The Optimal Holder Exponent
in Massari’s Regularity Theorem

Thomas Schmidt* Jule Helena Schitt*

June 28th, 2023

Abstract

We determine the optimal Holder exponent in Massari’s regularity the-
orem for sets with variational mean curvature in LP. In fact, we obtain
regularity with improved exponents and at the same time provide sharp
counterexamples.
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1 Introduction

This paper is concerned with a fine regularity issue for (local) minimizers of
Massari’s functional

FY(F) :=P(F,U) - Hdz,
FNU

where the dimension n > 2, an open set U C R", and a function H € LY(U)
are given and P(F,U) stands for the perimeter of measurable sets FF C R" in
U. The study of F5 has its seeds in De Giorgi’s classical theory [7] for the case
H =0, where every (non-singular) minimizer E of the perimeter 7 = P(-,U)
is bounded by a minimal surface U N JF, and in analogy one expects that,
whenever E locally minimizes F5 with general H, then U N JE should be a
prescribed-mean-curvature hypersurface in R™ with mean curvature given by
H.

The cornerstone results of the theory have been extended from H = 0 to general
H by Massari [16, [17]. Indeed, he obtained — as a main advantage of the
variational approach — a basic existence theorem for minimizers of F& with
a generalized Dirichlet boundary condition at OU and moreover established
partial C1® regularity of local minimizers of F4 up to a closed singular set of
Hausdorft dimension at most n—8 in case of H € L?(U), p > n. While well-
known examples demonstrate that both the assumption p > n and the dimension
bound n—8 in the regularity theorem are sharp, to our knowledge the optimality
of the Holder exponent « has not yet been addressed. Indeed, while the original
paper [I7] provides the exponent o = i(l—%), from the regularity theory of
Tamanini [22] 24] for almost-minimizers of the perimeter one can directly read
off the better exponent a = %(1—%) (compare also the introduction of [2]).
Interestingly, though Tamanini’s results are optimal for almost-minimizers, for
minimizers of 5 with H € LP?(U), p > n, we here bring up the better, sharp,
and apparently new exponent

D n p—n
aopt(nap) = (1 - )

p+1 P :p+1'

In fact, we establish partial C1® regularity for all & < aept(n,p), and at the
same time, for all n > 2 and n < p < oo, disprove C1'® regularity for any
a > agpt(n,p) by counterexamples. This confirms the conjecture of [11] that
limy, 00 Qopt (1, p) = 1 should hold. Moreover, our results are optimal on the
scale of Holder spaces except for resolving the case of the limit exponent o =
Qopt(n,p). We expect that C1'* regularity extends to this limit exponent, but
we leave a proof by somewhat different methods for future treatment elsewhere.
In order to prove our regularity result it suffices to work on the regular set where
a-priori C1¢ regularity with some « > 0 is available and we can use an iterative
strategy to gradually improve on «. Indeed, in each step we exploit the C1®
regularity at hand in order to improve on power-type decay estimates for the
deviation from minimality and deduce C1'* regularity with some larger o from



Tamanini’s results. Since the resulting sequence of exponents converges from
below to apt(n,p), this leads to the conclusion. Actually, the details of the
reasoning turn out to be somewhat technical, and we refer the reader to Section
[ for a careful implementation.

We find it interesting to point out that, whenever a first-variation equation is at
hand and expresses that the mean curvature is given by an L? function, ¢ > n—1,
on the hypersurface U N OF, then it follows from L4 theory for the linearized
equation and the Morrey-Sobolev embedding that C! solutions are automati-
cally C1® with the optimal exponent o = 1—2=L1. However, this framework
is different from ours and does not apply when considering H € L?(U) and
thus allowing discontinuity of H along U N 0F since H has no canonical re-
striction to the hypersurface U N OE and in general the second term of FY
is non-differentiable at the minimizer E. The latter point may be even more
visible when parametrizing hypersurface portions as graphs and thus passing to
the non-parametric functional

w(y)
/wl—HVw\Qdy—// H(y,s)dsdy
Q QJ—r

for functions w € C'(Q) over bounded open Q@ C R™™* with r > [Jw||c()-
Here, we can differentiate in the dependent variable w at a minimizer f in the
sense of %|t:f(y) fg H(y,s)ds = H(y, f(y)) only if H is continuous in s at

the surface point (y, f(y)). All in all, this means that, for minimizers of FY
with H € LP(U), we do not have a first-variation equation at our disposal, and
hence our framework is a non-differentiable one in the general tradition of [§].
This goes with the observation that our exponent aopt(n,p) lies in between the
exponent %(1—%) available by direct variational considerations and a better

exponent of type 1—% to be expected in a differentiable situation. Moreover,

for p — oo, when H “approaches continuity” and ]-'g “approaches differen-
tiability”, copt(n, p) asymptotically approaches the better exponent 1—%. We
remark that, on a general level, this behavior is reminiscent of the optimal expo-
nent Sopt = ﬁ in the C# regularity theory [I8, @, 13} 19, 25] for minimizers
of non-parametric functionals with C%7-dependence on the dependent variable
w. However, this theory does not directly yield our exponent aopt(n,p). Ad-
ditionally, in Section we consistently complete the picture described with
a minor observation, possibly well known to experts. Indeed, we record that
in case H € L>°(U) one cannot write down the first-variation equation of FY
but at least can formulate a closely related differential inequality. Specifically
for n = 2, from this inequality one can easily read off even C!'! regularity of
minimizers of FY4 with H € L°°(U) while for n > 3 the counterexample [I1}
Remark 3.6] shows that C1:® regularity for all o < 1 is best possible.

Finally, let us briefly discuss our sharp counterexamples, which crucially depend
on the construction of suitable functions H € LP(U) such that (a cut-off of) the
Clh“_subgraph

E={(z,2,) ER" : |z]""* <z,}



locally minimizes F5 for some U @ R™. We actually give two constructions.
The first one covers n = 2 only (and actually works with an odd variant of
the subgraph E), but explicitly determines the function H with H € LP(U)
whenever p > 2, @ > aopt(2,p), as the divergence of a unit vector field which
suitably extends the outward unit normal of £. The main ingredient is a lemma,
which has been around previously in closely related versions, and asserts that F
indeed locally minimizes F& in the described situation. The second construction
works in arbitrary dimension n > 2 but draws on some more background from
the theory of variational mean curvatures and is not explicit to the same extent.
Specifically, it relies on Barozzi’s formula [3] for an L' optimal variational mean
curvature H and the minimizers-contain-balls lemma of Tamanini & Giacomelli
[23] in order to estimate H and infer H € LP(U) whenever p > n, & > aopt (1, D).
The results of this paper are partially contained in the second author’s master
thesis [20], which has been supervised by the first author.

