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Abstract. We show that several different interpretations of the inequality ∆f ≤ η are
equivalent in the setting of RCD(K,N) spaces. With respect to previously available
results in this direction, we improve both on the generality of the underlying space and
in terms of regularity to be assumed on the function f . Applications are presented.

1. Introduction

A recurring theme in modern analysis is that of finding appropriate weak interpretations
of differential (in)equalities, so that they can be given some useful meaning even if the
function being differentiated has no derivatives in the classical sense. We mention here
[8, 12] and [33] as classical instances of this idea in geometric analysis under lower Ricci
curvature bounds, very much related to the subject of the present note. This is even more
important when the underlying geometry is itself non-smooth as in such framework the
concept of ‘classical derivative’ typically does not exist at all. In this note we are concerned
with the inequality ∆f ≤ η in the setting of finite dimensional RCD spaces and prove,
under the sole assumption that f is bounded and lower semicontinuous, that the following
interpretations of such inequality are equivalent:

1) In the sense of distributions, see Definition 3.1 and Definition 3.2;
2) In the sense of comparison with solutions of the associated Poisson equation, see

Definition 3.7;
3) In the viscosity sense, see Definition 3.11;
4) In the sense of asymptotic for the heat flow, see Definition 3.13.

Let us briefly recall the context. The class of RCD(K,N) spaces consists of metric measure
spaces that, in a suitable weak sense, have Ricci curvature ≥ K and dimension ≤ N . It
has been introduced in [4, 15] as a ‘Riemannian’ counterpart of the original Curvature
Dimension condition CD(K,N) considered in [23], [30, 31] (see also [2, 13, 6, 9]). For an
overview on the topic and more detailed bibliography we refer to [1, 32].

On RCD(K,N) spaces, the concept of distributional bounds on the Laplacian has been
first considered in [15], where it was used to state and prove Laplacian comparison estimates
for the distance function (see also [10]). Then in [17] the distributional inequality ∆f ≤ 0
on an open set Ω has been proved to be equivalent to the property of ‘minimizing the
energy among compactly supported non-negative perturbations’. In the recent [26], the
notion of Laplacian bound in the viscosity sense has been introduced in the setting of RCD
spaces and it has been carried out a systematic study of the relations among the various
possible such definitions of Laplacian bounds. A main interest in [26], and the motivation
for studying viscous bounds, was the study of regularity properties of minimal boundaries
in the more restricted class of non-collapsed RCD spaces ([16] - these are more regular
than general RCD spaces, especially for what concerns properties related to geometric
measure theory). It is mostly for this reason that in [26] the equivalence among the four
concepts above was mainly proven on non-collapsed spaces.

However, the recent [25, 14] are a strong indicator that in fact the equivalence of the
above should hold on general RCD(K,N) spaces: the purpose of this short note is to prove
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that this is actually the case. While we introduce no radically new idea, the necessary
proofs are non-trivial and gather inspiration from a large amount of material recently
developed. Also, we pay particular attention in keeping minimal regularity assumptions
on the function f , thus extending some of the above notions beyond what was previously
known.

As applications, we:
a) Give an alternative proof of an approximated maximum principle on RCD(K,N)

spaces (see Theorem 5.1);
b) Prove sharp Laplacian comparison estimates for the distance from the boundary

of a local perimeter minimizer on general RCD(K,N) spaces. In [26] this was
obtained on non-collapsed spaces: the generalization is quite straightforward once
one has the equivalence of the above (see Theorem 5.2).

We stress that, in the theory of Alexandrov spaces with sectional curvature bounded from
below in synthetic sense, a research line aimed at understanding (sub)harmonic functions
and their applications was put forward in [28, 29] and further developed in [34, 36]. These
works have been source of inspiration for the present note and the earlier [26, 25, 14].

We conclude the introduction by mentioning the following question that naturally arose
during the development of the present note.
Open question: does the equivalence between Laplacian bounds in the sense of

distributions and in the heat flow sense hold on general RCD(K,∞) metric measure
spaces?

