FULL DOUBLE HOLDER REGULARITY OF THE PRESSURE
IN BOUNDED DOMAINS

LUIGI DE ROSA, MICKAEL LATOCCA, AND GIORGIO STEFANI

ABSTRACT. We consider Holder continuous weak solutions v € C7(Q), u - nlag = 0, of the
incompressible Euler equations on a bounded and simply connected domain @ C R%. If Q is
of class C*?, for some & > 0, then the corresponding pressure satisfies p € CEW(Q) in the case
~v € (0, %], where C27 is the Holder—Zygmund space, which coincides with the usual Hélder
space for v < 1. This result, together with our previous one in [10] covering the case v € (3,1),
yields the full double regularity of the pressure on bounded and sufficiently regular domains.
The interior regularity comes from the corresponding C27 estimate for the pressure on the whole
space R?, which in particular extends and improves the known double regularity results (in the
absence of a boundary) in the borderline case v = % The boundary regularity features the use
of local normal geodesic coordinates, pseudodifferential calculus and a fine Littlewood—Paley

analysis of the modified equation in the new coordinate system.

1. INTRODUCTION

Let d > 2 and let Q € R? be a bounded and simply connected domain of class C2. The time
evolution in 2 of an incompressible inviscid fluid is described by the Fuler equations

Ou+diviu®@u)+Vp = 0 inQx(0,7)
divu = 0 inQx(0,7T) (1.1)
u-n = 0 onddx(0,7),

where u: Qx(0,T) — R%and p: Qx(0,T) — R are the velocity of the fluid and its hydrodynamic
pressure, respectively, and n: 9Q — R? is the outward unit normal to 9. The boundary
condition u(-,t) - n = 0 on 0% is the usual no-flow condition, which prohibits the fluid to cross
the boundary of the container ).

1.1. The pressure equation. Forgetting about the time dependence of the unknowns and
only focusing on the spatial one, straightforward computations yield that the pressure p solves
the following elliptic Neumann boundary value problem

{ —Ap = divdiv(u®u) in

(1.2)
Op = u®u:Vn on 0f).
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Indeed, the interior elliptic equation is obtained by taking the divergence of the first equation
in (1.1), while the boundary condition follows by scalar multiplying the same equation by the
unit normal n: 99 — R? and noticing that

Opp=Vp-n=—divlu®u) -n= —ai(uiuj)nj = —Uiai(uj)”j

o oo . 1.3
= —u;0;(Wn?) + ' On! = —u-V(u-n)+u®@u: Vn=u®u: Vn. (1:3)

Here we used that Jf is a level set of the scalar function u-n, so V(u-n)|aq is parallel to n. In
the previous chain of equalities, we implicitly assumed that the normal, which always satisfies
n € C1(09Q) on any C? domain, is extended to a neighbourhood of 9 in order to compute its
gradient. Clearly, the pressure in (1.2) is always determined up to a constant and its uniqueness
can be restored by imposing [, p = 0.

To run the computations in (1.3), we have used u € C*(Q). In order to deal with u € C7(Q2),
for ~ < 1, we need to interpret (1.2) in the weak sense, that is, we consider a scalar function
p € C°(Q) such that

—/pAcpdx—i—/ p@mpdzz/u@u:Hcpdx, for all p € C*(Q), (1.4)
Q o0 Q

where H¢ denotes the Hessian matrix of the scalar function . As usual, (1.4) is obtained by
multiplying the first equation in (1.2) by a test function ¢ and then integrating by parts. Such
weak formulation makes sense for every u,p € C°(Q) and it is actually the equation satisfied
by any bounded and uniformly continuous couple (u,p) weakly solving (1.1). For the rigorous
derivation, we refer the reader to [10].

1.2. Previous results. In the whole discussion below, we will always assume that the incom-
pressible vector field u is y-Hoélder regular and, when considering a bounded domain €2, it is also
tangent to the boundary.

Looking at the equation —Ap = divdiv(u ® u) and forgetting the technicalities that might
arise from the presence of the boundary, by standard Shauder’s estimates we get that p is
exactly as y-Holder regular as u, for every v € (0,1). However, it has been recently noted that
the quadratic structure of the right-hand side divdiv(u ® u), together with the divergence-free
condition divu = 0, allows to increase the Holder regularity of the pressure up to 2+.

At the best of our knowledge, such double regularity has been observed for the first time
by L. Silvestre [20] when 2 = RY and then in [6,15] by different proofs which in particular
generalize the double regularity to the periodic setting Q = T?¢. More precisely, such results
show that, when € is either the whole space R? or the torus T¢, the pressure enjoys

{C27 fo<y<s3
p

1.5
obl il <y <, (15)

as soon as u € C7. Soon after, P. Constantin [8] proved that p € Lipjog(R?) in the borderline
case y = % by relying on some useful new local formulas for the pressure on R?. Let us emphasize
that the case v = % is naturally borderline for the regularity (1.5), because of the well-known
failure of Schauder’s estimates in Holder spaces with integer exponents. We refer the reader
to [7], where the double pressure regularity on T¢ has been generalized to any Sobolev or Besov
space.

Remarkably, the double Hélder regularity of the pressure on R? or T¢ (together with several
other fine regularity estimates along the flow of u) has been used by P. Isett in [15] to prove
the smoothness of trajectories of Euler flows when the velocity is strictly less than Lipschitz
regular in the spatial variable, thus in a regime in which trajectories are not necessarily unique.
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Very recently, the double regularity of the pressure has been also crucially used in [9] to establish
rigorous intermittency-type results in the framework of fully developed turbulence. An extensive
description of the relevance of intermittency phenomena in the mathematical theory of turbulent
flows can be found in the monograph [12]. Moreover, on a bounded domain Q C R?, where the
presence of the boundary adds highly non-trivial complications, the Holder regularity of the
pressure plays a fundamental role in the study of anomalous dissipation, see [2,4,18,19] and
the references therein. For these reasons, the study of the regularity of the pressure up to the
boundary is of crucial importance, from both the mathematical and the physical point of view,
and our result might be seen as a first step towards the extension of [9,15] to bounded domains.

As usual when considering boundaries, the above analysis becomes more delicate when Q ¢ R?
is a bounded and simply connected domain. Indeed, even the more standard single regularity
p € C7(Q) is not a straightforward consequence of Schauder’s estimates up to the boundary.
Such regularity was first established by C. Bardos and E. Titi in [3] for 2-dimensional domains
of class C? by relying on the global geodesic coordinates at the price of modifying the natural
Neumann boundary condition.

In our previous work [10], we extended Bardos—Titi’s result to any dimension without intro-
ducing any different boundary condition. Actually, we have been able to also partially doubling
the pressure regularity by proving that, in any dimension d > 2, if @ ¢ R? is a simply connected
open set of class C?° for some § > 0, then the pressure enjoys

{CV(Q) fo0<y<iandd>0
p

1,291 el (1.6)
CH(Q) ifg<y<landd=2y—1

In the case v < %, we exploited the explicit representation formula for p via the Green—Neumann
kernel on Q, while, for v € (%, 1), we relied on the already known double regularity (1.5) on R? by
suitably extending the vector field u to the whole space. Note that, when ~ > %, the requirement
0 =2y —1in (1.6) is necessary, since otherwise the boundary condition d,p = u ® u : Vn €
C™in{07}(9Q) would be incompatible with Vp € C?Y~1(2). Moreover, once the single y-Holder
regularity has been established, by the abstract interpolation argument developed in [7], an
almost double regularity p € C?7=¢(Q), for any ¢ > 0 arbitrarily small, follows directly as soon
as 9Q € C3° for some § > 0, see [10, Theorem 1.3].

In this paper, we complete the picture initiated in [10] by establishing the double Hélder
regularity (up to the boundary) of the pressure in the whole range v € (0, %] in any bounded,
simply connected and sufficiently regular domain ©Q C R?, including the borderline case vy = %,
in which we prove that the pressure belongs to the Holder—Zygmund space. Together with [10],
this gives the full double regularity for every v € (0, 1), in a sufficiently regular simply connected

bounded domain  C R?. Our main result is rigorously stated below.

1.3. New main result. We let C}(2) be the usual Hélder-Zygmund space, see Section 2.2,
and in particular (2.7), for its precise definition. We prove the following

Theorem 1.1. Let v € (0, %] and let Q@ C R? be a bounded and simply connected domain of
class C%9 for some 6 > 0. Ifu € C?(Q) is a divergence-free vector field such that u - n|pq = 0,
then there exists a unique zero-average solution p € C%(Q) of (1.2) such that

1
Ipllczvoy < Cllullgn )y for v < 5 (1.7)
and .
2 _
Ipllce < Clluly g fory=7. (1.9

where C > 0 is a constant depending on ) and ~.
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Similarly to [15], the proof of Theorem 1.1 is based on the Littlewood—Paley analysis in the
frequency space, that we introduce in Section 2.2. Moreover, to achieve the above result, we
prove the interior and the local boundary regularity estimates separately, see Theorem 3.1 and
Theorem 4.1, respectively.