2 Preliminaries

2.1 General notation and overall assumptions

Overall assumptions. Throughout this paper, we consider a dimension 2 <
n € IN. Moreover, if not otherwise stated, U C RR™ is an open subset of the
n-dimensional Euclidean space.

Basic notation. In the following, B,(z) denotes the open ball in R™ with
radius 7 > 0 and center z € R™. In case the dimension of the ball is not
clear, we use B¥(z’) for the open ball with radius 7 and center 2/ € R* in R¥
with k € {1,...,n}. For x € R™, the symbol  denotes the (n—1)-dimensional
vector (x1,...,2n_1). Moreover, C,(z) is the open cylinder B (%) x (z, —
r, Ty, + 1) with center x € R™ and with height and radius » > 0 in R™. For a
constant in (0,00) depending only on values t1,...,ty € R with N € IN, we
write ¢(t1,...,tN).

Measure-theoretic notation. We follow standard notations and denote the s-
dimensional Hausdorff measure with s € [0, 00) and the n-dimensional Lebesgue
measure on R"™ by H® and L™, respectively. The set M" denotes the set of
all Lebesgue-measurable subsets of R"™. We abbreviate |F| := L"(F) for sets
F € M™. The notation |u| denotes the variation measure of a Radon measure
w. For a € [0,1] and F' € M™, we denote the set of points of density « of F' by
F(a).

Notation for functions. For a € (0,1], N € N and f € C%*(U;RY), we
denote the Holder constant of f on U by CJ?. For a set G C R", 15 denotes
the characteristic function of G. In measure-theoretic contexts, we identify
functions and sets which coincide £™-a.e. and call them representations of each
other.



2.2 The perimeter
For a Lebesgue-measurable set £ C R", the perimeter of F in U is defined by

P(E,U) :=sup {[Ediwpdx tp € Cipt(U;]R"), lellcwy < 1} .

Abbreviated, we write P(E) instead of P(E, R™). The perimeter is in fact the to-
tal variation of the derivative of a characteristic function, more precisely, 1 is a
BVioc(U)-function with finite derivative measure on U if and only if the perime-
ter of E in U is locally finite and in this case, |D1g|(U) = P(E,U). Therefore,
it makes sense to extend the perimeter notion by P(FE, B) = [D1g|(B) for Borel
sets B C R whenever there exists an open neighborhood of B such that F has
locally finite perimeter in this set. Then the perimeter P(E, -) becomes a Radon
measure, and it is lower semi continuous with respect to the L{, -convergence
in the first argument.

A decisive advantage of the perimeter is the possibility to measure the area of a
set independently of null set changes in a good sense. Indeed, according to the
divergence theorem, each set £ C R"™ with Lipschitz boundary in U is a set of
locally finite perimeter in U and P(E,U) = H" Y(OENU).

The following properties of perimeters are well-known and can be found in [T}
Proposition 3.38], for instance.

Lemma 2.1 (Properties of the perimeter). If E C R™ is a set of locally finite
perimeter in U, F € M™ and B, B’ C U are Borel sets, then

i) P(E,B) <P(E,B’) if B C B’ with equality if E € B,

i) if (EAF)NU'| =0 for some open set U' CU with B C U’, then F is a
set of locally finite perimeter in U’ with P(E, B) = P(F, B), in particular,
P(E,B) = P(R"\ E, B),

iii) if F is also a set of locally finite perimeter in U, then P(ENF, B)+P(EU
F,B) < P(F, B) + P(E, B).

2.3 Reduced boundaries

Let E C R™ be a Lebesgue-measurable set. We denote the reduced boundary
of E, which is defined as in [I], Definition 3.54] and taken in the largest open set
such that E has locally finite perimeter in that set, by 0*E. By vg, we denote
the weak outward unit normal of FE.

If £ € OF and F is of class C! near z, then the weak outward unit normal
equals the strong one at x and x € 0*E. Especially, 0F = 0*FE whenever E
has C! boundary. For general Lebesgue-measurable sets, De Giorgi’s structure
theorem says P(E,-) = H" 1L 0*F on the largest open set where E has locally
finite perimeter. A conclusion from this statement is the generalized divergence

theorem which states
/ div® dz = / O vpdH !
E O*E



for all ® € WHL(U; R™) N Cept (U; R™) whenever E has locally finite perimeter
in U. Moreover, Federer’s structure theorem allows to identify the reduced
boundary with the measure-theoretic boundary and with the set of all points of
density %

The reduced boundary of a set E is the principal part of the boundary in the
measure-theoretic sense since it is invariant under null set changes of E. In
order to investigate the regularity, it is reasonable to choose the best possible
representation E* of E such that 9F* \ 0*E is minimized in the sense that it
holds OE* = 9*F and for every other representation E’ of E, it holds OE’ D
0*E. This can be realized by defining E* as the measure theoretic interior (1)
of E. Moreover, this representation satisfies 0 < |E* N B,(z)| < | B, ()| for all
x € OFE* and r > 0. If not otherwise stated, we will always assume sets to have
this representation.

For more background on BV theory, see [1], [10], and [15].

2.4 Variational mean curvatures

Variational mean curvatures generalize the concept of mean curvatures for bound-
aries of arbitrary sets. In contrast to mean curvatures, the variational mean
curvature is defined on a neighborhood of the surface one actually wants to de-
scribe. Initially, we consider sets with constant variational mean curvature and
state a useful result before generalizing the concept.

Let A > 0 and E C R™ be a set of finite perimeter and finite volume. Consider
the minimization problem

inf {F\(F): FCE, F e M"} | (Py)

with
Fr(F):=P(F)+ ME\ F| for Fe M"  F CE.

The following result has been obtained in [23], Lemma 2.4].

Lemma 2.2 (Minimizers contain balls). Let E C R™ be a set of finite perimeter
and finite volume. If there exist x € E, r > 0 such that B,(x) C E, then

Fa(F U Br(l‘)) < Fa(F)

for all X > = and all F' C E. If we have A > =, then equality in the estimate
above (as it occurs specifically for a minimizer F of (P,)) implies B,.(x) C F.

For the convenience of the reader, we explicate the proof.

Proof. We first show that the following inequality holds true for all G C B,.(x):
n
P(B:(2)) < P(G) + —[Br(2) \ G| (2.1)

In other words, B,(z) is a minimizer of 7+ := P(-) — 2| - | among subsets
of B,(z). According to the isoperimetric inequality, it suffices to show that



B, (z) minimizes F+ among balls with radius in [0,7] which is straightforward
to verify.