In order to keep the note short, we assume the reader to be familiar with the basic
definitions and concepts from RCD theory.
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2. Some preliminaries and notation

Throughout the note, (X, d,m) is an RCD(K,N) metric measure space, for some K ∈ R
and N ∈ [1,∞). In particular (X, d) is a proper metric space and m is finite on bounded
sets. Given an open subset Ω ⊂ X, we will denote by Cb(Ω) (resp. Lipc(Ω)) the space
of bounded and continuous functions on Ω (resp. the space of Lipschitz functions with
compact support contained in Ω).

3. Notions of Laplacian bounds and equivalence results

Definition 3.1 (Distributional Laplacian bounds 1). Let (X, d,m) be an RCD(K,N)
metric measure space and let Ω ⊂ X be an open domain. Let f ∈W 1,2

loc (Ω) and η ∈ Cb(Ω).
We say that ∆f ≤ η in the sense of distributions if the following holds: for any non-negative
function ϕ ∈ Lipc(Ω),

−
ˆ

Ω
∇f · ∇ϕ dm ≤

ˆ
Ω
ϕη dm .

More generally, and in analogy with the Euclidean case, it is possible to define Laplacian
bounds in the sense of distributions under weaker regularity assumptions on f by “inte-
grating by parts once more”. Borrowing the notation from [18], for any RCD(K,N) metric



ON THE NOTION OF LAPLACIAN BOUNDS ON RCD SPACES AND APPLICATIONS 3

measure space (X, d,m) we introduce

Test∞(X) := {ϕ ∈ D(∆) ∩ L∞ : |∇ϕ| ∈ L∞ ,∆ϕ ∈ L∞ ∩W 1,2} (3.1)

and, for an open domain Ω ⊂ X,

Test∞c (Ω) := {ϕ ∈ Test∞(X) : suppϕ b Ω} . (3.2)

Definition 3.2 (Distributional Laplacian bounds 2). Let (X, d,m) be an RCD(K,N)
metric measure space and let Ω ⊂ X be an open domain. Let f ∈ L1

loc(Ω) and η ∈ Cb(Ω).
We say that ∆f ≤ η in the sense of distributions if the following holds: for any non-negative
function ϕ ∈ Test∞c (Ω) it holds ˆ

Ω
f∆ϕdm ≤

ˆ
Ω
ϕη dm . (3.3)

Remark 3.3. If f ∈ W 1,2
loc (Ω) and ∆f ≤ η according to Definition 3.2, then ∆f ≤ η also

according to Definition 3.1. The implication can be checked by integrating by parts in
(3.3) and recalling the density of Test∞c (Ω) into Lipc(Ω).

Remark 3.4. In the very recent [27] a variant of the classical Weyl lemma on Euclidean
spaces is obtained for RCD(K,N) metric measure spaces. Among the corollaries, there is
the statement that if f ∈ L1

loc(Ω) verifies ∆f ≤ η and ∆f ≥ η according to Definition 3.2
for some η ∈ Cb(Ω) (actually η ∈ L2

loc(Ω) would be enough), then f ∈ W 1,2
loc (Ω). See in

particular [27, Corollary 1.5].

Remark 3.5. Thanks to the existence of Test∞c (Ω) cut-off functions in RCD(K,N) metric
measure spaces (these can be constructed by following verbatim the proof of [24, Lemma
3.1] and choosing f : [0, 1] → [0, 1] of class C3 in that argument) it is possible to prove
that if f ∈ L∞loc(Ω) satisfies ∆f ≤ η according to Definition 3.2, then f ∈ W 1,2

loc (Ω). The
proof is analogous to the classical one in the Euclidean setting. There are two main steps:
an energy estimate and a regularization procedure. The energy estimate builds upon the
identity ˆ

Ω
|∇(ϕf)|2 dm =

ˆ
Ω
f2 |∇ϕ|2 dm +

ˆ
Ω
∇(ϕ2f) · ∇f dm , (3.4)

valid for any ϕ ∈ Lipc(Ω) and for f ∈ W 1,2
loc (Ω). In particular, taking a cut-off function

ϕ ∈ Test∞c (Ω), the second term at the right hand side in (3.4) can be estimated thanks to
the distributional Laplacian bound. The regularization is via heat flow, see for instance
[27, Lemma 3.6].

