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Abstract

This compendium contains results used in the paper Tightness of Random Walks
in Infinite Dimensional Spaces and Manifolds [7], that are here collected for con-
venience of the reader.

Contents
1 Dposets,Nets
2 Continuous functions

3 Measures

4 Probability Theory
4.1 Narrow COnvergence . . . . . . . . . v v v v v v v v v v v v v u
4.1.1 Properties . . . . . . ... e e e
4.2 Tightness . . . . . . . e e e e e

*Scuola Normale Superiore, Pisa, Italy (andrea.mennucci@sns.it)

© o Ul s



1 Dposets,Nets

Definition 1.1 (dposet,net). A set € with a reflexive and transitive binary relation < is
called directed [6] if

Vi, 5, €2, I €T ,11 <13,7, <13

We will suppose that € also enjoys the antisymmetric properties, so that it is a
partially ordered set; see Remark 2B3 from [5], and references therein.

Suppose that (T, <) is a partially ordered set and is a directed set, then the following
are equivalent ':

* (2, <) has no maxima;
* (2, <) has no maximals;

Vi, €T, I €T , 11 <13, 1, < T3

A partially ordered directed set with no maxima will be abbreviated to dposet in the
following.
Functions f : ¥ — S whose domain is a dposet will be called nets.

A subset of T that is totally ordered by < is called a chain. Nets are a generalization
of sequences (since N is a dposet); the concept of subsequence is replaced by the concept
of subnet f Iz where € C 2 is cofinal:

Vre g, 3t € Tsuchthatt <7 . (1.1)

Most definitions and results that are valid for sequences can be reformulated for
nets. Let (S, 7g) be a Hausdorff topological space.

* Let f : T — S; we define that
lim f(r)=x€S
TeT

if for all A € 75 with x € A there exists 7 such that
vi>t , f(n)eA

* C C Sis closed iff for any net f : € — C converging to
lim f(r)=x€S
TeT

we have x € C.

* For f : T — R we define

limsup f(7) = inf sup f(7)
T€T t€T 1>

and symmetrically for lim inf.

1See 06V from [5].
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Remark 1.2. All of the above can be formulated for directed sets that have a maximum
T, but then it is quite trivial: lim,ce f(7) = f(f) and so on.

Remark 1.3. In [6] and other texts a net is a function f : ¥ — S whose domain is
a directed set. Since we will always assume that the topological space S is Hausdorff,
then all results in [6] that we will need are equally valid for this definition of net. Indeed
the family of neighbourhoods of a point x, € S is a dposet when ordered U < V <
UdV.

Some results are actually more intuitive with nets. The following theorem? is of
fundamental importance in topology (and in particular in connection with Prokhorov’s
Theorem, in the form presented in 4.13 later on).

Theorem 1.4. Let S be a Hausdorff topological space, K C S; the following are equiv-
alent.

* K is pre-compact’;

* for any dposet € and any net f : ¥ — S there is a converging subnet.

2 Continuous functions

Definition 2.1. For S a Hausdorf{f topological space and I C R an interval, let C(I; S)
be the set of continuous functions x : I — S. In the first part of the paper [7] we have
S = H, the separable Hilbert Space H, so:

* if I is not compact then C(I; S) is a Frechét space where the topology” is defined
by the seminorms

[f11,00 where [fl1e0 = StlélI) |f(Olu

and Iy are compact, Iy C Iiy1, U I = I

* whereas if I is compact then C(I;S) = Cy(I;S) is the usual Banach space with
norm

Iflleo = sup [f(Olx
tel

Note that in any case C(I;S) is separable. When instead in the second part of the
paper [7] we have S = M, a closed subset of H, then C(I; M) C C(I; H) so C(I; M) is
nonetheless a complete separable metric space.

Remark 2.2. Consider the restriction map
rp : C(RT;H) — C([0,T]; H) 2.1

given by rrf = f\[o 7 then the topology on C(R™*; H) is the initial topology with
respect to the maps rn’ and the Banach spaces C([0, n]; H).
Hence the following result can be applied, by setting W = C(R*; H), W,, = C([0, n]; H).