Finally, for A > % and Lebesgue-measurable sets F' C E of finite perimeter, it
follows

FA(FUB(z)) = FA(F) = P(FUB(z)) = P(F) = A|Br(2) \ F|

(5 -2)IB.@)\ Fl <0,

where we used B, (z) C F, Lemma[2.1Jfiii)| and (2.1) for G = FNB,(z). Equality
can only appear if B,(z) \ F' is a null set in the case A > %. The choice of
representation implies B,.(z) C F. O

IA
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The functional F) is generalized by the functional Fp, defined in , for
H € LY(R™). In [16], Massari showed that the boundary of a suitable regular
minimizer of Fg has mean curvature H whenever H is continuous. This will be
explicated later in Section [3.3] and motivates the definition of (local) variational
mean curvatures given in [3| Definition 1.1] and [12] p. 197].

Definition 2.3 ((Local) Variational mean curvatures). Let E C R™ be a set
of finite perimeter and H € LY(R™). We call H a (global) variational mean
curvature of E if

Fu(E) < Fy(F) for all F € M™,

where
Fy(F):=P(F) — /FH(x) dz. (2.2)

For p € [1,00] we denote the set of all variational mean curvatures of E in
LP(E) by HP(E).

Moreover, we say that a set E C R"™ of finite perimeter in U has (local)
variational mean curvature H € LY (U) in U if

U/t U n : :
Fg(EB) < Fg(F) for all F € M™ satisfying FAE €U,
where

FE(F) :=P(F,U) - Hdz.
UNF

We denote the set of all variational mean curvatures of E in U which are
contained in LP(E) by HP(E,U).

Remark 2.4. Clearly, we have H'(E) C H!(E, U), where we identify H € H'(E)
with H|y € HY(E,U). However, we warn the reader that H'(E) C HY(E,U)
may happen even for U = R”, that is a local variational mean curvature in R"™
is not necessarily a global variational mean curvature.



Next we record an elementary lemma, which we have not found in the existing
literature.

Lemma 2.5. Let E C R" be a set of ﬁm’te perimeter in U and Hy,Hy €
HY(E,U). Then the composed function H = Hilpny + Hyly\g is also in
HY(E,U). If E is a set of finite perimeter with E € U, H; € HY(E,U), and
Hy € HY(E), then H := Hilp + Holgn\ g is in H'(E).

Proof. First we assume E to have finite perimeter in U and Hy, Hy € H'(E,U).
Evidently, we have H e LY(U). For a set F € M"™ of finite perimeter with
FAFE € U, we compute

fg(E) + 75, (E)
=75, (E)+ Fi,(E)
< Fir,(FNE) + Fi,(FUE)

:P(EﬂF,U)—i—P(EUF,U)—/ Hldx—/ H,dx
ENFNU (EUF)NU

<P(E,U)+P(F,U) — Hdx — H, dx
FNU ENU

~ F(F)+ F4,(B),

where we used Lemma El Subtracting }'gz (E) on both sides shows the first
claim. Now, assume E to be a of finite perimeter with E € U and H, € H!(E).

Then Fp, (G) = F5(G) = Fi(G) holds true for all measurable sets G C E.
Hence, F;(E) + Fu,(E) < F5(F) + Fu,(E) can be concluded as before for all
FeM™ O

Since one can always modify a given variational mean curvature of a set E by
increasing its values on F and decreasing its values outside E without leaving
the set H! of curvatures of E, one cannot hope to extract too much information
on F from an arbitrary variational mean curvature. However, the definition of
variational mean curvatures is underpinned by the fact that for each Lebesgue-
measurable set F one can construct a certain optimal variational mean cur-
vature, which may indeed yield better information. We will now present the
construction of this optimal curvature from [3]. The idea is to define a ’small’
variational mean curvature for each set of finite perimeter based on the approx-
imation of the set by subsets with constant variational mean curvature, i.e., by
minimizers of .

Construction 2.6 (Construction of the optimal variational mean curvature). Let
E C R™ be a set of finite perimeter and hp an arbitrary function in L*(E) such
that hg > 0 a.e. on E. Furthermore, let p := pg be the positive and finite
measure hp L™ L E. For an arbitrary number A > 0, we define the functional

FIF):=P(F)+ M(E\F), FCE, FeM"



and consider the minimization problem
inf {F{(F): FCE, Fe M"}. (CP,)

Notice that F¥ = F, if F is a set of finite volume and hg is chosen as 15 such
that (CP,)) turns into (P,]). The following properties are easy to verify.

e There exists a (not necessarily unique) set Ex C E, E\ € M™ which
attains the minimum of (CP,).

o [HL CE,forall 0 <X <.

o £\ (U)\EQ>0 EA) is a null set.

Finally, for a fixed choice of (Ex)xecq.,, We define the function
Hg(z) :=inf {\hg(z) 2 € Ex, A € Q>0} (2.3)

for x € E. Tt is left to define Hg on R™ \ E. With regard to the fact that
H € H'(E) implies —H € H}(R" \ E), it is reasonable to set

Hg(z) = —Hgpm\g(z)

for x € R™ \ E, where the previous steps were used for R™ \ E instead of F to
construct Hgn\ g on R™\ E with corresponding a.e. positive hgn\p € LY(R™\E).

For our purposes it is relevant that this construction allows for estimating H g via
(2.3) and Lemmaon balls contained in E. This will enable us to construct the
counterexamples for which the Holder exponent in Massari’s regularity theorem
depends in a fairly sharp way on the integrability of the (optimal) curvature.
We also record the announced optimality property of Hg, which has been es-
tablished in [3, Theorem 2.1, Remark 2.1].

Theorem 2.7 (Hg is an L' optimal curvature). Let E C R" be a set of finite
perimeter. Then, for any choice of hg € LY(E) and (E\)xeq.,, the function
Hg from is a (global) wvariational mean curvature of E with P(E) =
||}II(E’||§1(E) < ||H||L1(E) and P(E) = HHE”Ll(]Rn\E) < HHHLl(]R”\E) fO’f’ all H €
H (F).

Moreover, if E has finite volume and if H?(E) # () holds for p € (1, c0), then [3]
Theorem 3.2] asserts that Hg is even the unique minimizer of the L?(F)-norm
in HP(E).

2.5 Regularity theorems

Massari’s regularity theorem was first obtained in [I7, Theorem 3.1, Theorem
3.2] and is now restated as follows; compare also [I1, Theorem 3.6].



Theorem 2.8 (Massari’s regularity theorem). Let p € (n,00], a = (1 — %),
U C R"” be an open set and E C R"™ a set of finite perimeter in UE| If there exists
H € 1LP(U) such that H is a local variational mean curvature of E in U, that
is, if E minimizes the functional F9(F) among all F € M™ with FAE € U,
then the following properties are satisfied.

i) UNO*E is an (n—1)-dimensional C**-manifold relatively open in Uﬂ@EH

ii) For all s € (n —8,n], it holds H*((OE \ 0*E)NU) = 0, where H* := H°
for s <O0.

