EPSILON-REGULARITY FOR GRIFFITH ALMOST-MINIMIZERS IN ANY
DIMENSION UNDER A SEPARATING CONDITION

CAMILLE LABOURIE AND ANTOINE LEMENANT

ABSTRACT. In this paper we prove that if (u, K) is an almost-minimizer of the Griffith functional and
K is e-close to a plane in some ball B C RN while separating the ball B in two big parts, then K is
C1® in a slightly smaller ball. Our result contains and generalizes the 2 dimensional result of [], with
a different and more sophisticate approach inspired by [24} [25], using also [2I] in order to adapt a part
of the argument to Griffith minimizers.
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1. INTRODUCTION

The variational model of crack propagation introduced by Francfort and Marigo [20] is based upon
the idea of Griffith from the early 20th century, saying that the needed energy to produce a crack in an
elastic material, is proportional to the surface area of the crack. This is how one can hope to produce
mathematically, a crack set depending on time K(t), coming from the quasistatic limit of discrete sets
K, := K(t,) which minimizes at each time the stationary Griffith energy

Ce(u) - e(u) dz + HN 1K),
Q\K

where e(u) = (Du + Du”)/2 stands for the symmetric gradient of the elastic displacement u :  — RY,
HN~1 is the Haudorff measure and C are elliptic coefficients.

Despite of the similarity with the classical Mumford-Shah functional, for which a huge literature gave
a thorough description of the minimizers from the 90s, the Griffith functional is more delicate due to
the configurations u with vector values, much different from the scalar case. Another difficulty is coming
from the fact that the energy with e(u) controls only the symmetric part of the gradient, and not the full
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2 C. LABOURIE AND A. LEMENANT

gradient Du which implies, in absence of good Korn type inequalities in the non regular domain Q \ K,
some major technical problems. This is why the development of the tools to treat Griffith minimizers
appeared relatively recently only, comparing to the standard theory of free-discontinuity problems. To
mention a few, the weak existence in GSBD by Dal Maso in [9], the strong existence of a minimizer by
Chambolle and Crismale [7], in addition to the Ahlfors-regularity by Chambolle, Conti and Iurlano [6]
using also a previus work by Conti, Focardi and Iurlano [§].

The main question that we address in this paper concerns the C' regularity of minimizers for the
Griffith functional, in any dimension. This question is related to the so called Mumford-Shah conjecture,
about the minimizers of the famous Mumford-Shah functionnal

/ |Vu|? dz + H (K).
Q\K

The question of Mumford and Shah (1989) which is still open, is to know whether the minimizers K of
the Mumford-Shah functional are formed by a finite number of C! curves (see for instance the review
paper about this problem [26]). Bonnet in [5] showed that the answer is true if K is assumed to be a
connected set. Some precise C! estimates have also been obtained by David [11], and a famous partial
C! result in higher dimensions is given by Ambrosio, Fusco, Pallara in [3]. Later, an independent proof
and more precise in the special dimension 3 case appeared in [25]. See also [27, 18| 2l 12] for further
developments.

However, while trying to attack the Griffith functional with the standard Mumford-Shah tools, we
rapidly see that most of the arguments do not work on this variant with e(u). The energy controls only
the symmetric part of the gradient which does not control w in general. For instance, the monotonicity of
Bonnet does not apply in the vectorial context. Most of the extension technics do not work neither, and
the co-area formula cannot be used anymore. All the competitors obtained by truncation or composition
are forbidden, which makes the analysis highly difficult. For instance, the Euler-Lagrange formula is not
available, which prevents to derive a tilt-excess estimate, a starting point to apply the standard approach
of Amborsio, Fusco and Pallara [3].

Despite of theses difficulties, the second author together with Babadjian and Iurlano have recently
proved in [4] a partial C! result on the singular set of a Griffith minimizer, in dimension 2, with the
additional assumption that K is connected. The proof does not extend to higher dimensions for several
reasons. Later in [22], the result has been exploited to improve the dimension of the singular set and
integrability of the symmetrized gradient in dimension 2.

In the present paper, we extend the results of [4] to any dimension N > 2, by using a completely
different approach. Since connectedness of K has no powerful meaning in higher dimensions, we replace
it by a separating assumption: we say that K separates B(x,r) when, possibly after rotating, the north
pole and south pole lie in different connected components of B(x,r) \ K (see Definition for a more
precise statement).

Our e-regularity result uses a quantities that is usually called the bilateral flatness of K defined by

B (xg,70) := r~ ! inf max sup dist(y, P), sup dist(y, K) ¢,
P yeEKNB(zo,r0) yEPNB(zo,r0)

where the infimum is over all hyperplanes P passing trough x.
Now here is our main result (we refer to Definition [2.1| for the precise definition of an almost-minimizer
with gauge h and to Definition for the separating condition).

Theorem 1.1. For each choice of o € (0,1), there exists constants g9 € (0,1), v € (0,a) and ¢ € (0,1)
(all depending on N, «) such that the following holds. Let (u, K) be a Griffith almost-minimizer with
gauge h(t) = h(1)t* in an open set Q. Let xg € K, 19 > 0 be such that B(xg,r9) C Q, K separates
B(zg,10) and

B (z0,70) + h(ro) < <o

Then K is a smooth C*7 embedded surface in B(x,cro).
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Notice that without control on the flatness Sk, the set K could be a triple junction (three curves
meeting with an angle 27/3).

It is worth mentioning that in dimension 2 when K is connected, then the separating condition holds
H'-a.e. on K so that our result contains the one of [4] and generalizes it to almost-minimizers instead of
minimizers. As a matter of fact, we also extend the results of [22] to almost-minimizers as well.

Now in higher dimensions, it is not clear how to prove that, for an almost-minimizer (or even a true
minimizer), the separating condition holds almost everywhere. Therefore, our result does not directly
imply that the singular set of a Griffith minimizer in dimension N is C%* H~N~l.a.e. Proving that
the separating condition holds almost everywhere is a difficult open problem because of the lack of co-
area formula for the symmetrized gradient. However, we believe our result to be a step toward the full
regularity of minimizer in any dimension.

Next, let us say a few words about the proof. The strategy that we employ is to follow the approach
introduced in [24] 25] for the Mumford-Shah functional. The main idea, that was suggested by Guy David
to the second author during his thesis, is to use a stopping time argument on the flatness to identify a
region where K would be “good” (which means e-flat at every scale) and another region where K would
be “bad” (i.e. stops being flat at some scale), which is performed in Section |5l The main point is then
to estimate the size of the bad region, denoted by m(r). This is done by use of a compactness argument
(Lemma that says that if K stops being flat at some scale, then one can win quantitatively some
surface area in that scale, which is one of the key ingredients in the construction of a competitor. In this
compactness argument we had to use a different argument compared to the scalar scale [24] 25] to avoid
using the uniform concentration property, which is not known for our set K.

Furthermore, the general strategy works by use of another very important ingredient: an extension
tool for the function u. Since we control approximatively the geometry of K at every working scale thanks
to our stopping time function, we can extend u near K by replacing it with averages and use a partition
of unity in order to obtain a well defined function while K has been modified as a competitor. We have
written a general statement encoding this procedure in Lemma that we use later several times for
each competitor that we create.

Gathering together the stopping time argument, the compactness lemma and the extension tool, we
are able to prove that the size of the bad set in a ball B,., denoted by m(r), has a decaying property
involving the normalized elastic energy w(r) (see Proposition defined by

1

w(w0,70) = —s / le(u)) dz
ro ' I BoronK

Then we need to prove that the normalized elastic energy has itself a decaying property to bootstrap
the estimates. The decay of energy is proved by use of a compactness argument which is the purpose of
Proposition In this proof we benefit from the separating property in order to use a jump-transfer
technic. But we also use the sophisticated extension tool (Lemma in a subtile manner in order to
gain some closure property of a contradicting sequence. The proof is therefore totally different from the
two dimensional argument of [4], which uses the Airy function (available only in dimension 2).

At the end we prove that all the quantities w(r) and m(r) are decaying like a power r* whereas 3(r)
stays small, which implies that K is actually an almost-minimal set with gauge of order r*, which leads
to the conclusion.

As the strategy is similar to the one of [24] [25], it is quite probable that in dimension 3 an analogous
e-regularity result near minimal cones of type Y and T would be available using a variant of our work.
But for sake of simplicity we have written here only the case of flat cone P (hyperplane).

Finally let us mention some main differences with the work in [24] 25]. Firstly let us say that our
paper is totally self-contained and no statement from [24], 25] has been directly used. Everything has
been re-written with full details, sometimes quite differently and simplified, and we hope that the tools
developed in here could be useful for other purposes. In addition, most of the time we had to adapt to
the Griffith functional in a nontrivial manner some of the arguments used in [24] [25].

For instance, in the scalar case it is known that the Mumford-Shah minimizers have the “uniform
concentration” property. Since the proof of that fact relies on the co-area formula, this is a difficult open
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question for Griffith minimizers, and prevents us to easily obtain semi-continuity behavior of the surface
area for a sequence of Griffith minimizers. Since this was one of the key ingredients in the compactness
argument in Lemma we have used a different strategy following the results of the first author in [21].
Another difference comes in the proof of Proposition [5.3] where we proceed differently in order to avoid
competitors of the form x(u,), which are not admissible when dealing with the Griffith energy.

2. PRELIMINARIES

Our working space is an open set Q C RY, where N > 2. We say that a constant is universal when it
depends only on N. We introduce a few definitions.

(Coral) pairs. We define an admissible pair as a pair (u, K) such that K is a relatively closed subset
of @ and u € W,22(Q\ K;RY). We say that the pair is coral if for all z € K and for all r > 0,

HN V(K N B(x,r)) >0,

where HV 1 is the Hausdorff measure of dimension N — 1. For any open set V, we define LD(V) as the
set of functions u € W,2(V) such that I le(u)]? dz < +o0.

loc

Competitors. Let (u, K) be an admissible pair. Let z € Q and » > 0 be such that B(z,r) C Q. A
competitor of (u, K) in B(z,r) is an admissible pair (v, L) such that

L\ B(z,r)=K\ B(z,r) and v=wu ae. in Q\(KUB(z,r)).

Local minimizers and almost-minimizers. In general, a gauge is a non-decreasing function h :
(0, 400) — [0, +00] such that lim;_,g+ A(t) = 0. Our main theorem applies only with gauges of the form
h(t) = h(1)t*, where a € (0, 1), but it is only at the last section (Section 6) that this will be used.

Definition 2.1. A Griffith local almost-minimizer with gauge h in Q is a coral admissible pair (u, K),
such that for all x € Q, for all r > 0 with B(x,r) C Q and for all competitor (v, L) of (u, K) in B(z,r),
we have

/ le(u)|? dz +HN V(K N B(z,r)) g/ le(v)|* dz +HN (L N B(a, 7)) + h(r)r¥ 1,
B(z,r)\K B(z,r)\L
where e(u) is the symmetrized gradient of u;
Du + Du”
e(u) := —

Note that the definition is local since we only work in balls away from the boundary 0. In the rest
of the paper however, we will omit the word ‘local’ for simplicity.

Remark 2.1. Notice that adding to K a negligible set does not affect the almost-minimality condition (2.1]).
This explains why one needs to assume K to be a coral set, as we did in Definition [2.1] in order to expect
any kind of regularity result.

Remark 2.2 (Ahlfors-regularity). If (u, K) is a Griffith almost-minimizer in 2, a standard comparison
argument using the minimality condition (2.1 shows that for all x € Q and r > 0 with B(z,r) C 2 and
h(r) <1, we have

(2.1) / le(u)|* dz + HN YK N B(z,r)) < (on + 1)V 71,
B(z,r)\K

where o is the measure of the unit sphere. It also follows from a careful inspection of the proofs in
[6] (which are based on [8]), that there exists universal constants C' > 1 and €4 € (0,1) such that the
following holds. If (u, K) is any Griffith almost-minimizer with any gauge h, then for all z € K and r > 0
such that B(x,r) C Q and h(r) < e4, we have

HN YK N B(z,r)) > C VL
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In view of (2.1)), we can assume €4 smaller and C bigger so that for all + € K and r > 0 such that
B(z,r) C Q and h(r) < ey4, we have
(2.2) O N <HN"YK N B(x,r)) < OrVTL

We will frequently need to assume h(r) < e4 in our statements to make sure that we can use the
Ahlfors-regularity property (2.2)).

Remark 2.3. As proved in [6], an example of Griffith minimizer is given by (u,J,), where u a GSBD-
minimizer of the Griffith functional

[ el de -+ 1)
Q
with prescribed Dirichlet boundary condition.

Remark 2.4. Contrary to what commonly follows from the standard Mumford-Shah theory, and due to
the absence of good L™ estimates, it is not known whether Griffith minimizers of a functional with an
additional term of the form [, [u — g|> dz with g € L™ is an almost-minimizer. However, an example of
almost-minimizer if for instance a minimizer of a functional of the form

/ le(u) + A|2dz + HNH(K)
Q\K

as studied recently in [23], for which the result of the present paper in full generality in dimension 2, is
used.

Remark 2.5. Let (u, K) be a Griffith almost-minimizer with gauge h in B(xg,7p). The rescaled pair of
(u, K) in B(0,1) is given by (v, L) such that

v(z) = ro_%u(xo +roz), L=ry"(K — ).

We observe that for all z € B(0,1) and r > 0 with B(z,7) C B(0,1) and for all competitor (w,G) of
(v, L) in B(z,r), we have

/ le(v)|” dz + H' (L N B(x,7)) g/ le(w)|® dz + HY(G N B(x, 7)) + h(rro)r.
B(z,r)\L B(z,r)\G

Thus, (v, L) an almost-minimizer with gauge h(t) := h(rot) in B(0,1).

We will introduce different quantities to study the Griffith almost-minimizers but all of them will be
invariant under scaling (the flatness 3, the normalized elastic energy w and the bad mass m).

The normalized elastic energy. Let (u, K) be an admissible pair. For any xg € Q and ro > 0 such
that B(zg,ro) C 2, we define the normalized elastic energy of w in B(zg,ro) as

1

wali0,70) = s / le(w)|? da.
To B(xo,r0)\K

When there is no ambiguity, we write simply w(zg, ro) instead of w,, (2o, 70).
Remark 2.6. We see that for all ball B(x,r) C B(xg,ro), we have

w(z,r) < (T—O)Ni1 w(xo, ro).

r

The bilateral flatness. Let K be a relatively closed subset of ). For any zg € K and rg > 0 such that
B(xg,10) C £, we define the bilateral flatness of K in B(xzg,rg) by

(2.3) Br (20,70) := 7~ " inf max sup dist(y, P), sup dist(y, K) ¢,
P yeEKNB(z0,r0) yEPNB(z0,70)
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where the infimum is taken over all hyperplanes P through xy. An equivalent definition is that Sk (2, 70)
is the infimum of all € > 0 for which there exists an hyperplane P through z( such that

K N B(xo,m0) C {y € B(wo, 1) | dist(y, P) <ero }
PN B(xg,m0) C{y € B(xo,m0) | dist(y, K) <erg }.

It is easy to check that the infimum in (2.3)) and (2.4)) is always attained. When there is no ambiguity,
we write simply S(xqg, 7o) instead of Bk (o, 70)-

(2.4)

Remark 2.7. We see that for all 0 < r < r,
r
(2.5) B(wo,7) < %ﬁ(ﬁﬂovro)

and for all ball B(z,r) C B(zg,ro) centred on K, we also have

Bl r) < 22w, o).

Let (K;); and K be relatively closed subsets of £ containing xy such that (K;); converges to K in local
Hausdorff distanceﬂ Then for all 0 < r < rg such that B(xg,2rg) C €2, we have

2

(2.6) <:> limsup Bk, (w0, 7) < Br (z0,70) < liminf Bx, (20, 70).
0 ; i

At the left-hand side of (2.6)), we are forced to work with a radius r < ry because certain parts of
K; N B(0,rg) could contribute to Bk, (xo,79) while converging to dB(0,79) (so Bx(zo,r9) won’t see
them).

The separating condition. The separation in a ball will be fundamental in our analysis. We will
consider the situation where K N B(xg,7¢) is contained in a narrow strip of thickness erg for some
e €]0,1/2], i.e., there exists an hyperplane P passing through z such that

K N B(xg,70) C {2 € B(xg,m0) | dist(z, P) <erg }.

