SOBOLEV EMBEDDINGS AND DISTANCE FUNCTIONS
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ABSTRACT. On a general open set of the euclidean space, we study the relation between the
embedding of the homogeneous Sobolev space Dé’p into LY and the summability properties of
the distance function. We prove that in the superconformal case (i.e. when p is larger than the
dimension) these two facts are equivalent, while in the subconformal and conformal cases (i.e.
when p is less than or equal to the dimension) we construct counterexamples to this equivalence.
In turn, our analysis permits to study the asymptotic behavior of the positive solution of the Lane-
Emden equation for the p—Laplacian with sub-homogeneous right-hand side, as the exponent p
diverges to co. The case of first eigenfunctions of the p—Laplacian is included, as well. As
particular cases of our analysis, we retrieve some well-known convergence results, under optimal
assumptions on the open sets. We also give some new geometric estimates for generalized principal
frequencies.
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1. INTRODUCTION

1.1. Homogeneous Sobolev spaces. Let 1 < p < oo and let  C RY be an open set. We indicate
by Dé’p(Q) the homogeneous Sobolev space defined by the completion of C§°(2), with respect to
the norm

b IVl for every ¥ € C(Q).
Our primary goal is to deepen the study of conditions on €2 assuring the validity of the continuous
embedding

(1.1) Dy"(2) = LU(S),

in the range 1 < ¢ < p. Equivalently, if we introduce the generalized principal frequencies
1.2 Apg(Q):= inf / Vy|Pdx : a :1},

(12 pa@i= it [ voran s e

we seek for necessary and sufficient conditions on  assuring that A, ;(2) > 0. Indeed, Ay () is
nothing but the sharp constant in the following Poincaré-type inequality

c (/ |¢|qu) ' < / |V|? dz, for every ¢ € C5°(€2).
Q Q

This is a classical subject, we refer to [35, Chapter 15] for a thorough treatment of the problem. In
particular, before proceeding further, it is important to recall some known facts.
The first one is the following remarkable equivalence

DyP(2) — L(Q) is continuous — DyP () — LI(Q) is compact,

which holds in the sub-homogeneous case 1 < g < p < co. We refer to [35, Theorem 15.6.2] for this
result (see also [12, Theorem 1.2], for a different proof). Such an equivalence ceases to be true at
the threshold ¢ = p, as shown by the simple example of

Q =RV x(-1,1).
A second important fact is that, for the super-homogeneous case p < ¢, we have
DyP () < LP(Q) is continuous = DyP () < LI(Q) is continuous,

and
DyP () < LP(Q) is compact — DyP () < LI(Q) is compact.

More precisely, here ¢ is such that

< , fl<p<N,
< N=p
p=4q < 00, ifp=N,
< o0, ifp> N.

We refer to [35, Theorem 15.4.1] and [35, Theorem 15.6.1] for these equivalences. This second fact
explains why we will essentially limit ourselves to treat the case ¢ < p and only briefly discuss the
case ¢ > p.

In particular, in this paper we want to discuss the link between the continuous (and compact)
embedding (1.1) and the summability of the distance function

do(z) = yrre%% |z —yl, for every = € Q,
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extended by 0 outside 2. At this aim, it is useful to recall that in [12] (see also [15]), a similar study
has been done, with the so-called p—torsion function of € in place of dn. The former, denoted by
w'l,, is formally defined as the positive solution of

p, 1>
—Apu=1, in, u =0, on 0f,

where A,u = div(|Vu|P~2Vu) is the p—Laplace operator, see [12, Definitions 2.1 and 2.2] for the
precise definition. This function as well is considered to be 0 outside 2. Then, for the case ¢ < p,
in [12, Theorem 1.2] the first author and Ruffini proved that

Dé:P(Q) — L9(Q) is continuous — w?’l c b= 1(Q).
As for the limit case ¢ = p, by [12, Theorem 1.3] we have
DYP () — LP(Q) is continuous = wﬁl € L>(Q),

and
1, . . Q -
Dy* () — LP(Q) is compact = RHIEOO 1w, 1| Loe ¥\ BR) = 0,

where Bp is the N —dimensional ball of center 0 and radius R > 0.

These characterizations are quite useful: we give an example in Appendix A of an open planar set
with infinite volume, for which one can get the compactness of the embedding Dj*(Q2) — L?(2) by
appealing to the torsion function. Nevertheless, dealing with the p—torsion function is not always
practical, thus the previous characterizations are a bit implicit. It would be desirable to have some
characterizations which are more intrinsically geometric.

Roughly speaking, in this paper we will study to which extent we can replace wgl with dg in
the aforementioned results. For capacitary reasons, we will see that this is possible only in the
superconformal case p > N. In the case p < N, we will find that some summability conditions on
dq are necessary for the embeddings to hold, but not sufficient.

1.2. Main results. In this paper, we will show at first that for 1 < g <p

DyP () < LI(Q) is continuous — do € Lﬁ(Q)
In the case ¢ = p, we will prove that
DévP(Q) — LP(Q) is continuous = do € L=(9),
and
DiP(Q) — LP(Q) is compact = le}rloo ldo| L~ 2y = 0.

Moreover, when p > N we will show that all these implications actually become equivalences. We
will also construct suitable counterexamples to show that for 1 < p < N, on the contrary, none of
the converse implications hold true.

We recall that the condition

Rlir}rlm ldall oo r¥\BR) = 0,
is somehow classical in the theory of Sobolev spaces, when it holds €2 is said to be quasibounded

(see, for example, [1, 16]).

Remark 1.1 (Comparison with previous results, ¢ < p). The fact that the continuity of the
embedding implies the stated summability of dg can be found in [8, Theorem 3], at least for the
case p = 2. However, apart for the generalization to p # 2, our proof is different and exploits a



4 BRASCO, PRINARI, AND ZAGATI

comparison principle for the sub-homogeneous Lane-Emden equation, that we recently proved in
[11]. This in turn permits to obtain a geometric estimate on A, , of the type

q

Apa() ( / dz- dx) " <q,
Q

with a constant C' which does not blow-up as ¢ 7 p, differently from [8] (see Remark 5.2 below).
The converse implication exploits the same idea of [8], i.e. it is based on Hardy’s inequality

p
Ca / WP e < / Vul?dz,  for every u € G5 (Q).
Q g Q

There is however a difference here: while the result in [8] is proved conditionally on the validity of
such an inequality, we use here the important fact that such an inequality holds for every open set
Q C RY, provided p > N. This is a major result proved independently by Lewis [33] and Wannebo
[41].

Remark 1.2 (Comparison with previous results, ¢ = p). Here our embedding results were already
known and due to Adams. However, to prove that on a quasibounded open set the embedding
Dé’p (Q) — LP(Q) is compact for p > N, we use a different argument. As before, the crucial
ingredient is the Hardy inequality recalled above, which permits to give a simpler proof. We believe
this fact to be of independent interest.

With these embedding results at hand, we then proceed to study the asymptotic behavior of
both A, 4(€2) and their relevant extremals (provided they exist), in the limit as p goes to co. Here
we are going to unify and extend previous results, scattered in the literature. For example, for the
generalized principal frequencies, we will prove that

lim (Apyq(Q))% = % and lim (AP(Q)) =—,

p—oo |dallLa(o) p—oo

S
—

for every open set @ C RY. Here we used the simplified notation A\,(Q2) = A, ,(Q). The quantity
rq is the inradius of 2, which coincides with the supremum of the distance function.

As for the relevant extremals, we will prove at first that, under the assumption dg € L4(Q) for
some 1 < ¢ < oo and €2 connected, we have

. Q _
plig)lo ||wp,q - dQ”Lq(Q) =0,

Q

where for ¢ < p the function w’

o 18 the unique positive solution of the Lane-Emden equation
—Apu = wi™t, in Q,

with Dirichlet homogeneous boundary conditions. By observing that (see equation (2.11) below)

1

|L‘1(Q) = (Ap,q(Q))ﬁu

Q
[wp.q

we get that

1

Q p=aQ
Ypg - (AWI(Q)) Wp.q>
is the unique positive extremal in Dy (Q) for A, 4(€2) and we have
do

_te — 0.
ldallLa(o)

La(Q)

lim ||w$ —
proo || P
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We remark that this convergence is obtained under the optimal assumption dgo € L9(£2), thus 2 is
not supposed either bounded or with finite volume. Moreover, by an interpolation argument, we
can upgrade these convergences and infer convergence in L"(2) and C%#(Q), for every ¢ < r < oo
and 0 < 8 < 1.

In the case of Ap(§2), extremals in Dé’p(Q) are usually called first eigenfunctions of the p— Laplacian
with Dirichlet conditions. In this case, we will prove that if 2 is connected and quasibounded, then
the family {u,} is precompact in L°°(€2) and every accumulation point u is a solution of

1

uev{/q%g(ﬂ) {HVuHLoc(Q) :lull gy =1, u=0on 8Q} =

Here each u,, is the first positive eigenfunction on 2, normalized by the requirement to have unit
L?(Q) norm.

Finally, we will also consider the variational problem associated to the endpoint Poincaré-Sobolev
constant A, - (€2) for p > N, recently studied in [19] and [25] when 2 is a bounded open set. More
precisely, we will generalize [19, Theorems 2.1 and 2.3], by showing that for every open set Q C RY,
it holds

lim A, (€2) = Ap,0o (),

q—o0

and by proving that the variational problem defining A, »(€2) has a minimizer under the sole
assumption of quasiboundedness on Q2. Moreover, inspired by [19, Theorem 3.3], we will also study
the asymptotic behavior of both A, o and its extremals, as p goes to oo.

At the level of generalized principal frequencies, we can summarize the previous convergence
results with the following diagram, which holds for every N < p < oo, every 1 < g < p and every
open set Q C RY (see Corollary 6.1, Corollary 6.2 and Corollary 6.4).

p—00 pP=q— p—00

1 1

ldallLae) rQ

The elements in the bottom line have to be considered as 0, whenever dg & LI(2) or rq = +o0.
Moreover, when €2 is such that dg € L% () for some gy < oo, then we can close the diagram by

I g 1
Ide|Laa) o’

thus making it commutative.

Remark 1.3 (Comparison with previous results). These convergence results are not a complete
novelty, of course. However, our treatment extends, improves and generalizes some known results
previously obtained by various authors in some particular cases (i.e. ¢ = 1 or ¢ = p) and under
more restrictive assumptions on 2. The asymptotics for A,(£2) generalize [29, Lemma 1.5] and [20,
Theorem 3.1], shown under the restrictive assumption that €2 is a bounded open set (see also [17,
Theorem 5.1]).
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The behavior of A, 1(f2) is due to [6, Proposition 2.1] and [31, Theorem 1], in the case of a
bounded open set, after getting the uniform convergence of the relevant extremals wg 1 to dg. This
result is extended to sets with finite volume in [14, Corollary A.4]. As for the constant X, o, the
case of bounded open sets is considered in [19].

