LAGRANGIAN STABILITY FOR A SYSTEM OF NON-LOCAL
CONTINUITY EQUATIONS UNDER OSGOOD CONDITION

MARCO INVERSI AND GIORGIO STEFANI

ABSTRACT. We extend known existence and uniqueness results of weak measure solu-
tions for systems of non-local continuity equations beyond the usual Lipschitz regularity.
Existence of weak measure solutions holds for uniformly continuous vector fields and
convolution kernels, while uniqueness follows from a Lagrangian stability estimate under
an additional Osgood condition.

1. INTRODUCTION

1.1. Statement of the problem. For fixed T' € (0,4+00) and k,d € N, we consider the
system of non-local continuity equations

00" +div (' V(L z,0xn') = 0, t€(0,T), xR,
. | (1.1)
Ql(O) = §Z7 /l: = ]" ctt k?

where the unknown ¢ = (¢!, ..., 0*) € L*=([0, T]; MT(R9)¥) is a time-dependent k-vector
of non-negative Borel measures on R%, the initial datum g = (g', ..., o%) € MT (R is a
k-vector of non-negative Borel measures,

V= (V... V") e L*(0,T]; Co(R? x R¥; RYF) (1.2)

is a uniformly-in-time bounded continuous k-vector field and

i

n'= ("t € ([0, T]; Gy(R% RY)) (1.3)
is a uniformly-in-time bounded continuous k-vector of convolution kernels, with the con-
volution o * nt = (o' x ¥, ..., o* x nF) occurring in the space variable only. In the
entire paper, we frequently consider the 1-norm (i.e., the sum of the absolute values of
the entries) on both vectors and matrices. In particular, || = |o*| + -+ - + |0*| and thus
lollm = |l la+- - -+ |l"]|am for all o € M(RY). When considering other norms, constants
depending on d and/or k may be dropped without notice.
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Solutions of the system ({1.1)) are understood in the usual distributional sense, which is

well-set thanks to ((1.2)) and (1.3]).

Definition 1.1 (Weak solution). We say that ¢ € L>([0, T]; M (R9)*) is a weak solution
of the system (1.1)) starting from the initial datum g € M*(R9)¥ if

T . ) . )
| [ (a4 Vita,oen) - Vo) ot aydt+ [ o(0,2)dg'(x) =0 (1.4)
0 R4 R4
for each i = 1,...,k and any ¢ € C>°([0,T) x R9).

Any weak solution in the sense of Definition admits a weakly continuous repre-
sentative in duality with the space Cy(R?) of continuous functions vanishing at infinity,
see |2, Lem. 8.1.2] and [1,/14]. So, from now on, we restrict our attention to weakly-
continuous weak solutions ¢ € C([0, T]; M+ (R%)* —w*) only.

The system is used in several physical situations—for instance, pedestrian traffic,
sedimentation models and supply chains—to describe the time evolution of the density
of a vectorial quantity (e.g., pedestrians or particles), possibly concentrating in some
points or along hypersurfaces. Far from being complete, we refer the reader for example
to |4L{10H13,/16,|18,21},[24},[25] for a panoramic on the related literature. Because of the
physical relevance of the system , here we deal with non-negative solutions only.

The system can be also interpreted in the sense of the Control Theory. Indeed,
the convolution kernel 7 can be viewed as a non-local control for the (non-linear) PDE
in ([1.1)). Therefore, assuming V is fixed for simplicity, any stability result for the solutions
of the system in terms of the convolution kernel 7 yields a continuous dependence
of the curve t — g,[n] solving in terms of the control 7.

The well-posedness of the system (1.1]) was established in [14], provided that V" and n
are bounded and Lipschitz continuous uniformly in time, namely,

V e L*=([0, T); Lip,(R? x R*; RN*) and 7 € L*>([0, T]; Lip,(R%; R¥)%). (1.5)

The crucial ingredient of [14] is a stability estimate (in terms of the 1-Wasserstein distance
between two solutions, see [14, Prop. 4.2]) which, in turn, allows to obtain existence and
uniqueness of the solution of via a fix point argument. The idea of exploiting the
Lipschitz regularity to gain stability of trajectories has been later applied to several other
related problems, see [5],7,9,(17,[23] and the references therein for instance.