The interior regularity comes as a consequence of the more general Theorem 3.2, providing
the double pressure regularity on the whole R? for v € CJ(R%). In the case v < %, this was
indeed already known (as discussed above in (1.5)). The main novelty here is for the borderline
value v = %, for which we achieve p € C}(R?), thus improving the Lipiog regularity proved in [8]
(see Remark 2.4). The main reason for such a sharper regularity in the borderline case lies in
the flexibility of the Littlewood—Paley analysis when dealing with estimates in the borderline
Hoélder—Zygmund space.

To deal with the boundary regularity, we pass to the mormal geodesic coordinate system
(see Proposition 2.1) in a neighbourhood of 9€2. This new coordinate frame, more precisely
the new local induced metric, allows to suitably extend the datum and the unknown to the
whole space. Once on R, we analyze the corresponding transformed equation by means of the
pseudodifferential formalism. The quantitative regularity estimates in C?7 are then obtained
via Littlewood—Paley analysis. The present strategy is more robust than the one adopted in our
previous work [10], and seems flexible enough to be helpful also in less regular settings, such as
Sobolev or Besov. We refer to Section 6 for a discussion on possible extensions of Theorem 1.1.

The assumption 0Q € C%9, for some § > 0, is needed in order to work with the regular
approximation of the velocity given by Lemma 2.13. This, in turn, ensures the existence of
solutions of the regularized problem via classical Elliptic Theory. Thus, for rougher domains
with 092 € C? only, we believe that the double regularity property might become more technical,
even though still likely true.

The corresponding result for solutions p which are not necessarily average-free directly follows.

Corollary 1.2. Let v € (0, %] and let Q C R? be a bounded and simply connected domain of
class C%9, for some § > 0. If u € C7(Q) is a divergence-free vector field such that u - nlag = 0,
then every weak solution p € CY(Q) of (1.2) is unique up to constants and satisfies

Hp— / p(x) dz
Q C2v

1
< Clulliy fory < 5
()

and

1
— d < O|ul? =,
o= [p@de| <Oy, o=

where C' > 0 is a constant depending on the Q and ~.

1.4. Organization of the paper. In Section 2 we discuss all the main technical ingredients
that are needed to run our proof: we introduce the local geodesic coordinates, the Littlewood—
Paley analysis, the definition of the Hélder—Zygmund spaces and the pseudodiffrential formalism.
In Section 3 we prove the interior boundary regularity. Section 4 and Section 5 are devoted to
the boundary analysis: in Section 4 we transform the equation, locally at the boundary, in the
new coordinate system, while in Section 5 we conclude the proof providing the quantitative
stability estimate for the equation in the new coordinate system. We conclude with Section 6
in which we discuss further extensions.

2. PRELIMINARIES

In this section we prove or simply recall results that we will need in our proof.
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2.1. Geodesic coordinates. Let Q C R? be a domain of class C*? for some § > 0, endowed
with the constant Euclidean metric g%/ = g;; = 0;; for all 4,5 € {1,...,d}, where g;; = (e;, e;) is
the scalar product between the basis vectors e; and e;.

Let 29 € 0 and fix a small neighborhood U of z in R%. Let Uy := U N 9, which is a
neighborhood of xg in 052, and consider a local coordinate chart for 02 at zq, i.e., a couple
(Uo, ), where p: Uy — Vo =: p(Up) € R is a C*9-diffeomorphism. We write p(z) =
(01 (z),...,0%1(z)) and call the 6"s the local coordinates on O around zo. Up to reducing
the neighborhood U, one can assume that U is a tubular neighborhood of 0f2, that is, U =
{z+tn(z):0<t<ec, zeX C N} for some ¢ > 0, some portion of the boundary ¥ C 9 and
where n(x) stands for the inward pointing unit normal to 02 at .

We can express the Euclidean metric g in any new coordinate system %’ (and where we let 8‘;

be the associated dual vector field) using the following change of variable formula for all z € R?
Oxr Ox 4Ok ok
9ij(x) = <z,> = Z i O
oyt dyl ft oyt Oyl
In our proof we will use the so-called normal geodesic coordinates which are defined as follows.
For any point = € U, let us denote 7(x) the orthogonal projection (for the Euclidean metric) of

z on 90 and write r(z) = dist(x, Q). We also let (0°(z))2<;<q be the coordinates of 7(x) on
9Q. Our new coordinates are y' = r and y/ = 67(z), j > 2, which define local coordinates in U.

Proposition 2.1. With the above notation, the following statements hold true.

(1) There exists a symmetric matriz g% = [gaiej]2§i7j§d with C™0 coefficients such that the
inverse metric g in the new coordinates (y')1<i<q reads as

1 0
g = O 990 :
(2) There exists ¢ > 0 such that £ g(r,0)§ > c|¢|? for all € € R* and all (r,0) € U.

Proof. Let us prove the two claims separately.

Proof of (1). We are going to prove that g = [gi;]1<;j<a in the coordinates y* assumes the
block-diagonal form, therefore the inverse g = [¢¥/ Ji<ij<d will have the same form. Note that
by definition of n, 7 and r, there holds x = r(z)n(n(x)) + n(x) for any x € U.

We start by proving that g1 = 1. With the notation y' = 7 and (y2,...,y%) = 0, we have to

2
prove ‘W‘ =1 for all (r,0) € V. Observe that, for all h small enough (in order to remain

in the tubular neighborhood), there holds
z(r+ h,0) —x(r,0) = hn(n(r,0)),

therefore 8xé:’9) = n(n(r,0)), which has norm 1.

Let us now prove that, for all ¢ € {2,...,d}, there holds g;; = 0, which is equivalent to

<8%(g;6),n(7r(r,0))> = 0. Let (ei)2<i<a be the Euclidean basis of R, Let k > 2 and n =

(0,...,0,m,0,...,0). We can therefore write

2(r,0 +n) = n(r,0 + 1) +(r,0 +n) = n(r,0 +n) + o~ (' + Sane)es),
so that, using Taylor’s formula at order one, we find
w(r,0 +n) = x(r,0) = ndpen(r, ) + ey (0~ 1)(0"es) + O ().

Differentiating the equality |n(r, «9{)|2 =1 in 0%, we see that dyn(r,d) is orthogonal to n(r,®).
Finally, we observe that 9y, (¢~ 1)(#%;) is also orthogonal to n(r, ), therefore completing the proof
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of the claim. Note that ggg is a matrix whose coefficients are functions of Vz(r, ), therefore are
C19 as well as their inverse, i.c., g% = (ggg) ™+ € C19.

Proof of (2). Let us observe that, since g is block-diagonal, it is enough to prove that
nT g% (r,0)n > cjn|? for all n € R,

Letting J denote the Jacobian of p: U — V C R%!, we have ¢%? = JTJ, so that we only need
to explain why 17 ¢%(r,0)n = |Jn|> > ¢ > 0 when || = 1. But the latter property readily
follows since J is invertible at every (r,6) € V' and the unitary sphere is a compact set. O

We can write the Laplacian in the new coordinates as
- ij 1 ij
— Ap = —(det(9))/?; ((detl(9))*g0jp) = —70:(Cg " 9p). (2.1)

where G(r,0) = +/det g(r, 0) and 9; denote the derivatives in the new coordinates r, . Moreover,
in the new local coordinates system, the boundary condition u-n = 0 on 952 reads as u”(0,6) = 0
for all # and, similarly, the boundary condition d,p = 0 on 9% is equivalent to 9,p(0,6) = 0.
Finally, for a vector field F' = F'e’ there holds

div F = (det g)'/20; (F'(det g)'/?), (2.2)
from which we get

divdiv(u ® u) = (det 9)71/28% ((det g)1/2uiuj> = é@fj (Guiuj> . (2.3)

2.2. Littlewood—Paley analysis, Holder and Holder—Zygmund spaces. We introduce a
smooth Littlewood—Paley partition of the unity

1= Z Py ()
Ne2N

as follows. Let ¢ be some smooth bump function which is non-negative, radially symmetric,
supported on {|¢{| < 2} and such that p(§) = 1 for all |¢] < 1. We let P1(§) = ¢(&) and
Pn(¢) = o(N71) —p(2N71¢) for all N > 2. Therefore Py is supported on |[¢| ~ N. Let u € S’
be a tempered distribution. For all dyadic integers N € 2N we define

uy = Ppyu = .7-"_1(PN) * U,

which is just an(€) = Py (£)a(€) on the Fourier side. Because the Fourier transform of uy is
compactly supported, uy is smooth. Also, due to the partition of unity property, there holds

u = Z UN-
Ne2X
Let us also denote
U<N = Z upy  and  usy = Z UM,
M<N M>N

where the summation is on dyadic M € 2N. In this article, when a summation is taken on
capitalized letters, it is always assumed that the summation is on dyadic integers only. For a
much more extensive presentation, we refer the reader to [1].

Using the frequency localization of uy and Young’s inequality, one can infer the following
very useful estimates that we shall constantly use in Section 5.

Theorem 2.2 (Bernstein’s Theorem [21, Appendix A]). Let s € R and p,q € [1,00] such that
p < q. Then, the following hold:

1_1
(i) Junllze S NG uyl|o;

~
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(i) ||IVIPun||e ~ N*[lun|lee if N > 2 and |[|[V[*ui||re < |Juil|pee, where |V|® is the Fourier
multiplier |£|%;
(iti) flu<nllze S llulle and lu>nllze S llullze.
In the latter inequalities, the implicit constants depend on d, p, q and s but not on N.

