AN OPTIMAL LOWER BOUND
IN FRACTIONAL SPECTRAL GEOMETRY
FOR PLANAR SETS WITH TOPOLOGICAL CONSTRAINTS

FRANCESCA BIANCHI AND LORENZO BRASCO

ABSTRACT. We prove a lower bound on the first eigenvalue of the fractional Dirichlet-Laplacian
of order s on planar open sets, in terms of their inradius and topology. The result is optimal,
in many respects. In particular, we recover a classical result proved independently by Croke,
Osserman and Taylor, in the limit as s goes to 1. The limit as s goes to 1/2 is carefully analyzed,
as well.
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1. INTRODUCTION

1.1. Goal of the paper. In this paper, we pursue our investigation on geometric estimates for the
following sharp fractional Poincaré constant

oo
uECOC(Q)\{O} ||u||L2(Q)

(1.1) A(Q) =

)

on planar open sets Q C R2. Here the parameter 0 < s < 1 represents a fractional order of
differentation and the quantity [-]yys2(g2) is given by

=

u(y)[? oo
[ Ws2(R2) = <//R2><]R2 W dx dy , for every u € OO (RZ)
All functions in C§°(€2) are considered as elements of C§°(R?), by extending them to be zero outside
Q. The infimum in (1.1) can be equivalently performed on the space W 2(Q). The latter is defined

1
as the closure of C§°(2) in the fractional Sobolev-Slobodeckii space
w# 2(R2) {U S L2(R2) : [ }Ws,?(R?) < +OO},

endowed with its natural norm. Whenever the infimum (1.1) becomes a minimum on this larger
space W(f’g (Q), the quantity A§(Q2) will be called first eigenvalue of the fractional Dirichlet-Laplacian
of order s on Q.

The constant A$(€2) can be seen as a fractional counterpart of

IVulZ.

A1(Q) = oz
1(©) uecw(ﬂ)\{O} ||U||L2(Q

)

which coincides with the bottom of the spectrum of the more familiar Dirichlet-Laplacian on Q.
The link between A{ and A; can be made more precise by recalling that

li/ni(l — ) [u)y.. ®2) =C ||Vu||L2 @) for every u € C§°(9),

for some universal constant C' > 0, see [8] or [14, Chapter 3].

The present paper is a continuation of our previous work [6], to which we refer for more background
material. In particular, we still focus on getting lower bounds on A$ (), in terms of the inradius of
Q, which is defined by

rq = sup {7“ >0 : Jxp € Q such that B, (xq) C Q},
where B, (zg) is the open disk of center zy and radius r.

In [6, Theorem 1.1], extending a classical result of Makai [20] and Hayman [18] valid for A\; (see
also [2, 3] and [4]), we showed that we have

1 2s
X (Q) > C () ,
rQ
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for every simply connected open set  C R? with finite inradius and for every 1/2 < s < 1. Here
the constant C, depends on s only and it has the following asymptotic behaviours®

1 1
Cs~(2s-1) fors\§ and Csrvl—fors/‘l.

Moreover, we showed by means of a counterexample, that for 0 < s < 1/2 such a lower bound is
not possible (see [6, Theorem 1.3]).

In the present paper we considerably extend this result, by considering open connected planar sets
having non-trivial topology. More precisely, we will work with the following class of sets:

Definition. Let us indicate by (R?)* the one-point compactification of R?, i.e. the compact space
obtained by adding to R? the point at infinity. We say that an open connected set Q C R? is
multiply connected of order k if its complement in (R?)* has k connected components. When k = 1,
we will simply say that € is simply connected.

We thus seek for an estimate of the type

1 2s
XH(Q) > Con () |

TQ
for open multiply connected sets of order k in the plane. In light of the simply connected case
recalled above, we can directly restrict our analysis to the case 1/2 < s < 1 only.

1.2. The Croke-Osserman-Taylor inequality. For the classical case of A1, the first lower bound
of this type is due to Osserman. Notably, [22, Theorem p. 546] shows that

11 1)?
>mind =, — b (=
Al(Q)_mln{4, k2} (TQ> ,

for every Q C R? open multiply connected of order k. The proof by Osserman is based on a
refinement of the so-called Cheeger’s inequality, in conjunction with Bonnesen—type inequalities.

It turns out that the estimate by Osserman does not display the sharp dependence on the
topology of the sets, i.e. the term 1/k? is sub-optimal, as k diverges to co. Indeed, the result by
Osserman has been improved by Taylor in [29, Theorem 2], showing that

vz (L),

for some constant C' > 0 which is not made explicit in [29]. The dependence on k is now optimal, for
k going to co. The proof by Taylor is quite sophisticated and completely different from Osserman’s
one: it is based on estimating the first eigenvalue with mixed boundary conditions (i.e. Dirichlet
and Neumann) of a set, in terms of the capacity of the “Dirichlet region”. Such an estimate is
achieved by means of heat kernel estimates. This method is connected with Taylor’s work [30] on
the scattering length of a positive potential, which acts as a perturbation of the Laplacian (see also
[27] for a generalization to the case of the fractional Laplacian). We will come back in a moment
on Taylor’s proof, since our main result will be based on the same arguments.

’ as to be intended in the following sense

0 < liminf @ < lim sup M < +o0.
z—zo g(x) z—zo g(x)

lHere, the writing “f ~ g for z — x¢’
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An improvement of Taylor’s estimate has been given by Croke, who gives the explicit lower

bound )
1 1
M) > — (| —

1( )72]6' (TQ) ’

for k > 2 (see [12, Theorem]). The proof by Croke is more elementary and based on refining
Osserman’s argument.

Finally, for completeness we mention [17, Theorem 3] by Graversen and Rao, which proves the
following lower bound

1/4, ifk=1,

A(Q) > C—;, where Cr = A
A —_— ifk>2
Flogh k=22

for some A > 0 (see [17, Theorem 3]). Their result is slightly worse when compared with the ones
by Croke and Taylor. We notice that the proof in [17] uses techniques from the theory of Brownian
motion, which are quite close to the ideas by Taylor.

1.3. Main results. Our goal is to generalize the Croke—Osserman—Taylor result to the setting of
fractional Sobolev spaces. We also want to discuss the optimality of the estimate we obtain, with
respect to the parameters k and s.

Theorem 1.1 (Main Theorem). Let 1/2 < s < 1, there ezists a constant 95 > 0 such that for
every 2 C R? open multiply connected set of order k € N\ {0}, we have

9 1 2s
1.2 AS(Q) > = [ — .
(12 @ ()
Moreover, the constant 95 has the following asymptotic behaviours

1 1
P~ (25 —1) fors\,§ and ﬁst fors /1.

The next result shows that the estimate (1.2) is sharp, apart from the evaluation of the absolute
constant’.
Theorem 1.2 (Optimality). The following facts hold:
(1) for every Q@ C R? open set, we have
1
limsup(l — s) AT () < = A1 (9).
s 1 2

Thus, the estimate (1.2) is sharp in its dependence on s /1. In particular, by taking the
limit as s goes to 1 in (1.2), we get the classical Croke-Osserman-Taylor inequality, possibly
with a worse constant;

(2) let 1/2 < s < 1, there ewists a sequence { }rem {0y C R2 of open sets such that €y, is
multiply connected of order k

rg, <C and lim sup &% A () < +o0.

k—o0

Thus the estimate (1.2) is sharp in its dependence on k — 0o;

2This is a quotation from Taylor’s paper, see [29, page 452].
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(3) for every k € N\ {0}, there exists ©;, C R? an open multiply connected set of order k, such

that
A7 (Oy)
2s—1

re, < +00 and lim sup < 40

s\%
Thus, the estimate (1.2) is sharp in its dependence on s\ 1/2.

1.4. Comments on the proofs. As anticipated above, the statement of Theorem 1.1 contains our
previous result [6, Theorem 1.1] as a particular case. Indeed, the latter was concerned with simply
connected sets, i.e. with the case k = 1. However, the proof given here is completely different:
the elegant and elementary argument used in [6], taken from [18], crucially exploited the simple
connectedness and would not work here. Actually, a much more sophisticated argument is needed
now. We also point out that it seems extremely complicated to adapt the proof by Osserman (and
Croke), because a genuine Cheeger’s inequality is still missing in the fractional case.

