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Abstract

In this paper we study the problem of parallel transport in the Wasserstein spaces %5(R?).
We show that the parallel transport exists along a class of curves whose velocity field is
sufficiently smooth, and that we call regular. Furthermore, we show that the class of regular
curves is dense in the class of absolutely continuous curves and discuss the problem of parallel
transport along geodesics. Most results are extracted from the PhD thesis [8].

1 Introduction

In the last few years, starting from the seminal papers [14, 4, 12, 9], the geometric and differential
properties of the space P (R?) of probability measures in R? with finite quadratic moments,
endowed with the quadratic optimal transportation distance, have been deeply investigated.
Motivations for this analysis come from PDE’s, Functional Inequalities, Riemannian Geometry.
We refer to [16] for a comprehensive presentation of this wide and continuously expanding
research field.

A complete theory of the first-order differential properties of Z25(R%) has been estabilished
in [1] (starting from the heuristics developed in [14]), without any extra regularity assumption,
either on the measures involved, or on the velocity fields. These results lead to a complete
theory of gradient flows in &5(R?) which extends, as a matter of fact, also to the case when
R is replaced by more general spaces (see for instance [3, 13, 15]), for instance an infinite-
dimensional Hilbert space. We recall the basic facts of the first-order theory in Section 2.

On the other hand, much less is known on the second-order properties of Z25(R?): the only
paper we are aware of is [10], where the parallel transport equation and the curvature tensor of
P (M) are computed, mostly at a formal level, when M is a compact Riemannian manifold; in
Section 7 we borrow some computations of the sectional curvature of %,(R%) from [10].

In this paper, whose content is essentially extracted from Chapter 6 of [8], we focus on some
analytic aspects: we introduce a class of curves p; in &5 (R?) along which the parallel transport of
tangent vectors can be defined. In the case when y; = p.2¢ (£? being the Lebesgue measure),
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the PDE corresponding to the parallel transport of a gradient vector field Vi is, in accordance
with [10],

V- <(8tv(,0t + V2(,Dt . Ut)pt) =0. (11)

Existence and uniqueness for this evolution problem can presumably studied by direct PDE
methods, although difficulties obviously are due to the degeneracy of p;, which results in a
lack of uniform ellipticity. Moreover, additional difficulties appear if one is willing to consider
unbounded densities p;, and even (in the same spirit of the theory in [1]) measures p; that have
a singular part with respect to .#¢. For these reasons, using a suitable Riemannian analogy
described in Section 3, we provide a geometric construction of solutions to (1.1). The advantage
of this construction is that it provides easily the properties that parallel transport should have.
Nevertheless, our construction still requires some regularity condition on the tangent velocity
field to p;. However, we prove in Section 6 that our class of “regular” curves is dense in the class
of all absolutely continuous curves. We discuss also in detail the problem of parallel transport
along geodesics, see Proposition 5.19 for a positive result in the case of “forward” transport, and
Example 5.20 for a counterexample in the case of “backward” transport.

Finally, in Section 7 we introduce the covariant derivative starting from the parallel transport
(in contrast with the usual procedure on manifolds) and explain why this covariant derivative
should be qualified as the Levi-Civita derivative on &2(R%). Finally, we discuss the possibility
of defining a distance in the tangent bundle of %, (R%).

2 First order differentiable calculus in Wasserstein spaces

In this section we recall the main features of the first order differentiable calculus in Wasserstein
spaces. We assume that the reader is already familiar with the basic facts regarding optimal
transportation and Wasserstein distance, and we shall denote by

T(u,v) = {’y e PR RY : (A x RY = p(A), y(R: x B) = V(B)}

the set of admissible plans between u, v € P5(R%), and by T'g(y, v) the set of optimal plans, i.e.

v€lo(p,v) <= y€Tl(p,v)and / = yPdy(z,y) = W3 (p,v).

We shall denote by Id the identity map, and use the notation 7% for the push-forward operator
from #(X) into Z(Y) induced by a Borel map T': X — Y. We also use extensively the short
notation L2 and ||ul|, for L%(11;RY) and [ull £2(me) Tespectively.

Let (E,d) be a metric space. Recall that a curve x; : [0,7] — E is said to be absolutely
continuous if there exists g € L'(0,T) satisfying

d(z(s), (1)) g/ g(r)dr  ¥s, t€[0.T], s <t.

It turns out that for absolutely continuous curves there exists a minimal function g (of course
up to Lebesgue negligible sets) with this property, the so-called metric derivative, given for a.e.



t by (see for instance [1, 1.1.2])

@/I(t) = lim d(z(t m),w(t»

In order to describe the differentiable structure of the Wasserstein space we start with purely
heuristic considerations, as in [14]: the continuity equation

%ut + V- (o) =0 (2.1)
describes the evolution of a time-dependent mass distribution u; under the action of a velocity
field v;. In this perspective Otto suggested to consider the tangent space at pu as —V - (vu),
where v runs in Li; furthermore, since optimal transport maps are gradients, when looking for
“minimal” velocity fields it is natural to restrict the admissible velocities to be gradients only.
Otto suggested to endow the tangent bundle with the metric inherited from Li:

(-5 (), =5 () i= [ (0,0)

We shall consider the tangent space at p directly as a subset of Li, retaining the link with the
continuity equation. The following result, proved in [1, 8.3.1], provides a complete differential
characterization of the class of absolutely continuous curves in the Wasserstein space and makes
rigorous this picture.

Theorem 2.1 Let pi : [0,T] — P2(R%) be an absolutely continuous curve. Then there exists a
velocity field vy € Lit with ||vel|,, € L'(0,T) such that the continuity equation (2.1) holds and

[vellpe < lptl for a.e. t € (0,T). (2.2)
Conversely, if (u,vy) satisfy (2.1) and |v]|,, € L'(0,T), then w is absolutely continuous and
[vellpe = |ptl for a.e. t € (0,T). (2.3)

The previous result shows that, among all velocity fields v; compatible with p; (in the sense
that the continuity equation holds) there exists a distinguished one, of minimal Lit norm. This
vector field is clearly unique (up to a negligible set of times), thanks to the linearity with respect
to vy of the continuity equation and to the strict convexity of the Lit norms.

It turns out that the “optimal” vector field constructed in the proof of the first statement of

Theorem 2.1 satisfies, besides (2.2), also

L2
v €{Vp : o€ CXRYH} ™ for a.e. t € (0,7). (2.4)
This, and the previous heuristic remarks, motivate the following definition.

Definition 2.2 (Tangent bundle of Z,(R%)) Let u € P5(RY). We define

Tan,(22(RY) = [V : g € Co®D} .



We shall call tangent velocity field the vector field v, provided by Theorem 2.1 and we shall
denote by P, : L — Tan,, (#(R?)) the orthogonal projection.

It turns out that vy, besides the metric characterization based on (2.2), has also a differential
characterization based on (2.4).

Proposition 2.3 Let (jut,v¢) be such that (2.1) holds and ||v¢|,, € L*(0,T). Then v; is tangent
if and only if v, € Tan,, (P2(RY)) for a.e. t € (0,T).
Proof. ~ We already said that the tangent vector field satisfies v; € Tan,, (Z2(R%)) for a.e.

€ (0,T). Conversely, if this property holds and wy is the tangent velocity field, then V - ((v; —
wy)py) = 0 as a space-time distribution. This easily implies that

V- (v — w)pe) = 0 in RY, for a.e. t € (0,7),

so that v; — w; is orthogonal in L%() to all functions Vg, ¢ € C°(R?%). But since v; — wy €
Tan,, (Z2(R%)), this proves that v = wy. O

Having defined a tangent velocity field, a satisfactory theory of evolution problems in 25 (R%)
based on these concepts can be built on these grounds. We refer to Chapters 10 and 11 of [1]
(see also [5, 16]) and we just mention in particular the characterization of gradient flows for
convex functionals F : Z5(R?) — R U {+oc}, based on the evolution variational inequalities

d1
aiwg(ut,a) + F(uy) < F(o) in (0,7), for all ¢ € P5(RY).

The link between this formulation and the most classical ones is provided by the following purely
geometric results (see [1, 8.4.6] and [1, 8.4.7]). The first result relates the tangent field to the
infinitesimal behaviour of optimal transport maps (or plans) along the curve; the second result,
which is actually a consequence of the first one, provides an explicit formula for the derivative
of the Wasserstein distance.

Theorem 2.4 Let u; be an absolutely continuous curve and let vy be its tangent velocity field.
Then:

(i) for a.e. t € (0,T), for any choice of plans ~p, € To(put, fiern), the rescaled transport plans
y—x

1= (@ =) h

converge in Po(R% x RY) to (Id x v)yput.

(ii) for all o € P5(R?) and a.e. t € (0,T) we have

d1

%iwg(ut,a) = /(vt(az),x —y)dy(z,y) Vv € To(pe, o).

