NON-LOCAL BV FUNCTIONS AND A DENOISING MODEL
WITH L! FIDELITY

KONSTANTINOS BESSAS AND GIORGIO STEFANI

ABSTRACT. We study a general total variation denoising model with weighted L! fidelity,
where the regularizing term is a non-local variation induced by a suitable (non-integrable)
kernel K, and the approximation term is given by the L' norm with respect to a non-
singular measure with positively lower-bounded L°° density. We provide a detailed
analysis of the space of non-local BV functions with finite total K-variation, with special
emphasis on compactness, Lusin-type estimates, Sobolev embeddings and isoperimetric
and monotonicity properties of the K-variation and the associated K-perimeter. Finally,
we deal with the theory of Cheeger sets in this non-local setting and we apply it to the
study of the fidelity in our model.

1. INTRODUCTION

1.1. Total variation denoising models. Total variation minimizing models have been
employed in a wide variety of image restoration problems. The most common model is
denoising, that is, preserving the most significant features of an image while removing the
background noise.

Total variation denoising models were introduced by Rudin, Osher and Fatemi (ROF)
in their pioneering work [58]. In a domain 2 C R" (for instance, the computer screen),
we are given a certain greyscale image, identified with its greyscale function f: 2 — R,
which is supposed to be the noise-corrupted version of a clearer initial image. The idea
of the ROF model is to denoise the given image f by looking for a new greyscale image
u: {2 — R solving the minimization problem

inf /Qd|Du|+A/Q|u—f|2dx. (1.1)

u€BV(Q)
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2 K. BESSAS AND G. STEFANI

Here BV () is the space of functions with bounded variation on € and the Lagrangian
multiplier A > 0 is the fidelity parameter.

Motivated by the lack of contrast invariance (i.e., homogeneity) of , Chan and
Esedoglu (CE) in [20] proposed the alternative model

inf [ dDul+A [ Ju- flde. (1.2)
u€BV (R™) JR» NG

The CE model has the advantage to be contrast invariant, but it is merely convex,

thus losing uniqueness of minimizers. Nonetheless, the CE model has a strongly

geometric flavor, yielding an interesting link with the Cheeger constant [40}49,57].

The models and are of local nature, meaning that the regularizing term is
of local type. Local denoising models are quite efficient, but they scarcely preserve the
details, since fine structures are mostly treated as noise and thus smoothed out.

For these reasons, several works [11,/4243,47] turned the attention towards suitable
non-local replacements of the BV energy. A main advantage of non-local energies is that
they consider both geometric parts and textures within the same framework, sharpening
the sensibility of the regularization term.

In [54], Mazoén, Solera and Toledo studied the ROF and CE models and (L.2) in
metric random walk spaces. In R™ their non-local regularization term becomes

u|—>2/n/n Y)| K(x —y)dzdy, (1.3)

where K is a non-negative and radially symmetric function satisfying [p. K dz = 1. A
detailed analysis of the energy has been carried out in [52,/53]. Since K € L'(R"),
the energy is finite for any u € L'(R"), hence L' data are denoised to L' images.

To improve the regularity of the denoised image, one must drop the assumption K &€
L*(R™). In this direction, Novaga and Onoue [55] and the first-named author [4] studied
the ROF model and the CE model (1.2), respectively, for K = |- |7""* with s €
(0,1). We also refer to the recent work [2], where the authors also study the so-called
distributional fractional s-variation, s € (0, 1), introduced by Comi and the second-named
author in [24] (also see [823-29] for an extensive treatment of this non-local energy).

As in the local case, also non-local ROF and CE models can be naturally linked with
the theory of Cheeger sets, see [54, Sec. 3.2] and [4}, Sec. 4].

1.2. Main results. The main aim of the present paper is to study the CE model
with non-local regularization term of the form for non-integrable kernels satisfying
minimal assumptions. Our approach not only covers [4], but also allows for other non-local
energies already appearing in the literature [9,/10,/14,]22}33], see Section below.

The core of our approach is a detailed study of the space

BVK(R”):{ueLl(R”) : [l pyreany = 2// y)| K (z — )dxdy<+oo}

naturally induced by the seminorm (1.3)). The space BV (R") has attracted considerable
attention in recent years, mostly in view of non-local minimal surfaces and calibrations [13,
21,56], isoperimetric inequalities |17,48,51), non-local mean curvature flows [18,]19], as-
ymptotic properties |3] and embedding theorems [30,37,138,/46].
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Besides improving the results available in the literature concerning basic properties of
BVE functions, we prove compactness of the embedding BV (R") C LL (R"), a Lusin-
type estimate for BVX functions, a rearrangement inequality and a Gagliardo—Nirenberg—
Sobolev-like embedding, a monotonicity property of an isoperimetric-type ratio for dilations
of a fixed set, Sobolev-type inequalities and the monotonicity of the K-perimeter on finite-
measure sets under intersection with convex sets.

Concerning Cheeger sets in the BV X framework, we prove ezistence and basic properties
of Cheeger sets, calibrability of balls, a Faber—Krahn-type inequality, the relation between
Cheeger sets and BVE eigenfunctions; an L*> bound for BVE eigenfunctions and a non-
local formulation of the Max Flow Min Cut Theorem.

Finally, we study the following non-local analogue of the CE model

ol Tl + A /R u— fldv. (1.4)
In our model , the L' approximation term is of weighted type, namely, we integrate
with respect to an admissible weight measure v € W(R™), where

W(R") = {u =wZL":we LR, es%—gnfw > O}.

Besides the properties of the solutions of , and their link with the solutions of
the geometric analog of , we prove existence of solutions for L! data, existence of
(unique) minimal and maximal geometric solutions, a comparison principle for (extremal)
geometric solutions, uniqueness of geometric solutions for a.e. A > 0 for bounded convex
data, high-fidelity results for sufficiently smooth data, a low-fidelity result for L' data with
bounded support and the relation between the fidelity and the Cheeger constant.

1.3. Organization of the paper. The rest of the paper is organized as follows. Section 2]
is dedicated to the study of BVX functions and sets. Section |3| deals with the theory of
Cheeger sets in the BV X framework. Sections 4| and [5| deal with the CE model and
its geometric analog, respectively. Finally, Section [6] studies the behavior of solutions as
the fidelity parameter varies, proving high and low fidelity results.

2. NON-LOCAL BV FUNCTIONS

In this section, we study the non-local variation and non-local perimeter functionals.

2.1. Assumptions on the kernel. We call a kernel K: R" — [0, +oc] any measurable
function such that K # 0 (up to negligible sets). Throughout the paper, a kernel K may
satisfy some of the assumptions listed below.

We may require K to be symmetric,

K(z) = K(—z) for all z € R", (Sym)
or radial, if there exists a measurable profile k: [0, +00) — [0, +00] such that
K(x) = k(|z]) for all x € R™. (Rad)

Note that (Syml) is not truly relevant, since one may replace K with its symmetrized
K(z)= W, r € R". We may reinforce (Rad|) as

(Rad)) holds with & strictly decreasing in a neighborhood of the origin. (Rad™)
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We may require K to be integrable far from the origin,
K ¢ L*(R"\ B,) for all r > 0, (Far)
or not too singular (also known as 1-Lévy property),
/n(1 Alz)) K (z) de < +oo. (Nts)
Differently from [52,53], we usually deal with non-integrable kernels,
K ¢ L'(R"). (Nint)
We may require K to be strictly positive,
K(z) > 0 for all x € R™. (Pos)
We may locally reinforce via the positivity of the infimum of K around the origin,
dr,pu>0: K(z) > pforall z € B,. (Inf)
We may require K to be decreasing of exponent q € [0, +00),
[z <yl = K(y)lyl* < K(z)|x[* (Decy)
or (locally) doubling of radius D > 0
3C >0: |y =2|z|, |z| £2D = K(z) < CK(y). (Doup)
Sometimes, we may need to reinforce in the case ¢ = n as
=] <yl = K@)ly|" < K(z)|z]". (Decyy)

If K satisfies (Dec,)), we call ¢ € [0,+00) the decreasing exponent of K. If K satis-

fies (Doup|) with D = 400, then we call the (smallest) constant C' > 0 in (Doupl|) the
doubling constant of K and p = log, C the doubling exponent of K.

Remark 2.1 (On a generalization of (Dec,)). Assumption (Dec,)) may be generalized in
many ways. For example, one can replace (Dec,|) with

2] < ly| = K(y)w(ly]) < K(z)w(|z]) (Dec-w)

for some increasing function w: [0,4+00) — [0,400). The more general (Dec-w|) may be
useful when K satisfies (Dec,|) for all ¢ € [0,¢y) but not for the limiting ¢ = go. This is
in fact the case when K is a radial function of mixed power-logarithmic order, as in the

example (2.4) in Section [2.3| below. We will not deal with the consequences of (Dec-w)).

Remark 2.2 (Assumptions outside negligible sets). The assumptions listed above are
given pointwise everywhere just to keep the exposition simple. In fact, the same assump-
tions may hold only outside a .Z"-negligible set in R", without affecting the validity of
the results of this paper (up to the routine adaptations in the statements, if needed).
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2.2. Relations among the assumptions. We observe that (Rad) = (Sym|) and
(Nts) = (Far). Also, if iDec; ) holds for some ¢ > 0, then it also holds for all ¢’ € [0, .
Dec,

In particular, (Rad)) and with ¢ > 0 = (Rad™]). We also have (Dec,) and (Doup)

with D = +00 = ([Pos)). Actually, one can state the following quantitative version of
the latter implication in terms of the parameter D € (0, +o0] in (Doup)|).

Lemma 2.3 (Positivity). If K satisfies (Dec,) and (Doup|) with D > 0, then K(x) > 0
for all x € Byp. In particular, if D = +oo, then K satisfies (Pos]).

Also the implication (Decy) == (Inf) can be made quantitative depending on the
value of ¢ € [0, +0c0), as follows.

Lemma 2.4 (Comparison via (Dec)). If K satisfies (Dec,)), then

XB;(@
]9

XBR(x)
|9

dR,C>0:C

< K@) <C

+ xBg(z) K(x) for all x € R™\ {0}.