1.2. Main results. The aim of the present note is to prove the well-posedness of the
system under less restrictive assumptions than , that is, to extend the existence
and uniqueness result of [14] beyond the Lipschitz regularity. Our interest is motivated
by some recent works [1},3,6,15,[19,20] dealing with non-Lipschitz velocity fields.

Our first main result deals with the existence of weak solutions of the system , in
the spirit of the celebrated Peano’s Theorem. To this aim, we consider the following struc-
tural hypotheses (where modulus of continuity means a non-decreasing concave function
vanishing continuously at zero):

(V) The vector field V € L®([0,T]; Cy(R? x R*; R%)*) satisfies

esssup |V (t, z,u) — V(t,y,v)| <wy(jz —y| +|u—v]) Vr,y € RY u,v e R, (1.6)
te[0,T

where wy : [0, +00) — [0,400) is a modulus of continuity.
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For each i = 1,...,k, the convolution kernel n¢ € L>([0,T]; Cy(R%; R¥)) satisfies
Ui Ui

%ﬁsgfhf@,x)—-#(ty)lSthh*—yD v,y € RY, (1.7)
te€l0,

where w,: [0, 400) — [0,400) is a modulus of continuity.

Theorem 1.2 (Existence). If (V) and () hold, then the system (L1)) admits a weak
solution starting from any given initial datum in MT(R)*.

To prove Theorem [I.2] we first consider the smoothed functions V. and 7. and obtain
a weak solution g. of the corresponding system for all € > 0 in virtue of the main
result of [14]. Then, we pass to the limit as ¢ — 0" showing that o. (weakly) converges
to a weak solution of the system ((1.1)). The needed a priori compactness is achieved via
an Aubin-Lion-type Lemma which is inspired by [15, Th. A.1].

In order to achieve uniqueness of weak solutions of the system , we need to impose
a further Osgood condition on the composition of the two moduli of continuity of V" and n:

(O) for each A > 0, it holds

/0+ wy (r +d:\ wy (1)) = oo

For example, condition @ is satisfied as soon as wy o w;, is a log-linear function, such
as r|logr|, rlog|logr| and similar, with » > 0 sufficiently small.
Our uniqueness result deals with Lagrangian weak solutions of the system ((1.1)).

Definition 1.3 (Lagrangian weak solution). A weak solution o € L>([0,T]; M*(R%)¥)
of the system (1.1]) starting from the initial datum g € M*(R%)* is Lagrangian if

oi(t, ) = Xi(t, )ud', i=1,... .k
where X%: [0,T] x R? — R? is the (classical) solution of the ODE

d % 7 % % % d
X)) = Vi(t, X(t,2), 0 ¢ n'(t, X(t,2))),  t€(0,T), v €RY, 1)
X10,z) = =z, r € RL

Thanks to Proposition below, the Osgood condition in @ ensures the well-posed-
ness of the ODE in (1.8]).

Proposition 1.4 (Associated vector field). Let assumptions (V) and be in force. If
o0 € C([0, T]; MT(RY)*—w*) is a weak solution of the system (1.1)) starting from the initial
datum g € MT(RY)*, then the vector field

@7n7g(t,$) = Vi<t,:v, 0 * ni(t,:n)), te[0,T), zeR i=1,...,k, (1.9)
appearing in (1.8)) satisfies b € L>([0,T]; Cy(R%; R)*) with

eSS[()SI%]I) |bV,n,g(t7x) - bV,n,g(tay” 5 wV(|x - y| + ||§||M wn(|x - y|)) \V/ZL', y e Rd'
te|0,

With the above notation, our main uniqueness result reads as follows.

Theorem 1.5 (Uniqueness). If (V] . and @ hold, then ( admits a unique La-
grangian weak solution starting from any given initial datum in M+(Rd)k.
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The word “Lagrangian” in Theorem can be dropped, since any weak solution of the
system (L.1) is in fact Lagrangian because of [1, Th. 1] (also see [8]) and of Proposition[L.4l
However, this regularity result is not at all elementary, so we prefer to state Theorem
for Lagrangian solutions only in order to emphasize what is possible to achieve just relying
on our elementary approach.