Remark 2.9. If U C R™ is an open and bounded set and both, U and ENU are
sets of finite perimeter, then HY(ENU) C HY(E,U). Hence, if Hgny and Hy\ g
have finite LP-norm on ENU and U \ E, respectively, for some p € [1,00), then
Hprulpoo — Hovploye € HY(E,U) NLP(U) can be verified with Lemma [2.5]

In [6l Theorem A] it is proved that the Simons cone
C={zeR®: 2] +a]+a]+2] <ai+af+a7+a3}

is a set with vanishing variational mean curvature in every bounded subset
of R®. Since OC is C' except for the origin, the condition on s in Massari’s
regularity theorem is optimal. The requirement p > n is optimal as well. In
fact, in [I1, Example 2.2] and [I2], Section 2], it is shown that the theorem fails
for p < n and p = n, respectively.

In order to improve on the Holder exponent « in Theorem we will crucially
rely on the related regularity result [22, Proposition 1] of Tamanini for almost-
minimizers of the perimeter. This result, which in itself comes with an optimal
Holder exponent, is restated next (together with some relevant notation).

Notation. For a set E C R™ of locally finite perimeter and a bounded open set
U CR", we set
E(E,U):=inf{P(F,U): FeM" , FAE €U},
U(E,U):=P(E,U)—E(E,U).
Remark 2.10. Clearly, ¥ is monotonously increasing in the second component
with respect to the subset relation. Moreover, for all sets £ C R"™ of locally
finite perimeter and bounded open sets U C R™, there exists a set A C R”
satisfying A\ U = E \ U which minimizes the perimeter in U with boundary
datum FE. This follows by the direct method of calculus of variations; see, for

instance, [10, Theorem 1.20]. In particular, for all F € M™ with FAE € U, it
holds

P(A,U) < P(F,U) = P(F,U) + P(E,0U).

Hence, A satisfies P(A4,U) < Z(E,U) + P(E,dU).

1For p = oo, we identify %(l — %) with i.

2More precisely, for each € U N O*E there exists an open neighborhood V C U of z
such that VN 90*E = V N OF can be represented as a rotated and translated graph of a
Ch@_function and E NV is the rotated and translated subgraph of this function.

10



Theorem 2.11 (Tamanini’s regularity theorem; a-priori-C! case). Let a €
(0,1) and E C R™ be a set such that OENU is Ct. Then OENU is locally of
class CY% if and only if for each x € OE N U there exists a neighborhood V of
x and constants C, R > 0 such that

U(E,B,(y)) < Criit2e (2.4)
holds true for ally € OENV and 0 <1 < R.

Remark 2.12. The estimate U(E,B,(x)) < c(p)HHHLp(U)r"% holds true for
all H € HP(E,U) and B,(z) C U according to Holder’s inequality. Hence, it is
immediate that the optimal Holder exponent in Massari’s regularity theorem is
greater than or equal to %(1 — %)

3 Optimal CY* regularity

In this section, we improve on the Holder exponent in Massari’s regularity the-
orem.

3.1 Preparatory lemmas

First we deal with two technical lemmas, where the second one provides us with
suitable local rotations which transform to a situation with horizontal tangent
space and do not change the C'** Holder constant too much.

Lemma 3.1 (Holder continuity transferred from and to the unit normal). Let

€ (0,1], @ C R"! be an open set and f € CHQ) with |V f|c@) < co. Let
F denote the graph mapping of f. Then f is in CL2(Q) if and only if the unit
normal of the graph of f, that is, the vector field

(-V/(@).1)
VIHIV@P

is in CO*(F(Q2); R™). Moreover, in this case we have the inequalities

v:F(Q)—>R" z—

Cgs <c(IVflcw),a)Cy and Cy <Cgy.

Proof. We start with the forward implication. Since V : R"~! — R"; 2/ —

(—=2',1) . . . . . . . .
——=2Zis Lipschitz continuous with Lipschitz constant 1, it follows
V1tz'2 ’

w(z) —v(y)l = [V(V(@) - V(VI@G) < V@) - V@) < Cgple —yl*

for all z,y € F(Q).
Now we turn to the backward implication. Let Z,7 € Q and z := (&, f(T)),
y = (7, f(7)) € F(Q). We first notice Vf(2) = —2ZL |7(2)] < 1 and that

- vn(z)?

11



7|Vn1(z)| = /14 |Vf(2)|]? is bounded from above by ,/1+ ||Vf||?3(g) for each

z € F(Q). Thus, by estimating

v(x) vy ‘

vaz)  va(y)
1 v(y

o )~ )+ T

21+ [V £l ) Iv(@) — v(y)l

2(1+ ||Vf||%(9))0,‘j‘|x —y|*

21+ IV f &) Cs (17 = g1 + 1£(2) = f@)F)

<201+ [V EC T - 717,

V() = V@)=

IN A

[N

we arrive at the claim. O

Lemma 3.2 (Existence of good graph representations of Cl“-sets). Let a €
(0,1], f € CH*(Q) with |V fllciq) < oo for an open set @ C R"™', and let F
denote the graph mapping of f.

For all xg € F(Q), there exists a constant R > 0 such that for all x €
Cr(z0)NF(QY), there exists a rotation T with Tx = x such that Cr(z)NTF(Q) is
the graph of a CH*(BYy(7))-function with vanishing gradient at T and Hélder
constant in [0, c(o )CVf]

Proof. Let xg € F(£2). We can choose R > 0 small enough such that Cg fRY <e

for some e € (0,1) and By (%) € Q for all # € Cr(zo). Then, according to the
Holder continuity of V f,

sup  [Vf(2') = Vf({y) < Cg;R* <¢
¥’ BT (2)NQ

holds true for all 2/ € Q. Moreover, since the unit normal Vp(q) is locally
uniformly continuous on F(£2), we can make R small enough such that

@)~ vee ()] < 5 (31)

for all y € Cr(z0) N F(R), z € F(Q) with |z —y| < R.