The definition of the smooth truncation Py implies that PyPjy; = 0, unless iM < N <4M,
which we abbreviate as N ~ M. We also write N > M when N > 8M.

If N > M, then uyvys has frequency in {N — M < [{| < N + M}. In the case N ~ M,
this means that uywvys is frequency supported in {|¢| < N}, so that Pg(unvas) = 0 unless
K < N. The other interesting case is when N > M, in which case uyvys is frequency localized
in {|{| ~ N}, so that Pg(unvpr) = 0 unless K ~ N. These considerations will be frequently
used in Section 5. We shall also repeatedly use the following simple facts about dyadic sums

> 1Zlog(N), Y M°PSN® and Y M °SN P
M<N M<N M>N

for any s > 0, where the implicit constants in the last two estimates might also depend on s.

We now recall some basic facts about Holder—Zygmund spaces. For a more detailed account,
we refer to [22]. For s € R, we define

[ulleg = sup N*|lun||re, (2.4)
Ne2N

which is nothing but the Besov norm |[u||gs, . It is well known that C*(RY) = C2(R?%) whenever

s € RT \ N, where C*(R%) denotes the usual space of s-Hélder continuous functions, while
C*(R?) ¢ C2(R?) with strict inclusion if s € N, see [22, Appendix A] for instance.

Let us also recall the following useful facts about the borderline case s = 1.

Proposition 2.3. The space CL(R?) is the classical Zygmund space, and the norm (2.4) is
equivalent to

h —h)—2
ull ey + sup  sup LAZFR Fule =) = 2ul@)] (2.5)

2R heRd, h#£0 ||
Moreover, CH(RY) C Lipjog(RY) with continuous embedding, where Lipiog(R?) denotes the space
of functions such that

u(z) — u(y)|
|| 4y = ||u||poc(rd) + Sup < 00. (2.6
H HL Plog (R%) H HL (R4) 2 yeRd ‘l’ _ y‘ (1 ¥ llog ‘x — y”) )

T#y
Proof. For (2.5), we refer to [22, Appendix A]. To prove the embedding, define w(h) = (u(z +
h) —u(x))/|h| for h # 0. Since u € C}(R?), we have

‘w(h)—w(Z)’ _ ‘u(:c+h)+u(|xh)|—2u (:C-F%)‘

from which we deduce

< Cllullc1rays

jw(2*h) — w(2*h)| < Cllullcrgey, Yk > 0.

The constant C' > 0 may vary from line to line in the next computations, but it is important
that it will be always independent on h and k.

Choose ko € N such that e*0|h| ~ 1 and add the previous inequality for all 0 < k < kg, getting
[w(2*h) —w(h)| < koCllullcy@ey < Cllullcrga log|hl]-
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Thus we finally achieve

[w(R)| < [w(2* )] + [w(2*h) — w(h)| < 277 |[ul| oo ey + Cllull ot ray [log ||

< C (Jfull o ey + llullca ey ) (1 + log )

which, in terms of u, reads as
[u(@ + k) = u(@)| < C (I[ull goo ey + lullc e ) 1Bl (1 + log [R]])
yielding the claimed embedding. ]

We can use the equivalent norm (2.5) to naturally define the Zygmund space C} on any
bounded domain €2 by setting

lu(z 4+ h) +u(x —h) — 2u(w)\

w1y = v Loy + sup 2.7
lullcr o) = llulle (o) S 7] (2.7)
ho£0
Also the Lipjog norm (2.6) extends to any bounded domain by setting
u(z) —u(y)|
[l Lipog(2) = lull Lo (@) + sup < 00. (2.8)
proe(® @ eugale =yl 1+ llogle — 1)
a7y

Remark 2.4. Note that the function u: [—1,1] — R given by u(z) = —|z|log|z|, satisfies u €
Lipiog([~1,1]) \ C1([~1,1]), proving that C;([~1,1]) & Lipiog([~1,1]).

Finally, as it has been first observed by J. M. Bony [5], we recall that the product of a
distribution in C”(R?) for r» < 0 with a function in C¢(R%) defines a distribution if s + r > 0,
see [14, Lemma 2.1] for instance.

Lemma 2.5 (Product of distributions). Let s,r € R be such that r <0 < s andr+s > 0. If
u € Cl and v € C, then uwv € C7, with

||uv] vlles. (2.9)

Notice that defining the product of two distributions is not trivial, and indeed it involves a
Bony decomposition together with paradifferential calculus. However, we remark that we are
going to use Lemma 2.5 on products of bounded and continuous functions, thus in this case uv
is trivially defined and the estimate (2.9) becomes an easy exercise in Littlewood—Paley analysis.

or < luller

2.3. Pseudodifferential operators and symbols. In what follows we introduce the pseudo-
differential formalism from [24]. We will repeatedly use the notation (£) := /1 + [¢]?.

Definition 2.6 (Classes of symbols). Let m € R and ¢ € [0, 1]. A symbol a € C2% is in ST if
080 a(x,€)| < Cla, B) ()™ 1+IPl,
We let S™ := STy be the space of classical symbols of order m.
When dealing with limited regularity in the variable x, one has the following generalization.

Definition 2.7 (Class C{ST%). A symbol a with regularity Cf in z is in the class C7ST% when
|ogat. )], < Cls)igymteisss

Cﬁ
Definition 2.8 (Quantization of a symbol a). Let a € C] 1’5 The quantization of a is the
operator Op(a) : S — S defined for every u € S by

Op(@u(e) = [ | € a(a,uly) dedy = [ K(x,y)uy)d.
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where K(x’y) = Ad ei§~(z—y)a(:p7§) dg

This quantization is such that for example when a(x, ) = ib(x)& then
Op(a)u(x) = b(z)dku(x).
Other quantizations exist, but this one (which is the classical one) fits to our problem.

It is well-known that operators in the class Op(S™) enjoy good continuity bounds in W*P or
C; spaces, as known from the more general Calderén—Vaillancourt Theorem.

Theorem 2.9 ([24, Chapter 13, Proposition 8.6]). Let m € R, 6 € [0,1) and a € ST Then,
for any s € R, there holds
Op(a) : CT™ — %,

Operators associated to symbols in the class ST enjoy nice composition properties.

Theorem 2.10 ([23, Chapter 7, Proposition 3.3]). Let A = Op(a) and B = Op(b) two pseu-
dodifferential operators with symbols a € S{’:‘(g and b € Sﬁé, for some n,m € R and § € [0,1).
Then, the composition C = Ao B is a pseudodifferential operator C' = Op(c), where ¢ € Singr"
Moreover, for any integer N > 0, it holds 7

iled e (1—
c(@,6) = Y —roala,©)9b(x,€) € syy TN,
la|l<N

We will need to invert elliptic operators. In our context we will use the following definition
of elliptic operators.

Definition 2.11 (Elliptic symbol on a compact set). We say that a symbol a € S{’fé is elliptic
on a compact set K C R? if there exists R > 0 and ¢ > 0 such that, for all || > R and all
x € K, there holds

la(z, &) = ()™
With this definition, an elliptic operator can be (locally) inverted modulo smooth functions.

Theorem 2.12 (Elliptic operators inversion, [22, Section 0.4]). Let m > 0 and § € [0,1) and
let A € Op( ﬂ;) be an elliptic operator on a compact set K. Then, there exist B € Op(Sig”)

and C € Op(Sig(lfé)) such that
BoA=Op(x() +C,
for some localization function x supported in K

Proof. We provide a proof for the sake of completeness. Note that this result is a variant of the
usual proof of inversion of elliptic operators modulo smooth functions [23, Chapter 7.4].

We seek an operator B = Op(b), where b = b_;, +b_,_(1_s) for some b_,,,_(1_5) € S;gnf(l*a)
to be found. The first term b_,, is actually easy to identify. In order to write it, let us introduce
some cutoff function x supported in K. Also, let ¥ be a cutoff function which takes values 1 for
|€] > 2R and which is 0 for |£| < R. Let us set

x(@)¥(§)
b_ =7l >
nla ) = XPES,
which, thanks to our assumptions on a and the chain rule, is a symbol in S;§". Observe that
bom(z,8)a(x, &) = x(z)1 (), so Theorem 2.10 applied for N =1 to Op(b_,,) and Op(a) gives

Op(b—m) o Op(a) = Op(x(2)¥(§)) + Op(iVeb—_p, - Vza) + Co,
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where Cy € Op (S;g(l_é)).
Now observe that, again by applying Theorem 2.10 to Op(b_,,—_(1—5)) © Op(a), there exists

C1€0Op (S;g(l_é)) such that

Op(b) 0 Op(a) = Op(x(2)¥(£)) + Op(iVeb—r - Vza) + Co + Op(b_m—-s)a) + Ci
= Op(x(2)¥(£)) + Co + Cn,

provided that we take b_,,_(1_s) == —gVib_m - Vza, which is a symbol in Sl_gn

Let us finally observe that x(z)¥(€) = x(z) + x(z)(¥(§) — 1) and that co = x(z)((§) — 1)
belongs to any S M class (M > 0). We can thus write

