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1. INTRODUCTION

In the present paper we consider two well-known quantities that occur in the study of
elliptic equations in the Euclidean space R%, d > 2. The first one is usually called torsional
rigidity and is defined, for every nonempty open set Q C R? with finite Lebesgue measure (in
the following a domain), as

T(Q) = / wq dz,
where wq is the unique solution of the PDE
~Au=1 inQ, uecH}Q).
Equivalently, we may define T'(2) as

() :max{[/udazr{/|vw2dm}l : ueﬂg(Q)\{O}}.

In the integrals above and in the following we use the convention that integrals without the
indicated domain are intended over the entire space R?. The quantity 7(2) verifies the scaling

property
T(tQ) = 727 (Q) for every t > 0;

in addition, the maximum of T'(2) among domains with prescribed measure is reached by the
ball (Saint Venant inequality), which can be written in the scaling free formulation as

|Q|—(d+2)/dT(Q) > ’B|_(d+2)/dT(B),

for every domain € and for every ball B C R
The second quantity is the first eigenvalue A(2) of the Dirichlet Laplacian, defined as the
smallest A such that the PDE

—Au =M in Q, u € Hy(Q)

admits a nonzero solution. Equivalently, A(2) can be defined through the minimization of the
Rayleigh quotient

2 —2 1
A(Q) :min{[/|Vu| de‘} [/uda:] = HO(Q)\{O}}.
The quantity A(Q2) verifies the scaling property

AtQ) = t72\(Q) for every t > 0;
1
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in addition, the minimum of A(£2) among domains with prescribed measure is reached by the
ball (Faber-Krahn inequality), which can be written in the scaling free formulation as

Q/INQ) = |BIA(B),

for every domain Q and for every ball B C R

The study of relations between 7'(€2) and A(£2) was performed in several papers (see for
instance [1, [2], 3], [], [5], [12], [13], [18], [21], [22], [23]), where some important inequalities
were established. In particular:

- the Kohler-Jobin inequality
AQ)TYQ) > N(B)TY(B),
valid for every ¢ € [0,2/(d + 2)] and for every domain 2, where B is any ball in R?
with |B| = |€;
- the Pélya inequality
A)T(?)

0<
€

<1,

valid for every domain Q of R?.

In the present paper we consider the scaling free shape functional

AQ)T1(Q) —2+q(d+2)

F,(Q2) =
l]( ) |Q‘aq ) d )

with oy =

and the two quantities

mg = inf {F,() : Q domain};
My =sup {Fy() : Q domain}.

While the situation for m, is fully clear, and by Kohler-Jobin inequality, together with the
Saint Venant inequality, we have

_[F(B) ifq<2/(d+2)
M=o if ¢ >2/(d+2),

the characterization of M, is not yet complete. The results available up to now are (see [I]
and [3]):

M, = oo for every q < 1;

My =1 when ¢ = 1, with the upper bound 1 not reached by any domain €2;

M, < oo for every ¢ > 1.

We investigate here this last case. The maximal expectation would be having the following
result (reverse Kohler-Jobin inequality):

- for every ¢ > 1 the supremum M, is reached on an optimal domain 24;
- there exists a threshold ¢* > 1 such that for every ¢ > ¢* the supremum M, is reached
by a ball.

We are unable to prove the results in the strong form above, and we prove here the weaker
results below:

- for every ¢ > 1 the supremum M, is reached on a capacitary measure pi; (Theorem
[.3);

- there exists a threshold gy > 1 such that for every ¢ > go the supremum M, is reached
by a domain €, (Theorem [5.3));

- there exists another threshold ¢; such that for every g > ¢ the ball is a maximizer
for the shape functional Fj, among nearly spherical domains (Theorem [6.2)).

While finishing this paper we have been informed that similar problems are considered in
the work in progress [11].