We point out that the extension of these convergence results to open sets which are unbounded
or with infinite volume is not straightforward: we crucially rely on the comparison principle for the
Lane-Emden equation recalled above, as well as on the asymptotic behavior as p goes to oo of the
following Morrey-type constant

ip(B1)i= inf {/B VulP dz : u(0) = 1 and u(z) = o},

ueEW1:r(By)

where z € 0B is a fixed point. It is easy to see that such a constant actually does not depend on the
particular choice of the boundary point z. The study of this constant is contained in Section 4 below.
The study of the asymptotics for p,(B;) permits in turn to obtain a couple of collateral results,
which are interesting in themselves: the behavior for large p of the two sharp Hardy constants

u
h,(2) = inf /Vupd:v: — =1,
p )= _inf 3| 1Vl o
and
Bp.oo(Q) = inf / VulP dz : ||— =1,
ueCE(Q) | Ja Faa
Q L= (Q)
as well as the asymptotic behavior of the sharp Morrey constant
. N
m,(Q) := ueé{g(ﬁ) {/Q (VulPdz : [u]go.ep @) = 1} , where oy, :=1— e

We observe that the latter is actually independent of the open set €, i.e. it coincides with that of
the whole space (see Corollary 4.3 below, for example). Some studies on such a constant and its
extremals have been done recently by Hynd and Seuffert in a series of papers (see [26, 27] and [28]),
but the exact value of the sharp constant is still unknown. We show in Corollary 4.3 that

1
Jm (my(@)" = Jim (my(R))" =1
1.3. Plan of the paper. In Section 2 we present the functional analytic setting, give some pre-
liminary embedding results and recall some important properties of the Lane-Emden equation.

Then, in Section 3, we discuss the role of summability assumptions on the distance function
dgn. This section also contains a generalized version of the classical Ascoli-Arzela Theorem, for
continuous functions on quasibounded open sets.

In the subsequent Section 4 we present one of the key ingredients of this work, i.e. the Hardy
inequality which holds for every open set Q@ C RY and p > N (see Theorem 4.4). In particular, we
focus on the asymptotics of the relevant sharp constant, when p goes to co. For this reason, we
first need to study the asymptotics of a particular sharp Morrey-type constant (see Lemma 4.1).

Section 5 contains the main embedding theorems for ’Dé’p (©2) and their relations with the summa-
bility of the distance function. Finally, in Section 6 we investigate the asymptotic behavior for the
generalized principal frequencies and the positive solutions of Lane-Emden equation when p goes
to oo.
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2. PRELIMINARIES

2.1. Notation. For 7o € RY and R > 0, we will denote by Br(z) the N—dimensional open
ball with radius R, centered at zy. In particular, when the center coincides with the origin, we
will simply write Br. For an open set  C RY, we denote by dg the distance function from the
boundary 0f2, defined by

do(r) = yrre%% |z —yl, for every z € Q.

We extend dg by 0 in RV \ Q. We define the inradius rq of € as the radius of a largest ball contained
in . More precisely, this quantity is given by

rq = Sup {r >0 : there exists zg € Q such that B,(z¢) C Q}

It is well-known that this coincides with the supremum over 2 of dgq.

The following simple result will be quite useful.

Lemma 2.1. Let Q C RY be an open set, we denote by Co(S2) the completion of C§°(Q) with
respect to the sup norm. Then we get

Co()) C {u € Chound () : u=0 on 89}.

Here Chouna(Q) is the set of continuous and bounded functions on Q.

Proof. Let {un nen C C§°(Q) be a Cauchy sequence, with respect to the sup norm. In particular,
it is Cauchy sequence in Chound(€2), which is a Banach space (see for example [24, Theorem 7.9]).

Thus, there exists u € Chouna(€2) such that u,, converges to u uniformly on 2. Moreover, such a
function must vanish at the boundary 0f2, as a uniform limit of functions with compact support in

Q. O

For every open set Q C RV, 0 < a < 1 and u a continuous function on €, we set

ju() = u(y)|

Ul 0,0 (q) = su
[ }Co, () ‘m_y‘a

zy; ©,yeQd

We have the following interpolation—type estimate.

Lemma 2.2. Let 0 < f < a < 1,let1 <~ < oo and let @ C RN be an open set. For every
u € Co(Q) N LY(Q) such that

[u]co,a(ﬁ) < +o00,
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we have
_ . a—f3
[U}corﬁ(ﬁ) <C ||UH%W(Q) [U]éoi(ﬁ)a with 6 = N
a+ —
~
for some C1 = C1(N, «, 8,7) > 0. Moreover, if 1 <~y < co we also have
1- . a
[ullLo @) < C2 Hu”)[(pr(ﬂ) [u]co,}i(ﬁ)a with x = N
a+ —
Y

for some Cy = Co(N, a,y) > 0.

Proof. By Lemma 2.1, we can extend u to a continuous function on the whole R, by setting it to
be 0 on RV \ Q. We first observe that for such an extension it holds
(21) [u]co,a@) = [u}co,a(RN).

Indeed, we may write

_ B |u()|
[u] co,e (rv) = max [u]CO,O(Q), sup =
2€Q,yg0 |z — y

= max {[U}CO,W(Q), sup u(:c)|} )

2€Q,yEQ |$C - y|a

If x € Q and

nd y ¢ Q then the segment Ty connecting z and y is such that Zy N Q # 0 and
Ty N RNV \ Q) £ 0.

Hence, there exists yo € Ty N O satisfying
|z —yl > |z — yol-
This implies
(@) _ [u(z) = ulyo)|
[z —yl* ™ [z —yol

> [U]Co,a@y

that gives
wp L
wEQ,y¢§ |‘T - y‘
This concludes the proof of (2.1).

We now come to the proof of the claimed interpolation inequality. For every z,y € R" such that
T # y, we write

= [u]co,a(§)~

Q@

lu(z) —u(y)| _ ([u(z) —uly)|
(2.2) lz—yl? ( |z =yl >

< [U]éé’o,a@ (@)= + )l =)

Observe that we used the triangle inequality and the sub-additivity of concave powers. In order to
estimate the last term, we use that for every R > 0 and z € Br(x) we have

[u(z)| < Ju(z) —uw(z)| + [u(z)] < [u]coamny [z — 2|* + |u(2)]
<R [U]Coqa(ﬁ) + fu(2)],
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where we also used (2.1). We now take the integral average of this estimate on Br(x). This gives

o 1
)] < R oo+ o [, el
(2.3)

< R [u]co.ogm) + (W RY) (/ [u(z) |”d2>

With the same argument, we have also

[u()] < B [u]go. @) + (wn BY) (/ lu(z) I”dz)i

We insert these estimates in (2.2) and use again the subadditivity of concave powers. We get

a—f
[u(z) —u(y)| 1 aep 122t 1 a azs
W < 2 [u]co,a(ﬁ) R [ ]CO () + W ||uHL’Y(Q) y

which is valid for every x # y and every R > 0. If we now optimize in R > 0, we finally get the
desired estimate for the C%# seminorm. The sup norm can be estimated with a similar optimization
argument, by using (2.3). |

Remark 2.3. We remark that the constants C; and Cs in the previous result are given by
—e=B ray\aary 1
€1 = 2 (A1) L
1 Wh N Y
and Y
X ray\arn 1
it ()7 L
2 = Wy N X
In particular, we notice that C stays uniformly bounded, as « varies in (5, 1]. Similary, the constant
C5 stays bounded, as « varies in (0, 1]. This observation will be useful in the sequel.

2.2. Sobolev embeddings. We recall the following family of Gagliardo-Nirenberg interpolation
inequalities

(24) 19llzr @) < Gnpaar V8N Lo () 19111202y for every ¢ € C5°(92),
which hold for every 1 < p < 00, 1 < g < p and r satisfying
N
g<r< P if1<p<N,
N-—p’
q <1 <00, ifp=N,
g <r < oo, if p> N,

with G p.qr > 0 only depending on N, p,q,r and
N(r—a)
Nr(p—q) +pqr

(for a proof, see, for example, [12, Proposition 2.6]).

’19:

For 1 < p < oo and ©Q C RY open set, we will indicate by Wol’p(Q) the closure of C§°(£2) in the
usual Sobolev space W1P(Q). We will say that Q is (p, q)—admissible if \, ,(£2) > 0, the latter
being defined in (1.2).

By using (2.4), one can prove the following result:
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Proposition 2.4. Let 1 < ¢ < p < oo and let @ C RY be an open set. Then
DyP(Q) = LUQ) =  W,P(Q) — LIQ).
In particular, if @ C RY is a (p, q)—admissible open set, then
WyP(Q) = Dy ().

Proof. The implication = is straightforward. For the converse implication, we suppose that there
exists C' > 0 such that

[¥llLae) < Cllllwre), for every ¢ € C°(9).
By applying the Gagliardo-Nirenberg inequality (2.4) with » = p, it holds in particular
[l o) < Clellwrs) < C (IV¢llin) + G IVE Lo 16l ) -

With a standard application of Young’s inequality with exponents 1/¢ and 1/(1—1), we can absorb
the L? norm on the right-hand side and get

1% oy < C VYo,

for some C' > 0 independent of 1. Thus, the embedding Dy?(Q) < LI(€2) holds, as well.
The last part of the statement follows by [11, Proposition 2.5]. a

Remark 2.5. It is easily seen that the following implication holds

M) >0 = WyP(Q) =Dy ().
Indeed, recall that the positivity of A,(€2) entails that we have the Poincaré inequality

Ap(2) / |ulP do < / |Vul? de, for every u € C§°(Q).

Q Q

This in turn automatically gives that
IVuller@y  and  ullwrr),

are equivalent norms on C5°(2).

The following simple result will be useful. Observe that we do not put any restriction either on
q or on the open set.

Lemma 2.6. Let 1 <p < oo, 1<q< oo and let Q C RN be an open set. Then

/\p7q(Q) = inf {/ﬂ [V|P dx : ||¢||Lq(g) = 1} = inf {/g; ‘Vi/)|p dx : ||¢HL<1(Q) = 1}.