(2.1)
In particular, K satisfies (Infl). In addition, if K also satisfies (Nts), then ¢ < n + 1; if,
instead, K € Li (R"), then ¢ < n.

loc

Finally, the following result can be considered as a dual formulation of the previous
Lemma and is a simple consequence of the decaying property induced by (Doup)).

Lemma 2.5 (Comparison via (Doupl). If K satisfies (Dec,|) and (Doupl|) with D = 400,

then

XBR<J;>
|z [P

XB;(iU)
[P

VR >0dmgr, Mr >0 :mpg SK(SL’)SMR +XB%(SC)K(ZC)

for all x € R™\ {0}, where p = logy, C' > q and C' > 29 is the doubling constant of K.
In addition, if K also satisfies (Far)), then p > n, that is, (Doup|) holds with doubling
constant C' > max{2",29}.

Lemmas [2.3] [2.4] and [2.5] above follow from elementary arguments that are omitted.

2.3. Examples of kernels. The typical kernel our theory can be applied to is given by

Koyn(z) = v(lwl)’ z € R"\ {0}, (2.2)

[

where v: (0, 4+00) — [0, +00] is a measurable function. We set K, ,,(0) = +o00. The kernel

in (2.2) satisfies (Rad]), and the assumptions in Section can be given in terms of v.

With a slight abuse of notation, the space linked to (2.2) is

Ju(@) — uly)|

Tz —y|"

v(|lz —y|) € L'(R™ x R")}

similarly as in 33 Sec. 3] (although with a different notation). The space BV %v»(R™)
is a generalization of the usual fractional Gagliardo—Slobodeckij-Sobolev space W*1(R™),
which, in turn, corresponds to the choice v(0) = p~* for o > 0, for some fixed s € (0,1),
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see [32] for an account. All assumptions above are satisfied, with decreasing and doubling
exponents ¢ = p = n + s. More generally, one can consider

o % for 0 < o<1,
ot for o>1,

v(o) =

for fixed 0 < sy < s; < 1. Also in this case, all assumptions are satisfied, with decreasing
exponent ¢ = n + sg and doubling exponent p = n + s;. One can in fact consider
v(o) = 07%@ = e=s@8e for o > 0, for some fractional-exponent (increasing) function
s: (0,400) — [0,1]. One can also consider logarithms [9,{14,22} 33|, that is, letting

(1 —-logo)™™ for0<p<1,
v(o) =
0 for p > 1,

(2.3)

for fixed aw € R or, more generally,
0 °(1—logp) ™™ for0<p<1,
v(e) = { (2.4)

0 for o > 1,

for fixed s € [0,1) and a € R. Obviously, in both (2.3) and (2.4, (Pos) fails, (Doup))
holds for D < % and (Far), (Nts) and (Inf) are true. Moreover, (Nint]) holds if and only if

(s,a) € (0,1) x RU{0} x (—o0,1].

Finally, holds for any q € [0,n+s), and for ¢ = n+s whenever « € (—o0, 0]. Clearly,
the examples in and can be varied in many ways, in particular modifying
the behavior of ¢ — v(p) for o > 1 in order to also ensure and (Doup|) with
D = +oo (and even the continuity of v) while keeping valid all the other properties.
Further examples can be also derived from the theory of Lévy kernels [37-39].

2.4. K-variation. Let K: R" — [0, +00| be a kernel. We let

Wavie =5 [ [ Jule) — uly)| Kx —y)dedy (2.5)
be the K-variation of u € L} (R™) and
BVE(R™) = {u € Li, (R") : [u] gy gy < +00}
and BVE(R") = BVE(R™) N L'(R"). The space BV (R™) is Banach with respect to
lull gy @y = llull i) + [ulpyrcgny, € L'(R).

Since K # 0, if [u]pyx@rn) = 0 for u € L (R"), then u = ¢ a.e. for some ¢ € R, with
c=0if u € L'(R"). Note that BVE(R") = L'(R") whenever K € L'(R"), since

[ul By ey < (K[| L@y [l 22 re) (2.6)
by definition. In addition,
(Nt§) = BV(R") c BVX(R") continuously, (2.7)
with
[l vy < max{ sy, 3ulsven | [ (LA L)) K(@)da (2.8)

for all w € BV(R"). For a proof, see |3, Prop. 2.2] and |36, Lem. 3.48].



NON-LOCAL BV FUNCTIONS AND A DENOISING MODEL WITH L' FIDELITY 7

2.5. K-perimeter. For E, A € M,,, where M,, denotes .Z"-measurable sets, we let

1
0= (4], ) hoo) 250 - :
(B ) = (5 [ [+ [ ] )@ — x| K@ -y)dedy (29
be the K-perimeter of E relative to A. In particular, for A = R" we let
Pr(E) = Px(E;R") = [XE]pve(®n

be the (total) K-perimeter of E, so that Px(E) = 0 if and only if |[E| = 0 or |[R™\ E| = 0.
If (Syml) holds, then (2.9) becomes

BN~ (o oo o) -0

The K-perimeter is invariant by translations,

Pr(E —x;A—1x)=Pg(E; A) (2.10)
for all z € R", where E—x = {y € R" : y+x € E}, it is invariant under complementation,
Pr(E A) = Pk (E; A), (2.11)
and it satisfies the submodularity property
Px(ENF;A)+Pr(EUF;A) < Pg(E;A) + Pr(F; A), (2.12)
see [3, p. 8, proof of (vi)]. Asin (2.6), if K € L*(R") and holds, then
Pic(E) = | Kllpn| Bl - [ [ K(x—y)dady (2.13)

provided that |E| < +o0. Finally, if (Nts]) is in force, then (2.8)) becomes

n

Pr(E) < max{]EL%P(E)}/ (1A |z]) K (z) da, (2.14)
R
where P(E) = [xg]pv®») denotes the perimeter of E.

2.6. Recognizing constant functions. We recall the following simple but fundamental
result on how the K-variation allows to recognize constant functions [6].

Proposition 2.6 (Constant functions). If the lower bound in (2.1) holds for ¢ > n+1,
then BVE(R™) contains a.e.-constant functions only, and BVE(R") = {0}.

Due to Lemma and the above Proposition , (Dec,)) becomes truly relevant only
for ¢ < n+ 1, which is the case if (Nts|) is in force, see the last part of Lemma .
If (Dec,) holds with ¢ > n, then BV¥ functions are fractional Sobolev of order g — n.

Proposition 2.7 (Embedding in fractional Sobolev space). Let (Dec,|) with ¢ € (n,n+1)
be in force. Then BVE(R™) c W ™ (R") with continuous inclusion. If, in addition,

loc

(Fax)) holds, then BVE(R™) C WaY(R™) with continuous inclusion.
Propositions [2.6] and 2.7] above follow from elementary arguments that are omitted.

2.7. Coarea formula. The K-variation and the K-perimeter are connected via the fol-
lowing coarea formula, see [17, Prop. 2.3].

loc

Lemma 2.8 (Coarea formula). If u € L, (R"), then [u]pyxgn) = /RPK({U > t})dt.
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2.8. Lower semicontinuity. Fatou’s Lemma yields the semicontinuity property for the
K-variation and the K-perimeter, see |17, Prop. 2.2].

Lemma 2.9 (Lower semicontinuity in BViX). If (ug)reny € BViE (R™) is such that uy — u

in Li,.(R™) as k — +oo with léIBi{.lof[Uk]BvK(Rn) < 400, then u € BVE(R™) with

ocC
[u] gy x (rny < lligljgof[uk]BvK(Rn)-

Lemma 2.10 (Lower semicontinuity for Px). Let A € M,,. If (Up)ken C M,, is such
that xu, — xv i LL.(R") as k — +oo with lliminf Pr(Ui; A) < 400, then
— 400

Pr(U; A) < llimlnf Pr(Ux; A).

2.9. Compactness. We now prove the compactness of the embedding BVE(R") C

Li.(R"). Actually, we prove the more general Theorem below, which extends [46,

Th. 1.1] and, for p = 1, positively answers a question left open in [17] (see [30] for sim-

ilar results in Orlicz spaces). After we completed our paper and posted it on arXiv,

G. F. Foghem Gounoue kindly indicated his Ph.D. thesis [36] to us (of which we were un-

aware) where he proved Theorem below under the additional (Syml), see Remark[2.12]
Let K: R" — [0, +00] be a kernel and let p € [1,400). Given u E LIOC(R"), we let

o = (5 [ [ o)~ up Ko — ) deay)”

WeP(R™) = {u € L (R") : [u)wronn) < +00}

loc

and WEP(R") = W5P(R™) N LP(R™). The space W5?(R") is Banach with respect to

loc

and we define

ullwer@ny = [|ul|zr@n) + [U]lwrr@ny, w e LP(R™).

If p = 1, then WHP(R") = BVE(R"). Since K # 0, if [u}yrogn = 0 for u € Lj (R"),
then u = ¢ a.e. for some ¢ € R, with ¢ = 0 if u € LP(R"). Note that WX?(R") = LP(R")
whenever K € L'(R"), since

[ulwrcagn) < 27 K| pey 1l o
by definition. In addition, the condition
/ (2P A1) K (z) da < +o0. (Nts,)
RTL

yields the continuous embedding W?(R™) C WEP(R"), with

1/p
vy < 277 mas{ [ Vullsgenson 2ulcen} ([ (2 2 1) Kiyar) " (219
for all u € WP(R™). Finally, if (Far) holds, then WXP?(R") = WExz#(R") for all 7 > 0,

with equivalence of the norms.

Theorem 2.11 (Sequential compactness in W?). Let (Fai) and (Nint]) be in force. If
(up)reny C WHEP(R") satisfies sup |ur||wer@ny < 400, then there exists a subsequence
ke

(ur,)jen C WHEP(R") and u € WKP(R”) such that w,, — u in LY, (R™) as j — +0o0.
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Remark 2.12 (On the assumptions of [46, Th. 1.1 and Lem. 2.2] and [36, Th. 3.81]).
In [46], the authors assume (Nint]) and (Nts,)) (and also without loss of generality).
However, one can relax (Nts,) to (Far)), as we do here in Theorem (as well as in
Lemma below). Indeed, (Nts)) ensures that WXP(R") # {0}, thanks to (2.15))
(if WXP(R") = {0}, then Theorem [2.11] is obviously true). We also mention that [36,
Th. 3.81] assumes . However, as we do here, this is not needed.