In the particular case when the transport plans v; are induced by transport maps 7}, (i.e.
Id X Th) 4 p4e = V), statement (i) is equivalent to
#

oo T Id
T n

v in L7, (2.5)



3 The case of a manifold embedded in R

Throughout this section M, will be a C* manifold embedded in R? with the induced Riemannian
structure. We describe a possible construction of the parallel transport in M, in order to
exemplify the construction that will be performed in the Wasserstein space.

Let ¥(t) : [0,1] — M be a fixed C*° curve and let v(t) = (t) € T )M, t € [0,1], be the
velocity vector of (). We will think to the tangent space V; := T, M at the point v(t) as
a linear subspace of R? (i.e. we translate it to let the origin be included) and we denote by
P, : R% — V; the orthogonal projection of R< onto V.

Let u(t) : [0,1] — V; be a regular vector field along the curve. In this setting the Levi-Civita
derivative of u(t) along v(t) is given by:

Voutt) = 7 (G 0). (3.)

More generally, if u, v are vector fields in M and P, denotes the orthogonal projection on T, M,
Vyu(z) can be defined as P,(a'(0)), where u(t) = u(~(t)) and ~(t) is uniquely determined by
the conditions y(0) = x and () = v(vy(t)).

Recall that this covariant derivative is uniquely identified, among the other connections, by
the following two properties, called compatibility with the metric and torsion free identity:

%@1(7@))7“2(7(75))%@) = (Vo u (7(1)), 4> (Y () gy + (1" (Y1), Vo e (7(1))) 5y (3-2)
Vu? = Veu' = [ul,u?], (3.2b)

where u', u? are tangent vector fields. The fact that there is at most one connection V,u for

which the previous equations are satisfied is a consequence of the Koszul formula:
2<V0u7 w> = ’U(<’LL, ’LU>) + u(<vv ’LU>) - w(<u7 U>) + <[u7 U]v ’LU> - <[ua ’UJ], U> - <[U7 w]? u>,

valid for any vector fields u, v, w defined on the whole of M, and any connection V,u satisfying
equations (3.2). Given that the formula expresses the covariant derivative in terms of the
Riemannian metric and the Lie bracket only, the uniqueness follows.

The vector field u(t) is said to be the parallel transport of the vector «(0) along ~(t) if

P, <%(t)> = 0. (3.3)

Observe that it is easy to prove the uniqueness of the solution of this equation: indeed by
linearity it is sufficient to show that the norm is preserved in time, and this follows by:

d
Slu(o) =2

%u(t),u(t» _ 2(Pt<%u(t)>,u(t)> 0.

Therefore the problem is to show the existence of a solution of (3.3) for a given initial datum
1(0). This is usually done by using coordinates and solving an appropriate system of differential



equations. However, this technique cannot be applied to the space ,@g(Rd) (we have neither
Christoffel symbols, nor coordinates). Here we are going to show how the parallel transport can
be constructed using tools which have a Wasserstein analogous.

Let us start with a useful concept.

Definition 3.1 (Angle between subspaces) Let Vj, Vi C R be two given subspaces, and let
P;, i = 0,1, be the orthogonal projections of R™ onto V;. Then the angle 0(Vy, Vi) € [0,7/2] is
defined by:
cosO(Vp, V1) = inf |Py(vo)l.
v eV

lvgl=1

It is not difficult to see that, letting Vil, i = 0,1, be the orthogonal complement of V;, it
holds

sin0(Vo, Vi) = sup |vg — Py(vo)| = || Pf-
h
vo|=

1 : 1 1
= swp (orof) = sinB(VEL, V),
vo€Vp, |vgl=1
'uf‘GVlJ-, \uf—\:l

I, |l

where Pz-l, 1= 0,1, is the projection onto Vil.

In general 6(Vp, V1) = 0(V4, Vp) does not hold: for instance, if Vy C V4 we have 6(Vp, V1) = 0,
while 6(V1,Vh) = m/2 if the inclusion is strict. By applying this concept to a smooth curve
on M, we clearly have that both functions (¢,s) — 0(V, Vy), (t,s) — 0(V, V;) are Lipschitz.
Therefore, for some constant C' depending on ~, we have:

|u — Ps(u)| < Clul|s —t], Vt, s € [0,1] and u € V4, (3.4a)
|Py(ub)| < Clut||s — t], Vt, s € [0,1] and ut € V. (3.4Db)

The idea of the construction is based on the identity:
VU(O)Pt(u) =0, Yuel. (3.5)

That is: the vectors P;(u) are a first order approximation at ¢ = 0 of the parallel transport.
Taking (3.1) into account, (3.5) is equivalent to

|Po(u = Py(u))| = o(t),  ueW. (3.6)
Equation (3.6) follows by applying inequalities (3.4) (note that u — P;(u) € V,;*):
|Py(u — Py(u))] < Ctlu — Pi(u)] < C*?|ul.

Now, let B be the direct set of all the partitions of [0, 1], where, for P, Q € B, P > Qif Pisa
refinement of Q. For P={0=1ty <t; < --- <ty =1} € P and u € V; define P(u) € V; as:

Pu) = Piy (Pry_y (- (P (1))



Our first goal is to prove that the limit P(u) for P € B exists. This will naturally define a curve
t — u; € Vi by taking partitions of [0, ¢] instead of [0, 1]: the final goal is to show that this curve
is actually the parallel transport of v along the curve ~.

The proof is based on the following lemma.

Lemma 3.2 Let 0 < 51 < 59 < 53 <1 be given numbers. Then it holds:

| Pog (1) = Pay (Pay ()| < C?ulls1 = salls2 — s3], Vu € Vi,

Proof. Since Psy(u)— Ps, (Ps, (u)) = (Psy(Id—Ps,))(u), the proof is a straightforward application
of inequalities (3.4). O

From this lemma, an easy induction shows that for any 0 < s; < --- < sy <1l and u € Vg,
we have

‘PSN(U) - PSN(PSNA(' o (P82 (u)))‘
< ‘PSN(U) - PSN(PSN—l (U))| + ‘PSN—l(u) - (PSN—l(' e (P82(u)))|
<
B N-1
< C?ul Z 51— sil|si — sit1] < C?ul[s1 — sy % (3.7)
=2

With this result, we can prove existence of the limit of P(u) as P varies in .

Theorem 3.3 For any u € Vj there exists the limit of P(u) as P varies in P.

Proof. We have to prove that, given € > 0, there exists a partition P such that
P(u) — Qu)| < |ule, VQ>TP. (3.8)

In order to do so, it is sufficient to find 0 = tg < t; < --- <ty =1 such that >, [t;y1 — t;|? <
£/C?, and repeatedly apply equation (3.7) to all partitions induced by Q in the intervals (¢;,%;,1)
(see Section 5 for a more detailed proof in the Wasserstein setting).

O

Now, for s <t we can introduce the maps T : V; — V; which associate to the vector u € V;
the limit of the process just described (taking into account partitions of [s, t]).

Theorem 3.4 For any t; <ty < t3 € [0,1] it holds
Ty o Tpp =T (3.9)

Moreover, for any u € Vy the curve t — uy := T¢(u) € V; is the parallel transport of u along 7.

Proof. 'We consider those partitions of [¢1,¢3] which contain to and pass to the limit first on
[t1,t2] and then on [te,t3]. To prove the second part of the statement, observe that due to (3.9)
it is sufficient to check that the covariant derivative vanishes at 0. Note that from (3.7) it follows
that | Py(u) — | < C%2, therefore the thesis follows from (3.5). O



4 Angle between tangent spaces in %, (RY)

The construction we did on regular manifolds embedded in R? shows that the key step which
allows to prove the existence of the parallel transport is the Lipschitz property of the angle
between tangent spaces. In this section we introduce the analogous notion of angle for the space
P5(R?) and analyze its properties.

An important difference with the case of a manifold embedded in R¢ is that the two spaces
Tan, (P (R%)) and Tan, (22(R%)) are not (affine) subspaces of a larger Hilbert space, therefore
we cannot directly imitate the definition of angle given in the previous section. However, a
natural way to embed L2 into Li is given by the composition with a map 7" pushing p into v.
Thus, we give the following general definition.

Definition 4.1 (Translation of vectors through a map) For any pair of measures p, v €
Po(RY) and any transport map T between p and v we define the translation 7 of a vector
f € L2 into the vector m7(f) € Li as the map mp(f) = foT.

Clearly the translation through a map 7' is an isometry from Lﬁ to L2. The definition of
angle comes out naturally.

Definition 4.2 (Angle between tangent spaces through a map) Let u, v € P5(R?) and
let T be a transport map from u to v. Then the angle Op(u,v) € [0,7/2] between the tangent
spaces at p and v through the map T is given by

cos O (p,v) :=inf || Py(vo T)||,,
where the infimum is taken among all v € Tan, (P (RY)) such that ||v||, = 1.

It is important to note that the angle between the tangent spaces at two measures, strongly
depends on the transport maps used. Observe also that, even if we assume that the transport
map 7T is invertible, the angle O7(u,v) is in general not equal to the angle Op-1(v, u): this
corresponds to the fact that there exist two angles between subspaces V; and V5 of R?, depending
on whether we are considering projections from V; onto V5 or from V5 to V7.

