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Abstract

In this paper we study random walks X"; these are processes taking values in
C(R*;S), where Rt = [0,00). These random walks are defined at discrete times
teT={to=0<t <tz...} and then interpolated for ¢ between ¢;, t;+1.

The main objective is to prove tightness for the family of all X"; by Prokhorov’s
Theorem, this implies that the sequence has limit points that are random functions in
C(R*;9).

We will provide results in three cases: S = H a (possibly infinite dimensional)
separable Hilbert Space; S a manifold embedded in H; and then the particular case
when S is the Stiefel Manifold.

These results are motivated by problems in Probability Theory and in Shape Theory,
and in particular some models of manifolds of planar immersed curves.
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1 Introduction

Let H be a separable Hilbert space, M a manifold embedded in H, possibly infinite
dimensional. Let S = H or S = M.

In this paper we study random walks X7; these are processes, i.e. random functions,
taking values in the Frechét space C(R*; S), where R* = [0, 00).

These random walks are defined at discrete timest € 7 = {t;p =0 < t; < t2...} and
then interpolated for ¢ between ¢;,¢;41.
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Tightness of Random Walks

The main objective is to prove tightness for the family of all X7; by Prokhorov’s
Theorem, this implies that the sequence has limit points (in the narrow sense) that are
random functions in C(RT; S).

We will provide results in three cases: S = H in Section 5, S = M in Section 6 and
then the particular case when S is the Stiefel Manifold in Section 7.

These results are motivated by problems in Probability Theory (in particular Stochastic
Processes in manifolds) and in Shape Theory, that are detailed in Section 2. We
are particularly concerned by the infinite dimensional case, since, as discussed in
Section 2.2.3, in this case many standard methods cannot be applied.

We will use some definition and results from Probability Theory; since there may
be ambiguity in some definitions, and some results are not easily found in the needed
generality, then we have written a compendium in [18]; it is available as supplemental
material.

1.1 Random walk

Here we briefly define the random walks X] that we will study (more details will be
in Section 3.4).
Let R* = [0,00); let H, U be separable Hilbert spaces. Let

T:{t0:0<t1<t2...}CQ

We will need a source of random noise: for ¢t € R, a family of i.i.d. r.v. Y; taking values
in U, each with law ~. We will need a Borel map

D = D(z,v,t,s): HxU x (RY)? = H

continuous in s and such that D(z,v,t,0) = « . We fix XJ = X, a random variable, and
we define recursively

Xosny =X0 +D(X7, Vi, ta, (a1 — 1)) (1.1)
Then we interpolate using

for ¢, <t < t(,41); so each trajectory ¢t — X] (w, t) is continuous; hence each X" isa r.v.
taking value in C(R*; H), the Frechét space of continuous functions z : R™ — H.

Since U is used only in the second argument of D, and H, U are isomorphic, we can
decide that H = U with no loss of generality.
2 Motivation

2.1 Wiener Process, Donsker’s Theorem

We recall this standard result.

Theorem 2.1. LetY;,Y5,Ys,... be a sequence of i.i.d. real random variables with mean
0 and variance 1. Let
n
5=
i=1

We rescale and extend the process to continuous time t € [0, 1]. Define

Wr(t) = jﬁ t=j/n
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Tightness of Random Walks

and then linearly interpolate

4 sYs
Wn(t):(l_ )i_~_ SJ+1_SJ+3]

e T T @D

forj/m <t <(j+1)/n and
t=0-s)j/n+s(G+1)/n ie s=nt—j ;

so W™ is a random variable taking values in C([0,1]). Then sequence of random function
(W™),, converges narrowly to a random function W on C([0,1]), as n — oo; this W is the
standard Wiener Process.!

Theorem 9.1 in [5] uses the above as a method to define Wiener Process; by
Kolmogoroff Theorem, W has a version where almost all paths are continuous. Other
sources call the above result Donsker’s Theorem. The proof may be found in Theorem 9.1 2
in [5]; the proof is obtained in two steps:

1. show that the family W™ is tight: by Prokhorov’s theorem 3, then it admits narrow
limits in C(]0, 1]) as n — oo;

2. show that there is an unique narrow limit W: by a standard argument this implies
that W™ — W narrowly. Indeed it is easy to argue that any narrow limit W has
independent increments and the law of W; — W is N(0,t— s) (by CLT): this uniquely
identifies the Wiener Process.

The above construction of W™ in Theorem 2.1 is a special case of the random walk
X7 where 7 = {i/n:j € N}, Xo =0, H =R and D(z,v,t,s) = /s v. (There is a slightly
different interpolation method: cf 2.2).

So we can imagine a form of Donsker’s theorem, for random walks with variable time
step and taking value in infinite dimensional Hilbert spaces, or manifolds; to be proven
in this way:

1. show that the family X7 is tight;
2. show that there is an unique the narrow limit X: by a standard argument this
implies that X™ — X narrowly.

Hence one purpose of this paper is to provide a tool for the first step: this is Theorem 5.5.

Remark 2.2. If we would like to apply the linear interpolation (used in (2.1)) to our
random walk then we would replace (1.2) with

X{ =sX, +(1—=5)X]

where s € [0, 1] satisfies

t=tpt18+tu(l —s)
that is

t—1,
§=——

tn+1 - tn
We prefer the former (1.2) since it provides some technical simplifications: see Remark 3.13.
Conversely, if we set H =R, Xy = 0 and D(z,v,t,s) = y/sv — x then, to be able to state

that X7 = W"(t), we should define the interpolation as

S +/5Y;
N

and this is not the definition in [5]. Note that this interpolation (2.2) has the benefit that

Wn(t) ~ N(0,t).

! Wiener Process is also known as Brownian Motion in some texts, as [16] or Chapter 12 in [7].
2Theorem 9.1 uses the linear approximations
3See Theorem 4.13 in [18].

W™ (t) = (2.2)
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At the same time, the results in this paper are valid for different interpolations. We
add an important remark.

Proposition 2.3. There is no choice of common probability space where to define Y; and
W, and such that the approximating terms W™ defined above in (2.1) would converge to
W in probability.

(The proof is in Appendix B).

2.2 Manifolds

2.2.1 Finite Dimensional Manifolds

The theory of Stochastic Differential Equations in finite dimensional Riemannian Manifolds
M is well developed; see e.g. [16]. In particular, there are multiple equivalent definitions
of Brownian Motion; each based on different principles,

 stochastic differential equations in local charts,
¢ development of euclidean Brownian Motion (Example 2.6.8 in [16]),
¢ the heat equation and its transition probabilities;

but all leading to the same ultimate definition: see Proposition 3.2.1 in [16].
We define this concept as in Section 4.2 in [16].

Definition 2.4 (Stochastic completeness). Consider a non-compact connected manifold
M, and let co be the point added by the Alexandroff compactification (the one-point
topological compactification). For any continuous path z : RT — M U {oo} let

e=e(x)=sup{t >0:Vs,0<s<tx(s) e M} =sup{t >0:x(t) € M}

be the first time t such that x(t) = oo; we agree that x(s) = co for s > e. Suppose that
X; is Brownian Motion, whose paths are continuous in M U {co}. A manifold is called
stochastically complete if e(X;) is infinite almost surely:

P{e(X;) =0} =1

A thorough discussion of this problematic may be found in [14]. There is an important
problem: even if the manifold is complete, it may fail to be stochastically complete. ([14]
attributes the first such example to [1]).

There are many properties of M that ensure that the manifold is stochastically
complete, such as as: volume growth of geodesic balls, isoperimetric inequalities,
conservation of mass in the heat equation, curvature bounds, etc.; see [14]. (Indeed our
Theorem 6.3 requires a kind of curvature bound).

2.2.2 Radial process

For X a process taking values in M and with continuous paths, the radial process is
’I“x(t) = d(ﬂ?o,xt)

where zy € M is a fixed point and we agree that d(z¢,o0) = +oco. The radial process
satisfies an SDE, and its evolution can be bounded by bounds on the curvature (see
Section 3.5 in [16]); since

{e(%,) >T} ={Vs €[0,T] : rx(t) < o0}

this can be used to prove stochastic completeness.
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Proposition 2.5. Let xg € M be a fixed point. Stochastic completeness is equivalent to
Ve > 0,YT > 0,3R > 0 such that P{3t € [0,T],d(xo, %) > R} <& . (2.3)

Since (by Hopf~-Rinow theorem) a closed set is compact iff it is bounded, then (2.3) is
equivalent to tightness, in this sense

Ve > 0,¥T > 0,3C C M compact, such that P{3t € [0,7],X; ¢ C} <e . (2.4)

2.2.3 Infinite Dimensional Manifolds

When the Riemannian Manifold M is infinite dimensional, though, we immediately
identify some obstacles.