2Derived from Chapter 2 in [6].
3This means that the closure of K is compact
4The topology does not depend on the choice of the sequence I,,.



Theorem 2.3. Let W be a set and f : W — W, be separating functions where W,
are Hausdorff topological spaces; endow W with the initial topology. A set K C W is
compact if and only if

» for each n € N, r,,(K) is compact in W,

« the image P(K) of K under the product map

P:W—[Wh, x~ @O

is closed.

3 Measures

In the following S will be a Hausdorff topological space.

Definition 3.1. Let u : & — R be a finitely-additive function defined on an algebra
F containing the open sets.

u is regular ° if for each E € F and ¢ > 0, there exist F,G € ¥ with G CE C F,
F closed and G open and such that |u|(F \ G) < € where |u| is the total variation ° of u.

Definition 3.2. 7 Let F be the field generated by open sets; we call rba the vector
space of all 4 : & — R regular bounded finitely-additive functions.

Theorem 3.3.  Suppose that S is normal, then there is a linear isomorphism between
J € Cp(S)* and u €rda such that

Ve Cy(S) . J(f)=/fdu :
S

and this isomorphism preserves order.

Unfortunately there are different definitions of Radon measure. We use the defini-
tion from [8, 2, 1]

Definition 3.4. A Radon measure in S is a finite non negative measure y on the Borel
sets B(S) of S such that for each B € B(S) there exists a a compact set B C A such that
U(B\K) <e.

We recall that a Polish space is a space homeomorphic to a separable complete
metric space. If S is a Polish space, then each Borel finite measure is Radon (Theorem
3.1in [8], or Theorem 7.1.7 in [1]).

4 Probability Theory

In this section, for convenience of the reader, we recall some definitions and results in
Probability Theory from the literature.
Let (2, F,IP) be a probability space, S a Hausdorff topological space.

SDefinition 11 in Chapter III Section 5 in [4]
SDefinition 4 in Chapter III Section 1 in [4]
"Definition 1 in Chapter IV Section 6 in [4]
8Theorem 2 in Chapter IV Section 6 in [4]



A measurable function X : Rt X Q — S is called a process; for any fixed w € Q
the function
t— X(t,w) = ¥(w);

is called a path or a trajectory; if each path is continuous then ¥ : Q — C(R*;S) hence
the name random function. (Measurability issues are explained in [2], see in particular
Remark 3.1.3).

We recall the Kolmogoroff test (Theorem 3.3 in [3]).

Theorem 4.1. Let I = [0,T] Z = Z;,t € I be a process taking values in a complete
metric space (M, p) such that 3C > 0,8 > 0, > 0

vt,s eI, E[p(Z(t), Z(s))%] < C|t — s|**¢

then it has a version with paths Hélder continuous with an arbitrary exponent smaller
than ¢/6.

4.1 Narrow Convergence

In the following S will be a Hausdorff topological space.
In all of the following o € A, a dposet.

Definition 4.2 (Narrow Convergence ). Given a net of Borel measures u, 4 on S, we
will say that lim,e 4 o = ¢ narrowly if

Vi €Cys) . lim f F00) dutg () = f £60) du(x)
S S

The same definition can be stated when y,, u Erba.

Definition 4.3. If Z, Z are random variables taking values in S we will say thatlimg,e 4 Z, =
Z narrowly when limges 4o = p narrowly where uy = ZoyIP, 1t = ZyP, i.e. if

Vf € C(S) . lim E[f(Zo)] = E[f(2)]

Remark 4.4. In some texts ([2], [8]...) this convergence is called weak convergence, but
this may create confusion when S is a Hilbert space, where weak convergence usually
means: convergence of a sequence (x,), C H to x € H in the duality with continuous
linear functions:
Yv e H, lim{x,,v),, ={(x,V
lim (V) = (5, )y

(There is though an important connection, see Corollary 3.8.5 in [2]). In other texts it
is called distributional convergence, but this may cause confusion with the Schwartz
distributions. The term narrow seems to have originated in Bourbaki’s texts.

We recall this fact from Probability Theory.

