MULTIPLE SOLUTIONS FOR DOUBLE PHASE PROBLEMS IN R" VIA
RICCERI’S PRINCIPLE

VINCENZO AMBROSIO AND FARES ESSEBEI

ABSTRACT. In this paper we establish some multiplicity results for double phase problems in
R™ involving different types of nonlinearities. Our approach is based on Ricceri’s principle,

suitable truncation arguments and Moser iterations.

1. INTRODUCTION

In this paper we focus on the following class of nonlinear double phase problems:

(L.1) —div(a1 (2)|Vu[Pr —2Vu) — div(ag(x)|Vul[P2=2Vu) = Af(z,u) + pg(z,u) in R?,
where 1 < p; < pa < n, A\,u > 0 are parameters, f : R”" xR — R and g : R” x R — R are

Carathéodory functions, a; : R” — R and as : R™ — R are measurable functions such that
(1.2) a; € L°(R"™) with essinf egn a;(x) >0, fori=1,2.

When a1 = ag = 1, equation in (1.1) is related to the search of stationary solutions for the

following reaction diffusion system
(1.3) ug = div[D(u)Vu] + c(z,u), D(u) = |Vul|P* 2 4 |[VulP2—2

which finds application in physics and related sciences, such as, for instance, biophysics,
plasma physics, and chemical reaction design; see [4]. In these contexts, the function u in
(1.3) represents a concentration, the term div[D(u)Vu] corresponds to the diffusion with a
diffusion coefficient D(u), and the reaction term c(x,u) relates to source and loss processes.
Usually, in chemical and biological applications, the reaction term c(x,u) has a polynomial
form with respect to the concentration u. For some existence and multiplicity results for

(p1, p2)-Laplacian problems in bounded or unbounded domains, the interested reader may
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consult [1, 2, 5,9, 11, 12, 16, 17, 19]. On the other hand, the functional associated with the

(p1, p2)-Laplacian operator falls in the realm of the following double-phase functional
P 9) = [ (V" + 4o V™) dx,
Q

where 2 C R™ is an open set and 0 < b(x) € L*°(Q2), originally studied by Zhikov [24] to pro-
vide models for strongly anisotropic materials in the context of homogenization phenomena.
We refer to [13, 14] for more details about the regularity of functionals with non-standard
growth of (p1, p2)-type.

When p; = po = p and a1 = az = a, then (1.1) boils down to the following p-Laplacian

problem

(1.4) — div(a(z)|VulP=2Vu) = A f(z,u) + pg(z,u) in R",

hm\x|—>o<> u(z) =0,

which has been widely investigated by several authors; see for instance [6, 7, 8, 10, 22, 23]. In
particular, Drabek [6] proved that there exist A > 0 and a positive C! function satisfying (1.4)
with f(z,t) having a subcritical growth with respect to ¢t and g = 0. Figueiredo and Furtado
[10] applied minimax theorems and Ljusternik-Schnirelmann theory to obtain the existence
of a positive ground state solution of (1.4) with A = u =1, f(z,t) = f(t) is a superlinear
function with subcritical growth at infinity, g(z,t) = [t|P"~2t where p* == % is the critical
Sobolev exponent, and they related the number of positive solutions with the topology of the
set where the function a(x) attains its minimum. They also provided a multiplicity result for
a supercritical version of the problem under consideration. El Manouni [7] applied the Ricceri
principle to deduce the existence of multiple solutions for (1.4) when f and g are subcritical
nonlinearities. Zhao and Yan [22] extended the result in [7] when g has a supercritical or ex-
ponential growth in R™ (see also [8, 23] for related results in bounded domains). Motivated by
the previous papers and the interest in double phase problems, in this work we establish some
multiplicity results for (1.1) by considering different types on nonlinearities. With respect to
the above mentioned papers dealing with the p-Laplacian case, the main difficulty to attack
(1.1) is related to the presence of the operator div(ay(x)|Vu[Pr=2Vu) +div(az(z)|Vu[P2~2Vu)
which is non-homogeneous in scaling. For this reason, some accurate estimates and suitable
tricks will be needed to achieve our main results.

Before stating our theorems, we introduce the assumptions on f and g. First we consider the
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case when f and g are subcritical. More precisely, we suppose

(1.5) |f(z,t)] <m(z)t|” for a.e. x € R" and for all £ € R,
where
o)
(1.6) m € LY~ L (R™Y) N LY \P- O (R,
with

pe<vy+1<v<ps,

where p} = n"fp;i with ¢ = 1, 2. Regarding the function g, it satisfies the condition g(z,0) = 0
and one of the following assumptions:
P} 2

. o . = ——+
there exists a positive function h € L*27" (R")N L*2~" 77(

R™) and 0 < < 1 such that

t
(1.7) sup l9(z, )l < 400 for some 0 < r < p5 — 1;
(@,)eRn xR\ {0} M(2)]1]

there exists a function h € L*°(R™) such that
t
(1.8) sup M < +o0
(1) eRn xR\ {0} P(T)[t[P2
In order to state the main results of this paper, it will be fundamental to recall the following

definition and the abstract variational principle due to Ricceri [20].

Definition 1.1. Let X be a real Banach space. We denote by Wx the class of all functionals
@ : X — R possessing the following property: if (ux) is a sequence in X converging weakly to

u € X and liminfy_, o P(ur) < ®(u), then (ur) has a subsequence converging strongly to u.