The general strategy for proving Theorem 1.1 will be the same as in [29]. However, even if we
closely follow Taylor’s ideas, some important modifications are needed and new technical difficulties
arise. In addition, we tried to simplify and/or expand some of the arguments contained in [29]. We
now expose the overall strategy of the proof and highlight the main changes needed to cope with
the fractional case:

(1) at first, we tile the whole plane R? by a family of squares {Qi,j}(i,j)ez>- By observing that
for every u € C§°(2) we have

ez S [ MO g,

(i,5)€72 Qi i xQij

we can reduce the problem to proving a “regional” fractional Poincaré inequality on squares
such that Q; ;NQ # (). Of course, the main difficulty lies in getting such an inequality with
an explicit constant, which only depends on the geometry (i.e. on rq) and topology (i.e.
on k) of the open set 2;

(2) this type of Poincaré inequality is possible only if v € C§°(€) vanishes on “sufficiently
large portions” of Q; ;, for every square Q; ; intersecting 2. Here “largeness” has to be
intended in the sense of fractional Sobolev capacity. Thus, the first important step of this
strategy is to prove a Maz’ya-type Poincaré inequality on a square, for functions vanishing
on a compact subset ¥ of positive fractional capacity (see Proposition 4.3). The constant
in such an inequality can be estimated from below in terms of the capacity of the “Dirichlet
region” X;

(3) the second step consists in converting the previous analytic estimate into a geometric one.
In other words, we have to bound from below the fractional capacity of the “Dirichlet
region” ¥ in terms of some of its geometric features. This can be done by using orthog-
onal projections, which enable a dimensional reduction argument. In the two-dimensional
setting, this permits to estimate the fractional capacity of ¥ in terms of the length of its
orthogonal projection on a line. Such an estimate is possible as soon as points have positive
fractional capacity in dimension 1. This happens precisely if and only if s > 1/2;

(4) the previous two points clarify that, in order to conclude the proof, we need to know
that in each square Q; ; intersecting €2, there is a “Dirichlet region” ¥; ; having at least
an orthogonal projection “large enough”, i.e. with a length depending on rq and k in a
uniform way.
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Here we crucially rely on a topological argument by Taylor, that we have called “Taylor’s
fatness lemma” (see Lemma 2.1). In a nutshell, it asserts that any multiply connected planar
set 2 with finite inradius has a “locally uniformly fat” complement. This means that, if
we choose the size of Q; ; sufficiently large (in terms of rq and k), then this square must
contain a portion of R?\  which has an orthogonal projection with

length ~ vk rQ,

in a universal fashion, i.e. no matter the location of the square.

Differently from Taylor’s paper, we work here with a variational definition of (fractional) capacity
(see for example [1, 24, 25, 31]), which appears more natural and well-adapted to the problem. This
permits to prove the Poincaré inequality at point (2) above in an elementary way, by avoiding both
the heat kernel estimate and the reference to an eigenvalue with mixed boundary conditions used
in [29]. Both points would have been problematic (or at least complicated) in the fractional setting,.
Also, we point out that our proof of the Maz’ya—type Poincaré inequality is genuinely nonlinear in
nature.

As for point (3): with respect to [29], we expand the explanations and try to make the geometric
estimates as much quantitative as possible. There is in addition a technical difficulty linked to the
fractional case: in the classical case treated by Taylor, one essential ingredient of the dimensional
reduction argument is the following simple algebraic fact

|0,ul? < |Vul?, for every w € SN 1.

In the fractional case, there is no direct analogue of this simple formula. Nevertheless, it is possible
to give a sort of fractional counterpart of this property (see Proposition 3.3), but the proof is by
far less straighforward: in order to prove it, we find it useful to resort to some real interpolation
techniques (see also [9, Appendix B]). These permit to “localize the nonlocality”, in a sense. We
think this part to be interesting in itself.

The “fatness lemma” of point (4) would be just a topological fact and could be directly recycled
in the fractional case. However, in [29] this is not explicitly stated in the form that can be found
below. Here as well, we tried to add some details and precisions. We believe that the final outcome
should be useful to have a better understanding of Taylor’s proof.

Finally, in all the estimates presented above, a great effort is needed in order to obtain the
correct asymptotic behaviour of s — ¥, claimed in Theorem 1.1. In particular, getting the sharp
asymptotic behaviour for s N\, 1/2 requires a very careful analysis. Accordingly, proving that the
set O in Theorem 1.2 provides the sharp decay rate at 0 needs quite refined (though elementary)
estimates. We point out that this part is new already for the simply connected case, previously
considered in [6].

1.5. Plan of the paper. All the needed notations are settled in Section 2. Here we also state
and prove Taylor’s fatness lemma. Section 3 contains some technical facts on fractional Sobolev
spaces which are useful for our main result, though hard to trace back in the literature. The
uninterested reader may skip this part on a first reading. We then introduce the relevant notion
of fractional capacity in Section 4 and prove the main building blocks for obtaining the fractional
Croke-Osserman-Taylor inequality. Sections 5 and 6 contain the proofs of Theorems 1.1 and 1.2,
respectively. Finally, the paper is concluded by two appendices.
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2. PRELIMINARIES
2.1. Notation. For every a € R, we denote its integer part by
LaJ :max{neZ : aZn}.
We recall that
(2.1) a—1<|a] <aq, for every a € R.
For r > 0 and zy € RV, we will indicate
B, (zg) = {x eRN |z - xo| < r},

and
N

Qr(z0) =H(x6—r,x6+r), where zg = (2, ..., z{).
i=1
When the center xg coincides with the origin, we will simply write B, and @Q,, respectively. We
will indicate by wy the N—dimensional Lebesgue measure of Bj.
For completeness, we also recall the following classical definition from point-set topology.

Definition. Let K C RV, we say that K is a continuum if it is a non-empty compact and connected
set.

For every w € S¥~! we will indicate by
(wyt = {x eERY : (z,w) = O},
the orthogonal space to w. We will also set

o, : RV — (w)t

(2:2) z = z—(r,ww,

i.e. this is the orthogonal projection on (w)*. In particular, for N = 2, if we indicate by e; = (1,0)
and eg = (0, 1) the normal vectors of the canonical basis, we get that
I, (21, 22) = (0, 22), e, (z1,22) = (21,0), for every (w1, ;) € R.

For m € N\ {0}, we will indicate by H" the m—dimensional Hausdorff measure.
Finally, for u € L] .(RY) and a measurable set £ C RY with positive measure, we set

1
av(u; F) = uda:z—/ud:c,
(B) = f, wids =157 |,

the integral average of u over E.
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F1GURE 1. The construction of disks and squares in the proof of Lemma 2.1, for
the cases k = 1, k =2 or k = 3 (i.e. § = 2). Each disk contains at least a point
belonging to R? \ 2. The reliable squares are those for which such a point can be
“connected” to the boundary of the “cell” containing it, with a continuum lying
outside of €.

2.2. Fatness of the complement of a multiply connected set. As explained in the introduc-
tion, the following geometric result will be a crucial ingredient of our main result.

Lemma 2.1 (Taylor’s fatness lemma). Let k € N\{0} and let Q C R? be an open multiply connected
set of order k, with finite inradius. Let Q be an open square with side length 10 Q\/EJ +1) rq, whose
sides are parallel to the coordinate axes. Then there exists a compact set & C Q\ Q such that

(2.3) max {Hl(Hel(E)), Hl(ne2(z))} > g ra.

Proof. Let us set 6 = |Vk] + 1, for notational simplicity. By dilating and traslating, there is no
loss of generality in assuming rq = 1 and

Q=Q550)=(=58,56) x (—56,50).

We can suppose that QN # (), otherwise the proof is trivial: it would be sufficient to take ¥ = Q
to get the desired conclusion.
We then fix the following set of 4 §2 centers

5 5
Pj7m=(—55+2—|—5j,56—2—5m), for jm=0,...,20 — 1,
and take accordingly the two family of squares and disks, given by
Bs (Pjm) C Qs (Pjm), for j,m=0,...,26 — 1.
We observe that by construction we have
(2.4) dist (B%(Pj,m), an(Pj,m)) =1,  forevery jym=0,...,20 — 1.

Since 7q = 1, our open set € can not entirely contain an open disk with radius larger than 1. Thus,
we have that each disk Bs/o(Pj,) must intersect the complement R? \ . Let us select a point
Xjm € B3a(Pjm) \ Q. We will say that a square Qs/2(Pjm) is:
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FIGURE 2. A zooming on a reliable square Q5/2(Pjm). The bold line corresponds
to a continuum which connects the point X ,,, to the boundary of the “cell”, lying
outside of €.

o unreliable if for every continuum K C Qs (Pj ) \  such that X, € K, we have

KﬂaQ%(Pjym = @;

e reliable if there exists a continuum K, C Qs (Pjm) \ € such that X, € Kjm and
Kj,m N aQ% (Pj,m) 7& 0.

We observe that every unreliable square must contain at least a connected component of (R?)*\ Q.
Thus, by definition of multiply connected set of order k, the unreliable squares can be at most k.
Thus, if we set

N = {(j, m) : Qs (Pjm) is reliable},
we get3 , ,
#N 2482 k=4 (VA +1) —k23(1VE+1) =342

That is, our square Q contains at least 3 62 reliable squares. We want to work with these squares
and their continua K ,, defined above. By construction, we have

Kj,m - @\ Q.
We are ready to construct the compact set X of the statement: this is given by

5= U Ejim

(4,m)eEN

4

We need to show that its projections along the coordinate axes satisfy (2.3). At this aim, we first
observe that K, is a connected set, containing both the point X ,, € Bs/2(P;,) and a point
Yjm € 0Qs5/2(Pjm). By recalling (2.4), we have that

| Xjm — Yiml 2 1.