2. CAPACITARY MEASURES

The concept of capacitary measure and the related properties is a very useful tool for our
purposes. When dealing with sequences of PDEs of the form

—Au=f inQ,, u € H (Qy),

a natural question is to establish if the sequence u, ; of solutions, or a subsequence of it,
converges in L? to some function u ¢ and to determine in this case the PDE that the function
us solves. Starting from the pioneering papers [I5], [16] is now well understood that the right
framework to treat such a kind of questions is that of capacitary measures. Below we recall
the main results and definitions following [10] and [24]. For further information we refer the
reader to the monographs [§], [20] and references therein.

Definition 2.1. We say that a nonnegative Borel reqular measure u, possibly taking the value
00, 18 a capacitary measure if

w(E) = 0 whenever E is a Borel set with cap(E) = 0,
being cap(E) the capacity

cap(F) = inf Vul? +u?dz : ue HY(RY), u=1 in a neighborhood of E }.
0
R4

A property P(z) is said to hold quasi-everywhere (briefly q.e.) if the set where P(z) does
not hold has zero capacity. A Borel set @ C R? is said to be quasi-open if there exists
a function v € H'(R?) such that Q© = {u > 0} up to a set of capacity zero. A function
f: R - R is said to be quasi-continuous if there is a sequence of open sets w, C R? such
that lim,, o cap(w,) = 0 and f is continuous when restricted to R4 \ wp. It is well known
(see for instance [19]) that every Sobolev function has a quasi-continuous representative, and
that two quasi-continuous representatives coincide quasi-everywhere. We then identify the
space H'(R?) with the space of quasi-continuous representatives. We recall that a sequence
u, € H 1(Rd) that converges in norm to some u € H' (Rd), converges quasi-everywhere (up to
a subsequence) to u.

Given p a capacitary measure we denote by H, ; the following space

H,=H'R)NL.RY) = {u € HY(R?) : /u2 du < oo} :

The space H}, is an Hilbert space when endowed with lull gy = llull g1 ray + HuHLﬁ(Rd), where
the quantity ||ul] r2(ra) s well defined, being Sobolev functions defined up to a set of zero
capacity. We always identify two capacitary measures y, v for which

/quu = /u2dl/, for every u € H'(R?). (2.1)

If instead (2.1]) holds with “<” we say that u < v, and in this case we have H} C Hﬁ We can

associate to any open set (or more generally to any quasi-open set) ) C R? the capacitary
measure I defined as follows

_J0  ifcap(E\ Q) =0,
Io(E) = {oo if cap(E \ Q) > 0.

Notice that, if g = I for some open set Q C R%, then H}L = H} ().

To extend the notion of torsional rigidity to a capacitary measure p we need to carefully deal
with the fact that the embedding H ; < L'(R?) can be noncompact and even noncontinuous.
Nevertheless we can follow an approximation argument: for every R > 0, let wgr be the
solution to the following minimization problem

min{/’Vu‘de-i-/u?dlu—/uda: : UEH;DH(}(BR)}
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The torsion function w, and the torsional rigidity T'(x) of the capacitary measure p are defined
as:
wy == supwgr, T(u):= /w”dx.
R>0
The Dirichlet eigenvalue of i1 can be defined through the following Rayleigh-type quotient:

2 2
W [IVul?dz+ [u g
uCH}\{0} [ u?dx

Clearly, if y = Iq for some domain Q C R?, we have T'(1) = T(2) and (1) = A\(Q) (we adopt
this notation also if € is a quasi-open set). For a general capacitary measure p, neither A(u)
is necessarily attained by some function ©v € H }L nor T'(u) is necessarily finite. However, as
shown in [9], it holds the following:

w, € L'(RY) <= T(11) < oo = A () is attained by some u € H;

For every capacitary measure p with T'(u) < oo we define the set of finiteness A, as the
quasi-open set

Ay = {w, > 0}.
In the case when pu = I, for some domain Q C R%, we have A, = €. The set of capacitary
measures with finite torsion can be endowed with the following notion of distance.
Definition 2.2. Given two capacitary measures p,v such that w,,w, € LYR%) we define
the y—distance between them as dy(u,v) = [wy — wy|p1wey. We say that a sequence p,

y—converges to pi if dy(pin, ) = 0 as n — oo. When Iq, 2 w we simply write Q, RN L