Theorem 1.2 ([20]). Let X be a separable and reflexive real Banach space; ® : X — R a
coercive, sequentially weakly lower semicontinuous C' functional in Wx, bounded on each
bounded subset of X and whose derivative admits a continuous inverse on X*; J : X — R
a C' functional with compact derivative. Assume that ® has a strict local minimum xo with

®(x0) = J(xo) = 0. Finally, setting

« = max ¢ 0, limsup M,lim sup M ,
2] 400 P(@) " zoazy ()

J(z)
B = sup ;
2€d-1(j0,400]) 2(2)

(1.9)

assume that o < (. Then, for each compact interval [a,b] C]%,é[ (with the conventions

% = o0, +%.O = 0) there exists r > 0 with the following property: for every A € [a,b] and
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every C functional U : X — R with compact derivative, there exists § > 0 such that, for each

w € [0,9], the equation
' (z) = \J'(z) + p¥'(z)
has at least three solutions in X whose norms are less than r.

The first result of this paper can be stated as follows.

Theorem 1.3. Let 1 < p1 < p2 < n and assume that (1.2), (1.5) and (1.6) hold. Moreover,

*

P
we assume that there exists a positive function o € L?2~7 (R™), with 1 < 7 < p1, such that

F(x,t)

(1.10) lim sup ~ <M < +oo uniformly in x € R",
It =400 () [t]
and
t
(1.11) sup F(z,u)dx >0 where F(z,t) = / f(z,s)ds.
UEDpy py (R™) JR™ 0
Define
Lo a1 (@) VuPrdx+L [0, as(2)|VulP? dx
. Rn 1 R” 2 n
W= 1nf{ 2L . F(:c,pzj)dx tu € Dy, p,(R"), /HF(x,u)dx>()}.

Then, for each compact [a,b] Clw,+oo[, there exists r > 0 with the following property: for
every A € [a,b], and every Carathéodory function g : R™ x R — R, satisfying (1.7) or (1.8),
there exists & > 0 such that, for each p € [0,0], problem (1.1) has at least two nontrivial

solutions in Dy, p,(R™) whose norms are less than r.

To prove Theorem 1.3, we will show that the conditions imposed on f and g are suited to
study (1.1) via variational methods and apply Theorem 1.2. We stress that some auxiliary
results established for the subcritical case will be also useful to treat the next cases.

Secondly, we study the following supercritical problem:

(1.12)
—div(a1 (2)|VulPr=2Vu) — div(az(z)|VulP22Vu) = Af(z,u) + ph(z)|u|""2u  in R?,

where 1 < p; < p2 < mn, A\,u > 0 are parameters, a; and ag satisfy (1.2), f is Carathéodory
function verifying (1.5) and (1.6), » > p} and h fulfills

VpE

Pk
(1.13) h e LFTER T (R A L7 (R").

Our second main result is the following one.
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Theorem 1.4. Let us suppose that (1.2), (1.5), (1.6), (1.11) and (1.13) hold. Assume that

P2

there exists a positive function & € L?2~7 (R™), for some 1 < T < p1, such that
F(x,t
(1.14) lim sup (z, )T <M < oo uniformly in x € R™.
oo &(2)[t]

Then, for each compact interval [a,b] C|0, +o0], there exists p > 0 with the following property:
for every X\ € [a,b], there exists 6 > 0 such that, for all u € [0, 9], problem (1.12) has at least
three solutions (two nontrivial) in Dp, ,,(R™) N L>®(R™), whose Dy, p,(R™) norms are less

than p.

The main difficulty in studying (1.12) by means of variational methods is that the associated
energy functional is not well defined on Dy, p,(R™) for » > p3. For this purpose, we use a
truncation argument inspired by [3, 18] which consists in considering an auxiliary problem
with subcritical nonlinearities and ultimately relies on a Moser iteration argument [15].

Finally, we deal with the following nonlinear problem involving an exponential nonlinearity:

1) |~ E@EIVUTIVY) - div(ag(e) Tul VG = A ) + ph(e)et i R

where 1 < p; < p2 < n, A\, u > 0 are parameters, a; and ag fulfill (1.2), f is Carathéodory
function satisfying (1.5) and (1.6), and h verifies

* *

VP _P3
(1.16) h € Lw=Drstrtizvez (R™) 0 LP3~1(R™).
Our last result is the following one.

Theorem 1.5. Let us assume that (1.2), (1.5), (1.6), (1.11) and (1.16) holds. Suppose that
3

P

for some 1 < 7 < p1 and some positive function £ € L*2~" (R™) it holds

F(z,t
(1.17) lim sup (z, )T < M < oo uniformly in z € R".
=00 &(2)[t]

Then, for each compact interval [a,b] C|6,400], there exists p > 0 with the following property:
for every X\ € [a,b], there exists § > 0 such that, for all € [0, 4], problem (1.15) has at least

three nontrivial solutions in Dy, p,(R™) N L®(R™), whose Dy, p,(R™) norms are less than p.

As for the supercritical case, the proof of Theorem 1.5 will be obtained by combining a
suitable truncation argument which allows us to consider an auxiliary subcritical problem, a

Moser iteration argument and an application of the Ricceri principle.
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The paper is organized as follows. Section 2 contains some preliminary results. Section 3
is devoted to the proof of Theorem 1.3. In Section 4 we give the proof of Theorem 1.4. In

Section 5 we provide the proof of Theorem 1.5.