The fundamental bound on the angle we are going to use in the sequel is given by the
following proposition: the key requirement is the Lipschitz property of the transport map, while
there is no regularity assumption on the measures involved.

Proposition 4.3 Let pu, v € P5(R?) and let T € Li be a transport map from u to v. Suppose
that T s Lipschitz. Then it holds

sin Op(p, v) < Lip(T — Id). (4.1)

Proof. The statement is equivalent to

[VooT — P,(VooT)|, <|Vel, Lip(T — Id), Yo € C(R?). (4.2)



Let us suppose first that 7' — Id € C2°(R?). In this case the map ¢ o T is in C>°*(R?), too, and
therefore V(p o T) = VT - (Vi) o T belongs to Tan,,(Z2(R?)). From the minimality properties
of the projection we get:

[VooT —P,(VeoT)|, <|[VeoT —=VT-(Vyg)oT|,

= ([ 1= V1) Tetr@)Pau)) -

1/2
< ( / V(T (@) PI|V (Id - T><x>||3pdu<x>>
< V|l Lip(T — Id),

where [ is the identity matrix and ||V(Id—T)(z)||op is the operator norm of the linear functional
from R? to R? given by v+ V(Id — T)(z) - v.

Now turn to the general case. Find a sequence (T}, — Id) C C°(RY) such that T, — T
uniformly on compact sets and lim,, Lip(T}, — Id) < Lip(T — Id). It is clear that for such a
sequence it holds ||T"— T, ||, — 0, and we have

[VooT — Py(VeoT)|l, <[[VeoT =V (poTy)|,
<|VeoT = Voo Tyl + Voo T, —V(poT,)l,
S Lip(VO) T — Tl + [V o Ty ||, Lip(Ty, — Id).

Letting n — +oo we get the thesis. O

5 Regular curves and parallel transport along them

In this section we introduce a class of sufficiently regular curves in the Wasserstein space along
which a parallel transport can be defined.

Having the Riemannian analogy in mind (see in particular (3.6)), we would like to say that
uy € Tany, (P2(RY)) is a parallel transport if |P'(u(t + h)) — u(t)||,, = o(h), where P} are
suitable projections from Tan,, , (Z2(R?)) to Tan,, (2 (R?)) induced by maps pushing s to
Wtin, as in Definition 4.1. It is natural to relate these maps to the tangent vector of the curve,
see also Remark 5.15.

We know from the classical Cauchy-Lipschitz theory that, if the tangent vector v; of
satisfies fol Lip(vy)dt < 400, then the flow maps exist and are Lipschitz functions of the space
variable. More precisely, there exists a unique family of maps T(s,t,z) : [0,7] x R? — R?,
which we call the flow of the curve u;, absolutely continuous with respect to ¢t and Lipschitz
with respect to z, satisfying

T(s,s,x) =z,
d
a7 L&:72)| = v(T(s,1, 7)), 51)

T(t,r,T(s,t,x)) = T(s,r,z),
T(Sv t, )#MS = M-

9



Here all the equations except the second one hold for all z € R? and s, t € [0,1]. The second
one holds, given z € R? and s € [0, 1], for a.e. t; it can be written in a pointwise way, including
also the first one, as T(s,t,z) —z = fst v T(s, 1, 2)dr.

Definition 5.1 (Regular curves) Let ju : [0,1] — Z25(R%) be an absolutely continuous curve
and let vy € Lit be its tangent velocity field. We say that py is regular if

T
/ Lip(vy)dt < 4o0.
0

Observe that we are making no regularity assumption on the measures ;. Strictly speaking,
in the definition of regularity we mean that v; has, for almost every ¢, a Lipschitz continuous
version, and that the (smallest) Lipschitz constant of this version is integrable in time (recall
that v; are uniquely determined only up to ps-negligible sets).

In the following we will always assume (this is not really restrictive, up to a reparameteriza-
tion) that the regular curve is parameterized in [0, 1].

The key property of regular curves needed to prove the existence of the parallel transport is
the following bound on the Lipschitz constant of T(s,¢,-) — Id:

/ Lip(vy)dr
t

This inequality is a simple consequence of equations (5.1), and we recall its proof for the sake
of completeness.

Lip(T(s,t,-) — Id) < exp (

> —1, t sel0,1]. (5.2)

Proposition 5.2 Let T(s,t,-) be the flow maps of a reqular curve puy. Then:
S
Lip(T(s,t,-)) < exp ( / Lip(v,)dr >, t, s €[0,1],
t

Lip(T(s,t,) — Id) < exp < /ts Lip(v,)dr ) -1, t, s €10,1].

Proof. The first equation follows by a direct application of Gronwall lemma to the differential
inequality

%|T(s,t,:n) — T(s,t,y)|> =2(T(s,t,x) — T(s,t,9),v:(T(s,t,2)) — vs(T(s,t,y)))
<2|T(s,t,z) — T(s,t,y)|> Lip(v,).

For the second one, observe that

ST (s,1,2) — 2~ Ts,t9) + ol

2(T (s, t,x) —x —T(s,t,y) + y,v(T(s,t,z)) — v (T(s,t,9)))

2|T(s,t,z) —x — T(s,t,y) +yllz — y| Lip(ve) Lip(T(s,t, ),

therefore the conclusion follows by integrating from s to t the inequality

/ Lip(v,)dr
t

IN A

d .
DT (s, t2) — 0 Ts,1,9) + 9] < Jo — ] Lin(wy) exp (

)

10



Definition 5.3 (Absolutely continuous vector fields) Let p; be a reqular curve and let
U € Lﬁt be a wector field along it. We say that u; is absolutely continuous if the maps
ug o T(s,t,-) € L2 are absolutely continuous for any s € [0,1], where T(s,t,-) are the flow
maps of (.

For an absolutely continuous vector field wu;, we will write %ut € Lit for its derivative,
defined by:
ut-i-hoT(t)t—i_h)') — Ut d

d .
P }lllil% 3 = a(ur oT(s,r,-))|,_, o T(ts:), Vse[01]. (5.3)

Given that the right composition with T(s,t,-) is an isometry from Lit to Lis, it is clear

that a vector field u; is absolutely continuous if and only if for some s € [0,1] the curve
t — u;oT(s,t,-) € Lis is absolutely continuous. Using the second identity in (5.3) one can
easily prove the chain rules

d d d

E<u%7u§>ut = <£u%7u§>ut + <u%7£u§>ut7 (54)
d 2 d oo (o d
E<Vn’ut>’“ = (V- Utaut>ut +(Vn, Euﬁm vn € C°(RY). (5.5)

for a.e. t € (0,1), whenever u', u?, u are absolutely continuous. Notice also that ¢ — |[|ul|,, is

absolutely continuous whenever u; is absolutely continuous.

It is important to underline that the definition of derivative of an absolutely continuous
vector field allows us to take derivative of a function u; whose range belongs to different L2
spaces as t varies: actually these spaces can be quite different from each other, if the support of
1y does depend on time.

In the following we will use, without explicit mention, the fact that for any ¢ € C®°(R%) the
vector field t — Vo € Lit is tangent and absolutely continuous. Its derivative in the sense of
the above definition is easily seen to be equal to V2 - v;.

We now give a precise definition of parallel transport along a regular curve.

Definition 5.4 (Parallel transport along regular curves) Let p; be a reqular curve and
let uy € Tany, (22(R%) a vector field defined along the curve. We say that u; is a parallel
transport if it is absolutely continuous and

P, <%ut> =0 for a.e. t € (0,1). (5.6)
Equation (5.6) may be equivalently written as:
lim 7, (””" ° T(t’ff hy) = “t> 0 in L2, forae t€(0,1). (5.7)
Another equivalent characterization, thanks to (5.5), is:
i(V?],uf)ut = (V0 - v, up) for a.e. t € (0,1), for all n € C°(RY). (5.8)

dt

11



Observe that this equations makes sense even if the underlying curve p; is not regular, but only
absolutely continuous. We will come back to this point at the end of section 7.

It is also easy to check that also the concept of parallel transport is invariant under repa-
rameterization: if p; is a regular curve, u; is a parallel transport along it and r : [0, R] — [0, 1]
is a Lipschitz reparameterization of [0, 1], then fis := p,() is regular in [0, R] and s := u, () is
a parallel transport along it.

Proposition 5.5 (Linearity and conservation of norm) Letu;, u}, u? be parallel transports
along a reqular curve py and let \', A2 € R. Then ||, is constant and Nuf+\2u? is a parallel
transport.

Proof. The claim on Muj + A?u? follows directly by the linearity of equation (5.6). To prove
that the norm is constant, just recall that ¢ — [Ju||%, is absolutely continuous and that, thanks
to (5.4), its derivative is given by
d d d
Sl =2 Gy, = 2. P () o =0
U

As a direct consequence we get the uniqueness of the parallel transport and the conservation
of the scalar product.