The strategy of [14] exploits the linearity of w, in an essential way. Indeed, the au-
thors need the Lipschitz continuity of 7 in order to recover the 1-Wasserstein distance
between two weak solutions of in terms of its dual Kantorovich-Rubinstein formu-
lation (see |14, Lem. 4.1]). We do not know if the strategy of [14] can be adapted to deal
with a more general modulus of continuity w,,.

To overcome this issue, we adopt a different point of view, which is inspired by the
elementary uniqueness result achieved in the recent work [15]. Instead of controlling the
1-Wasserstein distance between two weak solutions of the system , we exploit their
Lagrangian property to quantitatively estimate the difference between the two associated
ODE flows, thus providing a Lagrangian stability of weak solutions from which Theo-
rem [I.5] immediately follows.

Theorem 1.6 (Lagrangian stability). Let V,U € L*([0,T]; Cy(R?xR*; R%)*) satisfy (1.6)
with the same modulus of continuity wy and let n,v € L>([0,T]; Co(R%; R*)*) satisfy
with the same same modulus of continuity w,. Let o,0 € C([0,T]; MT(R%)* —w*) be
two weak solutions of the system starting from the initial data 9,0 € MT(RY)*,
with vector fields V,U and convolution kernels n,v, respectively. Assume that 0,0 are
Lagrangian, namely, o = X(t,)g0 and 0 =Y (t,-)0 fort € [0,T], where X,Y are the
flows solving the corresponding ODEs in (1.8]). Then, there exists a modulus of continuity
Q:[0,400) — [0, +00), only depending on

T, llellam, lollae lnllzecy, [Vl wv, wy,

such that

s X0 =Y ()l €@ (12—l IV = Ul + I = liwir) - (110)

The modulus of continuity €2 in Theorem [1.6|can be explicitly computed as soon as one
can invert the integral function

T ds
Grnalr) = / wy (s 4+ Awy(s))’

r >0, rg >0, (1.11)

naturally brought by the Osgood condition assumed in @ In fact, the stability esti-
mate follows by simply differentiating a localized integral distance between the flows
with respect to the time variable, and then applying the classical Bihari-LaSalle inequality
(see |22, Th. 2.3.1] for instance) with Osgood modulus of continuity r — wy (r 4+ Aw, (1)),
for some specific parameter A > 0 depending on ||¢||x and ||| am-

Theorem clearly rephrases as a stability result of the flow of the ODE in (1.§). From
the point of view of Control Theory, the stability estimate in yields a continuous
dependence of the (Lagrangian) solutions of the system , i.e., of the flows induced
by the corresponding ODE in ((1.8), in terms of the (non-local) control given by the
convolution kernel, as well as of the velocity vector field and of the initial datum.
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2. PROOFS

2.1. Existence of weak solutions. To prove Theorem [[.2], we need some preliminary
results. We begin with an Aubin-Lions-type Lemma, which is inspired by [15, Th. A.1].

Lemma 2.1 (Compactness). Let (0,)nen C C([0,T]; M(RY)—w*) be such that
sup || 0n || Lo () < +00. (2.1)
neN

Assume that, for each ¢ € C2(RY), the functions Fy,[o]: [0,T] — R, given by

— [ wdoult.s), te T,
R4
are uniformly equicontinuous on [0,T], that is,

Ve>030>0 : s,t€[0,T], |s—t| <d = sup|F,[pl(s) — Fulplt)] <e. (2.2

neN

Then, there exist a subsequence (0, )ren and o € C([0,T], M(RY)—w*) such that

/sodgnk /sod@ ’ 0 (2.3)

lim sup
k—+0o0 telo,1)

for all p € Cy(R?).