Proposition 3.6. Let (X, d,m) be an RCD(K,N) metric measure space, for some K ∈
R, N ∈ [1,∞), and let Ω ⊂ X be an open domain. Let f ∈ W 1,2

loc (Ω) and η ∈ Cb(Ω).
Assume that ∆f ≤ η in the sense of distributions, then:

i) f is locally bounded from below and coincides m-a.e. with its lower semicontinuous
essential envelope f∗, defined as

f∗(x) := sup
r>0

ess inf
Br(x)

f , for m-a.e. x ∈ Ω ; (3.5)

ii) any point x ∈ Ω is a Lebesgue point for f∗, namely

lim
r→0

 
Br(x)∩Ω

|f(y)− f∗(x)| dm(y) = 0 , if f∗(x) < +∞ , (3.6)

and
lim
r→0

 
Br(x)∩Ω

f(y) dm(y) = +∞ , if f∗(x) = +∞ ; (3.7)
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iii) for any x ∈ Ω it holds
lim
t→0

Ptf̃(x) = f∗(x) , (3.8)

for any x ∈ Ω and for any function f̃ : X → R with polynomial growth and such
that f = f̃ in a neighbourhood of x.

Proof. Items i) and ii) are well known: the techniques in [19, Chapter 8] based on Moser’s
iteration can be applied with virtually no modification (see also the proof of [22, Proposition
10]).

In order to obtain iii) when f∗(x) < ∞ it is sufficient to combine the Lebesgue point
condition (3.6) with [26, Lemma 2.54]. If f∗(x) = +∞, then by lower semicontinuity for
any M ∈ R there exists a neighbourhood UM 3 x such that f > M a.e. on UM . It follows
easily that limt→0 Ptf(x) ≥M . Taking the limit for M → +∞ we obtain that (3.8) holds
also in the case f∗(x) = +∞. �

The following definition is a variant of [7, Definition 14.8] (in the previous paper [26]
these were called ‘classical supersolutions’).

Definition 3.7 (Supersolution in the comparison sense). Let (X, d,m) be an RCD(K,N)
metric measure space and let Ω ⊂ X be an open domain. Let f : Ω → R be a lower
semicontinuous function and η ∈ Cb(Ω). We say that f is a supersolution in the comparison
sense of ∆f = η if the following holds: for any open domain Ω′ b Ω and for any function
g ∈ C(Ω′) such that ∆g = η in Ω′ and g ≤ f on ∂Ω′ it holds g ≤ f on Ω.

Remark 3.8. An easy consequence of the standard existence and regularity for solutions
to the Dirichlet problem and of the linearity of the Laplacian is the following: given
a continuous function η and a lower semicontinuous function u, it holds that u is a
supersolution in the comparison sense of ∆f = η if and only if, denoting by vη a local
solution of ∆vη = η (possibly on a smaller domain Ω′ ⊂ Ω), u− vη is a supersolution in
the comparison sense of ∆f = 0 (possibly on a smaller domain Ω′ ⊂ Ω).

Remark 3.9. As discussed for instance in [7, Remark 9.56], it is not true that a supersolution
in the comparison sense of ∆f = η belongs to W 1,2

loc . Counterexamples can be constructed
in the Euclidean space endowed with canonical metric measure structure.

Remark 3.10. On RCD(K,N) spaces, N ∈ [1,∞), it is easy to establish existence of
continuous functions g that are local solutions of ∆g = η for η continuous and bounded.
For instance, any minimizer of the energy g 7→

´
U

1
2 |∇g|

2 + gη dm in W 1,2(U) subject
to some given boundary conditions satisfies ∆g = η in U and is, by Proposition 3.6,
continuous.

Definition 3.11 (Viscous bounds for the Laplacian). Let (X, d,m) be an RCD(K,N)
metric measure space and let Ω ⊂ X be an open and bounded domain. Let f : Ω→ R be
lower semicontinuous and η ∈ Cb(Ω). We say that ∆f ≤ η in the viscous sense in Ω if the
following holds. For any Ω′ b Ω and for any test function ϕ : Ω′ → R such that

(i) ϕ ∈ D(∆,Ω′) and ∆ϕ is continuous on Ω′;
(ii) for some x ∈ Ω′ it holds ϕ(x) = f(x) and ϕ(y) ≤ f(y) for any y ∈ Ω′, y 6= x;

it holds
∆ϕ(x) ≤ η(x) .