2. PRELIMINARIES

For i = 1,2, let us define the following functional space
DYPUR™) = {u € LPi (R") : Vu € (LP/(R"))"}

equipped with the norm

1
Pq
fullpraey = ( [ alonvuprax) ™.

In order to study (1.1), we consider the functional space
Dy, p,(R") := D'P1(R™) 0 D1P2(R™),
endowed with the norm
HUHpr2 = ||U||D1»m(Rn)mD1m2(Rn) = ||U||D1»P1(Rn) + ||U”DLP2(Rn)-

Remark 1. By the Sobolev inequality and (1.2), we can deduce that DVPi(R™) can be embed-
ded continuosly in LPi (R™) and that there exists a constant C > 0 such that

[l <C [ull prosgny — for all u € DUPi(R™).

Py (R™)

In particular, since ||[ul| p1p;gny < ||ul| we can infer that, for some Cy > 0 we have

p1,P2

[l for all w € Dy, ,,(R™).

p1,p2

Lpg(Rn) S 02 HU’H

This means that Dy, p,(R™) is continuously embedded in LP:(R™). Moreover, Dy, ,,(R") is a

reflexive Banach space.

Let us introduce the functional ® : D, ,,,(R") — R given by

1 1
D) = [0l oy + o 0 -

It is easy to show that @ is well defined and continuously Géteaux differentiable with
& (u)v = / a1 (z)|Vul[Pr 2 VuVo dx—l—/ az(2)|VulP?VuVodx  for all u,v € Dy, p, (R™).
n Rn

Let us also notice that & is weakly lower semicontinuous and bounded on each bounded
subset of Dy, p,(R™). Moreover, ® is a uniformly monotone operator in D, ,, (R") by means

of Simon inequalities [21]. Next we prove that ® is coercive on Dp, p, (R™).
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Lemma 2.1. ® is coercive on Dy, p,(R™).

Proof. We claim that
P(u)

ullpy.pp —+oo |||

= 4-00.
P1,P2

Let [lull,, ,, — +oo. We distinguish three cases. If both the terms ||ul p1.p, gny and [ul| p1.z gn)
go to infinity, then we get
o(u) _ Clullpros @y + lull pros gey )™

[ullp e~ Nullprey @y + 1wl pros ey

1
= Ol ) — +o.

On the other hand, if [lu|[p1p, gn) tends to infinity and [[uf| p1.p,gn) has a finite limit, we

obtain

(I)(u) S C HUHZBLpl (Rn)

> = C ||ul/P L — +00.
wlly, o [wll pror ey

Dl p1 Rn)
In a similar way, if ||| p1,p, gn) has a finite limit and ||ul| p1,p, gn) tends to infinity,

D(u) S C”U\%LPQ(W)

> = C ||ul|P2, ! — 4o00.
Tl pe = Tllproaen

Dl p2 R”)

The proof of lemma is now complete. O

Remark 2. Using the Browder-Minty theorem we can see that ® admits a continuous inverse

on (Dpl,pz (Rn))*, that s O c WDPLPQ (Rn)

3. PROOF OF THEOREM 1.3

Let us consider the functionals J : D,, ,,(R") — R and ¥ : D, ,,(R") — R defined

respectively as

J(u) ::/ F(z,u)dx and ¥(u):= G(z,u)dx.
n R
Next, we show that the hypotheses of Theorem 1.2 are fulfilled.
Lemma 3.1. J' is a compact operator from Dy, p,(R™) to (Dp, p, (R™))*.

Proof. Let q be such that % + % + % = 1, and notice that

.= 12 c p§ v 2
p5—(v+1) 5—1v—1 —(v+1)
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Thanks to Holder’s inequality and Sobolev embedding, for every R > 0 we get

1 ol
/ F(@ wvdx < (/ \myqu>" </ e dx)’” </ e dx>
2l >R 2| >R 4| >R 2| >R

q
< q
O e ) " 1l g 15

1
q
sc(/ |de><) 2, ol
I.Z“ZR ’ ‘ 7]72’ P1,P2

for all u,v € Dp, 5, (R™).
Let now (ug) C Dy, p,(R™) be such that uy — w in D, 5, (R™). From m € LI(R"), we
derive that

S
wx-"‘

lim |m|?dx = 0.

Since (ug) is a bounded sequence in Dy, p,(R"™), fixed € > 0 there exists R. > 0 such that
(3.1) / flx,up)vdx <e and flz,u)vdx <e

|z|>Re |z|>Re
holds for every k € N and v € D), ,,(R™). On the other hand, applying (1.5), (1.6) and using

Young’s inequality, we obtain

Frt(z,t) < m(l;)yilt%
_v_ P} v P}
S (’7"_1) (x)vfl (p§*(w+1)) + tht%%,
2 by
for a.e. z € Bg_ and for all ¢ € R. Since v+ 1 < v, we have that
WP «
< Ps.
v—1~vy+1 P2
p*
Therefore, the Nemytskii operator N T . associated with f»—1 “T is continuous from L7 1741 (Be)
in L'(B.). Then we can infer that
/ f(:v,uk)ﬁdx—> f(ac,u)ﬁ dx as k — +oo,
Ix‘<Rg |-Z"<Rs

and this implies that f(x,ux) converges to f(z,u) in Lﬁ(BE). But LP*(B.) ¢ L¥(B.) and

hence f(x,uy)v converges to f(z,u)v in L'(B.), that is
(3.2) / (f(z,ug) — f(z,u)vdx — as k — 400
for all v € LY(B;). Combining (3.1) and (3.2), we get

flz,up)vdx — flz,u)vdx  as k — +o0,
R R
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for all v € Dy, ,,,(R™). This proves that J is a compact operator. O
Proposition 3.2. [t holds a < 3, where o and 8 are defined as in (1.9) with o = 0.