In Theorem 7 we do not assume . In particular, Theorem provides
an alternative proof of the existence of isoperimetric sets among bounded sets for the
anisotropic fractional perimeter considered in [48,51] (in particular, see [51, Eq. (10)]).
Similarly, we can state the following analogous result, whose plain proof is omitted.

Corollary 2.13 (Conditional isoperimetric inquality). Let ( and m be in force.
Let v € (0,400) and Q € M,, with || < 400 be fived. If

inf {Px(E): E € M, |E| =v, ECQ} < +o, (2.16)

then the conditional isoperimetric problem (2.16) admits minimizers.

Given E € M,, we let Rg: LL_(R") — LL.(R") be given by Rg(u) = uxg for
u € LL_(R™). Note that R is continuous from LP(R™) to itself whenever p € [1, +0o0].

loc
Definition 2.14 (Locally compact operator on LP). Let p € [1,400). We say that
T: LP(R™) — LP(R") is locally compact if RgoT: LP(R™) — LP(R™) is compact whenever
E C R" is a compact set.

Since any strong limit of compact operators is also compact (see |7, Th. 6.1] for exam-
ple), any strong limit of locally compact operators is locally compact too.

The following result generalizes [46, Lem. 2.1] to all exponents p € [1,+00). We also
refer the reader to [36, Th. 3.9] for an even more general result. Its simple proof follows
the one of |46, Lem. 2.1] and is thus omitted.

Lemma 2.15 (Convolution is locally compact). Let p € [1,+00). If n € LY(R"), then
T,: LP(R™) — LP(R"), T),(u) = uxn for u € LP(R™), is locally compact.

The following results generalizes [46, Lem. 2.2] for all p € [1,+00) (also see the proof
of [36, Th. 3.81]). Its simple proof follows the one of |46, Lem. 2.2] and is thus omitted.

Lemma 2.16 (L? distance to convolution in W?). Let be in force. Let 6 > 0 be
such that K5 = Kxrm\p, € L'(R™) \ {0}. If ns = HKalle’ then
ot =t oy < 27 [l 280 Tlwicoeny  for u € WEP(RY).

Proof of Theorem [2.11 The proof follows the same strategy of [46], so we only sketch it.
Let S ¢ WEP(R") be a bounded and C' = sup ||| wxr@ny. Given £ C R" compact,

we have to show that Rg(S) C LP(R") is relatlvely compact Given ¢ > 0, by (Far)

and (Ninf) we can find § > 0 such that 2'/7 HK5||;11/]§” < &, so that
IR (1) = RTyy ()| ony < [l =Ty () ioqeny < 27 || Ksl| i o) [Wlwrenny < €

for all u € S by Lemma [2.16] where T}, (u) = ux*n;s. Therefore, Rg(5) is contained in an e-
neighborhood of the set RgT,,(S), which is relatively compact according to Lemma [2.15]
Hence Rg(S) is totally bounded in LP(E) and thus relatively compact. O
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2.10. Lusin-type estimate. With the same notation of Section [2.9 the following re-
sult provides a Lusin-type estimate for WP functions, generalizing [9, Th. 1.11 and
Prop. 1.13]. Here and in the following, we let

ox(e, R) = / K(z) dz (2.17)
BR\BE
for R > ¢ > 0. If R = 400, then we simply let
vk () = pk(e,4+00) :/ K(z)dx
R\ B.

for € > 0. Note that 0 < px (e, R) < o0 for all R > ¢ > 0 as soon as (Far| is in force.

Theorem 2.17 (Lusin-type estimate in W5?). Let (Fa]), (Dec,)) and (Doup)) be in force.
Let p € [1,+00). If u € WEP(R"), then

lu(x) = u)I” exc(2lz = y|, D) < C(Dipu(x) + Dicpuly))
for a.e. x,y € R™ with |x — y| < % such that Dk pyu(x), Dk pu(y) < 400, where
1

DKP“@) = 2 Je

for x € R™. As a consequence, we have
[u(-+ h) = ul|Len) @r (2[R, D) < Clulywrsgny
for all h € R™ with |h| < %. The constant C' > 0 depends on n, p and K only.

Nu(e) —u(y)|P K(z —y)dy € [0, +o0]

Proof. The proof is similar to that of |9, Th. 1.11], so we only sketch it. Let R > 0
to be chosen later. We fix z,y € R" with 2|z — y| < R such that all the quantities
appearing below are well defined and such that |9, Lem. 1.12] is applicable. By
and [9, Lem. 1.12], we can estimate

lu(z) — uw(y)|? o (2lz —y|, R) < cn,p/ K(Q) |u(z + h) — u(z)P dh dC

BR\Ba|y_y| Bsj¢c\By¢|

—I—cm/ K(¢ wly + h) — u(y)|P dhdC,
? (€) Bam\Bm' ( ) — u(y)]

where ¢, , > 0 is a constant depending on n and p only. We thus can easily bound

/ K(¢) fu(e + h) — () dhd¢
BR\Ba|z_y| Bsj¢\B¢|
a¢

< C/ u(x + h) — u(x)’ /Rn K(¢) XBR\B2|ac—y\(C)XB3\C|\B\C|( ) Tm |<’|n

where C' > 0 is a dimensional constant. Now K(¢) < CK(2¢) < C*K(4¢) provided that
2|¢| < 2D, where C' > 0 is the constant appearing in (Doup|). We can then estimate
K(4¢) < K(3¢) < K(h) for all h € Bge| \ Bj¢| by (Decgl). Therefore, we have K({) <
CK(h) for all { € Br\ Byjy—y| and h € Bsj¢| \ Bj¢| provided that we choose R = D, where
C > 0 depends on K only. Hence, we get that

[+ ) =@l [ K xbory (O (1)

dh,

d¢

dh
N5
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d
<o/ (e + h) — u(z)P K(h / ) ¢
{CER" max{2|:1c yl, | ‘}<\§|<m1n{|h| D}} ‘C‘n
Inl dr
<C [ Jua+h) —u(@)P K(h) [, -db
R™ A
S CDK,Pu(x)v
where C' > 0 depends on n and K only (and possibly varies from line to line). The
conclusion hence follows by combining the above estimates and swapping = and . 0

Remark 2.18 (L distance to convolution). Under the assumptions of Theorem [2.17]
there exists C' > 0, depending on n, p and K only, such that

| 0c * u — ul| p@ny < Clk(e, D) [ulwxrmn (2.18)

for all v € WEP(R") and ¢ € (0, %} Here (0:)e>0 is a family of convolution kernels,

0. =¢ "p <g>, where o € C°(R") is such that supp o C By, 0 > 0, [ge 0dz =1, and
o(y)
lk(e, R :/ ———>———dy forall R>¢e >0,
K= el B

where ¢ is as in . Note that, if holds, then /k is well-defined with 0 <
(e, R) < 1/pk(2e,R) < +oo for all R > ¢ > 0. Moreover, if and are in
force, then lim. ¢+ {x (e, R) = 0 for each R > 0 by the Monotone Convergence Theorem.
Note that implies Theorem , although under stronger assumptions.

2.11. Isoperimetric inequality. For a more detailed presentation of the following no-
tation, see [50, Ch. 3] and [31, App. A]. We set

1/n
B*=0B,, r,= <U> , forv>0. (2.19)
|B1|

Given A € M, with |A] < +o0, we let A* = Bl as in ([2.19). Consequently, we set
X: = xax and thus, whenever f: R" — [—o0,+0o0] is a measurable function such that
{|f| > t}| < +oo for all t > 0, i.e., f vanishes at infinity, we let

=

* n
; X{=0 (@) dt, = eR", (2.20)

be the symmetric-decreasing rearrangement of f. We recall that {f* > t} = {|f] > t}*

for all t € R. Note that f* = f whenever f(x) = p(|z]) for z € R", where ¢: [0, +0c0) —
[0, +00] is decreasing. The Riesz rearrangement mequalzty hence states that

// —y)h(y) dxdy</ / F*(x) g* (x — y) h*(y) de dy (2.21)

whenever f, g, h: R" — [0, 00| vanish at infinity.

Theorem 2.19 (Isoperimetric inequality). Let (Rad]) and (Dec,|) be in force. If E € M,,
is such that xgp € BVE(R"), then

Pk (E) > Pk (B"™). (2.22)

In addition, if (Rad™|) is in force, then (2.22)) holds as an equality if and only if E is a
translated of B! (up to negligible sets).
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The above Theorem is a particular case of [17, Prop. 3.1]. However, in |17,
Prop. 3.1], the authors state that equality in (2.22)) occurs if K satisfies (Rad)) and .
In fact, in the first step of the proof of [17, Prop. 3.1] (under the additional assumption
K € L'(R")), they assert that these two assumptions are enough to characterize the
cases of equality in . Unfortunately, this is not correct, as some further assump-
tions on K are needed, see [12] for a more detailed discussion. Moreover, in the proof
of [17, Prop. 3.1], the characterization of the equality is not explicitly treated in the gen-
eral case. For these reasons, we provide a proof of Theorem [2.19| where we characterize the

equality case in ([2.22)) under the additional (Rad™]), following the strategy of [31, App. A].