YeCse(Q) YEW, P (Q)

Proof. We first observe that the problem on the right-hand side is actually settled on WO1 Q)N
L4(). Since we have Cg°(Q) C WP () N L9(Q), we immediately obtain

inf / V pdl’: q :1}> lnf {/ V pd.r: q :1}
it A L rverae e =1} = ot [ 90pan s ol

In order to prove the reverse inequality, we first observe that if \, ,(£2) = 0, then from the previous
inequality we would get

0= inf {/ |V¢|pd$¢||¢||m(9)=1}2 in {/ w|pda::||¢|m<m=1}zo,
) WJa @ Ja

veCs (2 pew
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and thus the desired identity trivially holds true.
Let us now suppose that A, ,(Q) > 0. For every u € Wy**(€2) N L4(Q) not identically vanishing,
there exists a sequence {uy }neny C C§°(€2) such that

lim |(|Vu, — Vul|rr) = lim ||u, — ul|rr) = 0.
n—oo n—oo
By using the definition of A, 4(€©2) > 0, we have
Apa () lun = um|[aq) < IV = Vum 17, o), for every n,m € N,
thus, in particular, {u, }nen is a Cauchy sequence in L(€2). This shows that we have

T e~ oy =0

/|Vun\pdx /\Vu\pd:c
Apg(Q) < lim 22 4 :

as well. Hence, we get

n—oo ||un||1£q(g) B H“Hiq(g)

Finally, by taking the infimum on WO1 P(Q) N L9() on the right-hand side, we obtain that

Ap,g(2) < inf {/Q IVYIPde - |[Y] L) = 1}.

e ()

This concludes the proof. O

In the sequel, we will need the following Poincaré—type inequality, for functions which vanish at
a point of the boundary. Obviously, this may hold only in the superconformal case p > N, i.e. in
the case where points have positive p—capacity.

Proposition 2.7 (A Poincaré inequality). Letp > N and u € WYP(Bg(zg)) be such that u(z) = 0,
with z € OBr(xo). Then there exists a constant C , > 0 such that

(2.5) / |ulP de < Cnp RP / [Vul|P de.
Br(zo)

BR(QZ[))

Proof. 1t is sufficient to consider the case xy = 0 and R = 1, then the general case follows by scaling
and translating. For the proof of (2.5), we can use a standard contradiction argument, exploiting
compact Sobolev embeddings. We assume by contradiction that (2.5) fails to hold with a uniform
constant. Thus, there exists a sequence {uy, }neny € WHP(Bj) such that

llunllLe(By) =1, ILm IVun|lLe(sy) =0, and wu,(z) =0 with z € 9B;.

In particular, {uy }nen is bounded in Wli(Bl). Hence, thanks to compact Sobolev embeddings for
p > N, there exists u € WP(By) N C(By) such that u, converges to u weakly in W17 (B;) and
uniformly in By, up to a subsequence. In particular, we get

Vullzr B,y < lim inf V|l Lr(B,) =0 and u(z) = Jim. un(z) = 0.

Since B; is a connected set, the last two facts imply that w = 0 in B;. However, by the uniform
convergence we also have

[ullze(zy) = T fun|[Les,) = 1.

This contradicts the fact that w identically vanishes. |
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2.3. The Lane-Emden equation.

Definition 2.8. Let 1 < ¢ < p < oo and let Q C RY be a (p, ¢)—admissible open set. We say that
a function v € ng(Q) is a weak solution of the Lane-Emden equation

(2.6) — Apu = |u|7 % u, in Q,
if it satisfies
(2.7) /Q<|Vv|p_2 Vo, Vi) de = /Q |v|72vipdr,  for every i € C5(9).
In the case ¢ = 1, for a non-negative function v, we follow the convention
o720 = 0?1 = 1.
By density, in the weak formulation (2.7) we can admit test functions in W, (Q).

Remark 2.9 (Scalings). Let 1 < ¢ < p < co. Given t > 0, it is easily seen that if u € Wy (Q) is
a weak solution of (2.6), then the rescaled function

ut(;zc) :t}ﬂzu(x_txo)7

is a weak solution of the same equation, in the new set zo +# €. On the other hand, if u € W,?(Q)
weakly solves (2.6), then the function

is a weak solution of
(2.8) — Apu=alulT %y, in Q,
with a > 0.
We recall that if Q@ C RY is a (p, q)—admissible connected open set for some 1 < ¢ < p < oo,
then there exists a unique weak positive solution of the following problem
—Apu = |u[i"%u, inQ,
(2.9) e WP (),
uw>0, in €,

see [11, Corollary 4.4]. We will denote this solution by wg ¢ We recall that the latter also coincides
with the unique positive solution of

min  §4(¢),

YEW, P ()

where
1 1
Sp.q(@) = 5/ |[V|P da — 6/ [v]? dx, for every 1 € Wol’p(Q),
Q Q

see [11, Theorem 4.3]. By optimality and thanks to the relevant normalization condition on the L4
norm, when  is a connected (p, ¢)—admissible open set, the positive minimizer of (1.2) coincides
with the weak positive solution of (2.8) corresponding to the choice v = A 4(£2).

The next proof is standard, we include it for completeness.
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Proposition 2.10. Let 1 < p < oo, 1 < q < p and let Q C RY be a (p, q)-admissible connected
open set. Then

: q—p 1 pa
2.10 min  §p, = — ( ) ,
( ) wEW[)l’p(Q) p Q(w) p q Apﬂ(Q)

and

1 PELI
2.11 Q b gy — Qg (L "
(2.11) /Q IV, |? dr /Q w?, | da ( - Q)>

Proof. Exploiting the different homogeneities of the two integrals and the fact that the minimum
problem is equivalently settled on Wy (Q) \ {0}, we get that

A tP
min = §,4) =— max {/ []? dx — —/ [V|P dx}.
WEW, T (Q) peWg P@\{0},t>0 L 4 Jo P Ja

It is easily seen that, for every ¢ € Wy?(Q) \ {0}, the function

t4 tP
t»—>—/ W)\qu——/ |V|P dx
q Jo P Ja

/ wlede \
_ Q )

R [ v s

q . (L)
A e :
qJa D Ja

i (/ |V1/)|pd5c)p_q
Q

Then, by recalling the definition of A, 4(€2), we get (2.10).
Finally, since wg , satifies the Lane-Emden equation (2.6), by using this solution as a test function

in (2.7), we get that
/ \ngq\pdx :/ |w§3’q|qdm.
Q Q

is maximal for

to

With such a choice of ¢, we get

This implies

Q a—p Q
Snatully) = 5 [ il
Thanks to (2.10), equality (2.11) easily follows. O

We now discuss the behavior of the L* norm of wgq when 1 < ¢ < oo is fixed, p goes to co and

Q is a bounded convex open set. This result will be useful somewhere in Section 6.
Proposition 2.11. Let 1 <p < oo, 1 < g < p and Q CRY be a bounded convex open set. Then

. 0 _
phjgo lwy gllL= (@) = ra-
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In particular, for the ball By it holds
(2.12) lim w?(0) = 1.

proo  Pid

Proof. For every n € C3°(£2) and € > 0, the function

_ ‘,,7|p Wl,p Q
1/1* (’LUQ +€)p—1 € 0 ( )ﬂ
p,q

is a feasible test function in the equation (2.7) for wﬁ - Hence, by applying Picone’s inequality for
the p—Laplacian (see [3]), we get that

Q \g-1 [P _ Q |p-2 Q [P
/Q(wp,q) 7(U}2q+s)i’*1 dx = ., |Vw, [P~ Vw, ,, V 7(wﬁq+s)l’*1 dz

< / |Vn|P da.
Q

Since wqu € WO1 P(Q) is positive by the minimum principle, by sending ¢ to 0, we get

[nl”
(2.13) / ————dx < [ |Vn|Pdz, for every n € C5°(Q).
Q (w;},q)p a Q 0
By recalling the definition of A,(f2) and that w]?,q is bounded, the latter estimate implies that
(2.14) 1< ||w§3,q| Ii;q(g) Ap(§2).
By raising to the power 1/p and using that
1
I </\ 0 ) -
Jim (Ap(62) =

(see [29, Lemma 1.5]), from (2.14) we obtain

L. Q
rg < lgggéf llw,, ol Loe ()

On the other hand, by using [11, Corollary 5.3], we have that

P 1
2 \777 (qp—q+p\? 2
(2.15) gl < (=) ( e

Py p
where 7, 4 is the following one-dimensional Sobolev-Poincaré constant

Tp,q += (Ap,q((ov 1)))%

We claim that

(2.16) g > 207%) (q <1 - ;) + 1>é ,

for every 1 < p < oo and 1 < g < oco. Postponing the proof of this fact for a moment, we see that
(2.15) and (2.16) would give

lim sup “w2q||Lm(Q) < rq,
p—00

as desired. Then the last part of the statement would follow by using that w{f}l is radially symmetric
decreasing, so that w:(0) = [w]i || (s,
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We are left with establishing (2.16). Let ¢ € C5°((0,1)), for every ¢ € (0,1), we have that

t
_ 1
0(t)] = lo(t) — 9(0)] < / '] dt < 573 19/ oo,
and
1
_1
o8] = () — o(1)] < / @' dt < (1= )73 ¢/ | oo

By raising to the power ¢ and integrating the first estimate on (0,1/2) and the second one on

(1/2,1), we get
1/2 1 1\ 2(1=3)+1
| tetoran < —— ) 19 W01

q<1>+1 <2
p
and

1 1 1 a(1-5)+1
/
/1/2 lp(t)]?dt < N <2> lle ||qu([0,1])'
q ( > +1
Then, by summing up, we obtain

1——
P

/Icp )| dt < ( ) (;)q(lé) 0
p

By raising to the power 1/¢ on both sides and using the arbitrariness of ¢, we get (2.16). ]

+1

Remark 2.12. We point out that inequality (2.13) holds for general open sets: in this case, if the
open set is not (p, q)—admissible, the function wgq has to be carefully defined. We refer to [12,
Proposition 4.5] for the case of the p—torsion function, i.e. the case ¢ = 1 and 1 < p < oco. The
general case is contained in [10, Lemma 4.1] and [40, Corollary 3.3].

3. THE DISTANCE FUNCTION

In this section we investigate some consequences of the summability of the distance function.
First of all, we prove that, when d§ is summable for some 0 < a < 00, the set (2 has finite inradius.
This comes with an explicit (sharp) bound.

Lemma 3.1. Let 0 < o < oo and let Q C RN be an open set such that d3 € LY(Q). Then rg < +00
and 1t holds

=
(31) rQ S CN,Q (/ da dﬂf) y
Q

where the constant Cn o is given by

1 -~i=
CNo = <NwN / (1—0)*o"! dg) .
0

Moreover, inequality (3.1) is sharp, since equality holds for a ball.
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Proof. Let By(zg) C 2, then we have that
(r— |z —x0|)4 = dp, (20)() < da(z), for every z € B,.(xo).