Proof. Using (1.5), we see that

1
y+1
which combined with the Holder inequality, (1.6) and Sobolev embedding gives

|F(z,t)] < m(x)[t)T for (z,t) € R" x R,

1
1 ,
Floax< s ([ mfax) " (€1 fullpigen) ™ for all u € Dy (@),
Rn v+ 1 \Jrn

where
1 1
-+ 4 + —=1.
g 5 D
Therefore,
Y1
J(U) p2 +1 ” HDI P2 (Rn)
D) = i ml| n) for all u € Dy, p,(R™).
(I)(U) v+ 1 La(R H | P () I ”uHDl o2 () P1,p2
Fix ¢ > 0. Since
+1
[l lel,m(Rn + Hu] Dl Rn) D1p2 (R™) P1,p2 ,
we have
J
(3.3) lim sup J) P2y [ Lo gny €

. o0 ®(w) = y+1

p1,P2

J(w)

Next, we estimate the limsup of )

as ||uHDp1 (&) — +00 and we show that a = 0. For

this purpose, we recall that, by (1.10), there exists A > 0 such that
|F(z,t)] < Ma(x)|t|”, for a.e. x € R", for all |t| > A,

where 1 < 7 < p; < pz and M > 0. Then, for every u € D), ,,(R") \ {0},
J(u) f]R" (z,u)dx

@(U) HuHDlPl(Rn) ||UHDlp2(Rn)
2Mfu\>Aa )|U’ dx P2 flU\<A m()[ul 7 dx

Hqul P1(Rn) + HUHD1 P2 (R™) 7 +1 Huupl P1(Rn) + HquD217pQ(RTL)

=: A; + As.

The numerator of Ay can be bounded applying the Hélder and Young inequalities and Sobolev

embedding as below

Az < p2A7+1_T/ m(z)|u|” dx

[ul<A



10 V. AMBROSIO AND F. ESSEBEI

* pE_T T
1— 22— p3 * 2
< pp AT [m(z)|7277 dx lu[P2 dx
lu|<A lul]<A
1-7 1—7 T
=p AT Im| ull 25 gy < ppCAY T Im| s [l p1pz (o -
LP5~7 (Rn) LP5~7 (R")

Let us notice that, since

* * *
¢ [ ¢ } ’
-7 l¢r-1g¢-(+1)
)
it holds m € L?>~"(R™). On the other hand, up to a constant, the numerator of A; can be

estimated as follows:

*
-7

i\ Y
a(z)|ul" dx < la(z)|P27 7 dx |ulP2 dx
lu|>A Ju|>A |u|>A
=l s el g
LPQ*T (Rn)
<Clal s lulumgn -
LP3 T (R™)
Now, assuming that ||ul] p1pe 18 going to infinity, we study the behaviour of the quantity

5. p2C [lul| 1. P2(R") ‘

Hu| lel,m(Rn + ||U" DL P2 (R™)

We distinguish three cases. First, if [|u]| p1p, gny has a finite limit and ||u[| p1.p, gn) tends to

infinity, then

oo »Clullpiey c _
]2 Plpinien ) " g o (e ) T
D@ \ Tl i) \ Tl

Otherwise, if [|u[| 1,5, (gny gOes to infinity and ||ul| p1.p, (gn) has a finite limit, then Hu”%l,pl(Rn) >

C [Jul™5,, b2 (R") and we obtain

p2C [|ul| 1, P2 (R7)

S = 7
(- (mﬁj ! 1)
P2C [|ull prwe (mn)
< — el
Ml (o >
< = =°

i,
pi-T "lp1o1 any
lelprs ey <||u| 1

D1 P2 (RN)
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Finally, if both the terms |[ul| prs; (gn) and [[u|| p1.ps ey go to the infinity, then

[ lel,pl ®) T [[ul ]gl,pQ(Rn) > Cp, ( HUHDLM(Rn) + ||U||D1YP2(Rn) )pQ-

Moreover, we have that HuH’gl,pQ(Rn) > Nul51p, (ny > 1 and hence

Cl( ”uHDl,pl(Rn) + HUHDl,pQ(Rn) )T

o= < Cslullpm <<
Co (el pros @y + ell proa ey )
Consequently,
. J(u A’y+1f‘r
N I 1 L G P PR
Ilon g =0 (u) LP277 (R L LP5~7 (R7)

Putting together (3.3) and (3.4), and by the arbitrariness of € > 0, we achieve

max lim sup M, lim sup M <0.
lully, 400 W) u,, . —0 (1)
Therefore, a = 0, and since (1.11) implies 8 > 0, we get the thesis. O

Proof of Theorem 1.3. In light of Lemma 2.1, Lemma 3.1 and Proposition 3.2, all the assump-
tions of Theorem 1.2 are satisfied with xg = 0. Regarding the function G : R” x R — R, this
is measurable in R” and C! in R. Furthermore, it holds that G, = g when (1.7) or (1.8) is
satisfied, and hence, by standard arguments, the functional ¥ is well defined and continuously
Géteaux differentiable on WDPLPQ (rn), with compact derivative. Moreover

U (u)v = / g(z,u)vdx  for every u,v € Wp,  (rn).
Then, by Theorem 1.2, the problem (1.1) has at least two nontrivial solutions (note that u =0
is not a solution of (1.1)) in Dy, p, (R™) which are critical points of the functional ® —\J —p¥.

