PERIODIC PARTITIONS WITH MINIMAL PERIMETER

ANNALISA CESARONI AND MATTEO NOVAGA

ABsTRACT. We show existence of fundamental domains which minimize a general perimeter
functional in a homogeneous metric measure space. In some cases, which include the usual
perimeter in the universal cover of a closed Riemannian manifold, and the fractional perimeter
in R™, we can prove regularity of the minimal domains. As a byproduct of our analysis we
obtain that a countable partition which is minimal for the fractional perimeter is locally
finite and regular, extending a result previously known for the local perimeter. Finally, in
the planar case we provide a detailed description of the fundamental domains which are
minimal for a general anisotropic perimeter.
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1. INTRODUCTION

In this paper we deal with fundamental domains of finite perimeter, for a very general
notion of perimeter functional, in a homogeneous metric measure space (X, u,d) equipped
with a group G of measure-preserving isometries, and we look for fundamental domains with
minimal perimeter, which we call isoperimetric fundamental domains. A typical example of
such space is the universal cover of a closed Riemannian manifold M, with the usual notion
of surface area.

This question of basic interest has been already considered in the literature. In particular,
in [3] the author proved existence and partial regularity of isoperimetric fundamental domains
of a closed Riemannian 3-manifold M, with respect to the classical perimeter functional. If
M is irreducible, i.e. every embedded sphere in M bounds a ball, he also showed existence of

1991 Mathematics Subject Classification. 49Q05 58E12 35R11.
Key words and phrases. Isoperimetric partitions, fractional perimeter, anisotropic perimeter, regularity.
1



2 ANNALISA CESARONI AND MATTEO NOVAGA

a fundamental domain of minimal perimeter among the class of fundamental domains whose
interior is homeomorphic to a ball (the projection on M of the boundary of such domains is
usually called a spine), using the theory of integral varifolds.

In the 2-dimensional case the situation is relatively well understood: every fundamental
domain with least boundary length is homeomorphic to a disk, its boundary consists of geodesic
segments meeting each other at angles of 27/3, and the number of such segments is 6 —6x (M)
(see [3, Section 4] and [22, Theorem 1.2]). The paper [22] also contains a detailed study of
minimal spines, which are critical points of the length functional. Finally, in [17] a similar
isoperimetric problem has been considered in the case of 2-dimensional tori, restricting the
class of domains to centrally symmetric convex sets. In this case the author shows that the
only minimizers are hexagons and parallelograms.

In this paper we deal with the analogous problem in a wider setting with respect to the
previous works, by considering more general ambient spaces and various perimeter function-
als. In particular we allow a notion of perimeter which is sufficiently general to include the
classical local perimeter (isotropic and anisotropic) and the nonlocal perimeter of fractional
type. We provide existence of a fundamental domain of minimal perimeter by exploiting a
procedure based on lower semicontinuity and compactness properties of the perimeter func-
tional, together with a concentration compactness argument. This argument dates back to
Almgren [1] and has been used several times in isoperimetric problems in order to deal with
the possible loss of mass at infinity of minimizing sequences, see for instance [9,12,25] and
references therein. We point out also that, differently from [, 22], these techniques allow us
to obtain existence of minimal fundamental domains without relying on regularity properties
of minimizing sequences.

Let us point out that the existence of an isoperimetric fundamental domain is equivalent to
the existence of a minimal partition of the space X among all partitions which are invariant
with respect to the action of the group G. Exploiting this fact, we then pass to the analysis
of the regularity property of minimal fundamental domains. We reduce first of all to the case
in which either X is the universal covering of a closed Riemannian manifold, and Per is the
perimeter functional on M associated to a given norm (and then lifted to X) or X = R™ with
a group of translations and Per is either the local or the fractional perimeter. First of all we
observe that the minimal partitions among G-periodic partitions are also (A, r)-mininizer of
the perimeter functional for r smaller than the injectivity radius of M (see Definition 2.9 and
Proposition 4.1).

The first regularity result that we prove is the boundedness of every isoperimetric funda-
mental domain D. This property is equivalent to the local finiteness of the G-periodic partition
of X generated by D, see Proposition 2.8. This result, in the case of countable partitions and
classical perimeter, has been obtained in [23] in the context of image segmentation problems
(see also [10,27]). First of all, the local finiteness of every locally minimal conical partition
is proved, by using the Elimination Lemma 4.4, and a dimensional reduction procedure, see
Proposition 4.5. The case of general (A, r)-minimal partitions is obtained by applying a blow-
up procedure, then by showing that the blow-up of a minimal partition is a conical minimal
partition, and finally by concluding again with the Elimination Lemma. To obtain that the
blow-up of a partition is a conical partition, a monotonicity formula is used: this has been
provided for countable partitions and the classical perimeter functional in [23, Lemma 5|,
whereas for finite partitions and the fractional perimeter has been obtained in [9, Theorem
3,10] by passing to the extension problem. In this paper we adapt the previous result also
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to the case of countable partitions. In particular, as a byproduct, we have that countable
partitions which are (A, r)-minimal for the fractional perimeter are locally finite.

Once we get the boundedness of the fundamental domain D, we exploit regularity results
for finite partitions (obtained for the classical perimeter in [23] and for the fractional perimeter
in [9]) concluding that the boundary of D is a smooth hypersurface, up to a nonempty closed
singular set of Hausdorff dimension at most n — 2 (discrete for n = 2). As a byproduct of
this result, we get that actually there exist minimal cones (with more than two phases) for
the fractional perimeter. We recall that the authors in 7] showed that, when the fractional
order of the perimeter is sufficiently close to 1, the planar 3-cone with angles of 27/3 is locally
minimal.

We observe that these arguments do not apply directly to the case of the anisotropic perime-
ter, due to the absence of a monotonicity formula; in particular we cannot prove the bound-
edness of isoperimetric fundamental domains in any dimension, but only in the case of the
plane, see Proposition 5.1. Nevertheless, for sufficiently regular anisotropies (that is uniformly
convex C? anisotropies) we get that the boundary of every isoperimetric fundamental domain
is up to closed singular set of Hausdorff dimension at most n — 2 (discrete for n = 2), a
C1@ hypersurface (or more regular if the anisotropy is more regular). Finally, for the case of
anisotropic homogeneous perimeter in the plane, we show that for strictly convex anisotropies
the only fundamental domains are hexagons and parallelograms, and moreover, that if the
anisotropy is also differentiable then parallelograms cannot be minimizers.

We conclude by mentioning that we do not discuss here the interesting question if the
isoperimetric fundamental domains have interior homeomorphic to a ball, or more generally
if they are contractible. In the case of planar flat torus with the local (possibly anisotropic)
perimeter, the answer is affermative since isoperimetric domains are hexagons or a parallelo-
grams. In the 3-dimensional case, with the usual perimeter, Lord Kelvin proposed in [29] (see
also [19,30]) an explicit candidate which is homeomorphic to a ball, but it is still an open
question whether such candidate is actually a minimizer.