Proof of Theorem[2.19. Assume |E| > 0 and note that || K| r~®n) € (0,+00], because
K # 0. Thanks to and (Dec)), for every ¢ > 0 there exists R(t) € [0, +oc] such
that {K >t} = Bpy), with R(t) € (0,+00] for t € (0, | K||zm®n)) and R(t) = 0 for
t > |[K||Loo(rn). By Tonelli’'s Theorem, we can write

00> Pre(B) = [ [ () xe(y) K (@ — y) dady

+oo
- /0 /n /n XE(2) XEe (V) X(r>n (x — y) de dy dt,
so that
/Rn /R XE(T)x B (Y) X (x>0 (T — y) dedy < +oo (2.23)

for Z'-a.e. t > 0. Now we fix t € (0, | K||z=®n)) such that (2.23) holds and we claim
that R(t) < +oo. Indeed, if R(t) = +oo by contradiction, then (2.23)) leads to

400 > /Rn /Rn Xe(2) Xpe(y) dedy = |E||E| = +o0,

which is impossible. Therefore, since t — {K > t} is decreasing with respect to inclusion,
X{x>t} € L'(R™) for every t > 0. Now, by (2.13) (applied to x{x>¢) we rewrite (2.23) as

/n /RnXE(I) XEe(y) X{K>t} (x —y)dady

= |BlBrol = [ [ x6(@) X6 W)Xy, (@ — ) drdy

for every ¢ > 0. In conclusion, we get that

PtF) = [ (1 Bao = [ [ @) X)X o = ) drdy ) dr - (224)

for ' € M,, such that Px(F) < 400 and |F| < 4o00. Inequality thus follows
by and (2.21). Finally, if holds, then R(t) N\, 0" as t 2 [|K| L.
So R(t) € (0,2rg) for t € R close to ||K||zec®n). By [12, Th. 1] and (2.24), we get
Pk (E) = Pr(B'P!) if and only if E is equivalent to a ball. O

Remark 2.20 (A question left open in [9]). Theorem [2.19 affirmatively answers a question
left open in |9, p. 842] concerning the isoperimetric problem for the non-local perimeter
associated to K, (z) = |z[™" [log |z||""" xp, ,(2), * € R \ {0}, whenever v > 0. Indeed,
K, is radial and satisfies for all v > 0.

The following result generalizes |1, Th. 9.2] and |41, Th. A.1]. We omit its plain proof.
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Theorem 2.21 (Rearrangement inequality). Let (Rad)) and (Dec)) be in force. If u €
BVE(R"™), then also u* € BVE(R™) with

[U]BVK(R") > [U*]BVK(R”)- (2.25)

In addition, if also (Rad™|) and (Pos) are in force, then (2.25) holds as an equality if

and only if u is proportional to a function v such that v(z) > 0 for £"-a.e. v € R" and
{v >t} is a ball (up to negligible sets) for L -a.e. t > 0.

2.12. The isoperimetric function. We let [k : [0,4+00) — [0, +0o0],
Bk (v) = Pr(B”) forv >0, (2.26)

be the isoperimetric function (recall the notation in (2.19)). The following result is a
simple consequence of |17, Lem. 3.2] and we thus omit its proof.

Lemma 2.22 (Behavior of Sk). Let (Rad)) and (Decy)) be in force. It holds

Br(v) K| rgny if K € LY(R™),

+ .
v=0 v 400 otherwise.

The following dichotomy result is a consequence of Theorem [2.19| Its proof follows the
same strategy of that of [17, Prop. 3.3 and Cor. 3.4] and is thus left to the reader (to this
aim, recall that Lemma [2.4] ensures the validity of ([nf]), which is needed in [17]).

Corollary 2.23 (Dichotomy). Let (Rad]) and (Dec,)) be in force. If E € M,, is such that
Pr(E) < +o00, then either |E| < 400 or |E¢| < +00, and

Pi(E) = min {3k (| E). Brc (| E))}.
With a slight abuse of notation, we let
LPxOLRY) = {u: R" — [—00, +-00] measurable : [[ul| s 0.1 (gn) < —l—oo},
where
+oo
lull ooy = [ Bc(I€ul > 1) dt.

Since |Jull poxer1@ny = [U*]pyx@n) by Lemma @, from Theorem we can infer the
following Sobolev-type embedding, encoding 32, Th. 6.5], [41, Th. 4.1] and [9, Th. 1.5]
when p =1 (also compare with [37, Th. 1.1]).

Corollary 2.24 (Sobolev isoperimetric embedding). Let (Rad) and (Dec)) be in force.
The embedding BVX(R™) C LPxOY(R™) is continuous, with

||u||LﬁK(')»1(RTL) < [ulpyx@n) (2.27)

for uw € BVE(R"). In addition, if also (RadT)) and (Pos) are in force, then (2.27) is an

equality if and only if w is proportional to a function v such that v(z) > 0 for £"-a.e.
z € R™ and {v >t} is a ball (up to negligible sets) for L -a.c. t > 0.
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2.13. Sobolev embeddings. We now refine Theorem [2.19 and Corollary [2.24]

Lemma 2.25 (Monotonicity). Let with ¢ < n + 1 be in force. If E € M, with
|E| € (0,+00), then

PK<7”E) > PK(RE)
rE[>**% T |RE|* =
In particular, v — B (v)ve—2 is decreasing for v € (0,+00). If holds, then
PK<7”E) PK(RE)
|rE| |RE]|
and thus v — B (v) vt is strictly decreasing for v € (0, +00).

2// (r —y)dedy + = //Kx— y) dz dy

whenever F' € M, in virtue of (Dec,|), we can estimate

// K(z—y dxdy—RQ”// )) de di
RE J(RE)°

O<r<R<+o0 —

O<r<R<+o00 —

Proof. Since

_Rzn//c RI&—(ngf M 4¢ an
Rgn//p ng_( ;ﬁ D e ay

— R¥- w// )) dé dn

e K dzd
g /rE /(TE)C (v —y)dedy

whenever 0 < r < R < 400, with the unique inequality strict for » < R provided that
(Dec’]) holds. A similar estimate holds for the integral relative to E¢x E. The conclusion
hence follows by rearranging and by the definition of Sk in (2.26)). O

Lemma [2.25| implies the following isoperimetric-type inequality for small volumes.

Proposition 2.26 (Isoperimetric inequality for small volume). Let (| and m
with ¢ < n + 1 be in force. If xg € BVE(R") with |E| < v for some v E (0 o0), then

51(( )

Pr(E) > |E*~5.

Letting LP'(R™) be the Lorentz (p, 1)—space for p € (0,+00) (see |44, Sec. 1.4] for an
account), from Proposition m 2.26| we readily get the following result.

Corollary 2.27 (Sobolev embedding for finite-measure support). Let (| m ) and m
with ¢ < n+ 1 be in force. If u € BVE(R™) is such that | suppu| < 400, then

Prllsuppul) |

ny > (2 —
[U]BVK(R ) - ( ) ’SUppu’Q L2n q’ (Rn)

Proposition [2.26] pairs with the following result, whose plain proof is omitted.
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Proposition 2.28 (Isoperimetric inequality for large volumes). Let (Rad)), (Dec,|) with
g <n—+1 and (Doup|) with D = 400 be in force. Let the doubling constant of K be such
that C > 2". Given V € (0,400), there exists Cy i > 0 such that
Pr(E) > CV,K,n|E|27% (2.28)
whenever xg € BVE(R"™) with |E| >V, where p = log, C.
The assumption on the doubling constant in Proposition [2.28 above is motivated by

Lemma . In the proof of Proposition [2.28] one needs to exploit that, given p € (n, +00),
there exists C,,, > 0, such that, for any x € R" and £ € M,, with |E| € (0, 400),

d
| 2 B,
gelr—yp = 7

For the simple proof of the above inequality, see [32, Lem. 6.1] and [37, Lem. 3.1].

2.14. Intersection with convex sets. The following result generalizes |35, Lem. B.1],
also see [18, Rem. 2.8].

Theorem 2.29 (Intersection with convex). Let (Rad), (Nts), and (Dec,|) with ¢ =1 be
in force. If E € M,, with |E| < 400, then Px(ENC) < Pg(E) for any convex C C R™.

As a consequence, we get the following non-local analog of the monotonicity of local
perimeter, see |59, Th. 1.1] and the references therein.

Corollary 2.30 (Monotonicity on convex sets). Let (Rad)), (Nts) and (Dec,)) with ¢ =1
be in force. If A,B € M,,, AC B, |B| < 400 and A is convex, then Px(A) < Pk(B).

Theorem follows from the following result, see [56, Th. 1] and [13].

Lemma 2.31 (Local minimality of half-spaces). Let (Sym|) and (Far) be in force. If
H C R" is a half-space, then Pr(H; Br) < Px(E;Bg) for R > 0 and E € M,, with
E\ Br = H\ Bg. If also (Pos|) holds, then the inequality is strict for E # H.

Remark 2.32 (On Lemma [2.31). We warn the reader that |56, Th. 1] is stated with the
stronger in place of (Far)), see the discussion around [56}, Eq. (2)]. However, a careful
inspection of the proofs of [56, Ths. 1 and 2] allows to see that only the weaker is
really needed, while the stronger (Nts)) additionally ensures that the class of competitors
is sufficiently large, as in fact mentioned in [56, Rem. 2]. In passing, we also warn the
reader that the pointwise convergence in |56, Def. 1, point 2] has to be actually reinforced
to an L! convergence, as in [13| Def. 2.1]. We are indebted to Valerio Pagliari for having
shared these observations on [13,56] with us.

Proof of Theorem[2.29. The proof is almost identical to that of [35, Lem. B.1], so we only
sketch it. First, by Lemma [2.10] one reduces to the case C' = H an half-space. Second,
since |E| < +o0 and « — K (x)|z| is radially symmetric and decreasing due to (Rad)) and
with ¢ = 1, by one can also assume that £ C Bp for some R > 0. Hence

Px(E)—Px(ENH)= (/C—/ENH>/E\H K(x —y)dzdy

2 (o= o) Jr Kl =y
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== 731((P’7 BR) - PK(H, BR),
where F' = E'U H. The conclusion hence follows by Lemma [2.31] U

3. (K,v)-CHEEGER SETS

In this section, we study the theory of Cheeger sets for Px and v € W(R"), where
W(R") = {1/ =wZL" we L>*R"), es%ggnfw > 0} (3.1)

denotes the set of admissible weight measures. To avoid heavy notation, when v = £"
we simply drop the reference to the measure.

3.1. (K,v)-Cheeger sets. For the general theory of Cheeger sets, see [40}/49,57].

Definition 3.1 (K-admissible sets). A set Q@ € M,, is K-admissible if there exists E €
M., such that E C Q, |E| € (0,+00) and Pk (E) < +o0.

If holds, then any set {2 C R"™ with non-empty interior is K-admissible, since
any non-empty open ball B C Q satisfies Py (B) < +oo by ([2.14). If K € L'(R"), then
any 0 € M,, with |Q] € (0,+00) is K-admissible by (2.13)). Trivially, if holds for
g > n—+1, then no set 2 € M,, is admissible, because of Proposition [2.6| For this reason,
in this section we assume that holds with ¢ < n + 1.