We can then define two balls D¥(zg,79) and D~ (xg,70) of radius r9/4 and such that D¥(xq,7r¢) C
B(x0,70) \ K. Indeed, set zF := xo = (3/4)rov, where v is a normal unit vector to P. We can check that
DE(zo,70) := B(xF,r0/4) satisfy the above requirements.
Definition 2.2. Let K be a relatively closed subset of 2, let xg € K andrg > 0 be such that B(xo,19) C €.
We say that K separates B(xg,10) if there exists an hyperplane P through xo satisfying

K N B(xg,79) C {z € B(xg,70) | dist(x, P) <ro/2}
and such that the corresponding balls D*(xq,ro) are contained in distincts connected components of

B(fﬂo,’l"o) \ K

Remark 2.8 (The separating property does not depend on a particular hyperplane). If K separates
B(xg, 1) with respect to an hyperplane P passing through xo and if @ is another hyperplane passing
through x( satisfying
KN B(I07T0) - {I € B(IOaTO) | dlSt($7Q) < T0/2} )

then K also separates with respect to (). For the proof, let vp and vg be unit normal vectors to P and
@ respectively. We orient them in such a way that vp - vg > 0. The sets

{y € B(zo,70) | (y —20) - vp > 10/2},

{y € B(zo,m0) | (y —x0) -vg >10/2}

11t means that for all compact set B C Q, for all € > 0, there exists 49 such that for ¢ > ig, K; N B C {dist(-, K) <e}
and K N B C {dist(-, K;) < e}. It is also equivalent to the two equalities

K={z€Q|liminfdist(z,K;) =0} = {z € Q| limdist(z, K;) =0}.



EPSILON-REGULARITY FOR GRIFFITH ALMOST-MINIMIZERS UNDER A SEPARATING CONDITION 7

are connected, disjoint from K and they have a nonempty intersection because vp - vg > 0. Therefore,
their union U™ is a connected subset of B(zg,79) \ K. Similarly, the union of the sets

{y € B(wo,m0) | (y —w0) -vp < —10/2},
{y € B(xo,m0) | (y —20) -vQ < —70/2},

denoted by U™, is a connected subset of B(xg,r9) \ K. As K separates with respect to P, the sets U™
and U~ must be contained in distincts connected components of B(zg,r9) \ K and we deduce that K
separates with respect to Q.

Remark 2.9 (Equivalence of unilateral flatness and bilateral flatness for separating sets). If B(zg,r) C Q,
K separates B(xg,70) and there exists 0 < ¢ < 1/2 such that

K N B(xg,70) C {z € B(xg,70) | dist(x, P) <erg },
then we necessarily have
PN B(zg,ro) C {x € B(xg,ro) | dist(z, K) < 2erg }.

Thus, for a separating set, the unilateral and bilateral flatness are equivalent by a factor 2. For the proof,
let v be a unit vector v to P. For all x € PN B(xo, (1 —¢&)rg), the segment x + [—ergv, erov] is contained
in B(xg,79) and it must meet K otherwise it can be used to connect D¥ (xg,7¢) in B(zo,70) \ K. This
shows that dist(x, K) < erg. And for all others x € P N B(xp,r9), we can find y € P N B(xo, (1 — &)rp)
such that |z — y| < erg so dist(z, K) < 2ery.

The following lemma guarantees that when passing from a ball B(xg,7¢) to a smaller one B(x,770),
the separation property is preserved if (xg, ro) is small enough compared to 7. We will see later a variant
of this result, Lemma where the separation property is preserved in B(z,r) if f(x,t) stays small at
all intermediate scales t € [r,ro/4].

Lemma 2.1. Let K be a relatively closed subset of §2, let xg € K and ro > 0 be such that B(xg,19) C §2
and and K separates B(xg,7r9). Then for all x € K N B(xg,79), for all 7 > 0 such that B(x,7ry) C
B(xg,r0) and B(xo,70) < 7/4, the set K still separates B(x,r).

Proof. Let Py be a hyperplane passing through xy which achieves the minimum in the definition of
B(xo, 7o), i-€.,

K N B(xg,m9) C {z € B(xo,70) | dist(x, Py) < eoro},
where gg := (x0,70). Let P be the hyperplan parallel to Py and passing through x. Since x is at distance
< ggrp from Py, the hyperplane P is also at distance < ggry from P and it follows that

KN B(z,ro) C{y € B(w,7ro) | dist(y, Po) < €070 }
C{y € B(x,1ro) | dist(y, P) < erro }
where € = 2g¢/7 < 1/2. The two connected components of B(x,r)\ { dist(-, P) < eTrg } are contained in

respective connected components of B(xg,7g) \ { dist(-, P) < gor }. We deduce that K separates them as
well. O

Definition 2.3 (Hypothesis-H (g9, xo,70)). Let K be a relatively closed subset of 2, let zg € K, rg > 0
and g € [0,1/2]. We say that K satisfies Hypothesis-H (¢, xq,70) if B(xo,70) C Q and if K satisfies the
two following assumptions:

i) K separates B(zg,r0) (as in Definition [2.9);

ii) B(x0,70) < €o-
In this case we can define D*(xzo,79) as in Deﬁm’tion and we can also define Qp(xo,10), for h=1,2
(or simply Qy ), the two connected components of B(xo,r0) \ K that contains D*(xg,70), respectively.

The set B(xg,79) \ K might have other connected components than ©; and {25 but they are contained
in a narrow strip of thickness eyr passing through the center of the ball.
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Geometric functions. Geometric functions are Lipschitz functions § : K N B(xg,3r¢/4) — [0,70/4]
that we will use to build a covering (B(xz;, d(x;)); of balls centred in K with good overlapping properties.
We will take advantage of them in Section [3| to build extensions via a partition of unity.

Definition 2.4 (Geometric function). Let K be a relatively closed subset of Q, let g € K, rg > 0,
g0 € [0,1/2] be such that K satisfies Hypothesis-H(gq,2o,70). Let p € [ro/2,3r0/4] and T € [8eo,1/2].
Then we say that a 100-Lipschitz function

§ : K N B(xo, p) — [0,70/4]

is a geometric function with parameters (p,7) if for all x € K N B(xg,p) and for all v € (6(x),70/4], we
have

(2.7) Blz,r) < T.

Let us make a few comments. We excluded the case r = §(x) in (2.7) because the flatness B(x,d(x))
would not be defined when §(x) = 0. That being said, if §(z) > 0, we have necessarily 8(z,d(x)) < 7.
To justify it, we distinguish two cases. If 0 < d(x) < r9/4, we use the fact that for all r € (6(z),79/4),

T r
1) < — < —7.
B(0,00)) < 55000) < 517
If §(x) = rq/4, we have B(x,d(x)) < 7 as well because of the scaling property of 8 and because g9 < 7/8.

A simple example of geometric function is the constant function § = 27~ 5(zg, ro)ro < ro/4. We have

indeed by the scaling property of 3,

B(xz,0) <2 (%J) B(xo,r0) < T

Remark 2.10 (The Lipschitz condition). The Lipschitz property of ¢ implies that two balls with nonempty
intersection have comparable radii. More precisely, let us fix 0 < ¢ < 1/300 and let us consider z,y €
K N B(xg, p) such that B(x,td(z)) and B(y,td(y)) meet. Then we have

|6(2) = 8(y)| < 100|z — y| < 100(t6(z) + t3(y)) < 3 (5(x) + (y))
whence
(2.8) 16(z) <6(y) <26(x) and |z —y| < 3té(x).
In particular, for all y € K N B(zg, p) N B(z,t5(x)), we have as well.
In Lemma [3.2] below, we will see that the condition 2.7] of geometric functions implies that in each ball

B(xz,d(x)), the set K still separates and the two main components of B(z,td(x)) \ K are still subsets of
Q and s respectively.

3. THE EXTENSION LEMMA

We start by motivating this section and introducing one of the main techniques of the next sections.
We consider a Griffith minimizer (u, K) in Q and z¢ € K, r¢ > 0 such that B(xg,r9) C  and K separates
B(zg,19). Welet L = f(K) be a deformation of K such that L = K in Q\ B(xg,r9). We would like
to use the minimality of (u, K) to compare HY (K N B(xg,7)) and HN~Y(L N B(xg,70)). If K is a
smooth surface, it could be possible to build a function v € VVlaf (2\ L) such that v = u in Q\ B(xo,70)
and

/ le(v)|* dz < c/ le(u)]* da .
B(IQ,T())\L B(CE(),T(])\K

Then the energy comparison between (u, K) and (v, L) yield
(3.1) ’HNfl(K N B(xzg,rg)) < 'HNfl(L N B(xg,70)) + w(xo, To)rév_l.

Here, we see that the energy control the minimality of K under deformation. Once we will prove that w
decays as a power, will allow us to conclude that K has an almost-minimal area under deformation.
Then our e-regularity theorem will follow from the regularity theory of almost-minimal sets. The goal of
this section is to build such a function v without assuming K smooth a priori. The lack of regularity of
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K will force us to add a certain “wall set” Z where the extension v does not connect well with v and
where we cannot estimate its elastic energy.

To simplify, let us say that K delimits two sides €1 and Qg in B(xg, ro). For some p € (1/2,3/4), we
partially cover K N B(xg,p) by a sequence of balls (B;); = (B(z;,1;)); centred on K which are induced
by a geometric function (i.e., r; ~ d(x;) for some geometric function ¢). Then for each h = 1,2, we want
to build a Sobolev function v, on Q U J, 10B; which is a kind of extension of u|g,. Without loss of
generality, let us focus on v;. For an isolated ball B;, we would define v; in 10B; U €2 as follow. We set
vy as a well-chosen rigid motion in 9B; and then v; = w in Q; \ 10B; whereas the part Qq N10B; \ 9B; is
a transition area. However, the lack of Korn-Poincaré inequality prevent us from estimating the energy
of v in the part of the transition area that is near K. Therefore, we never consider isolated balls but
we build v; via a partition of unity with respect to the family (B;), taking advantage of the overlapping
properties induced by 6. Each of these balls is equipped with an orientation v;, which is a unit vector
pointing in the direction of €;. We will need that when two balls B; and B; meet, their radii are
comparable and their orientation are very close. We will also need that for all ball B;, the part of the
transition area 23 N10B;\ 9B; at distance < r; from K is covered by other balls 9B;, with j # 4. Thus, v;
is an interpolation of ridig motion in the bad part the transition area near K and this allows to estimate
the elastic energy of v without the Korn-Poincaré inequality. However, we cannot estimate the energy
of v1 in the balls B; which meet 9B(zo, p) because we cannot find other balls 9B; anymore to cover the
bad part of the transition area. This limitation will appear in item [v)|of Lemma Therefore, our wall
set Z will be composed of all the balls B; which meet B(zg, p). As said above, this is where we don’t
estimate the energy of v and where v might not connect with wu.

Let us mention that there could be other ways to extend v; and that it is typical for extensions Lemma
to add a wall set Z near KNIB(xq, p), for some p € (1/2,3/4), where the extension does not connect with
the original function. The simplest example [4, Lemma 4.2] which adds a wall set of size 8(xo, ro)rév -1
namely

{x € 0B (w0, p) | dist(x, P) < B(xo,70)r0 } ,

where P is an hyperplane which achieves the infimum in the definition of S(xg,7¢). The measure of the
wall set then appears as an error term in the estimates that involve the construction of a competitor by
extension. We cannot use [4, Lemma 4.2] however because an error term like 8(zq,70)ry ~* would not
be good enough to bootstrap our joint decay Lemmal6.1} In our extension technique, the size of the wall
set Z is more finely controlled by the chosen geometric function ¢ inducing (B;);.

Taking & ~ (o, 70)ro would yield a wall set of size 3(zq,70)re * similar to [4, Lemma 4.2]. But if K
is flat enough near dB(zg, p), we could rather consider a geometric function § such that é(x) — 0 when
x gets closer to OB(xg, p). The radius r; of the balls B; would tend to 0 as x; — dB(xo, p) and possibly
fast enough so that that no balls B; would meet dB(zq, p), resulting in an empty wall set Z. However,
we stress that the existence of this kind of geometric function is already a regularity property of K near
8B(x0, 7’0).

In Section[5] we will build a certain geometric function ¢ for which the size of the wall set Z is controlled
by B(zg,ro)m(zg, ro), where m is a quantity called ‘bad mass’. More precisely, Z will be contained in an
open set O such that HN~1(00) < CB(xg,r0)m(zo,70). We will set v = 0 in O, add 9O to the crack
and this will be penalized in the energy of v by an error term 3(xg,ro)m(xg,r0). The bad mass can be
interpreted as a way of measuring how K differs from being Reifenberg—ﬂatﬂ In the particular case where
K is Reifenberg-flat in B(xo,r0), we have m(xg,r9) = 0 and the geometric function § of Section [5| does
not induce a wall set.

We are now ready to write our extension Lemma. Let K be a relatively closed subset of Q. Let xy € K,
ro > 0 and g9 € [0,1/2] be such that K satisfies Hypothesis-H (g, g, 79). We consider two parameters
p € [ro/2,3ro/4] and 7 € [8ep,1/2] and a geometric function § with parameters (p, 7).

(3.2) We fix U := 10° and we assume in addition that 7 < 1075,

2We say that a relatively closed subset K C B(zo,70) is 7-Reifenberg flat in B(zg, o) for some T > 0 provided that for
all z € K N B(zo,970/10) and for all 0 < r < rg/10, we have Sk (z,r) < T.
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For = € B(xo, p), we set
ry = 6(x)/U

and we define B, as the open ball B(z,r,), which is possibly empty. We will work with balls like B,
10B,, 50B, and they are small enough to apply Remark because 50 r, < 6(x)/300. We define

W= U B(z,rs) and Wi = U B(x,10r,)
z€KNB(xo,p) z€KNB(xo,p)

They are open subsets of B(zg, 7o) containing {z € K N B(xo,p) | §(x) > 0} and by Remark they
do not contain the points z € K N B(zg, p) such that 6(z) = 0. We introduce the open set

7Z = U{B(m, 10r,) | x € K N B(xo, p), 50B(z,7r,) NOB(xg,p) # 0}
which will be our wall set. And finally, we define for h = 1, 2,
Vi, =QuUW.

It is an open set of B(xg,rg) which extends 2, by adding the nonempty balls B, centered on K. We will
see later in Lemma that W covers the connected components of B(xg, 7o) \ K that are not contained
in Ql or QQ, i.e.,

B(0,p)\ (KU UQ) CW.
The rest of this section is devoted to prove the following Lemma.

Lemma 3.1 (Extension Lemma). Under the notation above, for all function w € LD(B(xq,r0) \ K) and
for all h = 1,2, there exists a function vy, € LDio.(V) and a relatively relatively subset Sy, of Vi, such
that

W c S, c Wi, vh:uith\Sh

and

/1 le(on)[2dz < C le(u)|? dar,
ViNB(zo,p)\Z B(zg,p)NQp

for some universal constant C > 1.

Here one can think of S} as being essentially equal to Wig but it will be more convenient to have
Sh, being a relatively closed subset of Vj,. The set Z plays the role of a domain around K N 0B(zg, p)
where we cannot estimate the energy of vy, neither make sure that v;, connects with . In Section 5} we
will build a geometric function § for which the size of Z is related to the ‘bad mass’, a quantity which
measures how much K differs from being Reifenberg-flat.

Remark 3.1. Using the inclusion S;, C Wiy and the definition of Z, we see that
Sp\ B(wo,p) C Z
and as v, = u in V}, \ Sy, we deduce that
vp=u in Vi \ (B(z,p)UZ).

We can therefore also control the energy of v in the larger domain V;, \ Z;

/ le(vn)[2dz < C le(u)[? da.
Vi\Z B(xo,70)
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3.1. The Orientation Lemma. In the next Lemma, we assume that K separates B(xg,ro) and that
K N B(xg,3r0/4) is covered by balls B(z,r) such that §(z,t) stays small at all intermediate scales
t € [r,ro/4]. We then show that in these balls, K still separates and we can keep track of the Q side
and the 5 side. In fact, they cover all the connected components of B(zg,3r/4) \ K which are not Q
or 25. We show in addition that the approximation plane of K does not change too much when passing
from a ball B(y, s) to a smaller ball B(z,t) with comparable radius. This is related to the fact that when
the bilateral flatness is small, all the approximation planes must be close to each other.

Lemma 3.2 (Orientation Lemma). Let K be a relatively closed subset of Q). Let zg € K, 79 > 0 and
g0 € [0,1/2] be such that K satisfies Hypothesis-H (g, xo,70). Let Qq, Qo be the connected components of
B(zo,70)\ K introduced in Definition[2.5 We assume that there exists positive numbers p € [ro/2,3r0/4],
€ € [8g0,1073] and a function

KN B(zg,p) — [0,70/4]

S
such that for all x € K N B(xo, p), for all v €]r,,70/4], we have
Blz,r) <e.