The plan of the paper is the following: in Section 2 we introduce the notion of perimeter,
fundamental domain and G-periodic partition. In Section 3 we prove existence of a minimal
G-periodic partition or, equivalently, of an isoperimetric fundamental domain. In Section 4
we consider the case of X = R™ and G a lattice, that is a discrete subgroup of (R™,+) of
rank n, and we prove partial regularity of minimal partitions when the perimeter functional
is the local perimeter or the fractional perimeter. Eventually, in Section 5 we discuss in detail
the case of the anisotropic perimeter in the plane, showing that a minimal partition is given
by a locally finite Steiner network, and the isoperimetric fundamental domain is a centrally
symmetric convex hexagon or parallelogram.
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2. NOTATION AND SETTING

Let (X,d,u) to be a locally compact complete metric measure space, equipped with a
distance d and a o-finite Radon measure p, with pu(X) > 0. We denote by B(X) the Borel
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o-algebra of X, and by A(X) the class of open subsets of X. Moreover L' (resp. Ll ) will be
the usual Lebesgue space of p-integrable functions over X (resp. p-integrable functions over
compact subsets of X).

Let G be a countable group of isometries of X which preserve the measure p, acting properly
discontinuously on X, i.e. {g € G: gK N K # (} is finite for every compact set K C X.

Definition 2.1 (Fundamental Domain). A fundamental domain of X for the action of G is
a set which contains almost all representatives for the orbits of G and such that the points
whose orbit has more than one representative has measure zero, i.e. a measurable set D C X
such that (gD N D) = 0 for every g € G with g # id, and pu(X \ GD) = 0.

We denote by D the set of all fundamental domains of X.

Lemma 2.2. Let E C X be a measurable set such that u(gE N gE) = 0 for every g, € G
with g # g, and let D be a fundamental domain for the action of G. Then pu(E) < u(D).

Proof. We define E;, = ENgD for g € G. Then u(E \ UgE;) = 0, Usg~'E; C D and
g *E,N g tE;) =0 for g # §. Therefore we have

p(E) = p(Ugg " Ey) ZM ~'E,y) < u(D).

Corollary 2.3. If Dy, Dy are fundamental domains, then pu(D1) = pu(D3).

Corollary 2.4. Let E, D be as in Lemma 2.2. If u(E) = p(D) then E is also a fundamental
domain.

Proof. We have p(E) = u(Ugg tE,) = (D), so that u(D \ (Usg~tE,)) = 0. It follows that
0 = 1(X \ G(Ugg ™' By)) = (X \ G(UyEy)) = (X \ GE).
(Il

Assumption 1. We shall assume that there exists a fundamental domain D C X such that
D is compact and pu(0D) = 0.

It is possible to show (see [25, Lemma Al]) that Assumption 1 is satisfied if X is compactly
generated, that is, there exists a compact set K such that GK = X, or equivalently the
quotient X /G is compact, and if the set of fixed points for G (that is, the set of points z € X
such that there exists g # id, g € G, for which gr = ) has measure 0. If the action of
G is free, that is there are no fixed points, then it is possible to show that there exists a
fundamental domain with x(0D) =0 and ¢;D N g;D = ( for all g; # g;.

Universal covering of Riemannian manifolds. Let M be a closed Riemannian manifold,
with u the associated volume measure, and let X be the universal covering of M, with 7 :
X — M the projection map. Then X is a metric measure space with the Riemannian distance
and the o-finite Radon measure (which we still denote by x) inherited from M.

The projection 7 is a local isometry and, for every p € M, there is a connected neighborhood
U such that 7=1(U) = U;V;, where V; N V; = 0 and each V; is mapped homeomorphically onto
U by 7. We consider the fundamental group 71 (M) of M: this identifies the group G of deck
trasformations (homeomorphisms of X commuting with ) and we have that M ~ X/G. G
is a countable group and acts properly discontinuously on X, and every element in the group
is an isometry which preserves the measure.
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In this case, every fundamental domain of X is a measurable set D C X such that u(D) =

p(r(D)) = p(M), and p(g;D N g;D) = 0 for every g;,9; € G with g; # g;. If D is a
fundamental domain which is homeomorphic to an open ball, we will say that 7(9D) is a
spine of M since M \ w(0D) is homeomorphic to an open ball.
Tori in R™. A simple example is given by the case in which G is discrete subgroup of (R™, +)
with rank n (i.e. a lattice) and M is the n-dimensional torus M = R"/G. So 7 is the standard
projection map R” — R"/G. In the case G = Z", that is it is the group of discrete translations,
M is the standard flat torus T = R"/Z". Every fundamental domain D of M has volume
equal to the absolute value of the determinant of the matrix of any set of generators. Moreover
any fundamental domain gives rise to a G-periodic partition of R", that is R" = Ugeq(D+g),
|D| =m and |(D + g) N (D + h)| =0 for every g,h € G with g # h.

2.1. Perimeters. Following [25], we define a perimeter on X as a functional
Per : B(X) x A(X) — [0, +oc]

satisfying the following properties:

(1) Semicontinuity: Per(D,U) < liminfy, Per(Dy,U), if Dy — D in L} .
(2) Monotonicity: Per(B,U) < Per(B,V)isU C V.

(3) Continuity: Per(B,Uy) — Per(B,U) if Uy — U in L' and Uy C Up,1.

(4) Invariance by the action of G: Per(¢gB, gU) = Per(B,U) for all g € G.

(5) Compactness: if Ey C X satisfy supy, Per(Ey, U) < 400 for some precompact set U,
then up to subsequences E, NU — ENU in L'.

(6) Submodularity: let Ey, Es € B(X), then Per(Ey N E2) + Per(E; U Ey) < Per(E;) +
Per(Es). In particular if E; are such that u(E; N Ej) = 0, for i # j, then Per(U; E;) <
>, Per(E;).

(7) Almost subadditivity:

(a) there exists a function ¢ : R — [0, +00) with ¢(t) — 0 as t — 400 such that, if
Ui NU; =0 for ¢ # j, then
PE‘:I"(E‘7 UzUz) < Zz PGI‘(E, Ul) < Per(E, UzUz) + Zz ,u(Eﬂ Ul) minj# gf)(d(UZ, Uj));
(b) there exists ¢ > 1 such that, if U; NU; = 0 for i # j and pu(X \ U;U;) = 0, then
> ; Per(E,U;) < cPer(F).

(8) Relative isoperimetric inequality: for any bounded open set U with Lipschitz boundary
there exist € > 0 and a nondecreasing function f : [0, +00) — [0, +00), with f(0) =0
and f'(0) = 400, such that

Per(E,U) > f(|[ENU|) VECR" |[ENU|<Le.
Let us provide two relevant examples of perimeter functionals.

2.1.1. Local perimeters.

(1) Let M be a closed Riemannian manifold, with x the associated volume measure, and
X the universal covering of M, with 7w : X — M the projection map and G the group
of deck transformations. We define a continuous function ¢ : TM — [0, +00) which
is convex, positively 1-homogeneous, symmetric and coercive in the second variable.
So the lifting of ¢ to T X defines a G-periodic family of norms, and the anisotropic
perimeter associated to ¢ satisfies our assumptions.

As an example we can take X = R", and G a lattice of R™, that is a discrete subgroup
of (R™, +) of rank n, acting by translation, so that M = R"/G is a n-dimensional torus.
In this case Per is the relative perimeter associated to the given family of norms, that
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is, Per(E) = [, ¢(x,v(x))dH" (z).
Another example is the hyperbolic plane X = H, with its canonical volume measure
i, G any countable Fuchsian group (i.e. a discrete subgroup of isometries of H) acting
properly discontinuously and cocompactly on H, and Per the classical Riemannian
perimeter in H.

(2) Let X = H be the Heisenberg group of topological dimension 3, with p its Haar
measure, and G the discrete Heisenberg group generated by the triangular matrices

1 = 2
0 1 y | forz,y,z € Z. Let X1, Xy be left-invariant vector fields satisfying the
0 0 1

Hoérmander condition, and Per be the sub-Riemannian relative perimeter functional
corresponding to the choice of X; , and Per be the sub-Riemannian perimeter functional
(see for instance [10]).