Proof. Let 2 C C.(R?) be a countable and dense set in Co(R?). In virtue of
and (2.2)), for each ¢ € 2 the sequence (F,[¢])nen is equibounded and equicontinuous
on [0,7]. By Ascoli-Arzela Theorem and a standard diagonal argument, we can find a
subsequence (ny)ken such that, for each ¢ € 2, the sequence (F,, [¢])ken is uniformly
convergent to some F[p| € C([0,T]), with

I E[@]l oo,y < ol nee Sgg\lQnHLw(M)- (2.4)

By construction, the function ¢ — F[p](t) is a continuous linear functional on 2 for
each t € [0,T]. Thus, for each fixed ¢t € [0,T], we can extend the map ¢ — F[p](t) to a
linear and continuous functional on Cy(R?) for which we keep the same notation. A plain
approximation argument readily proves that, for each ¢ € Cy(R?), the map t — F[y](t)
is continuous on [0, T] and satisfies (2.4). By Riesz’s Representation Theorem, for each
t € [0, T] there exists a finite Borel measure o(t,-) € M(R?) such that

= /]Rd edo(t,-) forall p € C'O(Rd),

so that ¢ € C([0,T]; M(RY) —w*). Finally, in virtue of (2.1) and (2.4)), for ¢ € Cy(R?)
and ¥ € ¥, we can estimate

sup [Fy, [¢](t) = Flp]()] < sup [Fy, [@](£) — FI)(8)] + 214 — @l zee sup [[onllz=m)
t€[0,T] t€[0,T neN

and the desired ([2.3]) readily follows. O

In order to exploit Lemma [2.1, we need the following mass preservation property for
weak solutions of the system ([1.1)).



6 M. INVERSI AND G. STEFANI

Lemma 2.2 (Mass preservation). Let V and n be as in (1.2) and (1.3), respectively. If
o0 € C([0, T]; MT(RY)*—w*) is a weak solution of the system (1.1)) starting from the initial

datum g € MT(RY)*, then
10" (¢, Mm = 112" m (2.5)
forte€[0,T] andi=1,... k.

Proof. Let i € {1,...,k} be fixed. By applying ([1.4) to the test function ¢(t,z) =
a(t) B(x), (t,z) € [0,T] x R4, where a € C°([0,T)) and 8 € C>(R?), we get

/ /d oB+aVit,x,0xn') - Vﬁ) dgi(t,~)dt+a(0)/Rdﬁ(x)déi = 0.
Since a € C2°([0,T)) is arbitrary and ¢ € C([0,T]; M (R%)* —w*), we infer that
tes [ Bddi(t) € ACH(0,TR) (2.6)

with
[ pddw )= [ g+ [ [ Visown) VBdd(s)ds  (@21)
for all t € [0, T]. Now let t € [0,T] be fixed. We let (8r)r>0 C C>°(R?) be such that

2
Br >0, suppfBr C Bor, fr=1o0nBg, |VBg|re < In

for all R > 0. By the Monotone Convergence Theorem, we infer that

lim [ Brde(t.) = llg'(t. )| u

R—+o0
as well as
Rgrfoo/Rd Brda" = [|0']| -
Since

Vi(s, 0% ni) -VPBr dgi(s, ) ds

Rd
for all R > 0, we get (12.5) by applying (2.7)) to Sr and passing to the limit as R — +o00. [

2 .
< — || 6*!] 7 00 V|7
< RHQHL ) IV = oy

We are ready to prove our existence result.

Proof of Theorem[1.9. Let (£.)cso C C(RY*) and (j.).50 € C°(R?) be two families of
standard non-negative mollifiers and set

‘/siyj(tf) = Vivj(tv') * Le, 775] _77”( ) * Jes
where in both cases the (component-wise) convolution occur in the spatial variables only.

