0) = ——x0— ——9
e = @0 =) = (o +0) = gwo— 15

thanks to (B.4)), which yields again positive a positive upper bound by the assumption zo > ’%25. (]

T_ — Xy > T_ —

i

Note that arguing along the same lines, we can prove an analogous result where the above positive
strongly log-concave density f is replaced by its truncation fgr to intervals Ir := (—R, R). Specifically,
anything that we need to guarantee is that [z.,z_] C Ir. First, note that x_ < R amounts to the
condition zy < R+ §. Second, by we obtain that z, > —R as long as ﬁa@ < R, which amounts
to the condition zg < (v + 1)R — 4. If we take R large enough (namely R > 20/+) then we have that the
former condition on g is the most restrictive. Therefore, we have the following result.
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Lemma B.2 (Lower bound II). Under the assumptions in Lemma[B.1] let us define
fr(z) = e Vr@) z€R
Vr(z) :=V(z) + x1,(2), 7 €R,
for any R > 0, where x1, is the characteristic function associated to Ig (cf. ) Then, we have

FFIHOT AT 1
(G * fr)(xo + 0) > G(26) fr(xo —9) /0 exp <Fy; z2) dz, (B.6)
for any 6 > 0, each WTH(S <zog < R+6, and every R > %

APPENDIX C. EUCLIDEAN ESTIMATES ON THE DISPLACEMENT OF THE BRENIER MAP BETWEEN
PERTURBATIONS OF LOG-CONCAVE MEASURES.

In this section we present a proof of the the uniform bound of the 5 norm on the displacement of the
Brenier map between perturbations of log-concave measures.

Lemma C.1. Consider two densities f,g € L} (R?) N P(R?), assume that,

{z e R?: f(z)>0}={z6]Rd: g(z) > 0} = Bg,
where B is the Fuclidean ball, and suppose that f = e~ g =e W are ~-log-concave for some v > 0
and f,g € CY9(BR) for some § > 0. Let T = V¢ : Bp — Bg be the Brenier map from f to g. Then,

Weoa(f;9) <IIT = Ill2ll Lo () < ;IIHV(W = W)llzll o (B

As mentioned in Remark [3.1] this result is not enough for the sake of this paper, but was the starting
point to prove Lemma The technique to prove it is essentially based on the computations in [22],
but we provide the proof here since the statement is not a direct consequence of it. On the other hand,
this very result has its own interest, as one can see from the recent paper [29].

Proof of Lemma[C.d}. Since f,g € C1°(Bg) are bounded below on Bg by a positive constant, f = g = 0
outside Bgr, and Bpg is uniformly convex, then the Caffarelli’s theory [12] proves that T € C?°(Bg).
We consider T(z) — z = V)(z), where 1(z) = ¢(z) — %||z||3. The function ¢ solves the Monge-Ampere
equation, that we write in logarithmic form:

log det(D*)(2) + 1) = W (Vip(z) + 2) — W(z), =z R%L (C.1)
Taking partial derivatives 0,, in we have
tr ((D%¢) 10, D*) = VW (Vi) + 2) - 0,V + (VW (V) + 2) — VW) - ep,, 2z € RY,
for 1 <k < d. We then multiply times 0, 1, sum over k, so that we obtain

( (D?¢)” Z&p%mm)

= VW (VY + 2) - Oy, <;|vw||§) + (VW (Vi) +2) = VW) - Vii(z), zeR%

We now consider the point z* € B which maximizes 3||V4||3, which is also the maximum point for
the displacement ||T" — I||2. Such a point exist since the ball Br is compact. Moreover, [22] Lemma 3.1]
shows that such a maximum cannot be attained on the boundary 0Bg. Hence, we can apply first and
second-order optimality conditions. In particular, we have 8,, (3]|V#|3)(2*) = 0 and the Hessian matrix
D? (]|V®]3) (2*) has to be negative-definite, i.e.

Y 00 D*(2) 00 (27) + (D*(27))* < 0.
k

Using the fact that (D?y(2*))? is the square of a symmetric matrix, and hence is negative, we obtain
that >, 05, D*¥(2*)0,, 10 (2%) is itself negative definite, and the trace of its product times (D?¢)~! is
also negative. This allows to obtain

(VW(V(2*) +27) = VWV (2*) - Vo (27) <0,
which implies

(VW(V(2") + 2%) = VW (") - Vi (2*) < [V(W = W[z Ve ("),
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and hence by ~-convexity of W we have
VIV < IVIW = W)z [V (25)]l2,
which ends the proof. (Il

Similarly to Lemma [2.6] for the ¢; norm of the displacement of the Brenier map, a more general result
holds for strictly positive densities f,g € C 1"S(Rd) supported in the full space R?.

loc

Corollary C.2. Consider two densities f,g € L% (R%) N P(RY), assume that f,g > 0, and suppose

that f = e W, g = eV are ~-log-concave for some v > 0 and f,g € Cllo’f(Rd) for some § > 0. Let
T =V¢:RY— R? be the Brenier map from f to g. Then,

1 -
Weo2(f,9) < T = Il2] Lo e < ;HIIV(W = Wl2llzos (e

The proof is similar to the one of Lemma [2.6] arguing by a truncation argument and applying the local
version in Lemma Specifically, we truncate W and W and accordingly f and g to an increasing
sequence Bg of Euclidean balls preserving the Lipschitz and convexity bounds. We obtain a sequence of
optimal transport maps Ty transporting the associated truncations fr onto gr and satisfying

1 -
[ 1 Tr = Ill2ll Lo () < ;HV(W = W)z~ @y,
for all R > 0. Finally, we pass to the limit in the above estimate as R — co.
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