Theorem 4.5 (Alexandrov Theorem). Suppose that S is a Polish space. Let u.,u be
probability measures on S; then these are equivalent

* narrow convergence of fiq to ii;

limsup po(F) < pu(F)

aeA

for all closed sets F C S;



liminf u,(A) > u(A)
acA
for all open sets F C S.

Proof. By Prop. 3.1 in [8], then u,,u are t-smooth; so we can apply Alexandrov’s
Theorem in the form in Theorem 3.5 in [8]. O

This can be applied to nets of r.v. Z,,Z : Q — S, as explained in Definition 4.3.
Some implications in the above Theorem hold also in a more general context (as
can be seen by reading the proof of Theorem 3.5 in [8]); as in this proposition.

Proposition 4.6. Suppose that S is normal; suppose that u, — u narrowly, where
HUqs M are in rba; then

lim sup g (F) < u(F)
acA

for all closed sets F C S;

liminf u,(A) > u(A)
acA
for all open sets F C S.

Proof. Since S is normal then Urysohn’s Lemma holds in S. Given C C A C S where
C is closed and A open, there exists a continuous function f : S — [0, 1] such that

le<f<ly 4.1)

so
lim sup u,(C) < /fdu < limsup p,(A) 4.2)
¢4 [e4

and then in particular
limsup 1 (C) < u(A)
(¢4

u(C) < limsup pg(A)
a

using the fact that u is regular then we conclude.
O

(Note that this is a fundamental step in the proof the Riesz—Markov representation
theorem [9]).

4.1.1 Properties

Lemma 4.7. If u, — p narrowly, if f : S — R is continuous and u-integrable and
lim supf |fldug =0 (4.3)
koo a Jifizr

then

lim fs f dutg) = /S £ dux)



(The proof is the same as Lemma 3.8.7 from [2], where though it is stated for se-
quences and not nets).

We assume that S is a Polish space; so as consequence of Alexandrov’s theorem °
we state.

Lemma 4.8. If u, — w narrowly, if f : S - R is lower semi continuous and non
negative, and

ffd,u=Le [0, 0]
S

then
liminf/fd,un >L
@ Js

Corollary 4.9. If u, — w narrowly, if f : S — R is continuous and if there is € > 0
such that

[o4

$ = sup / LI dutg < o0
S

then

/ F*edu<s
S

lim f FOO i) = f FGO dutx)
S S

and

Proof. We check that (4.3) is satisfied. Setting

ValA) = / 1] du
A

then
f|f|1+€d/«¢a=f|tl”gdva
S R
and
[ if1due =vaei > 8y
[fI=R
so by Markov inequality

t 1+¢ dv
[ i< B2 <
IFI=R

We have that fyu, — fyu narrowly, so by the hypothesis and the previous Lemma

n—oo

SZliminff|f|1+Edua :liminff [t df grag > / [¢|*edfgu = f|f|1+5d/,t
s n=ee Jr R S

in particular f is p-integrable. So we can apply the previous Lemma 4.7 O

9See note at Theorem 3.5 in [8].



Theorem 4.10. '° Let py, p, € [1,0), p; < p,. Suppose that Z,,Z : Q — H are
random variables taking values in a Hilbert separable space H, such that Z, — Z
narrowly and that
sup B[ Ze 7] < 0o ;
(o4

then
hrnIE[IIZaII {1 =E[|Z|F]

Proof. Lete = p, — p1; set Yy = || Zgllg, Y = |IZ]|5, then uy = aylo =Y ylP and
fiR =R, f(6) =t
SO
ENZA1 = [ S0 du BNZIG = [ F0dus
and apply the previous results. O
Theorem 4.11. Let again
rp . C(RT;H) — C([0,T]; H) (asin (2.1))

be the restriction map. Let W = C(R*; H), W,, = C([0, n]; H) for simplicity. Suppose
Hq» M are Radon probability measures on W, these are equivalent:

* limyeq po = p narrowly in W,
» foreachn € N, limgey Tngha = gt narrowly in W, .