By raising to the power « and integrating, we get

/ (r—\x—xd)idwﬁ/d%dm.
Br(z0) Q

By using the change of variable y = (x — x¢)/r, from the previous estimate we also get

/ dg dx
TN+0¢ < Q

(1—=lyD% dy

By

If we now take the supremum over the admissible balls, we get the conclusion. O

Lemma 3.2. Let Q C RY be an open set such that rq < +occo. Then, for every 0 < 8 < 1, we have
[de]co.s @) < (2ra)t 7.
Proof. We extend dg to be 0 outside € and consider it as a Lipschitz continuous function defined
on the whole R . By recalling (2.1), for every 0 < 3 < 1 we have
[do]co.s@) = [dalcos @)

It is now sufficient to write for ¢t > 0

r#y; le—y|<t |J? - y|ﬁ lz—y|>t |x - y‘ﬁ

[da (@) — da(y)| [da (@) — da(y)| } '

[do]co.s@®yy = max { sup , sup

For the first term on the right-hand side, we can just use the 1—Lipschitz character of dg. For the
second one, it is sufficient to use that dg is bounded by rq. This gives

2
[do]co.s @y < max {tl_ﬁ, trﬁﬂ} , for every t > 0.

By choosing t = 2rq, we get the claimed estimate. O

Lemma 3.3. Let Q C RY be an open set such that d3 € LY*(RY), for some 0 < a < co. Then, for
every R > rq/2, we have

1 N+a
do(z) <2 | — / dg dy , for every |z >R+ 2
wN RN\BR 2
In particular, 2 is quasibounded.
Proof. Let R > rq/2 and let z € RN be such that |z| > R+ rq/2. If x € Q, then dg(z) = 0 and
there is nothing to prove. Let us suppose that x € Q, so that dg(z) > 0. We consider the ball

Bi={yecRr": Ix—y|<d92(m)}’

and observe that

1
da(y) > 3 do(z), for every y € B.
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We raise to the power o and integrate this inequality over B. This gives

270 do(2)° | B < / da(y)® dy,
B

that is
(3.2) wn 27 Ndg(z)> N < /Bdg(y)o‘ dy.
We then observe that
lyl > |z| — |y — 2| > |z| — %dsz(ff) > x| — %2 > R, for every y € B.

This gives that B C RN \ Br. By using the previous inclusion in (3.2), we get
WN g—a=N dq (JT)OHFN < / do (y)a dy.
RN\Bp

This concludes the proof. O

Remark 3.4. The converse implication does not hold true: indeed, there exist quasibounded open
sets for which d3 ¢ L'(RY), for any 0 < o < oo (see Example A.1). On the other hand, we easily
see that if O C R¥ is a quasibounded open set, then dg € L (RY).

We conclude this section with a generalized version of Ascoli-Arzela Theorem, which is valid
when € is a quasibounded open set. This is probably well-known, but we have not been able to
detect it in the literature. Thus, we include its proof.

Proposition 3.5. Let Q C RY be a quasibounded open set. Let
{Un}neN - {U € Cbound(ﬁ) tu=0on GQ}

be a sequence with the following properties:
(a) there exists M > 0 such that ||un||p o) < M, for every n € N;

(b) there exist 5o > 0 and a function w : (0, dp] — (0,400) such that lims .o+ w(d) =0 and

sup wy, (0) := sup sup {|un(x) —uy(y)| 2,y €, |z —y| < 6} <w(d), for every 0 <4 < dp.
neN neN

Then, there exists U € Chound () vanishing on 0Q such that
nh—>n;o [lter, — ﬂHLoo(Q) =0,
up to a subsequence.

Proof. Let us denote by kg € N the smallest natural number such that QN By, is not empty. Thanks
to the assumptions, {u, }nen is a bounded and equicontinuous sequence on the compact set QN By,
for every k > ky. By applying the classical Ascoli-Arzeld Theorem for compact sets, together with
a diagonal argument, we have that there exists a function @ € C(Q) such that, up to a subsequence,
u,, converges uniformly to % on Q N By, for every k > k.

We will show that u, converges to @ uniformly on the whole Q. Let 0 < § < &g, since Q is
quasibounded, there exists Rs > 0 such that

dQ(l’)Sa, fOI‘.CEEQ\BRé.
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For every x € Q\ Bg,, we take y € 9Q such that |z — y| = dq(z). By using property (b), the
triangle inequality and the fact that u,(y) = 0, we get that for every n € N
un(2) = ()] = Tim_fun(z) = um(2)]
m—o0
< fun(2) = ()| + [t (2) — ()| < 20(dn@)) < 20(0).
This implies that
e =l e @) = max {lun = 1= @8y i = T 08 }
< max {20(8), Jun — T~ (0n,) |-

By taking the limit as n goes to oo and exploiting the uniform convergence of u, to u on QN Bg,,
we obtain that

lim sup ||un — @[ Lo (0) < 2w(6), for 0 < 6 < dp.
n—oo
By arbitrariness of § and using the properties of w, we get

This also shows that % vanishes on 02, as a uniform limit of functions with the same property.

Moreover, using again that Chound(€2) is a Banach space, we finally get that @ € Chouna(£2), as well.
This concludes the proof. O

4. A MORREY—TYPE INEQUALITY AND ITS CONSEQUENCES

We will need the following Morrey—type sharp constant.

Lemma 4.1. Let 19 € RY and let R > 0. For every p > N and every fized z € OBg(z0), we set

tp(Br(zo); {z}) := min {/B . [VolPde : @(xg) =1 and p(z) = 0} i

pEWLP(Br(z0))

Then:
(1) the minimum above is independent of the point z € OBr(xo);

(2) we have the scaling

B (1) = By B {2220 )

{(wlRN o Brlao): {z}>)’1’}

(4) we have the following asymptotics

(3) the family

s non-decreasing;

(4.1) Tim (11 (Brtao) {21)” = £

=
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Proof. We first show that u, (Bgr(zo);{z}) is actually a minimum. To this aim, we consider a
minimizing sequence {u, }nen € WP (Bgr(zo)) for the problem defined by p, (Br(zo0); {z}), i.e.

lim [Vu,|Pde = pp (Br(zo); {z}), un(zo) =1 and wu,(z)=0.

n— 00 Br(zo)

By Proposition 2.7, we also have that

/ |un|P dz < Cnp RP / |Vu,|? dz.
Br(zo) Br(zo)

This implies that {u,}nen is a bounded sequence in W1P(Bg(zg)). Hence, thanks to compact
Sobolev embeddings for p > N, there exists u € W?(Bg(x0)) NC(Br(z)) such that u,, converges
to u weakly in W1P(Bg(x¢)) and uniformly in Bg(xg), up to a subsequence. This implies that
u(zg) = 1 and u(z) = 0, thus u is an admissible test function for the problem pu, (Br(zo);{z}).

Moreover, by lower semicontinuity we have

/ |[VulP dz < lim |Vu,|P dx = pp, (Br(zo0); {2}),
Br(z0)

"0 J Br(zo)

i.e. u is a minimizer.

The proofs of part (1) and part (2) easily follow by standard arguments, while part (3) is a
consequence of Holder’s inequality.

It remains to prove part (4). We suppose, without loss of generality, that 2o = 0 and R = 1.
Thus, we have to show that

Jim (up (BU{Z}))% =1

By part (3), we already know that such a limit exists. Since dp, is admissible for the problem
kp (Bi;{z}), we get that

(1 (B (=D))<

This in turn implies that

(4.2) lim (u,, (Bl;{z})) < lim w

p—ro0 p—r0o0

=

=1

2=

We now prove that )
Jim (e (B3 (21))" > 1
At this aim, we consider U, € W1?(B1) a minimizer for p, (B1;{z}), i.e.
1 1
</B |VUp|pdx> - (u,, (Bi; {z}))ﬁ, U,(00=1, and  Upy(z) =0.
We fix mg > ]if , by applying Holder’s inequality, we have

([ 1vomean)™ <oio ™ ([ ivopar)”
Bl Bl

for every p > mg. Moreover, thanks again to Proposition 2.7, we have

/|Up|m0dxch,m0/ VU, ™ da.
Bl Bl
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Taking into account (4.2), the above inequality implies that the family {U,},>m, is bounded in
Wlmo(By), for every fixed mog > N. Then, there exists Uy, € W1 ™0 (B;) N C(B;) and an in-
creasingly diverging sequence {p} }ren C [mo, +00) such that {Upo }ren converges to Uss weakly in
Whmo(By) and uniformly in Bj.

We can recursively repeat the previous argument, by taking an increasingly diverging sequence
{me}een © (N,+o0) and each time extracting a subsequence {Up }ren from the previous one

{Upi—l}keN, with {pf}ren C [me, +00). At each step, we get that U, € W1™¢(By) N C(B;) and

that {U,¢ }ren converges to Us weakly in Whme(By) and uniformly in B;. Thanks to the claimed
convergence, we get for every £ € N

1 1
(/ |VUoo|mfdx)  <liminf (/ VUpe|mfdx> ‘
Bl k— o0 Bl k

A
Lo
=
&
S
|
Lt
VRS
5
<
d
=
kol
QU
5
N———
L

=

=t Jim (e (Bi (=) =i lim (uo(Bui{=))"

By sending ¢ to co and recalling (4.2), it holds that

1

(4.3) 12 lim (p(Bii{=))” 2 [VUeelli(z,)-
Hence Uy, is a 1—Lipschitz continuous function such that Uy (z) = 0. Accordingly, we get
[Us(0)]
VU o > =1
H OOHL (Bl) = dBl(O) )
which, combined with (4.3), gives the conclusion. O

Remark 4.2. Thanks to Lemma 4.1 part (1), fixed a point z € 9B;, we can define

4.4 Bi):=  min VulPdr : w(0)=1and u(z) =0,.
(1.4 w) = min [ vup s ) =0}
Moreover, as an easy consequence of Lemma 4.1, when p > N we get the following estimate
R"%
(4.5)  |u(zo) —u(z)| € ——— [IVull1o(Br(zo)), for u € W'P(Bg(zo)) and z € dBg(xo).
tip(B1) '

Corollary 4.3 (Sharp Morrey constant). Let N < p < oo and let Q@ C RN be an open set. We
define the sharp Morrey constant
N
m,(Q) := inf VulP do : apy = 1 ¢, h =1 —.
b= it S0P g = 1), werea, =122
Then, the constant m,(Q) is independent of 1, i.e. we have
my(Q) = m, (RY).

Moreover, we have

(4.6) 1p(Br) < my(BY) < N ooy (p‘ N)

p—1
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and
1

lim (m,,(RN))” ~ 1

p—o0

Proof. We first show that m,(2) is independent of Q. The fact that m,(RY) < m,(£2) follows by
monotonicity with respect to set inclusion and the fact that

[Ulco.en @) = [W]coor @), for every u € C5°(9),
see (2.1).
In order to show that m,(Q) < m,(RY), let u € C§°(RY) and let
u,.(x):u(a:;%), with 2 € RY and r > 0.