Corollary 5.6 (Uniqueness of parallel transport) Let uy be a regular curve and let ug €
TanMO(WQ(Rd)). Then there exists at most one parallel transport u; along py such that ug = u.

Corollary 5.7 (Conservation of scalar product) Let u}, u? be parallel transports along the

reqular curve p. Then t — (u%,u%ht is constant.

Observe that for parallel transports we have an explicit bound on the norm of %ut which
depends only on the Lipschitz constant of the vectors v;.

Proposition 5.8 Let uy be a reqular curve and let u; be a parallel transport along it. Then

d .
‘ pril < |uo || yo Lip(v¢) for a.e. t € (0,1). (5.9)
pt

Proof. We will prove that equation (5.9) is fulfilled at any Lebesgue point ¢ of the function
s — Lip(vs). Fix such ¢t and observe that
lus © T(t, 5, ) = wellue < 1P (s 0 Tt s,-)) = tilly + 1P, (s © Tt 8,7) -

Dividing by |s —t| and letting s — t we have that the first term goes to 0 by definition of parallel
transport, while for the second one we have the following estimate, based on Proposition 4.3
and Proposition 5.2:

HP,j; (us © T(t7 S, ))HMt

1
lim sup §limSUp—HUtHut Lip(T(t,s,-) — Id)
s—stt s—1 st S
. efts Lip(vy)dr _ 1 )
<limsup ||uol| 4 = [luol| o Lip(ve).
s—tt —1
The case s — t~ is analogous. O
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Now we turn to the proof of the existence of the parallel transport: u; will be a fixed regular
curve, vy its tangent vector field and T(t, s, x) its flow. In order to enlighten the notation we
define

D(t,s) = et Hpr)dr 1 g<t<s<

9

D(t,s) := D(s,t) 0<s<t<l

Then we denote by 77 be the linear isometry from Lit to Lis given by the right composition
with T(s,t,-). Note that from the group property of T(s,t,-) it follows

T =71, 071, V¥t s, rel01]. (5.10)

Moreover we define
2; () = By, (7 (w)).

Observe that the maps &} are non-expansive and that, by inequality (5.2) and Proposition 4.3
we get:

|"@£(M)HM S”w”usD(t? 3)7 tv s € [07 1]7 w € Tants('QQ(Rd)% (5'113‘)
”Tts(u) - ‘@f(u)”us S”uHMtD(tvS)v t? s € [07 1]7 u € Tanut(‘QQ(Rd))’ (5’11b)

To prove the existence of the transport we proceed as in the first section: let 8 be the direct
set of all partitions of [0,1], where, for P, Q € B, Q@ > P if Q is a refinement of P. For
P={0=ty<t; < - <ty =1} € P and u € Tan,,(P2(R?)) define P(u) € Tan,, (Z(R?))
as:

Pu) = 2, (P2 (P (W)

tn—2
Finally, we set D*(P) := Y, D(t;, ti+1).
We will prove first that there exists a unique limit 7' (u) € Tan,, (Z2(R%)) of P(u) as P
varies in B; then we will define a curve u; with u; = 7f(u) € Tan,, (Z22(R?)) by considering
partitions of [0,¢], and finally prove that this curve is the parallel transport of u along the curve

ot

Lemma 5.9 It holds

D(tl,sl) < D(tg,Sg), V[tl,sl] C [tQ,SQ] C [0, 1], (5.12&)
n—1
> D(titiy1) < D(t,s), t=t <...<t,=s (5.12b)
i=1
D?(t
lim ‘S(_’j) —0  forae telo,1], (5.12¢)
lim D?(P) = 0. 5.12d
lim D*(P) (5.12d)
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Proof. Equation (5.12a) is clear. For (5.12b) we need to prove that e — 1 +e” — 1 < e — 1
for positive a, b, which is obvious.
The convexity of ¢ — ¢“ — 1 in [0, fol Lip(v,)dr] gives

ef()l Lip(vr)dr _ q s
D(t,s) < | —37—7——— / Lip(vy)dr, (5.13)
fo Lip(v,)dr ¢

from which, taking the integrability of Lip(v;) into account, (5.12¢) follows at every Lebesgue
point of ¢ — Lip(v;). Finally, from (5.13) we get

tit1 2 tit1 1
Z D?(tiy1,t;) < C Z </ Lip vr)dr> < C'max {/ Lip(v,) dr} /0 Lip(v;) dr,
(2 tl

from which (5.12d) follows, taking the absolute continuity property of the integral into account.

0
The following lemma corresponds to Lemma 3.2:
Lemma 5.10 Let 0 < s1 < s2 < s3 <1 and let u € Tany, | (P5(R)). Then:
| Z5w) ~ 25 Z2 @), < lullue, Dist,52) D53, 53). (5.14)

Proof. Observe that, thanks to the semigroup property (5.10), we have
D) = PPE W) = PE (15 (u) = 5 (u),

and that 752 (u) — 252 (u) € Tants2 (P5(R%)). Therefore the thesis follows by a direct application
of inequalities (5.11). O

Corollary 5.11 Let P={t =ty < t; < --- < t,, = s} be a partition of [t,s] C [0,1] and let Q
be a refinement of P. Then:

IP(u) = Q)lly, < ullyD*(P)  for every u € Tan,, (Z5(R%). (5.15)

Proof.  Without loss of generality we may assume [t,s] = [0,1]. Fix ¢ < n such that (¢;,t41)
contains some element of Q and write @ N [t;,ti11] = {ti = 850 < 851 < -+ < 8 i) = tiy1} for
some k(i) > 1. Now, we claim that

12557 (ue) = Psivi (P2 (- (P i) ey, < Nt N, D2t tin) (5.16)
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for all uy; € Tany, (22 (R9)). Indeed, the right hand side of (5.16) can be estimated by

P () — P (Part O (u we ) ey,

+ Pt 1(%”““) 1( ) — fofffl(c@sff&f S G (28 ) D e,

< g [lpae, D(81,05 8300 =1) D (S 15— 15 S k)

+ II%ZS“” 1(Uti)— ff((lf L(Z Zf{f}ii("'(c@f”(ut I e,

<
k(i)—1 k(i)—1

< ur e, Y D(si0,8i)D(sig sijr1) < luglu, D(tistis) Y D(sijosij1)
=0 =0

< ”utz ”Mti Dz(tia ti-i—l)'

Now, let us assume that (g, t1) contains some element of Q and let P’ = [t1,1]NP, Q' = [t1,1]NQ,
u € Tany,,(P5(R%)) and v,w € Tan,, (#(R%)) be such that P(u) = P'(v) and Q(u) = Q'(w).
Then, the inequality (5.16) with ¢ = 0 reads

lv = wllr, < Nl D?(to, 1),
(the estimate is trivial if Q' N (tg,t1) = 0, because v = w) so that

[P(w) = Q)] IP'(v) = Q' (0)llr,, + 12 (v) = Q' (W)l

<
< AP @) = Q )y, + llulle D*(t0, 11)-

Since ||v|s; < ||ulls, we can apply repeatedly (5.16) in the intervals (¢;,;+1) to obtain ||P(u) —
Q) < llully D*(P). O

The following result follows directly from the previous corollary and from (5.12d).

Theorem 5.12 (Existence of the limit of P(ug)) Let y; be a regular curve and let ug €
Tanuo(gz(Rd)). Then limpegp P(ug) exists.

Define %1 (ug) as the vector obtained by the limit process described above and observe that,
by repeating the arguments to the restriction of u; to the interval [t,s], we can define a map
75 : Tan,, (P5(R?)) — Tan,, (22(RY)) whenever ¢t < s. Furthermore, by considering the curve
t — pi—¢, we can define the maps 7,° even for t > s.

Proposition 5.13 (Group property) Let ji; be a regular curve and let 7, : Tan,, (P2(RY)) —
Tan,,, (P25(R%)) be defined as above. Then

TFoT! =17, Vr, s, t € [0,1]. (5.17)

Proof. Let us first assume r < t < s. In this case it is sufficient to observe that, by definition
of limit over a direct set, the limit over all partitions coincides with the limit over all partitions
which contain the point ¢. The thesis then follows easily. For the general case it is sufficient to
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prove that 7, = (7!)~!, or, without loss of generality, that 7' = (7;°)~!. The latter equation
will follow if we show that

7l)lér%3 llu — P_I(P(u))Huo =0 Yu € Tanuo(e@g(Rd)), (5.18)

where P! : Tan,, (%5(R%)) — Tan,,, (P2(R?)) is defined by
PHu) == 2 (2 (- 217 (W)

for the partition P = {0 =ty < t; < --- < t, = 1} (and, in particular, it is not the functlonal in-
verse of u — P(u)). Observe that for any u € Tan,, (Z,(RY)) the identities u = @f’+1( ”1(u))

and L@g“(u) — Tf:“( ) € Tan (L@g(Rd)), in conjunction with inequalities (5.11), yield

|2, (2 t’“(ﬂ)) =l =12, (P () = 7 (),
<L () = 7 @), Dt tig)
<uulle, D?(tis tigr)-
For any u € Tan,(Z%2(R%)) we obtain
lu = 20, (- (21" (P (W)l o
< lu = PG (W)llwo + |28, ( 25 (w) = P (- (27 (P())) | o
< Julluy D*(0, t1) + l[o = P2 (- (24, (P ()l e,

where v = 20! (u) and P’ = {t; < --- < t,} (s0 that P'(v) = P(u)). Since [V, < Nullpy we
can continue in this way, to arrive at

o
lu— 20, (- (2 (Pl < Nulluo D*(P)

and this, taking (5.12d) into account, leads to (5.18). O

Theorem 5.14 (Existence of the parallel transport) Let u; be a regular curve, let ug €

Tan,, (P2(R?)) and let T, be the maps defined as above. Then the vector field uy := T (ug) is
the parallel transport of ug along the curve.