Remark 3.12. An easy consequence of the standard existence and regularity for solutions
to the Dirichlet problem and of the linearity of the Laplacian is the following statement:
given a continuous function η and a lower semicontinuous function u, it holds that ∆u ≤ η
in the viscous sense if and only if, denoting by vη a local solution of ∆vη = η (possibly on
a smaller domain Ω′ ⊂ Ω), it holds that ∆(u− vη) ≤ 0 in the viscous sense (possibly on a
smaller domain Ω′ ⊂ Ω).
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Definition 3.13 (Supersolution in the heat flow sense). Let (X, d,m) be an RCD(K,N)
metric measure space and let Ω ⊂ X be an open and bounded domain. Let f : Ω→ R be
a bounded lower semicontinuous function and let η ∈ Cb(Ω). We say that ∆f ≤ η on Ω in
the heat flow sense if the following holds. If we denote by f̃ : X → R the global extension
of f such that f̃(x) := 0 for any x ∈ X \ Ω, then it holds

lim sup
t↓0

Ptf̃(x)− f̃(x)
t

≤ η(x) , for every x ∈ Ω .

Remark 3.14. We notice that the choice of the global extension in Definition 3.13 does not
play any role in the definition, as soon as the extension has polynomial growth. This is a
consequence of [26, Lemma 2.53], applied to the difference of any two global extensions of
f with polynomial growth.

4. Proof of the equivalences

Let us quote two important results connecting supersolutions (in the comparison sense)
of the equation ∆f = η with superminimizers. Under our assumptions, they are direct
corollaries of [7, Corollary 9.6, Theorem 9.24, Theorem 14.10] (see also [21]), where
equivalence of supersolutions with superminimizers of the energy is addressed, and [17],
establishing the equivalence between the property of being superminimizers for the Dirichlet
energy and bounds for the Laplacian in the sense of distributions. As we already remarked,
the extension of the results in [7] from the case of superharmonic functions ∆f ≤ 0 to the
case of more general upper Laplacian bounds is harmless. This is due to the linearity of
the Laplacian, and the local solvability and regularity for solutions of the Poisson equation
on RCD(K,N) spaces (Remark 3.10).

Theorem 4.1. Let (X, d,m) be an RCD(K,N) metric measure space, for some K ∈
R, N ∈ [1,∞), and let Ω ⊂ X be an open and bounded domain. Let f ∈W 1,2

loc (Ω) and let
η ∈ Cb(Ω). Assume that ∆f ≤ η in the sense of distributions. Then f∗ is a supersolution
in the comparison sense of ∆f∗ ≤ η.

Theorem 4.2. Let (X, d,m) be an RCD(K,N) metric measure space, for some K ∈
R, N ∈ [1,∞), and let Ω ⊂ X be an open and bounded domain. Let f ∈ W 1,2

loc (Ω) and
assume that f∗ = f m-a.e. and f∗ is a supersolution in the comparison sense of ∆f∗ ≤ η
for some function η ∈ Cb(Ω). Then ∆f ≤ η in the sense of distributions.

By Theorem 4.1 and Theorem 4.2 above, the notions in Definition 3.1 and Definition 3.7
are essentially equivalent, at least under the assumption that f ∈W 1,2

loc .

The following is a slight extension of [26, Lemma 3.23]. With respect to [26] the Lipschitz
regularity requirement is dropped, but the proof is basically unchanged. It is a key tool for
the implication from Laplacian bounds in the viscosity sense to Laplacian bounds in the
sense of distributions.

Lemma 4.3 (Minimum principle for viscosity super solutions). Let (X, d,m) be an
RCD(K,N) metric measure space for some K ∈ R and N ∈ [1,∞). Let Ω ⊂ X be
an open and bounded domain such that m(X \ Ω̄) > 0. Let f : Ω → R be a lower
semicontinuous function such that ∆f ≤ 0 in the viscous sense. Then

min
x∈Ω

f(x) = min
x∈∂Ω

f(x) .