We summarize the main properties of the y—distance below:

e The space ({§ : u capacitary measure with w, € L*(R%)},d,) is a complete metric
space and the set {I : Q C R? open set with wg € L'(R%)} is a dense subset of it.

e The functionals p — A(p) and p — T'(u) are y—continuous.

e The map p — |A4,], or more generally integral functionals as [ A, f(x)dx with f >0

and measurable, are lower semicontinuous with respect to the y-convergence.
e The ~-convergence of yi,, to p implies the T'-convergence in L?(R%) of the functionals
I Ny« L2(RY) — L*(R?) defined by

_ {||u||H1(Rd) + [ulduy, fueH)

July I

to the functional || - HH}L : L2(RY) — L2(RY) ,

{||u||H1(Rd) + [uldpy  itue H
(0. @]

el = ifug H.

e For a given capacitary measures p with finite torsion we call resolvent of p the linear
compact and self-adjoint operator

R, : L*(RY) — L*(RY), Ru(f) = w,r,
where w,, r is the solution of the problem
wlu"f € H,l%ﬂ _Aw/»‘af + wﬂvf/'ll = f’
in the sense that

Wy, f € H}L, /Vwmf - Vodx + /wu7f¢du = /fqbd:c for every ¢ € H/i

The v-convergence of ji, to p1 implies the norm convergence of R, to R, i.e.

i [|Ry, — Rylloero ey, L2(riy) = 0.
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e If u, is a sequence of capacitary measures whose set of finiteness have uniformly
bounded measures |4, |, then

g r 2 (@d
pin = o= |Ry, — Rull r2mey r2rayy = 0 <= llullgy, — llullgy on L7(RY).
The classical concentration-compactness principle of P.L. Lions was extended to sequences

of open sets in [7]. Notably, the following result holds.

Theorem 2.3. Let ), be a sequence of open sets with uniformly bounded measures. Then
there exists a subsequence (still denoted with the same indices n) such that one of the following
situations occurs.

- Compactness: there exists a sequence x, C R? such that the sequence of capacitary
measures Iq, (x, + ) y—converges.
- Vanishing: the sequence Ry, ~converges in norm to 0. Moreover we have ||wg, ||~ —
0 and A\(Qy) — 00, as n — oo.
- Dichotomy: there exist two sequences of quasi-open sets QL. Q2 C Q,, such that
- dist(Q1,Q2) — 00, asn — oo;
- dy(Ia,,, Io1u02) — 0, as n — oo;
- liminf,, 0o (L) > 0 and liminf,, o, T(22) > 0.

The proof of the theorem above can be deduced by combining Theorem 2.2 of [7] and
Theorem 3.5 of [10].
3. RELAXATION OF Fy

In this section we characterize the relaxation of the functional Fj, to the set of capacitary
measures. We define the set M 4 of admissible capacitary measures as

Mqgq = {p : p capacitary measure with 0 < |A4,| < oo}.
For pn € Mgq we define the relaxed form of our functional Fj as
Fy(p) = sup { limsup Fy(Qy,) @ Qp C R open set such that €, u},
n
so that
M, = sup{Fy(p) : p € Mya}.
Lemma 3.1. Let p € Myq and Q, a sequence of domains such that NN p. If |A,| < oo
then 2, NA, 5o

Proof. Being the sequence 2, N A, of uniformly bounded measure, by the properties of -
convergence seen above we have to show that

lull gy — llullzr on L3R,

where we set p, = IQnmAM.

The “T-liminf” inequality readily follows by the fact that Hy = Hj(Q, N A,) € Hg(Qn)
and by the I' convergence of || - ||H01(S2n) to || - HH}L in L?(R%).

To prove the “I'-limsup” inequality we can suppose without loss of generality that u € H }L

Since ,, - i, there exists a sequence u,, € H&(Qn) such that

U, — u strongly L*(R?),

li_)m </|Vun|2d:c> :/|Vu2dx+/|u]2du.

We denote respectively by u," and u,, the positive and negative part of u,. Since we have

/\V(u;{—un)lzdx—/\Vu,ﬂde—i-/|Vun|2da:,
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and u, = u’

that

lim sup </|Vu+| da:) + lim sup </\Vun\ da:) = hm (/\V )l dm)
:/|Vu\2dx+/u2du.