Then for all x € K N B(xg, p) and for all r €]r,,ro/4], there exists a unit vector v, € SV~=1 such that
{yeB(z,r)| (y—x) vy >er} C
{yeB(x,r) | (y—x) v, < —er} C Q.
and in particular
KNB(x,r) C{ye B(x,r) | |(y—z) vy] <er}

In addition, whenever for some z,y € K N B(xq,p) and t €)ry,r0/4], s €]ry,10/4], we have B(z,t) C
B(y,s) and t > s/10, then v, and vy are close to each other in the sense that

Vg - Uy 2> 1 —100¢.
Finally, we have

(33) E(xo,p) \ (K uu QQ) C U B(m, ’r‘$).
x€KNB(0,p)
Proof. We fix x € K N B(xg,p). We start by justifying that the property holds in the ball B(x,ry/4).

We proceed as in the usual proof of the inequality B(x,r¢/4) < 88(xp,r9). According to Hypothesis-
H(eg,x0,70), there exists a unit vector vy such that

(3.4) K N B(zg,70) C {z € B(zo,70) | |(x — x0) - 10| < €070 }-
Moreover, we can orient v in such a way that
{y € B(zo,70) | (y — o) -0 > €010} C
{y € B(l’o,’l”o) | (y — Io) v < *607”0} C Qs.
Since # € K N B(xg,ro), we have |(z —x0) - vo| < eoro by (3.4). For all y € B(x,r¢/4) such that

(y —x) - vo > e(ro/4), we have (y — x) > 2e9rg because €9 > 8¢ and we deduce that
(y—mo) vo=(y—2) vo+(x—x0) 1o
> €070,
whence y € 1. One can deal similarly with the other side.
Next, we consider two points z,y € K N B(xzg, p) and two radii ¢t €|ry,79/4], s €]ry,10/4], such that

B(z,t) C B(y,s) and t > s/10. We assume that B(y, s) satisfy the property and we are going to deduce
that B(x,t) satisfies it as well. Let v, be a unit vector such that

KN B(y,s) € {2 € Bly,s) | |(z — y) - v| <es)
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and
Ai(y,s) ={z€By,s) | (z—y) vy >es} C
As(y,s):={z€B(y,s) | (z—y) vy < —es} C Q.
Since B(z,t) < g, there also exists a unit vector v, such that
(3.5) KNB(z,t)C{ze Bz, t)| |(z—x) - v| <et}.

Without loss of generality, we orient v, so that v, - v, > 0.
In this paragraph, we use repeateadly the fact that ¢ < 1073 without mention. As x € B(y,s), we
know that |(z —y) - 1| < es. For u € v; N B(0, (1 — 20¢)t), the segment

( + u) + [—20et, 20et]v,

is contained in B(z,t) C B(y,s) and it connects A;(y, s) to Aa(y,s) (here we use |(z —y) - vy| < es and
t > s/10). The segment crosses K at some point z otherwise A;(y, s) and Az (y, s) would be connected in
B(xzg,10)\ K. Equation says that |(z — z) - vz| < et and it implies that |u - v, | < 21et. We conclude
by homogeneity of the hyperplane Vj that for all u € yj, we have

- va| < 2le
1—20e

Taking in particular u := vy — (v, - 1)1 (the orthogonal projection of v, on v;"), we obtain

|u| < 100e|u.

1— (vg - Z/y)2 < 100e.
Since v, - vy, > 0, we have
L= (v 1y)? = (1= (e - )L+ (2 - 1)) 2 1 = vy - 1y,
whence the estimate on v, - v,. Next, we want to show that
Ai(z,t):={z€ B(z,t) | (z —x) vy >et} C
As(z,t) i ={z€ B(x,t) | (z —x) vy < —et} C Qa.

The idea is that A;(z,t) and A;(y,s) are two connected subsets of B(zg,r9) \ K with a nonempty
intersection (try the point x + (¢/2)v, with & small enough). Therefore, the union A;(x,t) U A;(y, s) is
also a connected subset of B(xg,79) \ K. The union A;(x,t) U A;(y, s) meets €y because A;(y,s) does
and since €2 is a connected component of B(xg,7¢) \ K, it is completely contained in €.

Now we fix z € B(xg,p) and we want to show that for all r €]r,,ro/4], the ball B(z,r) satisfies the
property. We can prove it by induction because it holds for » = r¢/4 and if it holds for some r €]r,, ro/4],
then it also holds for all ' €] max(r,,7/10),r] by the previous paragraph, and we can iterate until we
reach r,.

We come finally to the proof of the inclusion . It relies on the following intermediate result. Let
x € K N B(xo,p), let r > 0 be such that B(z,r) C B(zg,70) and let v be a unit vector such that

{y € B(z,r) | (y—x) - v>er}Cy
{yeB(z,r) | (y—z) v<—er}C Q.

Then, for all y € B(zo, p) N B(z,3r/4) \ (K UQ; UQy), there exists a point 2’ € K N B(xg, p) such that
ly — 2| < 2er.
The assumptions are satisfied for the ball B(z,r) = B(zg,ro) and all the balls B(z,r) with € K N

B(zg,p) and 7 €]ry,r9/4]. The proof of the intermediate result relies on a usual argument but we need
to make sure that 2’ stays in B(xg, p). We consider z := y — er(y — xg)/p, a small translation of y which

satisfies |z — y| < er and

(3.6) B(z,er) C B(xzg, p).
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If [y, 2] meet K, then the proof is finished. Otherwise z stays in the same connected component of
B(zg,r0) \ K as y so
z € Bx,r)\ (KUQ UN,).

The path z + [—erv,erv] is contained in B(z,r) and, depending whether (z —x)-v > 0or (z —x)-v <0,
it connects z to 3 or Q. Since z belongs to a connected component of B(xg, 7o) \ K distinct from Q4
and Qo, we deduce that the path must cross K. Hence, there exists 2’ € K such that |z — /| < er and
thanks to , 2’ € B(wg, p). Then, we also have |2’ — y| < 2er as wanted.

Now, we are ready for the proof of . We consider y € B(zg, p) \ (K UQ; UQy) and we want to
show that there exists # € K N B(xg, p) such that |z —y| < 7,. We start by applying the intermediate
result in B(z,7) = B(xg,70). There exists a point x; € K N B(zo, p) such that

ly — x1| < 2erg.

If 2erg < 74,, then our claim is proved. Otherwise, the radius 71 := (4/3)2erq belongs to |ry,,70/4] and
we can apply the intermediate result in the ball B(x1,71); there exists o € K N B(xq, p) such that

ly — z2| < (4/3)(2¢)%ro.

If (4/3)(2¢)*r < ra,, then our claim is proved. Otherwise, we iterate as before with the radius ry :=
(4/3)2(2¢)ry which belongs to |r.,,r0/4]. If the process never stops, there exists a sequence (zy)>1 in
K such that

ly — @il < (4/3)F1(2¢) o
so y € K. Contradiction. O

3.2. Proof of the Extension Lemma.

Proof. Throughout the proof, the letter C' is a constant > 1 that depends only on N and whose value
might change from one line to another. We recall that for z € B(xo, p), we set r, = 6(x)/U. We consider
a maximal family (W;);cs in

{B(z,r;) | * € KN B(zg,p), 6(z) >0}
such that whenever i # j,
1—10Wi n Tl()WJ =+ 0.
We let x; € K N B(xg,p) denotes the center of W; and r; > 0 its radius, so that W; = B(z;, ;) with
Lemma 3.3. Here we recall that K satisfies hypothesis-H (zo,70,€0), we recall the open sets Qq, o
introduced in Deﬁm’ton and we recall that U = 10° and 8¢y < 7 < 1078.

i) For all x,y € K N B(zg,p) such that y € 50B,, we have r,,/2 <1y < 2r,.
ii) For all z,y € K N B(wo, p) such that 50B, N 50B, # 0, we have /2 < r, < 2r,. Moreover, if
10B, N10B, # 0, then |z — y| < 30r, and in particular, 10B, C 50B,.
iii) For all x € K N B(zo,p), for all r €]ry,r0/4], we have B(x,r) < 7U. In particular, there exists
a unit vector v, such that

KnB(z,r)C{ye Bx,r)||(y—xz) vy| <7Ur}
and
{ye B(z,7) | (y—x) vy >7Ur} C
{y € B(z,7) | (y—x) ve < —7Ur} C Qs.

We have also

B(zg,p) \ (KUQUQy) C W.
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iv) We have
{y € KnBwo.p) [6(y) >0} = {y € KN Blao,p) |y € JW:}

={y € KN B(zo,p) | Ir € KN B(zo,p), y €508, }
and for all t > 0,

U B(y,try) C U(Qt + HW;.
yEKNB(zo,p) g
v) Let k be an index such that 50W), C B(xo,p). Then for all x € 10W), such that dist(x, K) < 2ry,
there exists an index i such that x € 9W;.
vi) There exists a universal constant C > 1 such that for all x € K N B(xg, p) with §(x) > 0, there
exists at most C' balls 50W; which meet 508,.
vii) The family (50W;); is locally finite in

B(xg,7m0) \ {x € KN B(x0,p) | 6(x) =0}.

viii) There exists a universal constant C' > 1 such that for all x € B(zo, p), there at most C' balls 50W;
which contains x.

Proof.
Item|[i)] and[ii)} They are immediate consequences of Remark

Item |iii). We check that for all 2 € K N B(xo,p) and for all r €]r,,ro/4], we have f(x,r) < 7U.
If » > 6(x), then it holds by definition of the geometric function. Otherwise r, < r < §(x) and since
re = d(x)/U, we get
0
Blz,r) < ;m)
The properties stated in this item follows from an application of Lemmawith e:=71U <1073,

Item |iv) For y € K N B(xo,p) such that §(y) > 0, there exists an index 4 such that the ball
15B(y,ry) meet 15sW;. As in Remark ly — x;| < 3r;/10 < r; so y belongs to W;. Reciprocally, for
y € KN B(xo, p) such that there exists x € K N B(x, p) with y € 50B,, we have §(x) > 0 (because 508,
is non empty) so §(y) > 0 by item [i)} Finally, for all y € K N B(zo, p), we have either §(y) = 0 and thus
B(y,try) = 0 or there exists i such that |y — z;| < r; and r, < 2r; so B(y,tr,) C (2t + 1)W,.

Item|v). We fix k such that 50W C B(xg,p). For © € 10W}, such that dist(x, K) < 2r, there exists
y € K such that |z —y| < 2r, and since y € 50W) C B(zo,p), we have r, < 2r,. We apply to
conclude that

Blx,d(x)) < TU.

x € B(y,2ry) C B(y,4ry) C U9WZ~.

Ttem|vi). We fix a point = € K N B(zo, p) such that §(z) > 0. Whenever a ball 501; meet 505, we
have r;/2 < r, < 2r; and |z — z;| < 50r; + 50r, < 150r, so W; C 200B,. Thus, the set

(3.7) { &W; | 50W; N50B, # 0 }

is composed of disjoint balls whose radii are bounded from below by r, /20 and which are contained in
200B,.. We deduce that the cardinal of (3.7 is bounded by a universal constant.
Item . We want to prove that for all

v € Blao,ro) \ {z € K N Blxo,p) | 6(x) = 0},

there exists a neighborhood of & which meet only a finite number of balls (50W;);. According to item

We have
B(xg,7m0) \ {x € KN B(x,p) | 6(x) =0}
= U{5OBy |y € K N B(xo,p) } UB(xo,70) \ [K N Blxo,p)] -
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If there exists y € K N B(zg, p) such that z € 50B,, we must have in particular §(y) > 0 and then the
previous item shows that 50B, has the required property. We now focus on the points z € B(x,70) \
[K N B(xo, p)] We proceed by contradiction and assume that there is a sequence of distincts elements
(Wi )ken extracted from (W;) such that dist(z,50W;, ) — 0 when k& — +oco. The balls (1/10)W;,
are disjoint and contained in B(zg,7¢) so their radii must go to 0 as k goes to +o0o. We deduce that
dist(x, x;,) — 0, where x;, denotes the center of W;,. But since the points z;, belong to K N B(xo, p),
we must have x € K N B(x, p). Contradiction.

Item . In view of the two previous items, it suffices to focus on the points x € K N B(wg, p) such
that §(z) = 0. But there are no ball 50W; containing x (otherwise r, > r;/2 > 0). O

Let us draw two consequences of Lemma According to item we have
(3.8) w | Jsws,

where we recall that W = J{ B, | # € K N B(x, p) }. Next, we observe that according to item the
family (50W;) is locally finite in each open set V;, = Q, UW.

For every ball W;, we consider a function ; € C°(RY) with compact support on 10W;, equal to 1
on 9W,; and such that 0 < ¢; < 1. We also choose ¢; so that its Lipschitz constant is < 2ri_1. Frow now
on, we fix h = 1,2. Letting spt(p;) denote the compact support of ¢; in 10W;, we define

(3.9) Sy =V,N Uspt(goi).

Since the family (10W;); is locally finite in V4, the set Sy, is a relatively closed subset of V},. It is also
clear using (3.8) and spt(yp;) C 10W; that

W c S, € Who.
We are going to complete the family (;); with a function ¢g to obtain a partition of unity in V.
Lemma 3.4. There is a function vg € C*(V},) such that 0 <@g <1,
wo=11inVy\ Sh,
po =0 in | JOW;
i

and

(3.10) Vin{po# 0} C\ [ JoW:.

We also have
po+ Y @i > 1inV,
i>1
and there is a universal constant C > 1 such that for all k, for all x € 10Wy,

IVeo(z)| + Y |Vei(z)| < Cri .
i€l
Proof. The letter C' denotes a constant > 1 that depends only on N but whose value might change from
one line to another. We define
po(z) = H(l — i)
icl
Thanks to item of Lemma we know that every point x € V}, admits a neighborhood which meets
a finite number of balls 10W;. Therefore, ¢ is well defined and smooth. We can say more about the
Lipschitz constant of g in a fixed set 10Wj. According to there exists a universal constant C' > 1
such that at most C balls 10WW; meet 10W},. Moreover, we have in this case r;/2 < r; < 2r. So in the set
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10Wy, g is a product of C functions which are C’r,?l—Lipschitz and with range in [0, 1] so it itself C’rk_l—
Lipschitz. By the same argument, the sum },; o7 is Crk_l—Lipschitz in 10Wy. It is straightforward that
wo =1in V3 \ Sy. It is also clear that ¢ = 0 in |, 9W; whence

Vi N {go #0} C Vi \ [ oW

But Vj, = (2, UW) and we have seen in (3.8) that W C J, 9W; so we have in fact
Vi N {po # 0} 0\ | oW

The property (3.4) follows from the observation that for all sequence (t;)ren in [0, 1], we have

H(l_tk)+ztk > 1.

k k
It can be proved by induction because for all s,¢ € [0,1], s(1 —¢) +¢t > s. O
We set for i € I,
;= — 2
o+ D icr Pi
and
0 = L.
Po + Dier Pi

Now we have a smooth partition of unity on V;,. The information that we have gathered imply easily
that for all k € I, the function ; is Cr; '-Lipschitz in Vj, N 10W,.
We are ready to build the functions vy. For each i, there exists an hyperplane P; passing through z;
such that
K N10W; C {z € 10W; | dist(z, P;) < 107Ur; }

and a unit normal vector v; to P; such that
Ar(x4,10r;) :={y € 10W; | (y — a;) - v; > 7Ur; } C
Ao (zi, 10r;) :={y € 10W; | (y — ;) - v; < —7Ur; } C Qo
Now, we define
al = x; + 8ryv;
aé =x; — 8ry;
and D}‘1 = B(afl, r;) for h = 1,2. We also denote by Rfl the averaged rigid displacement of u on D}'L;

u(y) — Vu(y)T
Lir e D;Lu(y)der(]{j Vuly) 2V ) dy) <x][Dzydy>.

i
h

Finally, we define on V},, the function
vn(x) = Oo(x)u(z) + Y _ 0:i(x)Rj,.
il
It is clear that v, € LD)o.(V}) and that v, = w in V3, \ Sy, where Sy, is the relatively closed subset of V},
defined in (3.9) by
ShL=V,N Uspt(gﬁi).

We are going to show that for all k£ such that 50W;, C B(zo, p), we have

(3.11) /MOW le(vp)|? dz < c/ le(u)|? da .