3We denote by # the cardinality of a discrete set.
4We notice that this union is not necessarily a disjoint one.
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Moreover, we have that at least one of the two quantities
e, (Xjm) =M, (YVim)|  or ey (Xjm) — ey (Yjim)l,

is larger than or equal to 1 (recall that all the squares involved have sides parallel to the coordinate
axes). By using this fact, together with the fact that both projections

e, (K;m), for i = 1,2,

coincide with a segment containing both Ile, (X m) and Ie, (Y} ), we can finally assure that at
least one of the two projections of K ,, has a length larger than or equal to 1. In order to conclude,
we need to take care of the possible overlaps in these projections. Let us denote by Ji, Jo € N the
following numbers

Ji = #{ K s H (e, (Kj)) 21}, fori=1,2.
According to the previous discussion, we have
Ji4 Jy > 362 and thus in particular max{.Jy, Jo} > §°.

Without loss of generality, we can suppose that Jo > J;. This implies that there are at least 32
“good” projections, i.e. projections with length at least 1, on the first coordinate axis. We need
to estimate the number of such projections, modulo possible overlaps: observe that for every fixed
m € {0,...,28 — 1}, the array of squares

QO,m(PO,m)7 ey QQ 6—1,m(P2 6—1,m)a
all have the same projection. Thus the number of distinct projections is at least

52 0
26 2
As a technical and annoying fact, we record that this could fail to be a natural number. However,
if we set

1, for k e€{1,2,3},

k
Ay = #, for k > 4 such that |k is even,

k| -1
%, for k > 4 such that |vk] is odd,

we have

N |

> Ayg.

Thus we have at least Ay projections on the first coordinate axis, each having length at least 1.
This in turn yields

H' (e, (2)) > Ay
Finally, by observing that A, > v/k/4, we get the claimed conclusion. O
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2.3. Functional spaces. We need some definitions from the theory of fractional Sobolev spaces.
We refer the reader to [13, 14] for a brief introduction to these spaces, as well as for further references.

Let 0 < s < 1and 1 < p < oo, for a measurable set £ C R™ we recall the definition of
Sobolev-Slobodeckii seminorm

p i
[ulwsr(p) = (//E ; |x_y|NErs)l dzdy) , for u € L, .(E).
X

Accordingly, we consider
WP(E) = {u € LP(E) : [ulwsr(p) < +oo},
endowed with the norm
[ullwere) = lullLrm) + [ulwerm), for every u € W*P(E).
Occasionally, we will need these definitions for p = co. For 0 < s < 1, we set
W (E) = {u € L®(E) : [ulweo(p) < +oo},

where

u(r) —uly
[U]WS,oo(E) = sup M
eyeBaty T =Y

When E C R¥ is an open set, we will also consider the classical Sobolev space
WP (E) = {u € LP(E) : [ulwrop) < +oo},
where we used the symbol
[ulwirgy = VUl e, for every u € WHP(E).
The space WP (E) will be endowed with the norm
lullwirey = llullLr ey + [ulwie(g), for every u € WHP(E).

In the case p = oo, the definition of this space does not need any further precision. Finally, for
0<s<1land 1l < p < oo, the symbol W;?(Q) will denote the closure of C§°(2) in the space
WeP(RN). By WSP(RY) we mean the collection of functions which are in W*P(Bpg), for every
R >0.

3. SOME FACTS FROM THE THEORY OF FRACTIONAL SOBOLEV SPACES
Unless otherwise stated, all the results of this section are valid in every dimension N > 1.

We start with the following generalization of [6, Lemma 2.2]. The main focus is on the precise form
of the estimates.

Proposition 3.1. Let r > 0 and zo € RN, there exists a linear extension operator
Er+ LY (By(20)) = Lige(RY),

with the following property:
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for 0 < s < 1and 1l < p < oo it maps WP(B,(zg)) to W.P(RN). Moreover, for every
u € W*P(B,(x9)) and every R > r we have®

4 N
P

1 R\ P
. T <4»r — s,p y
5.) ]y <8 (5) 7 lwenia i
and
R 2N
1 P
. S <2v (= , .
(3.2) HS [u]’ LP(Bg (o)) 2 (r) lullze (s, o

Proof. We first prove the result at scale 1, i.e. when r = 1. Then we will show how to get the
general result, by an easy scaling argument.

Caser =1. For 0 < s < 1 and p = 2, this is exactly [6, Lemma 2.2]. We also observe that the very
same proof applies to the case 1 < p < oo, thus we omit the straightforward modifications.

We now come to the case s = 1 and 1 < p < co. We take u € W'P(B;(zy)), thus by [14,
Proposition 3.1] we have u € W*P(B;(x¢)) for every 0 < s < 1, as well. From the previous step,

we know that
4 N

(1—s)% [gl[u]] <43 (R) T -

WP (Bgr(xo)) r

=

[Wlw s (B, (z0))-

By using [8, Theorem 2], we get the desired result by taking the limit as s goes to 1, that is

1 R P
<4r | — p .
[51 [u]} Wi = < . ) [ulw» (B, (@0))

Finally, the case p = co can be obtained from the last formula in display, by taking the limit as p
goes to oo.

4 N

Case r # 1. At first, we need a notation. For every 7 > 0, we indicate by
Tr(x) =7 (x — x0) + 2o, for every x € RV,
Then the operator £, can be simply defined as
Efu] i= (E1fuo Ty]) o .

In other words, given a function u € L(B,(z0)), we first scale it to a function defined on Bj (),
then extend it with & and finally scale back this extension. Observe that for x € B,.(xg), we have

Elul(w) = E1fuo T, (mx m) —u (7; (x +x>) — u(a).

By using the scaling properties of the norms involved, it is easy to see that this operator has the
desired properties. |

By combining Proposition 3.1 with Lemma A.1 in Appendix A, we can get a universal linear
extension operator for any X C R™ open bounded convex set. The control on the relevant constants
is quite precise and useful for our scopes. In what follows, for every zy € K, we introduce the
following geometric quantities

di(x9) = mrgg}l{ |z — xol, Dg(zg) = max |z — xo].

5In the case p = oo, we use the convention 1/c0 = 0.
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Corollary 3.2. Let K C RY be an open bounded conver set and xo € K, there exists a linear
extension operator

Ex : LNK) — L (RY),

with the following property:
for0<s<1and1l<p<ooitmaps WHP(K) to WP (RN). Moreover, for every u € W*P(K)
and every R > 1 we have

6N 1 9g
1 4N DK(Z‘O) T2
3.3 Ex(u < (4-6*NTsP)r R ( Wywen (K
(3:3) [ x( )]WS’NKR(xo)) =( ) dx (o) lelwer i)
and
Dic(z0)\ "
1 2N K \Zo P
(3.4) IEr (W)l o (Kp(oy) < (2-6M)7 R (dK($O)> lull 2o (x0),
where

Kg(xo) ::R(K—zo)ero:{R(:c—zo)ero : zGK}.

Proof. The operator Ef is constructed as follows: by indicating with ®f ,, : RN — RY the bi-

Lipschitz homeomorphism of Lemma A.1, for every u € Ll (K), we define

Exlu] == (51[u o (b;(lﬂo}) 0Pk zs

where & is the operator of Proposition 3.1. In other words, we transplant w to the unit ball
centered at xg, then we extend this function to the whole RY by means of £ and finally compose
the resulting function with ®x ;.

By construction, it is clear that £k is linear and such that

Exu)(z) = u(x), for x € K.

The continuity estimates (3.3) and (3.4) can now be proved from the corresponding estimates for
&1, by using the properties of ®x ., and @}}wo, encoded by Lemma A.1. We leave the details to
the reader. O

In what follows, given a ball B,(z¢) C RY, a point x € B,(z¢) and a direction w € SNV ~1, we set
R, (x) = sup {9 ER:z+owe Br(x(])}v
and
ry(x) = inf {g eER:z+owe Br(wo)},
see Figure 3. The following result is interesting in itself.

Proposition 3.3 (Directional fractional derivatives). Let 0 < s < 1 and r > 0, for every u €

CY(B,(z0)) and every w € SN~ we have

R Ju(a) — ula + 0u)
(3:5) / / lo|1+2s do | dx S"4[u]%/VS*Q(BT(GEu))’
By (z0) 0

Tw(z)

for some A= A(N) > 0.
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FIGURE 3. The two quantities R, (x) and r,(z).

Proof. Without loss of generality, we can assume that zy coincides with the origin. We use Propo-
sition 3.1 and estimate (3.1) with R =4, so to get

— & lu 2
I e | B
ul(x) — E-Ju 2
(3.6) > 0/ (/B%m [Li_) |N+[21(y) dy) dx

1 £ lul(@) — &l + W)
_ //BB P dz dh,

where C' only depends on the dimension N. In the last identity, we used the change of variable
y=x+h.

From now on, we will write @ in place of &.[u], for notational simplicity. We then introduce the
following K —functional

(3.7) K(t,u) = vGVI}P£(BT) [HU —vllz2s,) +1 WU]WI«?(BT)}» for t € [0, 2r].

We claim that the following two estimates hold: there exist two constants A;, As > 0 depending
on the dimension N only, such that

KRt u)\ dt [u(z) — u(x + h)?
. . —< A

and

2r |~ ~ 2 2r 2
- t dt
(3.9) / (/ [i(z) |;|Ll(f;: o)l dg) dr < A, / (K(t; u)> e for every w € SV1L.
B, \J—2r 0

Observe that by joining (3.6), (3.8) and (3.9), we would get

u(y)[? 1 / (/2 [u(z) — Uz + ow)|? >
dvdy > —7—— d dz,
//TXBr |I—y|N+29 C-Ar- Ay Jp, \J 2 |of 2+ ¢

T
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and thus the desired conclusion (3.5) would follow, once observed that R, (z) < 2r and r,(x) >

—27r, together with the fact that w = v on B,.. Thus we are left with establishing the validity of
both (3.8) and (3.9).