¢ When the manifold M has dimension N, we have an important property: each
tangent space 7, M is isomorphic to RY; hence there is a canonical choice of
Gaussian measure N (0, 1) on each one. This is, in a sense, the “white noise” that is
driving the Brownian Motion.

When the manifold M is modeled on a infinite dimensional Hilbert Space H then
there is no Gaussian measure in H that is rotationally invariant (actually, rotations
of a Gaussian measure N (0, Q) tend to be mutually singular, as explained in [6]).
So we will need to decide what “white noise” we will use.

e While the heat equation can be defined in H, an approach using this tool would
have to deal with some technical difficulties; for example, the heat equation is not
Feller, that is, it does not regularizes the initial data.

Moreover, usually the transition probabilities of the heat kernel are used; these
transition probabilities are expressed as densities with respect to the volume form;
but an infinite dimensional Riemannian Manifold does not have a volume form that
may be used as a reference measure.

* The Hopf-Rinow theorem is false, closed bounded sets are not necessarily compact.

* The one point compactification is not useful, since any non-empty open set contains
a sequence such that x,, — oo

* The radial process is not useful, since there may be examples of complete Riemannian
Manifolds where the trajectories of the Brownian Motion are bounded, but each of
them would have X; — oo in finite time. (A key point to build such an example may
be [3]).

Prokhorov’s theorem, on the other end, is valid in any separable metric space
(regardless of “dimension”): so a concept of tightness similar to (2.4) will be the key
element for Theorem 6.3.

2.3 Stiefel Manifolds

The results in this paper will be valid when M is a Stiefel Manifold.

Classically, the Stiefel manifold St(p, R™) is defined as the set of all frames composed
of p orthonormal vectors in R” (with 1 < p < n); those frames are represented as
n X p matrices. Geodesics in Stiefel manifolds St(p, R™) are known to have closed form
solutions as demonstrated by Edelman et al. [12] in Section 2.2.2 .# This property
extends to infinite dimensional manifolds, as will be explained in Section 7.3.1.

Letp > 1 and let V be a Hilbert space with dim (V') > 2p (possibly infinite dimensional).
Let H = VP, we write

zre€H |, z=(x1,...7p)

4[12] credits a personal communication by R. Lippert for the final closed form formula (7.3).
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and

]l =

P
> llilly
i=1

as usual (and similarly for scalar products). By analogy to the finite dimensional space,
we will call columns the p vectors x; that compose x. We define

i H—=V | me)=x; .
Definition 2.6. We define St(p, V) as the manifold of z € H such that
(zi,x5)v = 0ij
and St(p, V) is an embedded manifold in H of codimension p(p + 1)/2.

The sphere is the special case St(1, V). The geometry of Stiefel Manifolds is pretty
well understood [12, 15]. See Section 7.3.1 for details.

2.4 Shape Theory, Curves

“Shapes” appear in two broad categories of applications:

* shape optimization, where we want to find the best shape according to a criterion;

* shape analysis, where we study families of shapes for purposes of statistics,
(automatic) cataloging, probabilistic modeling, etc.

Shape theory is central in computer vision because shapes partially characterize
objects in images. We focus on the specific case where shapes are represented
by smoothly immersed planar curves; this is a widely studied subject, see [17] and
references therein. In this case, it should be noted that the shape space classically
used in shape optimization is more precisely identified as the space of embedded curves,
up to a choice of parameterization, whereas in shape analysis the space is usually
identified as the space of embedded curves, up to rotation, translation, scaling and
reparameterization. We will not address this issue in this paper.

There are various reasons why it is useful to model the space of curves as a
Riemannian manifold.

* In the past methods for shape optimization were devised that would find the
solution by using appropriate gradient flows. Calling the minimizing flows gradient
flows, however, implies a certain Riemannian metric on the space of curves.

* Modeling the space of curves as a Riemannian manifold has also obvious benefits
in shape analysis: indeed the distance between curves can be used for clustering,
the geodesic can be used to define the average of two shapes, and so on.

We concentrate on two models of “Riemannian manifolds of curves”, where we
disregard translation and scaling.

+ A model for open immersed curves c : [0,1] — R?; using a transformation known
as square-root velocity representation” the Riemannian Manifold is isometric to a
subset of the unit sphere in V = L2([0, 1]); see [20].

+ Amodel for closed immersed curves c : S' — R?; using an appropriate transformation

the Riemannian Manifold is isometric to a subset of the Stiefel Manifold St(V, 2);
see [25, 24, 21].
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Figure 1: Stocastic minimization of curve-based segmentation energy, from [10]. At
the left pane, three curves: the blue curve is the best result so far; in green and red,
stochastic steps. In center pane, the current examined region for segmentation. In the
right pane: the image to be segmented, with curves superimposed.

Since the sphere in the first model is the special case St(1,V’), we are in both cases
interested in infinite dimensional Stiefel Manifolds. In both cases, the space of smooth
immersions is completed to a larger space of absolutely continuous curves, so that the
“shape space” is now St(p, V).

Since stochastic methods play an important role in applications, we are then lead to
investigate them in St(p, V'). In particular, in [10] a stochastic minimization method was
developed to seek numerically global minima for a task of image segmentation; curves
would stochastically evolve by a scheme resembling the “random walk on manifold”
presented later in Section 6; a pruning method (inspired by simulated annealing) would
drive the random walk towards a global minimum: see Figure 1. In [21] a stochastic
method was developed in St(2,V), similar to the classical Kalman filtering, to track a
moving object.

A question remained open: could the numerical methods in [10] and in [21] be
explained as a space and time discretization of an (yet to be understood) infinite
dimensional stochastic method in St(2,V)? Space discretization would not pose a
problem, since it can be argued that St(p, V') can be approximated by St(p, R") for N
large (using e.g. Fourier series). There remain thus this question: does a discrete time
random walk in St(p, V') somehow approximate a time continuous stochastic process in
St(p,V)? More in general: how can we define probabilities and stochastic methods in
St(p,V)? Some positive and negative results were found in [2]. In this paper we will
eventually provide a positive result in Theorem 7.3: the discrete time random walk on
St(p, V') can indeed converge to a time continuous process, when the time partition gets
finer and finer. In the spirit of the Donsker’s Theorem, this is a first step to an operative
definition of “Brownian Motion” on St(p, V). In this paper we will not prove that there is
an unique possible limit, neither will we characterize its property: this is left for a future
paper. Eventually all of the above will provide a sound foundation for methods such as
the ones in [10] and in [21].
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3 Definitions

Let H be a separable Hilbert space. We agree that variables n,m, h, k,,j,[ are
natural numbers. We will use the theory of “nets”; in this paper a net is a function whose
domain is a partially ordered directed set with no maxima (abbreviated to “dposet” in
the following): see [18] for details and properties.

3.1 Measures

Definition 3.1. Given measurable spaces (X1,;) and (X», %), a measurable mapping
f: X1 — X, and a measure p: X; — [0, +0o0], the push forward of p is defined to be the
measure fyu : Xg — [0, +00] given by

fin(B) = p (f~1(B)) forall B € %,

The push forward measure is denoted also as fyu, o f~1, or f#/u.

Definition 3.2 (Law a.k.a. Distribution). If (Q, F7,P) is a probability space and Y : Q —
X, is arv. and -y is a probability measure on (Xo, X5), we will write

Y ~v when y=%P |,
we will say that v is the law or the distribution of Y; similarly for Y, Z : Q — X,

Y ~Z when Y;P = ZP

We will use the narrow convergence. °

Definition 3.3 (Narrow Convergence ). Let .S be a Hausdorff topological space. Given a
net of Radon measures i, it on S, for a € A a dposet, we will say that 1, — ;1 narrowly
if
VFECS) | tim [ f@)dpa(e) = [ Fo)duta)
@ Js s

We agree on this (non standard) definition.

Definition 3.4. Let T be a dposet, and S be a Hausdorff topological space. Let . be a
net of Radon measures on S: it is tight if Ve > 0 there is a compact set C' C S such that

limsup i, (S\C) <e
TET

Let X" a net of r.v. taking values in S, for 7 € T: it is tight if the net of laws pu, = XiPis
tight.

3.2 Probability setting

Hypotheses 3.5. We fix a constant ¢; > 0 that will be used to bound temporal finess
and a constant c3 > 0 that will be used to control exponential decay. &
We will use a Borel measure « on H satisfying:

/ \|J;||4e403c‘”’”” dy(ac) < 00
H

e v is centered

wamzo;

50ther text call this convergence in distribution or weak convergence.
5The constants c3, c; will appear again in subsequent hypotheses.
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» There is 7 a linear compact symmetric injective operator K : H — H such that
~(K(H)) =1 and

/ 15 dy(z) < oo
H

All the above hold true when v = N(0, Q) a Gaussian measure (as defined in next
section): see Proposition 3.6 and Remark 5.2.