Op(b) © Op(a) = Op(x(z)) + C,
where C'= Cy + C1 4+ Op(cz2) as wanted. O

—(1-96)

2.4. Reduction to smooth functions. Since it will be very convenient to work with a C1(Q)
vector field u, and thus to justify all our computations in the classical sense, let us consider wu.,
the smooth regularization of u given by [10, Lemma 2.1 and Remark 2.3|, that we recall here

Lemma 2.13 (Velocity approximation). Let d > 2 and let @ C R? be a bounded and simply
connected domain of class C*?, for some § > 0. Let v € (0,1) and let u € C7() be such that
divu = 0 and u - nlpg = 0. Then, there exists a family (u:)esq C C®(Q) N CH(Q) such that
ue — u in C°(Q) as e — 0%, divue = 0 and u. - nlpg = 0 for all ¢ > 0, and

sup [[ue |l v ) < Cllullev (o)
e>0
for some constant C > 0.
The proof of Theorem 1.1 relies on the following

Theorem 2.14. Let v € (0, %] and § > 0. Let Q C R? be a simply connected bounded domain in
the class C*0. Let u € C1°(Q) N C®(Q) be a divergence-free vector field such that u - nlsq = 0.
Then, letting B = min{~y,d}, there exists a unique zero-average solution p € C*5(Q) to (1.2)
such that

Ipllezv gy < € (Iullzs @) + Pl ) (2.10)
for some constant C > 0 which depending on ) and v only.

Thanks to the above result, the proof of Theorem 1.1 follows by standard tools in analysis.
We give the details for the reader’s convenience.

Proof of Theorem 1.1. We divide the proof in two steps: we first eliminate the term ||p||ze(q)
from the right-hand side of (2.10), and then we show how such a quantitative continuity estimate
leads to the existence of solutions to (1.2) for any u € C7(§2) not necessarily smooth.

Step 1. We prove that, if u € C12(Q) N C>®(Q), then the unique zero-average solution p
of (1.2) (which always exists thanks to Theorem 2.14) enjoys

[Pl e+ < CllulZ oy, (2.11)

Indeed, suppose that (2.11) does not hold. Then, for all £ € N, we can find a divergence-free
vector field u; and a scalar function pj solving

—Ap = divdiv(up ® ug) in Q
{ Onpr, = UpQui:Vn on 052,
with [, pr = 0 and
1= ||pk||CfW(Q) > kHUkH%’v(Q)'
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In particular, u; — 0 in C7(£2), which, by passing to the limit in the weak formulation (1.4),
implies that the uniform limit of (pg)x, say ¢, (which we can always suppose to exist by Arzela—
Ascoli and up to a subsequence) solves

—Aqg = 0 inQ
Ong = 0 on 9N.

Being g average-free, we get ¢ = 0, which contradicts (2.10), since

1= [Iprll g2y < € (lunlla) + Pkl () = -
Thus, the validity of (2.11) follows.

Step 2. Let u be as in the statement of Theorem 1.1. We wish to prove the existence of
a unique solution p such that (1.7) holds true. Let u. be the regular approximation given by
Lemma 2.13 and let p® the unique zero-average solution (which exists by Theorem 2.14) of

—Ap* = divdiv(u: @ us) in
Onp® = u:Que:Vn on 0.
By (2.11) and Lemma 2.13, we get
||p€||cf“/(9) < C”Ua”?]v(g) < CH“H%’V(Q)-

Thus (p°)e is a bounded sequence in CEV(Q). In particular, by Arzelda—Ascoli Theorem, up to
a (non-relabeled) subsequence, we can suppose that there exists p € CEA’(Q) such that

[pde=0. 5 5pinC°@) and [pleg < Clulls )

Since ue — u in C°(€2), by the weak formulation (1.4) we deduce that p (weakly) solves (1.2).
To prove the uniqueness of p, suppose p; and ps are two zero-average solutions of (1.2). Then

—A(py—p2) = 0 inQ
On(p1 —p2) = 0 on 09,

which, together with the constraint [, p1 = [, p2 = 0, gives p1 = ps. O

Thus, from now on, since the main goal is to prove Theorem 2.14, we always work with
u,p € CH4(Q) N C>(Q). Moreover, note that the continuity estimate (2.10) is the only thing
that needs to be proven, since the existence (and the uniqueness) of the solution p is a direct
consequence of standard Elliptic Theory (see [13,25] for instance). Indeed, since 9Q € C2°
implies Vn € C°(092), one has

divdiv(u @ u) = duldju’ € C°(Q), u®u:Vnc cmin{dnt(pQ),

together with the compatibility condition

/ divdiv(u ® u) = 9;(u'u! )" = /
Q

o0 7]

:—/ URu:Vn,
o

which ensures the solvability of (1.2). Thus, from now on, we can forget about the existence
and uniqueness statement and only focus on the estimate (2.10). This, in turn, is a consequence
of Theorem 3.1 and Theorem 4.1 proved in Sections 3 and 4, respectively.

w Qju'n' :/ w0 (u - n) —/ u'u? Ojn’
Q o0N o0N
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3. INTERIOR REGULARITY

In this section we wish to prove the following

Theorem 3.1 (Interior regularity). Let v € (0, 2] and let Q C RY be a bounded and simply
connected domain of class C*9, for some § > 0. Let u € CH(Q) N C®(N) be a divergence-free

vector field such that u - n|sgq = 0. Then, for every Q € , the unique zero-average solution
p € CYA(Q) of (1.2), where B =min{4,~}, enjoys

1Pl @) < € (Il + Il (3.1)

for some constant C > 0 depending on Q, Q and ~ only.

Being the previous theorem a purely interior regularity result, in the case v < % it does not
contain anything new with respect to the double regularity established in [6,15] in the whole
space, since one can simply localize the equation (1.2) strictly inside © and then extending it to
R, However since Theorem 3.1 additionally provides the new estimate in the borderline case
N =z (Whlch was left open in [6,15]), we are going to give a detailed proof in the whole range
v < 3, noticing that the borderline case v = % does not require any different argument with
respect to case v < %

Proof. Let u be as in the statement. Extend it to the whole space (see for instance [16, Sec-
tion 5]), getting a divergence-free vector field % € C}(R%) such that

[tllov rey < Cllullcrway- (3.2)
Define ¢ to be the unique bounded solution, decaying at infinity, of
—Ag =divdiv(z ® @) in R%

Then p — ¢ is harmonic in 2 and thus we can estimate it, for every v < % and every Qe Q, as

1= dll gz @) < Cllp = dllen ) < Cllp = allze@ < € (Il + 19l =ga))
from which we infer that
1Pl g @y < P = all gy + lall gz gy < € (HpHLoo + IIchgv(Rd)) :
Moreover, by Theorem 3.2 below, and also using (3.2), we have
<112 2
lallczrray < Cllallgygay < Cllullcn ray
for some constant C' > 0 depending on ~y. This concludes the proof. O

The following theorem provides the full double regularity of the pressure in the whole space, for
all 2y < 1, thus both extending the results [6,15] to the borderline case v = % and also improving
to C1(R?) the Liplog(Rd) regularity obtained in [8]. By straightforward modifications, the very
same result holds on the periodic setting of the torus T<.

Theorem 3.2 (Double regularity on RY). Let v € (0,1] and v € CJ(R?) be a compactly sup-
ported divergence-free vector field. Then, there exists a unique solution decaying at infinity of

—Aq =divdiv(v ®@v) in R?
satisfying
Il e ey < CllollZ - (3.3)
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Proof. Uniqueness is trivial. To prove the existence, one can simply regularize the vector filed
v as v, € C°(R?) and then looking for the corresponding solution ¢°. By smoothness of the
right-hand side, there exists ¢° € C™(R?) solving —Aq® = divdiv(v. ® v.). Since, for all £ > 0,

[vellor ey < llvllevrays

it is then enough to prove the continuity estimate (3.3) for ¢ and v., from which one can then
obtain a solution g by Ascoli-Arzeld Theorem, up to a subsequence. To lighten the notation we
simply write ¢ and v in place of ¢° and wv..

The global double regularity (3.3) follows by a Littlewood—Paley analysis. We believe that
the following computations also give a clearer intuition on why one should expect that the very
same double regularity can still be derived in our more general case of (4.7). We refer the reader
to [15], where the Littlewood—Paley formalism has been indeed used to prove the double pressure
regularity for the first time, for every 0 < 2v < 1.