We define

— u,,, by possibly passing to a subsequence (still indexed by n) we can suppose

vl =ut Aut e HYRY), v,

w =u, Au~ € HY(RY).
Since u € H}L and u, € H&(Qn) we have u = 0 q.e. on A}, and u, = 0 q.e. on Q7. This implies
that both v} and v;, vanish q.e. on (2, A4,)¢ and consequently that v, v, € Hi (Q,NA,).

Moreover it is easy to show that

n’n

v —wv, — u, strongly L*(R%).

Therefore the thesis is achieved if we show that

1131351) </|V |2dx> < lim (/IV n)|2dx>. (3.2)

We have
/\vv,ﬂ?dx = / VT |? da +/ |VuT|? da
{uf <ut} {ud >ut} (3.3)
_ / VP da — / (190 P = IVul?) 1y
By lower semicontinuity we have
lim inf / (|vu:|2 - |w+|2) Loyt dz > 0. (3.4)

Indeed, to show the inequality above, it is enough to write
/ (1912 = 190t ) iy do = / (Ve 2 = (VU 2) 1 sy o
_ / V(v )2 — [Vat 2 de

and to notice that u;t — u* weakly in H'(RY) implies u;” V ut — ut weakly in H'(R?) and
so, by lower semicontinuity

liminf/ V(v )2 — [Vut 2z > 0.

Combining (3.3)) and (3.4) we deduce that

lim sup (/ ]Vv,ﬂg) < lim sup </ |Vu;t|2dx> . (3.5)
n—00 n—00

lim sup (/ ]Vv,;P) < limsup </ |Vu;|2dx> . (3.6)
n—00 n—00

Combining (3.1)), (3.5) and (3.6)) we finally deduce (3.2]) and this concludes the lemma. O

Similarly we have

Remark 3.2. By Lemma for every measure u € M, there exists a sequence of quasi-
open sets 2, (that can be taken open by a standard approximation procedure) such that I
~v—converges to p and for which

Q| = [Au]  asn — oo.
This in turns implies that the set
{Io: Q c R? domain}
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is y—dense in Myq. Furthermore, we can extend both Saint-Venant, Faber-Krahn and Pdélya
inequalities to any capacitary measure. That is

A TR () < |BI7RAT(B), AN () > |BIYIN(B), (3.7)
and
0 <A ]AWT (1) <1 (3.8)
for every measure p € Myq and every ball B C R%.

Proposition 3.3. Let u € Myq. Then we have
|A,| = inf { liminf |Q,| : Q, domain, Q, - ,u}. (3.9)

The quantity |A,| is then the relaxation, in the y-convergence, of the Lebesque measure |S].
As a consequence, we have

R = 22 .10

Proof. The inequality < in (3.9) follows from the y-lower semicontinuity of the map p — [A,|
seen above. The opposite inequality follows at once by Remark Since T'(u) and A(u) are
~-continuous, the proof of (3.10) is achieved by a similar argument. O

The scaling properties of the shape functionals |2, A(©2), T'(2) and Fy(£2) extend to their
relaxations |A,|, A(n), T'(1) and Fy(p) in Myq. More precisely, setting for ¢ > 0

pe(E) =t u(E/t),

we have

(Al = 1Al Ape) = 72 p), T(ue) = t7?T (), Fy(pe) = Fy().

4. EXISTENCE OF AN OPTIMAL MEASURE FOR ¢ > 1

In [3] it is proved that the supremum M; = 1 is not attained in the class of domains. In
the next proposition we point out that the same occurs even in the class M.

Proposition 4.1 (Nonexistence for ¢ = 1 of an optimal measure). Given a capacitary measure
€ Mg the problem sup{Fi () : p € Mgyq} does not have a mazimizer.