Let v be such a probability on H. We need a Probability Space, so that we have i.i.d.
rv. Y; : Q — H each with distribution YyIP = v, for ¢ € Q; to this end we may set

Q= XteqH , F , P =®ieqy ;
where F is the o-algebra generated by null sets of P and by B({2), the Borel c-algebra.

Proposition 3.6. For any c € [0,4cs3), a € [0, 4] there is a constant ¢ = ¢(a, ¢, ¢) > 0 such
that for all § € [0,¢],

E[g(o[|Y: D] < &6

where g(s) = s*e®®. (The proof is in Section B )

3.3 Gaussian measures

Let H be a separable Hilbert space.

Definition 3.7. Suppose that ¢« € H and Q : H — H is a linear symmetric trace-
class operator such that the quadratic form (z, Qz)y is non negative. We recall that
v = N(a,Q) is a Gaussian measure in the Hilbert space H when the characteristic
function (or Fourier transform) is

vret . [ @ arw —ew (itaf) - 5. Qan )

(Theorem 2.3.1 in [6]; Section 1.5 in [9]). The mean and variance are characterized by

(f,a) = /H (f.z) dy(z) 3.1)

(f.Qa)u = /H (fx— a) {g,x — a) dy(z) (3.2)

for all f,g € H. In particular v is called centered when a = 0 and non-degenerate when
the variance has empty kernel.

The proposition 3.6 is true for Gaussian Measures.

Proposition 3.8. Letc > 0,« > 0 and let g(s) = s“e®®, suppose Y ~ N(0, Q) then there
isac¢=¢é(a,c,Q,ct) > 0 such that for0 < ¢ < ¢

E[g(4[[Y])] < &5

(The proofis in Section B )

7The last two requests are loosely connected to what is explained in Example 3.8.13 in [6].
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3.4 Random walk

As aforementioned, in this paper a net is a function whose domain is a partially
ordered directed set with no maxima (abbreviated to “dposet”). We will use these
dposets.

Definition 3.9. We fix a constant ¢; > 0, the same constant as in Hypotheses 3.5.

1. Let
T={tr=0<t;1 <t2...} CQ

be such that

lim ¢, =oc0 Sup(tn—i-l - tn) <o
n—oo n

Let ¥ be the dposet of all such 7, ordered by inclusion.
2. Let T' > 0 we define T be the dposet of all 7 of the form

T:{t020<t1<t2<”_<tn:T}

with tg,t1,...t,—1 € Q and again maxi<;<,(t; —tj—1) < ¢;. (Note that we do not
require that 7' € Q ).

We will use ¥ for processes with ¢t € R™ = [0, 00); while we will use T for processes
with ¢ € [0, T]. We will actually define all processes as in the first case, for simplicity; but
then, up to restricting ¢ € [0, 7], we will study tightness using 7 € Tr.

Let H be a separable Hilbert space.

Definition 3.10. We will need a Borel map
D:H?*x (R")? = H

continuous in the last argument and such that D(z,v,t,0) =z .

Each random walk is a process X™ = (X7 );>¢ taking values in H.

We fix Xy a random variable taking values in H, independent of all Y;.

To define X7 we define auxiliary processes X, for n € IN; where we define X = Xy,
and we define recursively

X(TnJrl) = X’:; +D (X:z— 9 thn ) ty ) (tn+1 - tn)) (aS in (11),)
then we interpolate using

X] = X7+ D(X]

n

Yi, s tn, (t—1tn)) (asin (1.2))

for ¢, <t < tn41); SO each trajectory ¢ — X7 (w, t) is continuous; hence each X; isarv.
taking value in C(R"; H), the Frechét space of continuous functions z : R*™ — H with
Rt =10, 00).

Proposition 3.12 (Filtration). Let F; be the o-algebra generated by X, and by Y, for
s < t (augmented with the null sets of IP ). The process X fort, <t is F;-measurable.
The process X7 for s <t is F;-measurable.

Remark 3.13. The choice of interpolation (1.2) has a beneficial effect: suppose T is
positive but T ¢ 7; define 7 = (1 U{T}) N [0,7] so 7 € T, then

X=X W“<T

This means that, up to adding 7" to 7, we can consider any process defined above as a
process X] fort € [0,7] and 7 € Tr. (Note that we do not require that 7 € Q ).
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We recall that C(I; H) is a complete separable metric space; so when the topology
associated C'(I; H) is the narrow topology and the family is tight (as defined in Definition 3.4),
by Prokhorov’s theorem?® the set of limit points is not empty. When I = [0, 7] this can
also be explained using sequences.

Lemma 3.14. LetT > 0,1 =[0,T); let gqo =0,q; = T and

{QQ7 qs, - - } = (O7T) N Q
be an enumeration, let
en = {quQIa e 7qn}

then for n > 2 the sequence (6,,),, is cofinal in Tr. So the limit points

() (X 7<) (3.3)

TEXT
along Tr coincide with the limit points

() {X% : k> n} (3.4)

nelN

along the sequence (0,,),. Similarly limits, limsup, liminf, tightness, etc, can be defined
using that sequence (0,,),.-

A similar result does not hold for .

Proposition 3.15. There does not exist a cofinal sequence f : N — . (The proof is in
Appendix B).

3.5 Manifold

Suppose M is a manifold smoothly embedded in H; we consider it as a Riemannian
Manifold, since it inherits the scalar product from H. For z € M,v € T, M we denote by
exp, (v) the exponential map. We require that M be a closed subset, so it is geodetically
complete. We consider T, M as a linear subspace of H, not as its affine translation
containing . For x € M we define the orthogonal projection nr, 5 : H — T, M; note
that 77, as is symmetric that is 77,y = w}w v we will call P, = mp, y for simplicity.

3.5.1 Random walks on manifolds

In this case each random walk is a process X7 = (X]);>o taking values in M. We fix
X{ arandom variable taking values in M, independent of all Y;. We define recursively

X§ = X{ and
X(ng1) = eXpxr (V (tns1 — tn)Px:Y1,)
Then again we define X7 by interpolating along geodesics
x;— = eXng (\/ (t — t")PX;)/tn)

for ¢, <t <{(,41); and again ¢ — X7 is continuous. If, forz € M,y € H, we let

D(z,y,t,s) = exp, (VsPry) — (3.5)

then we obtain the same definition as in the previous section 3.4; so all comments and
results apply to this case as well. Note that, in the words of Section 2.2.3, P.Y; is the
source of “white noise” that we are using to drive the random walk. We will come back
to to manifolds in Section 6 and to Stiefel Manifolds in Section 7

8See the version of Prokhorov’s theorem in Theorem 4.16 in [18].
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4 Tightness by Ascoli-Arzela Theorem

In the following, for v : R — R, “monotonic” means monotonically weakly increasing
thatis s <t = ¥(s) < ¥(t).

Definition 4.1. Let I C R an interval, F a normed vector space, for x : I — E uniformly
continuous and n > 0 we define the modulus of continuity

wr,p(z,n) Esup{|lz(t) —z(s)||lp: t,s € L[t —s| <n} ;
note that wy g(z,-) is continuous, sub-additive, monotonic, and w; g(z,0) = 0.

We recall that a set is called pre-compact if its closure is compact. We will use this
version of Ascoli-Arzela Theorem. (Recall that if I is compact then C(I;5) = Cy(I; S))

Theorem 4.2. Suppose H is a Banach space. Let I C R be a compact interval. Let
F C C(I; H) be a family of continuous functions « : I — H . Consider these two clauses:

e there is J C I countable dense subset such that for each t € J there exists a
pre-compact set C; C H such thatVz € F,z(t) € Cy ;

lim sup wy g (z,n) =0
n—0zeF

The above two clauses hold if and only if F is pre-compact in C(I; H).
For probability theory we transform the above as follows.

Theorem 4.3. Suppose H is a Banach space. Let I = [0,T]. Suppose that X, : Q —
C(I; H) is a net of processes (with o € A) such that

* Ve > 0 there exists a countable set J = {ag,a1,...a;...} dense in I and compact
sets C; C H such that

Va Vi, P{X.(a;) ¢ C;} <277 (4.1)
* Veg >0, Ve; >0,3In > 0,3y € A such that
VacAa>a)=P{wrg(Xa,n) >eo} <e (4.2)
then the sequence X, is tight® in C(I; H).
Proof. Fixe > 0,e9 > 0,61 >0, let F C C(I; H) be the set of all x such that
Vj, x(a;) € Cj
and wy g (z,n) < 9. Then Va > ay we have
P(Xo ¢ F) <2+ . 0
Remark 4.4. The second hypothesis (4.2) may be reformulated as

Veo >0, lim limsup P {wpr (1, X, 7) > 50} = 0 (4.3)
n— «

since w is monotonic in 7.