In order to obtain a rotation which preserves the graph structure of F(Q2), we
show for x € Cg(zg) N F(2) that the orthogonal projection of F(Q2) N Br(x)
on the tangent space T F()) is one-to-one. Indeed, let us consider y,w €
F(Q) NBr(x) such that y — w is parallel to vp(q)(x). According to the mean
value theorem, there exists 2’ € By ' (Z) such that f(g)—f(@) = Vf(2)-(§—®).
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Thus, the estimate

|7 — | < |y — wl
= vr@) () - (y — w)|
| Vi@ G-+ f(@) — f(@)
VI+|VE(@)]? L+ [Vf(2)[?
< Vi@ - Vi) 7 — @]
VI [V@)P

<ely— o

enforces y = w according to the choice of . Hence, the projection is one-to-
one and there exist a rotation 7" with Tz = x such that vrp)(z) = e, and
TF(Q) NBgr(x) = F(Q) for the graph mapping F of a C*(€)-function f and
some open set Q C B% () with 7 € Q.

In the next step, we show that the rotation preserves Hélder continuity with
control on the Holder constant. According to Lemma the outward unit
normal vp(q) is a-Holder continuous on F'(€2) with Holder constant in [0, cg f]
on F(Q). Since rotations are isometric, vppo)(y) =T [VF(Q)(T_ly) + x} — 1z is
still a-Hélder continuous on TF(£2) with the same Hélder constant. With
and again the isometry property, we can estimate

1t (e @), — (e ),
L+ V@)

N —

< |vrr@) () — vrr@) (¥)] <

for all y € Br(z) N TF(Q) = F(Q). Hence, |Vf| is bounded on € by v/3.
Applying Lemma [3.1] once more, we infer that f is a Cl""(Q)—function with
Holder constant in |0, c(a)C%f].

Finally, the estimate

[z — FW) = 1f(®) = f()] < sup |V flr = sup |V — Vf(@)|r < c(a)Cgpr' T
Q Q

for all 4 € B**(Z) N Q allows to choose a small R e (0,R) independently of
the choice of = such that Cy(x) € Br(x) and f(y') € (zn — R, 2, + R) for all
y' € B%_l(f) N Q. With the continuity of f, it follows Q D B%‘l(f). Thus,
TF(Q) N Cx(z) is the graph of a C*-Holder continuous function on B”R_l(f)
with Holder constant in [0, c(a)C%f]. O

3.2 Regularity up to the optimal exponent

With Lemma[3.2]at hand, we now state and prove the main result of this section.

13



Theorem 3.3 (Massari’s regularity theorem with sharp Holder exponent). The
statement of Theorem holds true for all Hélder exponents a < ’;;T’f

Proof. Let E,U,p, H be as in Theorem E and set qg := i(l — %) In par-

ticular, we can assume that E is represented by E(1) such that OF = 0*E. In
order to apply Theorem our aim is to estimate

U(E,B,(y)) < Crn—1H2m (3.2)

for suitable y € U, local constants C, R > 0, r € (0, R) and for ap < a3 € (0,1).

Step 1. General framework. For x € 0*E, by Theorem [2.§] there exists an open
neighborhood V of x in U such that 0*ENV = 0E NV can be represented by
a rotated graph of a Cl®_function and the set E NV is the rotated subgraph
of this function. Hence, the rotated subgraph is a set with variational mean
curvature H in V and with C1**-boundary in V. Since we can formulate the
following proof for V instead of U, we can w.l.o.g. assume OF = 0*F in U.

Step 2. Reduction to horizontal tangent spaces and basic CH estimate. Now
consider a point x € 0F NU on the surface. By rotation invariance of the
perimeter and the variational mean curvature, we can assume that f: Q — R
is the CL:®0-function which represents E near x as a subgraph for some open
neighborhood 2 C R®~! of #. According to Lemma we can make R > 0
small enough such that for all y € 9E N Cr(z), we can find a rotation T with
Ty = y such that TENCg(y) is still the subgraph of a C1* (B! (7))-function
with vanishing gradient at § and with uniformly bounded Holder constant of
the gradient, i.e., it depends on the choice of z but not on the choice of y. Since
the perimeter is invariant under translation and rotation, we can assume w.l.o.g.
V(@) =0and y, = f(y) =0 for fixed y € OE N Cg(x).

Let now r € (0, R). We show

|zn| < C%t}rl—s-ao = c(r) for all z € (EAR") N C,(y), (3.3)

where R™ denotes the lower half-space R"~! x (—o0,0). Indeed, since E is the
subgraph of f in C,(y), it holds |z,| < |f(2)| for all z € (EAR™) N C,(y).
Since we assumed f(7) =0 and V f(g) = 0, it follows

lzal <1F(2) = F@DI < sup V(') = VI(@)|r < OFGriTee.
w' €BF ()

Step 3. An analogous estimate for a perimeter-minimizing competitor. Now, let
A be the perimeter minimizer in C,.(y) with boundary datum E. We provide a
cut-off argument to ensure the C1®° estimate for A instead of E. Since A
has boundary datum F in C,(y), we can only modify A away from 0C,(y) in
order to preserve the perimeter minimizer property with boundary datum for
the cut-off.

3For p = oo, we identify ’;;TT with 1.
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We can make R smaller to ensure that E has still subgraph representation
in Crya(y) for all § € Cgr(z) and some A > 0. Fix ¢ > 0. According to
and the continuity of JF, there exists 0 := d. € (0, min{\,e}) such that
z € ENC,is(y) implies z, < ¢(r) + €.

Cr+5(y)

Cr(y) r+9

—(r+9)

1,
B;‘I+(§ (U)

Figure 1: Configuration in the proof of Theorem

Define the half-space H” := {w € R" : w,, < ¢(r) + v} for v > 0. For F € M"
with F'\ C,.(y) = E '\ C.(y), we set F. := FNC,1s(y) and record specifically
F = F. in C,15(y), E. = F. outside C,(y). Moreover, E. and A, are sets of
finite perimeter and finite volume according to Lemma since A and F
both have finite perimeter in U and C,45(y) € U is a set of finite perimeter.
Intersecting a set of finite perimeter and finite volume with the half-space H®
reduces the perimeter. Therefore it follows

Thus, the set A, := (AN H®NCrys5(y)) U (E\ Cprys(y)), which can also be
written as A, = (AN H*NC,(y)) U (E\ Cy(y)), minimizes the perimeter in
C,(y) with boundary datum E.

Since A, — Ay := (ANH°NC,(y) U(E\ C,(y)) in LY(R") for £ \, 0, the
semi-continuity of the perimeter and the minimality of A, for all ¢ > 0 imply
that A is a perimeter minimizer in C,.(y) with boundary datum E, too. Hence,
we can replace A with Ay to ensure that z € AN C,(y) implies z, < ¢(r).
Since the perimeter of a set is equal to the perimeter of the complement, R™\ A
is a perimeter minimizer in C,(y) with boundary datum R™ \ E. Thus, by an
analogous cut-off argument we may assume that z € (R™ \ A) N C,(y) implies
zn > —c(r). Allin all we conclude that z € (A AR™)NC,.(y) implies |z, | < ¢(r).