Proof. The proof follows at once by exploiting Theorem 1.1. of [3] which asserts that there
exists a dimensional constant ¢4 > 0 for which

()

<
Fl(Q)—]' ’Q|1+%’

(4.1)
for every domain . Then, for every p € Mgy, by Remark we can select a sequence
Q, - A, for which

Fi(Q,) = F(p), T(Qn) —T(), Q] <]Ay asn— oo
Thus, using (4.1)) with Q = Q,, and passing to the limit as n — oo, we get Fi(p) <1=M;. O

To prove the main result of this section we need the following elementary lemma.

Lemma 4.2. Let 0 < ¢ < o <00, 1 < a1 < ag < 0o. Then, there exists 5 < 1 such that,
for every a,b,c,d € (c1,c2) it holds

(a+b)™ a® b
Y < -~ 1.
(c+d)* — Pmax co2’ do2
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Proof. Letting x = b/a and y = d/c, is enough to prove that
1 (e %) aq
o)™ e [, 200
(1+y)o ye?
Suppose that z < y. Since z > %, it holds

1+2)" =1+2)20+2)"2 < (14+y)* <1 + 2>a1_a2 . (4.2)

Similarly, if > y, since z < %, it holds

1 aq 1 a2 1 a1 —o2 1 a2 o a1 —Q2
<1 + ) < <1 + ) (1 + ) < <1 + > (1 + > - (4.3)
T Y T Y a

Eventually we achieve the thesis by letting

a1 —ao
()
C2
and combining (4.2)) and (4.3]). O

Theorem 4.3 (Existence for ¢ > 1 of an optimal measure). For every q > 1 there exists a
measure p* € Mgyg such that

Fo(u*) = sup{Fy(p) : p € Maq}.

Proof. We select a sequence fi, € Mg such that Fy(u,) — My, as n — oo. By density, we
can suppose that u,, = I, , for some sequence of open sets {),,. Further, being F, scaling free,
we can also assume |Q2,| = 1. Hence, we can apply Theorem [2.3

If dichotomy occurs, then there exist two sequences of quasi-open sets QL Q2 C Q,, such
that

Q}QOQ?LZQ, d’Y(IQn’IQ,IIUQ%) —0 as n — oQ.

Taking into account the Saint-Venant inequality and the fact that |,| = 1, there exist
constants c1, co > 0, which depend only on the dimension, such that

¢ < inf |T(Q))] < sup |[T(Q)| < c2, ¢ <inf|Q] <inf|QL| < g, for i =1,2.
n n n n

Since A; is increasing with respect to set inclusion, we have
A1 (€n) < minA; (€,), A(Q2)}- (4.4)
Lemma [4.2] together with (4.4)) gives
AMQ2) (T(QLUQ2)T AQ) (T(Q) + T(922))1 QLTI
() (T( n ) < ( )(1( n)—; OE ) SBmaxM n)i a( )
€25 | (1] + 12 ]) 2 =12 Q[

By taking the limit for n — oo in the latter inequality we obtain the contradiction

< Fy ().

sup F(p) < sup F(u),
HEM g HEM 4
and hence dichotomy cannot occur. Now, the maximality condition on the sequence 2,
together with Pdlya inequality gives that for n large enough

A(B)T*(B)/|B|* < X(Qu)T*(20) = AQ)T(Q) - 7771 (2,) < T7'(2,),  (45)

where B is any ball of R%. In particular it cannot be lim,_ o, 7'(€2,) = 0, and this rules out
the vanishing case.

Therefore compactness holds and there exists a capacitary measure p* and a sequence
r, € R? such that I, ,q, y—converges to u*.

By we deduce that T'(u*) > 0 which by implies |A,«| > 0 and hence that
w* belongs to Mgq. Clearly the measure p* maximizes the functional F;, on M4 and this
concludes the proof. O



5. OPTIMAL MEASURES ARE QUASI-OPEN SETS FOR LARGE q

We are now interested to prove that, when ¢ is large enough, optimal measures p coming
from Theorem can be represented as quasi-open sets. We begin by recalling the following
result, see [17] and [24] Proposition 3.83.

Theorem 5.1. Let p be a capacitary measure with finite torsion. Then the eigenfunctions
u € L2(R?) of the operator —A + p with unitary L? norm are in L™= (R?) and satisfy

lulloo < €/ CTIA(u)?*.
We also use the following lemma.