9See Definition 3.4.
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5 Tightness of random walks

Let again H be a separable Hilbert space. The purpose of this section is to state and
prove the Theorem 5.5 on tightness of random walks in H.

5.1 Tightness operator

Let v be as defined in Hypotheses 3.5. We required in Hypotheses 3.5 that there
is K : H — H a linear symmetric compact injective operator such that v(K(H)) = 1,

equivalently
P(Y;e K(H))=1 WVt

Define now
DK(O,T) ={Kzx:zeH, ||z|| <r} =K(Bg(0,r)) =rK(Bu(0,1))
then

* they are pre-compact (this means that the closures DX (0,r) are compact), and

D" (0,n) = K(H)
o)
y (UDK(O,n)> =1 ;
¢ this means that Ve > 0 In such that

fy(DK(O,n)) >1—¢

Remark 5.1. Since H is a separable Hilbert space, then every probability measure on it
is Radon hence tight; the above gives us an accessible family of sets for tightness of .

Up to rescaling K we will assume that
Vwe H, [|[Kv|lu < |vlu

Remark 5.2. In general, for any Hilbert space H and Gaussian measure v = N(0, Q),
such operator K always exists.

5.2 Tightness Theorem
Definition 5.3. Given a linear continuous injective operator K : H — H we define

wt {||K1v||H if v € K(H) 5.0

v =
el if v ¢ K(H)
Similarly for scalar products, for v,w € K(H) we define
(v,w)g = (K 'v, K" w) g

Definition 5.4. Given Banach spaces B, By, we define £(B;; Bs) to be the space of
linear continuous operators A : By — Bs. If By = B, then we write £(Bj)

Theorem 5.5. Let I = [0,T]. Suppose that the random walks X™ : Q) — C(I; H) above
defined in Definition 3.10 satisfy
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1. thereisa K : H — H a linear compact operator satisfying the requisites in the
previous section and such that

E[]|Xoll%] < oo (5.2)
3. forallz,ve K(H),teI,s>0
D(z,v,t,s) € K(H)
4. there is a bounded Borel functional
L(z,t): HxRY — L =L(H;H)

such that Vz,v € K(H)
L(z,t)ve K(H)

5. and there are constants cz,c > 0 such that for all z,v € K(H)
1Lz, Ollx < e(lvllx + 2l xollm) ellm (5.3)

(the constant c3 must be the same as in Hypotheses 3.5),
6. and such that, forallz,v € K(H),t€ I, s € [0,1],

DGz, 0,t,8) = V/5L(@, ol < es(llelxlol + Nollxlolls ) esv™lls . 5.4

7. there is a constant cq > 1 such that Vx,v € H,Vt € RT Vs € [0,1]

||D($,U,t,S)HH S Cd\/gH/U”H 9 (55)
Vsllvl| € 1/cqg =||D(x,v,t,5) — VsL(z, t)v|g < cas||vl|y - (5.6)
Then the family X7, for € T, is tight in C(I; H).

To prove this Theorem, we will use Theorem 4.3. The proof is developed in the
following sections.

Remark 5.6. In particular, D(x,v,t,s) is Frechét differentiable in v at v = 0, and the
differential is v/sL(z,t); and by (5.5) we have

IL(z,t)|lc <ea , VeEeH . (5.7)
Remark 5.7. The third hypothesis in 3.5 and the first two hypotheses above imply that
Vi>0, P{X] e K(H)} =1.

5.2.1 Corollaries

Corollary 5.8. Suppose that the hypotheses of Theorem 5.5 hold for any T > 0; then
the family X7, for T € X, is tight in C(R™; H).

Proof. We recall this fact. Let 7" > 0; consider the restriction map
rr: C(RY; H) — CO([0,T); H) (5.8)

given by rpf = ; then the topology on C(R™; H) is the initial topology with respect

f‘[O’T]
to the maps r,, and the Banach spaces C([0,n]; H), for n € IN.
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Let e > 0, for any n € IN by Theorem 5.5 there exists a compact set E,, C C([0,n]; H)
such that

P{X7 ¢ 1, (Ba)} <27

let
E={fcCR";H):VneN,r,f € E,}

then (by a diagonal argument) F is precompact in C(R*; H) and

P{X" ¢ E} =P{X" € E°} = P {xT € Ur;l(E;)} <

<Y P{xer, (B} =) P{r,oX" ¢ E,} <2 O

Since C(R™; H) is a Fréchet space, by Prokhorov’s theorem we obtain this result.

Corollary 5.9. Suppose that the hypotheses of Theorem 5.5 hold for any T' > 0; the net
of processes X7, as r.v. in the Frechét space C(R™; H), has narrow limit points.

Corollary 5.10. By Lemma 5.18 we have
E[|1X7[|%] < oo (5.9)
so the process X] can be restarted at time t using X7 as initial time.

Suppose that the family X7 is tight in C(I; H) (with I = [0, 7] or I = [0, 0)) ; then by
Prokhorov’s theorem, the set of limit points is not empty; obviously, being X a random
variable C'(I; H), then (almost all) paths are continuous. Something more can be said.

Corollary 5.11. Any limit point X will have a version such that almost all trajectories
t — X; of X are Hélder continuous functions with an arbitrary exponent smaller than 1/4.

Proof. We use Theorem 4.10 from [18] with p; < p, = 4 and use Lemma 5.18 below to
state that

lim B[|| X7 — X7|5] = E[||%, — X:|%] < cft — s/
We use the Kolmogoroff test!?: we apply it with § = p;,e = 1 and replacing
p(Z(t), Z(s))" = [1%: — X[

so there is a version where paths are Holder continuous functions with an arbitrary
1

exponent smaller than % — O
Remark 5.12. At this level of generality, we do not expect that there is an unique limit
point. Consider this example. Going back to the classical Donsker Theorem 2.1, this
time we define the random walk X7 by setting Xy = 0, H = R and D(z,v,t,s) = g(t)v/s
where g(t) = 1if t € Q otherwise g(¢) = 2. Then the above Theorem can be applied; but
setting 7, = {i/n: j € N}, 0,, = {mwi/n : j € N}, we have

X o, W, X0, 0w

where W is the standard Brownian Motion.

10See Theorem 3.3 in [8], or Theorem 4.1 in [18]
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5.2.2 Proof of 5.5, step 1

In this section we prove that, under the hypotheses of Theorem 5.5, the first hypothesis
in Theorem 4.3 is satisfied. We will use this Lemma in two ways, with K being the
compact operator defined above in the hypotheses of 5.5, but also with K being the
identity.

Lemma 5.13. Let K : H — H a linear injective operator (not necessarily compact). Let
llvlx be defined in eqn. (5.1). We assume that for all z,v € K(H),t,s >0

D(x,v,t,s) € K(H), L(z,t)v € K(H)

(these are the hypotheses 3 and 4 from the Theorem), but we rewrite hypothesis 6 in
this form: there are constants cip,cep > 0 such that for all x,v € K(H), s € [0,1]

| D(x,v,t,5) — sL(zx, t)v||x < s(cwa||K||u||§, - CzDHUHKHUHH)663\/§HUHH . (5.10)

and we rewrite hypothesis 5: there are constants cyy,,ca;, > 0 such that for all z,v €
K(H),
IL(z, )oll i < (ernllzlxllollm + carllv)x) eIPls . (5.11)

Define the following objects: let T € T; fixm > 0 and ' F € F,, with P(F) > 0;
we will write Ep for the expectation computed using the conditional probability P(:|F);
consider n > m; let

Em = EF[”X;H%(] ) bn d:e{EF[”X:; - X:;L”%(]
Then we have two theses.

N IfClD =C1L = 0 then
b, < (e%(tn*tm) — 1) . (5.12)

e Instead if (¢c1p, + c¢1p) > 0 then

by < (em + 1) (e%(tn*‘w - 1) . (5.13)

where ¢5 > 0 depends only on ¢11,, ¢ar,, ¢1p, cap, on é(4,4cs) from Prop. 3.6, on K and the
law ~ of Y;; but c5 does not depend on e,,, on F', and on .