Notice that the perimeters above satisfy the almost subadditivity property in a strict sense,
i.e. with A =0 and ¢ =1 (we refer to |25, Section 6] for more details).

2.1.2. Nonlocal perimeters. Let X = R", p the Lebesgue measure, G is a lattice (that is a
discrete subgroup of (R™,+) with full rank), and K : R” — R an interaction kernel satisfying
e K(h) = K(—h) for all h € R",
e min(|h|,1)K (k) € L}(R"),
e there exists C' > 0 and s € (0,1) such that K(h) > C|h|™"".
For E C R™ we define the nonlocal perimeter of E as follows:

(1) Per(FE) := / K(z — y)dzdy
EJRM\E
and its localized version, for U C R" open set, as
Per(E,U) := / K(x —y)dzdy + / K(z — y)dzdy
ENU JR\E E\U JU\E

_ ;/UXU(XE@?) — xe5Y)*K (z — y)dzdy + /Uan\U(XE(x) = ()2 K (1 — y)dudy.

The lower semicontinuity with respect to LllOC convergence is a direct consequence of Fatou’s
Lemma. The monotonicity and the continuity property with respect to increasing sequences
of open sets U; are consequences of the definition of the perimeter and of the monotone
convergence theorem. The invariance with respect to the action of the group G (i.e., the
invariance with respect to translations) follows from the definition.

The compactness property has been proved in |18, Theorem 1.2] (see also [1]), in particular
the assumption K ¢ L'(B(0,1)) is necessary to get this result. As for the subadditivity it is
easy to check (see e.g. [12, Lemma 2.4]) that if U; N U; = 0 for i # j, then

Per(E,U;U;) ZPerEU

= —Z/EQU U\EKa:— y)dzdy > — ZZ/mUi/UjK(x—y)da:dy

i#£] i jrifty

—war/ Rydh = — 3 |E O Uo(dy),

R\ Bg, (0 i

\Y
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where we let d; := min;; dist(U;, Uj) and

o(t) :== / K(h)dh.
R™\ B (0)
Moreover if U;U; = R™ and U; N U; = (), then

ZPerEU Z/ Kz —y dwdy—i—/ K(z —y)dzdy
ENU; JR?\E E\U; JU\E

Z/ K(r—y da:dy—I—Z/ K(x — y)dzdy
EnU; JRM\E

U\E

= / K(x — y)dzdy + / / K(x — y)dzdy = 2Per(E).
Eny;U; R”\E E UiUi\E

On the other hand, the submodularity is easily checked since

IA

Per(E, U Ey) + Per(Ey N Ey) = Per(E}) + Per(Es) — 2 / K(x — y)dzdy.
E2\E1 J E1\E>

By applying recursively this formula in the case of a family E;, with E; N E; = (), we get

(2) Per(U; E;) ZPer —22//1(95— Ydady.

i#]
In the special case K (h) = |h|7"® for s € (0, 1), the nonlocal perimeter is usually called
fractional perimeter and has been introduced and studied in [6] (see also [7,9]). As for the
isoperimetric inequality, in |12, Lemma 2.5| it is proved that if U is a bounded open set, then

for every E with |[ENU| < |U|/2, there holds:
Per(E,U) > C|ENU|" .

For general kernels satisfying the assumption that K(h) > C|h|7" %, the same inequality
easily follows.

2.2. Partitions.

Definition 2.5. A partition of X is a collection of measurable subsets {Ej}rer, where I is
either a finite or a countable set of ordered indices, such that

(1) p(Ey) > 0 for all k,
(2) u(ExnEj) =0 for all k # j,
(3) ,u(X \ UkEk) =0.

We introduce the notion of topological boundary of a partition {Ey }xer as
O{Ex}rer := {x € R"| for every p > 0 there exists k € [ s.t. 0 < pu(ExNB(z, p)) < u(B(z,p))}
and the notion of reduced boundary as
O"{Ex}ker := U U O'E; N 8*Ej,
iel j<i
where 0*E; is the reduced boundary of E; (see [20]).
We also recall the definition of conical partitions and blow-up of a partition.

Definition 2.6. A partition {E}}rer is conical (with vertex 0) if rEy, = Ej for every r > 0
and every k € I.
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Definition 2.7. The blow-up of a partition { E }rer at z € R™ and scale € > 0 is the partition

defined as
Ek — T

E,f’s = kel

The regular set of the partition is the set of points © € O{ E} }r such that there exist an open
half-space H C R™ and 4,j € I such that as ¢ — 0, E;"° — H, E;C’E — R™\ H and E,f’e — 0
for k #4,4, in L _(R").

loc
Notice that a fundamental domain D naturally induces the G-periodic partition {Fg}geq,
where £, = gD.

Proposition 2.8. If the fundamental domain D is precompact, then the G-periodic partition
{Eq}gec induced by D is locally finite.

Proof. Let us consider a compact set K. Note that K = UgeggD N K, where H = {g € G :

gDNK # (}. We want to prove that H is finite. Indeed, let us COHSlder the compact set
K := DUK. Since the the group G acts properly discontinuously, we have gi N K # () only
for ¢ in a finite subset G of G. It is immediate to observe that H C G. O

Definition 2.9. We say that a partition {E}} is A-minimal in an open set A C X, for some
A>0,if Y, Per(Ey, A) < 400 and

> Per(Ey, A) < [Per(Fy, A) + Au(ERAFy)],
for every partition {Fj}i of X such that E,AF), € A for all k.

We say that the partition is (A, r)-minimal (see [20]) for some A > 0 and r > 0, if it is
A-minimal in B,(z) for all z € X.

We observe that, for conical partitions, being (A, r)-minimal is equivalent to being (0, c0)-
minimal.
3. EXISTENCE OF MINIMAL (GG-PERIODIC PARTITIONS

Definition 3.1. A fundamental domain is called isoperimetric if it is a solution to the mini-
mization problem

(3) inf{Per(D) | D € D}.

In this section we prove existence of solutions to the isoperimetric problem (3). Notice also
that this is equivalent to find a minimal partition among all possible G-periodic partitions.

Theorem 3.2. There exists an isoperimetric fundamental domain D.

The proof of this theorem is based on two basic tools: the lower semicontinuity of the
perimeter and a concentration compactness lemma.

Definition 3.3. For a sequence g € G we will write that limg g = +o0 if for every finite
subset F' C G, the set {g;, € F'} is finite.

In particular, since G acts properly discontinuously on X, we have that for any K C X
compact and for every N > 0 there exists ky such that d(gx K, K) > N for all k > ky.
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Lemma 3.4 (Semicontinuity). Assume that Ey, C X is a sequence of measurable sets, gfC eqd
such that (gi)™* og, — 400 if j #1i as k — +oo and (i) 'Ey — E'in Ll as k — +oc.
Then

Z Per(E") < hmklnf Per(Ey).