Q;N50W

We require 50W}, C B(xo, p) so that the right-hand side integral in (3.11) does not outreach B(zg, p) but
also because we will use crucially the item |[v)| of Lemma Let us explain how to conclude from (3.11]).
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Thanks to item of Lemma, the sum of indicators functions ), 150w, is bounded by a constant
C' so we can add up the local inequalities in (3.11) to obtain

/ |e(vh)|2 de <C \e(u)|2da:7
ViNA B(xo,p)NQn

h

where A :=J{10 W; | 50W; C B(zo,p) }. As

S,=VinN USpt(gDi) cVpn U(lOWl),
we have S, \ Z C V;, N A and thus

(3.12) / le(on)[2dz < C le(on) [ da
S\Z B(z0,p)N2

Finally, we use the fact that vy, = up in V, \ Sy, to conclude

/ le(vp))? dz < C le(vp)|* dz .
VhﬂB(afg,p)\Z B(zg,p)ﬁﬂh

From now on, we fix an index & such that 50W}, C B(zo, p) and we prove (3.11)). We define I}, the set of
index ¢ € I such that 10W; N 10W}, # 0. In particular, we recall that for i € Iy, we have r/2 < r; < 27y,
|x; — x| < 30rg and 10W; C 50W,. We want to show first that for all ¢ € Iy,

(3.13) / IR — RF|” da < cri/ le(w)[ dz .
10Wy, Q;N50Wy,

We cannot apply the Korn-Poincaré inequality in the whole ball 10W} (because the structure of K is
a priori unknown) but we will apply it in a Lipschitz regular open subset set Dy of B(xg,p) N Qy of
diameter < 1007 and which contains all the Dfl for ¢ € I. We consider an hyperplane P passing through
xy, such that

KNb50W, C {y € 50W; | dist(y, P) < 507Ury }

and a unit normal vector v to P such that

Aq(zg, 50ry) = {y € 50Wy, | (y — x) - v > 507Ur, } C
As(xg,50r) == {y € 50Wy | (y — xx) - v < =507Urg } C Qo.

It will be useful to observe, as in Remark that for all x € P N 50W}, we have d(z, K) < 1007Ur; <
ri/2. Now, we introduce

(3.14a) Dy :={yecd9Wy | (y —zx) v > (3/2)ry }
(3.14b) Dy:={yecd9Wy | (y—zr) v <—(3/2)r1 }.

It is clear that Dy, C Qy, because Dy, C Ap(xg,50r). We are going to justify that for all ¢ € Iy, the ball
Di = B(al,r;) is contained in Dj,. We fix i € I}, and we recall that ry/2 < r; < 2ry and |z; — x| < 307y
By construction, we have D! C 9W; so D! C 48W}. Then, we show that (a} — zy) - v > (7/2)ry and
(ab — xy) - v < —(7/2)rr,. We only detail the case h = 1. Since z; € K N 10W; C K N 50W},, we have
[(z; — x) - v| < 507Ur;. By Lemma we also know that v; - v > 1 — 1007U. Using the formula
ay = x; + 8r;v;, we have

8w -v)ri+ (x; —ap) - v
8(1 — 1007U)r; — 507Uy,
4(1 —1007U)ry, — 507Uy,
(7/2)rs,

(af —ax) v

>
2
>
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because TU < 1073, It follows that D! = B(a},r;) C B(al,2ry) C Dy. Note also that the diameter of
Dy, is bounded by 1007y and is comparable to radii of all the balls D} for i € I;. We estimate the L?
norm of R} — RF in DF using the Korn-Poincaré inequality,

/|R:;—Rii|2dms/ R, — R da
D,’i Dy,

§2/ \R;—u\zdx+2/ u— Y| de
Dh Dh,

< Cri/ le(u)|? dz .
Dh
As Rlﬁ — RZ is an affine function, we have
/ IR, — RE|*do < c/ IRi — R¥|” da
20D% Df

and since 10W}, C QODQ, the estimate ([3.13) is now proved.
We come back to the estimation of fvhmowk le(vp)]? dzz. Using e(R:) = 0, we compute

e(vn) = Vby © u+ fpe(u) + Y V6; © Ry,
i>1
where given two vectors v, w € RV,

) — U’U_}T ;» ’lU’UT _ <U1’LU] ;U]w1> c MNXN.
)

Since (6;); is a partition of unity, we know that 6y + >, 6; = 1 hence we can substract R} and obtain

e(vn) = Vo © (u— RE) + foe(u) + > V0; © (R}, — RE).

el

S0

le(on)| < [Vbo|lu— RE| + [6oe(u)| + > V0| Ry, — RE|.

icl

To deal with the first term, we show that
(3.15) {z eV, N10Wg | VOy #0} C Dy,
As we have seen in Lemma we have Vg = 6y = 0 in | 9W;, whence

{z € Vi N10W, | Voo # 0} C Vi, N 10W; \ | oW
= Q, N10W, \ | Jow:.
Then we recall that 50W}, C B(xg, p), the item [v)| of Lemma and the fact that for x € P N 50Wy, we

have dist(x, K) < r/2 to see that

QN 10W, \ (| JOWi € {2 € @ N 10Wy | dist(x, K) > 21y }

C {x € Q,N10Wy | dist(z, P) > (3/2)rk },
which is contained in Dj. Then we use the Korn-Poincaré inequality in D} to estimate
/ |v90\2\u—35|2dxgcr,;2/ u— RY| % de
VrN10Wy Dy,

<C | le()|ds.
Dy,
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For the second term, there is nothing to do thanks to (3.10) and the fact that |#g| < 1 in V},. For the last
term, remember that there are at most C indices in I, and that for all ¢ € I, we have |V8;| < Cr,?l in
Vi N 10W. We apply (3.13) to deduce

Z/ |V0¢\2|R27R’,§|2dx§CTE2Z|R27R§|2dx
ier Y VeN10Wy i€k

< o/ le(u)|? dar
Dy,
O

Remark 3.2. A careful look at the proof reveals that we have actually proved that for all £ such that
50Wy C B(xo,p),

(3.16) / en)Fdz<C [ Je(w)dz,
VrN10Wy

Dh,
where Dy, is defined in ((3.14a))-(3.14b) by
Dy :={yed9Wy | (y—ax)-v>(3/2)rx } C
Dy :={yedOWy | (y — ) -v < —(3/2)rr } C Qo.

The fact that
K N50W;, C {y € 50W} | dist(y, P) <rg/2},
implies that for y € Dy, we have dist(y, K') > r,. We conclude as we did near (3.12)) that

/ le(vp)]? dz < c/ le(u)|® dz,
S\Z D

D := B(xzg, p) ﬂU{y € 50B(x, ;) | ¥ € KN B(xg, p), dist(y, K) > 1, },

with B, = B(x,r;) and r, = 6(z)/U. This estimation is a bit finer than the Lemma’s statement and
will be useful for Proposition [5.3}

where

Remark 3.3. We also control the L? norm of the extension v, via the inequality
(3.17) / |vp| da < C’/ lul® dz: + CT%/ le(u)]? dz ,
S\Z D D

where as before
D := B(xo,p) ﬂU{y € 50B(x,r;) | ¥ € KN B(xog, p), dist(y, K) > 1, },

with B, = B(x,7,) and r, = §(2)/U. The control of the L? norm of v;, will not be needed in this paper
but can be used to adapt our technique to a Griffith almost-minimizer with a fidelity term. Inequality
(3.17) follows from the fact that for all k¥ with 50Wj, C B(zo, p), we have

/ lon |2 dz < c/ |u\2dx+or,3/ le(w)[2 dz,
VrN10Wy Dy, Dy,

whose proof is similar to (3.16]) stated just above for e(vs) but simpler. Indeed, we recall that for
xz € VyN10Wy,

() = Op(z)ulx) + Y 0i(x) Rj,(x)
i€l
and that there are at most C indices in I so

/ lop?da < C |90u|2dx+CZ/ IR} |” dz.
ViLN10Wy, VeN10Wy 1

ic1, 10wy
Just like (3.15)), we have
{xEV;JWlOWk |90%0}CDh
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so we can bound the first term by

/ |00u|2da:§/ lul? da .
VrN10Wy Dy,

For i € I, we use the fact that 10W;, C QOD,’i and that R} is an affine map, to see that

/ |R§L|2dx§0/ |R;;2dxgc/ IR} da
10Wy 20DF DF

/ |R;dexgz/ yR;;_qudH/ ful? dz
D,’j D}’j DF

h

SC’T,%/ \e(u)|2dx+/ \u|2dx.
Dy,

Dy,

and then we can bound

4. CONTROL OF THE FLATNESS BY THE MINIMALITY DEFECT

The goal of this section is to explain how a small minimality defect implies the decay of the flatness.
We start by introducing the notion of deformation competitor.

Definition 4.1. Let E be a relatively closed subset of ). A deformation of E in an open ball B C
is a Lipschitz function f : E — Q such that f(ENB) C B and { f #1id} CcC B. The image of E by a
deformation is called a deformation competitor of E in B.

Remark 4.1. Topological competitors preserve separation properties. Let us give more details. Let F be
a relatively closed subset of B(0,1) and let p,q € B(0,1) \ E be two points separated by E in B(0,1). If
f is a deformation of F in B(0, 1) such that p,q ¢ [z, f(x)] for all z € E, then p and ¢ are still separated
by f(F). Indeed, the theory of Borsuk maps ([I9, Chap. XVII, 4.3]) shows that if A is a compact set of
R which separates two points p,q € RV \ A and if ¢ : A x [0,1] — R¥ is a continuous map such that

¢(-,0) =id and p,q ¢ (A x[0,1]),
then p and ¢ are still separated by ¢(A4,1). In our case, we can extend f continuously on the compact
set A := EUOJB(0,1) by setting f = id on dB(0,1) and we can apply the previous statement with
¢z, t) = (1 —t)x +tf(x).
We now introduce the notion of almost-minimal set and then we show that the flatness of minimal sets
decay as a power. We recall that a gauge is a non-decreasing function h : (0, +00) — [0, +00] such that

lim;_,o+ h(t) = 0. Our definition of almost-minimal sets is slightly different from [I1, Definition 1.10,
p.5/841] and [21] Definition 1.6] but it does not matter.

Definition 4.2. Let E be a relatively closed subset of Q with HN~'-locally finite measure. We say that
E is an almost-minimal set with gauge h in Q if for all x € E, for all r > 0 such that B(x,r) C Q and
for all deformation [ of E in B(xz,r), we have

HYHEN B(x,r) < HYNHF(E N B(x,1))) + h(r)r
Moreover, we say that E is coral if for all z € E and all 7 > 0, HN~Y(E N B(x,r)) > 0.

As usual, if E is almost-minimal with gauge h in a ball B(zg, 7o), then the set ;' (E — x) is almost-
minimal in B(0,1) with gauge h(t) := h(rot). The next lemma should be standard but since we have
not found the statement in the litterature, we justify it by using the ideas of Allard’s regularity theorem.
The reader can skip the proof.

Theorem 4.1. For all v € (0,1), there exists €, € (0,1) and Cx > 1 (depending on N, ) such that
the following property holds. Let rq > 0, let E be a coral minimal set in B(0,rq) such that 0 € E. If
B(0,70) < €4, then for all 0 < r < rg,

r

8(0,) < C. ( >Wﬁ(07ro)-

To
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Proof. We follow the reference |28, Theorem 23.1]. To reduce cumbersome notations, we replace B(0, r)
by B(0,2rp) in the assumptions, i.e., we assume that E is minimal in B(0,2r) and that 8(0,2rg) < e,.

Our minimal set E induces a stationary n-rectifiable varifold V' with multiplicity 1 in B(0, 2r¢) (see
[28, §15-16]). In Simon’s notation, the letter H stands for the generalized mean curvature of V' which is
0, the letter i stands the weight measure of V' which is H" ! L E, the letter # stands for the multiplicy
of V which is 1 and the symbol spt(V') stands for spt(u) which is the set E (because E is coral).

We let (eq,...,en) be the canonical basis of RY. We identify RY~! with the hyperplane of RY
generated by the ei,...,exy—_1. We decompose each vector x € RY as z = 2’ + xyen, where 2/ € RV 1
and zn € R. Without loss of generality, we assume that the hyperplane P = RV =1 achieves the minimum
in the definition of 5(0, 2r¢).

For x € EN B(0,7r9) and 0 < r < rg, we introduce

HN-Y(EN B(z,7))

d(z,r) = P

)

where wy_1 is the measure of a (N — 1)-dimensional unit disk. We claim that there exists a universal
constant C' > 1 such that

(4.1) d(0,70) <1+ CB(0,2rq).

If 5(0,2rg) > 1/4, this is trivial by Ahlfors-regularity of minimal sets ([I0, Lemma 2.15]). We pass to the
case 5(0,2rg) < 1/4. We start by introducing the tubular neighborhood

A:={x € B(0,2r9) | |xzn| < 5(0,2r9)r },
which, by definition of 3(0,2r¢), contains E N B(0,2ry). We also consider the set
F = (0B(0,70) N A) U (PN B(0,r)).

One can build a Lipschitz function f : RY — RY such that f(B(0,2ry)) C B(0,2r), {f#id} CcC
B(O, 27‘0),

f(B(0,r)) C F
and
f=idin (A\ B(0,79)).
It is a deformation of E in B(0,2r) so
HNHE N B(0,2r0)) < HY Y (f(E N B(0,2r)))
but since f =id in E \ B(0,rg), we deduce
HYNHENB(0,70)) < HYN T (F(EN B(0,70)).
To conclude, we observe that f(E N B(0,ry)) C F and
HNHF) < wN_lrév_l + Cp(0, 27,0)7“(1)\/—1.

Our claim is proved.
For x € EN B(0,79), 0 <7 < 1o and for any (linear) hyperplane T, we introduce the tilt-excess

E(z,r,T) = rl_N/ lpr, —pT||2 dHNL,
ENB(xz,r)

where T, is the (linear) approximate tangent plane of E at x, pr, and pr are the orthogonal projection
onto T, and T respectively and |[|-|| is the operator norm. If we let v, denote a unit normal vector to Ty,
and v a unit normal vector to T', one can compute that

Ip. —prll = V1= (ve-¥)? = |sin(a)],

where « is the angle between T, and T'.
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According to Caccioppoli inequality for minimal sets ([28, Lemma 22.2]), there exists a universal
constant C' > 1 such that for all (linear) hyperplane T in RY,

(dist(y — J;,T))Qd,HN_l _

E0,r0,T) < CréfN/ "

EﬁB(O,2T0)

We have in particular for all T',

2
E0,ro,T) < C |77} sup dist(y,T")
yeENB(0,2r0)

and thus for T = RN -1,
(4.2) E(0,79, RN=1) < CB(0, 2r0)?.

From now on, we are going to review the proof of [28, Theorem 23.1] to prove the decay of the flatness.
Here, ¢ > 1 is a generic constant that depends only on N and -, whose value might change without
mention. To be consistent with Simon’s notation, we define p := n/(1 — v), where n := N — 1, so that
v =1—n/p. We consider a constant ¢ > 0 that will be chosen small enough depending on N and v. In
view of and , we can choose ¢, small enough (depending on N and ¢) so that f(0,r) < 3/2
and E(0,r,R™) < e. Now, provided that ¢ is small enough (depending on N and p), the assumptions of
[28, Theorem 23.1] are satisfied.

The proof of [28, Theorem 23.1], gives at [28, §22 (11)] that there exists an hyperplane Sy such that

for all 0 < r <,
P\ 2(-n/p)
> E(O,’I’o,Rn).
To

We also get at [28] §23 (14) and (19)] that there exists a constant a € (0,1) (depending on N and p) and
a CH1=/P function f: R™ — R such that f(0) =0, f is (1/2)-Lipschitz,

E N B(0,arg) = graph(f) N B(0, arg)

E(0,7,50) <¢ <

and for all v € R™ N B(0, ary),

1-n/p
(4.3 vio) - viol<e(M) T Eo.m R
0
Since lim, o E(0,7,Sp) = 0 and E is a C! surface in a neighborhood of 0, it is easy to see that Ty, = Sy,
where Tj is the tangent plane to F at 0. Thus, the vector

—Vf(0)+en
1+ |V£(0)]

1

is a unit normal to Sy. For all v € R™ N B(0, arg), we estimate

dist(v + f(v)en, So) = |(v+ f(v)en) - vo|

L+ IVFOP [7() - V50) o)

< [f(v) = V£(0) - v
and we deduce by the mean value inequality, (4.3)) and (4.2) that

1-n/p
dist(v + f(v)en,So) < c|v] (':) E(O,TO,R")%
0

1-n/
< clv| ('71) p6(0,2r0).