Since u has compact support, we have u, € C§°(Q2) for some suitable zy and r small enough. Then,
by scaling and thanks to (2.1), it holds

/|Vur|pdx / [Vu,|P dx / |Vul? dz
_ RN — RN )

]CO ,ap (Q) [Ur]go,ap (RN) [u]%o,ap (RN)

By taking the infimum on C§°(RY) on the right-hand side, we get the claimed inequality.

We now come to the proof of (4.6). Let u € C§°(RY), for the lower bound it is sufficient to prove
that

1
(4.7) lu(z) —u(y)| < ———— [|VullLr ) |z — y|*?, for every z,y € RV,

tp(B1) !

If £ = y, then (4.7) trivially holds, thus let us assume that « # y. Without loss of generality, we
assume u(x) > u(y) and we define

U(Z) = U(Z) — U(y)

u(z) — u(y)

which satisfies v(z) = 1 and v(y) = 0. Since v € WHP(Bg(z)) with R = |z — y|, we have from (4.5)
that

, for z € RY,

|z —y|*» |z —y|*» 1
1= (r)] < ——5 IVV|1r(Br(a)) =

(nelB)’ (nptpy)” 10 7

From this estimate, we get

IVullLe(Bg()-

|z —y|* |z —y|*»
——1 IVullr(Brz)) £ =1 [IVull o mn),

(Np(Bl)> ' (Np(Bl)) !

which is the claimed inequality (4.7).
As for the upper bound, for every u € C§°(B1) \ {0}, by the first part of the proof and the very
definition of m,,, we have

lu(z) —u(y)] <

Vull,
my(BY) = my(By) < olirin)

p
[Wl¢o.en (5,



22 BRASCO, PRINARI, AND ZAGATI

Moreover, by using that u is compactly supported in By, we have

|u(z)]
U] H0,a > sup ——— > |u(0)].
[ugo.on (5, O S e |u(0)]

Thus, for every u € C§°(By) such that |u(0)| # 0, we get

IV ull? )
m (RN) < — 70
? [u(0)[P

By density, the last estimate is still true for functions u € WO1 P(By). Now, we consider the function
p=N
u(w) = (1 - [a]5=1) € Wy (By).
Thus, it holds that

p— N =
p—1 )

Finally, by taking the p—rooth in (4.6) and using (4.1), we get the desired asymptotics for m,. O

v _ [IVullze
Ny P < || Lr(By) < _
(mP(R )) = |u(0)| = ||Vu||LP(RN) (NUJN)

This shows the claimed upper bound.

S

The following Hardy inequality for general open sets was originally proved for ¢ = p in [33] (see
also [23] and [41]), without determination of an explicit constant. The latter can be found in [4, 21].
We generalize the result to cover the case p < g < oo. We will pay due attention to the asymptotic
behavior of the sharp constant, as p goes to oc.

Theorem 4.4 (Hardy’s inequality). Let N < p < oo and p < q < oo and let @ C RN be an open
set. We define

. u
bp,e(Q2) = ueé%fm) /Q Vul? dz ﬁip%w =1, forp < q < oo,
2 La(@)
and
by(Q) = inf / VulP dz : |[— =1,
weCs () | Ja da Lp(Q)

We have that

(4.8) ba() = (8,(@) " (bpe(@) T, Jorp<a<oo,

and

p—N

(4.9) bpm)z( ) bpoe (2) > j1n(B1),

p

where pi,(B1) is the same constant as in (4.4). Moreover, it holds

(4.10) lim (hp(Q))% = lim (hw(g))% ~ 1L

pP—r 00
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Proof. We first prove the lower bound in the extremal case, i.e. for ¢ = co. Let = € Q and let
T € 0f) be such that

|z —Z| = do(x).
For every u € C§°(Q2) and every p > N, we thus get from (4.5)

sl ( )
u(z)| < ——— VulP d
% G E U™

By taking the supremum over 2, we get

8=

1 P
11_6 < — (/ |Vul? dx) ) for every u € C§°(Q).
dQ Loo(Q) (:L‘LP(Bl)) P R

This gives the desired Hardy inequality result for ¢ = co, together with the claimed lower bound
in (4.9). In the case p = ¢, the estimate in (4.9) comes from [4, 21], as already recalled.

The case p < ¢ < oo now simply follows from interpolation of the two endpoints. Indeed, for
every u € C§°(2), we have

3|z

(a—p) 2

ult  \F ulP | \¢
(/ padr) =\ Zpdv) )= )
Q YQ Q tq dﬂq_p

L>=(Q)

Q
IS

where we set, for simplicity,

N - N
v==+E—
q P
We observe that
vg-p_,_N
q—p p’

thus, by using the definitions of h,(Q) and b, - (£2), we obtain

< Qlf??dxf = <bp?9)> (bp;m))qqp /QWul”dm

By taking the infimum over v € C§°(2), we get the lower bound (4.8).

In order to prove the last statement, for the case ¢ = 0o, from (4.9) and Lemma 4.1 we have
1 1
. . P > . P _ .
il (5 (0) " 2 Jim (s(20)" =1

In the case p = g, we directly have

lim inf (bp(ﬂ))% > lim p-N

p—00 p—>00 p

=1

In order to prove that the lim sup is smaller than or equal to 1, it is sufficient to use a suitable test
function. We first observe that, by a standard density argument, for every p > N and p < ¢ < oo

the Hardy inequality
P

.
p—N

+

bp,q(Q) N
dg 7

< / Vol? de,
Q

La(Q)
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still holds in both spaces D (€2) and WP (), for every open set Q2 C RN . Then, for every o € Q,
we take

o(z) = (r—|z— 330|)+ € WP (), for r = dg(zo).
Thus we get
g wy )P P (wnrM)r
(b)) < 0 and (ny(0)" < A
¢ P2
p—N dQ LP(Q)
dg, Lo (Q)
By using that
e e d d
lim —ONTP oy, ONTT)E a(@) _ _dal@) _,
p—>00 o pP—00 ‘ K x€Br (o) (7“ - ‘l‘ - l‘0|)+ r
p—N do LP ()
do" 1)
we then obtain the desired conclusion. O

5. EMBEDDING THEOREMS

For the ease of presentation of our main embedding results, we distinguish between three cases:
e the case ¢ < p;

e the case ¢ = p with ) having finite inradius;

e the case ¢ = p with 2 being a quasibounded set.
Then, in the final subsection, we will briefly discuss the case g > p.

5.1. The case g < p.

Theorem 5.1. Let 1 < ¢ < p < oo and let Q C RN be an open set. The following facts hold:
(i) we have that
DyP(Q) < LI(Q) =  dge Li(Q),
and the following upper bound holds

pP—q

(5.1 e ( K dx) "B

(ii) moreover, if N < p < oo, then we also have
dg € L1 () —  DLYP(Q) — L),
and the following lower bound holds

b—q

(52) () < 0@ ([ a7 ae) T
where h,(Q2) is the sharp Hardy constant (see Theorem 4.4);
(iii) finally, if p < N, there exists an open set T C RN such that
dr e LNT) N L=(T) but  DyP(T) o LI(T).
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Proof. We prove each point separately.

(i) Let zp € Q. Since both w;f}] and wgq are continuous functions, evaluating the lower bound

in [11, Theorem 5.2] at = zp and r = dg(zo), we get

(5.3) do(zo)7 7 wﬁ;(O) < wgq(mo).
Then, by raising to the power g both sides of (5.3), integrating on £ and exploiting (2.11),
we get
Pa 1 %
Q Q p.q

By using (2.14) for the ball By

q

(i)™ < (M(B)) ",
we get the claimed summability of dg, together with the upper bound in (5.1);

(ii) let us suppose that dg € Lﬁ(Q) and p > N. For every u € C5°(2), a joint application of
Holder’s and Hardy’s inequalities (see Theorem 4.4) leads to

pP—gq

e (f g ar) " ()
<) (fwors)} ()

This in turn implies that
Vul|P dx
fye L

(s (o)

By taking the infimum on C§°(€2) on the left-hand side, we get the lower bound in (5.2).
This, in particular, shows that A, 4(€2) > 0, i.e. we have the embedding

DEP(Q) = L9(Q),

as desired;
(iii) we construct an open set 7 C RY such that, under the assumption 1 < p < N
e dr € LY(T)N L>(T), hence dr € L*(T) for every a € [1,+00];
° Dé’p (T) is not compactly embedded in L4(T), for every 1 < g < p.

We consider the (N — 1)—dimensional open hypercube @ = (0,1)¥~! € R¥~1 and we
define
Cr=Q x (k,k+1], for every k € N.

Then, for every k € N, we take a dyadic partition of Cj, made of cubes with side
length 27%. We indicate by C}(j) each of these cubes, with j = 1,...,2¥ N, We also denote

2kN
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,,,,,,,,,,,,,,,,

FIGURE 1. The construction of the set 7. The horizontal dashed lines denote the
separation lines between the cubes Cj. The dashed circular line highlights the ball
with maximal radius r.

by k() the center of the cube Ck(j) and by
S = {mk(i) 1<i< 2’“\’},

the collection of all these centers, at a given k € N. Finally, we call infinite fragile tower
the open set given by

T= U (Ck \ Sk) -
keN
We first show that the condition dr € L*(T) N L>(T) is satisfied. Indeed, observe that
)
rT = 12
which implies that d7 € L (7). Moreover, we have
dr(z) <27F1V/N, for z € Cr(5) \ {zx(j)}, j=1,...,2"N and k € N,

by construction. Then

ok N
dT dr = / dT dx
/T ZZ Cr(\zr(5)}

keN j=1
<oz (e ()

We now show that for every 1 < g < p < N, we have
/\p7q(T> =0.
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This would imply that D®(7) is not continuously embedded in L(T). At this aim, for
every m € N, we introduce the “truncated” tower

T = (U (Ck\Sk)> \ (@ x{m +1}).

k=0

This is a bounded open set contained in 7, thus, by monotonicity with respect to set
inclusion, we have

Ap.a(T) < Apq(Ton)-

Therefore, in order to get the desired conclusion, it is sufficient to show that

lim Apg(Tom) = 0.

m—o0

Since p < N, we know that points have zero p—capacity and thus we have (see [39, Chapter
17])

Ap,g(Tm) = Ap,g(@ % (0,m + 1)).

By appealing to [9, Main Theorem], the last quantity can be estimated from above by

T\ P [ HY1OQ x (0,m+ 1))\
@0 = (552) ( Qx (0.m+ "5 )

2
< (M)P (2(N—1)(m+1)+2>p.

2 (m+1)""rta

By using that ¢ < p, it is easily seen that the last term converges to 0, as m goes to oc.
This gives the desired conclusion.