Step 4. Improved control on the deviation from minimality and CY* regularity.
The inner and outer trace of E with respect to the cylinder C,.(y) coincide
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since E is the subgraph of a C! function in Cgy(y). In particular, Remark
2.10] implies P(A, C,(y)) < E(F,C,(y)) and thus ¥(E,C,(y)) < P(E, C,(y)) —
P(A,C.(y)). Finally, we can formulate the main argument. According to the
estimate (3.3)) for F and the corresponding estimate for A, each point z €
(EAA)NCy(y) satisfies |z,| < ¢(r). Hence, Holder’s inequality together with
the monotonicity of ¥ in the second variable implies

Y(E, B, (y)) < P(E,Cr(y)) — P(4,Cr(y))

= Fy (B —FE"'(y)(A)—i-/E o )Hdz—/A o )Hdz
al Yy n Y

< / |H|dz
E A ANC, (y)

/ / (2, 2n)|dzn, dZ
B (g) J—c(r)

-1

< B 71(@) x (=)o) | H o)
[ n+ao 1

<c(n,p, ||HHLP(U),CV‘})T( +ao)(1-1)

— _1 p=n
= c(n,p, | H ey, OF%)r" Lao(1-1)+25"

From Theorem we then infer that OF is C* in U for ap < oy := g(ap) <
1, where g(s) := 1_7)8 + Bt for s € R.

Step 5. Iteration and conclusion. Since 0 < -3) 5 ) < 1, the Banach fixed-point
theorem implies that the sequence (o )ken, defined by oy, := g(ax—1), converges
from below to the unique fixed point a, of g. A rearrangement of the formula
a, = g(ay) shows a, = ’;_TT. By repeating the argument above, we iteratively
infer that U N OF is CL* for all k € IN. Hence, U N OF is a C'**-manifold for

all o < . O

3.3 Remarks on the case of L°° Curvature

Next we briefly investigate the first variation of Massari’s functional at a min-
imizer. In view of Theorem in case n < 7 or when considering the regular
sets only, we can assume C! regularity of the minimizer and can locally represent
it as a subgraph

Ef ={z e QxR :z, < f(Z)} (3.4)

of f € CY(Q) on a bounded open set  C R"~!. Then, on the cylinder
C:=Qx(-rr) with 7 > || fllc) (3.5)

Massari’s functional takes the form already mentioned in the introduction
(B = /\/1+\Vf|2dy / H (y,s)dsdy (3.6)
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with H € L*(C). If H is continuous on C, it is standard to differentiate this
functional in the sense of the first variation and deduce, for a minimizer Ef
with f € C1(Q), the prescribed mean curvature equation

P

VIHIVIE

(with the divergence taken in the weak sense). In particular, if we even have
f € C?(Q), then - H restricted to F(Q) = {zx € QxR : z, = f(Z)} is the

n—1

—div H(-.f) on (3.7

mean curvature of the graph F(Q) (with respect to the outward normal of E/).

If we turn to discontinuous H € L'(C), differentiability of breaks down.
However, we now record, as a minor observation, that in specific cases with s-
uniform integrability of H(-,s) at least a differential inequality closely related
to remains valid. The precise statement is as follows.

Proposition 3.4 (Differential inequality in case of uniform mean curvature).
Consider a bounded open set @ C R"! and f € CY(Q). If H € LY(C) is a
variational mean curvature of ET in C with Ef and C from and
respectively and if we have

|H(y,s)| < ®(y) for L"-a.e. (y,s) € C with ® € LYQ), q € (1,00], (3.8)

then div \/ﬁ exists weakly in LI(Q) with
Hdiv v
VIV

We emphasize that the main case of interest in Proposition are bounded
curvatures H € L>°(C), for which holds and the proposition applies with
q =00 and [|®|| () = [[H|L~(c). In contrast, we cannot generally expect to
have at hand in case of H € LI(C) with ¢ < oo.

<[ ®]lLao) -
La()

Proof of Proposition[3.]} Since H is a variational mean curvature of E7, the
function G(t,p) = Fg (E/F¥), defined for ¢ € Cope () and t € (—6yp,d,),
where d, > 0 is small enough such that || f + tp||cq) < r for all t € (=0,,0,),
attains its minimum at ¢ = 0. Taking into account equation , we can

estimate

G(tv 90> — G(Ov 90)

0 < limsup "
N0
d 5 1 Fy)+te(y)
== 14+ |Vf+tVp|?dy — liminf — H dsd
dt’t:O/Q\/ +[Vf +tVplrdy — limin t/g/f(y) (y, s)dsdy

Vf -V

< —————dy + / P
o V11 VP y+ el (Q)” lLe (o)
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for ¢’ := q% € [1,00) such that ¢ and ¢’ are conjugate exponents. Analogously,

1
we get

. G(=t,p) — G(0,¢) Vf-Vo
0 < limsu < - ——dy + e D||Lq
= t\Op n > a VIE VP y+ el (Q)” [La()

for all p € CZ5(2). In conclusion we derived the estimate

Vf -V d
a1+ |Vf]?

for all p € CZ5;(€2). Thus,

y| < 1®lo el @

Vi-Vep

\/1+|Vf|2

can be extended to a bounded linear functional on Lq'(Q) By L? duality, there

exists g € LI(Q) such that [, \/% y = [q9edy for all ¢ € C(Q) and
l9llLae)y < |®[|Lan)- By definition, dlvﬁ exists weakly in LI(Q) and

coincides with g. O

Copt () = R; 0=

Remark 3.5. In the setting of Proposition with ¢ = 1, a similar reasoning

gives existence of div ﬁ as a finite Radon measure on 2 with its total
variation bounded by ||®||1,1 (o). However, we do not pursue this case any further.

In view of the last result, we are able to improve on Theorem [3.3] and obtain
even C! regularity in the special case H € L>°(U), n = 2, where the divergence
is simply the derivative.

Proposition 3.6 (CY! regularity for the case of L™ curvature in R2?). Let
E C R? be a set of finite perimeter in an open set U C R? with variational
mean curvature H € L°°(U) in U. Then 0*E = OF is a C1'-manifold in U.