The proof of Theorem 1.3 is now complete. O

4. THE SUPERCRITICAL CASE

In order to overcome the presence of the supercritical exponent in (1.12), we introduce the

truncation of h(z)[t|" 2t given by

h(z)|t|" 2t if [t| < K,
(4.1) 9k (@,t) =
KT=P2h(z)|t|P2—2¢ if [t| > K,

where K > 1 is a real number whose value will be fixed later. Then, gk (z,t) satisfies the

subcritical growth

(4.2) lgrc(z,t)| < K™7P2|h(z)|[t|P2~1  for a.e. € R™ and for all t € R.
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Now, let us consider the truncated problem
(4.3)
—div(a1 (2)|Vul[Pr2Vu) — div(ag(z)|VulP2=2Vu) = Af(z,u) + pgr (z,u) in R,

limy o0 u(x) = 0.
Definition 4.1. We say that v € Dy, ,,(R™) is a weak solution of (4.3) if

/ al(:c)|Vu]p12Vqudx+/ as(z)|VuP22VuVe dx = A f(x,u)vdx—l—,u/ 9K (z,u)v dx,

for every v € Dy, p,(R™).

For every u € D, 5, (R"), we define the following functional related to gx:

(4.4) Vi) = | Gy dx = / n < /0 k(@) dt) dx.

Lemma 4.2. Suppose (1.13) holds. Then W is a compact operator from Dy, ,,(R™) to
(Dpy o (R™))* for every K > 0.

Proof. Let (ug) C Dp, p,(R™) be a sequence such that uy — win Dy, ,,(R™). Thanks to (4.2),
the Holder inequality, (1.13) and the Sobolev embedding, we obtain that

/| ol < /| KR e s
xT|> xT|>

po—1 1

*pig PE**PQ ) - ) L
SKT‘m(/ h(@)| 757 dx) 7 (/ uptas) ([ pofpiax )
|z|>R n R™

s s 1
_ C P -
<o ([ ) O g ol

r3

for every K >0, R > 0 and u,v € Dy, ,(R™). Since h € L?2772 (R"), we see that

2
lim |h(z)|P2772 dx = 0.
R——o00 |z|>R

Let € > 0. Recalling that (uy) is a bounded sequence in Dy, ,,(R™), we find R, > 0 such that

(4.5) / gk (2, up)vdx < ellvfl,, ,, and / gk (2, up)vdx < e llvll,
|z|>Re ’ |z|>Re ’
for all v € Dp, ;,(R™) and k € N. On the other hand, applying Young’s inequality, we have

v(py—1)
(V - 1)1’5 +v+1—vpy ’h(l’)|ww§ﬁm
v(ps —1)

|95 (2, up)| < K772
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x —y—~— vlpa=1(P3—1)
+ pytvpe—v—v-—1 |uk|p§+1’p2*l’7771

v(ps —1)
From v+ 1 < p5 we derive
v(ps — 1)ps
_ (p2 )pQ < pé(,
ps+vpr—v—v—1
v(pa—1)p3 vp}

and up — u strongly in L#3+"72=*=7"1(Bp ). Since h € L¥~Vri+r+1-vr2(R™) (by (1.13)), we

have
v(p5—1) p3
|h($)‘ (v—1)p5+y+1-vpo c Lpg—l (BRE)~
v(pa—1)p3 5

Therefore, the Nemytskii N}, is continuous from L?3¥?2=*=7=1(Bp ) to L?>~'(Bp_), and we
have

lgr (s ur) — gx (W)l o — 0 ask — +o0.
L*271(Bg,)

Consequently, for all v € Dy, ,, (R"™),

/ 95 (@, ug) — g (@, w)o] dx
BRE

p3—1

i 3 * L*
< ([ ot~ grctea FTax) ([ ol ax)
Br. Br

€

p5—1

5 .
< </ lgx (2, ur) — grc (z,u)| P2~ dx) 2 O 0]l p —> 0 ask — +oo,
Br.

which combined with (4.5) yields
lgk (x,ur) — gx (z,u)|jv]dx — 0 as k — +oo.
Rn

The proof of lemma is now complete. O
Proof of Theorem 1.4. Thanks to Lemma 2.1, Lemma 3.1 and Lemma 4.2, all the assumptions
of Theorem 1.2 (with 9 = 0) are satisfied. Then there exists p > 0 such that for every
A € [a,b] Clw,+ool, there exists § > 0 such that, for pu € [0, ], problem (4.3) has at least
two nontrivial solutions uy,us € Dy, p,(R"), whose norms are less than p, i.e. [[ui,, ,, < p,
i =1,2. Clearly, u = 0 is a solution of (4.3) (and p does not depend on p). Now, if we prove
that each solution u; € Dy, p,(R™), i = 1,2, of the truncated problem (4.1) satisfies

(4.6) lui(z)| < K for a.e. z € R",

it follows from the definition of g that gx (u) = h(z)|u|"~2u, and hence the solution u; is also
a solution of the original problem (1.12). In what follows, we prove that there exists p* > 0

such that each solution u; € Dy, »,(R™) of the truncated problem satisfies (4.6) whenever
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p € [0,*]. We use a Moser iteration argument [15]. To lighten the notation, we will set
u = u;, i = 1,2. Let us := max{u,0} and u_ := —min{u,0}. For each L > 0, we define the

following functions

U4 as 0 <uy <L,
uy, =
L as uq > L,
zL, = ulf(ﬁ*l)mr and wy, = uﬁfluﬁ where 8 > 1 will be fixed later. Choosing z;, as test

function in Definition 4.1, we get
/ ay (z)|[Vu[Pr 2VuV 2, dx+/ as ()| VulP22VuV 2y dx
n R
= flx,u)zp dx +M/ gk (z,u)zp dx.
R’ﬂ Rn