The proof is now over. O

Before proceeding further, a couple of comments are in order on the geometric estimates obtained
in the previous result.

Remark 5.2. For p = 2, the lower bound (5.1) has been obtained in [8, Theorem 3]. The proof
therein is simpler: up to some technical issues, it is simply based on using the test function dg
in the definition of Ag 4(€2). However, this produces a poorer estimate: observe that the constant
appearing in [8, equation (9)] blows-up as ¢ ,/* p = 2. This is not the case for our estimate (5.1).

Remark 5.3. Let N < p < 0o, 1 < g < p and let Q C RY be an open set, such that |Q| < co.
Then, we have that rq < 400 and, from the lower bound in (5.2), we get

s by(Q)

(5-4) Apg () Q7T > =
Lo

This is an extension to general open sets of the geometric estimate contained in [11, Theorem 5.7].

The constant §, () is very likely not to be sharp, it would be interesting to determine the sharp

constant for (5.4).
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5.2. The case p = ¢q: continuity.

Theorem 5.4. Let 1 < p < oo and let Q C RN be an open set. The following facts hold:

(i)

(5.6)
(iii)

Proof.

(iii)

we have that
DyP(Q) = LP(Q) = do€ L®(Q),
and the following upper bound holds
Ap(Q) g < Ap(By);
moreover, if N < p < oo, then we also have
do € L=(Q) — DyP(Q) — LP(Q),
and the following lower bound holds
bp(Q2) < Ap(Q) r;
finally, if p < N, then, for the open set P := RN \ ZN  we have
dp € L>®(P) but DyP(P) o LP(P).

(1) Let A\p(©2) > 0 and let {B,, (zn)}nen € Q be a sequence of balls such that r,
converges to ro as n goes to co. Thanks to the monotonicity with respect to set inclusion
of Ap, we get that

Ap(Q2) < Ap(Br, (20))-

In particular, using the scaling properties of A\,, we obtain that

Ap(B1)
A ToTR
Ap(2)

and, by sending n to oo, we get rq < 400 and the upper bound in (5.5);

let us suppose that rq < 400 and N < p < oco. By applying the Hardy inequality of
Theorem 4.4, we have that

p
/ [ul? dz < ré’/ % dx < ! 7“5/ |[VulP dz,  for every u € C§°().
Q o do bp(€) " Ja

By taking the infimum on C§°(f2), we get the lower bound in (5.6). In particular, if

rq < +00, then A,(€2) > 0 and thus the continuous embedding Dy?(Q) — LP(2) holds
true;

it is sufficient to note that
M (P) < \p(B \ ZY), for every m € N.
Thanks to the assumption p < N, again by [39, Chapter 17] it holds
Ap(Bi \ ZN) = Ap(Bpn).
By using the scale property of A,, we get that

M(P) < Tim Ay(By) = lim 228 _ g

m—oo m—oo  mP

This gives the desired conclusion.

The proof is concluded. O
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Remark 5.5. For p > N, the lower bound (5.6) is an extension to general open sets with finite
inradius of the Hersch-Protter-Kajikiya inequality
mp\P 1

Ap(€2) > (3) .

which is valid for every Q C RY open convez set and every 1 < p < oo (see [22, 36] for the case
p = 2 and [30] for the general case). Such an extension can be also found in [37, Theorem 1.4.1],
with a different proof and a poorer constant: the result in [37] is stated for bounded open sets,
however a closer inspection of the proof reveals that it still works for open sets with finite inradius.

Here as well, it would be very interesting to determine the sharp constant C'y ), such that, for
every  C RY open set with finite inradius, we have

C
Ap(Q) > #, for every N < p < 0.
o

We observe that, by (5.6) and (4.9), we have

_ p
Onp > (p N) .
P

5.3. The case p = ¢q: compactness.
Theorem 5.6. Let 1 < p < 0o and let Q@ C RN be an open set. The following facts hold:
(i) we have that
DyP () < LP(Q) is compact = Q is quasibounded,;
(ii) moreover, if N < p < oo, then we also have
Q is quasibounded = DyP () < LP(Q) is compact;

(iii) finally, if p < N and T C R¥ is the same open set of Theorem 5.1, then T is quasibounded
and the embedding Dy?(T) < LP(T) is continuous, but not compact.

Proof. (i) This follows from [1, Example 6.11]. For completeness, we sketch the idea of the
proof: we argue by contradiction and suppose that 2 is not quasibounded. Then there
exists a sequence of balls {B,(z)}nen C Q, with 7 > 0 fixed and

lim |z,| = +oc.
n—oo

We consider ¢ € C§°(B1) \ {0} and then we simply set

wn(x):w<x_xn>, for x € By(x,), n € N.

r

It is easily seen that {1, }nen is bounded in D (), but it cannot converge in LP(€2);

(ii) this result can be found in [2, Theorem 2], but here we give an alternative proof, which relies
on the Hardy inequality of Theorem 4.4. Let p > N and assume that ) is quasibounded.
Thus, the distance dg is a bounded function. By Theorem 5.4, we already know that Dé’p (Q)
is a functional space, continuously embedded in LP(§2). Moreover, Remark 2.5 guarantees
that we have

Dy(Q) = Wy P (Q).
Let {t, Jnen € Dy?(Q) = Wy P(Q) be a bounded sequence. We can extend these functions
by 0 outside  and consider them as elements of W1?(RY). In order to apply the classical
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Riesz—Fréchet-Kolmogorov Theorem, we first observe that {u,, }n,en is bounded in LP(RY),
as well.
Moreover, the bound on the LP norm of the gradients guarantees that translations con-
verge to 0 in LP(§2) uniformly in n, i.e.
lim sup/ |tn(z + h) — u,(2)|P dz = 0.
[h]=0 neN JRN
The crucial point is to exclude the “loss of mass at infinity”. For this, we exploit the

assumption that 2 is quasibounded. The latter entails that, for every & > 0, there exists
R > 0 such that

ldallL=@\Bg) <&
Let ng € C°°(RY) be such that

0<nr<1, nr=1inRY\Bgy1, nr=0inBg, |Vnrl <C,
for some universal constant C' > 0. Then
sup IV (unnr)llLe (o) < sup IVunllLe @) + Cilég unllLr @) =2 M < +oo.
Since the functions u,, nr belong to Dé’p (Q), by applying Holder’s and Hardy’s inequalities

(see Theorem 4.4), for every n € N we have that

1

v w, nplP
(/ |y, |P d:z:) < |ldall L~ (@\BR) ( |d+R| dx)
O\Bry1 & "a

<eh, ()7 < /Q IV (un nR>|pda:>’l7 < eby(Q) 77 M.

We can thus appeal to the Riesz—Fréchet—Kolmogorov Theorem and get that, up to a
subsequence, {u,}nen strongly converges in LP(Q);

3 =

we consider the set 7 defined as in the proof of Theorem 5.1 part (iii). Since d7 € L'(T), by
applying Lemma 3.3, we have that 7 is quasibounded. Moreover, the embedding Dé’p (T) —
LP(T) holds. Indeed, it is sufficient to notice that 7 is bounded in one direction. Thus,
again by Remark 2.5, we can infer

WoP(T) = Dy*(T).

However, the embedding Dy?(T) < LP(T) cannot be compact. Indeed, we take v €
C§°(Q x (0,1)) not identically zero and we build a bounded sequence {vj}ren by simply
translating v in the vertical direction, i.e. for every k € N we set

vp(2, xn) =v(@' oy — k), for every (2',zy) € Q x (k, k+1).
By appealing again to [39, Chapter 17], we have that
vk € C%(Q x (k, k+1)) € WyP(Q x (k,k + 1))
= Wo((Q x (k k+ 1) \ Sx) € Wy (T) = Do™(T),

for every k € N. Hence, the sequence {vy }xen is bounded in DyP(T) and vl Loy > 0 is
constant. This shows that {v }ren cannot admit a converging subsequence in LP(7).

This concludes the proof. O



SOBOLEV EMBEDDINGS AND DISTANCE FUNCTIONS 31

5.4. The super-homogeneous case ¢ > p and beyond. In what follows, for an open set 2 C RY
and for 0 < 8 < 1, we consider the space

OO’B(Q) = {u € Obound(ﬁ) : [U]Co,ﬁ(ﬁ) < +OO},

endowed with the standard norm

||“Hco,/3(ﬁ) = [lullz= (@) + [“]co,ﬁ(ﬁ)v for every u € C*7(9).

As a consequence of the previous embedding results, we can draw the following picture, for the case
N < p < q. The proof is essentially an exercise.

Corollary 5.7. Let p > N and let Q@ C RN be an open set. The following facts hold:

(i)

Proof.

(i)

(iii)

if dg € L>=(R2), then we have

DyP () < LI(Q), for every p < ¢ < oo,
and
DyP(Q) = Co(Q) N COP(Q), Jor every 0 < B < ay;
if Q is quasibounded, then the above embeddings are compact, for
p<qg<oo and 0 < B < oay;
if do € L7(QY), for some p/(p — 1) <~ < oo, then we have
DYP(Q) — LI(), for every ]% < g < oo,

and such an embedding is compact.

(i) Let dg € L=(Q). The existence of the embedding Dy (2) < LP(Q) is a consequence
of Theorem 5.4 part (ii). By using the Gagliardo-Nirenberg interpolation inequality (2.4)
with ¢ = p, it follows that Dé’p (€) is continuously embedded in every L(Q2) with p < ¢ < cc.
As for the embedding in Holder spaces: we observe at first that, from the embedding
DyP () < L>(Q), we obtain that each {u, }neny € C5°(€2) which is a Cauchy sequence in
the norm of Dé’p (€2), is a Cauchy sequence in the sup norm, as well. Thus, by recalling the
definition of the completion space Co(f), we get that Dy (Q) — Co(€2). By using this fact
and Corollary 4.3, we thus get that D (Q) is continuously embedded in Co(Q) N CO%» (Q).
Then Lemma 2.2 gives the desired conclusion;

we now suppose that € is quasibounded. In order to prove the first statement, it is sufficient
to observe that the embedding Dé’p(Q) — L1(Q) is compact for ¢ = p, thanks to Theorem
5.6 part (ii). By applying again the Gagliardo-Nirenberg inequality (2.4) with ¢ = p, we
conclude.

The case of Cy(2) N C%A(Q) follows as above, by combining Morrey’s inequality and
Lemma 2.2;

we first recall that the assumption dg € L7(Q2), for some p/(p—1) < v < oo, implies that
is a quasibounded set (see Lemma 3.3). The compact embedding Dy (Q) < LI(Q) easily
follows by Theorem 5.1 part (ii), when ¢ = p~/(p + ), while the case ¢ = oo has just
been proved in the part (ii) above. We conclude, by interpolation, that the embedding is
compact for every py/(p+ ) < q < 0.