Proof. The proof follows along the same lines as in |25, Theorem 3|, the main difference being
the use of the almost subadditivity instead of subadditivity. Let z € X and let U = B, (), s

by the assumption and the fact that G acts properly discontinuously on X we get that for k
sufficiently large gt U N gkU 0 for i # j, and dist(g.U, giU) — 400 as k — 400, uniformly
in i # j. Using the property of the perimeter functional, we get

limkianer(Ek) > limkianer(Ek,UigzU)

> im inf P % _ 7 . . i j
> limin Z er(Ey, g,U) ;M(EkﬂgkU) min ¢(dist(grU, g.U))
> lim inf Per(Ej, g;U) lim sup pu(Ey, N giU) min ¢(dist(giU, g.U
_Z (Ep, giU) Z sup u(Ej gk)#iqb( (91U, giU))
= thmfPer((gk VLB, U >ZPer (E",U

from which we obtain the thesis by sending r — 400. O

Lemma 3.5 (Concentration compactness). Assume that E, C X is a sequence of measurable
sets, with u(Ey) = m and supy, Per(Ey) < C < 400.

Then there exist a subsequence E}, g,i € G forie I CN and E* C X measurable sets such
that (gi)~' o gl = +oo if j # i as k — 400, (98)"rEy, — E" locally in L' as k — +o00 and

S u(E) =m

Proof. The proof is an adaptation of the proof of Theorem 3.3 in [25].

First of all we consider hj an enumeration of G such that i — u(EjNh} B°) is nonincreasing,
where B° is the interior of a fundamental domain which satisfies Assumption 1 (see condition
(7) in the definition of the perimeter functional). By the compactness property of the perimeter
we have that up to a subsequence (h})"'E; N B° — F' in L' as k — +oo.

Moreover, since p(h{B° N hcho) =0 if i # j, we have that

n —+00
o 1 i O 1 n o
u(Ex MhyB®) < - > u(EpNhjB%) < E#(Ek) = and Y u(BpNhiB°) = u(E) = m
=1 n=1

Recalling condition (7), for every 6 > 0 there exists 1o such that » < §f(r) for all r € [0, no].
Without loss of generality we may choose 19 < &, where ¢ is again as in assumption 7. So, for
every 0 > 0, we have that there exists n = n(1o) for which u(E, NhEB°) <6 f(u(ErNhiB°)),
and p(ERNhEB°) <np < ¢ for all n > n and for all k. In particular by the local isoperimetric
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inequality and the almost subadditivity property we have that

“+o00 “+o0
Ek N hpBe )
E ExNhyB°) E E.Nh}B°

n=n

IN

+o0o
8 f(u(By NhEB°)) < 5ZPer (h)"LEy, B)
+00
< (52 Per(Ey, hy B°) < dcPer(Ey) < dcC.
n=1
Since § > 0 was arbitrary, we get that
+00 '
li E,NhyB°) =0.
L sup ) (Bl NAB") =0

On the other hand, by construction we have that

lim Z,u Ex,NhiB°) =

k%+oo

This is sufficient to conclude that Z:ﬁ w(F™) = m. Indeed, given € > 0 we have that for
n > n(e) and for every k there holds

—a<ZuEkﬂhn ZN (R Ep N B°) <
i=1 i=1
and we conclude by sending k — +oo and then n — +o00 (see also [25, Lemma B1]).

Now, we define an equivalence relation j ~ ¢ if limk_>+oo(h,;)_ o hi is not 400, so equiva-
lently if the subset {(hi)™! o h{c | k € N} C G is finite. Let I be the quotient set, let [i] € I
an equivalence class and denote by i = min{i € [i|]}. We define g} := h* Up to passing
to a subsequence in k, we may assume that for all ¢ € [i], (hi)*1 o h}; is constant = h*. So,
h}: =gio h and by construction (95)tgl, — 400 as k — +o0o. We have that, up to a
subsequence, (gi)'Ey — E'in Li . as k — +oc.

By construction, if i" € [i] we have that

p(EY) = Y (1) By 1 B) = (B 1 ()71 %),
Recalling that BY is a fundamental domain,
p(EY) =Y p(E N (B)7IB) = Y u(FY).
i’ €[i] i’ €]

This implies that >, ; u(E") = m. O

Proof or Theorem 3.2. If Per(D) = 400 for every fundamental domain D in X, then there is
nothing to prove.
Assume that inf{Per(D) | D € D} < +oc0o and let E}, be a sequence of fundamental domains
such that

limkinf Per(E)) = inf{Per(D) | D € D}.
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By Lemma 3.5, for i € I C N there exist g,i € G and E' C X such that (gl,ic)*1 ogi — 4o0 if
j#iask— +oo, (gi) By — E? locally in L' as k — +oc and Y, |E’| = m. Moreover, by
Lemma 3.4 we have that

ZPer(Ei) < limkinf Per(E)) = inf{Per(D) | D € D}.

We claim that u(E° N E7) = 0 for all i # j. Assume by contradiction it is not the case.
Then w(E' N E7) > 0. By L' convergence we have that u((g}) *Ej N (g5) 'Ex) > 0 for
every k sufficiently large, which is in contradiction with the fact that Ej is a fundamental
domain. In the same way we may show that p(E'N gE’) = 0 for all ¢ € G, and then
w(g(U; E") N (U EY)) = 0. ' ' ‘

Finally, the fact that pu(U;E') = m = p(FEj) and the fact that u(g(U;E*) N (UEY)) =0
implies that (X \ G(U;E)) = 0, so that D := U;E’ is a fundamental domain. By the
submodularity property, we then conclude that

Per(D) < ZPer(Ei) < limkinf Per(Ey) = inf{Per(D) | D € D},

which gives that Per(D) = Y. Per(E") = inf{Per(D) | D € D}. O

Remark 3.6. Note that, by the proof of Theorem 3.2, if D is an isoperimetric fundamental
domain with Per(D) < +oo, then D = U;E; with u(E; N E;) = 0 and Per(D) = Y, Per(E?).
Therefore, if Per is a nonlocal perimeter as in (1) we get by (2) that necessarily D = E for
some index 4, and p(E7) = 0 for all j # i.

3.1. Existence of a minimal periodic partition in R™. We restrict now to the case
X =R", with associated Lebesgue measure and euclidean distance, and GG given by a lattice
(that is a discrete subgroup of R™ of full rank). We shall also assume that Per is either the
local isotropic perimeter, or the local anisotropic perimeter induced by a spatially homogeneous
norm or the nonlocal fractional perimeter.

In this setting we may consider a more general isoperimetric problem. In particular we may
allow G to vary in the family G, of lattices with volume m.

First of all we recall the following compactness results for lattices.

Lemma 3.7. Let G}, be a sequence of lattices with fized volume m > 0 for all h. Then, up to
subsequences, G, — G in the Kuratowski sense, where G is either a lattice with volume m or
a closed group which contains a line. In the second case, if Dy is a sequence of fundamental
domain for Gy, it holds Dy, — 0 in Li (R™).

loc

Proof. First of all, by local compactness of Hausdorff metric, there exists a subsequence Gy
and a closed group G such that Gy — G in Kuratowski sense.

We denote by A(G) > 0 the minimum distance in the lattice G, meant as the length of the
shortest nonzero element of G.

If there exists a positive constant § > 0 such that A(Gg) > d > 0 for all k, then by the com-
pactness theorem for lattices due to Mahler |21, Theorem 2| we have that, eventually passing
to a subsequence, G, — G, where G is a lattice with \(G) > §. We recall that there exists

a dimensional constant C), such that every lattice G, G admits a set of generators vlf ok

ren

with TI7_,[v¥| < C,m (see [21, Theorem 1]). From this we deduce that the fundamental do-
mains Dy, = {z = Y 1 t;vk, t; € [0,1)} for G, converges in L'(R") to the corresponding
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fundamental domain D = {x = >""" | t;u;, t; € [0,1)} for G, and this implies that the volume
of G is m.