Since V. and 7. clearly satisfy the Lipschitz property (1.5 for each € > 0, by [14, Th. 1.1]
there exists a weak solution

0. € C([0,T], MT(RY)* —w*)
of the system (1.1]) starting from the initial datum g € M*(R?)*, so that
/’/ Oup+ Vit 0o+ 1l) - Vi) dgb(t ) dt + [ p(0.)dg =0 (28)
for each i = 1,...,k and € > 0 and p € C>°([0,T) x R9).
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Now let i € {1,...,k} be fixed. We claim that (any sequence in) the family (g).=¢
satisfies the assumptions (2.1)) and (2.2)) of Lemma Indeed, from Lemma we get

a2 (t, )l = 12"l (2.9)
for all ¢t € [0,7] and € > 0, from which (2.1)) immediately follows. To prove ({2.2)), we

simply argue as in the proof of Lemma . Recalling ([2.6]) and , we easily recognize
that the time derivative of the function

RIBI0 = [, B()déi(t),  te[0.T], 2.10)
is bounded by
‘/Rd V2t x, 00 % m2) - VBdoL(t, @) | < [V [y VBl ([0l

for a.e. t € [0,7] and for each € > 0. In particular, the family (F.[f])eso in (2.10) is
equi-Lipschitz and thus satisfies (2.2)). Therefore, by Lemma , we find a sequence
(02, )nen C C([0, T); MH(R* —w*) and o € C([0,T]; MF(R?)* —w*) such that

[, Bde., (6.~ [ Baett.)| =0 (211)

lim sup
=400 4c(0,7)
for all B € Cy(R?).

To conclude, we just need to prove that o is a weak solution of (|1.1)) starting from the
initial datum p. We do so by passing to the limit in (2.8)) along (¢,)nen as n — +oo for
each given ¢ € C>([0, +00) x R%). Indeed, on the one side, since
lim / Do dol (t / Opdo'(t, )

n—-+4o0o

because of (2.11]) and
[ o ded, (4] < 19l 1
because of (2.9), for all ¢ € [0, T], by the Dominated Convergence Theorem we infer that

T ) T .
ngglm/() /[R dupdgl (t,-)dt = /0 /R D0 doi(t, ) dt. (2.12)
On the other side, since 7'(¢,-) € Co(R?) in virtue of the assumption (i), we have that
ne (t,-) = ni(t,) in Co(R?) as n — 400, so that

lim (0., (t,) # 7l () (x) = lim né (t,z —y)do-,(t,y)

—/ itz —y)do(t,y) = (ot ) *n'(t, ) (x)

for each x € R? and all t € [0,7] as a weak-strong convergent pair, due to (2.11)).
Moreover, again in virtue of ([2.9)) and , we can estimate

(2.13)

loe, (&) =z, (&, ) < 112w 7'z

and
(ggn Dk () ()]

nl (=) = (ty = )| doc, (£ ) < wy| = y]) (12| a

(ot ) w71l

) (@)
‘).
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for all n € N and t € [0,T]. By Arzela—Ascoli’s Theorem, we thus get that the pointwise
convergence in (2.13) must be uniform on compact sets in R, uniformly in ¢ € [0,7]. An
analogous argument relying on the assumption proves that also V' (t,-) — V'(t, ) as
n — +oo uniformly on compact sets in R%, uniformly in ¢ € [0,T]. Again by , by
weak-strong convergence and by the Dominated Convergence Theorem, we hence get

) T ) ) )
lim / / t,-, e, *775 ) Veodel (t,-)dt = / Vi(t,-,0oxn') - Vpde'(t,-)dt.
n——+00 R m 0 R4
(2.14)
Thus, the conclusion follows by combining (2.12)) with ( - U

2.2. Lagrangian stability. We deal with the Lagrangian stability of weak solutions. We
begin with the proof of Proposition [I.4]

Proof of Proposition[1. Let ¢ € [0,T] be fixed. Given x,y € R? and i € {1,...,k}, in

virtue of assumption and of Lemma we can estimate

k
loxn'(t,x) —oxn'(t,y)| < Z/Rd "tz = 2) =™ (t,y — 2)|de’ (¢, 2)
j=1

<3 [ enlle =y det(t,2) = lo(t, ) llmen(le =)

= l[ellmwn(lz = yl).
Thus, thanks to assumption (), we get that
Vit z, 0 ni(t) = Vi(ty, oxn'(ty)| <wv(lz =yl + loxn'(tx) — 0 ' (t,y)])
< (o =l + ol (le — o))
and the conclusion immediately follows. 0
We conclude our paper with the proof of Theorem [1.6]