The proof is now complete |



32 BRASCO, PRINARI, AND ZAGATI

Remark 5.8. It is not difficult to see that the compact embedding of Corollary 5.7 part (ii) does
not extend up to the borderline case § = a, = 1 — N/p. This can be seen by means of a standard
scaling argument: take Q = By and ¢ € C§°(B1) \ {0}. We define the sequence

Y () =n'r Y(nx), for n € N.
It is easily seen that

IVinllez) = IVOllrsy  and  [Wnlcoes s, = [Wlcoer(p,)-

On the other hand, by construction, we have that 1, converges uniformly to 0 as n goes to oo,
since N — p < 0. Thus, for this sequence, we cannot have convergence in the norm of C%% (By).

We complete the previous result by giving some geometric estimates for the generalized principal
frequencies A, 4 in the case N < p < ¢, as well.

Corollary 5.9. Let N < p < 0o, p < q < oo and let 2 C RY be an open set. We have that

Ap,q(2) >0 = ro < 400,
and
bp,q(2) Ap,g(B1)
(5.7) SN T S M) € SEERT
ra ¢)

with Y, 4(Q) defined in Theorem 4.4. Moreover, if Q is quasibounded, then there exists u,, €
WyP(Q) which solves

(5.8) Apq(2) = ir}f {/ [VulP dz - ||u||pe) = 1}.
ueW,?(Q) Q
Proof. Let us assume A, 4(©2) > 0 and let {B,, () }nen C © be a sequence of balls such that r,
goes to g, as n goes to co. As in the proof of Theorem 5.4 part (i), it follows that
TS*NJFN% < Apyq(Bl)v
Ap.q(€2)
and, by sending n to co, we get rq < 400 and the upper bound in (5.7).

In order to prove the reverse implication, we first observe that this has already been proved in
Theorem 5.4 for the case ¢ = p part (ii). For the case p < ¢ < o0, it is sufficient to use the same
argument, in conjuction with the general Hardy inequality of Theorem 4.4. This comes with the
lower bound in (5.7). We leave the details to the reader.

We now come to the existence part, under the stronger assumption that €2 is quasibounded.
We first observe that the identity (5.8) follows from Lemma 2.6. Moreover, the assumption on €,
Theorem 5.4 and Remark 2.5 guarantee that we have

1, 1,
Dy () = Wy (Q),
thanks to Proposition 2.4. The existence of a minimizer is now an easy consequence of the Direct

Method in the Calculus of Variations, once observed that WO1 P(Q) is weakly closed and that we
have the compact embeddings of Corollary 5.7 at our disposal. O

Remark 5.10. We notice that the value of A, »(B1) can be made explicit: according to [38,
Theorem 2E] we have

p—N
p—1

p—1
) Nuwpy, for p > N.

Ap.oo(B1) = (
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This implies that the upper bound for the sharp Morrey constant in (4.6) can be rewritten as
mp(RN) < Ap,oo(B1).
Moreover, such a value is uniquely attained by the functions

u(z) =+ (1 — \m|%)+

We refer to [19, 25] for a thorough study of the variational problem associated to A\, «, in the case
of bounded sets.

6. ASYMPTOTICS
6.1. Asymptotics for A, ,().

Corollary 6.1. Let 1 < q < 0o and let Q@ C RY be an open set. Then

s 1
lim (\,(Q))" = ————
Pg&( pal )) ldallza)’
and )
. ? 1
Jim (A ()" = -

In the previous equations, the right-hand sides have to be considered 0, if dg & L1(Q) or rq = 400,
respectively.

Proof. We start with the case ¢ = oo. If rq = +00, thanks to Corollary 5.9, there is nothing to
prove. Let us assume 7o < 400, it is sufficient to take the p—rooth in (5.7) and use that
1

I ( B ) =1

Jim (A 00 (B1) ;
(see Remark 5.10) and (4.10). This gives the desired conclusion as p goes to oco.
We now consider the case ¢ < oo. We first suppose that do € L?(€2). Observe that, for every
p > 2q, we have

q2
do(z)7-a < r& " do(r)! < (max{l,m})q da(x)?, for every z € €,

thus we can apply the Dominated Convergence Theorem to get that

rP—aq 1
6.1 i daide) " = ([ a%dz )"
& o (o 00) ™ = (f )

Moreover, by Theorem 5.1, for every p > q and p > N, we have the two-sided estimate
b—gqg
pra

00(6) < 2a(@) ([ a8 dr) <)

By raising this estimate to the power 1/p, using (4.10), (6.1) and the following fact

lim ()\p(Bl))% ~1,

p—>00

(see [29, Lemma 1.5]), we get the desired conclusion.
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We now suppose that do ¢ LI(Q2). Let ng € N such that Q, := QN B, # 0 for every n > nyg.
By applying the first part of this proof to the set €2,, with n > ng, we have that

1
> 1

lim (A, (92, =

(M( )) lda, [l za(@,)

p—o0
Hence, by using the monotonicity of A, ; with respect to the set inclusion, we get that

1

> 1
6.2 limsup ( Ay (92 <
(6.2) p—roo (M( )) llde, e,

for every n > ng. We extend each distance function dg, equal to 0 in RV \ Q,,. We note that the
family {dq,, }n>n, is nondecreasing with respect to n. Thus, in order to conclude, it is sufficient to
prove that

(6.3) lim dq, (x) = do(x), for every z € Q.

n—oo

Indeed, by passing to the limit in (6.2) as n goes to oo and by using Monotone Convergence
Theorem, we get that

lim sup ()\p)q(Q))% =0.

p—o0

In order to show (6.3), we note that, for every z € Q, there exists n, > ng such that By, (x) C Qp,
for every n > n,. This implies that

do(x) =dgq, (x), for every n > n,.
This concludes the proof. O
Corollary 6.2. Let N < p < co and let Q@ C RN be an open set. Then
lim A, 4(Q) = Ay oo ().

q—o0

Proof. Let ¢ € C§°(Q) \ {0}. By definition of A, ,(92) we have that, for every ¢ > p, it holds

l/|V¢Vdm
(/£|¢4de)

If we now take the limit as ¢ goes to oo, we get
[veras [ vurds
limsup Ap 4(©2) < lim = 0 .

e (TSR AT

By arbitrariness of ¢ and recalling the definition of A\, - (£2), we obtain

limsup Ap 4(2) < Ap.oo(£2).
q—o0

In order to show the converse inequality, we can assume that A, o (€2) > 0, otherwise from the
previous inequality we already get the desired result. Since p > N, by Corollary 5.9 we have that
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ro < +oo and thus A\, (Q) > 0, as well. Then, for every u € C§°(Q2) \ {0} and for every p < ¢ < o0
it holds

p 12 -1 3 1_2
lullzae) < Il Il oy < (M) * IVl ) el ),

by interpolation in Lebesgue spaces. Hence, we have the following lower bound

1VullLr (o) > (/\p(Q))% ||VU||1L£(IQJQ) > (/\p(m)% ()\poo(Q)>%

Iellzecon ol

By raising to the power p on both sides and taking the infimum on C§°(Q2) \ {0} on the left-hand
side, this yields

a—-p

@ = (M) (@)
By sending ¢ to oo in this inequality, we get
liminf A, 4(Q) > Ap oo (2),

q—00 ’

as desired. O

6.2. Asymptotics for the solution of the Lane-Emden equation. Let Q C RY be an open
connected set. In this subsection we will assume that 1 < ¢ < oo and do € L9(€2). By Lemma
3.1, the last assumption entails that do € L>°(f2), as well. Thus, by interpolation, we have that
dg € L9/ (P=9)(Q) for every ¢ < p < co. Hence, by Theorem 5.1, Q is (p, ¢)—admissible for every
p > max{N,q} and, by [11, Corollary 4.4], there exists a unique positive solution wgq to (2.9) for
every ¢ < p. In the following theorem, we will study the asymptotic behavior of w}

p.qs &S D goes to
00.

Theorem 6.3. Let 1 < g < 0o and let @ C RY be an open connected set such that dg € LI(12).
Then

(6.4) pan;o Hwﬁq —dollLr) =0 and plLH;o ||w2q — dollcos @) =0
for every g <r < oo and every 0 < f < 1.

Proof. We will first show that (6.4) holds to 7 = ¢q. Then, by interpolation, we will obtain all the
other claimed convergences.

Part 1: convergence in L9(2). We extend each function wﬁq to RN by setting it to be zero in
RN \ Q. First of all, we note that, by using (2.11) and Corollary 6.1, we have

Pr9q

1
; Q . Q .
(6.5) plg{.lo/g Vwy [P dx :plggo/g lwi? |7 da :plggo — = /ngqz dx,
(Aral)
which implies
. Q
(6.6) Tim [V L@ = 1
Moreover, by applying (4.5), we find the upper bound
do(x)%
(6.7) 0< wgq(a:) < % HVU);Z’QHLD(Q), for every z € Q,

(1e(B)”
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where o, =1 — N/p. On the other hand, thanks to (5.3), we obtain the lower bound
(6.8) (do(x))7-a w,, q(O) < w 4(x), for every z € Q.
By sending p to oo in (6.7) and (6.8) and taking into account (4.1), (6.6) and (2.12), we get that

lim wgq(a@) =dq(z), forevery z € Q.

pP—o0

Thanks to [13, Theorem 1], the pointwise convergence, combined with the convergence of the L?
norm given by (6.5), implies that

pli{lolo ||wpq - dQ”Lq(Q =0.

Part 2: convergence in L>(€2). By Corollary 5.7, we have that wS}, € Co(€2)NC%*»(£2). Moreover,
by applying the estimate on the sharp Morrey constant of Corollary 4.3, we have that wﬁ o satisfies

1 »
Q Q
[wp’q]c("“p(ﬁ) < (mp(9)> vap’q”Lp(Q)'

By using (6.6) and Corollary 4.3, we have

lim sup [wgq]co,ap(ﬁ) <1,
p—o0

and thus, in particular, the seminorms [wg a Coep (@) Are uniformly bounded, for p large enough.
We also observe that, by Lemma 3.2, we have

[dQ]CO,ap @) < (2 T‘Q)lioép.

We now apply Lemma 2.2 to w — dg, with @ = o, and v = ¢. Thus, for every 0 < 8 < 1 and
every p such that a, > 3, we have

Q Q 0 Q 1-9, . ap, —f
[wp,q - dQ]COﬁ(ﬁ) <Ci pr,q - dQHLZ;(Q) [wp,q - dQ]CO,:p @) with 9;0 = —F N’
ap + —
and
1— . Q
ngq - dQHLOO(Q) < Cy pr dQHLq(Q [ Q dQ]CO?g;(ﬁ)? with Xp = £
ap + —

We observe that, for p diverging to oo, the exponent a;, goes to 1. Thus, the constants C; and Cf,
which depend on p through «,, stay uniformly bounded as p goes to oo (see Lemma 2.2 and Remark
2.3). By using this fact, the bound on the C% seminorms inferred above and the convergence in
L4 proved in Part 1, the previous interpolation estimates give

. O Q
lim (kg = dall ) + [0, = dalcos) ) = 0.