If, on the other hand, lim sup, A(Gp) = 0, we claim that G contains a line. Indeed, in this
case, G cannot be discrete and then there exists a sequence g; € G converging to some g € G,
with g; # ¢ for all i and such that \Z?:ZI — e, where e is a unitary vector of R”. Fix r € R

(3

and, for all 4, fix z; € Z such that |z;|g; — g| — r| < |gi — g|. Then we have
9i—9
95 — gl

)

2ilgi — g) — el < lgi — gl + I \

so that the line Re lies in the closure of G.

It remains to prove that in this setting |[D| = 0 for every L}, limit of D), fundamental
domains for Gj. First of all we observe that for all compact sets K C R™, and all g € G,
|(D+g)NDNK|=0. Indeed let g, € G}, such that g = limy, gj,: by assumption there holds
that | Dy, + gn N Dp| = 0 and so we conclude recalling that D, N K — D N K. Therefore, since
the line Re lies in G, we get that [(D +te) N DN K| = 0 for all ¢ € R and all compact sets
K C R"™. We claim that this implies |D| = 0.

Assume by contradiction that |D N Br| > 0 for some R > 0. We observe that lim;_,o|D N
(D + te) N Br| = |D + Bg|, which holds immediately a contradiction with the fact that
|(D+te)NnDNK| =0 for all t € R and all compact sets K C R". To prove the claim, first we
observe that if D N B contains an open set U with positive measure, then it is immediate.
Otherwise, let consider a open set U such that |U \ (DN Bg)| < ¢, then |[(UN (U +te)) \ ((D+
te) N D N Br)| < 2e and we conclude by approximation. O

The existence of a minimal fundamental domains among all fundamental domains associated
to lattices of volume m will be a direct consequence of Theorem 3.2 and of Lemma 3.7.

Theorem 3.8. For any given m > 0, problem there exists a lattice G € Gy, and D € Dg such
that

Per(D)=  min  Per(F),
G€Gm, E€Dg

where G, are all lattices of volume m and Dg all the fundamental domains associated to the
lattice G.

4. REGULARITY OF MINIMAL PARTITIONS IN R"

We now consider the particular case X = R", equipped with the Lebsgue measure and
with the Euclidean distance, and we fix G to be a n-dimensional group of translations (i.e. a
lattice) of R™. We shall also assume that Per is either the local anisotropic perimeter, induced
by a G-periodic family of norms ¢ on R™ x R™ (see Paragraph 2.1.1) or the nonlocal fractional
perimeter (see Paragraph 2.1.2).

As above, every fundamental domain D generates a G-periodic partition of R™ into regions
gD for g € G, which have all the same volume.

We recall that A(G) > 0 is the minimum distance in a lattice G: for every p,q € G, there
holds that [p — ¢| > A(G). We observe that, if 2r < A(G), then ¢B,(z) N By(z) = 0 for all
g € G\ {0} and for all z € R™.

In the case Per is the anisotropic perimeter, all the results can be easily extended to the
case when X is the universal covering of a closed Riemannian manifold M (see Example 1 in
Paragraph 2.1.1) and r is smaller than the injectivity radius of M, with respect to the distance
induced by ¢.
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Proposition 4.1. Let D be an isoperimetric fundamental domain. Then D generates a G-
periodic partition of R™ which is (A,r)-minimal for every r < ro < XNG)/2, with A = 0 in
the case of the local perimeter, and A = fR”\Bx(GerO(O) K(h)dh, in the case of the nonlocal
perimeter.

Proof. Let r,7¢ as above and a ball B of radius r < rg, and let {F}4ec be a partition of R"
such that E;AgD € B for all g € G. We now define

D:=|D\J'B) |ulJ Ey.

geG geG

Note that D is also a fundamental domain and so from the minimality of D we get

0 < Per(D)— Per(D) = Per(D,Ugec (g~ ' B)) — Per(D, Ugec:(g~ ' B))
<y [Per(f),gle) — Per(D, g*lB)] +6(AG) —2r) S (DAD) N g B|
geG geqG
= > Per(Ey,B) —Per(¢D, B) + ¢(A(G) — 2r) Y _ |(9DAE,) N B,
geG geqG

where ¢(t) = 0 if Per is an anisotropic perimeter, and

= K(h)dh
o= [ K

if Per is a nonlocal perimeter. O
From now on, let us assume that A(G) = 1, without loss of generality.

4.1. Elimination Lemma and conical partitions.
We provide some preliminary results in order to get the local finiteness of (A,r)-minimal
partitions. First of all we get an a priori estimate on the perimeter of a (A,r)-minimal
partition, then we state an Elimination Lemma, and we apply it, with a dimension reduction
argument, to show that conical partitions are finite.

In all these results we will assume that Per is either the local anisotropic perimeter, or the
fractional s-perimeter induced by the kernel

1

Ks(h) = ThTe

s € (0,1).

Lemma 4.2. Assume that Per is either the local anisotropic perimeter or the fractional perime-
ter. Let (E;)ien be a (A, r)-minimal partition for some r < 3.
Then, there exists Cy > 0 depending on n, s, A such that

Z Per(E; N B,(z)) < Cor® and Z Per(E;, By (x)) < Cor*,

where k =mn — 1 in the case of the local perimeter, and k = n — s in the case of the fractional
perimeter.

Proof. For the local case we refer to [23, Theorem 1| and for the fractional case to |9, Corollary
3.6]. We sketch the proof in the latter case. Let {F;};en be the partition defined as

. [ B1UB(2) ifi=1
VT BN\ By(z) ifi# L
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so that E;AF; C B,(x) for all i. Then, by Proposition 4.1 we get that
(4)  AY i |EiN Br(2)] + A|By(2)| = 28w, 1™ > 37, Per(Ey, Br(x)) — Per(F;, By (z))

= Per(Ey, By(x)) — Per(Ey U Br(a:), By (x)) + ;s Per(E;, B (x)) — Per(E; \ By(x), Br(x)).
Let us denote J(A,B) = [, [ K y)dzdy and B, = B,(x), and we observe that

Per(E1, B,) = Per(E1 NB,) — J(E; N B,, B\ B,) + J(B, \ By, E1 \ B,)

Per(E, U By, B;) J(By,R"\ (E1 U B,)) = Per(B,) — J(B;, E1 \ B;) < Per(B;)

Per(Ey, B,) — Per(E1 U By, B,)
r)

> Per(Ey, B,) — Per(B,)
Per(El, B, ) Pe (E1 UB,B = Per(E1 N Br) — Per(Br) + QJ(BT \ FEi, B \ Br)
> Per(E; N B,) — Per(B,)

and that

Per(E;, B,) = Per(E;NB,)— J(E;N By, E;\ B,)+ J(B, \ E;, E; \ B,)
Per(E;\ B,,B,) = J(B,,E;\B,)
> Per(E;,B.) — Per(E;\ B,,B,) = » Per(E;,B.)—J(B.,UiE;\ B)
i>1 i>1
> ) Per(E;, B,) — Per(B,)

i>1
> Per(E;,B.) — Per(E;\ B,,B,) = » Per(E;nB,)—2J(EiNB, E\B,)
i>1 i>1
> Per(E;N B,) - 2J(B,,U;E; \ B,)
i>1
> ) Per(E;N B,) — 2Per(B,).

i>1

v

Substituting in (4) and recalling that Per(B,) = cor™*® for a constant ¢y depending on n, s,
we get

2Aw,r" > Z Per(E; N By) — 3cor™™° 2Aw,r" > Z Per(E;, By) — 2cor™™*°
7 7

from which we obtain the thesis. OJ

We recall an iteration lemma, whose proof can be easily obtained by induction.