Remark 5.14. Recall that

VEFIIXZIE] < VERIXE - X720+ VEFIIX51%]

(or otherwise using Lemma A.1) we get

Er(|X21%] < (Vem + Vbu)? < 2(em +by) - (5.14)

Proof of Lemma 5.13. Fort > t,, we define

axo = Er(IVlIE] = Bl a0 = BV* = E[Y?] . (.15)

where the equality derives by independence; by Hypothesgs 3.5 these are finite for
a < 4. For readability, we write X, instead of X, we write X,, instead of X — X and
0pn = tn11 — tn; we abbreviate

Do =D(Xo, Yo s tu s V/ou) (5.16)
Ap =Dy — /0, L(tn , X,)Ys, . (5.17)

HRecall from Lemma 3.12 that F; is the o-algebra generated by X and by Y for s < t.
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By (5.14) and (5.10) using Lemma A.1 and Lemma 3.6, when c3 > 0
Er(l|Anl%] <263 p0nEr [I1Xalkl1 Y, [ re2es Vo Wil ] 4 (5.18)

2630 (1Y, I Y, [Fre2onIYenlln | <

<2 pEr [|XlI%] B [I1VEYs,

23 p0n\/E [||Y;n}*(]\/]E [IV3Y,, lyeteslvnviati] <

<62 <4c§D(bn + em)E(4, 2¢3) + 2c2 1/ E(4, 4cs) a47K>

}1{6203“\/671}/}”‘”1{} +

Summarizing we have
EF[”AHH%(] < 572L0421(C%D(bn +em)+1) . (5.20)

where ¢4 depends only on csp, c3, on ¢ from Corollary 3.6, on ¢; > 0 from Hypotheses 3.5
and Definition 3.9; but but ¢4 does not depend on F, on ¢;p and 7.
Similarly using (5.11)

SBR[ L(X, Ve, ] <263 L00Ep [I1Xn 1Y, [ eV 51 ¥er o] (5.21)

2¢50,E {Ilmn||§<e203mwmn|m} <

<263, Er [IXalk] B [|V/00Y, [Fre2e VoYl | 4

263, 0/B IV iy B [etesivaniat] <

<0n <4c§L(bn + em)E(2,2¢3) + 2¢571/(0, 4c3) a4,K>

summarized to

S Er[|L(Xp, )Yy, ||%] <Onci(ciy(bp +em) +1) (5.22)

possibly enlarging c4, that now depends also on coy..
We estimate iteratively. We begin by expressing

1Xns1lF = [1Dn + Xnllie = 11Xn + VO L(Xn, )Yz, + Anlli =
= [ Xallk + 6nll L(Xn, )Yz, 1% + | AnllFc+
+2v/60( X0, L(X0, )Y, )k + 2(X0, Au) it
+ 2m<An7L(Xnvt)mn,>K
we then compute the expectation; we note that

EFKXW L(Xn>t)Y;5n>K] =0

because Y;, has zero average and is independent of F, of X,, and X,,; whereas
Ep[|| Xn|%] =bn
SnEp[[|L(Xn, )Y, %] <0nci(cr(bn + em) +1)
IEF[”An”%(] S(Szcz(C%D(bn +em)+1)
B ((An, V8, L(X0, )Y:,) ] <\ Bl Au 30y Erloa | L (X0, )Y, %]
< 83222 (by + em) + 1)

EF[<)~(H7ATL>K] S\/a\/ EF[HAHH%(]
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where ¢; = max{cip,c1p}.
In this last line, if ¢;p = ¢17, = 0 then again we use /s < s + 1 and (5.20) so

EFKXTH An>K] S V bn \/ ]EF[HAn”%(] S 6nc4 V bn S 6nc4(bn + 1)
so (recalling that §,, < ¢;, the constant from Hypotheses 3.5 ) we estimate as follows
bn+1 S bn + 05611(1 + bn) = bn(l + 055n) + 056n (523)

which, by the Lemma A.5 (shifting the sequence), implies (5.12).
Instead if ¢; > 0 we note that

s(c?s 4+ 2a) < 38 + 2as + a®/c2 = (c15 + a/cp)?

hence using (5.20) and setting s = b,,,a = (c?e,, +1)/2

Er((Xn An) ] < ncav/buy/((bn + em) +1) < ducs (clbn toa 211) (5.24)
Eventually we estimate as follows

boi1 < by (1 + 055n> + 50 (e + 1) (5.25)

which, by the Lemma A.5 (shifting the sequence), implies (5.13). O

Corollary 5.15. Letm =0, F =, then by (5.14) and (5.13) we obtain that
E[| X7 [1%] < (eo + 1)e"

with eg = E[||Xo]|%] < oo, assuming hypothesis (5.2); moreover as explained in Remark 3.13
we have
B[||X7[I%] < (eo + 1)’

forallt > 0.

Conclusion of step 1 . So to conclude the first step, we consider a process X™ and a time
T>0;lete >0, for0<t<T,r>0we have then by Markov inequality

E[|| X7 |2 1
P e > vy < T < Lo
with
CK = (60 —|— 1)6C5T
so setting r; = /(cx27/¢)
P{X, € Dk(0,7;)} <e27’
and this satisfies the first hypothesis in Theorem 4.3. O

5.2.3 Proof: Lemmas for step 2

In this section we prove some powerful Lemmas that then will be used to prove that the
second hypothesis in Theorem 4.3 is satisfied.

Remark 5.16. Consider hypothesis 7 in Theorem 5.5; note that, for s € [0, 1], by equations
(5.5) and (5.7),

ID(x,v,t,5) = VsL(z, t)vllm < |D(z,v,t,)lla + [IVsL(x, t)ollr < 2cav/s|ollm < 2¢is|vll
for v/s||v|| > 1/cq so adding (5.6) we obtain

Vo,v € H,Vs € [0,1],t >0, ||D(x,v,t,5) — /sL(x,t)v|| g < 2c3s||v||3 - (5.26)
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Lemma 5.17. Assume hypothesis 7 in Theorem 5.5; define the objects as in Lemma 5.13,
with K being the identity, recall that in this case

bn EEF(IX] - X7IH]

then forn > m
by < (e%(tn*tm) - 1) . (5.27)

In particular for 0 < t,, <t, <T we have
by < co(tn —tm) - (5.28)

Proof. Use Remark 5.16 and Remark 5.6; apply Lemma 5.13 with K being the identity,
cip, =c1p =c¢3 =0, co, = cop = 20(21; we obtain the constant ¢5; > 0 and hence we set
cg = c5e® 7T, O

Lemma 5.18. Assume hypothesis 7 in Theorem 5.5; We fix T € T; we fix m > 0 and
F e F;, ; we will write Ep for the expectation computed using the conditional probability
P(:|F); consider n > m; letting

by = Ep(|X; - X705
suppose that there is a constant cg such that
bn < co(tn —tm) - (5.29)
for0 <t,, <t, <T (asin (5.28)) and eventually let
n = Ep(ll X — X7, 13]

We prove that, for0 <t, <t,, <T,

an < (7 4 2¢8)g(tn — tm) (5.30)
where .
et — 1 — ¢yt
g(t) = ——— . (5.31)
7

and where cg, c; depend only on cg, ¢y and the fourth moment of Y;.

Proof of Lemma. Fort > t,, we define
aa = Er[[|Y2]|*] = E[|Y:[°]

where the equality derives by independence.
Again, for readability, we write X,, instead of X7,
Op = tn41 — t, and

Dn:D(Xn7 )/tn ) tna \/E)

and |z = ||z|[z. We compute

and )N(n instead of X — X

m?’

- - - - 2
|1l = 1% + Dall* = (1 %all? +2 (K, D) + IDal2) " =
~ ~ 2 ~ ~ ~ ~
— | %all* + 4 (K0, Da ) + IDall* + 41 %012 (K D) +4 (K D) IDal® + 2 K21 D
then we compute integrals; for the fourth term, since

Er [IXall? (X L(Xasta)Ys, ) | = 0
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by independence, then
Ep [I1X0l? (%0 D) = B (1%l (£, Do = Vo L(X, 1)V, )] (5.32)
so by (5.26)

[Br [IX0l? (X, Da) || < B [IZalP D0 = VouL(Xo, b)Y,

< 2630, B (I Xn P13, 2] =

| <

= 2630, Er 1 Xal?) B [I1V2, 7] <

< 263t0nn B [150012] B [11] <
< 2¢36,02/@n/bn

(again by using independence in the third step). For the other terms, using (5.5),

~ 2 ~
Br |(£0.D0) | <Er (X210 <
< B [|Xal?IV6.Ys, 2] < chasbud,
F [IIDnll*] <cgasdy;
Er [( X, D) 1Dall?| <Er || X0l Dall?] <
< B | KalllVall?] < chasv/bab3?

3/2

hence (defining c7, cs > 0 appropriately), summarizing

Eventually we use b, < cgt,, and note that ¢, > §,, then ¢,8, > /£,8,/" and t,,0,, > §2%;

qn+1 S dn + (C7V qntn + CStn)(sn

using Lemma A.3 (shifting the sequence) we obtain (5.30). O

We recall Etemadi’s inequality [13] in the version of Theorem 22.5 in [4].

Lemma 5.19 (Etemadi’s inequality). Suppose that S, is a process taking value in
normed space, and it is the sum S,, =Y, +---+ Y, ofiid. rv. (Y,,),; then fore > 0 we
have

IP(max |Sy| > 35) < 3 max P(|Sk| > ¢)
1<k<l 1<k<l

This is a keys step in the proof of Donsker Theorem, but we cannot use it in this form.
To conclude the proof of Theorem 5.5 we need to prove a similar result, adapted to our
process and hypotheses.