Proof. One implication is trivial. We prove that the second clause implies the first. The
balls (fore > 0, f € W},)

BYn(f,e)={g:€ W, : [f — &liol,c0 <}

are a base for the topology in W"; since each f, g can be extended constantly, we can
say that
{geW  [f—glon)e <& fore>0,feW,neN

are a base for the topology in W. Since W is separable, let f}; a countable dense se-
quence, then

B(kmn) {geW [fk — &lion],0 <1/m} forn,m,k €N

is a countable base.
For each A C W open there are sequences kj, m;, n;

A= U B(kj, mj, n;)
let

A= U B(kj, mj, n;)

10This seems a standard result, but we could not find a reference for it.



then there are B; € W, open such that
Ay =15,(B)

with N; = max < nj. We eventually write

lim inf p1o(A) 2 lim inf o (Ay) = lim infry, 1o (By) 2 1, pu(By) = p(Ar)

and then pass to the limit on RHS. We conclude by Alexandrov’s Theorem 4.5. O

4.2 Tightness
Let S be a Hausdorff topological space.

Definition 4.12. Let M be a family of Radon measures. It is called!! tight if for every
€ > 0 there is a compact set K C S such that

YueM, u(S\K)<e

Note that any finite family is tight, by 3.4; and if some families M, ... M, are tight
then U;'le M is tight.

We endow the family R(S) of all Radon probabilities on S with the weak topol-
ogy induced by the duality with Cp(S;R); for coherence with the above, we call this
topology narrow topology.

In this case the following version of Prokhorov’s Theorem holds (here expressed in
the form of Theorem 3.6 in [8]).

Theorem 4.13 (Prokhorov’s Theorem). Let M C R(S).

1. If S is a completely regular Hausdorff topological space and M is tight then it is
pre-compact in the narrow topology.

2. If S is a Polish space and M is pre-compact in the narrow topology then M is
tight.

We agree on this (non standard) definition.

Definition 4.14. Let € be a dposet.
Let i, be a net of Radon measures on S: it is tight if Ve > 0 there is a compact set
C C S such that
limsupu (S\C) <e¢

T€ET
Let X7 a net of r.v. taking values in S, for 7 € Z: it is tight if the net of laws
Ur = &'EIP is tight, namely Ve > 0 there is a compact set C C S such that

limsupP(X* ¢ C) <¢

TeT
Definition 4.15. For f : € — R(S) we define the narrow limit points L C S by
L={f@: <7 . (4.4)
teg

where “closure” is in the narrow topology of R(S).

n Definition 3.8.3 from [2] it is called uniformly tight.



Theorem 4.16. Let S be a Polish space, let T be a dposet, let 1y, o € T be a tight net
of Radon probabilities on S: then it has a narrowly converging subnet; in particular
the set of narrow limit points is not empty.

Proof. A possible proof can be obtained by adapting the proof of Theorem 3.6 in [8];
we present a slightly different proof.
If w is a finite signed Borel measure let J, € Cp,(S)* be given

Jy Cp(S) - R Ju(f) = lfd'uﬂ
and recall that such functionals are bounded

M (Ol < el fll o

where ||u|| is the total variation norm.

By Banach-Alaoglu Theorem and Theorem 1.4, the netJ,,  admits a subnet T weakly
converging to J € Cp(S)*; obviously J is positive.

By Theorem 3.3 there exists v : F — R in rba, where F is the algebra generated
by open sets, such that J can be represented as J,,; moreover since J is positive then v
is positive; and obviously J(1) = 1 = v(S) . By the generalization 4.6 of Alexandroff
Theorem, for any open set A,

v(A) < liminfvg(A)
peT

and by hypothesis Vn > 1 there is a compact set C,, C S such that

limsupvg(S\ Cy) < 1/n

BeZ

S0
WS\ C,) <1/n

hence by Theorem 3.2 in [8] there is an unique extension of v to a Radon measure; and
again by Alexandroff Theorem we have that v is the narrow limit of the subsequence.
(See Corollary 3 of Theorem 3.5 in [8])

O

Corollary 4.17. If S is a Polish space and if X% a tight net of r.v. taking values in S, for
T € ; then the net of laws LfglP admits narrowly converging subnets.

10
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