Let us write ¢ = P1g+P~1¢q, where P stands for the first Littlewood—Paley smooth truncation
on frequencies |{| < 1. We refer to Section 2.2 for the notation and the basic facts on Littlewood—
Paley calculus. The reason for distinguishing between high and low frequencies is that the high-
frequency part of the Laplacian is invertible. More precisely, recall that P~1(§) = 1 — x(§) for
some smooth function compactly function x which equals 1 in a neighborhood of 0. The symbol

1 —x(§)

afg) = ——— X&)
€2
belongs to the class S~2 and therefore A_s := Op(a(£)) € Op(S~2) is a good candidate for the
inverse of —A on high frequencies. We indeed have A_5o0(—A) = P+, this equality being exact
because the two operators are Fourier multipliers. Therefore, we can write
P>1q = A_Qafj(vivj).
Let us use a Littlewood—Paley decomposition for v as
v= Y
Me2N
so that we can write ' _ _
') = Z Vi vk + Z (Vv + Vivl)-
M~K M<K

Since the v%; are smooth and divergence-free (note that the Littlewood-Paley truncation Py
commutes with the divergence, as they are both Fourier multipliers), we have

Bz-zj (v}(fuj ) = @v%@ivﬁ/j,
which we use on the >, x terms to obtain
Poig= Y A Wivk)+ Y A (9050w, + duidivk)
M~K M<K

Finally, since P is a Fourier multiplier, and so commutes with A_s and 8%-, for N > 2 we have

qN = Z A_gf)ijN(vfwv}() + Z A_QPN (@vk&vﬁw + @v}wdv}() = 1+J
M~K M<K

Estimation of I. First, let us remark that v}hv}; is frequency supported in |§| < max{M, K},
therefore Py (vi,v}) = 0 unless max{M, K} > N. We thus have

I= Z A,gaijN(v}‘V[v%{).
K~MZN
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Now, A,gﬁfj =0Op (—%> € Op(9Y) is a C? — C? continuous 0-order operator. Thus,

€1
w® ¥ |

Mo S Y [Paid)|
M~KZN M~KZN

i 7
UMUKHLOO’

where we used the definition of the CY norm in the last inequality. We now use that v € CJ (R9),
so that [|v][ze S K7||v|l¢, and therefore

Hlco S > M7Eollg £ > M |ullg; S N2 ollg;.

M~KZN MZN

In particular, being I frequency localized at N, and using the definition of the C? norm, the
previous estimate implies

11 s ray S N ™2 J0lln- (3-4)

Notice that, in the estimate of this term, we have been able to double the regularity, because
the frequencies of the two v’s were similar, therefore responsible for the addition of regularities.

Estimation of J. Note that ij%&-vfg is supported in {|¢| ~ K} because M < K, and therefore
P N(ajv}(&'vfw) = 0 unless N ~ K. We combine this remark and the continuity of A_o: C 25
C? (because A_» is a pseudodifferential operator of order —2) to obtain

[Tllco S Z HPN (ajv%&'vgw + 8jv§\43z‘v§<)‘
M<KK~N

-2 i J i J
SN2 Y |oukand, + asndi -
MKK~N

072

By Bernstein’s inequality (see (i) in Theorem 2.2) and the fact that v € CY (R9), we see that
100} Nl oo ety S K70l (aty s0 that

oo SN Y MUK o2y e S N7 ollZo e,
MKK~N

In particular, as before, this implies
171 ety S N 20l - (3.5)

Notice that, in the above estimate, we gained double regularity because the double divergence has
been rewritten as a product of gradients. Without this rewriting, since K > M, all derivatives
should fall on the function localized at ~ K, but with the rewriting we transfer one derivative to
the lowest frequency M, and this derivative is estimated by M (instead of K'), hence the gain.

Combining (3.4) and (3.5) we finally obtain that, for all N > 2, there holds

N lan = < llvl2;- (3.6)

Recall that ¢ = P1q+ P~1q, so we need to estimate P1g. By Sobolev embedding, if s > g, then
2
P19l e gy S IVI"P1all72(ra) = /Rd ‘P1Q(§)’ €7 xj¢1<1 (€) d€

s [Pl 16t ©ds s [ o] ietea ) s

S 10 7 ey S lolleogga)

where in the fourth inequality we have used that —|¢|%q(¢) = §i§jv/iv\j (€), for every £ € RY. This,
together with (3.6), gives (3.3). The proof is thus complete. O
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4. BOUNDARY REGULARITY, PART 1: EXTENDING TO THE WHOLE SPACE
The aim of this section, and of the subsequent Section 5, is to provide a proof of the following

Theorem 4.1 (Local boundary regularity). Let v € (0, %], § >0 and Q C R? be a bounded and
simply connected domain of class C*°. Let u € C0(Q)NC™=() be a divergence-free vector field

such that u - n|pq = 0 and let xy € 0. Then, there exists a ball Br,(xo) such that the unique
zero-average solution p € CYP(Q) of (1.2), where 8 = min{d,~}, enjoys

1Pl (o) < € (IellEn @) + Pl @) (4.1)
for some constant C > 0 depending on v, Ry and Q only.

Note that, by compactness, we can always cover 0f) with a finite number of balls. This
immediately implies that, by patching all the local estimates (4.1),

IPlloz (e < € (lullesay + IPlle@)
for a (possibly larger) constant C' > 0 and some R > 0, where we defined
Op = {x € Q : dist (z,00) > R}
This, together with the interior regularity result of Theorem 3.1, proves Theorem 2.14, from

which we already deduced Theorem 1.1.

Thus, from now on, we only focus on (4.1). To prove such a quantitative local estimate, we use
the normal geodesic coordinates introduced in Proposition 2.1, getting a modified equation in the
new variables. We then extend such equation to the whole space R? and apply pseudodifferential
calculus, together with Littlewood—Paley analysis, in order to prove the desired regularity. In
this Section 4 we focus on the first step, i.e., changing coordinates and extending to the whole
space. Then, in Section 5, we prove the quantitative estimate (4.1).

4.1. Removing the boundary datum. Here we prove that the boundary datum is not the
main obstacle for proving the double regularity of the pressure, but it only represents a com-
patibility condition in order to guarantee that (1.2) admits a solution. Removing the boundary
datum is then useful in order to pass to the normal geodesic coordinates, avoiding some extra
(tedious) terms at the boundary.

Note that, in the result below, u does not need to be divergence-free or tangent to 9f2.

Lemma 4.2. Let Q C R? be of class C*9, for some § > 0. Let v > 0 and u € C7 () be any
vector field. Denote B = min{d,~} and A = ﬁ Joqu®u : Vn. Then, there exists a unique

zero-average 1 € CLP(Q) such that
Ay = A in
{ oY = u®u:Vn on 0,
and, moreover, there exists a constant C' > 0 such that

[¥llcrsy < Cllullz - (4.2)

Proof. Clearly, A € C>®(Q) and v ® u : Vn € C5(9Q). Moreover, the compatibilty condition

/u@u:Vn:/ ﬁnd):/A@Z):\QM
o0N o0N Q

holds true. Thus, by standard elliptic arguments (see [25, Theorem 1.2] for instance), we infer
that there exists a unique ¢ € C*5(Q) such that Jo¥ =0 and

lllcns < € (141 + llu @ u: Vallos ag) + ¥l (o))
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Since
A< ClulZeq  and  u®u: Vnllosen) < Cllulls ).
for some constant C' > 0 depending on €2 only, we achieve

[¥llcra@ < C (Ilellzra) + I¥llz@)

The desired estimate (4.2) then follows by eliminating the term [[¢)|| () from the right-hand
side of the previous estimate. This can be done by exploiting the very same contradiction
argument already used in the proof of Theorem 1.1 above. We omit the details. O
Up to changing p with p — v, we are left with proving double regularity to solutions of
—Ap = divdivlu®u)+ A in Q
( ) (4.3)
Op = 0 on 09,

for some constant A € R guaranteeing the compatibility condition for solving (4.3). More
precisely, Theorem 4.1 is a consequence of the following

Theorem 4.3. Let v € (0, %], § >0 and Q C R be a bounded and simply connected domain of
class C%°. Let u € CH(Q) N C>®(Q) be some divergence-free vector field such that u - nlpq = 0
and let xg € O). Then there exists a ball Br,(xo) such that the unique zero-average solution
p € C%P(Q) of (4.3) with |QA = [yqu®u: Vn, where 3 = min{é, v}, enjoys

I1Pllo2 (s o) < € (IellE@y + IPlie(@)) - (4.4)
for some constant C' > 0 depending on vy, Ry and Q only.

Note that, since u € C*(Q) N C*(Q) is divergence-free and tangent to the boundary (which
in particular gives that 02 is a level set of the scalar function u - n), we have

/ divdiv(u ® u) = / Oj(uiuj)ni = / ujﬁjuini = / uj8j(u ‘n) — / uiujajni
Q o0 o0 o0 o0
:—/ u®u:Vn=—|QA.
o0N

Therefore, the compatibility condition in the Neumann boundary value problem (4.3) is satisfied
and the existence of a solution, say p € C%8 (), unique up to constants, follows by standard
Elliptic Theory. Thus we only have to prove the estimate (4.4).

Even if straightforward, we give a detailed proof on how the previous result implies Theo-
rem 4.1 for the reader’s convenience.

Proof of Theorem 4.1. Let u be as in the statement of Theorem 4.1. Let A = ﬁ Joqu®@u:Vn
and let ¥ the corresponding unique solution of

Ay = A in
Oy = u®u:Vn on 0f)
given by Lemma 4.2, with [, ¢ = 0.