Lemma 5.20. In the hypotheses of Theorem 5.5, with 7 € T (as in previous Lemmas),
we fixT,e > 0, we fix| > m > 0 integers such that t; < T, then

€10
T __ T < Y _ X
P(mrrglz}él 1 X7: — X7 .l > 35) = g(t; — tm—1) (5.33)

where again g was defined in (5.31); and c19 depends only on the constants in previous
Lemmas.
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Proof. Let X = X7 for simplicity, and
Xi=Xp—Xpm-1

note that

Let

and forj=m+1,...11et

Aj = { max || X;|| < 3e A ”Xj” > 35}

m<i<j—1
SO

U A; =4 max ||XkH > 3¢

. m<k<l

j=m
then, further disintegrating,

P (e 15> 3¢) <P (1502 <) + 3P (450 (15l <)) <

l
~ ! o
<P (1% 2e)+ > P ;0 {lIX - X > 25}) =
l
=P (|5 = ) + 3 P(A4,)P ({I1X: - X, > 26} | 4))

j=1
by Markov
1
P ({I1X: = Xl > 2¢} [ 4)) < 7B [I1X = X501 | Ay]

We use Lemma 5.17 with K the identity and I’ = Aj;; note that indeed A; € F;,; having set
T > 0 we obtain (5.27) that is (5.29). So (5.29) is satisfied and we can apply Lemma 5.18
to obtain the eqgn. (5.30) in the thesis in Lemma 5.18, that we rewrite as

E [|| X, — X;||* | 4] < (e7 + 2¢8)g(tn — t;) - (5.34)

Plugging it all in

l
5" PP ({1 - X5 > 25} | 4) < i (er + 2)glts — t) D P(Ay)

!
j=m j=m
Similarly we deal with the first term P (HXZ | > 6). O

We then prove the same result for the process X7.

Corollary 5.21. In the hypotheses of the previous Lemma, fix € > 0, then fort,, € T and
ty, <s<T

]P( sup | X7 — X7 || > 35) < %fg(s —t) (5.35)

tm <t<s
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Proof. Fix 7 € ¥r and t,, € 7. Fort,, <s <T let

AT = A, :{ sup || X7 — X7 || > 35}

tm <t<s
then
Ay = { sup X7 — X7 || > 35}

tnLStSs ) tEQ
since trajectories are continuous. Then for s; < sy we have A;, C A,, and moreover
U 4a =4,
s1<S2

again using the fact that trajectories are continuous; hence we obtain left-continuity

sup P(4,,) = lim P(A4;,) =P(As,)
s1<582 S1—782—
As noted in Remark 3.13 if { > 0 (and not necessarily te Q ), if we add t to 7 and obtain
7 =7U{t} then
X[ =% wt<t ,
SO
Al = A] vt<t

but then we can apply the previous Lemma and the above left-continuity to say that

A c
P(A]) =P(4]) < —Pg(t —tm) O

We recall this other fundamental Lemma (that is key to Theorem 8.3 in [5]).

Lemma 5.22. Suppose FE is a normed vector space, I = [a,b]; let n,e,v > 0 with v € IN;
suppose (. is a probability measure on the space C = C(I; E), leta = sy < s1 < ...8, =
b € I with

(3i+1_3i)277 for i:2,...U—2 (536)

then

v—1
p{z e C:w(x,n) >3} < Zu {x eC: sup |z(s) —z(si)|lg > 5} (5.37)

i—0 8i<8<8it1

(For the proof, see the Corollary after Theorem 8.3 in [5]). Note that the inequality
(5.36) need not hold for:=1,i =v — 1.

5.2.4 Proof of 5.5, step 2

Now that we have proved the powerful Lemmas, we prove the second hypothesis in
Theorem 4.3, that is eqn. (4.2); to this end, we fix ¢y > 0,7 > 0; there is an n > 0 with
n € Q,n < c¢,n <T/2such that

9*[T/n] 010@ <e (5.38)

0

where g was defined in eqn. (5.31) in Lemma 5.18; eqn. (4.2) will be satisfied with
A=%7 and
ag=1o={mi: 0<i<o}U{T} . (5.39)
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where v = [T/n].
Let € = £¢/9. Define for convenience s; = 7i (that are equispaced for i < v ) while
sy = T. Consider any 7 2 7y; let X™ be a process; by (5.37)

v—1
P{w(X",n) > 9} < ZIP { sup | X7 () — X7 (s:)|| g = 35} (5.40)
i—0 5 <t<s;it1
For the terms in the sum in (5.40) we use our version (5.35) of Etemadi’s estimate to
obtain

v—1
P{w(X7,n) > 9} < ZIP { <stup H%[ — X;HH > 35} < v%?g(n) <eq (5.41)
i—0 §; St<Si41
by (5.38). So we have satisfied the second hypothesis of Theorem 4.3, in the form
expressed in eqn. (4.3).
This concludes the proof of Theorem 5.5.

6 Results on manifolds

6.1 Hypotheses for manifolds
def

We again define, for v € K(H), ||v||x = |K~!v||x as in Definition 5.3; similarly for
scalar products. The following Theorem uses the following hypotheses on the manifold
M and its embedding in H. Let exp,, v be the exponential mapping of M. For convenience
we denote by P, : H — T, M the orthogonal projection P, = 7, m.

Hypotheses 6.1. We assume what follows.

1. The manifold M is isometrically embedded in the Hilbert space H and it is a closed
subset of it.

2. The second fundamental form of the embedding of the manifold M is uniformly
bounded.

We suppose that there exists a compact operator K satisfying the requisites in the
previous section 5.1, and constants ¢, ¢, > 0, such that:

3.
IP{:{() S M} =1
and
E[[|%o]|%] < oo . 6.1)
4. Ifx e MNK(H)and v € K(H) then P,v € K(H)
5. and
[Pov]lx < cp (vllx + 2l llvlle) (6.2)

6. fre MNK(H)andv € T,M NK(H) thenexp,ve MNK(H)
7. and

l(exp, v) = (v + @) i < e (el + follllola )eT0s . ©.3)
The second hypothesis can be reformulated as follows.

Proposition 6.2. The following are equivalent:

1. The second fundamental form of the embedding of manifold M is uniformly
bounded.
2. dce > 0 such thatVe e M , Yo e T, M ,

lollr < 1/ce = l|(exp, v) = (v + @) | < cellollfy (6.4)
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6.2 Tightness of random walk

Theorem 6.3. Consider the random walks X™ defined as in Section 3.5.1; restrict each
X7 tot € I =[0,T]. Under Hypotheses 6.1, these X7, for T € T, are a tight family in
C(I; M).

Since this Theorem is proved using Theorem 5.5, then all corollaries of the latter
hold also for the former. We have moreover this result.
Corollary 6.4. Any limit point X of X" is a process taking values in C(I; M) a.s.

Proof. Since M C H was assumed to be closed, then C(I; M) is a closed subset of
C(I; H); by construction X] € M for all t € I, hence

P(X" € O(I; M)) = 1
so by Alexandrov’s Theorem 2
P(X e C(I; M) =1 . 0

Remark 6.5. Nothing is specifically “infinite dimensional” in this approach: this theorem
can be applied to finite dimensional manifolds as well. Recall that, by Nash embedding
theorems, any finite dimensional Riemannian manifold can be isometrically embedded in
H = RY; and in this case we set K to be the identity; moreover (6.2) is trivially true. We
then require that

P{X¥,c M}=1, E[¥|*] <o0; (6.5)

then we require the bound on the second fundamental form, that implies (6.4) that in
turn implies (6.3) (see Remark 5.16): under this conditions Theorem 6.3 holds.