Proof.  Consider any interval [¢,s] C [0,1], its trivial partition P = {t,s} and any (finer)
partition Q). Applying inequality (5.15) and passing to the limit on Q we get

127§ (w) = T ()|, < lullu D*(t,s)  Vu € Tany, (P2(RY). (5.19)
Coupling this equation with inequality (5.11b) we get

175 (w) = T2 (W)l e <N () = P (W) |y + 12 (u) = T2 () ||,
<[lull D(, s) (1 + D(0,1)) Vu € Tany, (Z2(R%)),
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which gives the absolute continuity of ¢ — 7 (uo).
Now, pick a Lebesgue point ¢ of the function ¢ — Lip(v;) and observe that inequality (5.19)
gives

s—t ‘S—t‘

=0 for all u € Tan,, (Z2(RY)).

In particular, choosing u = T (ug), we obtain || 2§ (u) — us||,, = o(s—t). Therefore, to conclude
it is sufficient to prove that

— “) =0 Vu € Tan,, (25(RY).

Observe that & (u) — 7(u) € Tants(ﬁg (R%)), therefore from inequalities (5.11) we get

1P, (7 ( 27 (@) =Wl = 1 26(P (u) = 77" ()]s
1277 (u) = 77 (W)l D2, 8) < Il D2, 5).

IN

O

Remark 5.15 (Parallel transport along a flow) Observe that the approrimation argument
presented in Section 5 to build the parallel transport, works as well if, instead of assuming that
the curve py is reqular, we assume the existence of a family of maps X (t, s, x) having the group
property X (t,s, X(r,t,x)) = X(r,s,x), satisfying X (t,s,)up = ps and such that the Lipschitz
constant of X (t,s,-) —Id is bounded by a function D(t,s) having the properties (5.12). In other
words, we drop the requirement that X is the flow of the tangent vector field, but just choose a
vector field v, with fol Lip(9y) dt < oo for which the continuity equation holds. Recall also that

=V - (vgpu) = %Mt ==V - (Ogp1r) in the sense of distributions in (0,1) x R?

implies V - ((0y — ve)pe) = 0 for a.e. t, i.e. Py, (0;) =v; for a.e. t € (0,1).

Using X we would obtain tangent fields u; Tanm(e@g(Rd)), which we call parallel transport
along the flow X, such that t — u; 0 X(s,t,-) € L is absolutely continuous for every s € [0,1]
and satisfying

P, <lim Urpn o X(t t+h,) = ut) =0  forae te(0,1)
h—0 h
and p p
E<V7I7Ut>m = <V277 : @t7ut>ut + <V777 autmt vn € Cfo(Rd) (5-20)

for a.e. t € (0,1). However, we shall prove in Section 7 that the choice of the tangent vector
field is more natural.

In the rest of the section we analyze some simple examples of parallel transport.
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Example 5.16 (Equation in the smooth case) Assume that us(x) = V() for some smooth
functions ¢; smoothly varying in time. Then it is easy to see that equation (5.6) becomes:

v ((atvcpt V2, - vt)ut) — 0. (5.21)

Equivalently
1
/ / (0:V i + V201 - v, V)dpedt =0 ¥ € C°((0,1) x RY). (5.22)
0

Example 5.17 (Constant vector fields) Let p; be a regular curve, let v € R? and let C,
be the function on R constantly equal to v. Define ug := C, € Tan,,(Z2(R?)). The parallel
transport u; of ug along py is given by u; = C, for all ¢ € [0,1]. The proof is immediate: it is
sufficient to observe that w;(x) = Vp(t,x), where ¢(t,z) = (x,v) and to verify that ¢ satisfies
equation (5.21).

Example 5.18 (Geodesics) Consider a geodesic p defined on the interval [0,1]: we want
to prove that in any interval of the form [e,1 — €| with € > 0 the geodesic is regular. Fix
t € (0,1); it is well-known (see [1, 7.2.1] for instance) that there exists only one optimal plan
between p; and p1 and that this plan is induced by a Lipschitz map T; with Lipschitz constant
bounded by ¢~'. We know also [1, 7.2.2] that for s € [t, 1] it holds ps = (Id + *=L(T} — Id)) 4,
the transport map 7; being optimal. Computing the velocity vector v; as limit of the optimal
transport maps as in (2.5), we get v; = (1 —¢)~}(T; — Id), therefore its Lipschitz constant is
bounded by (1+1)(t(1—¢))~'. Our claim on the regularity of ji; in all intervals [e, 1 — €] follows.

Now assume that the geodesic [0,1] > ¢ + p; is regular. Such a gy must be induced by a
Lipschitz optimal map 7'. In this case its flow is given by

T(t,s,-) = (Id+ s(T(-) = Id)) o (Id + (T(-) — Id)) ™",
and the velocity vectors satisfy

’UQ:T—Id,

vs =v 0T (t,s,),
therefore a direct calculation shows that v; is a parallel transport.

Let us consider now a locally regular curve in (0,77], i.e. a curve p; such that the function
Lip(v;) belongs to LL ((0,77]): for instance, this is the case of constant speed geodesics in [0, 1],

that are locally regular in (0,7 for all 7" € (0,1). In the following proposition we show how
existence of the “forward” parallel transport can still be achieved along locally regular curves.

Proposition 5.19 (Forward parallel transport along locally regular curves) Let p; be
an absolutely continuous curve in [0,T], locally regular in (0,T], and let ug € Tanpo(ﬁg(Rd)).
Then the parallel transport of uy along p; exists, i.e. a locally absolutely continuous vector field
uy € Tan,,, (P5(R?)) in (0,T] which is a parallel transport in (0,T] and satisfies ugpy — uopo
As ¢ 10 and gl = luolluo-
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Proof. We will use the inequality
177 (V) = Veollu, < Lip(Ve) LF (pr), (5.23)

where L7 (p,) is the length of p, restricted to the interval [¢, s]. This inequality is a consequence
of the fact that s — 7,°(Vp) — Vg € Tan,, (Z22(RY)) is an absolutely continuous vector field in
[t,T] and of the differential inequality

d S S d S
—| T (V) = Voll2, = 20T (V) — Vo, — (T (V) — Vo)) .

ds ds
S d S
= AT (Vo) = Vo, (17 (V) = Vi - vy),,
S d S
= 2(2 (V(JD) - VQO, PMS (E(Z (VQO)) - V2(10 : U8)>ps

= —2AT5 (V) — Vi, P, (Vi - v5))
= —2(T (V) — Vo, V30 - v,),,
< 2|77 (V) — Vollu, Lin(Ve) [[vs [, -

Given that the parallel transport maps are isometries, by a density argument we may assume
that wug is the gradient of ¢ € C’g"(Rd): indeed, the property of being a parallel transport is
stable, passing to the limit in (5.8) and using the uniform bound of Proposition 5.8 to prove the
absolute continuity property of the limit vector field.

Fix e > 0, think V¢ as a vector in Tan,, (% (R%)) and define the vectors uf := 7}(V) for
any t € [¢,T], so that we have uS = V. From

lui = uille = uf — uille. = 1T5(Ve) = Vollu. <Lip(Ve)w(e) 0<e <e<t<T,

with w(e) = L§(ur), we get that for any ¢, the family {uf} converges in Tan,, (Z2(R?)), as
e — 0, to a vector u; satisfying [Juj — u||,, < Lip(Vp)w(e). The limit vector field u; is easily
seen to be a parallel transport in the interval (0,7] by the same stability argument outlined
above.
From
[welle = Tim [Ju [l = T [uZ]],,, = Tim [[Vepf] ..

we get that the norm of v, is constant, and equal to ||V¢l|,,. Finally it holds
(ue,m),. = (ue —ug,m), + (us,n), =R+ (Vo,n),.  ¥neCE(RLRY,

where the term R, is bounded by ||u; — uf||,, sup |n| < w(e) Lip(V)sup |n|. The thesis follows.
U

Now we give an example of a geodesic along which a parallel transport does not exist globally:
we proved in Proposition 5.19 that the forward parallel transport exists in [0, 1) for all constant
speed geodesics iy : [0,1] — P5(R?). We will see, on the other hand, that for T € (0,1)
the backward problem of a transporting ur € Tan,, (% (R%)) to some ug € Tan,, (P (R?))
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does not have solution in general. The obstruction to the construction we made of the parallel
transport is the fact that supp(ug) is not necessarily homeomorphic to supp(yu;) for ¢ > 0. This
change of topology cannot happen along a regular curve: indeed, the flow maps T(¢,s,) are
(actually, can be extended to) bi-Lipschitz homeomorphisms of R? into itself. Therefore, since
supp(ps) = T(t, s,supp(pt)), the supports of p, as ¢ varies, are all homeomorphic. We will see
that, in this situation, not only the parallel transport can’t be built with flow maps, but also
that it may happen that the parallel transport does not exist.