Definition 3.2 ((K, v)-Cheeger constant and (K, v)-Cheeger sets). Given a K-admissible
set 2 € M,,, we let

e (Q) = mf{ifzg) . EcM, EcCQ, |Bc (O,+oo)} €0, 400)  (3.2)

be the (K, v)-Cheeger constant of €. Any minimum F in (3.2) is a (K, v)-Cheeger set
of Q and we let Ck ,(€2) be the collection of all (K, v)-Cheeger sets of 2.

The following result generalizes [5, Prop. 5.3] and is a particular application of [40),
Th. 3.1] (also see [40, Sec. 7.3.1]), so we only sketch its proof.

Theorem 3.3 (Existence of (K, v)-Cheeger sets). Let (Rad)), (Far), (Nint) and (Dec,))
with ¢ < n + 1 be in force. If Q € M, is a K-admissible set with |2 < 400, then
Cr () # 0, with hg,,(Q) >0 and

EEp.L L) 33)
v|Q whg, ()
for all E € Ck,, (), which, for ¢ =n, reduces to
Br(1€2])
Q) > : 4
hK,u( ) = v|Q| (3 )

Moreover, if (Dect|) holds, 2 is open and v = £", then OENIN # O for any E € Cx ().

Proof. The existence part follows a plain compactness argument exploiting Theorem [2.11]

Theorem [2.19] Lemma and Lemma [2.10 To prove (3.3)), one sees that
_ Pe(B) _ Px(B®) _ Br(E) _  Bx(9) P
hico() = hiw(Q) hiw(Q) T QP hi, ()

v(E) (3.5)
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for any £ € Ck,(£2) by Theorem and Lemma Finally, letting © be open,
v =2%" and (Dec/|) be in force, if E € Cx(Q) satisfies E € ) by contradiction, then also
tE € () for any t > 1 sufficiently close to 1, so that
Pr(tE)  Px(E)
B~ B
by Lemma [2.25] in contrast with E € Cx(£2). The proof is complete. O

Remark 3.4 (On touching boundaries). In Theorem [3.3] if (Dec/]) holds, €2 is open and
v=2" then E € Ck(Q2) must touch 02. Actually, we proved that tF ¢ Q for t > 1.

= hx(Q),

For general properties of (K, v)-Cheeger sets, see [40, Secs. 3.4, 3.5 and 7.3.1]. Here we
only state the following result, generalizing [5, Prop. 5.6].

Proposition 3.5 (Relation with Euclidean Cheeger constant). Let (Nts) be in force. If
Q C R™ is an open set with |} < 400, then

i () < mx{l A0) } [ (AL () a.

where

[ P(E)
h, () = inf .EeM, EcCQ, |E|>0
(Q) m{y(E) eM CQ, | |>}
3.2. (K,v)-calibrable sets and Faber—Krahn inequality. A (K, v)-calibrable set €2 is
a K-admissible set with Q € Ck,(€2). The following result proves that balls are (K, .Z")-
calibrable, see [49,57] and [5, Rem. 5.2].

Proposition 3.6 (Balls are K-calibrable). Let (Rad), (Nts), (Nint)), (Dec,) with q €
[n,n+ 1) be in force. If B is a (non-trivial) ball, then B is K-calibrable. If also (Dec}))
holds, then Cx(B) = {B}.

Proof. Let B C R™ be a ball with |B| € (0, +00). By (2.10), we can assume B is centered
at the origin. By (Nts|) and (2.14), B is K-admissible. If E C B satisfies |E| > 0, then

Pr(E) S Px(BIFl) _ Br(|E]) N Br(|B|) _ P (B)
£l T |E] £l |B | B

because of Theorem and Lemma m (with ¢ = n). By Definition , this proves
that B € Cx(B). Actually, an inspection of yields BIFl € C(B) for any E € Cx(B).
Therefore, for ¢ = n, if also holds, then tB¥l ¢ B for t > 1 by Remark , SO
BEl = B. Thus |E| = |B'¥l| = |B| and so E = B as desired. O

(3.6)

The following result generalizes [5, Prop. 5.5, and (3.7 improves (3.4)) for v = Z".

Proposition 3.7 (K-Faber-Krahn inequality). Let (Rad)), (Nts]), (Nint)) and (Dec,)) with
q € [n,n+1) be in force. If @ € M,, is K-admissible with || < 400, then

hic(Q) > hg (B, (3.7)
If also (Dec;|) holds, then (3.7) is an equality if and only if  is a ball.
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Proof. Let E € C(£2) by Theorem [3.3] By Theorem and Lemma [2.25 we get

CPe(B) _ Pu(BE)  Be(ED) B0 (1B Pu(B)
=R TR T E S <|Q|> = ]

> hK(Bml)

(3.8)
proving (3.7). If also (Dec/)) holds (hence so (Rad™])) and if (3.7) holds as an equality,

then (3.8) is a chain of equalities. In particular, £ coincides with BI®l up to a translation
by Theorem [2.19] and BIFI = Bl by Proposition [3.6 Therefore |E| = |BIFl| = |BI?| =
1, so E = Q. Thus € is equivalent to a ball up to a translation. O

3.3. Relation with first eigenvalue. Following [5,15,16] and [40, Sec. 5], we let
BV (@) = {u € BVE(R") : u(x) = 0 for £"-ae. x € R"\Q} (3.9)

for 2 € M,,. By definition, BV () is a closed subspace of BVX(R"). By Definition
and Lemma 2.8, BV{(Q) # {0} if and only if  is K-admissible. Note that (3.9) circum-
vents any irregularity of 0, see [16, Rem. 1.1] and [5, Defs. 2.1 and 2.2 and Lem. 2.3].

Definition 3.8 ((K, v)-eigenvalue and eigenfunction). For 2 € M,, K-admissible, we let

Arw(§) = inf{w cu € BVE(Q)\ {0}} € [0, +00) (3.10)

|uHL1(Rn7,})
be the first (K, v)-eigenvalue relative to 2. Any function u achieving the infimum in (3.10))
is called a (K, v)-eigenfunction of Q.

Since |u| € BV (R") with [|u]] gyx@n) < [u]pyxgn) for all u € BV (R"), we have
AK,I/(Q) = inf{[U]BvK(Rn) U € B‘/E)K(Q) \ {O}, ||u||L1(R",y) = ]_, u Z 0} (311)
Remark 3.9 (K-1-Laplacian). The constant in (3.10)) is linked with the K-1-Laplacian

(Caru) = [ [ e w(o) — o) Ka = y) dyds, v € BYF(R)

naturally arising from the expression of the BV energy in (2.5)), as done for integrable
kernels in |53, Sec. 4.2]. We do not pursue this research direction here.

The following result generalizes |5, Th. 5.8] and is a particular case of [40, Th. 5.4] (for
N = 1), so we only sketch its proof.

Theorem 3.10 (Relation with first (K, v)-eigenvalue). If 2 € M,, is a K-admissible set
with |Q] < +o00, then Ak, (Q) = hx (). Moreover, given u € BVy* (Q)\ {0} and letting

{u>t} ift>0,
Ut =
{u<t} ift<o,
u is a (K,v)-eigenfunction if and only if Uy € Ck,,(2) for a.e. t € R such that |U;| > 0.

Proof. Since BV (Q) # {0}, hx () > Ak, () according to Definitions |3.2] and . For
the converse inequality, if u € BV*(Q2) \ {0}, then the sets in (3.12) satisfy U; € M,, for
Llae. t € R with U, € Q. In addition, thanks to (2.11]) and Lemma , we get

(] ¢ ey = /RPK({U > 1)) dt = /RPK(Ut)dt.

(3.12)
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By Cavalieri’s formula, we have ||ul[z1@n,,y = [ v(Us) dt. Therefore, Pg(U;) < 400 and
|U;| < +oo for L'-ae. t € R, so PK(%” > hk,(2) whenever |U;| > 0. We thus have that

v(
doveen L [P gy s Sl
R [l @, v

v(Ut)

/R V(U) dt = hyc, (),

(3.13)
proving Ag () > hg,(Q). Finally, if u € BV (Q) is a (K, v)-eigenfunction of €2, then

lull e,y ullie,y)

/R Pic(Ur) = hiew (Q) v(Uy) dt = 0. (3.14)

Since P (Uy) > hg,(Q) v(U,) for £ -ae. t € R, we must have Py (U;) = hg, () v(Uy)
for #'-a.e. t € R such that |U;| > 0, yielding U, € Ck.,(2). Viceversa, if U; € Cg,(2) for
Z'-ae. t € R such that |U;| > 0, then is true and so holds as an equality,
yielding the minimality of u in , ie., uis a (K, v)-eigenfunction of €. U

The following result is a non-local analog of [15, Th. 4] and generalizes [5, Th. 7.1].

Corollary 3.11 (L*> bound). Let (Rad) and (Dec,)) with g € (n,n+1) be in force and let
Q € M, be a K-admissible set with |2 < +oc. If u € BV{(Q) is a (K, v)-eigenfunction
of 2, then u € L>(§2) with

PIOP R i ()
e e 319

Proof. The proof is similar to [5, Rem. 7.3], so we only sketch it. Let u € BV (Q) be
a (K, v)-eigenfunction of 2 such that v > 0 in view of (3.11)). Letting U; = {u > t} for

all t > 0 as in (3.12)), by Theorem 3.10] we get U; € Ck,(Q) for a.e. t € [0, [|ul|roe)-
Arguing as in the proof of Theorem to infer ({3.5)), by Theorem and Lemma

we obtain (3.3)) for U;, namely, since ¢ > n,

Bre(0h) )
Ui ()

for a.e. t € [0, |ul|L(mn)). Integrating the above inequality for ¢ € [0, [|u| Lo (rn), We get

] oo T an
||U||L1(Q) Z/ Q) ﬂKS’QD dt — BKS‘QD ||u||Loo(Q)
0 7 |Q* mwhi, (Q) U Q2 mhi, ()

from which (3.15]) readily follows. O

3.4. A non-local Max Flow Min Cut Theorem. The Min Cut Max Flow Theo-
rem [45] asserts that the (classical) Cheeger constant of a (sufficiently regular) set {2 can
be recovered by minimizing the L°> norm of vector fields with prescribed divergence on (2.
Analogous results are known in the fractional |5, Sec. 8] and integrable [53, Sec. 5.1] cases.