Proof of Theorem 6.3. As in eqn. (3.5) in Section 3.5.1 we define
D(z,y,t,5) = exp, (VsPyy) — (seen in (3.5))
and we define
L(z,t)v = P (6.6)
In this way, the random walk on the manifold can be seen as a special case of a
random walk in H. We recall the following hypothesis 7 for Theorem 5.5:
|D(z,v,t,8)||lg < cavs|v||lg (seen in (5.5))
Vsllvl| € 1/cqg =||D(z,v,t,5) — VsL(z, t)v|g < cas||vl|y - (seen in (5.6))
The first one, when ¢4 > 1, is true for any embedded manifold, since the length of a curve
is less than the distance between its end points, and | P,v||g < ||v||g. For the second
one, for v/s||v|| < 1/c. we write

ID(z,v,t,5) = VsL(w, )l = lexpa(vsPov) = (VsPov + 2) |1 < ces|| Povllfy < ceslvll

using (6.4) from Proposition 6.2.
For hypothesis 6 for Theorem 5.5: substitute in (6.3) to obtain

[(exp, Prv) — (Prv +z)|| 5 < ce(HxllKHszH%[ + HPwvHKHvaHH)603“131”“11
then we use ||P,v||g < ||v||z again, and we use (6.2) so
| exp, (Pov) — (Pov + 2) |k < cellzllk vl FeI17 + cecp ([0l + @l x|l 1) J0]| eIV =
= (o1 + ep)llalliclloly + cecplollzc ol ) eIl

then replacing /sv for v this last satisfies (5.4) with ¢ = ¢.(1 + ¢p). So Theorem 6.3 can
be straightforwardly seen as a corollary of Theorem 5.5. O

121n the version in Theorem 3.8.2 in [6], or Theorem 3.5 in [22]; see Theorem 4.5 in [18] for convenience.
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7 Results on Stiefel Manifolds

In the following two sections we will show that the above hypotheses 6.1 are satisfied
when M is the Stiefel manifold: so the family of random walks is tight.
We recall that H = V?. We will use these definitions with £ = H or E = H?.

Definition 7.1. If F is a vector space with a scalar product, we agree that, for z,v € EP,
A =z v is the p x p matrix defined by

Aij = (zi,v5)p -
We also agree that, given z € EP and A € RP*P the right product
y=zxA

is the vector y € EP

P
Yi = E z;Aj
j=1

7.1 Probabilities on Stiefel Manifolds

When M = St(p, V) is a Stiefel Manifold, it will be convenient to build the probabilistic
infrastructure in Sec. 3.2 in this specific way.

Suppose that ¥ = N(0, Q) is a centered non-degenerate Gaussian measure in the
separable Hilbert space V. We will then define the operator (Q : H — H by tensor

product
P

(z,Qy)m = Z@U“QZMV

i=1
so v = N(0,Q) is a centered non-degenerate Gaussian measure in the separable Hilbert
space H, given by the measure product

T=7R...079

Equivalently, if we consider x € H as a r.v. with distribution v, then the columns of x € H
will be independent r.v. each with distribution 7.

Proposition 7.2. Given A € O(p), the action
A:H—H , x—zA

maps identically
v = Ayy
the probability v to itself.

7.2 Tightness operator

As noted in Remark 5.2, in the space V starting from Q we can define a compact
operator K : V — V such that K *1QK' —1 is still trace class. We eventually define
K :H — H as

y =Kz when y; = Kz, (7.1)

So K commutes with the right multiplication by matrixes
(Kz)A = K(zA) (7.2)

defined in Definition 7.1.
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7.3 Tightness in Stiefel Manifolds

Theorem 7.3. Suppose thatY; ~ N(0,Q) as defined in previous Section 7.1. Consider
random walks X" defined as in Section 3.5.1 when M is a Stiefel Manifold, having

P{Xo € M} =1, E[||Xo][k] < o0
and restrict each X] tot € I = [0,T): these X7, for T € ¥, are a tight family in C'(I; M).

In the following sections we will indeed show that all Hypotheses 6.1 are satisfied in
Stiefel Manifolds.

Since this Theorem is proved using Theorem 5.5, and this latter using Theorem 6.3,
then all corollaries of 6.3 and 5.5 will hold also for 7.3.

We have moreover this result.

Corollary 7.4. The law of X" is invariant for right actions of A € O(p), and so this is true
for any limit point X of X™. So the above can be interpreted as a result for Grassmann
Manifolds as well.

7.3.1 More on geodesics
The results from [12] still hold, with minor adjustments in notation.

Lemma 7.5. Givenx € M = St(p,V) and v € H, we have thatv € T, M iffz"v is an
asymmetric matrix.

Given x € M = St(p,V) and A € O(p) orthogonal matrix, then tA € M . The action
x — xA is an isometry in H and hence in M.

Proposition 7.6 (Critical geodesics in St(p,V) ). Let St(p,V) be endowed with the
induced metric from V?. Let v : [0,1] — St(p, V) be a path. Then the geodesic equation
is % + (4 T4) = 0. Solutions to the geodesic equation exist for all time and are given by

(O A0 = GO0 et () 73)

where 1 is the p x p identity matrix and A = v(0) "5(0), S = #4(0) T5(0).

Note that A is asymmetric and S is symmetric; moreover A = ()" 4(t), S = §(t) T4(t)
are constant along the geodesic; and e4* € O(p).

Further properties of infinite dimensional Stiefel and Grassmann manifolds are
discussed in [15]. In particular it is proven that any two points in those manifolds are
connected by a minimal length geodesic.

We will now add more analysis to achieve the desired results.

Remark 7.7. Starting from the geodesic equation (7.3), let A € R, A # 0, having fixed
x € M,v € T, M and setting (v(0),%(0)) = (z,v), defining A = 2"v, S = v v as above,
we multiply as follows

(v(t)e, M(t)ett) = (x, Av) <g )\91]1> exp (t Gl AS)> (g A011>

SO

(y(t)e, My (t)et) = (z, Av) expt ()\1411[ _25> = (7.4)

B 1 [AA =28
= (z, \v) exp tA ( I ‘A
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We can use this relation as follows. Let now 6 = |jv||,o = v/6, A=2"0, S =" 0 then
setting A = 1/6
(v(t)et“, 9_1f'y(t)et9‘4) = (x,0)expth (? _AS> (7.5)

this formula decouples v into the initial direction v and the initial speed 6.

7.3.2 Estimates
Define ||v||x as in 5.3.

Lemma 7.9. Recall the Definitions 7.1. For W € R¥** we use the norm

and remark that
[WV| <|V]IW]|

3

we will use it with k = p or k = 2p; if E is a vector space with a scalar product, then for
v,w € F we have
0T w| < ol gllwll &

and forv € EF
oWl gr < [[o]l gr W]
by Cauchy-Schwarz inequality.

Lemma 7.10. Consider the orthogonal projection n : H — H to a hyperplane
T={xecH:Vi<v,(w,z)g =0}

orthogonal to wy, . ..w, € H, where those vectors are orthogonal but not orthonormal:
then

v

WTU:v—wa . (7.6)

2 iy
we immediately note that if v, w; are in a vector subspace FE of H, then mrv will be in the

same E. Starting from (7.6) we estimate

[|v]| &
(|wil|

v
Iervlli < flollx + Y llwillx
=1

The tangent plane T' = T, M to the Stiefel Manifold is such a plane, with

’LUZZ(O,O,Z‘“O,O)

containing the i-th column of x in position i-th; this fori=1,...p;
e andthenfori=p+1,...p(p+1)/2

w; = (0,...0,2,0,...0,—2,0,...0)
containing the h-th column of x in position k-th and vice versa, and with a minus

sign;
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so by the diagonal structure (7.1) of K and by (7.6) above we obtain this: ifx € MNK(H)
andv € K(H) then nr, pyv € K(H).

Moreover such w; are mutually orthogonal; and ||w;||g = 1 fori = 1,...p, while
|lwillr = 2 otherwise; while ||w;||k < ||z||x in all cases; so in conclusion

Iz, vl < (vl + llzl xllvlla) (7.7)
for a ¢, > 0 independent of x,v. This proves estimate (6.2) in Hypotheses 6.1.

The above suggests that (6.2) in Hypotheses 6.1 may hold for other manifolds, as
long as the embedding in H has finite codimension.

Lemma 7.11. Let K : V — V a linear continuous injective operator. Recall that H = VP
and we defined K : H — H in (7.1) as

y=Kx when y;, = Kx;

So K is a linear continuous operator and commutes with the right multiplication by
matrixes
(Kz)A = K(zA) . (as defined in (7.2))

There is a constant ¢ > 0 such that forallz ¢ M N K(H),v € T,M N K(H) and the
geodesic with

(7(0),%(0)) = (z,v)

we have
(Iv(1) —z = vl + I7(1) — v+ Sz[|Kk) < C(IIxIIKllvH% + HUIIKHU||H)echHH . (7.8)

Note that c does not depend on K but only on p.
This proves (6.3) in in Hypotheses 6.1.