To
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It follows that for all x € E N B(0, arg),

|z 1-n/p
dist(z, Sp) < c|z| <) 5(0,2ro)

To
and thus for all 0 < r < arg,
P\ L/P
r~' sup  dist(z,S) < ¢ <> B(0, 2rg).
z€ENB(0,r) To

This is enough to control the bilateral flatness 3(0,7) by Remark 2.9 (the set E is a (1/2)-Lipschitz graph
passing through 0 so it separates B(0,r)). The case r € [arg, 2r¢] is trivial because

60.7) < (2) 500,210

and (r/r)'~"/? is bounded from below by a'~"/P which depends only on N and p. O

Here is a new proof of [25, Lemma 31] which avoids the “uniform concentration property” (not yet
available in Griffith setting) by exploiting the limiting properties of minimizing sequences (see [13], [15],
[16], [14] or [21]).

Lemma 4.1. Lete, € (0,1) and C.. > 1 be the universal constants introduced in Theorem[4.1] for v = 1/2.
Let E be a relatively closed subset of B(0,1) such that 0 € E. We assume that there exists C > 1 such
that for all x € E, for all v > 0 with B(x,r) C B(0,1), we have

(4.4) HN"YE N B(z,r) > N1

For all0 < e < e, and for all 0 < a < 1/2, there exists a constant X > 0 (depending on N, C, €, a) such
that if Br(0,1) < e and if for all deformation competitor F' of E in B(0,1), we have

HNHE) <HNTHE) + A,
then
ﬁE(O,a) S 40*\/55.

Proof. We proceed by contradiction. We assume that for all ¢ € N, there exists a relatively closed set E;
of B(0,1) which contains 0, which satisfies with a uniform constant C' and such that
BE,(0,1) <e
BE,(0,a) > 4C.\/ae
but for all deformation f in B(0,1),
(4.5) HNNE) <HNTHF(E)) +27°

We start by justifying that the sequence (F;) has a locally uniformly bounded measure in B(0,1). Let
us fix an index 4, consider a point o € B(0,1) \ E; (at least one exists because fg,(0,1) < 1) and an
open ball By such that zo € By CC B(0,1). We let f : E; N By — R be the radial projection onto 4By
centered on xy and we extend it by the identity map on E; \ By. This defines a deformation of F; in
B(0,1) that we can use in to bound

HN=Y(E; N By) < Cdiam(By)V ! 41,

for some universal constant C' > 1.

Since the sequence of measures (H¥ ~'LE;); is locally uniformly bounded in B(0, 1), a subsequence (not
relabeled) converges to a Radon measure p in B(0,1). According to [2I, Corollary 4.1], the minimality
property implies that u = HY "' E, where E is the support of x in B(0,1). Moreover, E is minimal
in the sense that for all deformation f of E in B(0, 1), one has

HYTHE) < HYTHF(E)).
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We also mention [I7], Theorem 1.7] as an alternative to [2I]. It is itself the conclusion of a series of works
on limits of minimizing sequences [13], [15], [14]. We observe that since E is the support of u = HVN 1L E,
it is in particular a coral set.

Next, we justify that (E;); converges to E in local Hausdorff distance in B(0, 1), that is,

E={zeQ|liminfdist(z,F;) =0} ={a € Q| limdist(z, E;) =0}.
For all z € E, and for all » > 0 such that B(z,r) C B(0,1), we have
0 < u(B(z,7)) < liminf H¢(F; N B(x,r))

so for i big enough, H*(E; N B(x,r)) > 0. This proves that lim sup; dist(x, E;) < r but since r is arbitrary
small, we actually have lim; dist(z, F;) = 0. For z € B(0,1) such that lim inf; dist(z, F;) = 0, there exists
a subsequence (E;); and a sequence of points (z;); such that z; € E; and z; — z. For all » > 0 small
enough we have B(xz,r) C B(0,1) and for j big enough, we have B(z;,7r/2) C B(z,r) so using (4.4), we
get
w(B(z,r)) > limsup HY(E; N B(z,r))
J

> lim sup Hd(Ej N B(x;,7/2))
J

>0 M r/2)N L
This proves that 2z € E. We have shown that (E;); converges to F in local Hausdorff distance in B(0,1).
According to Remark we have

K3
BE (0,2a) > 1 lim sup B, (0,a) > 2C,+ae

The set E is a coral minimal in B(0,1) and satisfies 8g(0,1) < e, so we can apply Theorem with
v=1/2,r9 =1, r = 2a to arrive at

ﬂE(O, 2&) < CiV2afPE (0, 1) < 20*\/56
Contradiction. O

5. STOPPING TIME AND REGULARITY ESTIMATES

5.1. Definition of the bad mass. The bad mass is a quantity that measures how much K differs from
being T—Reifenberg—ﬂatﬂ According to the Reifenberg parametrization theorem, a 10~3-Reifenberg-flat
set is a Holder surface.

Let €, € (0,1) and C, > 1 be the universal constants of Theorem for v = 1/2. We fix for the rest
of the paper the following universal constants:

(5.1) 7 := min(e,, 107Y), Ag:=(4C)*>1 and A=UA,.
Here, U = 10° is the constant used in Section
Let (u,K) be a Griffith almost-minimizer with gauge h in Q. Let zop € K, ro > 0 be such that
B(xzo,10) C Q, K separates B(zo,r0), h(rg) < e4 and
(5.2) B(xg,r0) < 7/(4004).

We recall that €4 is the constant used in to ensure the Ahlfors-regularity of K in B(xzg,ro). We
don’t actually need the almost-minimality of (u, K) to define the bad mass but we will need fact that K
is Ahlfors-regular.

For # € K N B(xg,970/10), we define the stopping time function

d(z) :==1inf{r > 0] B(x,t) < 7 for all ¢ € [r,ro/10] }

3We say that a relatively closed subset K C B(zo,70) is 7-Reifenberg flat in B(zg, o) for some T > 0 provided that for
all z € K N B(zo,970/10) and for all 0 < r < rg/10, we have Sk (z,r) < T.
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and then we define the bad mass of K in B(xy, ro) by

m (Lo, 70) := HN 1(KﬂR(x0,7°0))

7”0
where
R(wo,70) U{Ba:Ad ) | € KN B(x0,970/10) such that d(z) >0 }.

When there is no ambiguity, we write m(zg,rg) instead of mg(xg,79). Note that we need the above
assumptions to consider the bad mass to be well-defined in B(zg, o).
For all z € B(zg,979/10) and 0 < ¢t < r9/10, we have

B(x,t) < (2ro/t)B(z0,70)

S0
(5.3) d(x) < 277" B(wo, o).
The condition (5.2)) gives in particular d(z) < /(200A) so 10B(x, Ad(x)) C B(wg,997/100) and

—HN YK N B(xo,70)).

m(xo, 7o) <
0
Since K is Ahlfors-regular, the bad mass is bounded from above by the Ahlfors-regularity constant of K.
It is immediate from the definition of d that for all ¢ €]d(x),ro/10], we have S(z,t) < 7. But if
d(z) > 0, one can also use the usual scaling property (2.5| . ) to see that

Blx,d(z)) = T.
Remark 5.1. Just like w(z,r) and B(x,r), the bad mass m(x,r) has scaling properties. Let x € K N
B(zg,70) and r > 0 be such that B(x,9r/10) C B(zo,9r0/10) and such that B(z,r) < 7/(400 A).
This holds true for example if 5(zg,79) is small enough compared to r/rg. Then one can see that
R(x,r) C R(xo,ro) and

m(z,r) < (Cﬁ—O)N_l m(xo,70).

5.2. Preparation of the Extension Lemma. In the next sections, we will obtain three estimates
controlling respectively the bad mass, the minimality defect and the energy decay (Propositions
and [5.3). We will need that 8(x,70) < €o, where €9 > 0 is a small constant such that

(5.4) go is small enough (depending on N).

This means at least that we want to hold so that the bad mass in B(xg, o) is well-defined. But we
will also invoke whenever we need ¢ to be less than a universal constant that we don’t try to make
explicit.

The competitors in Propositions are built using the extension Lemma [3.1] with a suitable
geometric function. The stopping time function d introduced above looks very much like a geometric
function except that it is not Lipschitz. We will see in Lemma [5.1] how a Vitali covering of bad balls
(B(x;,d(z;)); induces a natural geometric function 6. When we will apply the extension Lemma with this
geometric function § and a given radius p € [ro/2, 3ro/4], we will check that the “wall set” Z is contained
in U;eg(y) 10B;, where

I(p):={ie€1|10B;NIB(xg,p) #0}.
The set Z is a domain around K N JdB(zg, p), where the extension v has an unknown elastic energy and
does not connect well with the original function w. Thus, we will force v = 0 in |J ) 10B; and this

will add a crack of measure bounded by C'>~, . I rNL

Next, we will see in Lemmanthat in average 1t is possible to choose p € [ro/2, 3r¢/4] such that this
contribution is bounded by S(zo,70)m(zo, 7). This term will thus appears in the estimates and should
be thought of as an error term accounting for the wall set introduced in the extension Lemma. If we
knew that K was Reifenberg-flat set, there would be no wall set and no bad mass, making the proof of
our main theorem much more straightforward.

1€1(p)
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Finally, let us note that the gauge will not play any meaningful role in the proof of Propositions [5.1]
and even Lemma in the last section of our article. We will just make sure to work in balls
where h(r) < €4 in order to have the Ahlfors-regularity of K. The constants in these propositions will
depend on N and the Ahlfors-regularity constant of K so they will be universals.

We now proceed to extract a Vitali covering of bad balls (B;); and deduce a geometric function. From
the family of open balls

{ B(x, Ad(x)) | z € K N B (x9,970/10) such that d(z) >0},

the Vitali covering Lemma yields a countable disjoint subfamily (B;);ec; such that

UB"' C R(LEQ,T()) C U4Bi'

We let x; € B(xg,970/10) and r; = Ad(x;) denote the center and the radius of B;, that is, B; = B(z;, ;).
By construction, we always have r; > 0. According to , we have
ri < 2477 B(20,70)r0 < Ceoro),
where C' > 1 is a universal constant. The condition gives in particular
r; <719/200 and 10B; C B (x0,997r0/100).
We observe that by Ahlfors-regulary of K,
m(xg, 7o) = N 1ZTN L

el

We also have 3(zg,79/4) < 7/(400) by (5.4) so one can see as in Remark [5.1] that R(zo,ro/4) C R(zo,0)
and bound

(5.5) m(zo,ro/4) < e Z N1
To i€ly

where Iy = {i € I | 4B; N B(xg,79/4) # 0 }. Finally, we consider the function § : K N B(xg,3r9/4) —
[0,400) defined by

(5.6) §(z) == 12;{ | — x| +7; } A dist (x,]R \ LiJQBi> ,

where A denotes the minimum.

Lemma 5.1. Let (u, K) be a Griffith almost-minimizer with gauge h in Q. Let xg € K, 19 >0, g9 >0
be such that holds, K satisfies Hypothesis-H (€g,xo,70) and h(rg) < ea. Then the function § defined
mn @) is 1-Lipschitz and

(1) for all k, §(xg) =1k

(2) for all z € K N B(xg,3r0/4), 6(z) < max(10ry) < 70/4;

(3) for all x € K N B(xg,3r0/4) and for all v €]6(x),r0/4], we have B(x,r) < 4.

Thus, ¢ is a geometric function with parameters (3ro/4, 47). The condition (3.2)) in Sectionis satisfied
with 47 instead of 7 and this will allow us to apply Lemma

Proof. Tt is readily seen that § is 1-Lipschitz and that §(zx) < ;. One can see that §(xg) = ri using the
fact that the balls (B;); are disjoint, i.e., for all ¢ # k,
|x; — x| > 1 + g,

and that
dist(ax, R\ (_J9B;) > dist(ax, RN \ 9By) > 9ry.

Next, we justify that for all z € K N B(xo,3ro/4), we have 0(z) < ro/4. If z ¢ |J, 9B;, then é(z) =
Otherwise, there exists k such that x € 9By, and thus §(xy) < |z — x| + rp < 107, < ro/4. Finally, we
prove that for all x € K N B(xg,3re/4) and for all r €]§(x), /4], we have B(z,r) < 4r. If d(z) = 0,
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this is trivial by definition of d(z). Otherwise, there exists k such that x € 4By because (4B;); covers
R(zo,70). In this case,
in§|x—xi\ +r <z — x|+ < 5y
1€
whereas
dist(z, RN \ 9B},) > 57y,

so 0(x) = infier | — x| + 7. I r €]6(x), ro/20], there exists ¢ such that |z — x;| + r; < r so in particular,
B(z,r) C B(x;,2r) and r > r; > d(x;). As 2r € (d(z;),70/10), we have 5(x;,2r) < 7 and we deduce that

Bz, r) < 4P(xy,2r) < 47,
If r € [ro/20,79/10], we use B(xo,r0) < o and €9 < 7/40 to get directly
B(x,r) < 408(xo,19) < T.
U
Lemma 5.2 (Selection of good radii). Let (u, K) be a Griffith almost-minimizer with gauge h in Q. Let

9 € K, 79 > 0, g9 > 0 be such that holds, K satisfies Hypothesis-H (g¢,zo,70) and h(rg) < €a.
Then there exists p € [ro/2,3r0/4] such that

> VT < CoBo, ro)m(wo, o)y
i€l(p)
where
I(p):={iel|10B;NOB(xg,p) #0}.
and Cy > 1 is a universal constant.

Proof. Throughout the proof, the letter C is a universal constant > 1 whose value might change from
one line to another. We select a radius p € [ro/2, 3r9/4] such that the mass of the balls (10B;); that are
meeting dB(0, p) is less than average. More precisely, we choose p € [ro/2, 3r¢/4] such that

4 3ro/4
ZTZN_IST*/ Zrﬁv_l dt,
0 Jr )

i€l(p) 0/2 i€I(t

where
I(t):={ie€1|10B;,NnOB(0,t) #D}.

Then we use Fubini’s theorem and r; < Cegrg to compute

37‘0/4
[y PNt
T {tliel(®)}

0/2 ier() i€l
<oy
iel

< Ceom(xo, ro)rf).
We can apply the whole proof with g = B(zg, ro). O
5.3. Decay of the bad mass. The crucial fact to estimate the quantity m(zg, 7o) is that in each bad
ball, we can find a deformation competitor of K which has less measure in a quantified way. We will
use this observation in Proposition to build a deformation L of K in B(xg,rg) such that L = K in
Q\ B(xg,70) and

HN YL N B(zg,70)) < HYN YK N B(xo,70)) — C m(zo, T0/4)Tév_1

We will then build an appropriate function v € W,22(Q\ L) such that (v, L) is a competitor of (u, K) in
B(xg,r0) and compare their Griffith energies to bound m(zg,r0/4) from above.
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Lemma 5.3 (Win of bad mass). Let (u, K) be a Griffith almost-minimizer with gauge h in . Let
x9 € K, 19 >0, g9 > 0 be such that holds, K satisfies Hypothesis-H (g¢, xo,r0) and h(rg) <ea. For
all i, there exists a deformation competitor L of K in D; := B(z;, Aod(x;)) such that

HN"YKND;) - HN"HLnD;)>C N
for some universal constant C > 1.
Proof. Let i be a fixed index. By definition of d(x;) and since Agd(z;) €|d(z;),r0/10], we have
Bz, Aod(z;)) < T
Blai, d(z))) = 7.

We recall that we have chosen 7 and Ag in (5.1)) in such a way that 7 < &, and Ay > (4C,)%. We apply
Lemma in D; with ¢ =7 and a = A5 and since

Bz, Aod(z;)) < e
Blwi,d(x:))) = 4C.Vae,
there exists a universal constant A > 0 and a deformation competitor L or K in B(z,r) such that
HN YK N D;) —HN YL N D;) > MApd(z;))N L.
O

Proposition 5.1 (Control of the bad mass). Let (u, K) be a Griffith almost-minimizer with gauge h
in Q. Let xg € K, rg > 0, g9 > 0 be such that holds, K satisfies Hypothesis-H (eg, zo,r9) and
h(ro) <ea. Then we have

m(xo,r0/4) < Clw(zo,m0) + B(w0, r0)m(T0,70) + h(T0)],
for some universal constant C > 1.