In order to prove (3.8), we proceed exactly as in the proof of [11, Proposition 4.5], up to some
necessary modifications. At first, it is useful to define

Uh) = (/B iz + ) — ()2 dgc)é . he B

Thus, by definition, the right-hand side of (3.8) can be rewritten as

fi(z) — iz + h)[? / U(h)?
dx dh = ————— dh.
//BB [h[N+25s ! S OLERE

U(g)zf UdHN—1, for 0 < o < 2r.
9B,

We also define

By Jensen’s inequality we obtain

2r 2r
2 do 1 2 0/ N-1 do
U —— < U”dH
/0 012 = Nuwy /o (/83@ oN+2s

1 U(h)? 1 // i(z) — a(x + h)[?
dh = dx dh.
Non /B BN+ T Ny Mg wn, RV !

We now take the compactly supported Lipschitz function

N+1
Y@ =~

(3.10)

(1 —=[=[)+,

where ()4 stands for the positive part. Observe that ¢ has unit L' norm, by construction. We
then define the rescaled function

1 T
= — —_ <
U () th<t>’ for 0 <t < 2r,

which is supported on B;. By observing that ¢ x u € W12(B,.), from the definition of K(t,u) we
have

’C(t, u) < ||u — Py * aHL2(BT) +t [v¢t * ﬂ]lez(Br)-
We estimate the two norms in the right-hand side separately: for the first one, by Minkowski’s
inequality and Fubini’s Theorem we obtain

/ ) — (- — v)] Yely) dy
By

lu =4y x| 28, =

L*(By)

< /B (/B Iﬂ(x)—ﬂ(z—y)IQdQE)% bi(y) dy

N +1
= [ vt < 5 [ v

N(N+1) [T N(N+1) [t
:7(tN+ )/UQN’ldggi( t+ )/Udg.
0 0
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In the first identity we used that & = u in B,, in the last inequality we used that oV ! < tN—1,

For the second norm, we first observe that the Divergence Theorem gives

By

thus we can write

Vipyxu= (Vb)) xu = . Vi (y) [u(x — y) — u(x)] dy.

Thus, again Minkowski’s inequality yields

Vo (y) [u(- —y) —ul(-)] dy

By

[V * uwr2(p,) = ‘
L2(B,)

< /B (/B u(z —y) —ﬂ(ﬂf)chfff)é IV (y)| dy

N+1 N(N+1) [t~
< - - <7 )
< o N /B,,U( ydy < ——53 /OUdQ

In conclusion, we have obtained

2N(N+1) ["—
(3.11) K(t,u)g%/ U do, for every 0 <t < 27.
0

By raising to the power 2, dividing by t?°*! and integrating, the previous estimate yields
2r 2 2r t 2
K(t,u)\? dt 2 1t dt
=) S< (e +) S Tdo) 2.
/o<t3>t‘( (N+1) /o<t/0 Q) NESE
If we now use the one-dimensional Hardy inequality (see [28, Teorema 1]) for the function ¢
fg U dp, we get

/27" K(t, ) 2@< 2N (N +1) Q/QTUQ dt
0 ts t = s+1 0 ti+2s

4N (N +1)2 u —u h)|?
SERTLEY ) g S PR
WN B, X Ban |h| s

where we used (3.10) in the second inequality. This proves (3.8), as desired.

The proof of (3.9) is similar to that of [9, Proposition B.1], but some technical modifications
are needed, here as well. We take 0 < lo| < r, by definition of the K—functional there exists
v, € W12(B,.) such that

o] le]
(3.12) lu=vellzzm,) + 5 IVOllam,y <2K( 5w ).
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For notational simplicity, we simply write v in place of v,. We also denote by v the extension of v
given by &.[v]. For w € S¥~! and |g| < 2r, we get®
1 1

(/ Iﬁ(www)—’ﬁ(x)I?dm)z <</ |ﬂ(x+gw)—’z7(x+gw)—a(x)+5(x)|2dx)2

3 s
1

+ (/r [o(z + ow) —5(x)|2dac>2

S 2 Ha - /’l\}'HLz(Bsr) + |lQ| Haw:JHLZ(Bsr)

~ lol | o
<2 (17 aogm) + 2 I90o0ms ).

In the last estimate, we used the pointwise inequality |9,,9] < |Vv|. We can now use the properties of
our extension operator &, in order to replace the norms over Bs, with those on B,.. By Proposition
3.1, we have

1@ =0l 2(Bsyy = 1€ 1u] = ExolllL2(Bay) = 1€ [u = 0]l L2(Bs,) < V23N [lu— vl L2(5,),
and also

IVilliap,,) = [VE]] <2-9" [o]wra(s,).

W1.2(Bs,.) -
This leads to

([ e+ 0w) - ut@Pac)” < (Ju=vlzaay + 2 Folsom )
B,

By combining this estimate with (3.12), we then obtain for 0 < |g| < 2r

~ )2
[ et TR, capieeec (12, )
B

|Q|1+25

We now integrate with respect to ¢ and make a change of variable. This yields (3.9), as desired.
The proof is now over. O

As a straightforward consequence of Proposition 3.3, we also get the following result (see also [5,
Lemma A.4]).

Corollary 3.4. Let 0 < s < 1, for every u € C§°(RY) and every w € SN~1, we have

u(x —ux—i—gw
(3.13) /RN (/' FiE & dg) dr < Alulfy. @y,

for the same constant A = A(N) > 0 appearing in (3.5).

The next result can be found in [21] and [23, Corollary 1]. In the latter, the estimate is slightly
worse in its dependence on s, while in the former the result is not explicitly stated, but it must be
extrapolated from the proof of [21, Corollary 1, page 524]. For these reasons, we prefer to provide
a full proof, which in any case is different from those of the aforementioned references.

61n the second inequality, we use that for every w € SN~1 and every lo| < 2r, we have
1

([, e+ e =t dm)% <lol (f, touitas)”

r



18 BIANCHI AND BRASCO

Lemma 3.5 (Fractional Poincaré-Wirtinger inequality). Let 0 < s < 1, for every u € CY(B,(z0))

we have )

|u — av(us B, (20))| <M1= 8)72 [ul3yenp, (o))

L2(Br(x0))
for some M = M(N) > 0.

Proof. We can suppose that ¢y = 0, without loss of generality. We use real interpolation techniques,
as in the previous result. By combining (3.6) and (3.8), we have

127 (K(tu)\ dt
14 5,2 > — —
(3 ) [U}W (By) Z C /0 < s ) 7

where C' depends on the dimension N only and K(t,u) is still defined by (3.7). We now take
0<t<2randve WH2(B,), by the triangle inequality we get

tlu—av(u; By)llL2s,) < tllu—vlr2(s,) +tlv—av(v; Br)|L2(s,) +tllav(v; Br) — av(u; Br)|L2(s,)
<27 (lu=vllee(m,) + lav(v; Br) — av(u; Br)|lr2(s,)) + tllv — av(v; By)l|2(s,)-
By using Jensen’s inequality we have
lav(v; By) — av(u; By)|[22(B,) < lu —v|[L2(B,),
while by using the classical Poincaré-Wirtinger inequality we have

.
v —av(v; Br)ll22(B,) < m [vlwi2(s,),

for some p = u(N) > 0. By keeping all these estimates together, we obtain

tr
tlu — av(u; Br)||2L2(BT) <drllu—vl|L2B,) + (B [v]lw12(B,)

< COr (Ju=vlle2es,) +tlwrzs,),
where C' = max{4,1/u} depends on N only. If we now take the infimum over v € W12(B,.), we get
tllu—av(u; By)|lL2(p,) < CrK(t,u), for0 <t <2r.
By raising to the power 2, dividing by t25*! and integrating over (0,27), this yields
2-2s 2r 2
lu — av(u; B,)l|72(5,) (22(?—3) < (C%y? /0 </c(;u)) %.
By using this estimate in (3.14), we finally get the desired conclusion. |

We conclude this section with a particular case of the well-known fractional Morrey-type em-
bedding in the space of continuous functions (see for example [19, Corollary 7.9.4]). For our scopes,
we need a precise “quantitative” behaviour of the relevant constant, as s goes to 1 or 1/2. Here we
take N = 1.

Theorem 3.6 (Fractional Morrey-Sobolev inequality). For every 1/2 < s < 1 there exists a
constant mg > 0 depending on s only, such that

2 2 00
(3.15) mg MWS*%“(R) < [ulpyez ) for every u € C§°(R).

In particular, if a < b we have

(3.16) mg ||uH%oo((a7b)) <(b—a)*s! [u]%,vs,z(]R), for every u € C§°((a,b)).
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Moreover, the constant mg has the following asymptotic behaviour

1
ms~2s—1, ass\,1/2, and ms ~ T, as s /1.
—s

Proof. We first observe that (3.16) is an easy consequence of (3.15). Indeed, for every u € C§°((a, b))
and every x € (a,b), by (3.15) we would get

U@ = fule) = w(@P < - o= @ wlfyngey < o (0 02 ey

as desired.
In order to establish (3.15), let us take ¢ € C§°(R). We indicate by F|p] its Fourier transform,
defined by

Flel(€) = \/% /R@(t) et dt, for £ € R.