Proof. By Massari’s regularity theorem, 9* E N U is of class C! with 0*E = 0F
in U. We localize and exploit that the perimeter and the variational mean
curvature are invariant under translation and rotation. Hence, it suffices to
consider JF in a rectangle C = Q x (—r,r) € U over a bounded open interval
Q C R such that E coincides inside C' with the subgraph of some function
fe CiQ) with > [| fllc@)-

By Proposition we have

\/ch € WL (), which means that \/1f+7 is a

S

Lipschitz function. Since h(s) := is Lipschitz continuous on {O \/Li},

Vi—? ' VIt
where M := || f'[|c(q) < oo, the function f’ = ho I is also Lipschitz. O
’ m

However, the last example of [I1, Remark 3.6] shows that the existence of an L>°
mean curvature does not imply C! regularity in general dimensions. Indeed,
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for n =3 and s € (0,1), the boundary of
E = {(z,y,2) € BI(0) x R: z < f(z,7)}

with

f(z,y) = {(wz — vy~ log(Va? +y2) for (.y) € BI(0)\ {0)
0 forx=y=0

is CLe for all o € (0,1) but not C*! in B%(0) x R. Moreover, one can check that
the constant-in-the-third-component extension V' of the outward unit normal of
E defines a vector field in Wh(U; R™) N C(U; R™) with divergence in L*°(U),
where U := B2(0) x (—r,7), r > | fllccez2(0y), and Propositionbelow ensures
the divergence of V to be a variational mean curvature of E in U. Hence, for
n > 3 we cannot expect analogous C!»! regularity results.

4 Sharp counterexamples

In this section we confirm the optimality of the Holder exponent by constructing
the sharp counterexamples announced in the introduction.

4.1 An explicit example in two dimensions

In order to determine a suitable curvature for the subsequent counterexample,
we make use of the following proposition, which allows to obtain a variational
mean curvature in some analogy with the definition of the classical mean cur-
vature. Slightly differing versions of this statement have been given e.g. in [5l
pp. 152 sq.], [I2, Lemma 1.3], and [II, Proposition 4.1]. However, we find it
worth recording and proving a comparably sharp version of the statement (even
though we subsequently need this only with T' = ().

Proposition 4.1 (Divergence of a normal as variational mean curvature ). Let
E C R™ be an open set of finite perimeter in U. In addition, assume that the
(weak) outward unit normal vy of E extends (in the sense of V = vg holding
H" l-a.e. on O*ENU) to a vector field V€ WHY(U \ T;R™) N C(U \ T'; R™)
with a relatively closed H" '-null set T C U and with [V| <1 on U\T. Then
the function H = divV € LY(U) is a variational mean curvature of E in U.

Proof. We first assume I' = () and thus V € WHY(U;R™) N C(U;R™). Let
F € M™ be a set of finite perimeter in U such that EA F' € U. We will prove

P(F,U)—/ didesz(E,U)—/ divV dz. (4.1)
FnU ENU

Since we can choose a smooth open set U - ]R"~such that EAF €U € U and
since it is enough to prove the inequality with U instead of U, in the sequel we
directly assume that U itself is smooth and bounded with V' € C(U;R™). By
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the structure theorem of De Giorgi and the generalized divergence theorem on
the bounded finite-perimeter set U, we obtain

P(F, U)—/ didex:/ 1dH”‘1—/ Vvpau dH™ L.
FNU *FNU 8* (FNU)

Since F differs from E only away from 0U, by locality we can split the last term
into a portion inside the open set U and a boundary portion on OU. In fact,
vipau = v holds on 9*(FNU)NU = 0*F NU, and vpny = Venu holds on
O*(FNU)NOU =0*(ENU)NOU. Thus, we get

P(F,U)—/ divV dz
FNU

o*FNU o (ENU)NOU

Here, only the first term Ip == [,..; (1—V -vp) dH"~* on the right-hand side
depends on F' and satisfies Irp > 0 by the Cauchy-Schwarz inequality and the
assumption |V| < 1. Moreover, the same rewriting applies with F instead of F,
and in view of the H" '-a.e. equality V = vy on 9*ENU we have Ir > 0 = Ig.
Therefore, altogether we infer that holds as required.

Now we turn to V.€ WhH(U \ T;R™) N C(U \ I'; R™) with non-empty I'. Once
more let F € M™ be a set of finite perimeter in U such that EAF € U.
Similar as above it suffices to establish where we can and do assume that
U is smooth and bounded with V' € C(U;R") and that even the closure I' of
[ C U in R" satisfies " 1(T') = 0. Taking into account the definition of the
Hausdorff measure and the compactness of I', we then exploit H"1(T) = 0 to
cover I by finite unions of small balls which successively yield bounded open sets
Ni, € R™ with Njiy1 C Nj, and (o N, = I' such P(N;) < % for k € N. We
also fix slightly smaller open sets M}, @ Ny, with My41 C My, and (o My, =T,
and we introduce Uy := U \ My, with Uy C Ugyq and Jg—, Uy = U \ T. Then,
we have EA Fy, € Uy, for Fy, :== (F\ Ni) U (E N Ny), and from the preceding
part of the reasoning we obtain divV € H'(E,Uy) for all k € IN. Moreover,
since De Giorgi’s structure theorem guarantees P(E,T") = 0 and we clearly have
IT'| =0, we find

P(E,U) —/ div V dz
ENU

= lim (P(E, Uk) —/ didex)
k— o0 EﬁUk

<limsup <P(Fk,Uk) — / didex)
k—oco FkﬂUk

<lim sup <P(F\Nk,Uk)+P(EﬂNk,Uk) —/ didex) , (4.2)
k—oo FkﬁUk
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where we used Lemma in the last step. Using once more Lemma
and exploiting P(F,T") = 0, we see

P(F\ Ny, Uy) < P(F,Ui) + P(R™\ Ny, Uy,) < P(F,Ui) + P(Ny) "= P(F,U).

Similarly, taking into account 0*(ENNy) C (0*ENNy)UO*Ny, and P(E,T") =0,
we get

P(E N Ni., Ux) < P(EN Ni) < P(E,Ny) + P(Ny,) =5 0.

Finally, we observe

/ didex’“if’/ divVde.
FpNUy FNU

Using the convergences obtained on the right-hand side of (4.2]), we arrive at
(4.1) and have thus proved divV € H*(E,U) in the general case. O

We now turn to the counterexample in dimension n = 2. Exploiting the ge-
ometry and Proposition we are able to specify an explicit variational mean
curvature with suitable integrability properties.

E).

Theorem 4.2 (Counterexample to Massari-type regularity forn = 2, a > Py}

Let n =2, a € (0,1), and consider the set of finite perimeter
E = {x €(-1,1)° 2y < sgn(xl)\sc1|1+a} ,

whose boundary OF is CY“ in (—1,1)2 but not CY8 near 0 for any B > a.
Then, there exists a variational mean curvature H of E in (—1, 1)2 such that

2 . -
H e LP((—1,1)7) for all p € [1,00) with o > ;;Tf.

Given B € (0,1], p € [2,00) with 8 > aept(2,p) = %, the theorem applied
with any choice of a in between apt (2, p) and 3 disproves C# regularity of E.
Hence, in case n = 2 < p the example confirms the optimality of our exponent
opt(2,p) = g% in Theorem in the sense claimed in the introduction.