Proof. Let us suppose by contradiction that

min
x∈Ω

f(x) < min
x∈∂Ω

f(x) .
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Then the minimum in the left hand side is attained at an interior point x0 ∈ Ω. In
particular

min
x∈∂Ω

f(x) > f(x0) . (4.1)

Consider a solution of the Poisson problem ∆v = 1 on X ⊃ Ω′ ⊃ Ω such that v ≥ 0 on Ω
and

M := max
∂Ω

v ≥ min
∂Ω

v =: m > 0 .

This function can be obtained with an additive perturbation from any solution of ∆u = 1
on Ω′, by the local Lipschitz regularity [20, Theorem 1.2].
We claim that, for ε > 0 sufficiently small, also

fε(x) := f(x)− εv(x)

attains a local minimum at an interior point in Ω.
Let us suppose by contradiction that this is not the case. Then, for any ε > 0, the global
minimum of fε on Ω̄ is attained on ∂Ω. In particular there exists xε ∈ ∂Ω such that

f(xε)− εM ≤ f(xε)− εv(xε) = fε(xε) ≤ fε(x0) ≤ f(x0) .

Hence
min
x∈∂Ω

f(x)− f(x0) ≤ f(xε)− f(x0) ≤Mε , for any ε > 0 ,

which yields a contradiction with (4.1) a soon as ε is sufficiently small.

Let now ε > 0 be small enough to get that fε = f − εv has a local minimum c ∈ R at
x̄ ∈ Ω. Note that, by assumption, the function g := f − c satisfies ∆g ≤ 0 in the viscous
sense. Using εv as a test function in the definition of the bound ∆g ≤ 0 in viscous sense,
we infer

∆(εv)(x̄) ≤ 0 .
This is a contradiction since ∆v = 1 on Ω. �

Proof of “Viscosity supersolution implies supersolution in the comparison sense”. The im-
plication was established in [26, Theorem 3.24] under stronger assumptions on f . We
repeat the proof here and indicate the minor modifications needed to deal with the more
general case.
We claim that if ∆f ≤ η in the viscous sense, then f is a supersolution in the comparison
sense to ∆f = η, as in Definition 3.7. This is a consequence of Lemma 4.3. Indeed, let us
consider any open subdomain Ω′ b Ω and any function g ∈ C(Ω′) such that ∆g = η on Ω′
and g ≤ f on ∂Ω′.
Observe that h := f − g is lower semicontinuous on Ω′ and verifies ∆h ≤ 0 in the vis-
cous sense on Ω′, since ∆f ≤ η in the viscous sense and ∆g = η. Taking into account
Remark 3.12 we infer by Lemma 4.3 that

min
x∈Ω′

h(x) = min
x∈∂Ω′

h(x) ≥ 0 .

It follows that f ≥ g on Ω′, hence f is a supersolution in the comparison sense of ∆f = η.
�

Proof of “Distributional implies heat flow sense”. By a truncation argument and the strong
locality properties of the heat flow, see [14, Lemma 3.8] and [26, Lemma 2.53], it is sufficient
to establish the implication in the simplified setting where f ∈W 1,2(X) satisfies ∆f ≤ η
on X for some continuous function η : X → R with bounded support.

Notice that

Ptf(x)− Psf(x) ≤
ˆ t

s
Prη(x) dr , (4.2)
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for any x ∈ X and any 0 < s < t.
By Proposition 3.6, f admits a lower semicontinuous representative f∗ and Psf(x)→ f∗(x)
as s→ 0 for any x ∈ X. By continuity of η and (4.2) we get

lim sup
t→0

Ptf(x)− f∗(x)
t

≤ lim sup
t→0

1
t

ˆ t

0
Psη(x) ds = η(x) . (4.3)

�

Proof of “Heat flow sense implies viscosity sense”. Let x ∈ Ω and ϕ be a test function at
x as in the definition of Laplacian bounds in the viscosity sense. By [26, Lemma 2.56], for
any extension ϕ̃ : X → R of ϕ : Ω′ → R with polynomial growth it holds

lim
t→0

Ptϕ̃(x)− ϕ(x)
t

= ∆ϕ(x) . (4.4)