Notice that standard calculations show that the left-hand side of the above identity can be

estimated as follows:
/Rnal(:c)]Vu\pl_QVquL dx + /Rn as(z)|VulP22VuVzy dx
— [ a@Vu ) dep(s - 1) [ o)V ax
- /R (@) | Vg [P dxtpa(8 - 1) /R (@) Vg [V dx
> /R (@) Tuy Y
where we employed the following facts
/n al(:c)]Vqulu%(ﬁ_l) dx >0,
/R" ai(a:)|VuL]piu‘22(ﬁ_l) dx>0 fori=1,2.
Therefore,

/ ag(x)|Vu+|p2u1£2(B_1) dx < a1 (z)|VuPr 2VuVzy, dx+/ as(z)|VulP22VuVzy dx

n

Rn

= f(z,u zde+u/ 9K (z,u)zr, dx

R7 n
<A [ m(z)|u] Wl p2(B= 1)u+ dx—i—,uKrpQ/ ]h(w)Hu\p?*luﬁQ(B_l)qudx
RTI
(4.7) = [ m) P02 PP gy KT PQ/ () |22 dx .
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Now, invoking the Hélder inequality and (1.6), we see that

/ () O P dx = / m(@)uPulT T dx

+1
<lmll Ll g I 1755 72
I, =D —-1) (R™)
+1- o
<(Cp Pl | o gy
1, (v=Dp3—-1) (R™)
1 P2
<@l g () e ax) ©
1, v=De3—-1) (R™) "
p2
< (Cp) P ]| g ([ fugleax)®
L v=D3—7-1) (R™) R™
(4.8) <(Cro) TPl [ s

1, (v=Dp5—-1) (R™)

Where we used Hu'i‘HLPQ Rn) — ”uHLI’2 Rn) — CHqul,pg S Clp) ‘U| = U+ + u— 2 U+ Z O)
B = p2yp72 L4+ 1>1and aff = p5. On the other hand, the Holder inequality and uy < uy
yield
p2(B-1) uP? _ D2
h(x)u; ul? dx = h(z)w}? dx
R" Rn
up§ (U_l)p2+1+l vpy P2
< ([ T ) / wf dx ) ©
Rn
b2
<Ihl / s ax )
1, v=Dp3+y+1-vp} 1)p2+w+1 VP2 (Rn)
P2
) 1 R ([ fusfPedx)
LW(R”) R7
(4.9) A LI ot 12 oy

1, (v=Dp3+y+1i-vp3 (R™)

where we used a8 = p5 and f = 2 4+ 1 > 1. Recalling the Sobolev embedding

vp2
Dy, po (R™) < LP2(R™), we obtain

(4.10)

b2

( w72 dX) E
R”L

§Cf2/ az(x)|Vwr|P? dx
Rn

=0 [ ax(@(8 - Dus] 2V +] Vsl ds
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<2p2—1c§’2/ as(@)|(8 = s 2Vur [P* + ag()[u Vs 2 dx
_ ogmiem / a2(@)](6 — Dl Vu [P dx 427107 / an(@)u Vg 7 dx
{ur <L} R™
< op2loP2 (g — 1)Pe /R ) a(z)|uh ~ Vu P2 dx 2P~ P2 /]R ) a(z)|uh  Vu |72 dx
_ op2—1,p2 P2 B—1 P2
=215 - 0 4 1) [ anla)fuf Vs b

- L[(B—1\P2 1 _ )
=2P 10%)26p [(T) +@:| /Rn ag(x)\uf 1V’U,+|p dx

(4.11)
< o2 P2 / an(@)u? PV |V P dx,

n

where the last inequality is a consequence of 5 > 1, 5%2 < 1 and (%)p > < 1. Let us observe

that the Sobolev embedding and ||u || < p give

p1,p2
(412) "u+“Lp2 R") Cl Hu‘f‘le P02 — Clp

Combining (4.7), (4.8), (4.9), (4.10) and (4.12), we obtain

el oy = ([ b ax) )% <omcpa N R il o 1222, g
I, W=D p3—7-1) (R™)
s L o 2 o
LW(R")
from which
p2
(4.13) (] Jonprax) ™ < 72Cn e s I gy
n
where
Copic =220 [ A(C1p)H17P2 ||m| v} + pK"P2 || Al v}
L v=D3—v=1) (R") [, v=Dp5+y+1-vpy (R")

Applying Fatou’s lemma, sending L — +oo in (4.13), we have

(4.14) [t v ey < Wcmﬁz{ [t [l oo (mn)

where u_ﬁi_a = u_|_ € L'(R"). Since B = % > 1 and uy € LP2(R"), the inequality (4.14) holds
for this choice of 8. Thus, since 5%2a = Bp3, it follows that (4.14) also holds with 3 replaced
by 32. Hence,

_1 _1

2

1 b1 Sl
sl 2pgceny < (B2)7 Ok Nl | poragony < B7 Bcﬂﬁk P | oy -
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By iterating this process and recalling that Sa = p3, we get

1 m —1
m e Z= >t BT

Taking the limit as m — oo in (4.15), we find

[t || oo (mmy < B7CRE, Crp,

where
+00 1 400 v
o1 = i7" < 400, 091=— = —m— < 400,
; P2 ; py—v—1

because 8 = pg;Tz_l 4+ 1 > 1. Next we seek K and p verifying the inequality below
Bt C’;?MKCH,O < K.