Let ¢ be the unique zero-average solution of (4.3) given by Theorem 4.3. Then p = ¢ + ¢
solves (1.2) and it is also average-free (since both ¢ and v are), which in particular implies its
uniqueness. Moreover, since 2y < 1, by (4.2) and (4.4) we get

IPlle2r (0nBg (wo)) = 19llcz (anBry o)) + 1¥1le2r (0nBrg (w0)

< C (JlullEsoy + gl + ¥l m)
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< C (Il + Pl ey + ¥l )

<C (HUH%’V(Q) + HPHLOC(Q)) ,
where in the third inequality we also used [|q|[zo(q) < [[pll L (@) + [l Lo ()- O

Thus the rest of the paper is devoted to the proof of Theorem 4.3, that is, as already pointed
out, to the proof of the estimate (4.4).

4.2. Straightening of the boundary. We now reduce the proof of (4.4) to the flat-boundary
case by straightening the boundary using the results of Section 2.1.

Let U be a neighborhood of zg € 0£2. We can assume U to be small enough so that, in U N,
we have local geodesic coordinates (r,62,...,0%) = (r,0) € (—rg,r9) x © such that the metric
g% in these coordinates satisfies the properties of Proposition 2.1. Therefore (4.3) (denoting the
solution by p, thus slightly abusing notation) now reads as
—éai (Gg'70;p) = é

with the boundary condition

8% (Guiuj) +A in Q,

orp(0,6) =0 for all § € O,

where G = G(r,0) = \/det g(r,0) € C™0. Pay attention: here u’,u’ refer to u” and ugi, as well

as the partial derivatives 0; stands for 9, and 0y:. Moreover, the condition u-n =0 on U N OS2

reads u”(0,0) = 0. Multiplying the equation in the interior by G leads to
{ -0 (Gg"0;p) = 03 (Guiw!) +GA in QNU

(4.5)
orp(0,0) = 0 for all 0 € ©.

Remark 4.4. Note that the function GA plays a purely compatibility role only. Indeed
IGAllcr0nv) < TAlIGlor @n) < C@Q)lullgo g,

which is a term that can be easily incorporated in all the estimates in Section 5 below, where we
prove the double regularity of the ‘modified’ pressure equation in the local geodesic coordinates.
Thus, from now on, we can forget about such a very regular term and assume that A = 0.

4.3. Extension for negative r. Now we extend the functions for r < 0 as follows: for any r > 0
we let §(—r,0) == g(r,0), " (—r,0) == —u"(r,0), @ (—r,0) = u’(r,0) and p(—r,0) = p(r,0).

Remark 4.5. Note that we evenly extend g and u? because we have no information about their
value at » = 0. On the other hand, we exploit the fact that u"(0,6) = 0 by extending u" oddly.
Similarly, since 0,p(0,60) = 0, we want J,p to be extended oddly, so p should be extended evenly.

Thanks to the boundary conditions satisfied by u, we have the following

Lemma 4.6 (Regularity of the extensions). Outside {r = 0} all the functions above are C*.
Moreover, if Q is a C*° domain, for some & > 0, we have the following global regularities:

(1) p,u € Lip, g and 0,u" € 07979;

(2) 3% € Lip, p;

(3) Ogiti", O’ and Oyip are 6‘29 functions;

(4) 0grg?? € Cfﬂ, for all k,1, 7.
Proof. Since u"(0,6) = 0 and v € C'(Q), then clearly 4 € Lip, g and 0,u" € Cg,e- The same

reasoning applies to p, giving (1). Since Q is a C?? domain, g € C™9, thus all the # components of
its even extension satisfy g% € Lip, g, which gives (2). Moreover, since we are evenly extending g
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in the r variable only, it is also clear that g"i@j (r,-) € Cel % for every fixed r € R and Oy T (,0) €
C? if 6 is fixed. In particular, this gives (4). For the very same reason, also (3) holds true, giving
the C! regularity in the 6 variables. O

Remark 4.7. Tt turns out that (4) will not be used in our analysis, as the Lipschitz regularity of
g is enough. One should however keep in mind that what (4) shows is that the purely Lipschitz
regularity of g is only given by the normal direction, as tangential directions are smoother. This
might be indeed useful in other contexts.

Similarly, G := y/det g is even in r and globally Lipschitz. Therefore, we have the following
Lemma 4.8 (Divergence of the extension). Such extension of u preserves the incompressibility,
i.e., diva = 0, where the divergence is taken in the g metric.

Proof. First, let us compute the divergence at (r,0) for » > 0. In this case, there holds diva =
é&z(éﬁz) = divu(r,d) = 0. Similarly, for » < 0, the parity properties of u give the same result.
Note that this computation is not enough. Indeed, one needs to prove that there is no jump across
{r = 0}, but this is easily checked via Lemma 4.6, since we are taking derivatives of Lipschitz
functions, thus (by Rademacher’s Theorem) not producing any distributional jump. O

Similarly, we need to make sure that —82-(@@’7 0;p) produces no distributional jumps, i.e.,
the distribution —9;(G§"0;p) agrees with its evaluation outside {r = 0}. A standard calculus
exercise shows that it is enough to have GG 9;p € Cg ¢» which we prove in the following

Lemma 4.9 (Laplacian of the extension). For all i = 1,...,d it holds @gijﬁjﬁ € Cfﬂ. Thus
the distribution —0;(G§"0;p) coincides with its values outside {r = 0}.

Proof. Clearly G§"” € C’gg by Lemma 4.6, thus it is enough to check that 9;p € C’,(,),@ for all
j=1,...,d. By Lemma 4.6 we have 0y;p € C,(,{O, for all j # 1. Moreover, since 0,.p is odd in 7
and 0,p(0,60) = 0, we conclude that 9,p € C’Eﬁ. ]

We just need to exclude the possible jumps for the double divergence term.

Lemma 4.10 (Double divergence of the extension). The distributional derivative of order two of
0:;(GU'W) agrees with the function given by the pointwise derivatives computed outside {r = 0},
and this holds for all (r,0) € (—ro,7r0) X ©.

Proof. First, note that Ga'@/ is a Lipschitz function, therefore has no jump across {r = 0}.
Thus, the distributional derivative aj(@ﬂiﬂj ) agrees with its pointwise computation
0;(Gu'a’) = 9;(Gw!)u' + Gl 9;u" = G 9;,

where we used the divergence free condition ﬁj(éz]j ) = 0. As before, we now only need to make
sure that Gﬁj(‘)jﬁi € er,e for all # = 1,...,d. Now observe that, thanks to Lemma 4.6, the
functions 8]-17 are continuous when j > 2 (or, equivalently, all the derivatives that are not in the
r direction), so that when (i, ) € {1,...,d} x {2,...,d} the function G@#/d;4’ is continuous and
has no jumps. Finally, let us deal with the case j = 1. Since @' is uniformly continuous with
@(0,0) = 0 and 9,7’ is bounded and also continuous on {r # 0} (in the case i = 1 even dya' is
continuous by Lemma 4.6), it follows that the function G@'dy4’ is continuous. Therefore there
is no jump of Gu'd,a* across {r = 0} for all i = 1,...,d. This proves our claim. O

Remark 4.11. Lemma 4.10 uses the straightening of the boundary with geodesic coordinates in
an essential way. Indeed, the terms %'0, @’ for i = 1,...,d do not produce distributional jumps
across {r = 0} because @'(0,6) = 0. Also the terms @/ 8;a’ for(i,j) € {1,...,d} x {2,...,d} are
fine thanks to the additional regularity in the tangential direction given by Lemma 4.6.
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Combining the above lemmas (and keeping in mind that, in virtue of Remark 4.4, we can
neglect the constant A) we infer that, on U = (—rg,79) x O, the functions @ and p satisfy

.y (giﬂ'éajﬁ) — (G’a"aﬂ') in U. (4.6)

4.4. Extension to the whole space. Our goal is now to extend the solution p and the right-
hand side datum @ of (4.6) to R%. In order to do so, let 1 be a (non-negative, smooth) localization
function supported in (—rg,79) x © and which equals 1 on Uy := (—19/2,70/2) X ©/2.

Let p == ¢p, @ = 1)@ defined as functions on R%. Also introduce G = ¥G and g¥ = wgi{.
Also, let ¢ be another localization function such that supp ¥ C {¢ = 1} and a third one ¥
supported in {¢) = 1}. In particular, observe that 1)0;1) = 0. Therefore, we can compute

00; (0Gg10;5) = 40, (PG5 (0;05 + v05p) ),

where we used that 19 = 1. Now, because @Zajw = 0, we obtain

00, (¥Gg70;p) = 0 (VGg10;p) ,
so that, finally, using 121/; = 12 and zZaﬂ/? = 0, we obtain

00, (@égijaj@ = 40, (éflij 3]’15) :
Similarly, one can verify that

Jo2 (BGaa) = ot (Gaia ).

so that, in conclusion, the equation satisfied by w and p is

— 00; (Gg0;p) = 0 (VG ). (4.7)

5. BOUNDARY REGULARITY, PART 2: HOLDER REGULARITY IN THE FULL SPACE

We will rewrite (4.7) as a pseudodifferential equation. First, let us change notation a little bit
by writing ¢ instead of )Gg", G instead of )G, ¢ instead of p, @' instead of @’ and 1) instead
of 1. We aim to prove our last result, namely, the C27 estimate on (4.7). More precisely, in this
last section we shall prove that

lallezr gy < € (I1GZ gty + lall o ey ) - (5.1)

Note that, since the change of variables is bi-Lipschitz, the previous estimate for ¢ automatically
translates into (4.4) for a certain ball Bg,(z¢), since we have chosen the cutoff function ¢ such
that ¢ = 1 in an open neighborhood of x.