By the very definition of Laplacian bounds in the heat flow sense it holds

lim sup
t→0

Ptf̃(x)− f(x)
t

≤ η(x) , (4.5)

where f̃ = f on Ω and f̃ = 0 on X \ Ω.
As ϕ ≤ f on Ω′, from (4.4) and (4.5) and [26, Lemma 2.53] we immediately deduce that

∆ϕ(x) ≤ η(x) . (4.6)
�

The above implications are clearly sufficient to establish the equivalence between the
notions of Laplacian bounds in distributional, heat flow and viscosity sense, under mild
regularity assumptions. Below we provide a direct proof of the implication from Laplacian
bounds in the heat flow sense to Laplacian bounds in the sense of distributions under the
assumption that f is bounded, which is of independent interest.

The key tool in the proof is the stability of upper Laplacian bounds under the Hopf-Lax
semigroup, valid on general RCD(K,∞) spaces, see [26, Section 4] and [14, Lemma 4.8]
for the present phrasing. Recall that for f : X → R Borel and bounded, the Hopf-Lax
semigroup Qtf , for t > 0, is defined by

Qtf(x) := inf
y∈X

f(y) + d2(x, y)
2t , for all x ∈ X.

We also set Q0f := f .

Lemma 4.4. Let (X, d,m) be an RCD(K,∞) metric measure space for some K ∈ R. Let
f : X → R be Borel and bounded. Let t > 0 and assume that for some x, y ∈ X it holds

Qtf(x) = f(y) + d2(x, y)
2t . (4.7)

Then
lim sup
s→0

PsQtf(x)−Qtf(x)
s

≤ lim sup
s→0

Psf(y)− f(y)
s

−K d2(x, y)
t

. (4.8)

Proof of “Heat flow sense implies distributional”. The idea of the proof is the following.
After running the Hopf-Lax semigroup for time t > 0, Qtf has the same upper Laplacian
bounds of f in the heat flow sense, up to correction terms going to 0 as t ↓ 0. Moreover,
Qtf has Laplacian bounded from above in the sense of distributions, by the Laplacian
comparison. Hence the (sharper) Laplacian bounds in the heat flow sense improve to
Laplacian bounds in the sense of distributions. The conclusion follows exploiting the
stability of Laplacian bounds in the sense of distributions by taking the limit as t ↓ 0.

Assume for the moment that Ω = X, i.e. that f : X → R is lower semicontinuous and
bounded, η : X → R is continuous and that ∆f ≤ η in the heat flow sense. Borrowing the
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notation from [14, Section 4], for any x ∈ X and t > 0 we let Ft(x) be a minimizer in the
variational definition of Qtf(x), namely,

Qtf(x) = f(Ft(x)) + d2(x, Ft(x))
2t . (4.9)

Notice that such a minimizer exists for every x ∈ X by local compactness, boundedness
and lower semicontinuity of f . Moreover, Ft(x) is uniquely defined for m-a.e. x ∈ X, by
[14, Theorem 4.9].

By Lemma 4.4, for every x ∈ X it holds

lim sup
s→0

PsQtf(x)−Qtf(x)
s

≤ lim sup
s→0

Psf(Ft(x))− f(Ft(x))
s

−K d2(x, Ft(x))
t

. (4.10)

Since f has Laplacian bounded from above by η in the heat flow sense, we deduce that

lim sup
s→0

PsQtf(x)−Qtf(x)
s

≤ η(Ft(x))−K d2(x, Ft(x))
t

, (4.11)

for every x ∈ X.
By the Laplacian comparison for RCD(K,N) spaces, Qtf has Laplacian locally bounded
from above in the sense of distributions. Hence by [14, Lemma 3.2] it holds