Lemma 4.3 (De Giorgi iteration lemma). Let a € (0,1), M >0, L > 1 and uy a decreasing
sequence of positive numbers such that

1
uk+°‘ < LFMuy, and u < —5——4
MaL o>

then u; — 0.

We now extend to our setting an important result which is known for locally finite partitions
(we refer to [27, Theorem 2.4] and |20, Lemma 30.2| for the proof in the local case, and to
[9, Lemma 3.4 for the fractional case).
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Lemma 4.4 (Elimination Lemma). Assume that Per is either the local anisotropic perimeter
or the fractional perimeter. Let (E;)ien be a (A, r)-minimal partition for somer < 5. Then for
every N > 0 there exist positive constants og > 0 depending on N,n,s, and rg < % depending
on n in the local case and on n,s, A, N in the fractional case such that

if for v < rg there holds | Uisn E; N By (x)| < opr™,  then |Uisn E; N B%(x)| =0.

Proof. We show the result in the case of the fractional perimeter, being the local case a
straightforward adaptation of the proof.

We fix x € R" and N € N, we let V := U;syE; and u(r) := |V N By(x)| for 0 < r < 1/2.
We have to show that if u(r) < or™ then u(r/2) = 0.

For j € {1,...,N} we also let {F}};en be the partition defined as

' E; if it < N and i # j,
F! =< E;U(VNB(z) ifi=yj,
E; \ By(x) if i > N,

so that EZ-AELJ C B, (z) for all i. Then, by Proposition 4.1 we get that
Au(r) > Y Per(Ej, By(x)) — Per(F/, B.(x))
= Per(Ej, B(z)) — Per(F/, B,(z)) + Y _ Per(E;, B(z)) — Per(E; \ By(x), B,())

>N
> Per(Ej, By(x)) — Per(E; U(V N By(x)), Br(z)) + Per(V, B,(x)) — Per(V \ B,.(z), Br(x)),

where we used the submodularity of the perimeter and the fact that

Per(V \ B,(z /V\B( / s ’n+sd:cdy: > Per(E;\ By(x), By(z)).

i>N
Averaging over j € {1,..., N} and arguing exactly as in the proof of [9, Lemma 3.4] we then
obtain that
w'(t)

) Cr= < 8 [

where C7, Cy are positive constants depending only on s and n. Now we choose ry > 0 such

that
()
ry < min —
2" QAN wr

Gy
2

dt + ANu(r),

and we get for all r < g,

ANu(r) < ANu(r) = (wpr™)n < —2u(r)™ 5.

We substitute this inequality in (5) and then integrate (5) between 0 and [ < r, so that we
get

!
(6) /0 () dr < mzl—su@.

(1 — S)Cl % _n(n—s)
= _— 2 52
o0 (802(1 N ’

Let
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T
+ 2k+1 )

N3

and assume that there exists 7 < ¢ such that u(7) < o¢7". Define the sequence ry, :=
and let uy := u(rg). Then, by definition, uy = w(7) and limg up = u (g)
Now we let [ =, in (6), so that

n—s r Tk n—s Tk n—s 202(1 + N) 1— 202(1 —|— N) 1
Uty opre = u(r "dTS/ w(r) w dr < —————-1 ‘up < ———=-T Cuy,
k+1 9k+2 /T‘k+1 ( ) 0 ( ) (1 _ S)Cl k (1 _ S)Cl

which implies that
1_% < 2k+2202(1 + N) 1

uk+1 - (1 — S)Cl EUIC
We now apply Lemma 4.3 to the sequence ug, with a = %, L = 2 and M = i%%, and we
deduce that uy — 0 as & — 400, which gives the thesis. O

Proposition 4.5. Assume that Per is either the local anisotropic perimeter or the fractional
perimeter. Let {E;}icr conical partition, which is (0, 00)-minimal. Then 1 is finite.

Proof. This result is proved for the classical perimeter in [23, Theorem 8|.

Observe that if n = 1, the only conical partition is given by (—o0,0), (0, +00), so it is finite.
Assume that n > 2, and fix B1(0). Assume that the partition {£;} is not finite. Let z¢g € 0B
be such that, possibly passing to a subsequence, there exists x; € 0B, NOE;, with x; — x¢ as
i — +o00. In particular, the partition {F;} is not finite in any ball B,(zg), with r > 0.

We now consider the blow-up at xg at scale > 0 of the partition {E;}, see Definition 2.7.
By the estimate in Lemma 4.2, and by the rescaling properties of the fractional perimeter
and of the local perimeter, we get that Per(E;*,B,) < Cj for every r > 0. So, by the
compactness property of Per, we get that, up to passing to a subsequence, E*° — @Q; as
e — 0, locally in L'(R") and in particular E;°° — Q; as € — 0, in L' (B (x0)).

By semicontinuity properties, see Lemma 3.4, also {Q;} is (0,00)-minimal. We observe
now that if the partition {E;} were not finite, then necessarily, also the partition {Q;} is
not finite. Indeed, if it were not the case, by the L' convergence we could find N > 0
elements of the partition F;, for ¢ = 1,..., N, such that for r > 0 sufficiently small, it holds
| Uisn Ei N By(x0)| < opr™ where oq is as in Elimination Lemma 4.4. Therefore, by the
Elimination Lemma 4.4, we conclude that @Q; = () for i > N, and so also |E; N B(xg,r)| = 0
for i > N, in contradiction with the fact that the conical partition {E;} is not finite at .

Since the partition {E;} is conical, then the partition {Q;} is given by cylinders with a
common direction, so, up to a rotation of coordinates, we may write for all i € I, Q; = C; xR,
for some C; cone of vertex xg. It is easy to check that {C; — z¢} is a (0, 00)-minimal conical
partition in R"~1 (for the fractional setting see [, Proposition 3.11] and [6, Theorem 1.10]).
So, we get a countable (not finite) (0, co)-minimal conical partition in R*~!. By repeating this
argument, we eventually end up at n = 1, contradicting the fact that in R conical partitions
are necessarily finite. O

Remark 4.6. It is an open question which is the maximal number of chambers of a (0, c0)-
minimal conical partition in R™ for n > 1. In the case of the local isotropic perimeter, it is
known that in R2, this number is 3 and in R? this number is 4, as proved by J. Taylor (see

[20,25]).

4.2. Regularity in the case of the local perimeter.

In this section we assume that Per is the local anisotropic perimeter, induced by a G-periodic
norm v + ¢(x,v) on R”, such that ¢? is uniformly convex and ¢? € C?(R™ x R™). We review
well known results about regularity of locally minimal partitions.
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Theorem 4.7. Let {Ex}rer be a partition of R™ with finite perimeter. Then
H" N (0{Er}rer \ 0*{Er}rer) = 0.

Proof. The result is a consequence of the structure of Caccioppoli sets (see |10, Lemma 1.4]
and [26, Proposition 2.1]). O

Theorem 4.8 (C1® regularity). Let D C R" be an isoperimetric fundamental domain. Then
dD is a CY hypersurface, for some a € (0,1), up to a closed singular set ¥ # () with
H LX) = 0.