Proof. Throughout the proof, the letter C' is a universal constant > 1 whose value might change from
one line to another. We recall that

C _
m(zo,m0/4) < erv L
TO i€lp

where Iy = {i € I|4B; N B(xg,r0/4) # 0}, see (5.5). Let us note that for i € Iy, we have B; C
B(xg,10/2) (because r; < r9/200). We find more convenient to work with a finite number of balls so we
consider a finite subset J C Iy such that
¢ N-1
> N

N
o Ges

(57) m(Io,T0/4) S

For all © € J, Lemma yields a competitor L; of K in the ball D; = B(x;, Apd(z;)) C B; such that
(5.8) HNY LN D) <HN"YKNnD;)—C Nt

3
We introduce
L= (K\ UDl) U U(LmDi).
icJ =

For each i € J, there exists a deformation f; of K in D; such that L; = f;(K). The balls (D;);c; are
mutually disjoint and contained in B(zg,79/2) so we can glue the deformation f; to obtain a deformation
f of K in B(xg,79/2) such that L = f(K). Let us note that L coincides with K outside B(xg,7/2). We
recall that there exists an hyperplane Py (of unit vector 1) passing through xg such that KN B(xg, 7o) C
{dist(-, Py) < €p } and such that the sets

{z € B(zo,70) | (x — x0) - vp > €070 }

{x € B(xo,m0) | (x — 20) - 0 < —€070 }
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belong to different connected component of B(xg, o)\ K, denoted by ©; and Qs. According to the theory
of Borsuk maps (see Remark , the sets

{x € B(zg,r0) | (x —x0) -9 >10/2}

{z € B(xo,m0) | (x —x0) -0 < —10/2}

also lie in different connected component of B(zg,ro) \ L, denoted by X; and X5 respectively, and we
have for h = 1,2,

(59) X, CcQpu U D;.
ieJ
Let us note that X, \ B(xo,70/2) = Qp \ B(xg,70/2). To conclude this paragraph, we use (5.8) and (5.7)
to estimate
HN"HL N B(o,m0)) < HYH(K N B(xo,m0)) —C1 > rN!
icJ

(5.10) < HN"YK N B(zo,70)) — Cilm(aso,ro/él)rév_l.

We would like to build a function v € LD(B(zg,79) \ L) such that (v, L) is a competitor of (u, K) in
B(xg,97r0/10) and the energy of v is under control, i.e.,

/ le(v)|? da < c/ le(u)|? dar
B(iE(),T’o)\L B(CD(),T(])\K

For this purpose, we use the extension vj, built in Lemma [3.1] However, there is a certain set Z where
we don’t control the energy of vy so we will force v, = 0 in an open set O containing Z and we will add
00 to the crack.

We use Lemma [5.2] to select a radius p € [ro/2, 3ro/4] such that

(5.11) Z N7t < Cegm(xo, o) 1,
i€l(p)

where

I(p)={ieI|10B;NOB(zo,p) #0}.
Then we introduce

G:=Lu J a(10B)).
i€l(p)

We observe that

G\ B (z9,970/10) = K \ B (x0,970/10)
because L coincides with K outside B(zg,r¢/2) and for all i € I(p), 10B; C B(zg,970/10). Next, we
are going to justify that G is relatively closed in 2. The family of spheres (0(10B;));es(,) might have

accumulation points but we are going to see that they can only be located on K N dB(xq, p), which is a
subset of L and thus of G. For

ze [J o008\ |J o008,

i€l(p) i€l(p)

we can extract a sequence of distincts elements (10B;, )ren from the family (10B;);er(,) such that
dist(z,10B;,) — 0 when k — +oo. The balls (B;, ) are disjoint and contained in B(zg,70) so their
radii must go to 0 as k goes to +00. We deduce that dist(z,x;,) — 0, where z;, denotes the center of
B;,. But since the points x;, belong to K and the balls 10B;, meet dB(zg, p) by definition of I(p), we
must have € K N dB(xg, p) C L. This proves that we have in fact

G=Lu |J a(10B)).
i€l(p)
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To conclude this paragraph, we use (5.11)) and (5.10) to estimate

HN =G N B(wo,m0)) < HN UL N Blzo,r0)) + Y HYH(0(10B)))
i€l(p)
(5.12) < HNYK N B(xo,70)) — O~ Ym(xo, 70/4)rd ~* + Cegm(zo,ro)ry — .
Now, we build a function v € LD(B(xzg,79) \ G) such that (v,G) is a competitor of (u, K) in

B(xg,97/10) and the energy of v is under control, i.e.,

(5.13) / le(v)|” dz < c/ le(u)|? da .
B(:Eo,’l"o)\G

B(IU,T())\K

We apply Lemma with respect to the geometric function ¢ defined in (5.6) and the radius p €
[ro/2,3ro/4] selected above. We obtain functions v, € LD (V3) (for h = 1,2) and a relatively closed
subset Sy, of V}, = Q) UW such that

WCShCWm, thuith\Sh

/ le(vp)]? dz < c/ le(u)|® dz .
VhﬂB(Io,p)\Z B(Io,p)ﬁﬂh

W = J{B(x,6(x)/U) |z € K N B(xo,p) }
Wio = J{ B(2,106(x)/U) | z € K N B(xo,p) }

and

We recall that

and
Z = | J{B(x,106(x)/U) | x € K N B(xo, p), B(x,508(x)/U)NIB(zq,p) #0}.

We are going to justify that

(5.14) Xn C Wy

and

(5.15) zc |J 10B.
i€I(p)

The inclusion (5.14) is a rather easy implication of (5.9)) and the fact that, since 6(z;) = r; = Ad(z;) and

A =UAy, we have

Now, we consider z € KN B(xo, p) such that B(z,505(x)/U)NdB(xg, p) # 0. As x belongs to KNB(zg, p)

and is such that d(z) > 0, then it follows from the definition of ¢ that there exists ¢ such that z € 9B; so
d(z) < |z — x| +r; <107,

In addition, recall that U = 10° so B(z,508(x)/U) C 10B;. We have proved .

In this last paragraph, we are going to use repeatedly and without mention the fact that when V C
B(xg,10) is an open set that is disjoint from K N dB(xg, p) (we think mainly of the case V' C X}), then
the set V'\ Uiel(p) 10B; is open. This is not straightforward because Uiel(p) 10B; may not be closed but
we have already seen this kind of argument: for the points

ze |J 10B;\ J 10B;,
i€l(p) i€l(p)
we can show that x € K N9B(xg,p) so x ¢ V. This proves that

v\ (J 10B;=V\ [ 10B;.

i€I(p) i€1(p)



EPSILON-REGULARITY FOR GRIFFITH ALMOST-MINIMIZERS UNDER A SEPARATING CONDITION 31

We are ready to define our function v. According to (5.14)), we have X C V}, so vy, € LDjoc(Xp). By
(5.15) and the comment just below Lemma we actually have

veLD | Xy\ |J 10B;
i€l(p)
and
vp=u in Xp\ | B(zo,p)U U 10B;
i€1(p)
We finally define v € LD(B(xg,7r0) \ G) by
v1  in X \Uiel(p) 10B;
vain X\ Uses(p) 10B;
w  in B(wo, o) \ (L U X1 U X UUier) 103)
0 in ey, 10B;.

v =

This is a well-defined function in LD(B(xg,r0) \ G) because the piecewise domains in the construction
are disjoint open sets which cover 2\ G. We have v = u outside B(zg,9r/10) because B(zg,p) C
B(xg,970/10) and for all i € I(p), 10B; C B(xo,979/10). The pair (v,G) is thus a competitor of (u, K)
in B(zg,97r0/10) and we can compare their energies (with and (5.13)) to obtain

/ le(u)|* dz 4+ HV YK N B(xg, o)) < c/ le(u)[* dz + HY 1K N B(zo,70))
B(moﬂ'g)\K B(ZE(),’I‘D)\K

— C 7 m(xo, o /4)rY Tt + Cegm(zo, mo)rd = + h(ro)ry —t.
Of course, we can apply the whole proof with g9 = 8(zo,70). O

5.4. Control of the minimality defect. The next proposition shows that the minimality defect is
bounded by the normalized elastic energy and the error terms Sm and h. This control in turns the
flatness via Lemma (411

Proposition 5.2 (Control of the minimality defect). Let (u, K) be a Griffith almost-minimizer with gauge
hin Q. Let xg € K, rg > 0 and g9 > 0 be such that holds, K satisfies Hypothesis-H (¢, xg,7) and
h(ro) <ea. Then for all deformation competitor L of K in B(xg, kro), we have

(5.16)  [HNTN(K N B(zg, kro)) — HY (L N B(xo, k19))]
S C [(JJ(Z’O, T‘O) + B(x()a To)m(x(), 7‘O) + h(’f‘o)] Tév_17
for some universal constant C > 1 and k = 1075.

We don’t know apriori what is the competitor of K with minimal area in B(xg, k7). In dimension
2, if K N9B(xg,kro) is composed of two points p, g, the best possible competitor consists in replacing
K by the segment [p,¢]. In higher dimension, if K coincides with a Lipschitz graph on dB(zo, krg), a
clever choice of competitor would be the harmonic graph spanning K N9B(xq, ko). These are the typical
competitors used in the theory of almost-minimal sets.

Let us explain how Proposition allows to control the flatness. Let e, € (0,1) and C, > 1 be
the universal constants introduced in Theorem for v = 1/2. Let us assume ¢g small enough so that
go < e, and let us fix a universal parameter 0 < a < 1/2 such that 4C.\/a < 1. Since B(xg,79) < &o,
Lemmatells us that if the right-hand side of is small enough compared to &g, then 3(zo, akrg) <
4C~/agy < g9. Hence we see that when w, m and h are small, the flatness decays.

Proof. Throughout the proof, the letter C' is a universal constant > 1 whose value might change from
one line to another. The proof is very similar to the proof of Proposition [5.1] but instead of deforming K
in small balls D;, we will deform K is a single large ball at the center. This will force us to enlarge the
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geometric function § at the center. Most of the technical details are the same as in the proof Proposition
[6.1] so we will often skip them. B

We will work with the geometric function 61 : K N B(xo,3r0/4) — [0, r0/4] defined by
(5.17) 01(z) ;== max{ro/4 — |x — x0|,6(x) }.

It is still a 1-Lipschitz geometric function with parameters (3rg/4, 47) but now we have 1 (zg) = r9/4. We
recall that U = 105 and we observe that for x = 1/(10U) = 10~%, we have B(xq, ko) C B(z0,d1(x0)/U).
This means that the domain of the extension in Lemma will be large enough to contain B(zg, k7).

We fix f be a deformation of K in B(xg, kro) and we introduce L := f(K). We note that L coincides
with K outside B(zg, krg) C B(x0,70/2). We recall that there exists an hyperplane Py (of unit vector
1p) passing through xo such that K N B(xg,ro) C {dist(-, Py) < g } and such that the sets

{x € B(xo,m0) | (x — x0) - o > €070 }
{x € B(xg,m0) | (x — x0) - Vo < —€070 }
belong to different connected component of B(xg, 7o)\ K, denoted by Q1 and Q5. According to the theory
of Borsuk maps (see Remark [4.1)), the sets
{z € B(xg,70) | (x —x0) -v10 >10/2}
{x € B(zo,m0) | (x — o) v < —10/2}

also lie in different connected component of B(xg,7) \ L, denoted by X; and X, respectively, and we
have

(5.18) Xn C Qp U B(xo, ko).
We note that X, \ B(zo,70/2) = Q\ B(zg,r0/2).
We use Lemma [5.2] to select a radius p € [ro/2, 3ro/4] such that
Z rN < Cegm(wo, o) 7,
i€l(p)

where

I(p) ={i€I|10B;NOB(xo,p) #0}.
Then we define

G:=LuU [J 0(10B)).
i€l(p)

We observe that G is relatively closed in 2 and

G\ B (130,97"0/10) =K \ B (.:Eo,g’l“o/l()) .
We apply Lemma with respect to the geometric function §; defined in (5.17). We obtain functions
vp € LDyoe(Vy,) (for h =1,2) and a relatively closed subsets Sy, of Vj, = Qp, UW such that

WCShCWw, ’UhZ’LLith\Sh

/ le(vp)]? dz < c/ le(u)|® dz .
thB(ajg,p)\Z B(Io,p)ﬁﬂh

and

‘We check that

(5.19) Xp, CVy

and

(5.20) zc |J 10B.
i€l(p)

The proof of the similar inclusions in Proposition does not apply directly because d; is larger than
0. The inclusion (5.19) still works thanks to ((5.18)) and because we have chosen x so that B(zg, krg) C
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B(z0,81(20)/U). We pass to (5.20). For x € K N B(xg, p) such that B(z,500;(z)/U) N B (xo, p) # 0,
we have
| — xo| > p— 5061 (x)/U > 19/2 — 50rg/(4U) > 1o /4
50 01(z) = §(z) and from there, we can follow the proof of the similar inclusion in Proposition
We can finally define v € LD(B(x9,79) \ G) by

v in X1\ Userp) 10B;

vp in Xa\Uicr(, 10B;

u inB(xo,ro)\(LUXl uX,ul
0 in Uy, L0B;.

It is clear that v = u outside B(zg,97¢/10). The pair (v, G) is a competitor of (u, K) in B(xg,979/10) so
we can compare their energies and obtain

v =

i€l (p) 1OBi>

/ le(u)|* dz + HN YK N B(xg, o)) < C le(u)|? dz + HN (L N B(zo,70))
B(wo,T‘o)\K B(JE()/I‘())\K
+ Ceom(xo, ro)rév_l + h(ro)rév_l.

O

5.5. Decay of the energy. Our last estimate deals with the decay of the normalized elastic energy.
The decay of w as a power is normally an elliptic regularity property (when h = 0, u solves a elliptic
PDE with a Neumann boundary condition on each side of K) which requires K to be regular enough.
Since we don’t know the regularity of K a priori and we have a gauge h in the minimality condition, we
do not get w(x,r) < Cr® at once. Instead, we show that w decays when 3 is small enough and when the
error terms fm and h are small compared to w.

Proposition 5.3 (Decay of the energy). Let (u, K) be a Griffith almost-minimizer with gauge h in Q.
Let g € K, let 1o > 0 be such that B(xg,7m9) C Q, h(ro) < €4 and K separates B(xo,79). For all
0 < b <1, there exists €. > 0 (depending on N, b) such that if

B(xo,m0) < ec  and m(xo,70)B(w0,70) + h(ro) < cw(wo,70),

then
w(zxo, bro) < Cbw(xg,0),

for some universal constant C > 1.

Remark 5.2. Note that if S(zg,r9) < e, either m(zg, ro)B(xo,70) + h(ro) < eew(xo,r0) holds and we
have
w(xo, bro) < Cbw(zg,19),
either it does not hold and we have
w(zo,m0) < et (m(z0,70)B(20,70) + h(10)).

In all cases, we have
(5.21) w(xg, brg) < Cbw(xg,70) + Cp[m(xo,70)B(x0,r0) + h(10)],
where C > 1 depends on N and b. We will always use Proposition via ([5.21]) in the rest of the paper.

As usual, the term m(xg,r9)5(zg,r0) comes from the wall set of the extension Lemma It would

be simpler to use an extension Lemma that adds a wall Z of measure < Cf(xg,70)rg " (as in [4, Lemma
4.2]) but the resulting estimate would be

w(zo,bro) < Cbw(wo, ) + Co[B(x0,70) + h(r0)]

instead of (5.21]) and this would not be good enough to conclude that w decays a power. One of the
point of the bad mass is that once we know that § stays small at all scales and location (i.e. that K
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is Reifenberg-flat), then m disappears and (5.21) gives the decay of w in a quite straightforward way
(provided that h decays as a power).

Proof. Throughout the proof, the letter C' is a universal constant > 1 whose value might change from
one line to another. The case 1/2 < b < 1 is trivial so we only focus on the case 0 < b < 1/2. By scaling,
it suffices to prove the result in B := B(0,1). Then, the argument is by contradiction and compactness.
We fix a parameter b € (0,1/2) and a constant C. > 1. If the Lemma is false for this choice of constants,
then there exists a sequence of Griffith almost-minimizers (v, K, ) with gauge h,, in B such that 0 € K,
hn(1) < g4, the set K, separates B(0,1), 5,(0,1) — 0,

wn (0, 1)_1 [Bn(0,1)mn(0,1) + hy(1)] — 0,

and

wn(0,0) > Cebwy,(0,1),
where 3,,,w,, m, are the flatness, the normalized elastic energy and the bad mass defined with respect
to (vn, K,). Now, our goal is to find a contradiction for C. big enough, but not depending on b. We
underline that the sets K, are all Ahlfors-regular in B(0,1) with the same constant because we have
hn(1) < €4 uniformly in n.