Proof. We define
Dy = {w e (-1,1)%: Ja] < |2}
Dy = {x € (~1,1)% : o] > |331|1+a} ’

Dy :==D;n((0,1) x R), Dy :==D;N((-=1,0) x R) ,
Df =Dy (R x (0,1)), D5 :=DyN (R x (—1,0)) .

Furthermore, we compute the outward unit normal of E as

o) = SO D (el )
VI+ 1+ a)?fzy e \/1+(1+04)2\a:2|21%a
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Figure 2: Counterexample to Massari-type regularity for oo > 2 o +1

for (sgn(x2)|x2|“+a,x2) =z = (x1,sgn(xy)|z[1T) € N (=1,1)2. Since
(—x1,22) € OEN (—1,1)2 for all z € (0D; \ OE) N (-1, ) RS {1 2}, we can
extend vg continuously to the vector field

4zl ) e )
14 (14a)?|z; |2

(—(14a)|as| THa 1)

ifreD
V(@) = { V1+(1+a)2 |z TTa ?
ve(z) ifx € OF
VE(f.’El,.TQ) if x € 0D, \aE = 0D, \ OF.

We show that DV exists weakly in L!'((—1,1)%;R?*2). Clearly, V is C! on
D1 U Ds. For x € Df, we calculate
(L, (1 + a)ay)

0oV (x) =0, 0V (x) = —(1+a)axd™! <
(1+ (1 +a)?zi®)?

and for x € Dy, we have DV (z) = —DV(—z). Hence, we find DV (z)| <
c(a)|xq|*~! for € Dy and DV € LY(Dy; R?*?). For x € D5, we have

0V (x) =0, OV (x) = am%ia 1 ( (1+ )z 1+a)
(1+ (1 4+ a)2e™)

(S

and for x € Dy, it holds DV (z) = —DV(—z) by symmetry. Again, we in-
fer DV (z)| < c(a)|ze|T¥s ! for 2 € Dy and DV € LY(Dy; R**?). Since V
is continuous on all of (—1, 1)2 and even C' away from the two regular C!
curves OF N (=1,1)% and (0D; \ OE) N (—1,1)°, we conclude that V is in
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Wh((=1,1)%R%) N C((—1,1)%;R?). Thus, Proposition with I' = {) implies
that H := divV is a variational mean curvature of E, and we have

[H(z)| < c(@) (|l21]* L, () + |22 7o ", (x)) -

for a.e. x € (—1, 1)2. By symmetry and Fubini’s theorem, we compute

/ |H|P dx
(7151)2

14 =
Lopay ™ Loy _a
<4c(a) / $§a—1)p dao day + 4e(w) / / ng sl dzq das
o Jo 0o Jo

1

—te(a) [ et 4 g (G ray,

0
One checks that the last integral is finite if and only if o > 5%' Hence, the
variational mean curvature H = div V is in LP((—1,1)*) whenever o > g%. O

4.2 A slightly less explicit example in higher dimensions

Finally, we turn to a related example which confirms the optimality of apt (12, p) =
’;_T’f in arbitrary dimension n > 2. Since it is not clear to us if and how the
construction of Section in particular the extension of the unit normal, gen-
eralizes to higher dimensions, we rely instead on the Barozzi construction of
the optimal variational mean curvature and estimate this curvature suitably via

Lemma

Theorem 4.3 (Counterexample to Massari-type regularity for n > 2, a > ’;_Trf).
Let a € (0,1), and consider the convex set E obtained as the union of

E:={zeR": |z <z, <1}

14+«

Then, OF = 0*F is C1*, but not CY% near 0 for any B > «, and, for every ball
U C R™ with E € U, there exists a variational mean curvature H of E in U

such that H € LP(U) for all p € [1,00) with o > =7

and the ball B := B\/Hi1 (0,1+ 1) (which is chosen such that OF is C').
(14a)2

Proof. The set E has a bounded C*®-boundary and thus finite perimeter in U.
Step 1. FEstimation of the curvature on U \ E. Since E is convex and U is
a ball with E € U, there exists € > 0 such that for each € U \ E, there
exists w € U with z € Bo(w) € U\ E For all A > 2 and the problem of
type with E replaced by U \ F there, Lemma gives that minimizers
(U\ E) necessarily contain the balls B, (w). For the variational mean curvature
Hy\g from Construction (applied with hyng = 1 on U \ E), it follows
OSHU\ES%OHU\E

Step 2. Estimation of the curvature on E. Now, we estimate the variational
mean curvature Hp from Construction (with hg = 1 on E) by applying
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Figure 3: Counter-example to Massari-type regularity for o > T

Lemma [2.2] for balls contained in F in entirely the same way. Clearly, by using
_1
the ball B we get 0 < Hp < n(1+m) 2 on B. For the main argument, now

consider = € E. Then, in view of the choice of E, one checks z € By, (z:) CE
for

_ 1 l-—a
2y = <0, 1 +ax,1l+°‘ +xn) ,

S S P
Ty = Tn Tn y
(1+a)? (1+a)?

where the choices have been expressed in terms of the last component x,, of x.
Thus, we infer

0< Hg(z) < — <c¢(n,a)zy, ¢ forz € E.
T

n _l—«a
x

Step 3. LP integrability of the curvature. According to Remark by letting

H := Hglg — Hy\ply\ g, we obtain a variational mean curvature H of E in

U, and in view of the constant bounds on U \ E and B, it suffices to check the
1

integrability of H on E. We abbreviate R, = 27 for x,, > 0. With Fubini’s
theorem and E,, = {Z € R""!: (z,z,) € B} = B;’il(O) for all z,, € (0,1), it
follows !

n—1 11—«

1 1
/ |H|P dz = / / |H(x)P dZ dx,, < c(n,p, a)/ i Qg
E 0 Bj;;i (0) 0
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and the last integral is finite if and only if a > IZ’;TTIL. Hence, the variational
mean curvature H is in LP(U) whenever o > L= O

Remark 4.4. In case n = 2, the exact determination of the global variational
mean curvature Hp by using [I4, Theorem 2.3] (compare also [2I, Theorem
3.32]) shows that the integrability found above is best possible. Indeed, since
E €U is convex, the L? minimality from [3, Theorem 3.2], Lemma [2.5| and the
result in [4, Theorem 4.2] imply that Hr1g has the best possible integrability
on E even among local variational mean curvatures of E in U. Therefore, the
limit case C1< regularity with a = % — which indeed we believe does hold

P
for n < p < oo — at least cannot be generally ruled out by this type of example.
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