Lemma 5.2. For every q > 1 let ug € Mgq be a mazimal measure for the functional Fy, such
that |A,,| = 1. Then
lim inf T'(p) > 0.
q—o0

Proof. Let ¢, be a diverging sequence and B C R? be a ball of unitary measure. By a standard
diagonal argument we can select a sequence €2, C R of open sets such that |2,,| = 1 for every
n and

[Fy,, () — F, (pg,)| = o(T*" (B))  as n — oc. (5.1)
Then we can apply Theorem to the sequence §2,,. Dichotomy can be ruled out by the same
argument as in the proof of Theorem once noticed that a combination of (3.7)) and (3.8))
implies
Flan(py < TtV (B) — T(B) as n — cc.
The vanishing case can be excluded too by following again the proof of Theorem [4.3] Indeed,
for n large enough, Pélya inequality and ({5.1]) imply
T Q) > Fy, () = Fy, (1) = [Fg () = Fy, (t1g,)] = Fy, (B) + o(T%(B)).
Hence we deduce
lim inf 70=Ya)(Q,) > 0,
n—oo

which implies that it cannot be T'(€2,,) — 0, as n — oo. Therefore compactness holds true
and the sequence €, has a subsequence (still denoted by the same indices) that y-converges
to some u € Mg up to translations.

By the maximality of p,, it holds

F,/™ (B) < F}/% (14,) = T(2) (M(S2) + 0(1)) /o
and we deduce, passing to the limit as n — oo
T(B) <T(p) = lim T(Qy,).
n—oo

Since the sequence ¢, was arbitrary we obtain the conclusion. O

Theorem 5.3. Let € Myq be an optimal measure for Fy with ¢ > 1. There exists qo > 1
such that for q¢ > qo we have pu = I4,. In particular the optimal measure can be represented
by a quasi-open set.

Proof. Since F is scaling free, we can suppose that |A,| = 1. Let € > 0 be a small parameter
and let u. be the capacitary measure defined by

pe(E) = (1 —e)u(E).
Being A, = A,. we have p. € M. We assume by contradiction that p # I4, (notice that

this implies u. # p). For the sake of brevity, we denote respectively by w and w, the torsion
functions of p and p.. It is easy to verify that, as e — 0,

I
Il S 0 g, on L2(RY,
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and therefore we have p. = p and w, — w in L'(R%), as ¢ — 0. Let us denote by t(¢), I(¢)
and fy(e) the real functions

e t(e) =T(pe), =€) = Mpe), € fole) = Fylpe),
and by t/,(0), I’.(0), (f,)’.(0) the limits for ¢ — 0 of the respective different quotients.

By writing w. = w + &, for some & € L'(RY) and using the fact that w,w. respectively
weakly solve the PDEs:

—Aw+wp =1,
— Awe + wepte = 1, (5.2)
we deduce that & weakly solves the PDE
— A + &epte = wp. (5.3)

This allows us to compute the derivative

tq_(O) = lim </ & dx) = lim </ Vw.Vdr + /wgfgdug)
e—0 e—0
= lim ( / wwedu) 7

where we test (5.2]) with £ and we use (5.3) tested with w.. Since, as ¢ — 0, w. — w in
L'(R%) we obtain
t'.(0) = /w2 dp. (5.4)

We can treat with a similar argument the eigenvalue. Let u,u. be the first eigenfunctions
(with unitary L? norm) respectively of the operator —A + . and —A +u and let v. € L?(R9)
be such that u. = u + ev.. Since

—Au+up = Mp)u, —Aus + upre = AN(pte)ue
we have

— AV + Vet — up — EV L = U+ A(fhe ) Ve

(A(ue)g— A(u))

By testing the PDE above with u € H}L and since [ u?dz = 1, we obtain

<w> _ /VUEVud:c—i—/vaudu— /u2 du—s/vaud,u— )\(,ug)/vgucm.