Example 5.20 Let Q = [0,1] x[0,1] be the unit square in R? and let T}, i = 1,2,3, 4, be the four
open triangles in which @ is divided by its diagonals. Let pg == XQ$2 and define the function
v:Q — R? as the gradient of the convex map max{|x|, |y|}, as in the figure. Set also w = v+,
the rotation by 7/2 of v, in Q and w = 0 out of Q. Notice that w is a divergence-free vector
field in the whole of R?.

Set py := (Id + tv)gpo and observe that, for positive t, the support Q. of  is made of 4
connected components, each one the translation of one of the sets T;, and that ;s = XQt.i”z.

Ha Hy

It is immediate to check that p; is a geodesic in [0,00), so that from Ezample 5.18 we know
that the restriction of g to any interval [e,1] with € > 0 is reqular. Fiz € > 0 and note that, by
construction, the flow maps of p in [e,1] are given by

T(t,s,-) = (Id + sv) o (Id +tv)™', Vt,s € [e1].

Now, set wy := w o T(t,0,-) and notice that w; is tangent at p, because wy is constant in
the connected components of the support of pp. Since werp o T(t,t + h,-) = wy, from (5.7)
we obtain that wy is a parallel transport in [e,1]. Furthermore, since V - (wpg) = 0, we have
wy = w ¢ Tan,,(P2(R?)). Therefore there is no way to extend wy to a continuous tangent
vector field on the whole [0,1].
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6 Density of regular curves

Aim of this section is the proof of a density result for regular curves. It is well-known that the
set

PYRY) = {u € ZRY : p< zd}

is a geodesic subspace of Z5(R?) (i.e. any geodesic between two points in 2$(R%) is entirely
contained in Z2¢(R%)) and the same is true for the subsets {u = p.Z? : |pll < C}. Our
approximation will be obtained with measures in this class, and preserves these upper bounds
on the densities, if any.

The delicate point in our approximation result is due to the fact that regularity imposes
a Lipschitz condition on the tangent velocity field. The typical approximation schemes for
solutions to the continuity equation, on the other hand, produce a regularized vector field that
is compatible with the regularized density, but it is not tangent in general. Therefore a further
projection of the regularized velocity on the tangent space is needed.

The following lemma will be used in the reduction to compactly supported measures.

Lemma 6.1 (Monotone approximation) Let j; : [0,1] — P5(R%) be absolutely continuous
and let vy be its tangent velocity field. Then there exist absolutely continuous curves uy : [0,1] —
Po(RY) and z, T 1 satisfying:

(1) zppi T e for all t € [0,1] and sup, Wa(puy', pue) — 0 as n — oo;

(ii) the tangent velocity field of pj is vy, and there exists a closed ball By, such that supp pu® C
B, for allt € [0,1].

Proof. Let Q be the Banach space of continuous maps from [0, 1] to R? and let ¢; : Q — R% be
the evaluation maps at time ¢, i.e. e;(w) = w(t). According to [1, 8.2.1], we can represent i as
the law under e; of a suitable probability measure 7 in €2, concentrated in the set of absolutely
continuous solutions of the equation w = vy (w).

Let

1
Q= {w € Q : w is absolutely continuous, |w(0)| < n, / lw|dt < n}
0

and set 7, = x,7, 2n = 1) = 1 (Q) and u = 2, (er)gnn. It is easy to check condition
(i), and that the support of uf is contained in the ball Bg,(0). Since also 7, is concentrated
on curves solving the ODE w = wv(w), it turns out that vy is an admissible velocity field for
uy (i.e. the continuity equation holds, see again [1, 8.2.1] for instance). We conclude that vy is
the tangent velocity fields noticing that, because of condition (i), v; € Tan,, (Z2(R?)) implies
vy € Tanyp (P2(R7)). O

We can now state our approximation result.

Theorem 6.2 (Approximation by regular curves) Let y; : [0,1] — P5(R9) be an abso-
lutely continuous curve. Then there exist reqular curves u} : [0,1] — Po(R?) satisfying:

(i) sup, Wa(pf's ) — 0 as n — +00;
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(i1) pp = pp L, sup, ||pPllee < +00, p are smooth, the smooth tangent velocity fields vy are
gradients of smooth maps o} : R — R satisfying sup, Lip(v}') < oo and {p} > 0} is a
bounded open set with a smooth boundary;

(i) if vy € L2 is the tangent field of ju;, we have that v} weakly converge to vy and

pt
i [ (o Pt = [ P
n—oo

Proof. Step 1. Regularization of 1-periodic solutions.

By Lemma 6.1 and a diagonal argument we can assume that the supports of y; are contained
in a fixed compact set. By a scaling argument, we can also assume with no loss of generality
that the union of these supports is a compact subset K of (0,1)?. We consider the 1-periodic
extension pf of u, still solving the continuity equation with the 1-periodic extension v} of
v, and the regularized densities

OF = 1" * Xn,
still 1-periodic. Here x, is a family of smooth and symmetric w.r.t. 0, convolution kernels
converging to ¢y whose support has a diameter equal to 2v/d. With this choice of x,, we have
inf; inf o} > 0, and standard properties of convolution yield

per

sup oy < Sup /1y ([=1,2]%) sup xn = 3% sup xn.

Analogous bounds hold, of course, for all higher order derivatives of p'. Passing to the velocity
fields, we consider as in [7, 1] this regularization:

per per

n.__ (Ut Nt )*Xn

wy = v —
0y

which satisfies, thanks to the lower bound on }, sup, Lip(w}') < oo (and the same holds for
higher order derivatives) and preserves the validity of the continuity equation. Eventually we
consider the projection vy’ = V' of wy® on periodic gradients by solving the PDE

V- (Veior) =V - (wiof).

From the variational formulation of the PDE we obtain

/ \UZ!QQ?d:cé/ lwy,|? 0 da. (6.1)
(0,1)d (0,1)d

)

We can use standard elliptic regularity theory to obtain that sup, Lip(v}’) < co. Moreover, using
Jensen’s inequality as in [1, 8.1.10], we have the local estimate

Jon

)

Juiede s [ [ @t — v ) (62)
Step 2. Construction of the approximating sequence.
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We build uf! = pp.2¢ € 22¢(R?), with the same velocity field v}, from the periodic measures
0P % To this aim, we shall first consider o} as measures in the flat d-dimensional torus
T ~ (0,1)4, with velocity field v}'. We denote by P the Lebesgue measure on T¢, by X" (¢, ) :
[0,1] x T? — T the smooth flow of v} (starting from s = 0), and by 7,, the probability measure
in C([0,1]; T¢) defined by

M = Xn(t’ )#(QBL]P))
Equivalently, 7, is the law of the random variable z +— X"(-,z) € C([0,1];T?) under oiP.
Classical representation results for solutions to the continuity equation with a Lipschitz vector

field ensure that of'P = X" (¢,-)4(0gP), and since e; o X" (-, x) = X" (¢, z) we obtain
(e)gnn =0/ Vte[0,1], neN. (6.3)

From (6.1) and (6.2) we get

sup/ / [uR| ol dIP () dt < oo

and this, using Prokhorov theorem as in [2, 11], gives that (7, ) is a relatively compact sequence
in 2(C([0,1]; T%)). It is not restrictive, extracting if necessary a subsequence, to assume that
(nn) weakly converges, in the duality with continuous and bounded functions in C([0, 1]; T%), to
some probability measure 7. Passing to the limit as n — oo in (6.3) we obtain that (e;)xn = pf®
for all t € [0,1], and this means that 7-almost all the paths w are contained in K (here we denote
by K the image of K in T% and we consider pP" as probability measures in T4).

Now, let § < 1 be such that K is contained in the interior of [§,1 — 6] and define 7, :=

zglxg((;)nn, where
Q0) = {w € C([0,1; T : w(t)mod(1) € (5,1 — 8)¢ Vi € [0, 1]} R I0)

(in other words, we remove the trajectories that cross 9(d,1 — §)4). Since 7 is supported on
paths contained in K, we have that z, — 1 and still 7, weakly converge to xq@sn = 7. We
define

:u? = (ét)#ﬁn

where & (w(t)) = w;mod(1) € [0,1)%. The measures p} can also be represented by

i =2 YO () (X 5) 06-27), (6.4)

where Y"(t,z) = X"(t,z) mod(1) and E™(§) = {z € (0,1)¢ : X"(-,z) € Q(0)}.