We shall now prove an analogous result in the present setting.
Mimicking [5, Sec. 8] and (7}, Sec. 9.4], given Q@ € M,,, we let

BV5(Q) = {F: BVE(Q) — R : F linear and Continuous}
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be the topological dual space of BV (). Since BV (Q2) c L'(R"), we have L>(R") C
BV~K(Q) continuously, with the natural action on BV{(€) (tacitly used below). We
thus let T : BVE(Q) — LY(R™ x R") be defined by

1
Cic()(w,9) = 5 (u(x) —uly) K — ), (r,9) €R" xR"
Note that 'k is well posed, since
IT i (w)|| 21 mescrey = [U] pyxceny  for u € BV (). (3.16)

Let T : L®(R™ x R™") — BV X(Q) be the adjoint operator of T, given by

/ ¢ L'k (u)drdy,
n ]Rn

whenever ¢ € L®(R" x R") and v € BV{(2). Roughly speaking, the operator I}, can
be thought of as a sort of non-local K-divergence formally acting on L* functions as

(o)) = [ (play) = plyo) K@z —y)dy, = €R",

whenever ¢ € L*(R™ x R"). In particular, symmetric L> functions correspond to
divergence-free vector fields.
The following result generalizes [5, Th. 8.6] and the second part of [53, Th. 5.3].

Theorem 3.12 (K-Max Flow Min Cut Theorem). Let Q € M,, be a K-admissible set
with |Q] < 400 and let v =w ZL" € W(R™). Then,
1
(@)
where the minimum in equals +oo if and only if T () # wxq for ¢ € L®°(R"xR"),
otherwise it is finite and achieved by some @ € L>®(R™ x R™) such that T4 (¢) = wya-

Proof. The proof is similar to that of |5, Th. 8.6], so we only sketch it. By Theorem [3.10}

Tk (@), w)(v-x (), BV () = /R

= min{||gp||Loo(Rann) cp € L¥(R" x R"™) such that T} () = wXQ}, (3.17)

(0, 4+00]

= sup{ Pl ¢ sy {0}}
[U]BVK(Rn)

()
= sup{ (wxq,u) : u € BV (Q), [ulpyx@n < 1}.
We can rewrite the latter sup as
sup{(wxa, u) : u € BV (Q), [u]pysen < 1} = sup{(x",x) — G(A(x)) : x € X}
where X = BV (Q), x* = wyq € X*, A =Tk and
Gly) = {0 if [lylly <1,

400 otherwise,

fory € Y = L'(R" x R"). Since G: Y — RU {+00} is convex and lower semicontinuous
and A: X — Y is linear and continuous again by (3.16]), we get that

sup{(x", x) — G(A(x)) : x € X} = (G 0 A)"(x7)
= min{G*(y") : y* € Y* such that A*(y*) = x"},
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by |34, Prop. 5 in Ch. II, Sec. 2|, where (GoA)*: X* — RU{+o0} and G*: Y* — RU{+o0}
are the Fenchel conjugates of Go A and G, see |34, Def. 7 in Ch. II, Sec. 1] and A* = I'},.
The minimum in equals 400 if and only if (A*) ™" ({z*}) = 0, otherwise it is finite
and there exists some point in (A*)~'({z*}) achieving the minimum. To conclude, we
simply note that Y* = L(R" x R") and G*(y*) = ||y*|| Lo xrn) for y* € Y*. O

As a consequence, we get the following characterization, which generalizes [5, Cor. 8.7]
and the second part of [53, Th. 5.3]. Below, we set ﬁo =0 and max® = 0.

Corollary 3.13. Let Q € M,, be a K-admissible set with |2 < 400 and let v =w L" €
W(R™). Then,

hk,(2) = max {h e R:3Jp e L¥R"xR") with ||| @nxrry < 1 and (@) > thQ},
(3.19)

where T%: (o) > hwyq means that ([ (p),u) > h [qudv for u € BVE(Q) with u > 0.

Furthermore, hk,,(2) = 0 if and only if the mazimization set in (3.19) is empty.

Proof. The proof is similar to that of |5, Cor. 8.7], so we only sketch it. By (3.17]),

[0,400) 3 hk, () = max{ cp € L®(R" x R") such that I} (¢) = U)XQ}

(3.20)
where the max is 0 if and only if the set is empty, otherwise the max is achieved by some

@ € L®(R™ x R™), with ||¢|| peo@nxrny € (0,400), such that I} (¢) = wxq. We note that

IIQ"HLOO(]R”XR")

max{w cp € L(R™ x R™) such that '}, (p) = U)XQ}

where any of the two max above is equal to 0 if and only if the corresponding set is
empty, otherwise both max are achieved. Indeed, recalling the way the equality in (|3.20)
is understood, in the non-empty case (otherwise being easier and thus omitted), we have

max{ ol € LY(R" x R”) such that Tk (¢) = wxa } = gy,

1@l Loo (R xRN)

for some ® € L>°(R™ x R") such that [} (®) = wyq, so that

1 _ . 1
[l e eam maX{h €R:h< <1>LOO(Rann>}
= max{h €R:3Jp e L°(R" x R?) with m > h and [y (p) > wxg},

yielding the conclusion. U

4. THE FUNCTIONAL PROBLEM

In this section, we study the functional K-variation denoising model.
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4.1. Definition of the problem. Let K: R" — [0, +oc] be a kernel, A > 0, f € L{ (R")
and v = w.Z" € W(R"), where W(R") is defined in (3.1)). To avoid heavy notation, we
drop the reference to the measure when v = £". We consider the functional energy

X (u) = EX (us f, A v) = [u] pysc ) + A/ u— fldv, we L. (RY),
Rn
and the associated minimization problem

inf {£5 (u; £,A,v) - u € L (R")}. (Pf.)

loc

We say that u € L, (R") is a solution of (P}, ) provided that £%(u; f, A, ) < 400 and
EX(uy f, A, v) < EX(v; f,A,v) for v € L} (R"), and we let Sol®(f, A,v) be the set of
solutions of (PF, ). Note that Sol™(f, A,v) C BVE(R") and Sol™(f, A,v) C BVE(R")
for f € L'(R").

4.2. Properties of solutions. We collect some properties of Sol™(f, A,v), as in [4].

Proposition 4.1 (Basic properties of Sol™ (f, A, v)). The following hold:
(i) Sol™ (f,\,v) is a convex and closed set in L (R™);

(ii) if up, € Sol™ (fr,\,v), fr — f in LY(R™) and up — u in LL (R") as k — +oo0,
then u € Sol™ (f,\,v);

(iii) Sol™ (f + ¢, \,v) = Sol™(f, A, v) + ¢ for c € R;

(iv) ASol® (f,A,v) = Sol™ (\f,A,v) for A € R\ {0};

(v) if u € Sol™(f, A, v), then ut € Sol™ (f*,A,v) and u~ € Sol™(f~,A,v);

(vi) if u € Sol™ (f,\,v), thenuc€ Sol™(f Ac,A,v) and uV c € Sol™(f Ve, A, v)
for c e R.

4.3. Existence for L! data. The following result proves the existence of solutions

of (Pfy,) for f € L'(R") as a consequence of Lemma [2.9 and Theorem m

Proposition 4.2 (Existence for (P, |) with f € L'). Let (Far) and (Nint]) be in force.
If f € L*(R™), then Sol™ (v, f,\) # 0.

5. THE GEOMETRIC PROBLEM

In this section, we study the geometric K-variation denoising model. The results below
can be proved as in [4] with minor adjustments (even if the datum set has finite measure).

5.1. Definition of the problem. Let A > 0, £ € M,, and v € W(R"™). We consider
the geometric energy

EEWU;E N, v) =Px(U)+Av(EAU), U€eM,,
and the associated minimization problem
inf{ES (U B,A,v) : U € M, }. (GPE )

We say that U € M,, is a solution (or a global minimum) of it E§(U; B, N, v) <
+o0 and EE(U; E, A, v) < EE(V; E,A,v) for all V € M,,, and we let GSol™ (E, A, v) be
the set of solutions of (GPEf +.). Note that, if F € GSol™(E, A, v), then xr € BV,E(R"),
and, analogously, if F' € GSol™(E, A,v) then yr € BVE(R") whenever |E| < +oo.
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The following result is a simple consequence of Lemma [2.8 and of the layer-cake formula
I =gl = [v{f > 1} 2{g >t for fig € L(RY).
Lemma 5.1 (Layer-cake formula). If f € L'(R") and u € BVE(R"), then
EX(u; f, A\ v) = /Réfé(({u >th{f >t} Av)dt

5.2. Properties of solutions. We collect some properties of GSol™ (E, A, v), as in [4].

Proposition 5.2 (Basic properties of solutions). Let A > 0, E € M,, and v € W(R"),
f € LYR"™) and u € BVE(R™). The following hold:
(i) if U € GSol™ (E,A,v), then U + x € GSol™(E + z,A,v,) for x € R", where
ve(A) =v(A—x) for A e M,;
(ii) if Uy € GSol™ (Ey, A, v) with E, € M,, for k € N and xg, — xg in L'(R") and
Xu., — Xv i LL (R") as k — +oo, then U € GSol™ (E, \,v);
(i) if U € GSol™ (E,\,v) then U¢ € GSol® (E°, A, v);
(iv) if {u >t} € GSol*({f > t},A,v) for L -a.e. t €R, then u € Sol™ (f, A, v);
(v) if u € Sol™(f,A,v), then {u >t} € GSol™ ({f > t},A,v) fort € R\ {0}.
Remark 5.3 (Other versions of Proposition and [(v)). As observed in [4], proper-
ties and in Proposition can be completed with the following:
(iii") if {u >t} € GSol™ ({f > t},A,v) for L'-a.e. t € R, then u € Sol™(f, A, v);
(iv') if u € Sol™(f,A,v), then {u >t} € GSol™({f > t},A,v) for t € R\ {0};
(iii?) if {u <t} € GSol™ ({f < t},A,v) for L'-ae. t € R, then u € Sol™(f, A, v);
(iv?) if u € Sol™(f,A,v), then {u <t} € GSol™ ({f <t},A,v) for t € R\ {0};
(iii*) if {u <t} € GSal™ ({f < t},A,v) for L'-a.e. t € R, then u € Sol™ (f, A, v);
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(iv?) if u € Sol®(f, A, v), then {u < t} € GSol™ ({f < t},A,v) for t € R\ {0}.