∆Qtf ≤ ηtm , (4.12)

where we set

ηt(x) := η(Ft(x))−K d2(x, Ft(x))
t

, (4.13)

for any x ∈ X and any t > 0.
By standard arguments (see for instance [3, Section 3]), the functions |ηt| are locally
uniformly bounded, with bounds independent of t ∈ (0, 1).
Analogously, the functions Qtf are locally uniformly bounded with bounds independent
of t ∈ (0, 1) and Qtf → f as t ↓ 0 in the m-a.e. sense. Moreover, the functions Qtf
have locally bounded W 1,2-norms, uniformly w.r.t. t (by Remark 3.5). Hence, by lower
semicontinuity of the W 1,2 energy, f ∈ W 1,2

loc . By the discussion around [14, Equation
(3.30)] we can pass to the limit the bounds (4.12) for a sequence tn ↓ 0 to obtain that f
has Laplacian locally bounded from above in the sense of distributions (with a possibly
non sharp upper bound).
To conclude, the non sharp upper Laplacian bounds in the sense of distributions can be
combined, again by by [14, Lemma 3.2], with the upper Laplacian bounds in the heat flow
sense to obtain that ∆f ≤ η in the sense of distributions.

To deal with the case Ω bounded open subset of X we argue as in [14, Lemma 3.7].
Let s := supΩ f , Ω′ b Ω and for C � 0 consider the function f ′ := f + Cd2(·,Ω′). By
the (distributional) Laplacian comparison properties of the distance and the implication
‘distributional sense⇒ heat flow sense’ that we already established, we know that ∆f ′ ≤ η′
in the heat flow sense for some η′ ∈ Cb(Ω) with η′ = η in Ω′. This last identity follows
from the locality properties of the heat flow, see [26, Lemma 3.8].
It is clear that for C sufficiently large we have f > s in a neighbourhood of ∂Ω and then
that the function f ′′ := f ′ ∧ s, defined as s outside Ω satisfies limt↓0

Ptf ′′(x)−f ′′(x)
t = 0 in

the interior of {f ′′ = s} and

lim sup
t↓0

Ptf
′′(x)− f ′′(x)

t
≤ lim sup

t↓0

Ptf
′(x)− f ′′(x)

t
, on {f ′ ≤ s} ⊂ Ω . (4.14)

Hence ∆f ′′ ≤ η′′ in the heat flow sense for some η′′ ∈ Cb(X) equal to η on Ω′. By
what proved above we conclude that ∆f ′′ ≤ η′′ in the sense of distributions on the whole
X. Hence ∆f ≤ η on Ω′, and then also on the whole Ω, by the locality properties of
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the distributional Laplacian and the arbitrariness of Ω′ b Ω (see also [15, Proposition
4.17]). �

5. Applications

With the tools developed in this note and in the previous [14, 26], we can recover a
version of the classical approximate maximum principle in the viscosity theory of PDEs.
We refer to [35, Theorem 4.2] for a different approach based on Kato’s inequality.

Theorem 5.1. Let (X, d,m) be an RCD(K,N) metric measure space, for some K ∈ R
and N ∈ [1,∞). Let Ω ⊂ X be a bounded domain and f ∈W 1,2(Ω) ∩ Cb(Ω). Assume that
∆f ≤ C in the sense of distributions on Ω for some C ∈ R. If x ∈ Ω is a minimum point
of f , then there exists a sequence Ω 3 xn → x such that

(i) xn are Lebesgue points of the absolutely continuous part ∆acf of ∆f ;
(ii) [∆acf(xn)]− → 0 as n→∞;
(iii) xn are Lebesgue points for |∇f | and |∇f | (xn)→ 0 as n→∞.

Proof. Up to changing f with f + εd2
x for ε arbitrary small we can assume that f has a

strict minimum point at x. The additional error terms could be handled with arguments
analogous to those that we are going to employ below.
By the Lebesgue differentiation theorem, m-a.e. point is a Lebesgue point of ∆acf . Moreover,
by [5, Theorem 5.4] (see also [11]), m-a.e. point x ∈ Ω is a harmonic point for f according
to [5, Definition 5.2]. In particular, x is a Lebesgue point of |∇f | and any blow-up of the
function f at x is a splitting function on a tangent space of (X, d,m) with slope |∇f | (x),
unless |∇f | (x) = 0, in which case the blow up is the constant function 0.
By [25, Corollary 4.5] for any n ≥ 1 there exist an < 1/n and yn ∈ Ω with d(x, yn) < 1/n
such that the function