Finally, the convergence in L"(Q) for ¢ < r < oo can be obtained by interpolation in Lebesgue
spaces. O
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6.3. Asymptotics for \,(Q2). The following corollary generalizes the result shown, independently,
in [20, Theorem 3.1] and [29, Lemma 1.2]. While these treat the case of bounded open sets, we
enlarge the result to cover every open set, without further restrictions.
Corollary 6.4. Let Q C RN be an open set, then

l 1
6.9 lim (A,(2)7 = —,
(6.9) Jim (A, (€2) o
where the right-hand side has to be considered 0, if rq = +00.
Proof. First of all, we note that for every 0 < r < rq there exists a ball B,.(z,) C Q. Hence, by
applying [29, Lemma 1.5], it holds

=
—_

lim sup (AP(Q))% < limsup ()\p(BT($T))) =-.

p—r00 p—ro0 r
By sending r to rq, we get
1
> 1
lim sup ()\p(Q)) < —,
p—00 rQ
where the right-hand side is 0 when rq = 4oc0. In order to obtain the reverse inequality when
ro < +00, it is sufficient to apply (5.6) and (4.10), to get that
1 1 1 1
liminf (3,(2))” > — lim (b,(2))" = —.
iminf (A, ()" = = lim (5,(2) -
This concludes the proof. (|
6.4. Asymptotics for the first p—eigenfunction. We first recall that for every function u €
W12°(Q) vanishing on the boundary 952, we have
lu(z)] < do(x) || Vul|pe(), for every z € Q.

This may be seen as a limit case of Hardy’s inequality. In particular, & dg/rq is a solution of the
following minimization problem

1
6.10 i { o ullpeorany =1, u=0 89}:—,
(6.10) . [Vullze(a) : ull (o) u=0on o
provided 2 has finite inradius.

Theorem 6.5. Let Q C RY be an open connected quasibounded set. Then, for every N < p < oo,
there exists a unique positive solution u, of the problem

(6.11) Ap(2) = min {/ [Vu|Pdz : / |ulP dz = 1}.
wewyP() UJa Q

Moreover, the family {u,},~n is precompact in C%P(Q) for every 0 < B < 1 and every accumulation
point uso is a solution of (6.10), possibly different from dg/rq.

Proof. We first observe that A,(2) > 0, thanks to the assumption on 2 and Theorem 5.4. Thus,
by Remark 2.5, we have

WEP(Q) = DYP(9).
By Theorem 5.6, for every p > N the embedding Wg’p(Q) — LP(Q) is compact. Hence, by using
also Lemma 2.6, it follows that, for every p > NN, there exists a positive solution u, € WO1 P(Q) of
the minimization problem (6.11). Uniqueness can now be inferred by using the Benguria hidden
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convexity principle of [7, 32], for example, as generalized in [11, Theorem 2.9]. See also [3] and [34]
for other proofs of the uniqueness.

Without loss of generality, let {p,}nen be an increasing sequence diverging at co. In particular,
there exists ng € N such that p, > N for every n > ng. We denote by u,, the unique positive
solution of the problem defining A, (£2). By applying (4.5) and (4.7), we find that

1 1

(6.12) lup, (z)] < ——— ()\p" (Q)) EdQ(ﬂc)o‘P", for every z € Q,
(ﬂpn (Bl)) "
and
1 e —
(6.13)  fup, (@) = tp, )] £ ————— (4, () x|, forevery 7,y € 0.

(10, (BD) ™"

Since 2 is quasibounded, the previous estimates assure that we can apply Proposition 3.5. Thus,
we get that {u,, }n>n, converges uniformly to a function us, € Co(Q2), up to a subsequence. By
passing to the limit in (6.12) and in (6.13) as n goes to co, we obtain that

1 —
[too ()| < — dq(x), for every z €
rQ

and

1 _
e (@) = e ()| € o =y, for every @y € T

Observe that we also used (4.1) and (6.9). In particular, u., € W1°°(Q) and it satisfies

~

lucollLoe (@) <1 and Vool Lo (@) <

S

If we also prove that |[uso|[s(q) > 1, we can conclude that u is a minimizer for the problem
(6.10).
In order to show this, for every R > 0, we take ngp € C*°(RY) such that

0<nr <1, nr=1inRY\ Bgry:, nr=0in Bg, |Vngrl<C,
for some universal constant C > 0. Then

sup ||V (up, mr)llLen (@) < sup [Vuy,[|Len @) +C Sg%HUpHHLPn(Q)

n>ngo n>ngo
1

sup ()\pn (Q)) " C

n>ngo

1

(/\,,n(Bl))T” +CO =M< +0.

A
|
)]
o
i)

We notice that M > 0 only depends on N and rq. Now, thanks to (4.10), there exists p > N such
that

1

» o1 _
(hp(Q)) > 3 for every p > p.

Since € is quasibounded, for every 0 < & < 1/2, there exists R, > 0 such that

13
ldall L~ @\BR,) < oM
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By using the properties of 7 and applying Holder’s and Hardy’s inequalities to u,,nr. € WO1 P(Q),
for every p, > max{D, pn, }, we have that

‘u MR |Pn
[ rde= [ de < ol —d d
Q\Br. 1 Q\Br, 11 Q Q

< all 2 0\ 5 | 17 e 1) s
< egbn,
Hence
1= / lup, [P dx +/ [up,, [P dx < ePr +/ lup, [P dz,
N\ BR, 41 Br.+1 Bre+1
that is

N N
(1 _ Epn) < (OJN (R + 1)N) " sup [tp,, |5 for every p,, > max{D, pp, }-

Br, 11

By exploiting the uniform convergence of the sequence {up, fn>n, t0 Uso On compact sets, if we
take the limit as n goes to co, we get

1< sup Jueo| < bup |t ] s
Br_+1

which proves the claim for every €2 quasibounded set.

In order to get the convergence in C%#(Q) for 0 < 8 < 1, we can use the same interpolation
argument as in Part 2 of the proof of Theorem 6.3. It is sufficient to observe that it holds

an estimate that can be proved by repeating the proof of Lemma 3.2. We leave the details to the
reader. O

Remark 6.6. We underline that, differently from the case 1 < g < p, when p = ¢ it may happen
that the accumulation points of the family {u,},~n do not coincide with dg (see [20, Corollary
4.7]). We refer to [19, Theorem 3.14] for a study of the multiplicity of extremals for problem (6.10),
in the case of open bounded sets.

With the same arguments as in the previous proof, we can show a similar result for the minimizers
of Ap.oo(€2), whose existence is given by Corollary 5.9 when Q is quasibounded. This generalizes
[19, Theorem 3.3]. We omit the proof.

Theorem 6.7. Let N < p < oo and let Q@ C RN be a quasibounded open set. Let u, o € Wo™P(2)
be a positive solution of

Ap,oo(2) = min {/ |VulP dz - ||ul| o) = 1}

uEW, P ()

Then the family {up o0 }p=n is precompact in C%P(Q) for every 0 < 8 < 1 and every accumulation
point us is a solution of (6.10).
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APPENDIX A. AN INFINITE STRIP WITH SLOWLY SHRINKING ENDS

In the next example, we consider a quasibounded open set for which df, ¢ LY(RY), for any
0 < v < oo. Sets of this type have been considered for example in [5] and [18, Section 7].

Example A.1. For every a > 0 and x; € R, we set
1 T 1
fi@)=1—7F—— and  falz)=h (*1) =

~ log (2 +27) a log <2+<xl>2)'
@
Then we consider the quasibounded open set

Q, = {x = (z1,22) € R? : z; € R, |za| < fa(xl)}.

Observe that for this set we have dzza ¢ L'(,), for any 0 < v < co. Thus, by Theorem 5.1 part
(i), we have

Dég(ﬂa) 7 LU (Qa), for every 1 < ¢ < 2.
On the other hand, since €, is bounded in the xo direction, we easily get that A2(€24) > 0, that is

Dy () = L2 (Qa).

As for the compactness of this embedding, we observe that this cannot be directly inferred from
Theorem 5.4, since we are in the critical situation p = 2 = N. Nevertheless, we are going to show
that actually such an embedding is compact if « is large enough, thanks to the peculiar geometry
of the set €,. In particular, the Dirichlet-Laplacian on €2, has a discrete spectrum.

We define

— _ _ > Ry = .
Qar = Qo N (( R,R) x (R, R)), for R> Ro =
We denote by wq, the torsion function of §2,, defined as

wq,, = lim wq_ ,,
R—o0 o

where wq, , € W&Q(QQ,R) is the torsion function of the bounded set {2, g, i.e. it solves
—Au=1, in Q4 R,

(see [12, Definition 2.2]). We observe that wq,_ is a bounded function, by [12, Theorem 1.3]. In
order to prove the compactness of the embedding of ’Dé’z(Qa) — L%(Qy), it is sufficient to prove
that

(A1) J%EHOO lwa, Lo (@.\Br) =0,

thanks to [12, Theorem 1.3]. We will achieve (A.1) by exploiting the geometry of €, in order to
construct a suitable upper barrier. For every a > 0 and z1 € R, we set

Fi(e) = (A@))?  and  Falen) = F (2 = (falo)™
Observe that F; has a bounded second order derivative, i.e. there exists L > 0 such that
|FY'(t)| < L, for every ¢ € R.
Thus, if we take o > 0 such that a? > L, we obtain

1
(A.2) [Fl ()] = = ’F{’ (%)‘ <2(1-C,),  forevery z; € R,
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where

L
Cyp=1— — thus 0<C, <.
22

With such a choice of «, we consider the function
Fo(z1) — x%
2C, ’

We claim that this is the desired upper barrier. Indeed, by construction we have U, > 0 and,
thanks to (A.2), it holds

Uug(z1,22) = for every (z1,22) € Qq.

1 F(x1)
— AU, (21, — = _ITo\M)
R ToN
By applying the Comparison Principle in every {2, r we get that
< F, ('Tl)
- 20,
and such an estimate does not depend on R. Hence, by sending R to oo, we have that
F, (1'1)
2C,
By using the properties of F,, = (f,)? and the previous estimate, we eventually get (A.1).

>1, forevery (z1,z2) € Qq.

wa, 5 (r) < Uqy(x) for every z = (z1,22) € Qa,r,

wq, () < for every x = (z1,22) € Q4.
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