Remark 5.4 (Case ¢t = 0 in Proposition [5.2] and Remark [5.3)). The case ¢ = 0 in Propo-
sition [5.2 and Remark [5.3]is more delicate, as {u > 0} € GSol® ({f > 0}, A, v) if either
{f > 0} < 400 or |[{f < 0}| < 400, and similarly for {u > 0}, {u < 0} and {u < 0}.

From Proposition [4.1, Remark [5.3]and Remark [5.4] we can deduce the following result.

Corollary 5.5 (Geometric L' datum). Let E € M,, be such that |E| < 4o00.
(i) If U € GSol® (E, \,v), then xy € Sol* (xg, A, v).
(ii) If u € Sol™ (xg, A, v), then u(z) € [0,1] for L™ -a.e. v € R, with {u >t} €
GSol™ (E,\,v) for allt €[0,1) and {u >t} € GSol™(E, \,v) for all t € (0,1].

As a consequence, we get the following result dealing with (countable) intersections and

unions of solutions of 1'
Corollary 5.6 (Intersection and union). Let E € M,, be such that |E| < +oc.

(i) GSol™ (E, A, v) is closed under finite intersection and finite union.
(ii) GSol™ (E,\,v) is closed under countable decreasing intersection and countable
INCreasing union.
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5.3. Existence for geometric L!-data. The following existence result for |) is
a simple consequence of Proposition |4.2/ and Corollary [5.5{(ii)}

Corollary 5.7 (Existence for (GPj ,,) with geometric L' datum). Let (Far)) and (Nint)
be in force. If E € M,, is such that |E| < +o0, then GSol™ (E,\,v) # 0.

5.4. Bounded data and maximal and minimal solutions. The following result is a
simple consequence of Theorem [2.29|

Lemma 5.8 (Bounded geometric datum). Let (Rad)), (Nts|), and (Dec,) with ¢ = 1 be
in force. If E C By for some R > 0, then also U C By for every U € GSol™ (E, A, v).

In the following result, we prove the existence of a maximal and a minimal solution of
problem (GP ER A, With respect to set inclusion, whenever F has finite measure.

Proposition 5.9 (Existence of maximal and minimal solutions). Let (Far)) and (Nint])
be in force. If E € M, with min{|E|, |E°|} < +oo, then (GP%,,) admits a minimal

and a mazimal solution Ey, Ef € GSol™(E,A,v) (with respect to inclusion) which are
uniquely determined up to £"-negligible sets. Moreover, Ey and E} satisfy

(E)x = (EX),  (E°)x = (Ey)", (5.1)

and
v(Ey) <v(EY) <2u(E). (5.2)

Proof. The proof is similar to that of [19, Prop. 6.1] (also see |4, Lem. 4.7]), so we only

sketch it. Assume |E| < +o00. By Corollary GSol™(E,\,v) # 0, so take U €
GSol™(E,\,v). By testing the minimality of U against (), we get

Pr(U)+Av(UAE) <Av(E),

which leads to
v(U)<v(UAE)+v(E) <2u(E). (5.3)
Now let us set

m = inf {I/(U) U € GSol™(E, A, v) } € [0,2v(E)]
and let (Up)pen C GSol®(E,A,v) be such that v(U,) — m as k — +oo. Letting

Ei =N (j] U, and making use of Corollary , we infer that £y € GSol™ (E,A,v)
JEN k=1

is the minimal solution of 1) The construction of Ey is similar and thus left to
the reader. For (5.2), we just need to apply (5.3) to EX D Ey . In the case |E°| < +o0,
(iif)

the existence of E} follows from Proposition [5.2 and the previous case, while ([5.2))
becomes trivial. Properties ({5.1)) follow from Proposition [5.2iii)} O

The following result provides a comparison principle between maximal and minimal so-
lutions of |) as B € M,, varies. For a strictly related discussion, see the questions

left open in |20, pp. 1826-1827] and [60, Th. 3.1]. In Theorem we assume ([Pos|) for
the first time, see Remark for more details.

Theorem 5.10 (Comparison Principle). Let (Sym)), (Far), (Nint) and (Pos) be in force.
Let Ey, Ey € M, be such that Pk (E;) < 400 and min{|E;|, |Ef|} < +o0, i = 1,2. If
Ey C Fy, then (EQ)X C (El)x and (EQ)X C (El)j\_
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Proof. Thanks to Proposition and Corollary , pick U; € GSol* (Ey, A, v) and
U, € GSol® (E,, A, v). Arguing as in [4, Lem. 4.11], by minimality of Uy, U, and (2.12)),

Pr(Ur) + Pr(Us) = Pr(Uy NUs) + P (Up UUs) (5.4)
and
V(UL A B+ v(Uy A By) =v((UhUlh) A Ey) +v((UrnUy) A Ey). (55)
Setting
Lox(r,y) = K(z —y) £L*(2,y) for z,y € R", (5.6)
using the definition of Pk and the finite additivity of L, g, equality rewrites as
Lok (U0 \ Us) x (Us \ U7)) = 0. (5.7)
Since .£*" < Ly, x by ([Pos), we conclude that
U, CcUsor U, CU,. (5.8)
Arguing again as in [4, Lem. 4.11] we deduce that
Uy CcUy, = U, € GSol™(Ey,\,v), Uy € GSol* (Ey, A, v). (5.9)

By Proposition 5.9} if U = (E1); and U, = (E3)y, then (Es)y C (E1)y or (B1)y C (E2)y
by ( - If (Ey)y C (E4),, then we have nothing to prove. If (E;), C (FE2), instead,
then readlly gives (E1); € GSol™(E,, A,v) and (Ey), € GSol™(E,, A, v), so that
(El)A = (E3);. The proof that (Ey){ C (E4)} is similar and thus left to the reader. [

Remark 5.11 (Theorem [5.10] at small scales). In the proof of Theorem [5.10], is
used only to pass from (| -D to ( . In other Words can be dropped if one is able
p.6)

to ensure that L, g defined in satisfies
Ln,K((Ul \ Uz) x (U2 \ Ul)) =0 = Uy CcUyorU,Cl,

whenever U; € GSol™ (E;, A, v), i = 1,2. The above implication holds if
K(z—y)>0forae ze U \Uyand y € Uy \ Uy (5.10)

whenever U; € GSol® (E;,A,v), i = 1,2. Thanks to Lemma , assuming ([Dec
and , we have supp K D Byp. If D < +00 (otherwise ([Pos)) is satisfied), then ([5.10
holds provided that Uy, U, C Bp for U; € GSol™ (E;, A,v), i = 1,2. By Lemma [5.8, an
thus assuming with ¢ = 1, this holds by additionally requiring that

E,C Ey C Bp (5.11)
Hypothesis (5.11)) provides a small-scale version of Theorem m

5.5. Convex data and uniqueness outside the jump set. For f € L'(R"), we define
M%(fa A7 V) = sup{Hu - f”Ll(]R”,V) U € SOlK<f7A7 V)}a

(A v) = inf{|lu— fllee.s) - u € Sol™(f,A,1)},
for all A > 0. We also define the jump set
TE(fov) = {A> 00 pi(f. A w) < i (f A v)}

associated to 1) The following result generalizes [4, Lem. 4.3]. Its proof follows the
same line of that of |20, Claim 5] and is thus omitted.
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Lemma 5.12 (Monotonicity of p(f, A, v)). If f € L'(R"), then

:ul_{(vahV) S:u}_{(vahy) S:u[}(va%V) SM}(faA%V)

for all Ay > Ay > 0. Consequently, A — pL(f,\,v) are two decreasing functions whose
sets of discontinuity points contain J*(f,v). In particular, J*(f,v) is a countable set.

As a consequence, we get the following result, generalizing |4, Th. 4.4].

Theorem 5.13 (Uniqueness outside the jump set). Let (Rad)), (Nts]), (Nint) and (Dec,))
with ¢ = 1 be in force. If E C R" is a bounded convex set, then Sol™ (xp, A, v) = {xu,}
for all A € (0, +00) \ J¥(x&,v), where Uy € M,, is such that Uy C E.

Proof. Fix A € (0,400) \ J*(xg,v). By Proposition , Sol* (xg,\,v) # 0. Since E is
convex, the conclusion follows by Theorem as in the proof of [4, Th. 4.4]. O

6. FIDELITY ANALYSIS

In this section, we study the behavior of the solutions of the functional and geometric
K-variation denoising models with respect to the fidelity parameter. Here we let

v =ess-infw, 7T = ess-supw, (6.1)
R R™

for any given v = w.Z" € W(R") and notice that 0 < v <7 < 400 by (3.1)).

6.1. High fidelity. The following result generalizes [4, Th. 4.5].

Theorem 6.1 (High fidelity for C'! regular sets). Let (Rad)), (Nts), (Nint), (Pos)
and with ¢ = 1 be in force. If E C R"™ is an open set of class CY' with
min{|E|, |E¢|} < o0, then there exists Agr, > 0, depending on E, K and v only,
such that GSol™ (E,\,v) = {E} and GSol* (E¢,A,v) = {E°} for A > Ap .

To prove Theorem [6.1], we start with the case E is a ball, generalizing [4, Lem. 4.13].