Proof. Let {E;}ien be the G-periodic partition of R” generated by D. Then by Proposition 4.1
this partition is (0, 7)-minimal for every r < % Fix zg in the reduced boundary of the partition.
Then, up to reordering the indexes, we have that zo € 9*FE1 N J*FEs. So, there exists r > 0
sufficiently small such that | Ujso E; N By (20)| < oor™ where 09 = 0¢(2,n) is as in Lemma 4.4.
Then by Lemma 4.4 we get that in | Ujs2 E; N B, 2(w0)| = 0 and we may apply the classical
regularity theory (see [5]), which gives that 9D N B, 5(70) is a smooth hypersurface with
constant mean curvature, outside a closed singular set of zero (n — 1)-dimensional Hausdorff
measure. g

In the case of the isotropic perimeter, we can recover the result of [3] and extend it to every
dimension.

Theorem 4.9. In the case of the isotropic perimeter, the G- periodic partition generated by
a minimal fundamental domain is locally finite.

In particular every minimal fundamental domain is bounded. Moreover 0D is a C'*° hyper-
surface in R™ up to a closed singular set ¥ # () with H"~1(X) = 0. Finally, if n = 2, then ¥
s a discrete set.

Proof. The local finiteness of a (locally) minimal partition has been proved in |23, Theorem
10]. The main technical part is to show that the blow-up L! limit of a partition is given by
a conical partition. This result is obtained as a consequence of a monotonicity formula, see
[23, Lemma 5|. Once that this result is proved, it is possible to apply Proposition 4.5, which
given the finiteness of any (0, c0)-minimal conical partition. From this, using the Elimination
Lemma 4.4, one concludes the local finiteness of the partition (with the same argument used
in the proof of Proposition 4.5).

This implies the boundedness of the isoperimetric fundamental domain, see Proposition
2.8. Once that the partition is locally finite, we get upper and lower density bounds on the
elements of the partitions and so the standard regularity theory applies (see [20, Theorem
IV.2.1, Theorem IB.2.7]). O

4.3. Regularity in the case of the fractional perimeter.

Let now Per be the fractional perimeter induced by the kernel

1

Ky(h) = DED

s € (0,1).

We shall prove the following analog of Theorem 4.9.

Theorem 4.10. The periodic partition generated by a minimal fundamental domain is locally
finite.
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In particular every minimal fundamental domain is bounded. Moreover OD is a C*° hyper-
surface in R™ up to a closed singular set ¥ # () with H"~Y(X) = 0. Finally, if n = 2, then ¥
s a discrete set.

Proof. As in the local case, the main technical part is to prove that the L' limit of the blow-up
of a locally minimal partition (which exists due to the estimate in Lemma 4.2, and by the
rescaling and compactness properties of the fractional perimeter, see the proof of Proposition
4.5) is given by a conical partition. The fact that the L' limit of the blow-up of a locally
minimal partition is conical is a consequence of a monotonicity formula first obtained for the
extension problem in [0] and then generalized to finite partitions in [9, Theorem 3.10]. The
generalization of this results to the case of countable partitions is straightforward.

As a consequence, it is possible to apply Proposition 4.5, which gives the finiteness of
any (0, 00)-minimal conical partition and then the local finiteness of the initial partition. If
the partition is locally finite, we get upper and lower density bounds on the elements of the
partitions and the regularity theory obtained for finite partitions applies (see [9, Theorem 1.1])
and we get that 9D is a C%® hypersurface in R”, for some « € (0, 1), up to a closed singular
set X # () with H"~1(X) = 0. and that n = 2, then ¥ is a discrete set of points.

Finally in order to pass from C1® to C™ regularity, we need a bootstrap argument. Let D
be a generic fundamental domain, and denote D; = (D — i) N (0,1)" for i € Z". We denote
J(A,B) = [, [5 m, and we observe that, due to the fact that |D N (D + k)| = 0 for

every k € Z™ and that R"™ = Ugezn D + k, there holds for i, j, k € Z",

Per(D) = Y  Ju(Di+i,Dj+i+k)= Z// > ylkwdxdy

i,5,k#£j—1 1,JEL™ D; kezZm™ k#j—1i
. 1
= Z / / Kij(z,y)dxdy with Kjj(z,y) := Z m
1,JEL™ keZ™ k#j—i Yy

Let us fix ¢ € 0*D; N 0*Dj. Then the first variation of Per(D) at z is given by

B XD+k(Y) XD, +k(Y)
mmw—/nz SR Y R ey
keZn k#l—i keZn k#l—j

_ / Z XD;+k(Y) _ Z XDi+k(Y)
n |z — y["ts |z — y[mts

| kezn k#j—i keZn kti—j
XD +k XD () XDy+1— g
* / NP> yws /R | T2 / . —yws
| keZm k#0 kezn k;éO 1,5
by ooyl \ noJr—yl R |7 =yl
XDj+j—i XD;+1—j XD;+l—i
@m_ww+z/m_ws -3 [ e,

1#i,j l#£i,j
If D is an isoperimetric fundamental domain, the equilibrium condition for x € 9*D; N 9*D

reads
H(.Z‘, Dl) = H(.%', DJ)
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Reasoning as in [0, Theorem 5.1| (see also [7, Theorem 2.6]) we get that D satisfies in the
viscosity sense

xp,;(y) — xp,(¥) XD;+j—i(Y) — XD +i—j(Y)
7 / 2 ——dy = f(z,D) := / ! dy
L A P (@) |x—y|n+s
XD;+1— z XDH—Z—j(?J)
d
D R

l#1,5
for all z € 0*D;N0*D;. Note that since i # j, | # 4, j and x € 0*D;NO*D; then |x—y| > 1 for
y € Dj+j—i,Di+i—j, Di+1—i, D;+1—j and then f(-, D) € C*°(B,(x)), where r > 0 is such
that B, (x) does not contain singular points of D. So, we may apply the bootstrap argument
in |3, Theorem 1.6] (see also |7, Theorem 2.6]) to obtain the desired C* regularity. O

We conclude with a straightforward consequence of the previous result, about existence of
fractional minimal cones.

Corollary 4.11. There exists a conical partition of R™ with at least three phases which is
locally minimal for the fractional perimeter.

Proof. Let us reduce to the case of R?. Indeed if {C;};c1 is a locally minimal conical partition
in R?, then {C; x R"~2},¢1 is a locally minimal conical partition in R™ for n > 2.

By Theorem 4.10 every isoperimetric fundamental domain is bounded and smooth, up to
a finite number of singular points. In order to conclude it is sufficient to show that every
isoperimetric fundamental domain D has at least one singular point: if it is the case, the L!
limit of the blow-up of the partition generated by D at one of this singular points is a locally
minimal conical partition with at least three phases.

Assume by contradiction that there exists an isoperimetric fundamental domain D which
has no singular points. Let 0D = U?;lfyi, where each ~; is a Jordan curve and N > 1. So,
D is the union of M < N bounded connected components. For every ¢ = 1,..., N, there
exists an integer translation D + k; of D such that ; € O(D + k;). Let us take the connected
component D; of D with biggest diameter and let ~; its exterior boundary (i.e. the boundary of
the unbounded component of the complement of D;). Then there exists an integer translation
D + k; of D such that v; € (D + k;). But then at least one connected component of D + k;
would have diameter bigger than D;, giving a contradiction. O

5. ANISOTROPIC MINIMAL PARTITIONS OF THE PLANE

In this section we reduce to X = R?, equipped with the Lebesgue measure and with the
Euclidean distance, and we fix G = Z? (but the same discussion applies to any discrete group
of translations). We shall also assume that Per is the anisotropic perimeter induced by a
spatially homogeneous norm ¢ on R?, that is,

Per(F) = (v(z))dH ().
o*E
We will denote by ¢* the dual of ¢, that is ¢*(z) = sup{z -y : ¢(y) < 1}, and Wy = {z €
R?, ¢*(z) < 1} will be the Wulff shape.