We let Py be the vector subspace of RY generated by the first (N — 1) vectors of the canonic base.
Up to apply a sequence of rotations we may assume that Py achieves the minimium in the definition of
Bn(0,1). We decompose RY = Py x P~ and we use the notation z = (', zy), where ' € Py and xx € R,
for an element of RY. We normalize the energy by setting

where

€n = / le(vn)|? da .
B\K,

This is well defined because (5.5 directly implies e,, > 0. In summary, for all n, we have u,, € LD(B\ K,,)
and the following properties:

for all competitor (v, L) for (uy, K,) in B(0,9/10) we have

(5.22) ./ MQ%Mde+ngHN_WB%)SL/ le()]? do + e, "HY L) + e (1),
B\K, B\Kn

/ |e(un)|2d$ =1,
B\K,,

0 € K, and ¢, := max sup dist(z, Py), sup  dist(z,K,) p — 0,
z€K,NB(0,1) z€PyNB(0,1)

/ le(up)|2da > bV

B(0,5)\Kn

We also write m,, := m,(0,1) to simplify the notations and we recall that
ent(enmy, + hn(1)) — 0.

The strategy of the proof is to be able, by some sort of I'-convergence technique, to prove that w,
admits a limit « which is a minimizer in B\ Py with energy 1 and for which an inequality of the type
is contradicted by elliptic regularity (if C. is too big). To get a contradiction with that approach,
the main issue is to prove a strong convergence in L? for e(u,). This convergence is false in general, but
here it follows from the minimality property of (un, K,,) and the fact that K, separates.

At the beginning, our proof is similar to [3|, Theorem 8.19] but our last step is different and relies on the
construction of an appropriate competitor inspired by [24, Theorem 9]. What makes the construction of a
competitor delicate is that the surface term is penalized in the energy comparison by a coefficient

e, ! which might go to +o00. For each n, we will build a competitor v, of u, which adds a wall set
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of size B,m, to the crack and this contribution will disappear in the limit thanks to the assumption
e, Bamy — 0.

In the sequel will shall need to extract several subsequences of u,,, that we will still denote by u,,, for
simplicity.

Step 1. Convergence locally in B\ Py. We first extract a subsequence such that e(u,) converges weakly in
L? to some e € L?(B; MN*Y), thanks to the energy bound in ([5.5). We next show that e is the symmetric
gradient of some displacement. To this aim, we fix 0 < § < 1/10 and we introduce the Lipschitz domain

As:={x € B|dist(x,Py) >3} = AF U A5,

where Af;t are the connected components of As. Note that for such §, D := B ((0,£1),1) C A(;i and
K, N As =0 for n large enough (depending on §). Denoting by

1 1 Vun(y) — Vu,(y)T 1
+ — — _
R"“”"|Di|/;i“"“”dy*'<z)t pe 2 WD Jp )

the rigid motion associated to u, in D*, by virtue of the Poincaré-Korn inequality [I, Theorem 5.2], we
get that

+
[un — Ry, HHl(Agt;]RN) < C”@(Un)Hm(Aéi;MNxN),

for some constant ¢ > 0 that does not depend on § since 0 < § < 1/10.

Thanks to a diagonalisation argument, for a further subsequence (not relabeled), we obtain a func-
tion u € HY (B \ Py; RY) such that (u,, — R), converges weakly to u in HI(A;'E;RN) and strongly in
L2(AE;RY), for any 0 < § < 1/10. In particular, we must have e = e(u). This shows that

e(uy) — e(u)  weakly in L?(B; MN*Y),

and

(5.23) / le(u)[2 dz < liminf/ le(uy) 2 dz = 1.
B\ Py B\Kn

n—-+o0o

Step 2. The limit is a minimizer. At this stage, we are able to prove that the limit u is an energy
minimizer in B\ Py, thus is the weak solution of an elliptic system with Neumann boundary conditions
on Py. For that purpose, we will use a jump transfer argument, relying on the fact that K, separates.
We consider a test function ¢ € H'(B \ Py;RY) such that ¢ = 0 on B\ B(0,9/10). We denote by
C the connected components of B\ K,, that contains the point (0,+1/2) and we define a function
on € HY(B\ K,,; RY) by

(@ |zn])  in CF
on(@) = { (@, —lznl)  in Oy
0 otherwise.

Then, one can check that ¢, =0 on B\ B(0,9/10) and that ¢, (z) = ¢(z) for z € B such that |y| > &,.
By (5.5), en — 0 so ¢, — ¢ strongly in L2(B;RY™) and e(p,) — e(p) strongly in L2(B; MN*N),
Therefore, using the minimality property (5.22)) to compare (u,, K,) and (u, + ¢n, K,) and we obtain
that

/’ Mwst/’ et + ) A + € (1),
B\K,

B\K,,

which implies, by expanding the squares, that

0< 2/ e(un) : e(p,) da + / le(on))? dz + €, ' hay (1).
B\K, B\K,



36 C. LABOURIE AND A. LEMENANT

Using that e, 'h, (1) — 0, that e(¢,) — e(p) strongly in L2(B;MY*YN) and e(u,) — e(u) weakly in
L?(B;MY*N) we can pass to the limit n — +o0o and deduce

0< 2/ e(u) : e(p)dz +/ le()|*
B\P, B\P,

or still

/’ wwwdxs/’ leu+ @) de.
B\PO B\Po

We conclude that u is a weak solution of div(e(u)) = 0 in B(0,9/10) \ P, with a Neumann condition on
Py. Tt follows by elliptic regularity and (5.23]) that

(5.24) /‘ IdeSCW/ le(w)[?,
B(0,b)\ Py B\ Py

for some universal constant C' > 1.

Step 3. Convergence of the L? norms and conclusion. To arrive at a contradiction between (5.24) and

(5.5)), we show that

(5.25) lim le(un)|? :/ le(u)]? da .
n=+00 JB(0,b)\ K, B(0,b)\ Po

For that purpose, we take any subsequence such that the left-hand side of (5.25)) converges and we consider
the sequence of measures
tin = le(un))? LY.

By (5.5), we can bound uniformly , (B) < 1 and thus we can extract a subsequence such that g, —
in B, for some measure u. The rest of the proof is devoted to showing

p=le()’LY  in B(0,1/2),

which implies (5.25).
We start by investigating the structure of p away from P,. We claim that, up to use again a diagonal

subsequence, we can assume that (e(u,)), converges to e(u) in L (B \ Po; MV V). Indeed, let us take

any ball B(x,r) C B\ Py. As e(u,), — e(u) weakly in L?(B(z,r)), the strong convergence in L?(B(z,7))
will follow from the convergence of the L? norms. More specifically, it will follow from the fact that

lim sup / le(un)|? d < / le(w)|? dz,
B(z,r)

n—+00 B(z,r)

since the reverse inequality with a liminf is already a consequence of the weak convergence.

We consider a small § > 0 such that B(x,r + ) C B\ Py and a cut-off function ¢ € C°(B(z,r + §))
such that 0 < ¢ <1 and ¢ = 1 on B(x,r). We also work with n big enough so that B(z,r+6) C B\ K.
We compare (uy, K,,) with the competitor (v, K,), where

Vp = o(u+ RE) + (1 — @)u,.
We estimate
le(vn)] < ple(w)] + (1 = @)le(un)| + Vel [un — Ry —u
and then using the elementary inequality

(a+b)? < (l4+¢e)a®>+ (1+e')b* foralle>0
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and the convexity of ¢ — t2, we have
[ fewPasaee [ et (- et ae
B(xz,r+9) B(z,r+9)
+ (1+E_1)/ \V<p|2‘un—Rff—u‘2dx
B(x,r+96)

<o) [ gl + (1= p)le(un) P da
B(z,r+9)
+ (1+5_1)/ \V<p|2|un—Rff—u‘2dx.
B(xz,r+9)
We use almost-minimality property (5.22)) of (u,, K,) to compare the energy of u,, and v,,
Lo lew)Pdes [ e+ e h(1)
B(z,r+9)

B(x,r+96)

but using the previous estimate, this gives

[ detwnlar< e [ glewPdote [ feun)
B(x,r+9) B(x,r+9) B
+(1+€_1)/ \ch|2|un—Rff—u‘2dm+e;1hn(l)
B

and then by definition of ¢,

/ o) < (1+2) / le(w)2da + ¢ / ()| d
B(z,r) B(xz,r+94) B

+ (1+€71)/ |Vg0|2|unfRffu|2dz+e;1hn(l).
B(z,r+9)

We recall that [, le(un)|® dz < 1 and that u, — R — u strongly in L2(B(z,r + §)) so passing to the
limit n — +o00 gives

limsup/ |e(un)|2d$ < (1+5)/ \e(u)|2dx+5
n—+co J B(z,r) B(x,r+96)
but since € > 0 and & > 0, are arbitrary, we conclude that
1imsup/ le(uy)|* do < / le(w)|* dz,
n—+oo J B(x,r) B(z,r)
as claimed.
At this point, we have proved that (e(uy)), converges e(u) in L2 (B \ Pp) and therefore
pL(B\ Po) = le(u)?LY.
We now show that
rw(PonB(0,3)) =0.
Some of the following quantities will depend over n but we will sometimes not specify this dependence
to lighten the notation. By use of Lemma we select a radius p,, € [1/2,3/4] such that

Z rZN_l < Coepmy,
i€1(pn)
for some constant universal constant Cy > 1 and where
I(p,) ={i€1]|10B,NOB(0,p,) #0D}.

We can extract a subsequence so that (p,,), converges to some po € [1/2,3/4]. We would also like that
w(0B(0, pso)) = 0 but we cannot guarantee this property directly. We need to refine our procedure. Let
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us fix a small € > 0 and let S be the finite set of radii p € [1/2,3/4] such that u(9B(0, p)) > €. According
to the proof of Lemma [5.2] there exists a universal constant Cjy > 1 such that

3/4
/ Z erfl dt < Coe,ymy,
1

/2 serh)
so for any C' > 1, the set
(5.26) te (3.3 > ¥ ldt > Ceumy
i€I(t)

has £! measure < C~1Cy. We take C' big enough (depending on N) such that C~1Cy < 1/8. Since S is
finite, we can also consider a small radius r > 0 (which does not depend on n) such that the set

(5.27) {te[3 3] |dist(t,s) <r}
has £! measure < 1/8. In this way, it is clear that the two bad sets (5.26) and (5.27) cannot cover
[1/2,3/4] so we can find p,, € [1/2,3/4] such that dist(p,,S) > r and
(5.28) Z rN7hdt < Cepmy,.
i€1(pn)

We can extract a subsequence so that (p,), converges to some po, € [1/2,3/4] and we have moreover,
dist(peo, S) > r. In particular, po, ¢ S so

(5.29) 1(0B(0, pxc)) < €.

It will suffice to make € — 0 at the end of the proof.
Now we fix n and we write p = p,,, K = K, to lighten the notation. We introduce

G:=KuU ] 0(10B).
i€l(p)
We observe that G is relatively closed in {2 and that
G\ B(0,9/10) = K \ B(0,9/10).
We fix some 0 < a < 1/10 and we consider the function f : [0, +oco[— [0, +00) defined by

a fort<p—a
f)=9p—t forp-—a<t<p
0 for t > p.

We will work with the geometric function 6, : K N B(0,3/4) — [0,1/4] defined by
(5.30) 61(x) := max { f(|z]),0(z) }.
We recall that according to Lemma we have §(z) < maxy(10r;) < 10Ce,, whereas f(|z|) < a by
construction. We assume n big enough such that 10Ce, < a and in particular, 01(z) < a, with equality
at points x € KN B(0,p — a).

We denote by Q1, 25 the two connected components of B(0,1)\ K that contains respective components
of

{z € B(0,1) | dist(z, Py) > 1/2}.

We apply Lemma with respect to the geometric function d; defined in (5.30). We obtain functions
vp, € LD1oc(Vp) (for h = 1,2) and a relatively closed subset Sy, of Vi, = 5 UW such that

W c Sy € Wi, vh:uith\Sh
and, according to Remark
(5.31) > / le(vp)|* da < c/ le(un)|* dz ,
Sh\Z D

h=1,2
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where
D := B(0,p) ﬁU{y € B(x,506,(z)/U) | z € KN B(0, p), dist(y, K) > 6 (x)/U }.
We also recall that U = 10°, that
W = U{B(;v,él(x)/U) |z € KNB(0,p)}
Wi = U{B(;v,10§1(x)/U) |z € KNB(0,p)}
and
7 = L_J{B(a;7 1061 (z)/U) | x € KN B(0, p), B(z,5061(z)/U)NOB(0,p) #0}.
Using the inclusion S, C Wig and the definition of Z, we see that
Sh \ B(l’o,p) cZ
Next, let us check that
zc |J 10B.
i€1(p)

It is easy to see that for all 0 < t < p, we have t + f(t) < p so for z € K N B(0,p), we have
B(z,50f(|z|)/U) C B(0,p). In the case where B(z,5001(x)/U) N B(0,p) # 0, we have necessarily
01(x) = 6(x) and from there, we can follow the proof of Proposition

In order to use , we will to replace the sets Sj, \ Z and D by simpler domains which do not
depend on n. We introduce

C(a) :={y € RN | dist(y, P, N B(0,p — 2a)) < a/(2U) }
and we justify that whenever n is big enough such that €, < a/(2U), we have

(5.32) C(a) C B(0,p)NW
and
(5.33) D c {y € B(0,p) | dist(y, P) < al}\ Cla).

Let’s start with (5.32). It is already clear that C(a) C B(0,p). For y € C(a), there exists zp €
Py N B(0,p — 2a) such that |xg —y| < a/(2U). Since &, < a/(2U), there also exists € K such that
|zo — 2| < a/(2U). Notice that x € KN B(0,p—a) so §;(x) = a. Then it follows by triangular inequality
that y € B(x,01(z)/U) and thus y € W. We pass to . For y € D, there exists x € K N B(0, p) such
that y € B(x,5001(x)/U) and dist(y, K) > 01(z)/U. As |y — x| < 50a/U and dist(z, Py) < &5, we have

dist(y, Py) < 50a/U + &, < a.

We check that y ¢ C(a) by contradiction. We assume that there exists g € Py N B(0, p — 2a) such that
ly — zo| < a/(2U). As dist(zo, K) < &,,, we have

dist(y, K) < a/(2U) + &, < a/U.

Recalling that |z —y| < 50a/U, we also have z € B(0,p — a) by the triangular inequality and thus
01(x) = a. But then, our initial assumption on y means dist(y, K) > a/U. Contradiction !

We make a last observation before defining our competitor v. According to Lemma (applied with
the geometric function §;), we have

(5.34) B(0,p)\ (KUQ UQ) CW

Here, observe that B(0,1) \ (K UQ; UQs) is an open set which is the union of the connected component
of B(0,1) \ K that are neither ;, neither €25. The inclusion says that W cover them in B(0, p)
and this is related to the fact seen in Lemma [5.1| that for all 2 € K N B(0, p), for all » € (§(x),1/4], the
flatness Sk (z,t) is very small (less than some universal constant).

It follows from (j5.34)) that

0B(0,p) \ (KU UQ) c ZC | J 10B;.
i€l(p)
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The set

B(0,)\ |KuQuQuU | 10B;
i€I(p)
is open because B(0,1) \ (K UQ; UQs) is open and because the topological boundary of the union
UieI(p) 10B; lies in KNOB(0, p), as we have seen in earlier proofs. And according to , its connected

components are either contained in B(0, p), or contained in B(0,1)\ B(0, p). We will set our competitor
to be v = 0 in the first case and v = u,, in the second case.
We finally define v € LD(B(0,1) \ G) by
U1 n Ql \ UiEI(p) 10§Z
Vo in QQ \ Uie](p) ].OBZ
v="_u, in BO,1)\ (KU UQUB0,0)UUcs, IOE)
B(0,p)\ (K UQ1UQUU,ep,) 103—)
UiEI(P) ].OBZ.