From the inversion formula (see [19, Chapter VII, Section 1]), we can write

cp(t):\/% /]R}'[ga](g)e”&df, for t e R.

Thus, for every t,7 € R we get

() - ('SW/V O)le € — 7€

<= (/ |7 > (/ |€M|52:T€|2 dg)%'

We now recall that by [19, Chapter VII, Section 9], we have

[ |

with the constant A, given by
|eit i 1|2 -1
A= (f S at)

Ag~1—3s, fors 7M1 and Ag ~ s for s (0.
From (3.17), we obtain

(3.17)

2
&) de =27 4, (6},

which satisfies

ité 1752 %
(3.18) () — ol (/ e — |d£) o e

In order to conclude, we are only left with handling the integral on the right-hand side. For every
a > 0, we split this integral as follows

/6”5 'L'r§|2 gz |€it£76i‘r£|2 d§+/ |€it§76i‘r§|2 df
€12 GE (lel>ay 1€

In order to estimate the low frequencies, we use the 1—Lipschitz character of ¥ — e*? to infer that
le"s —e T < Jt -7l ¢
The high frequencies are dealt with by using that
|6it§ _ 6ir§| < |eit§| + ‘6iT£| —9.
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These lead to

‘eztﬁ z*r§|2 @ “+o0
/ d§§2|t—7|2/ 52—28d5+8/ €725 d¢
0 o

l§[>
2 9 3.9 8 1
= t—T1lfa’™" —_
3—25| | +2$—1o¢23—1’
which is valid for every a > 0. We can now optimize this estimate with respect to «: indeed, the
quantity on the right-hand side is minimal for” o = oy = 2/|t — 7|. With such a choice, we get

/ |6”E e'TE? dE < 425 2 |t—7'|2571
N (3—2s5)(25-1) '
By inserting this estimate in (3.18), we finally get (3.15) with
(3—2s)(2s—1)
ST T 942 A,
which has the claimed asymptotic behaviour. O

Remark 3.7. We point out the reference [26], which keeps track of the dependence on s in the
one-dimensional fractional Morrey estimate, as this parameter goes to the borderline situation
s = 1/2 (see [26, Corollary 26]). However, the asymptotic behaviour detected in this reference is
sub-optimal. Moreover, the asymptotic behaviour as s goes to 1 is not taken into account. For
these reasons, the estimates of [26] are not suitable for our needings.

4. BASICS OF FRACTIONAL CAPACITY

We start with the definition of fractional capacity.

Definition. Let ¥ C RY be a compact set and let @ C RY be an open set such that £ € Q. For
0 < s < 1, we define the fractional capacity of ¥ of order s relative to () as the quantity

@D, (%) = _inf A[ullyon u>1x}.
uctyo

Here 1x; denotes the characteristic function of X.

Remark 4.1. By standard approximation arguments based on convolutions, it is easy to see that in
the definition of cap,(X; ) we can replace C§°(€)) with Lipschitz functions having compact support
in . We leave the details to the reader.

As a straightforward consequence of both the definition and the Morrey—type inequality, we have
an explicit lower-bound for the fractional capacity of a point. As simple as it is, this will play a
crucial role in our main result.

Lemma 4.2 (One-dimensional capacity of a point). Let 1/2 < s <1 and xg € (a,b). Then
cap, ({zo}; (a,0)) > (b —a)' 72> m,,
where my is the same constant as in Theorem 3.6.

Proof. Let us take u € C§°((a, b)) such that u(zg) > 1. Hence, from (3.16), we get
(b—a)?s~t
ms
The thesis follows by taking the infimum over the admissible functions . O

1< Juao)? < [ulyeacay-

"We can obviously suppose that ¢t # 7, otherwise there is nothing to prove.
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F1GURE 4. The geometric configuration of Lemma 4.3: we have a smooth function
defined on the square, which vanishes on the dashed neighborhood of the vertical
line (i.e. the set 3). The relative fractional capacity of ¥ is computed with respect
to the surronding disk.

4.1. A Maz’ya—type Poincaré inequality. We will need the following fractional Poincaré in-
equality for functions on a cube, which vanish in a neighborhood of a set with positive fractional
capacity. This is analogous to the result of [29, Theorem A}, but we will follow the approach of [21,
Chapter 14], which is more suitable for our framework. In particular, we will not explicitly relate
this result to eigenvalues with mixed boundary conditions, differently from [29].

Proposition 4.3. Let0 < s < 1 and let ¥ C Q,.(z0) € RY be a compact set. For every R > VN,
there exists a constant ¢(N, R/r) > 0 such that the following Poincaré inequality holds

s RY| —
(41) [uh%vs,z(Qr(zO)) > |:’I“N (b <N, T>:| capg (E, BR(SCO)) ||u||%2(Qr(IO))’

for every u € C°°(Q,(xg)) with dist(supp(u),X) > 0. Moreover, we have
li N,t)= 1 N,t) =0.
L ¢(o1) = lim (N, ¢)

Proof. The proof is lengthy, though elementary. Without loss of generality we can assume z¢ = 0.
Let u € C*°(Q,) be as in the statement, we can additionally assume that

(4.2) ][ lu|? dz = 1,

still without loss of generality. We now use the extension operator £k of Corollary 3.2, with the
choices
K=Q, and zy=0, sothatM:m.
dx (o)
In order not to overburden the presentation, we will use the symbol @ in place of Ex[u]. By the
properties of our extension operator, we get in particular that w is locally Lipschitz continuous and
from (3.3) with p = 2 we also have

R 2N
(13) e < oo <Cn (1) lwesia,
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We take a Lipschitz cut-off function 7 such that

2
0<n<l, =1in B ., =0in RV\ B . V< ————,
<n< n=1inByg,, 7=0mRY\Buyx Vil < 7%,
and we define ¥ = (1 — u)n. By recalling Remark 4.1, we have that 1 is an admissible trial
function for the variational problem defining cap,(3; Br). By using this fact and some algebraic
manipulations, we get

VD, (%; Br) < [$]we2@v)

(e )2 Ay '

(4.4) = <[w]WS'2(BR) +2 /BR WJ( )| (/RN\BR |x_y|N+2s> d )
2 dy "
< Wl +v2 </BR e </RN\BR |$—9|N+25> ‘ )

In turn, by using the definition of ¢ and Minkowki’s inequality, we have

[Dlwe2Br) < ('/BR In(z)|? (/BR Wdy) dx>%
4 </B 1= i(y)? (/B de> dy>;

~ 20 S —S8
< WWW(BR) +1- UHL2(BR) m ||V77||L°°(BR) HﬁHioo(BR)a

(NI

for some C' = C(N) > 0. In the last inequality, we used that for every Lipschitz function ¢ with
compact support, we have

o(@) — (y)|? C 26 2(1-s)
:eligv /RN Wdy < m ||V<P||LM(RN) ||80||Loo(1RN)7

see [7, Lemma 2.6]. If we now use (4.3) to bound the seminorm of @ and the properties of 7, from
(4.4) we get

— R\*Y 2 20 N
\/capS(E;BR) < CN <’I“) [u]W5’2(Q7~) + (R ~ \/NT)S 5 (1 — S) H]. — UHLZ(BR)

+ﬂ</BRIM ) (/RN\BRM_mNm)d) |

In order to handle the last term, we recall that v identically vanishes outside B( RN )2 Thus,

we actually have
_ dy
2 2
n(x)|” |1 —u(x / s varuwelll INC2
()71 — u(x)] ( - |x_yN+2‘>

dy

()| / L — - /
/BR BN\Bj |7 — Y[V 2o B pivE
R

~ dy

< 11— o) / Ay )

/BR+WT BV\Bj |7 — Y|V T2

R

(4.5)
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We now observe that, for every z € B(R+\/Nr)/2 and y € Br we have

R++VNr RJr\F |<R\/Nr> »

gyl >yl =z >y - >
o=yl 2 Iyl = Jo] 2 lyl - = 2yl - -

Thus, for every x € B(R+mr)/2, we get

/ dy <NWN< 2R >N+251
g 7 -y 2 S 25 \R— VN RZ

By collecting the previous estimates, we obtain from (4.5)
2C

_ R 2N 2
Va8 <O (1) bwesion+ G\ ey

Nuwy 2R\ 1 -
+ 5 R_JNr ﬁ” —U||L2(BR+\2WT)-

We need to estimate the L? norm of 1 — . For this, we use the triangle inequality

11 —ullz2(Br)

11— llr2s,, ) <1 =l < 11— av(W; Br)llrzsg) + llav(d; Br) — tll 2y =11 + Iz,
REyE

so that

2N
Veap,(E; Br) < Oy (f) [ulw:2(q,) + (- \2/Nr)s S (TCS) (I1 +Iz)

Nwy oR  \*t° 1
\/ —(1,+1,).
VT (Rm) (B D)

In turn, the term Z; can be bounded by Z,. Indeed, by observing that the integrand of Z; is
constant and using the normalization (4.2), we get

|Br|
T = VIBal - av(@ Be)l = |57 [lull@n = lav(@ Ba)lzaio, |

| Br|
Qx|

As for the integral Z,, by Lemma 3.5 we directly get
< VM=) B [l ().