By construction ' are probability measures in R? concentrated on [§, 1—06]%. It is immediate
to check that the tangent field to uj is v}’ (because 7, is concentrated on solutions to the ODE
@ = v (w) in T¢, and v} are gradients). In particular u} are regular curves and the convergence
of uf to p, follows at once from the convergence of 7, to 1, using the evaluation map é;. Notice
also that the inequality z,7, < 7, and the fact that the mass of their difference is infinitesimal
imply

Zopl < 0P 2% and  lim (o727 — 2, 1) ((0,1)4) = 0. (6.5)

n—oo

23



Step 3. Convergence of velocity fields.
Notice first that (6.1) and (6.2) give

limsup/|vt"|2d,u? < limsup/|vf(et(w))|2dnn( —hmsup/|v?|2g?dIP>

n—oo n—oo n—oo

limsup/|wt 2oid

n—oo

< limsup / / ot 2 () xa (& — )dwdul () = / e 2.
01

n—oo

IN

Now, recall (see for instance [1, 9.4.3]) that the functional

/\f\ dp if v = fu with f € L?(u;RY),

+00 otherwise

G(v, )

is jointly lower semicontinuous in %5(R%) x Z25(R?) with respect to weak convergence in the
duality with C,(R?), to obtain that any weak limit point o of vy as n — oo has the form
opy for some o € L2 with [|0],, < |lvill,,. On the other hand, passing to the limit in V -
((wp* —vi")of) = 0 and taking into account the weak convergence in the duality with C.(R%) of
wir o = (v ) xp to vP P and the convergence to 0 in (0, 1) of op £ — u? (ensured, even
in the strong sense, by (6.5)) we get V- ((0 — v;)p) = 0. Since v, is tangent and 100, < Vel e s
it must be ¥ = v;. This proves the weak convergence of velocity fields that provides also, thanks
to the lower semicontinuity of GG, the liminf inequality

liminf/|v{‘|2d,u? > /|Ut|2d,ut.
n—oo

Step 4. Eventually we can regularize the characteristic function of the set E™(¢) in (6.4), by
smooth functions x™ such that {x,of > 0} is smooth and bounded, to approximate the curve
u? by curves with the same velocity field and smooth densities with respect to .24, with smooth
supports. ]

7 Additional remarks and extensions

In this section we describe in a more informal way, referring to [8] for more details, some addi-
tional construction made possible by the existence of the parallel transport along a sufficiently
large class of curves.

7.1 Covariant derivative and curvature operator

It is well known that, in the classical Riemannian setting, the definition of parallel transport
leads to the one of covariant derivative via the formula

Vi@u(t) = lim L(w(s) — ult) (7.1)

)

s—t s —t
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where 7(t) is a smooth curve, u(t) € T, M is a smooth vector field and Tt for any s, t, is the
parallel transport map from 7,5 M to T’,;) M along ~.
The same construction may be used in the Wasserstein setting:

Definition 7.1 (Covariant derivative) Let y; be a regular curve, let v; € Tan,, (P2(R%)) be
its velocity vector and let u; € Tanut(ﬂg(Rd)) be an absolutely continuous vector field along ju.
The covariant derivative of u; along vy is:

t

T, (us) —
Vot 1 Tim 2 (s) = e

s—t s—t ’

where T} are the parallel transport maps along p; and the derivative takes place in Lit.

Using the definition of absolutely continuous vector field, it is not difficult to check that the
covariant derivative exists for a.e. t and that the function ¢ — ||Vy,u||,, is integrable. Indeed,
inequality (5.19) implies that the covariant derivative satisfies:

t _ ) —
‘@s(us) Ut _ Put <hm Us OT(t787 ) ut> )

Vo, ur = lim
vt s—1 s—t

s—t s—1t

(7.2)

If the vector field wu; is given by the gradient of smooth functions, i.e. if u; = V¢ (x) for
some ; € CX(RY) smoothly varying in time, the previous equation reads as

Vur = Py, (0:Vr + Vie: ). (7.3)

Equation (7.3) and the analogous one (5.21) were first given in [10], although from a formal
viewpoint and under stronger assumptions on the measures ;.

Having defined the covariant derivative, our first goal is to prove that it is the Levi-Civita
connection on (Z5(R%), W3). Recalling the discussion made for the classical case of Rieman-
niann manifolds, we need to prove that it is compatible with the metric and torsion-free. The
compatibility with the metric is a simple consequence of the definition: indeed, for a given couple
of absolutely continuous vector fields u}, u? € Tan,, (Z2(R?)) along the regular curve i, we
have:

d d d
Ew%’u%m = <Eu%’u?>ﬂt + <ug7 Eu§>ﬂt

d d
= (P (gt )+l P (02) (7.4)

1,2 1 2
= <vvtut7ut>m + (utvvvtut>m7

having used the Leibnitz rule (5.4) and the fact that both vector fields are tangent.

To prove the torsion-free identity, we need first to understand how to calculate the Lie
bracket of two vector fields. To this aim, let ui, i = 1, 2, be two regular curves such that
py = pd =: p and let u} € Tanui(ﬁg(Rd)) be two absolutely continuous vector fields satisfying
ud = v3, u = v, where v} are the tangent fields of ui. We assume that the velocity fields v of p¢
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1]

v /M
. T
\ A
M 1
: [T

1 = 2

Up uj

are continuous in time (for instance with respect to the convergence considered in Section 7.2),
to be sure that (5.5) holds for all t with u = u® and the initial condition makes sense.

Let us consider vector fields as derivations, and the functional p +— F = [ndp, for n €
cx (RY) fixed. By the continuity equation, the derivative of F, along u? is equal to (Vn,u?) 2
therefore (5.5) gives:

d d
W E) () = (V)] = (Vi ), + (Vo 2|,

= <v277 u07u0> <V77>V 2ut>

Subtracting the analogous term u?(u!(F,))(x) and using the symmetry of V25 and the identities
uo—vé ti=0,1, we get

[ut, w?)(Fy) (1) = (Y, Vpuf =V 2uq),-

Given that the set {Vn},ccs is dense in Tan,,(22(R?)), the above equation characterizes [u!, u?]
as:

[ty ) = Vgui = Vogui, (7.5)

which proves the torsion-free identity for the covariant derivative.
In the case of the parallel transport along a flow, considered in Remark 5.15, given that the
right composition with X (¢,s,-) is an isometry from Lit to Lis, it holds

1,2 1 2
<u87 us>us = <us o X(t7 S, ')7 Ug © X(t7 S, ')>,Uft’
subtracting (u}, ut> , dividing both terms by s — ¢ and letting s — t we get that the Leibnitz
rule holds even usmg the maps X(t,s,-):

d 1.2

d d
S ui)y, = (g o X (b 5,0)| o ui), + (ugs -ugo X(ts,0)

ds b ds ’5:t>“t’
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for any couple of vector fields u} such that ¢ — uio X(s,t,) is absolutely continuous for i = 1, 2.
From this formula it follows that the parallel transport along any flow X compatible with p
preserves the scalar product.

Of course, different parallel transports define different covariant derivatives V,,u; via (7.2):
they are expressed by

- d
vvtut = Pl"t <£u8 OX(t, S, ')‘S:t> .

Denoting by o, the velocity field of X, we get that the covariant derivative of the vector field
u := Ve, p € C2(RY), is given by V,, Vo = P,,(V%p - 3;). Tt is easy to check that a generic
covariant derivative is not torsion-free. Indeed, assume that it is and observe that in this case
the two following equations hold:

(Vo1 Ve?, Ve?), + (Ve Vg1 V), = (Vo Ve?, Ve?) | + (Ve Vo Ve?) |,
Ve Ve® — Vg2 Vol = Vo, Ve? — Vo, Vo',

for any ¢ € C°(R?), i = 1, 2, 3. From these equalities, with some algebraic manipulations
(more explicitely, by following the calculations indicated in the Koszul formula), it follows that
(Ve Vo2, V?) § = (Vo Ve, Vi?) 4+ S0 that the two covariant derivatives coincide. Fur-
thermore, we can consider in the identity

B (V2o (B —1)) =0  Vpe CX(RY

test functions ¢ € C?(R?%) with uniformly bounded second derivatives (by a simple approxima-
tion argument based on the finiteness of the second moments of p;). Choosing ¢(x) = |(x,&)[?
gives

/ g—Zm—vt,@m —0  WpeCR(RY, £ R

This means the symmetric part of the distributional derivative of the vector-valued distribution
(0 — v¢) e vanishes; Korn’s inequality gives that the distribution is equivalent to a constant. By
integrability, this constant must be 0, i.e. ¥; = v; p-a.e. in R%

The definition of covariant derivative allows us to define the curvature tensor and to check,
at least formally, that (5 (R?), W5) is positively curved by proving that its sectional curvatures
are always non-negative. The spirit of the foregoing discussion and the calculations we do, are
basically borrowed from Lott’s work [10].