Proof. Fix x € M,v € T, M and set § = ||v|,0 = v/f. We will use the formula seen in
eqn. (7.5) with ¢t = 1. We define

A=zTp |

S ) el

so the formula (7.5) becomes

(v(t),4(t)) = (z,0) exp(t0Z) exp(td B)O (7.9)
then
. ) AN
(V1) 5(0) = (,0) [ Y ()P — O =
i>0,7>0 g
(z,0) [IT+t0(Z+B)+ Y (w)WZ, B, 0=
ijyiti>2 v
= (x +tv,v — t0*xS) + (z,0 to ”JZ B (C] (7.10)
o
ijrit>2 v
Now

Al<p , |SI<1 , |Bl<2p , |Z]<+3p+1
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and setting t =1

\/Hv(l) —z —v|[§ +I17(1) — v+ 6%5|% < \/Hxlli ol | Yo 6= |lel <

7l gl
igity>2 J

el ol 3 e ZEEE g <
ijiiti>2 )
Il + 10l3%6%(6)

where we are using the fact (7.2) that left multiplication by K and right multiplication
by a matrix are associative; and

g(s) = Z giti—2 (3Pf 1)/ (2p)?

igity>2 g 7t
n—2 n—2 n
>y o ((Z)<3p+1>k/z<nﬁ k)@pw)zsm (V3 +T+2)
2<n 0<k<n 2<n
1

= —(expa—1—a) with a:s(\/3p+1+2p) O

S

The first and second hypothesis in 6.1 are obviously true for Stiefel Manifolds: indeed
the curvatures and second fundamental form are uniformly bounded, since Stiefel
Manifolds are homogeneous space. Nonetheless we can provide this estimate that
satisfies (6.4).

Corollary 7.14. There is a constant ¢ > 0 such that for all x € M,v € T, M and the
geodesic with

(7(0),4(0)) = (z,v)
we have
I7(1) = 2 = v]|la < emin{|[o]|m, [v]|7}

Proof. We note that the Stiefel Manifold St(p, V') has diameter d, so that for v > d we
can estimate

v(1) =z —vlla <d+|v]u
while for v < d we use the above lemma 7.11 with K being the identity, recalling that
|lz||x = /P in this case. O

8 Future Developments

We now know that, under appropriate hypotheses, the random walks X™ have narrow
limit points X when the partition 7 becomes finer and finer; these X are random functions
in C(R*;S) with S = H or S = M an embedded manifold.

There are multiple questions left unanswered, material for future research.

* Do the limit points enjoy some standard property? It seems plausible that they may
enjoy some kind of Markov Property, for example.
e Under which additional hypotheses can we say that there is an unique limit point?
¢ Can we then characterize the limit points as solutions to a kind of SDE?
(These two questions are in synergy).
¢ Can we expand the results to more general cases of random walks, for example,

where the constants in the hypothesis are not “uniform” but rather they may grow
(e.g. be bounded by a function of the distance from a given point)?
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* Consequently, are there other infinite dimensional manifolds where the present
results hold true?

All the above questions are starting point for future research.

A Useful Lemmas

In this section we have collected the technical Lemmas used here and there in the
paper.

Lemma A.1. For F space with scalar product and v,w € FE,
v+ w]? < 200 + 2fw?
Proof.
o+ wf® < (Jo] + [w])? < 2Jvf* + 2|w|? m
In the following monotonic means monotonically weakly increasing thatis s <t =
g(s) <g(t).

Lemma A.2. Let
to=0<t; <ty <...

and let 6,, = t,y1 — t,. Suppose b, is a real valued sequence with b,, > 3 for all n.
Suppose that

p = p(t,x) : [0,00) x [,00) = [0, 00)
is a continuous non negative function, such that ¢(-,z) and ¢(t,-) are monotonic. Let
f:[0,00) — [8, 0] be a solution of

710) = lt, £(0) A
f(0) =bo
(possibly f(t) = oo for large t ). If
bn+1 <b,+ @(tna bn)én (A.2)
holds then
by < f(tn) . (A.3)

Proof. Proof by induction. Note that f is monotonic since f’ > 0 but then it is convex
since f’ is monotonic.

Note that indeed (A.2) can be rewritten as

b —b
L < oty bn)
tn+1 - tn

Lemma A.3. Let
to=0<t; <ta<...

and let §,, = tp41 — tn; fix c; > 0,cs > 0. Suppose b, is a real valued sequence with
bo = 0,b, > 0 that satisfies

but1 < bn + 200(c7V/ buVEn + cstn) (A4)
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then t
. et — 1 —cqt
b < (o7 + 2e5)g(tn) with g(t) = ——————
7
Moreover, set
R 2
E = ——
c7 + 2cs
then
vn, t, <é=b, gth(C7+CS) (A.5)

and note that by = b; = 0.

Proof. Consider a solution of the ODE

f/(t) =2e0/fFO)VE+ 2cst (A.6)
f(0)=0 ’ ‘
(that is (A.1) for this special case). Since
\/CE S a —2|— b

then
() < crf(t) + (7 + 2cs)t

substituting f(t) = g(t)e"* and with some calculations we obtain

et —1 — cqt

f(t) < (e7 +2cs)g(t) with g(t) = >

Since
f(t) > 2cst

then
ft) > est? (A7)

in particular for any solution we have f(¢) > 0 and f’(¢) > 0 for ¢ > 0. We have f'(0) =0
so f(t) <t fort < ¢ with ¢ small; more precisely, note that ¢(¢) is convex and increasing
and ¢g(0) = ¢’(0) = 0 so we set  to be the unique positive solution of

(cr +2c8)g(t) =t ;

moreover g(t) > t?/2 so we know that

S 2
e -
- cr + 268

Now we set
S=sup{s>0:t<s= f(t) <t}

note that ¢ < § < 1/cg; fort € [0, §]
F(t) < 2(er +cs)t

SO
f(t) < (er+es)t? . (A.8)
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Lemma A.5. Let
to=0<t1 <ty <...

and let 6,, = t,, 11 — t,,. Suppose b,, is a real valued sequence. If, for ¢c; > 0,cg > 0,¢c9 > 0,
b1 < bp(1+ e76p) + dn(cs + cotn) (A.9)
holds then
by, <bge™' + (et —1)(cg/cr + co/c3) — cotn/cr =
ec7te (b + cs/er + eo/2) = ((es + cotn) fer + eo/cE) (A.10)
Proof. Indeed (A.9) can be rewritten as

b —b
ol < crby +cg + ooty
tn-i—l - tn

and the associated differential equation is
J'(t) = erf(t) + cs + cot
that has solution
F(t) = e f(0) + (e = 1)(cs/er + co/c5) — eot/eq

so this proves the result. O

B Proofs

Proof of Proposition 2.3. This proof comes from [23]. Suppose that there is convergence
in probability W* — W;; consider the equality

San _Sn_152n—5n_<1_1> Sn
Van Vi VR Vm va) Vi

then the LHS would converge to the zero constant in probability , whereas on the RHS
the random variables

Sn gpg Sen—Sn
Vvn vn
are independent and both converge narrowly to N(0,1). O

Proof of Proposition 3.6. If ¢ = 0 then
E[g(8IY)] = o“E Y]]

so we set

Otherwise we set
=T [”y”cvecc,:HYll}

SO
Elg(8]|Y )] = 67 [ | ] < 6 [}y e = zg =

We recall Proposition 1.13 from [9].
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Proposition B.1. LetY = N(0,Q) and

A1 = max (z, Q) g
llzll<1

be the highest eigenvalue of Q. Then for0 <e < 1/\;

cllel?/2 _oxp (—5(a,(1-<Q)"a)n)
/H ‘ hiw) det(l — Q) (B.1)

whereas for e > 1/ the integral is infinite.

Proof of Proposition 3.8. Set ¢; = 1 for simplicity. By the previous proposition, for any
A >0,
E[e/\HYHH} < 00

For k € IN and a > 0 we have a*s* < kle®* hence choosing k = [a],

|
s%esC < ]%es(a—&-c)

a
so again we define
c=E[g(|Y])] <o ;

and we proceed as in the above proof of Proposition 3.6. O

Proof of Proposition 3.15. By contradiction, suppose there is; up to substituting f(n)
with U;L:o f(4) we can suppose that f is monotonic. Let ¢; = 1 for simplicity. We build
iteratively 7 € ¥ such that Vn,7 ¢ f(n), in this way. We will build a (non decreasing)
sequence n,, € N such that n,, —,, 0o, and a sequence to =0 < t; < ... € 7 satisfying
the requisites in Definition 3.9. Let tg = 0,¢; = 1, ng = n; = 0; for m > 1 having chosen
tm € T and n,,, we look for k > n,, such that thereisat € f(k)\ f(nm) At > t,m +1/2;

« if there is no such k, we stop the iterative process by adding to 7 an arbitrary
sequence tyi1 < tmyo < ... With t,,4; & U, f(k) and 1/2 < tyq 41 — tmgj < 1; we
set N4 = Ny, + J; all that for j > 0.

e If there is such k,t, we add to 7 an arbitrary sequence

tm+1<tm+2<...<tm+l:t

such that

1/2 < t7n+j+1 —tm+j <1 forj =0,...1—-1;
then we set n,,11 = ... = ny4; = k; then we repeat the iteration using m + [ as the
new m.

In any case we obtain that for infinitely many m there is a [ such that ¢,,,4; ¢ f(nm,). O
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