Then the last term can be estimated by (4.3), again. By inserting these estimates in (4.6) we
eventually conclude the proof. O

(4.6)

|Br|
Qx|

|u—av(; Br)| 12q,) < L.

4.2. A geometric lower bound in the plane. In dimension N = 2 and for s > 1/2, by exploiting
the fact that points on the line have positive relative fractional capacity (see Lemma 4.2), it is
possible to give a geometric lower bound for the term

cap,(X; Br(zo)),
appearing in (4.1). We will follow the idea of [21, Chapter 3, Section 1.2, Proposition 1], which

is quite close to that used by Taylor, even if the latter worked with a different notion of capacity
coming from Potential Theory. The proof will also crucially exploits the result on “directional”
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fractional derivatives (Proposition 3.3 and Corollary 3.4). We still use the symbol II,, defined in
(2.2).

Proposition 4.4. Let N = 2, 1/2 < s < 1 and let ¥ € B,(xg) be a compact set. For every
direction w € S', it holds that
1-2s
D, (5; B, (20)) > % (rdist(z,aBr(xo)) P U IL(D)).

Here A is the same constant as in Proposition 3.3 and mg is the same constant as in Theorem 3.6.

Proof. We observe that we can assume H!(II, (X)) > 0, otherwise there is nothing to prove. We
may suppose as always that x¢ = 0, without loss of generality.
We start by noticing that every x € R? can be written as

r=1a +tw, with 2’ € TI,(R?) and ¢ € R.
We also set

Rw(m’):sup{QER : x’—&—QwEBT} and rw(x’):inf{ge}R : $/+QWEBT}.

We take u € C§°(B,) such that u > 1x. By using Corollary 3.4 and Fubini’s Theorem, we can infer

lu(z) — u(x + ow)|?
[]WS2R2 Z . (/ o[+ 2s do | dx

lu(z’ +tw) —u(z’ +tw+ ow)|? ) ,
47 // dido) du
(4.7) A I, (R2) ( RxR o1 F2#

> — + W) iye.o i d’
A m, (Z)[ ( )]W (R)

Recalling that 4 > 1 on %, it follows that for every z’ € II,,(X) there exists to such that u(a’'+¢w) >
1. Hence, by using the trial function

Yo = u(@’ + - w) € C5°((rw(z'), Ru(2"))),
we have
[u(x’ + ~w)]%/vs,2(R) = [1/190/]%4/5,2(R) > cap, ({to}; (rw(2’), Ry (")), for 2’ € 11, (%),

by the very definition of capacity. In turn, by applying Lemma 4.2 in the right-hand side above,
we get

1-2
[’ + @)y = ms (Ru(@)) = ru(a))
In order to get a lower bound for the last term, we set ¢ = dist(¥,0B,) > 0. Then in particular we
have
R,(2') —ry(2") > \/r2 = (r—0)2 > Vr, for every o’ € I1,(X).
This entails that
[u(z’ + -w)]%VS,g(R) >m, (r 5)%, for every 2’ € 11, (2).

By spending this information in (4.7), we can obtain
mg 1-2
Wyeam,) 2 T (0 F H (L))

The thesis follows by taking the infimum over the admissible trial functions . ]
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5. PROOF OF THEOREM 1.1

Without loss of generality, we can assume rq = 1. As in the proof of Lemma 2.1, we consider
the natural number § = [Vk] + 1 and take the family of squares {Q; ;}(i.jyezz C R? given by
Q,; = Q55(1081,108 ), for (i,5) € Z*.

We observe that they form a tiling of the whole plane, more precisely they are pairwise disjoint and
the union of their closures covers the whole RZ. We also introduce the set of indexes

z4={G.j)ez®: Qna 0},

and for every (i,j) € Z3, we indicate by ; ; C Q; ; \ Q the compact set provided by Lemma 2.1.
By using the tiling properties of these squares, for a function u € C§°(2) we have

[uliy 2 r2) = Z // |m_y2-‘y(-2)s|2d dy

’LJ)EZ2 LJXR2

Z ﬂ |x—_y|1;£2)s| da dy = Z [u]%’VS’Q(Qi,j)'

Z ])622 Qi J><Q7 j (i,j)eZ?Z

For every (i,j) € Z%, we can use the fractional Poincaré inequality of Proposition 4.3, with the
choices

r=>5¢6 and R=2r=106.
By setting for brevity B; ; := B19s(10d4,1045), this leads to

1 _ .
[u]%vs,z(gi,j) > {5052 ¢(2,2)] cap, (Zi,j;Bi,j) ||u||2L2(Q”)7 for every (i,j) € Z3,

where we also used that s > 1/2. We now have to estimate from below the relative fractional
capacity of each compact set ¥; ;. By combining Lemma 2.1 and Proposition 4.4, we have

1—2s

cap, (X 3 Bij) > (50 (2- \/i)) 2

% §'7%* max {Hl(Hel (Zi)), H' (e, (Zi,j))}

1—2s

2 m
> o S §1-2s
> (502 v2) 0t V.
By collecting the estimates above, we obtain
= mg 6(2,2)
s 2 (302 -v3) T TEED VRS2 S g,
(5.1) (i,5) €L},
T me9(2,2) qa
— (50(2—\@)) ’ 500 A Vo172 [ull72(q);

where the last identity follows by the tiling property of the family {Q;;}: ;. By recalling the
definition of ¢ and using (2.1), we get

VRS2 e VE (VE41) e o

- 21+25 ks :
By the arbitrariness of u € C§°(2), from (5.1) we get the claimed lower bound on A§(€2), with

(50 (2 - ﬂ))TS m, $(2,2)
21+2s 2004

9 =
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Finally, the claimed asymptotic behaviour of ¢4 simply follows from its definition and the properties
of my, encoded in Theorem 3.6.

6. PROOF OF THEOREM 1.2

6.1. Proof of point (1). This is a straightforward consequence of the Bourgain-Brezis-Mironescu
formula. Indeed, for every Q2 C R? open set, let u € C5°(Q2) \ {0}. Then by [14, Corollary 3.20] we
have

. 1

(1= ) s = 5 /Q Vul? da.
This implies that

2
1—s)[ul?,. 1/|V“‘ dx
limsup(1 — s) AJ () < lim ( )[2}W 2RY _ 2 e
s/ s/1 Hu||L2(Q) 2 HUHLz(Q)

By taking the infimum over C§°(Q2) \ {0}, we get

1
limsup(1l — ) A7 (2) < = A (),
s, 1 2

as claimed. Thus, by multiplying both sides of (1.2) by the factor (1 — s), using the previous
property and the asymptotic behaviour of s, we get back the classical Croke-Osserman-Taylor
estimate, in the limit as s goes to 1.

6.2. Proof of point (2). We need at first the following

Lemma 6.1. Let 0 < s < 1 and let Q C R? be an open set. Then for every {xo,...,Tm} C Q, we
have

Al (Q \ {zo, ... ,xm}) = (Q).
Proof. We may suppose that the points {zo,..., %} are distinct. We first observe that
A (Q\ {zo, ..., zm}) = AT(),

since Q\ {zo,...,zm} C Q. In order to prove the converse implication, we set

1 . .
o= min i — x|t .
07 2 i je{om} {‘ il i# ]}
Then we take a cut-off function n € C§°(B;) such that
n=1lin By, 0<n<l, V| < C,

and define for every 0 < & < gg

=0
We now take u € C§(Q2) \ {0} and observe that u (1 — ¥.) is a feasible trial function for the
variational problem which defines A$(Q2\ {zo, ...,z }). Thus, by using Minkowski’s inequality, we
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get for every 0 < € < g¢

[u(l - ‘I’E)]WS»Z(RZ)

Ju (1 - lIjE)HIﬁ(Q)

(6.1) < [Wwezge) 1= Yellpe@e) + l|ufl oo @2) [Pelwe2@e)
- lu (1 =V )| 200
_ [uwe2ge) + llull Lo @2) [Yelw:2r2)
a Ju (1 =)l 2o

By applying the Dominated Convergence Theorem, we easily get that

NETCIN TS

lim flu (1= We)l[ 22 () = [lullL2 (-
As for the second term in the numerator, we observe that by Minkowski’s inequality again, we have

(Welws2me) = [Zﬁ < — xz)] < (m+1) e [nlwezme).

€
Ws:2(R2)

We also used the scaling properties of the fractional seminorm. This in turn implies that

;%[\IIE]WSQ(RZ) =0.

Thus, by taking the limit as € goes to 0 in (6.1), we end up with

M@\ {z0,.-. 2}) < [wezee)
ullL2(0)

By arbitrariness of u, we get the desired conclusion. O

Remark 6.2. The previous result is a particular case of the following general fact: removing sets
with zero fractional capacity does not alter the relevant fractional Sobolev space. Consequently,
fractional Poincaré constants are insensitive to removal of these sets. We refer for example to [1,
Proposition 2.6 & Corollary 2.7] for this general result.