Pick K > 1 satisfying

1 ( K );2 1—
= A(C1p)" 7P Im| vp >0,
P2 C%D Bo1Cp LWU(J’%(R")
and fix p* such that
1 1 K N\ 1
O ( )2—)\01,07**” m Vol
Kr=p2 ||| vpl [21’20{’2 Bo1Chp ( ) | HL(V—U(;;*Q—A,—U (R")

L (v=1)p3+y+1-vpo (R™)

Notice that p* < 400 because

ATl
,u* _ 1 ( K )g B L w=DP3-7-1) (R™)
202C7P Kr=p2 ||| vp Bo1C1p Kr=p2 A v
1, =Dp5+y+1-vpy (R™) [, v=Dp5+y+1-vpa (Rm)
K101

< +L a1

220, e pr Kror )y

L DR F1053 (gn

B 1 1
N p+t o1 1 r—pa—-

220y ZB7p7 Al K

1, v=Dp3+y+1-vpy (R™)
1
= 1 < +OO7
Cp+g g1 1
20y 2 Bmpe Bl
1, (v=Dp3+y+1-vp (R")
where in the last inequality we used
1 B 1 1
KTfpzftTl - PE—'\/—l -
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since K > 1 and

p’ﬁ—’y—l * _ *
T—pQ—T>7“—p2—(p2—7—1)—T—p2+’)/+1—p2>0.

Then we have
[t || poo ey < BTCRZ, xCip < K for every p € [0, u*].

Set § = min{d, u*}, where § > 0 is determined as in Theorem 1.2. From |u| = uy + u_,
we deduce that ||uHLoo(Rn) < K for all u € [0,0]. Recalling that v = u;,i = 1,2, we get
HUiHLoo(Rn) < K for all u € [O,S] and i = 1,2. Consequently, (4.6) holds and the proof of

Theorem 1.4 is now complete. ]

5. THE EXPONENTIAL CASE

As in the proof of Theorem 1.4, we consider a suitable truncated function to overcome the
presence of the exponential growth. More precisely, we define
h(x)et if |t| < K,

g (x,t) == p
o= h(x)[tP> 2t if [t| > K,

where the value of K > 1 will be fixed later. Notice that gx has subcritical growth because
K
Kp2—1

et
< @)l (1+ )

(5.1) < |h(z)[ef (1 + [tP21)  for a.e. z € R™ and for all t € R.

gk (2, t)| < |h(z)]e® + h(z)[t[P> !

Let us introduce Vg as in (4.4) but considering gx defined as above.

Lemma 5.1. Suppose (1.16) holds. Then the functional V' is a compact operator from
Dy, po (R™) to (Dp, 5, (R™))*, for every K > 0.

Proof. Let (u) C Dp, p,(R™) be such that up — w in D,, ,,(R™). By interpolation in LP(R"™)

*

P2
spaces and (1.16), we know that h € L?3772 (R") with
vp; Py P
(v—1)+vy+1-vps p3—p2 ps—1

Using the Holder inequality and (5.1), we can see that

/ 9K (z,up)vdx < / |9k (z, ug)v| dx
|z|>R lz|>R
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< / K@) (1 + [ugl? o] dx
|z|>R

:eK/| |h(a:)|]v|dx+eK/ |h(:z)\|uk|p271|v|dx
z|>R

< €K</ |h
|z|>R

|z|>R

*
2 pa—1

1
(@))75 dx ) 7 (/ o] dx )
lz|>R

po—1

*,.;5 p§**p2 . - N BN
+eK(/ h() 757 ) 7 (/ gl dx ) 7 (/ ol dx ) 5.
lz|>R lz[>R |z|>R

* *

_P2 P2 _
Taking into account that h € L?2772 (R™) N L*2~' (R"), we have

lim

r5 r3

h(z)|?272dx =0 and lim h(x Fdx:o,
|

R—+00 lz|>R R—+00 |z|>R

which implies (4.5). Fix € > 0. Applying the Young inequality, we obtain

|9 (@, w)| < [h(2)e" (1 + a2 71) < |h(x)le™ + [A(z)]e" [ufP*~!

< [h(@)]e” +

v(ph—1)
(V - 1)]75 + ’Y + 1 - Vp2 eK’h(J})’ (V—l)p;pf"/-‘—l—l/pQ
v(ps — 1)

v(pa—1)(p5—1)

* — [e— — —
) + Vp2 v—r 1 €K|u| p5+vpg—v—v—1 )

v(ps —1)

Since v + 1 < p3, we have

(5.2)

and ug — u strongly in

which leads to

v —1)p3
_ (p2 )p2 <p§
ps+uvps—v—vy—1

v(py—1)p}

L7atvr2=v=7=1(Bp ). In view of (1.16), we get

) r3

h e LT (B ) (1 L7 (Br,)

—Ups+y+1- ey

K () +

(5 — 1) P2 K | y()| @ DRs e ¢ [PET (B ).
viby —

v(py—1)p3

3

19

Therefore, the Nemytskii operator Ny, is continuous from L?2***2=*=7=1(Bp_) to L*2~' (Bg_).

Arguing as in the proof

Rn

of Lemma 4.2, we conclude that, for all v € Dy, p,(R"),

lgk (x,ur) — g (z,u)|jv]dx — 0 as k — +oo.