For sake of clarity, in our new notation, the equation is
—90; (g70;q) = v (Gu'a) . (5.2)
The operator Ej; := giﬂaj is a pseudodifferential operator, Ej; = Op(e1;), where e;; :=
e1i(r,0,€) € CLS! is the symbol defined by
e1i(r,0,€) == g" (r,0)¢.
Let § € (0,1). We define the sharp part of e;; as

40,6 = D gi(r0Pu(©)E, (5.3)

K<MS$
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where g% := Pgg¥ and the summation runs on all M, K € 2V such that K < M°. We also
define the flat part of the symbol e; ; as

6375,1 =€l 61:ju'
Note that eg,i is a symbol of order 1. More precisely, we have the following
Lemma 5.1. Foralli=1,...,d, we have eti’i € 5’1175

Proof. To prove that egﬂ- € 5'117 5» we need to show the convergence of the series in (5.3) in all C¥

spaces (for any non-negative k), with the right bounds. Note that, for any K, g% is a smooth
function, and recall that P (&) is the Littlewood—Paley partition introduced in Section 2.2. Let
a, B be two multi-indices, with |3| = k and set z = (r, ). By the triangle inequality, we have

ogolel (z.0) < Y [00gi ()] |0 P (©)E)|.

K<MS$

Now observe that, by Theorem 2.2, there holds |8£g%(:§)| < KB g e < Kl By direct
computations, as soon as M > 1, one also has the bound

08 Pa (] < (€)1 Ix (M),
where y is some compactly supported function in the annulus {M/4 < || < 4M}. Therefore,

0golel (x,6)] < Y KIPlg)=lely (M),

K<MS$

After a summation in K and M, we hence get

020} (2, )] S D ML) Tlely (M) < (&) Il
M

and the conclusion follows. |

Remark 5.2. With similar computations, one gets 61 5i € 0151 o » therefore justifying its in-
dices. However, since of no use in our proof, we leave the proof of this property to the reader.

Thus, equation (5.2) translates into
—0; (B (0)) = voy (Gu') + o, (B} 5:(a)) -
Our next observation is that the principal part of the operator 10; <E§Z ) is elliptic. In order
to see it, we apply Theorem 2.10 with N = 0, and get 10; (E?z ) = Op(c¢;) where
€i(r,0.€) = Vel ;(r, 0. + h(r.0.6),

and where h € Sl+5. Since 1+ § < 2, the operator Ryy5 := Op(h) can be considered as a
remainder term. Thus, we can further rewrite the equation as

— Eq = 0y (Gﬁiﬂj) +10; (EL;,@-(J) + Ri115(q), (5.4)
where Eg = Op(eg) is the second-order operator associated to the symbol

ef = (r,0) ST gl 0P u(E)EE.

K<M?$

Lemma 5.3. The symbol eg € Si(s is elliptic.
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Proof Since el i €51 1 s and ¢he st o> we immediately see that eg € Si 5- To prove the ellipticity
of 62, let us first observe that the symbol

ea(r, 0,€) == (r,0)g" (r,0)¢'¢’
is elliptic. Indeed, by Proposition 2.1, we have g% (x)&'¢ > ¢[¢|?, for all |¢| > R and x € U, for
some constant ¢ > 0. Since Spt¢ C U, the latter inequality holds for all z in Uy := {¢p = 1},
hence implying that ey is elliptic on Uy with constant c.

In order to prove that eg is elliptic, we only need to prove that, for My large enough and

|€] > My there holds
> g@Pu(©EE > FleP, (5.5)
K<M?

where the summation runs on both K and M.
To obtain (5.5), let us bound

> @Pu©EE| < Y |oi@]|[Pu@)|¢] ¢ < deP S Nlaxlli

K>M? K>M K:K>M§

where we have also used the partition of unity property >, Pa(§) = 1 to get rid of the sum
on M. Now observe that there holds

- -5
> lgrllee <C Y K Y gllor <20My 70 |lgller
K:K>Mg K:K>M¢g

which can be made smaller than 5; for My large enough. Therefore, we get (5.5). [l
Since Eg = Op(eg) is elliptic on Up, we can invert it by using Theorem 2.12. Hence there

exist Eti € Op(Sy, 2) and R_, 2(1-6) € Op(Sy 5 21 5)) such that
Ef 0 Ef = Op(x) + R_51-5); (5.6)

where x is some compactly supported function in Uy such that y = 1 in the open set U;
containing the point zy. First, since 2v < 1 and § < %, we have 2y —2(1 — ) < 0 and therefore,
thanks to Theorem 2.9, we have the continuity property for R_y(;_g), which reads as

I1R—2a-8)(@)llc2r S lldllco < llallzoe- (5.7)

We are going to perform a last change of variable, by introducing v* :== G4’ and a = é € Cl,
so that wafj((;aiaj) = w&izj (av'v?). Note that the divergence-free condition now reads as

v’ = 0. (5.8)
Observe that (5.1) can be rephrased as
lallgzr < € (IIo2s + llallzee ) - (5.9)

In order to obtain (5.9), let us apply —Eﬁ_2 to (5.4). Hence we can write

Xq=— Eﬁ—2 <¢5§j(avivi)) - Eu—2 (d@- (Eg—é,iQ)) - Eﬁ—Q o Riys(q) + R _51-s) (2),

A B R
so we just need to estimate the right-hand side. The term A is the main contribution, whereas
the terms B and R should be thought as remainder terms. We postpone the treatment of A
and B in Section 5.1 and Section 5.2.
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Let us consider the term R. Using the continuity property CH 7% 5 0P of E‘i2 € Op(Sl_j)
given by Theorem 2.9, together with the continuity property (5.7), we can estimate
IRl S IRs(@ g2 + 1R 205 (@l
S Nalezrvss + llalle 5 lal s
where in the third inequality we have used that 2y < 1 and that 4 > 3§ (this last property can

be indeed assumed without any loss of generality, by choosing § > 0 sufficiently small). Now,
by interpolation and Young’s inequality, we can estimate

1— 9 S
Clal s, < Cllall lall 3= < ellllz + @ lal,

for some (possibly large) constant C'(¢) > 0. Therefore (5.9) reduces to
1Al g2 < [loliE (5.10)
and

2

1Bllezr < llall -3 < ellallezr + C(e)llgllzoe. (5.11)
The combination of these inequalities indeed imply a bound of the form
Ixdll ez < 2ellalloz + CE) gl + lollZa)
(for all £ > 0 arbitrarily small), which itself implies (5.9). Indeed, the estimate holds in {y = 1},
and can be obtained (with the same proof) locally around any point in Up. Thus the ||g|| 2+
norm on the right-hand side can be absorbed in the left-hand side by using standard techniques

in elliptic PDEs, see [11, Proof of Theorem 2.16] or [13, Theorem 6.2] for instance.
The goal of the following subsections is to prove the two last estimates (5.10) and (5.11).

5.1. Term A. Let us write
a= Z a; and o' = Z v,
Le2N Ke2N
so that
A= E{Q ( Z wafj (aLv%v%/I)) :
LK,M>1

At this stage, our goal is to apply the same strategy of Section 3. To do so, we use the
double-divergence form when the frequencies of v are similar, K ~ M. This allows us to split
the derivatives and gain the double regularity. Also, when L > max{K, M}, the derivatives 8%
apply to a, which is smoother than v, therefore the double-divergence form also gives us the
double regularity. When L is not the largest frequency and one of the frequencies among K, M
is significantly larger than the other one, the double-divergence form could not achieve double
regularity. Therefore, in this case, we rely on the divergence-free structure of v, which allows to
rewrite the double-divergence as some product of terms of order 1. Indeed, we have

Lemma 5.4. There holds
8%(aLv}(vgw) = 8j(8iaLv%ng) + @um@@ivﬂ/[ + aLajvﬁ(@iv%/[.

Proof. Note that Pk commutes with 9;, as they are both Fourier multipliers. Therefore, since
0;iv" = 0 by (5.8), we obtain J;v} = 0. Using this, we can write

8%(0%1)%(1)%4) = aj(aiaw}(%) +0; (GLU}(@'U%/[)

= 0;(diarvivy,) + Ojarvidivy, + aLdvdivy,,
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where in the last line we used again 8jvﬂ/[ =0. (I

Thanks to the above discussion, we write A = A1 + As, with

Ay =B, >+ Y YO (arvicvy,) = An + Ao
K@ﬁ;{l\{{’M} L>1max{K,M}

and

— 2 i,
Ay = E7, E Y0y (aLvivyy)
K<KM or MK
L<max{K,M}

= Eu_QTZ) Z (8] ((‘)iavava\ﬂ + 8javaK(‘)iv%4 + CLLajv%aﬂ}%J>
K<KM or MK
L<max{K,M}

=: Ag1 + Agp + Aos,
where we also used Lemma 5.4. We are left with estimating A11, A12, As1, Ags and Asg.