fn(z) := f(z) + and2(z, yn) (5.1)
achieves a local minimum at a point xn which is a Lebesgue point of ∆acf and a harmonic
point for f such that d(x, xn) < 1/n. We claim that the sequence (xn) verifies the conclusion
in the statement.
Indeed by local minimality and [26, Lemma 2.56]

lim inf
t→0

Ptfn(xn)− fn(xn)
t

≥ 0 . (5.2)

On the other hand, the Laplacian comparison for RCD(K,N) spaces and [26, Lemma 2.54]
yield

lim sup
t→0

Ptfn(xn)− fn(xn)
t

≤∆acf(xn) + an lim sup
t→0

Ptd2(·, yn)(xn)− d2(xn, yn)
t

(5.3)

≤∆acf(xn) + CK,Nan , (5.4)

where CK,N is a constant depending only on the lower Ricci and upper dimension bounds
coming from the Laplacian comparison in [15].
Combining (5.2) and (5.3) we obtain

∆acf(xn) ≥ −CK,Nan , (5.5)

for any n ≥ 1, and (ii) follows.
Moreover, by local minimality again, any blow-up of the function fn introduced in (5.1) at
xn has a minimum in the base point of the tangent space. However, any blow-up of fn at
xn is the sum of a splitting function with slope |∇f | (xn), because xn is a harmonic point of
f , and a Lipschitz function with Lipschitz constant bounded above by 2and(xn, yn) ≤ 4/n2.
It is easy to conclude that |∇fn| (x) ≤ 4/n2 and (iii) immediately follows. �
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In [26], the second and third author obtained a sharp Laplacian comparison for the
distance function from a locally perimeter minimizing set on RCD(K,N) metric measure
spaces (X, d,H N ). The restriction on the reference measure being H N can be dropped
thanks to the equivalence between different notions of Laplacian bounds obtained in the
present note.

Let us define the comparison function tK,N : IK,N → R as

tK,N (x) :=


−
√
K(N − 1) tan

(√
K
N−1x

)
if K > 0

0 if K = 0√
−K(N − 1) tanh

(√ −K
N−1x

)
if K < 0 ,

IK,N :=


(
− π

2

√
N−1
K , π2

√
N−1
K

)
if K > 0

R if K ≤ 0 .

(5.6)

Theorem 5.2. Let (X, d,m) be an RCD(K,N) metric measure space, for some K ∈ R
and N ∈ [1,∞). Let E ⊂ X be a set of locally finite perimeter and assume that it is a local
perimeter minimizer. Let dE : X \ E → [0,∞) be the distance function from E. Then

∆dE ≤ tK,N ◦ dE on X \ E , (5.7)
where tK,N is defined in (5.6). If Ω ⊂ X is an open domain and E ⊂ X is locally perimeter
minimizing in Ω, then setting

K := {x ∈ X : ∃ y ∈ Ω ∩ ∂E such that dE(x) = d(x, y)} , (5.8)
it holds

∆dE ≤ tK,N ◦ dE on any open subset Ω′ b
(
X \ E

)
∩ K . (5.9)

Proof. The proof requires only a very minor adjustment with respect to the one of [26,
Theorem 5.2]. Namely, borrowing the notation introduced therein, in Step 3 of the proof
in [26] we set

ψ̂ := ψ − δd2
x . (5.10)

All the properties from (i’) to (iv’) of ψ̂ remain valid with the following two exceptions:
a) the function ψ̂ does not belong to the domain of the Laplacian. However, it has

measure valued Laplacian locally bounded from below by the Laplacian comparison
for RCD(K,N) spaces;

b) only the lower Laplacian bound ∆ψ̂ > ε′ holds in (iv’) and it has to be intended in
the sense of distributions.

Analogous comments hold for the global extension ψ of ψ̂. We remark that the upper
Laplacian bound on ψ played no role in the subsequent arguments in [26] that can be
carried over without further modifications in the present setting. �
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