The sequence {4 }rem 0,1} is then constructed as follows: for every k£ € N\ {0, 1}, we set
ny = |[Vk — 1] and mp = (k—1) —n3.
Then, we take the set
et 11
Shelly, = ({O,nk} X [O,nkD \igo{(w §7j + 2)} for k > 2,

which consists of a square with n% equally spaced points removed. More precisely, we remove the
centers of the squares

[i,i+1] x [, 7+ 1], fori,j =0,...,my, — L.

We also introduce the set

St = (10, mi]  [1,0]) \mL_J{ (i+3-3)}
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FIGURE 5. The set Q of Theorem 1.2 point (2), for k = 25.

which consists of an horizontal strip of width 1 and length my, from which we removed the centers
of the squares
[i,2+ 1] x [-1,0], fort=0,...,mg — 1.
Finally, we define the open bounded set
Qp = int (Shellk U Slugk), for every k > 2,

i.e. the interior points of the union of Shell; and Slug, (see Figure 5). By construction, we have
that Q is multiply connected of order k. Moreover, we have

V2
2 9

Q). D int (Shelly) = ((O,nk) x (O,nk>) \ng:{<z+ %,j—i— ;)}

By using the monotonicity of A\] with respect to set inclusion and Lemma 6.1 for int (Shellk), we

can then infer
XS () < AS ((O,nk> x (O,nk>) = 20N ((0, 1) x (0, 1))

By recalling the definition of ny, this finally gives the desired result.

ro, < for every k > 2,

and

6.3. Proof of point (3). We divide the proof in various steps, for ease of presentation.
Step 1: construction of the set. We define

E:UE(i), where X := {(scl,i)ER2 Do > 1},
i€z
and then consider the infinite complement comb

0:=R?*\ %,
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FIGURE 6. The set Oy, for k = 4 of Theorem 1.2 point (3): it is has been obtained
by removing the black dots from ©.

as in [6, Section 5]. The set O of the statement is then constructed by simply removing k — 1
distinct points from ©, i.e. we set

©r=0\{(0,i) :i=1,....k—1},

see Figure 6. By construction, we have that @y, is multiply connected of order k, with finite inradius.
Thus, by Theorem 1.1 we have Aj(©) > 0, for every s > 1/2. We claim that

A (©
(6.2) lim sup 2Ok < 400

Step 2: one-dimensional reduction. Here we need the following result.

Lemma 6.3. Let 0 < s <1 and let A CR be an open set. Then we have

dt
6.3 A (A X R) < agAf(A), where o _—/722.
(6.3) i( ) 1(4) I

Proof. We proceed as in the proof of [15, Lemma 2.4]. For every z € R?, we will use the notation
x = (x1,22). We take u € C5°(A) \ {0} and ¢ € C§°(R) \ {0}. We first observe that by Fubini’s
Theorem

||U<PHL2(AxR) = HU||L2(A) H@HLZ(R).

We then estimate the fractional seminorm of u . By Minkowksi’s inequality, we have

1/2
u a2 (2 2|90(y1) QD( )| dr d>
e (//W '—| e
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By using Fubini’s Theorem, we have

2 le(y1) — o(y2)]?
1A = P21 e d
I R e ay

:/R\u(xl)\z (//RXRW(%) — p(y2)|? (/R (o1 — 2)? _:l(x; = )2)%) dyr dyz) dzxy.

By using a changing of variable, we get

/ dxo _ Qg
R (21— @0)2 + (g1 —g)2) 7 Iy — o[

Thus we obtain

yj2 ) = o(y2)|?
[P = P21 dy = s ]
//]RQXRQ )] |z — y[2+2s y=a ||UHL2(A)[ ] 2(R)
With a similar computation, we also get
2 o) —uta)P 2
I = 21 dy = s .
//RZXR2 )| |z — y[2+2s y=a ||50||L2 (R) [y 2(R)

Thus, from the variational definition of A\j(A x R), we get

M(AxR) < [u plws.2(r2) < Ja: llull 2 a) [Plws2@®) + [lollL2®) [Ulws2(w)

| u <P||L2 (wxR) Ju L2(A) ||<PHL2(R)
[elws2@®) — [ulws2m) )
= /0O + .
< ||80||L2(R) Hu||L2(A)

By taking the infimum over u and ¢, recalling that A$(R) = 0, we get the desired conclusion [

In particular, from the previous result with A =R\ Z, we get that
X} (O1) < M(R x (R \ Z)) < ay A (R \ 2).
In the first inequality we used that
R x (R\Z) C ©.
From its definition (6.3), it is easy to see that ay various continuously with respect to s € [0, 1].
Thus, in order to prove (6.2), it will be sufficient to establish that

(6.4) lim sup MR Z)

<
oy 25— 1 o

Step 3: choice of the trial functions. In order to prove (6.4), we will need to carefully construct a
suitable family of s—depending trial functions, which provides an upper bound on Aj(R \ Z) with
the correct asymptotic behaviour. For every
1
n € N\ {0}, s>1/2 and 0<8<E’
we consider the trial function u, ¢, s, where:
e u, € C§°((—n,n)) has the form
x
i) = (2).
for some u € C§°((—1,1)) such that [|ul[z2(—1,1)) = 1;
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e the multiple funnel-type cut-off function ¢, ;. € W>2(R) N L>®(R) has the form

loc

@n,s,szl* ZCS( c )7

j=—n

where (s is the function given by
Colw) = (1= a2
+
Thanks to [7, Lemma 2.7], we see that
Un Pnse € Wo((—n,n)) € WP (R\ Z).

Thus it is a feasible trial function. By using again Minkowski’s inequality, this yields

AS (R \ Z) < ['Ufn]WS,Z(R) + ||u71HL°°((7n,n)) [<)07I7E,S]W312(]R)
1 N .

||un Pn.e,s ||L2((—n,n))

Step 4: estimate of the quotient. Let us start by handling the terms at the numerator. We consider
at first the terms containing wu,, which are simpler. By recalling the definition of u,,, we have

l—S
[un}Ws,Z(R) =n?2 [U]WS,Z(R).

The last term can be estimated by using the interpolation inequality [10, Corollary 2.2], which gives

C 1—s /8
[U]W”(R) < \/ m ||UHL2((_171)) [|lu ||L2((—1,1))7

for some C > 0 independent of s. This guarantees that we have

1_g C s
(6.5) [Un]we 2@y < 12 \/m 'l Z2((=1,1)-

The term with the L*° norm is easy to handle, since we simply have

(6.6) [unll Lo ((=nmy) = lull oo ((—1.2))-

The term containing the cut-off is the most delicate one. In order to estimate it, we observe that

E:Cg(x€j>}g%§m<s(zgj>,

j=—n

thanks to the fact that all the functions involved in the sum have disjoint support. We can then
use the sub-modularity of the Sobolev-Slobodeckii seminorm (see [16, Theorem 3.2 & Remark 3.3])
and obtain

j=—n

W:2(R)

()]
Cmax ¢ (=L
J=—n,...,n € Ws2(R)

1
2 2

=v2n+ 16%_5 [CS]WSJ(]R)-

IN
[~]=
| — |
TN
w
7N
m‘l
[
~__
—_
3
©
E
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In order to conclude, the key fact is a very precise asymptotic estimate of the last term, as s goes
to 1/2. This is contained in Lemma B.1 below, which permits to infer

1 1 3
(6.7) [Pneslwee@ <CV2n+1e27°v2s -1, for 3 <s<

with C' > 0 not depending on s.
We now pass to examine the denominator. In this case, we have

1
2 2

1 n .
1 ny—Jj 1
(6:8) |t on.e,sllL2((—nmy) = n? /IM@V 1-> @( > dy | >n?|lullpea.),
-1 13

j=—n

where

1,1)\'_[]“(]‘;6,‘7;5).

Step 5: conclusion. By collecting the estimates (6.5), (6.6), (6.7) and (6.8), we obtain

||u||L2 11))+C||UHLoc(( 11))\/2n+1€2 *V2s—1
)\S(R\Z
25 -1 n: V25— 1 ull2(a

¢ Wlzz1ay) n +-C;H“HLa%(—1J))\/§ 1-s
s(I—=s) lullzza) V2s—1 [ullz2(a.)

It is now important to make a clever choice of the parameters n and €: we take them to be

(YT ([ ]
= \10 an "= \l2s—1 :

Observe that with these choices we have

lime=0 and e85 = V10,
s\%

and

hm < lim(2s— 1)25*’ =0,

\/28— 9\2 B

where we also used (2.1). Moreover, by using the Dominated Convergence Theorem, we also have

lim [l L2(a.) = llufl2(-1,0)) = 1.
N3

These facts finally enable us to conclude that

MR\ Z
lim sup M < V30C HUHL“((flyl)) < +o0.
S\% 2s—1

The proof is now over.
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APPENDIX A. A BI-LIPSCHITZ HOMEOMORPHISM
In what follows, for every open set bounded K C RY and every xo € K, we define
dig(rg) = min |z — x Dy (xg) = max |z — xg].
K (o) a:e{)K‘ ol K (7o) $€8K| ol

Lemma A.1. Let K CRY be an open bounded convex set and xo € K. There exists a bi-Lipschitz
homeomorphism @ ., : RN — RN with the following properties:

o Op o (20) =m0 and Pr gy (1 (K — x0) + o) = By (), for every r > 0;
o Oy . is Lix—Lipschitz with

. (I);(,lzo 18 M — Lipschitz with

My = Dy (20) (2 + DK(IO)) .

dK (33‘0)
Moreover, we have

N
(A1) (Ml> < |detV®s o (2)] < (Lx)™,  for a.e. o € RN,
K

and
1\

(A.2) (L) < |detVey!, (z)] < (Mg)Y, for a.e. x € RV,
K »Lo

Proof. For notational simplicity, we omit to indicate the subscript xy everywhere. We define at
first the Minkowski functional of K centered at xg, i.e.