Proof of Theorem[1.6. Let V.U, n,v, 0,0, X,Y and p,0 be as in the statement. Fix
¢ € O(R?Y) with ¢ > 0 and [ga((z) dz = 1. Letting p € M™T(R?) be defined by pu =
o] + |a| + ¢ £?, we consider the quantity

k
=3 LX) = Vi) dp
i=1 /R
for all ¢ € [0, 7. Note that t — Q¢(t) is well defined and Lipschitz, with Q¢(0) = 0 and

Qc(s) = Qe < k([[Ullzc) + IV llLoe(cy) [s — 1]
for all s,t € [0, T]. Therefore, for a.e. t € [0, T], we can write

Mw

Qi) < X4 IV X % (1,.X7) = UL Yo w1/ (1Y) dn

=1

()i +(2)i + (3)s + (4)s,

IN
M=

1

.
Il
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where (dropping the variables of X and Y for notational convenience)
Di= £, V(X 0 (6, X)) = VY o' (1Y) dp,
= L VY e (YD) = VY o (1 )] di
- ]é Vi Y 0w (L, Y) — Vi Y o % vi(t, )| dp,
(4); = ” Vi, Yo v'(t,Y")) = Ut Y ox ' (t,Y")| dpu.

We now estimate each term separately at a given ¢t € [0,7]. By Proposition and
Jensen’s inequality, we can easily estimate the first term as

s < o (1X =Y gl (X = Y*)) dp
< (4, 1X =Y dut gy (£, 1X =Y du))
< v (Qclt) + [l wm wn(Qc(2))).

Concerning the second term, since
(=) (t.a)l = | [ ot = y) d(Xpaly) - Yyoly)
k

Mt — XT) =0 (tx - Y7)|do Wit e YAl — &
SZ/WW (t,x — X7) —n"(t,x Y)’dQ]jL/Rd’n (t, 2 — Y9)|d|g — o]
< Z/dwn(\Xﬂ =Y)Ao + |Inll=(o)ll@ — 77| m

< [,w (Z X7 - ) dlel + Inlli=(c)llg — 3l
for all z € R?, again by Jensen’s inequality we get

][ wV 0— o) x1n'(t, Y’)|)d,u

< (/ oo (S -1 il + Bl ol

< wv ([lillae wn(@c(®) + Imllz=(yll2 = 5l a)
< v (Qet) + Il on(@c()) + v (Inllzecepll — L)
The last two terms can be trivially estimated as
3)i < wy (lollzoecr 17 = vlleicy) = wv (18 ]a In = Vil ()
< wy(llullalln = vl

thanks to Lemma and
(4)i < IV = Ullz=c)



10 M. INVERSI AND G. STEFANI

Putting everything altogether, we conclude that

QL) S wr (Qclt) + Ay (Qc(1)) + M,
where A = [|[g]|m + [|&]|a¢ + 1 and

M = wy ([Inllz=llg = &lla) +wv (Mn = viizeey) + 11V = Ullz=c)-

At this point, we just need to recall the Osgood condition assumed in @ and the integral
function in ((1.11]). Indeed, by the classical Bihari-LaSalle inequality (see |22, Th. 2.3.1]
for instance), we find a modulus of continuity Q: [0, +00) — [0, +00), only depending on

T, HéHMv ||6||M7 ||77||L°°(C)7 ||V||L°°(C')7 Wy, Wny,
such that

S Qelt) <0 (g = lla+ IV = Ullzeoy + v = nll <)) - (2.15)
S ’

We remark that 2 is independent of (, as long as we choose ¢ > 0 and ||(||.: = 1. To
conclude, we choose a family ((;,c)->0 of standard mollifiers around =z, € R<¢. Since the
flows X (¢,-), Y (t,-) are continuous maps, we deduce that

lim Qc,, . (t) = |X(t,20) — Y (¢, 20)]. (2.16)
e—0t
Thus, ((1.10) follows from (2.15) and (2.16|) and the proof is complete. O
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