Proposition 6.2 (High fidelity for balls). Let (Rad]), (Nts), (Nint) and (Dec,)) with
q = 1 be in force. If v € R and r > 0, then GSol®(B,(z),A,v) = {B.(x)} and
GSol"(B.(x)°,\,v) = {B,(x)°} for A > Ay, = 22K,

Z‘Brl

Proof. Fix x € R™ and » > 0. By Corollary m GSol*(B,(x),A,v) # 0, so pick
U € GSol®(B,(z),A,v). By Lemma 5.8, U C B,(z) and thus BIVI(2) C B,(x), where
BWY(x) = 2 + BYI (recall (2.19) for the latter symbol), so that

U A By ()] = |B()| = [U| = | B ()| = |BI(2)]. (6.2)
Therefore, by Theorem (2.10) and (6.2)), we can estimate
Pi(Br(x)) > P (U) + Av(U A Bo(x)) = P(BY)) + Ax [U A By ()]

6.3
— Pic(BV(@)) + Av (B (2)| - [BV (@)]). o
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Now, for Ay > 2PxBa)) _ 2Px(Br) 4nq | BIUI(z)| < | B,(x)|, we can estimate

1B, (@) |B,]
B, (2)? — [BY(2)[?
| Br ()] + [ BVl ()]

Pr(B (@) + A (|B,(2)] = [BY(2)]) = Pr(B"I(x)) + Av

B, (@) — [BY(z)|?

> PK(BWI(;U)) + Av 2B, () (6.4)

> Pr(BY(2)) + W (1B, (x)]* = | BVI(2) ).
By Lemma [2.25 we must have

Pr(BYl(z)) + W (1B ()] = [BY(@)[*) > Px(B.(x)) (6.5)
and thus, by combining , and , we get that
Pa(B,(a)) > Pac B (0)) + T (1B 0 - [BY0)P) 2 PutBi (o)

whenever |BIV(z)| < |B,(x)|. This is clearly a contradiction, so |BIVI(z)| = | B,(x)]|, from
which U = B,(x). The conclusion hence follows from Proposition O

Remark 6.3 (On the constant A, g, ). By (Nts|), one can apply (2.14]) to B, and get

2 B, 1
AT,KV:%(()S@VTZ)/ (1A |z]) K(2)dz < +o0 for r > 0.

= v|B,| r) vJr
In the case of the fractional perimeter Py (see [4] for the definition), Py(B,) = P(By) r" %,
so Nk, = % as in |4, Lem. 4.13] (up to multiplicative constants). However, the

proof of Proposition [6.2] differs from the one of [4, Lem. 4.13], since Pk does not enjoy any
scaling property, explaining while here we relied on Lemma[2.25] Also note that we do not
need the characterization of equality in Theorem [2.19] again differently from [4, Lem. 4.3]

Proof of Theorem[6.1. Since OF is of class C*!, we find 9 = ro(F) > 0 and two countable
families Fip, = {Bs, (xr) s xp € E, s > 1o} and Feyr = { By, (yx) : yx € E°, 1, > ro} with

Bsk($k> CEC Btk(yk)ca U Bsk<xk) = E? m Btk(yk)c =F. (66)
keN keN
We hence define 2P (B,.)
AE,K,Z/ = 2K\ Pro) (67)
B v|B,,|

and note that Ap g, < 400 by (Nts) as in Remark [6.3] Let A > Ap x, and note that
GSol" (By,(wr), A, v) = {Bs,(x1)},  GSol"(By (y)*, A, v) = {By (yn)},  (6.8)

for all k € N, thanks to Proposition[6.2] Since either |E| or | E| is finite, by Proposition 5.9
we can find a minimal and a maximal solution Ey, Ef € GSol"™(E,A,v) which are
uniquely determined up to Z"-negligible sets. Moreover, since either |E| < +oo or
|E¢| < 400, and OF is of class CV!, either F or E° is bounded, so that Pk (F) < +o0
because of (2.7), being either xp € BV(R") or xp- € BV(R"). Hence, Theorem [5.10} in
combination with and , implies that

B, (zx) C Ex C Ef C By, (yx)° (6.9)
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for all £ € N. By and we get E C By C Ef C F up to £"-negligible sets. [

Definition 6.4 (Function with C%! regular superlevel sets). A function f has uniformly
CUY regular superlevel sets if there exists roy = ro(f) > 0 such that, for each ¢t € R,
Ey ={f > t}, we can find two countable families .F,(t) = {Bs, (vx) : T € Ey, Sp > 10},
tg;ext(t) = {Btk (yk) C Uk € Etcﬂ tk Z rO}a such that

Bsk(xk> C Et C Btk(yk)c, U Bsk<l'k) = Et7 m Btk(yk)c = E
keN keN

If f € L'(R") has uniformly C'! regular (and thus open, in particular) superlevel sets
E, ={f >t}, t € R, then either E; or (E;)° is bounded for ¢ # 0.

The following result generalizes |4, Th. 4.16] and can be seen as a non-local counterpart
of |20, Th. 5.6], which is instead proved via a calibration argument. We omit its proof.

Corollary 6.5 (High fidelity for regular L' functions). Let (Pos)), (Rad]), (Nts]), (Nint))
and (Dec)) with ¢ =1 be in force. If f € L*(R™) is as in Definition then there exists
As i, >0, depending on f, K and v only, such that Sol™ (f,A,v) = {f} for A > Ajk,.

6.2. Low fidelity. The following result generalizes |4, Th. 4.18].

Theorem 6.6 (Low fidelity). Let (Rad)), (Nts), (Nint), (Dec,)) with ¢ = 1 and (Doup))
be in force. Given R < %, there exists Ap xky > 0, depending on R, K and U only, such

that, if f € L*(R™) with supp f C Bg, then Sol™ (f, A,v) = {0} for A < Ag k.

Proof. Let A > 0. Since f € L'(R"), Sol®(f,A,v) # 0 by Proposition 4.2, so pick

u € Sol™(f, A, v). We claim that v = 0. Since u* € Sol* (f*, A, v) byProposition@EL

we can assume f > 0. By Proposition {u>t} € GSol™ ({f > t},A,v) for t > 0.

Since {f >t} C supp f C Bg for t > 0, by Lemma we also get {u >t} C By for

t > 0, so that suppu C Bg. Thus, by testing the minimality of v against v = 0, we get
[ul gy ey + Allu = fllorsr < Allfllov s

In addition, by Theorem [2.17, we have

Cklu]pyr@n) 2 ¢k (2[h], D) [u(- + h) = ul[ 1)
for h € R™ with |h| < %, where C'x > 0 depends on K only. On the other side, we have

2
lu(-+ k) = ullpreny = 2|ull2ry 2 = llullo s,y

for h € R™ with |h| > 2R. Therefore, for h € R"™ with |h| € {2R, %}, we get that

20 (2|h], D
20K D)y + Al = Pl sy < Al ot 509
VCK
and thus
290K(2|h|7D)
( ) Jullersnn < AL N — = Florone — [l < 0.
IJCK

The conclusion hence follows by choosing

2 2|h|, D 2 4R, D
Apxs=  sup 9012( |h], D) _ 9011( , D)
heBp /2\Bar vCk v Ok

€ (0, +00) (6.10)
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and the proof is complete. 0

Remark 6.7 (On the constant Ag k). The proof of Theorem [6.6] differs from the one
of [4, Th. 4.18], since we cannot directly rely on Corollary due to the implicit
function k. Nonetheless, in the fractional case, the definition in

2 o on|Bi| 1
Ars=—— | "rdr = L for R >0,
K, U Cg JRM\Byr i o s4sv Cy RS o
(note that, in this case, (Doup|) holds with D = +o00), which is the bound found in [4,
Th. 4.18] (up to multiplicative constants). However, the strategy of proof of |4, Th. 4.18]
can be adapted to Theorem via Corollary provided that (Dec,|) holds with ¢ €
[n,n + 1), with no need of assuming (Doup)) in this case.

6.3. (K,v)-Cheeger sets and fidelity. The following result refines Theorem if the
datum E is bounded and convex (and, possibly, calibrable).

Theorem 6.8 (Relation with fidelity). Let (Rad)), (Nts), (Nint)), (Dec,) with ¢ € [1,n+1)
and (Doup)|) with D = +oo be in force. If E C R™ is bounded and convex, with non-empty
interior, then:

(i) hico(E) = sup{A > 0: 0 € GSol" (E, A,v)} € (0, +00);
(ii) if A < hg,(E), then GSol™ (E,A,v) = {0};
(iii) if A = hg,(E), then GSol™ (E, A, v) = Cx.,(E) U {0} and so

Sol™ (xg, hk.(E),v)
= {u e BVE(R"[0,1)) : {u > t} € Cx,(E) U{0} for all t € [0,1)};
() if A > hg,(E) and the set E is (K, v)-calibrable, then GSol® (E,A,v) = {E}.

(6.11)

Proof. Since E is bounded and convex with non-empty interior, E is K-admissible by
(Nts)), so hi,(E) € (0,+00). Since E is convex, Px(U N E) < Pg(U) for U € M,, with
|U| < 400 by Theorem [2.29, Moreover, I/((U NE)A E) <v(UAE)forUeM,.

Hence 1} is equivalent to the following minimization problem
inf {Pi(U) = Av(U) : U € M,,, U C E}.

Let us set Ag(FE,v) =supsA > 0:0 € GSol™ (E, A, V)} Since E is bounded, Ay(E,v) €
[0, +00) by Corollary [5.5(i)| and Theorem [6.6 As in the proof of [4, Th. 4.21], we get
Ao(E,v) = hk,(FE), proving . Points |(i1)}, ((iii)} can be proved as in [4, Th. 4.21
and Th 4.22], so we leave the details to the reader. U
Remark 6.9 (Theorem [6.8) at small scales). If we only require that (Doup|) holds with

D < +o00 in Theorem , then we have to assume that F' C Bp/4 in order to ensure that
Ao(E,v) < +oo (recall Theorem [6.6). This yields a small-scale version of Theorem

Remark 6.10 (Theorem (6.8 under (Dec,|) for ¢ € [n,n + 1)). By Remark we can
drop (Doup)) in Theorem [6.8 (and in Remark if (Dec,) holds with ¢ € [n,n +1).
The following result is a consequence of Theorem [6.8] Remark and Proposition (3.6},

and refines Proposition and Theorem (applied to f = xp) in the case v = Z"
(also improving the constants given by Theorem and Corollary .
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Corollary 6.11 (Fidelity for balls). Let (Rad)), (Nts), (Nint) and (Dec}|) be in force. If
B is a (non-trivial) ball, then

{0} for A < PP

1B
GSol*(B,A) = <{0,B} for A=PtA),
{B}  for A> Pfff(f).
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