Jr(x) :inf{)\>0 cx € )\(K—xo)+x0}.
We recall that this a Lipschitz function, which verifies the following homogeneity property
(A.3) Jr(t(x —x0) + 20) = tjx(2), for every z € RV, ¢ > 0.
We also observe that by construction it holds
Jjr(x) <r ifand only if z€r (K —xo)+ xo,

and that
jx(z)=r ifand onlyif z€r (0K —xy)+ zo.
Moreover, ji is Lipschitz and it holds

. ) 1
(A.4) ik (@) =ik W) < —— = —yl, for every z,y € RY.
dx (o)
Last, but not least, we have the following lower bound
, . T — To |z — o]
A5 =|x— _— > .
(A5) i) = o = ol e (2 a0 ) 2 B

Then we define ® g as follows

r—x
O (z9) = o, Py (r) = .

() + zo, if 2 € RV \ {z0}.

JIK
|z — x|
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Thanks to the properties of the Minkowski functional, we have that ®x is injective. In order to

verify that ® is bijective, let us take y € R \ {x¢}. We then define

ly — 2o
ik (y)

we claim that ®x(T) = y. Indeed, by construction we have

(A.6) T= (y — o) + o,

o) = LT0 y— o . <|y—$o|

:,7]1((5)4‘370: JK -
|T — o] ly — ol Jx ()

From property (A.3) we get

(y — x0) + 370) + .

y—xo . |y = o
(y)

v y=x0 . (ly=mo )
Ox(x) = - Yy—=o)+ 2o | +x0= , + 0 =y,
) = g (g 0= ) 0 = =S
as desired. This shows that @k is bijective and from (A.6) we get
_ —x
pl(y) = Iy = 2ol (y — o) + o, for y € R\ {zo}.

ik (y)
Thanks to the properties of the Minkowski functional, it is easily seen that
D (r (K — xo) + x0) = Br(x0), for every r > 0.

We now claim that both ®x and its inverse are Lipschitz continuous. We start with ®x: we take
z,y € RN\ {0} and, without loss of generality, we can suppose that |y — x| < |z — zo|. By the
triangle inequality we get

. r — X9 Y — 2o . .
|Px(7) — Pr(y)] < jr(y) - +ix(z) — ix(y)|
|z — 0| |y — @0
(A7) iz — ]
<Jjx(y) +lix(z) = ix(y)l;
|z — 20l |y — Z0
where we used that
rowo _y—m [P, {0y -1
|z — 0] ly — 2ol |z — 20 |y — 2ol
|z —zo]? + |y —wo|* (x—wo,y—m) |z —yf
|z — 20| |y — 2o |z —xolly — w0l |z — ol |y — 2o’

thanks to Young’s inequality. By using (A.4) and the fact that |y — zo| < |z — x|, we get from
(A7)

1 o~y 2
Pre(a) ~ D) < —— |ly—a TS e Y
|k (x) — P (y)] e (20) [|Z/ ol [z — 20| [y — 0] | y|1 dK(zo)‘ 4

This proves the claimed Lipschitz regularity of ® .
We now turn our attention to the inverse function @;{1. We proceed in a similar way: we take
2,y € RV \ {20} and we can suppose that |y — x| < |2 — 2¢|. Then by the triangle inequality

97 (@) = O 0)] < [l =0 (2 = 0) =y = 20l (4~ 0|

v = ol ‘jm) oIk
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By using (A.5) and observing that

|z = ol (x = o) = |y — @ol (y = xo) | < (| = @o| + [y = @ol) [ — y| = 2|z — o[ |z —y],

we get that
@5 () — ()| < 2Tl o ml )
JK(x) JK(CU)JK(Z/)
ly— x> |z —yl

< 2Dg(x0)|lx —y| + Dr(x 2

welao) o= o+ Do) B Ty~ 2] dicwo)
<92D _ D QM
< 2Dk (wo) |z — y| + Dk (o) dre (o)

DK(ﬂfo))

= Dg(x 2+ z —yl.

lao) (24 2 ) oy

This gives the desired Lipschitz estimate for (I>;<1, as well.

Finally, the two-sided estimates (A.1) and (A.2) are a standard consequence of the Lipschitz
estimates on ®x and @}1, in conjunction with the Area Formula for Lipschitz functions and
Rademacher’s Theorem. O

APPENDIX B. A SPECIAL CUT-OFF FUNCTION

Lemma B.1. Let 1/2 < s <1 and let

Cs(x) = (1 - |$|2S_1) , for x € R.
+
Then we have
V2s—1
B.1 slwsem) < C —mn,
(B.1) [Cslws2m) < s

with a constant C' > 0 independent of s € (1/2,1).

Proof. We decompose the seminorm as follows
2
, ‘|x|2371 _ |y|2871‘
o = L dray
We2(R) (—1.1)x(~11) |z — y[1+2s
2 2
1 1 ’17|$|2571‘ 1 1 ’17|$|2571‘
- ——d - ———de =T+ I, + Is.
+S/71 (=2 1‘+S/71 1+ 2% Z 1+2o+ 13

(B.2)

In order to prove (B.1), we will prove that

2s—1
1—s’

(B.3) I, <C fori=1,2,3.

For the first term Z;, we observe that by using the symmetry of the set and of the integrand, we
have
‘23—1 _ |y‘23—1 2

|
I, <4 // ’ dx dy.
(0,1)x(0,1) |z — y[t+2s
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By using [7, Remark 4.2, formula (4.3)] with the choice 8 = 2 s — 1 there, we can estimate the last
double integral as follows

2
‘|x|2s—1_|y|25—1’ g g2ep 4
T, < 4 dx dy < (1477294 .
b //(0,1)x(0,1) |z —y|t+2s T (/0 |1 —7[tH2s () T> 251

We then write

1 25—1|2 1 25—1|2
|1 — 7257 1-2s 21 —T7257 1-2
/0 1 r[i+2s (1+T )dT: 1 r[i+2s (1+T S) dr

0
1 2s—1|2
|177_ | 1-2s
Jr/% 7‘1_ T72s (1+T )dT
<C/ 25 1 2 (1+T172s) dr

2s 1|2

+C dr =: Il,l +IL2.

, |1 —r[i2s
2

The constant C' > 0 can be taken independent of s. We start by estimating Z; 2, which is simpler:
we use the following pointwise inequality

a”‘—bo‘gaba_l(a—b), for0<b<a,0<a<l,

which just follows from concavity of the map 7 — 7%. This gives

1
C
T2 <C16' 7% (25— 1)? /1 (1—7)"2%dr = 2 4175 (25 — 1),

1—23)

2

as desired. We now come to Z; ;, which is the most subtle. We set for simplicity

1
fr(s) =727 for>0,s> .

2
fo(s) — 1 (;)‘ -

S
/ 721 gt
1

2

Then we have

"(t)dt|,

that is

1
|1 77_2871| —_ 2|10g7.‘ < 2(710g7') <5 2) = (710g7') (25* 1)

Thus we get

=
N

7,1 <C(2s—1)? /2(—log7)2(1+723_1)d7§2C(23—1)2/ (—logT)?dr.
0 0

This gives the desired estimate, since the last integral is finite. By collecting the estimates for Z; ;
and 7Z; o, we thus get (B.1) for Z;.
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We now consider Z, and Z3. We only estimate the first one, since the estimate for the second
one is similar. For s > 1/2, we have

2
1‘1—\x|25*1’ 1 .25—1\2 0 (1 []25—1)2
1/ 7@52/ (1(f”)dx+2/ [
0

Ry o SN
1 2s—1\2 0
(1—.’E ) s—
<2 [ S vz [ -l P
(1—a25-1)2

1 2s5—1)\2
e
—9 [ = 7 2 Sl
|, e ) S

2

1
+2 / (1—2%"1)2dx
0

1 25—112
(1-= ) /2 2512
<2 - 2.4° 1—xz°°
< /; L dx + ; (1-x )*dx

ST,

|

1
+2 / (1—2%1)2dx
0

1(1_552871)2 ! 25—1
<92 A —; 2(4%5 +1 1-— S™H) dx.
_/1(1_96)28 w+<+>/0<w ) de

2

By computing the last integral, this gives in particular

2
2s—1
1 1 ‘1—‘$| ‘ 1 1— 2s5—1\2 2s—1
f/ 7dx§2/ ((m)dm—k(éls—i—l)s.
S

s Jo1 (1—2x)2s 1 (1—x)?s
At this point, the integral in the right-hand side can be estimated as we did for Z; » above. By
proceeding as before, we get (B.3) for Zo (and thus for Z3), as well. O
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