As a preliminary remark, let us observe that, by composition of pseudodifferential operators
with smooth symbols (see Theorem 2.10), we recognize that Eﬁ_ﬂ)@?j € Op(S?ﬁ), therefore

continuous C27 — C’fw, thanks to Theorem 2.9.

Estimating A;;. By continuity of Eﬁ_Qwain, we start by estimating

[Anllgzr S Y. avkuy
K~M
L<max{K,M} c
As the sum is symmetrical in ¢ and j, we can assume M > K, therefore K € {M,M }. As

v}, and vﬁ( are frequency supported at similar values M ~ K, U}(vgw is frequency supported in
{|¢] £ M}. Since L < M, then apviv}, is also frequency supported in {|¢| < M}. Therefore,

i g | i,
Py E arvgvy | = E Py(arvivy,),
K~M K~M>N
L<max{K,M} LM

so that

A 2y < sup N2V HaLvi v’ H :
lAullez S sup N¥Y 30 5 flasvieon),..

M>N g=M pp
LM 27

Using a € C! and v € C7, we see that

|azvicvls |, . S LTHEM) ol lal

) 2
cr S LK vl
where we used that K ~ M. Therefore, we finally arrive at

lAnllgzr Ssup D2 > NPLTIM |2y Ssup > NPLTM~2||]2,

ZLM>N =M 3f Nzl >N
LM 27 L>1
Ssup N2 Y~ M7 o||gy S vl
Nzl M>N

proving that A satisfies (5.10).
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Estimating Aj;s. By continuity of Eﬁdw@?-

7> we start by estimating

1A12]lc2r S oo awvivy,
L>1max{K,M} o2

By symmetry of K and M, we can assume M > K. The frequency localization gives

Py Z aLv%ng[ :PN( Z aLv%vgw)jLPN( Z aLv%vgw)

L>Lmax{K,M} L>M>K L~M>K

= Z PN(aLU%Ufg)—F Z PN(aLv%vgw),
LN N<L~M
K<M<L K<M

so that

||A12H027,§]svupN27 Z LMK+ Z L~'"7K—Y ”’UH%W
* 21 *

LN N<L~M
K<M<L K<M
Ssup N[N MY KT+ Y LIS K o)2s
N21 M>1 K>1 L>N K>1

S sup (N1 N7 o205 ol

2
clo
N>1

since 2y — 1 < 0. This proves that Ao satisfies (5.10).

Estimating As;. To estimate Aoy, we use the cht L o¥ continuity of Eﬁ_gi/)aj € Op(Sig).
Since K and M play a symmetrical role, let us assume that K < M (which means K < %), SO

A2l 2 S| D diarvicvl,

K<M
LM 037—1
Now observe that
o -
PN Z c%aLv}{vfw = Z PN<8iaLU}<UM),
KM M~N
LM K,L&KM

and therefore

2v—1 ) i J
||A21H03w S ]SVuZIiN g MZN ‘@aLU}(UMHLOO .
K,.L&M

Since a € Lip, we have ||0jar ||~ < ||0jal|L~ < 1, see Theorem 2.2. Being v € CY, there holds

and we can bound

| 421]lc2r S sup Nl Y. (KM)™T' S Sup N " Hog(N)|[vl1g: < llvllén,

M~N
K,L<M

drarviculy|, . < (KMol

because v — 1 < 0.
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Estimating Ass. To estimate Asg, we use the ch=2 ¥ continuity of ng € Op(Sl_g), SO

||A22||wa < Z djarvdvy, + Z djar v 0vy,
K<M M<K
L<M o2 LK 22

For the first term, we can write

Z ajaLv}(Bivgw < sup N2 ||| 24 Z KM
*

K<M N=>1 K,LLM~N

LM 037*2

< sup N7 Mog(N)[loll2 < lollZa,
N>1

because vy — 1 < 0. To estimate the second term, we observe that

g @am&@w?ﬁ < sup N27_2||UH%Z E |0jar || Lo K~ 7MY
M<K Nzl M<E~N
L<K 22 LK

S sup N~ Mog N|[o2 < [lollo,
N>1

where we used that ||0jar|/re~ S ||0;allr~ < 1, see Theorem 2.2.

Estimating As3. We start by using the cH? o continuity of Eﬁ_Q. Since again K and
M play a symmetrical role, we also assume that K < M. Hence, we can write

[Azsll 2 S| D aLd;viOivl, ,
K<M
LM CE’Y*Z
Therefore, by taking into account the frequency localization, this gives
| A23]l v S sup N2 |lolf2, >0 LKMol
Nzl K<M~N
LM

where we used that 1 —~ > 0.

5.2. Term B. We start by estimating

|5, (0 (B _5:@)) )| ov S > | si(0)|
* =1

o1
By definition of E?_ 5.4 We can write
By 5i(q) = Sooggtiam =Y. gl0am+ Y. 90+ > 9pdiau,
K>M$ Mé<K<M K~M K>M

so that, by frequency localization of the above terms, there holds

PyE] si(a)= Y Py (g70jau) + > P (920 qn) + > P (9705q0)-
MO<K<M K~M>N M<K~N

~
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Thus, by using ||qar|lzee S M‘QVJF%HqHCQ%% and ||g}g”L<x> < K~! (recall that the extended

~

metric is Lipschitz), we obtain

_ _ _ [
1B 5@l Sswp N Mgl o0 | D+ X+ Y | KM
Nzl C. Mi<K<M K~M>N M<K~N
M~N

By 149 148

Ssup (N7F 4 N7 NT2) gl g S lall ooy

Here we used Z K1 < Z K'<M ~% and, in the second summation, we also
MO<K<M K>M$

assumed —2v + % < 0 (this can be clearly ensured by choosing § > 0 sufficiently small).

Remark 5.5. As mentioned in Remark 5.2, E? ;€ Op(C’iSllg‘s) by similar computations. There-
fore, the estimate of the term B can be handled using a geheralization of Theorem 2.9 to non-
smooth symbols, see [24, Chapter 13, Proposition 9.10]. However, we preferred to provide a
proof adapted to our operator in order to keep the proof as self-contained as possible.

6. FINAL COMMENTS AND EXTENSIONS
Let us now conclude our paper with some comments on possible extensions of our results.

6.1. Rougher domains. Essentially, the content of Theorem 1.1 is the validity of the double
regularity estimate (1.7) on domains which are a little more regular than C2. Maybe, the
pseudodifferential approach used in this article might achieve the same regularity on less regular
domains. In the following discussion, we will forget about the approximation procedure (which,
in our case, works on C2" domains only).

Let Q be a C1® domain. Since u®u € C7 and Vn € C*1, it is enough that v +a—1 > 0 to
ensure the well-posedness of the boundary condition as a distribution (see Lemma 2.5). Thus,
in order to have 0,p € C?7~1, together with its compatibility with the boundary condition, we
also need 2y — 1 < min{a — 1,7} = a@ — 1. The combination of these two conditions give the
conjecture for the optimal domain regularity, see Figure 1.

We believe that the pseudodifferential part of the proof should still apply to this situation.
Indeed, the regularity of a € C'* in Section 5.1 and in Section 5.2 is enough for the argument.
Thus, the main difficulty would be to extend the good approximation procedure of Lemma 2.13.

6.2. Extension to Besov velocities. Another interesting extension of Theorem 1.1 would be
to investigate the double regularity in Besov space, i.e., the validity of the estimate

HPHijoo S HUH2B§7-,OC’ (6.1)

for some values of r € [1,00), as r = oo is exactly the case of Theorem 1.1. Indeed, from
the pioneering work of A. Kolmogorov [17], the Besov classes seem the right setting in which
to embed the local structure of turbulent flows. The estimate (6.1) has been indeed recently
proved in [7] in the absence of the boundary, i.e., on T¢ and on R

First, let us mention that as in the previous observation, the pseudodifferential part will work
similarly, with the slight difference that, instead of using continuity estimates of pseudodiffer-
ential operators in C; spaces, one should use the continuity estimates in Besov spaces, i.e.,
Theorem 2.9 in Besov classes, which follows by interpolation between L™ and W*".

Discarding the difficulty of approximation results such as Lemma 2.13, a new problem arises,
that is, the traces on the boundary. Indeed, at a formal level, the trace of u € By, ., at the
S

9r00 - Lherefore, for smooth enough domains (say C3, for example), and

boundary is only in B



FULL DOUBLE HOLDER REGULARITY OF THE PRESSURE 27

[SSIT] —

> 7
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32

FIGURE 1. Double Holder regularity on C domains: blue lines represent what

is proven in Theorem 1.1 for v < %, as well as in [10] when v > . Green lines

represent the conjectured optimal domain regularity.

1
for v > 5~ (to let u ® u be well defined), there holds u ® u : Vn € BJ 2. This is in fact

q1
compatible with 9,p € BEZO e when v < 1+ 2—110, which is the case. So, for example, in the
case r = 3, which is the relevant case in the K41 theory for fully developed turbulence (see [12]
for an extensive description), one should be able to obtain (6.1) for all v > %, thus including

v = % This is in fact the exponent which plays a pivotal role in turbulence theory relating to
the Kolmogorov %-law: an exact result relating the energy dissipation of a solution to its third

order (signed) structure function.
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