Note that each domain in the piecewise definition is open. The pair (v, G) is a competitor of (u,, K)
in B(0,9/10) so we can compare their energies using (5.22). We recall that by (5.28), the spheres
Uier(p) 9(10B;) add to the crack a contribution bounded by

i

[=}

i

=

> ri < Cepmy,
i€l(p)
S0
(5.35) / le(un)? dz < / le()|* dz + Ce;  (enmn + hn(1)).
B(0,1) B(0,1)

We observe that for € B(0,1) \ (GU S; U S3), we have either v = 0 or v = u,, in a neighborhood of
x (check this for each domain in the definition of v) and in both cases

(5.36) le(v)] < [e(un)|-

The inequality (5.36) also holds true for points z € B(0,1) \ (G U B(0, p)) since either z ¢ Sy U Sy and
we are back to the previous case, or x € (S U S2) \ B(0,p) C Z C |J,10B;, where v = 0. In summary,

(5-36) holds true for
z € B(0,1) \ [GU (B(0,p) N (51U S52))]

so the energy comparison ([5.35)) simplifies to

/ e(un)|? < / () + Cer (entmn + hn(1)).
B(0,p)N(S1US2) B(0,p)N(S1US2)

For the points z € B(0,p) N (S1 U S2) \ G, we observe furthermore that either « € |J,10B;, or = €
B(0,p) \ (KUQUQUJ,10B;) or z € Un=1.2 € NSk \ U; 10B;. Here, we have used the fact that
Q1 NQ=0and W C S, C Qp, UW to deduce (S; US2) Ny € S;NQ; (and the same with the indices
reversed). In the first two cases, we have v(z) = 0 in a neighborhood of = so we can also simplify the
right-hand side as

2

/ le(un)|” < Z / |€(Uh)|2+Ce;1(5nmn+hn(1))~
B(0,p)N(S1US2) h=1,2 Qn,NSp\U 10B;

To simplify the notations in the integral sign, we have written | J10B; for UiEI(p) 10B;. We use the
inclusion Z C ;¢ () 10B; and (5.31) to bound

3 / e’ < Y / ()P < C / ()
h=1,2 QhﬂSh\UIOBi Sh\Z D

h=1,2
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so we arrive at

/ le(un) 2 < c/ le(un) 2 + Cer (enmmn + hn(1).
B(O,p)ﬁ(leJSg) D

Then we come back to the notation p = p,, and we set
Cp(a) :={y € RN | dist(y, Py N B(0, p,, — 2a)) < a/(4U) }
Coola) :={y € RN | dist(y, Py N B(0, poo — 2a)) < a/(4U) } .
We rely on the inclusions and to simplify the domains of integration;

/ le(u,)]* da < c/ﬁ le(un)[* da + Cep (enmp + ha(1)).
Chp(a) B(0,pn)N{dist(-,Py)<a }\Chr(a)
We let n — 400 and get
11 (Coo(a)) < Cp (B(0, poc) N { dist(-, o) < a}\ Cxo(a)) -
This yields in particular
11 (Po N B(0, poc — 2a)) < Cpu (B(0, poo) N {dist(+, Po) < a}\ Py N B(0, po — 20))
and we finally make a — 0 to get
1 (Po N B(0, poc)) < Cpi(Po NOB(0, poo)) -

According to the way we built po (see (5.29))), this implies p(Po N B(0, peo)) < e. Here, po, might
depend on € but since p, > 1/2 anyway, we conclude that

p(PonB(0,3)) =0.

6. JOINT DECAY AND CONCLUSION

We show in Lemma that when all the quantities are small, they stay small at smaller scales. We
deduce in Proposition that the bad mass is actually zero and that K is an almost-minimal set with
a gauge of optimal exponent . Then, our e-regularity theorem will follow from the regularity theory of
almost-minimal sets.

Lemma 6.1. Let (u, K) be a Griffith almost-minimizer with gauge h in Q. Let xg € K, 19 > 0 be such
that B(xg,79) C Q and K separates B(xg,79). For all eg > 0, there exists € € (0,e0) (that depends on
N, &) such that if

B(xo,ro) + w(xo, ro) + m(xo,r0) + h(ro) < e,
then for all 0 < r < rg, K separates B(xg,r) and
B(zo,7) + w(zo,70) + m(x0,70) + h(ro) < €o.

Proof. We use the letter C' as a generic constant > 1 that depends on N. We let b € (0,1), this constant
will be fixed later and will depend only on N. We let ¢ €]0,1/2] and ¢1, €2, €3 €]0,&0]. They will will
be chosen small enough depending on N and b but each ¢; will also depend on the ¢; for j < 4.

Our goal is to prove that the conditions

K separates B(xzg,ro) and
(6.1)
B(xo,7m0) < €0, m(wo,m0) < €1, w(xo,70) <2, h(rg) <e3
imply that for all 0 < r < rg,
K separates B(zg,r) and
B(x07T) S 0507 m(Io,T) S 061, W(Io,’f‘) S 0527 h(r) S £3.

One can deduce the Lemma’s statement.
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We assume ([6.1]) and we start by showing that
K separates B(xg, bro) and
B(xo,bro) < 0, m(xo,bro) <e1,  w(wo,bro) < ez, h(bro) <e.

It is clear that h(brg) < e3 since h is non-decreasing. It is also readily seen with Lemma that K
separates B(xo, bro) if €g is small enough. We assume that (5.4]) holds so that Propositions [5.1} and
can be applied. We also assume €( small enough so that m(zg,t) can be estimated by scaling (Remark
5.1) for ¢ € [bro, o]

We deal with the decay of the bad mass. According to Proposition and the scaling property of m,
there exists a universal constant Cy > 1 such that

m(xg,bro) < Co(ea + €pe1 + €3).
We choose €1 in such a way that
Coey = £1/4.
Then we choose ¢p small enough so that Chep < 1/4 and finally we just choose 3 very small so that
m(zg, bro) < 1.

We pass to the energy. We assume ¢ less than the constant . given by Proposition for our choice
of b (which will be fixed at some point). According to Proposition and more specifically Remark
there exists a constant C, > 1 (depending on N, b) such that

w(zg, bro) < Cbey + Cy(eper + €3)
< Cbey + 05(4006062 + 63).

We take b small enough so that Cb < 1/2. We then assume ¢ small enough so that 4C,Cheo < 1/4 and
finally e3 small enough so that w(xg,bry) < es.

We are left to deal with the flatness. We recall that e, € (0,1) and C, > 1 are the universal constants
of Theoremfor v = 1/2. We recall that x = 107 is the constant of Proposition We apply Lemma
in the ball B(xg, kro) with the constants

e:=r'eg and a:=x"'h.
Here, we need to assume g small enough so that ¢ < ¢, and b small enough so that a < 1/2. Since
6(.%0,%7“0) S Hﬁlﬁ(x()er) S g,

Lemma gives a constant A > 0 (depending on N, £¢) such that if for all deformation competitor L of
K in B(xzg, ko),

HN V(K 0 B(xo, 510)) — HY "L N B(xg, kro)) > A(rro) V71,
then we have
B(xo,bro) = Bz, akr) < 4C./al.
Moreover, Proposition [5.2] estimates
HN YK N B(zo, ko)) — HY YL N B(xg, ko)) < Ceoer + €2 + 63)rév_1
(6.2) <3Cerdh
We assume ¢; small enough (depending on N, «, €¢) so that the left-hand side of (6.2) is < Ax™~! and
this implies
B(xo, bro) < 4C.V/ae.
Substituting € = Kk 'eg and a = k7 'b, we find
,8(1‘0, bTQ) S 4C*l€73/2\/8€0

and we can finally fix b small enough so that 5(xzq, brg) < eq.
We now iterate our intermediate result and we obtain that for all n > 0, K separates B(xg,b"rp) and

B(x0,b"rg) < eo, m(xo,b"rg) <e1, w(xe,b"rg) <eg, h(b"rg) <es.
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We deduce that for all 0 < r < rg, K separates B(xg,r) and
Blxg,r) < Cey, m(xo,r) < Cep, w(xg,r) < Ceyy, h(r) <es.
O
Proposition 6.1. There exists a universal ¢ € (0,1) and for each choice of a € (0,1), 9 €]0,1/2],
there exists € € (0,e9) (depending on N, «, €g) such that the following holds. Let (u, K) be a Griffith
almost-minimizer with gauge h(t) = h(1)t* in Q. Let xy € K, ro > 0 be such that B(xzg,109) C Q, K
separates B(xg,r0) and
B(xo,70) + w(xo,m0) + m(x0,70) + h(ro) < €,
then for all x € K N B(xg, crg) and for all 0 < r < crg, we have
Banr) < 0. miar) =0, w(e) <o)
0
and K is an almost-minimal set in B(xo, cro) with gauge h(r) = eo(r/ro)®.
Proof. The letter C as a generic constant > 1 that depends on N and «. Let wy > 0 be any constant. Let
go > 0 (it will be chosen later, depending on N, o and wp) and let £; € (0,&0) be the associated constant

in Lemma (depending on N, a, 9). According to the scaling properties of our different quantities,
there exists € > 0 (which depends on N, « and &) such that if

(6.3) B(xo,r0) +w(zo,70) + m(z0,70) + h(ro) <,
then for all x € B(zg,ro/2), we have
B(x,ro/2) + w(z,10/2) + m(x,70/2) + h(ro/2) < &1
which implies in turn by Lemma [6.1] that for all # € B(z¢,70/2) and all 0 < r < /2,
(6.4) Blx,r) +w(z,r) + m(x,r) + h(r) < e.

We assume ¢g < 7 (where 7 is the universal constant defined in ([5.1)). It then follows from the definition
of the bad mass, that for all z € B(xzg,r0/2) and 0 < r < r¢/2,

m(z,t) = 0.

Next, we prove that w decays with exponent a.. Let us fix x € B(xg,r0/2) and r1 = r9/2. Let b € (0,1)
(which will be chosen small enough, depending on N, «). We assume £¢ small enough in (6.4) so that
Proposition applies and give a constant C, > 1 (depending on N, «, b) such that for all 0 < r < rq,

(6.5) w(z,br) < Cbw(z,r) + Cph(r).

We fix b such that Cb < b*/2. We assume gy small enough so that w(z,r;) < wy and Cph(ry) < web®/2.
Since h decays as a power «, we see that for all k£ € N,

(6.6) Cyh(bFr1) = Cyh(r)bF® < webkHDe /2,
We are going to deduce by induction on (6.5 that for all k € N,
(6.7) w(z, b)) < webhe.

The case k = 0 is straightforward and if holds at rank k, it also holds at rank &+ 1 because by (6.5))
and (6.6),

w(z, b lry) < b%w(x, brr)/2 4+ Cyh(bFr)
< b (wob®) /2 + wob* I /2
< wob(k:+1)a.
This proves our claim. We then deduce from (6.7)) and the scaling property of w that for all 0 < r < rq,
w(z,r) < Cwy (T) .
1
Note that since h(r1) < wp, we also have h(r) = h(r1)(r/r1)* < wo(r/r1)®* for 0 <r < ry.
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We finally show that the set K is almost-minimal in B(xg,kr1). For all x € K N B(xzg,r) and
0 < r < ry, we apply Proposition in B(z,r) and we obtain that for all deformation competitor L in
B(z, kr), we have

HN YK N B(x, k) = HY YL N B(x, k1)) < Clw(z,r) + h(r)] rN 1

S OLUQ <II:T) .
0

We conclude that K is almost-minimal in B(xg, kr1) with gauge /~1(t) = Cuwy(t/ro)*. One can choose wy
arbitrary small by taking ep small enough and then e accordingly small in (6.3)). O

From the conclusion of Proposition the set K is almost-minimal in B(zg, crg) with a small flatness
and a small gauge. Then, according to the regularity theory of almost-minimal sets, K is a Holder
differentiable surface in a smaller ball. The exact statement can be found in [II, Theorem 12.25] and
says that if a coral almost-minimal set F is close enough to “full lenght minimal cone X”, then E is a
C17 version of X. The theorem is written for two dimensional sets but it hold in higher dimensions as
well in the special case where X is an hyperplane. We state a simplified version for hyperplanes and we
justify below how it can be deduced from [II, Theorem 12.25].

Theorem 6.1. For each choice of a € (0,1), there exists constants g > 0, and v € (0,a) (depending
on N, «) such that the following holds. Let E be a coral almost-minimal set with gauge h(t) = h(1)t* in
some open set Q. Let xg € E, ro > 0 be such that B(xq,100r¢) C Q and

(6.8) Be(z0,100r0) + h(100r) < &,
then there is a CY7 diffeomorphism
¢: B(xo,2r0) — ¢(B(z0,2r0))
such that ¢(x¢) = 2o, Dé(xg) is the identity mapping, |¢(y) — y| < 10~2r¢ for all y € B(xg,2ry) and
E N B(zg,r0) = (P N B(xg,2r9)) N B(xo,70),
where P is a given hyperplane which achieves the minimum in the definition of Bg (g, 100).

Proof. David’s theorem [II, Theorem 12.25] requires that

(6.9) F(100r0) + duy, 1007, (E, X) + h(100r0) < &0,
where

HN-1(E 1 Bz, 1) HY-L(E 1 B(ao, 5))
(6.10) f(r)= wn_1r N1 ) ( wn_1sN—1 )

is the density excess, wy_1 is the measure of a (N — 1)-dimensional unit disk and dz,. 100r, (£, X) is the
normalized local Hausdorff distance between E and a “full lenght minimal cone X” centred at xo. The
right-hand side limit in exists because for a coral almost-minimal set F containing x, the density
s+ sTNHN=Y(E N B(zo, s)) is nearly non-decreasing ([10, Proposition 5.24]).

The goal of this proof is to justify that the condition is a simplification of in the special case
where X is an hyperplane passing through zy. First, the bilateral flatness Sg(xo, 100rg) is nothing else
than the normalized local Hausdorff distance between E and an hyperplane passing through xy. Next,
we justify that f(100r¢) is controlled by Bg(zg, 100rg). We start by showing

 HNYEN B, 5))
(6.11) ig% N=1 > wn—
Let 6 denotes the value of the limit in (6.11). We have necessarily 6 > 0 because almost-minimal sets
are Ahlfors-regular ([10, Lemma 2.15]). According to [10, Proposition 7.21], there exists a coral minimal

cone F' centered at the origin (take any blow-up of E at zg in local Hausdorff distance) such that
HN-L(FNB(0,1)) = 6. The set F is a cone centred at the origin so for all r > 0,

HY Y (F N B(0,r) = V10
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The set F is also minimal in RY so for all z € F, the fonction r + 1= NHN=1(F N B(x,r)) is non-
decreasing. One can deduce that for all z € F' and for all r» > 0,

(6.12) HNY(F N B(x,r)) <orVN L
As a minimal set is rectifiable, we should have for Y l-ae. z € F,

o HN-Y(F N B(z,7r))

(6.13) li e

r—0 wN—l

And since HN~1(F) > 0, there exists a least one point such that (6.13) holds. In combination with
(6.12)), this proves that 0 > wy_;. With (6.11)) at hand, we see that for 0 < r < 1007

F) < HN=Y(E N B(zo,7))
WN-1

N1
and we can see as in (4.1) that for 0 < r < 50r,

HN-Y(E N B(zo,7))
wn N1
It is now clear that implies (at a smaller scale but it does not matter). O

=1

-1

— 1< CB(xo, 2r).

It is left to improve the assumptions of Proposition by initializing m and w. Our main theorem is
proved by combining Lemma Proposition and Theorem [6.1

Lemma 6.2. Let (u, K) be a Griffith almost-minimizer with gauge h in Q. Let xg € K, 19 > 0 be such
that B(xg,79) C Q, K separates B(xo,r9) and h(rg) < e€a. For all g9 > 0, there exists ¢ € (0,1) and
e < eg (both depending on N, e¢) such that if

B(zo,ro) + h(rg) <e,
then
B(xo, crg) + w(zo, cro) + m(xo, crg) + h(crg) < eo.
Proof. The letter C' denotes a generic universal constant > 1. We assume
Bxo,70) + h(rg) < e

and we initialize w to be less than some constant €; > 0 at a smaller scale. Let b € (0,1) (to be chosen
soon, depending on N, 1) and let €. be the associated constant in Proposition We assume ¢ < e,
so that Proposition applies and give us a constant C, > 1 (depending on N, b) such that

w(zo,bro) < Cbw(zo, bro) + Cp (B(wo, r0)m(x0,70) + h(r0))
< Cb + Cy(B(w0, m0) + h(ro))-

Now, we can choose b small enough so that Cb < &7 and then ¢ small enough so that w(zg,bro) < 2e;.
We can also take € small enough so that

(6.14) B(xo, bro) + w(wo, bro) + h(bro) < 3e1

by the scaling property of 8 and the monotonicity of h,
Next, we start from (6.14)) and we initialize m to be less than some constant €g > 0. We assume &1
small enough so that Proposition [5.1] applies and we get,

m(xo,bro/4) < C(w(xo,bro) + B(zo, bro)m(zo, bro) + h(bro))
< C(w(xg, bro) + B(xo,brg) + h(brg))
< Ce;

which is < gq if €1 is small enough. O
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