Given four vector fields p +— V@L € Tan, (P (R%)), i = 1,...,4, the curvature tensor R
calculated on them is defined as:

(R(Ve,, Vo) (Ven), Vo), i = (Ve (Ve Vi), Vo),
- <VV¢ﬁ(vV¢LV¢Z)7 V@f)u
— Vvt vet) Vo Vi) o
With the same calculation used in the classical Riemannian case, it is easy to check that R is

actually a tensor, i.e. that its value at the measure p depends only on the value of the four
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vector fields at p. Therefore in order to evaluate it, we can consider the simpler vector fields
pu— Vb € Tan“(ﬁg(Rd)), i = 1,...,4, where the functions ¢’ do not depend on the base
measure . This will simplify the calculations. Under this assumption we have

VoV =P, (V% -v) Yo & Tan,(P(RY)). (7.6)

In order to give an explicit formula for R, it is useful to introduce the function £ u(cpl, ©?) € Li
as

Eu(p,9?) = PL(VZp! - V?) = V2! - Vp? — V2 Vo'l (u).
Observe that from VZp! - V2 + V2p? - Vol = V((Ve!,Ve?)) € Tan,(P22(RY)) we get
Eulp', %) = =Eul¢?, 91).

Proposition 7.2 The curvature tensor is given by

(R(Ve', Vo) (VE®), V'), =(€ule', 1), 6u(9?, 0)), — (€u(@h %), €u(0%, ")),
- 2<§u(901 ©%),Eu(9% "))

Proof. Define piy := (Id +tV')xp and F(v) := [ ndv with n := (V2? - V2, V'), Evaluate
the derivative at t = 0 of F'(p;) to get

d d
GEW) =5 [ e Ud+190duy_y = (90,96,
On the other hand, using equations (7.6) and (7.4) we have

d 2 3
G|y = (V7 -V?, Vot

d
= E <VV<,02 V(pg(ﬂt)7 V(')D4>Mt ‘t:O

= <VV<p1 (VVgﬂv‘pg)v v(’04>ﬂ + <VV¢2V9037 VV¢1V904>M'

e ‘t:O

Coupling the last two equations and then using the trivial identity (P,(v), P,(w)), = (v,w)

(Pp (v), By (w))

2 wo

W valid for any v, w € Li, we obtain the equality

(Ve (Vy,2Ve?), Vi), = (V((V - V2, Veh)), Vo) — (V2 Ve?, Ve, Vel
= (V((V?@* - V@2, V")), V!) , — (V2P - V?, V20! Vo),
+ (€u(%, 07), €@ 0 e

The computation of the gradient of (V23 - V2 Vipt) gives

(Vyor (Vo2 Ve?), V'), = /Vgsog(VsOQ,ch“,Vsol)dqu (V2g® V!, V2 - Vo),
+ (gu(go?’? (102)7 5/1(%047 (101)>y,'

(7.7)
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Analogously, it holds:

(V2 (Vo Ve?), V'), = /v3¢3(v¢1,v¢4,v¢2)du+ (V2g® V!, V3! - V),

+ <£,LL((1037 (101)7 5#(‘1047 (702)>N’

(7.8)

so that, subtracting (7.8) from (7.7), the symmetry of V3,3 gives
(Vou (V2 Ve?), Vo), — (Vo2 (Ve V), Vel ,
= (V2¢* - V!, V2p? - Vo!) , — (V20 - Veh, V2! - Ve?), (7.9)
+{€u(@* 07, Eu(0h 1)), — (6@ 1), Eule?, 07)) -

Recalling equation (7.5) we get

V23 . P (V22 - Vgl — V2! . V<,02),V<,04>M

PV - V! — V2! - V¢?), V29 - V'),

V2. Vit V202 . Vol — V2l . V<,02>u

Eu(9% 1), Eu(@, M), + (€9, 07), 6u(@®, 0M))

Subtracting the last equations from (7.9), all the terms except those involving the functions &,
cancel, and the thesis follows. O

<V[V@1,V<p2}v‘p3y V(’D4>M =

o~~~

—~

From the representation formula of the curvature tensor, it follows immediately that the
sectional curvatures of &5(R?) are non-negative (for the definition see [6], Chapter 4, section
3). Indeed, it holds:

(R(Vp,V)VY, V), 3)16.(0", )2

KV, Vi = o B
(Ve V) () IVIRIVRIZ — (Vo V)2 IVl VY2 — (Ve, Vi)

7.2 A distance on the tangent bundle

Recall that, for a Riemannian manifold M, it is possible to endow the tangent bundle T'M with
a natural Riemannian metric, the so-called Sasaki metric, in the following way (see also [6],
Chapter 3, exercise 2).

Fix a point (p,u) € TM and choose two regular curves [0,1] >t — ai(t) € TM, i = 1,2,
such that ' (0) = a?(0) = (p,u). Let (p'(t),u’(t)) := ai(t) and v'(t) := (p'(t))’, i = 1,2. Clearly
V= (a')(0) € T (TM), i = 1,2. The scalar product (-,-)" between V! and V? is defined
as

(VL VA = (v1(0),0%(0)) + (V1 u' (0), V2 u?(0)).

It is possible to show that this is a good definition, that is, it depends only on V!, V2 and not
on the particular curves a!(t), o®(t) chosen, therefore it defines a metric tensor on TM. It is
then easy to see that the distance d on T'M induced by this metric tensor is given by

&’ ((pl, u'), (p?, uz)) = inf (L)) + T (uh) —u?P, (7.10)
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where the infimum is taken among all the smooth curves ~(t) in M connecting p' to p?, L(v) is
the length of v and 7 (u') is the parallel transport of u' along 7 to the point p?.
Now turn back to the space (Z2(R?), W3). Define the tangent bundle as

Tan (Z3(RY)) := {(,u,u) cpe PRY, ue Tanu(ﬂg(Rd))},
and say that a sequence (puy,,u,) converges to (u,u) if:
Jim W (pn, p) = 0,
Jim [l |, = lluflu, (7.11)

lim (un, Vi), = (u, V), Voe C>(RY).

Even if we do not have a differential structure on the tangent bundle, and therefore we
cannot mimick directly the definition of the Riemannian distance on it, equation (7.10) suggests
the introduction of the following function on [Tan (%5 (R%))]%:

fmmew:g%wwW+m—ﬁwm}

where the infimum is taken on the set of regular curves ju; : [0,1] — P5(RY) such that uy = u
and p; = v, L(u) is the length of y; and 7,° are the parallel transport maps along p;. In
particular we define d((u,u), (v,v)) := 400 if there is no regular curve connecting u to v.

The function d behaves like a distance on Tan (Z5(R?)), the only problem being that it is
not real valued. Given that regular curves are dense in the set of absolutely continuous curves,
a natural candidate for a relaxation of d is its lower semicontinuous envelope d*, defined by:

n—~0o0

d" ((p,u), (v,0)) = inf{liminfd((,un,un), (Vnsvn)) ¢ (Hns un) — (1,10), (Vn,vp) — (I/,?))}.

However, it is not clear to us whether the function d* is sufficienly well-behaved, for instance,whether
the triangle inequality holds. Therefore we modify a bit the definition, and we introduce the
function D as:

D((1s0), (v,0) = inf {d (1, Vo), (v, ) + lu = Vipllu + o = Vbl « 0, v € CE@RD}.

With the introduction of D we are allowed to regularize the vectors u, v, provided we pay the
L? difference between the regularizations and the vectors themselves.
The following result is proved in Chapter 6 of [8].

Proposition 7.3 D is a distance and metrizes the convergence in Tan (ZP2(R%)) in the sense
of equations (7.11). Furthermore, for any absolutely continuous curve (ju,u;) in Tan (Py(R?))
the curve py is absolutely continuous in (Po(R?), Ws) and:

li D((/stus)v(:utvut))
11m
s—t |s — ¢

> vl e for a.e. t, (7.12)
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where vy is the tangent field of .
Conversely, if py is a reqular curve and u; is a parallel transport along it, the map (pug,ut) is
absolutely continuous in (Tan (P2(R%)), D) and equality holds a.e. in (7.12).

This proposition suggests a definition of weak parallel transport along an absolutely contin-
uous curve py: up € Tany, (P5(R?)) is a weak parallel transport along y; if equality in (7.12)
holds for a.e. t. For a weak parallel transport it is possible to show that the map ¢ — (u;, Vn) e
is absolutely continuous and that its derivative is given by (5.8).

However, it is not clear to the authors whether the weak parallel transport preserves the scalar
product, or whether the parallel transport is unique. Furthermore, the density of regular curves is
not enough to gain existence of weak parallel transport through an approximation argument. The
key problem is that the space (Tan (Z23(R%)), D) is not complete, as it may happen for a sequence
((pn,un)) C Tan (P2(RY)) to converge to some (u,u) with u ¢ Tan,(P2(RY)): precisely, it
may happen that W (g, ) — 0, upp, — up in duality with C.(RY) and ||vg|lu, — |||,
Example 5.20 shows that it might be impossible to extend a (weak) parallel transport “backward”
to the initial point of a geodesic.
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