This proves that ¥ is a compact operator.
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Proof of Theorem 1.5. In view of Lemma 2.1, Lemma 3.1, (3.3), (3.4), Lemma 5.1, all the
assumptions of Theorem 1.2 are satisfied. Therefore, problem (1.15) has at least three non-
trivial solutions u; € Dy, p,(R™), i = 1,2,3 whose norms are less than p (note that v = 0 is

not a solution of (1.15)). As in the proof of Theorem 1.4, we will prove that
lui(z)| < K for a.e. z € R",

for all ¢+ = 1,2,3. However, some appropriate modifications will be done to implement the

Moser iteration scheme. For simplicity, we set u = u;, ¢ = 1,2,3. Then we see that
/ CLQ($)U§2(671)|VU+|1}2 dx < )\/ f(z,u)zp dx —l—,u/ gk (z,u)zp dx
n R R”

<A [ m(x )|u!7up2(5 I)UerX
R

+ pe® /Rn\h(x)\(]u\prl + 1)u€2(ﬁ_1)u+ dx

<ANC Tl e 12, g
L (v—1)(p5—~—1) (R™)
Fue R IWAﬁﬁRn+uet/lh 2PV, dx,

L(”—l)P§+’Y+1—VP2 (Rm)
where in the last inequality we used (4.8) and (4. ) By interpolation in LP(R™) spaces and

the fact that g = pQV; L 41, we have h € LT~ 1)”2“*1 v (R™), with

*

vps S vp5 S P
(v—1ps+v+1—vpe = (v—1p5s+7y+1—-v ps—1

Thanks to the definition of uz, and (1.16), we can estimate as follows

@) M dx < [ o)l dx
R R™

vps vPg * Py
(5.3) < ( |R(x)| = Dps v dx) (/ ul? dx)
R™ R™

Since pizﬁgfﬁl < 2B

2 and
2

/Rnulfdxgl or /Rnuljfdle,

we have

p2B—pa+1 p2B—pa+1

(/ ufdx) <1 or (/ uﬁgdx) P2 S(/ ufédx)g.



DOUBLE PHASE PROBLEMS IN R"™ VIA RICCERI’'S PRINCIPLE 21

Hence,
p2B—po+1 p2f

. P3 " B
/ uzjf dx < max«< 1, / uljf dx .

By (5.3), we can infer that

p2B

x 23
|h(x)|ui2(ﬂfl)u+ dx < ||h]| v maxq 1, / ul? dx :
R LTI (g n

Similarly to (4.13), we find

Il ) < 22CP87 (MC10) P2 ml] g s 172
I, (v=Dp5—7-1) (R™)
K
e (1B (o ) (R max{L, 72, )|
1, v=Dp3+y+1-vpo (Rn) 1, v=Dp3+y+1-v (R™)
< 272087 (NCap) P Il g e (Il g
I, v=DP3—-1) (Rm) 1, v=Dpz+r+i-v (R")
S L )| masc{t, s 72 .}
[, (v=Dp3+r+1-vp2 (R™)
= /BPQC)\,H,K max{l, ||U+HZ[)/2,8ﬁa(Rn)}7
where
e = 22O | NCup) ™77 ]| g
L DD gy
S (L o L
L(V—l)p;%—w-«—l—v (R™) L(V—l)p;-«-w-l—upz (R)

Applying Fatou’s Lemma as L — 400 in the previous inequality, we get
x 2
([ i ax)™ < 50 ma(, s 2.
Setting C:=1+ Ch K » we have
1.1
(5.4) \|U+||Lp5ﬂ(Rn) < B2CP2P max{l, [[u|| ppa(mn)}-
Since a3 = p4 and aB? = Bps, we see that (5.4) also holds with 8 replaced by 52, and thus

max{L, s | seng o} < 85 F O B max(L, |

p2 R" LPE (Rn) }

Setting a,, = max{1, ||ut]| 5™ (R } and iterating this process, we achieve

1 — —1
(5.5) apy < fr2 =i L0 Gy T ap for all m € N.
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Taking the limit as m — oo in (5.5), we find

too = max{L, |ut || foo (mn)} < Bo1C%%ay = f71C7? max{1, Cip},

where o1 = p% ;;Of iB~" and o9 =
such a way that the inequality

1 +oo IB*i _

oy Dic = Next, we choose K and p in

14
ps—y—1°

BILCT2,  max{l,Cip} < K

7:LL7

holds, where
C=1+27201 | MCip)" ™72 |m| vp
L(”*U(PE*’Y*U (R™)
K
+pe” ([|h] vo + (Al o )

L(V—l)p§+“/+1—l/ (R") L(V—l)P§+’Y+1—VP2 (R™)

It is enough to select K > 1 such that
1
1 K ” Y+1—p2
o || g max{1,C1p} | —1| = A(C1p) [[m| v} = A>0,
1 L(”*U(P§*’Y*1) (R™)
and
A
< pr =

B p KB’

where
B = ||n]| v + [IA] o
L(V—l)P2+’Y+1—V (R) L(V—l)P2+’Y+1—Vp2 (R™)

Notice that

1 A(Crp) P2 |Im)| oo

* 1 K 72 B 1 B L(V*U(PE*’Y*U (R™)
K 2r2C7?eK B \ max{1, C1p}Bo 202072k B eKB
1 KA
< 2 1 K
202012 372 (max{1,C1p})72 B €
py——1

1 5 —v—1 v
< - - <p2 v ) < 400,
2r2C? B2 (max{1, Cyp}) 2 B ve
where in the last inequality we used
max o(r) = max — = = .
x>0 v x>0 e’ v 14

Arguing as in the proof of Theorem 1.4, we deduce the thesis of Theorem 1.5. O
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