Proposition 5.1. Every isoperimetric fundamental domain D is bounded and satisfies
Per(D)

diam(D) < V2 +
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Proof. Let D be an isoperimetric fundamental domain. Since D has finite perimeter, by |2,
Theorem 1] it can be decomposed in a finite or countable family of indecomposable components
(D;); such that |D; N D;| = 0 for i # j, and Per(D) =), Per(D;). Up to choosing a suitable
representative for the components, we can assume that D; N D; = () for ¢ # j, which in turn
implies that
DinN(Dj+2z) =10 for i # j and for z € Z*.

In particular, for all ¢ there exists z; € Z? such that ﬁ, = D; + z; intersects [0,1]2, and
D= Uiﬁi is still an isoperimetric fundamental domain.

By |11, Lemma 2.13| we also have that each component D; is bounded and satisfies
Per(D;) < Per(D)

2 -2 7

diam(D;) = diam(D;) <

which gives that
Per(D Per(D
er(D) NG er(D) .

diam(D) < diam([0, 1)%) + — 2

0

Proposition 5.2. The boundary of an isoperimetric fundamental domain is composed by a
finite number of Lipschitz edges, which minimize the anisotropic length, joining a finite number
of vertices where up to four edges may concur.

Proof. By Proposition 2.8, the Z2-periodic partition induced by D is locally finite. As a
consequence, by |24, Theorem 4.1| such partition is composed by a family of Lipschitz curves
meeting at singular points which are locally finite. Moreover each curve is a Lipschitz graph
locally minimizing the anisotropic length, and at each singular point do concur three or four
curves. ([

Proposition 5.3. Assume that (¢)? is strictly convex. Then every isoperimetric fundamental
domain is either a centrally symmetric convex hexagon or parallelogram.

Proof. Recalling Proposition 5.2, we observe that the boundary of an isoperimetric funda-
mental domain D is composed by a finite number of segments, joining a finite number of
vertices.

We claim that D is a convex polygon. Indeed, letting v be a vertex of D, the periodic
minimal partition induced by D in B, (v), with » > 0 small enough, is given by segments with
one endpoint in v and the other on 9B, (v). The number of such segments is less than or equal
to four, and the number of components of int(D) N B,(v) is one or two. Notice that, if we
replace int(D) N B,(v) with its convex envelope, the perimeter of the partition decreases, it
follows that D N B,(v) is a convex circular sector, and the same applies to the other regions
of the partition. It follows that the number of such regions is three or four, and that D is a
convex polygon, as claimed.

Finally, a classical result by Fedorov [13] gives that a planar fundamental domain which is
also a convex polygon is necessarily a centrally symmetric hexagon or parallelogram. ]

By approximating a general norm with differentiable norms, from Proposition 5.3 we obtain
the following result.

Proposition 5.4. For any norm ¢, there exists an isoperimetric fundamental domain given
by a centrally symmetric convex hexagon or parallelogram.
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Remark 5.5. Even if the isoperimetric fundamental domain in Proposition 5.4 might be
nonunique for a general ¢, if the Wulff shape Wy is a hexagon or a parallelogram which
tessellate the plane, then the only isoperimetric fundamental domain is given by Wy/|Wy|.
This follows from the fact that the Wulff shape is the unique volume-constrained minimizer,
up to translations, of the anisotropic perimeter (see [14,20]).

We conclude by noticing that, under some assumptions on the norm ¢, we can exclude
parallelograms as possible minimizers.

Proposition 5.6. If there ¢? is strictly convex and differentiable, then the only isoperimetric
fundamental domains are hexagons.

Proof. To prove that the isoperimetric fundamental domains are hexagons, it is sufficient to
prove that crosses are not locally minimal for the perimeter (see also [15, Theorem Al).

We show that a cross cannot appear in a minimal partition. We proceed by contradiction,
showing that it is always convenient to replace a quadruple point with two triple points.
Referring to the following figure we show that is more convenient to replace the quadruple
point O (of the dark network) either with the couple of triple points A and O (red and dark
network) or with the couple of triple points D and O (blue and dark network). In particular,
we show by direct computations that it is not possible that both the length of the union of
segments FO U OC' is bigger than the length of the union of segments ED U DO U DC' and
the length of BO U OC' is bigger than the length of OA U AC U AB.

Let us call a the angles BOA = BOC', and let us fix OC = 0B =1and OA=c< 1.

Y

1

Let us denote v; one of the two vectors such that v; - 7; = 0, |v;| = 1. We have that

vi = (0,1)
ve = (—sin2a,cos2q)
1
vy = s (—sin 2, cos 2a + 1)
V1 + 12| 2cosa
1
vy = uv4lc) = csina, 1l — ccos«
(c) \/1+62—2ccoso¢( )
1
vs = u5(c) [(1 — ccosa)ry + csin am)]

- V1+ 2 —2ccosa
where we used the fact that v/2 + 2 cos 2a = 2 cos . For ¢ > 0 sufficiently small we have that
d(va(c)) = ¢(v1) +esinaVeo(vy)-n
d(vs(c)) = ¢(r) + csinaVe(ra) - 1
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Then the perimeter of the curve OA U AC' U AB is given by
Per(OACB) = c(v3) + V1+ 2 —2ccosad(vy) + V1 + 2 — 2ccos ad(vs)

- 2c<§soz¢<u1 +r2) + \/1 + % — 2ccos afp(vy) + (12)]

tesinay/1+ ¢ — 2ccosa[Vo(r) - 71 + Vo) - 7).

Assume that the perimeter of the curve BO U OC' is bigger than the perimeter of the curve
OAU AC U AB: this means that

d(v1) + ¢(ra) = Per(BOC) < Per(OACB)

= 2CCC)SO[¢(V1 +12) + \/1 + 2 — 2ccos alp(v1) + ¢(12)]

tesinay/14 €2 — 2ccosa[Vo (1) - 71 + V(i) - ).

This implies

zeosall ~VIH - 20comal ) 4 gy

< o +1va)+ sin(2a)\/1 + 2 —2ccosalVo(rr) - 11 + Vo(ra) - 1]
and sending ¢ — 0
(8) 2cos? afp(v1) + d(12)] < @(v1 + o) + sin(2a)[Vp(v1) - 11 + V(1) - 12).

Analogously, on the other side, we have (substituting o with 7/2 — «, vo with —vs and 7
with —77).

Per(ODCE) = 5 Sicnacb(—l/l T+ 13) + V14— 2csinafp(r) + ¢(12)]

+ccos a\/l + 2 —2csina[Vo(rr) - (—m1) + Vo(—12) - 12).

Again, reasoning as above, assuming that the perimeter of the curve EO U OC is bigger than
the perimeter of the curve OD U DE U DC and sending ¢ — 0, we get

9) 2sin? ap(v1) + ¢(12)] < ¢(—v1 + 1) — sin(22)[Vé(v1) - 71 + V(1) - o).
Summing up (8) and (9) we obtain

2[p(v1) + d(12)] < O(—v1 + 12) + d(v1 + 1)

which contradicts the strict convexity of ¢. O
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