By taking the limit as ¢ — 0 and exploiting the fact that u. — u weakly in H ﬁ and A\(pe) —
A(p) we get

' (0) = —/u2 d. (5.5)
By combining ((5.4) and (5.5 we get

u? w?
f) (0) =1 (0)T (1) + gA(p) T ()t (0) = F,(u /(——i—q) du.
(fa)5(0) = L (0)T% () + gA() T ()t} (0) = Fy(p) oo T
Now, the optimality condition on g implies (f;)'(0) < 0 and hence that
u? w? )
— —q du > 0. 5.6
[ (5 ~7%s >0
We claim that ) )
u w
——q <0 q.eonR? 5.7
M) TG o7

for ¢ large enough. Indeed, by an application of Theorem together with a comparison
principle, we have

u < YNV (1w e on RY,
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and so by the Pélya inequality

Alp) o

A
2 _ 1/(4m)\d/2 d
u” <e A w” q.e on R%.

The latter implies that

u? w? w?
—q < eVUINY2() — q)  q.e. on R%.
N~ T < 7 () =)

Therefore, for every ¢ such that

sup e/ N2 (1) < g,
NeMad

(5.7) is verified. Notice that the supremum in the inequality above is finite as a consequence
of Lemma combined again with Pélya inequality.
To conclude it is now enough to notice that (5.7)) contradicts (5.6)). O
6. OPTIMALITY FOR NEARLY SPHERICAL DOMAINS

In the following we consider the classes S;. of nearly spherical domains. Let B be the
unitary ball of R?. A domain € such that

|Q| = |Bi|, / xdx = 0,
Q
belongs to the class s, if there exists ¢ € C*7(9B1) with [|¢|f(9p,) < 1/2 and such that
0={zeR: z=(1+¢W)y, y€oB}, |¢lc2(0B1) <.

We recall the following result.
Theorem 6.1. Let vy € (0,1). There exists § = §(d,~) > 0 such that if Q € S5, then

T(B1) = T(Q) = Cillél /2 0,

MQ) = MB1) < Calldl 3298,
for suitable constants C1 and Cy depending only on the dimension d.

Proof. The inequality for the torsional rigidity follows from Theorem 3.3 in [6] while the
inequality for the eigenvalue follows by combining Theorem 1.2 and Lemma 2.8 of [14]. O

Theorem 6.2. Let v € (0,1). There exists § > 0 and ¢ > 1 such that for every ¢ > q1 and
every 2 € S, 5 it holds
ANB1)TYBy) > MQ)TYQ).
Proof. For every domain €2 we have
A(B)TY(B1) = MQ)T(Q) = MB1)(T(B1) — T()) + T (Q)(A(B1) — A(2)),
which, by the elementary inequality
9 —y? > qu? Yy —x), forevery z,y >0, ¢>1,

implies

ABNT(Br) = NQTUQ) = T HQ)[g(T(Br) — T(Q) = T(DAQ) = A(B1))].  (6.1)

Let § the constant determined by Theorem and assume () € S, 5. Since 27'B,cQcC
2B, we get
2= (B)) < T(Q) < 22797 (By).

Combining Theorem and inequality (6.1) we get

ABD)TI(Br) = AQ)T(Q) > (27PFIT(B1)) (gCr — 22T (BO)) 0131205,
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Hence, if ¢ is such that

q> 2d+22?T(31),
we obtain

AB1)TYBy) > MQ)TYQ)
and this concludes the proof. O

Remark 6.3. Although for large g we expect the ball to be optimal for the functional Fy, it
is easy to see that this does not occur when ¢q approaches 1. Indeed, if the ball maximizes Fj,
for every g > 1, passing to the limit as ¢ — 1, this would happen also for ¢ = 1, which is not
true, even in the class of convex domains. To see this it is enough to notice that

A(B1) < d+4
d(d+2) — 2(d+2)’
where the last inequality follows simply by taking u(x) = 1 — |z|? as a test function for \(B).
On the other hand, taking as €. the thin slab ]0, 1[9~!x]0, ¢[, gives

Fi(B)) =

2
lim F1(Q.) = —
lim F(9) = 35
and )
T d+4
_> fi d> 2.
12>2(d+2) or every a >
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