CHARACTERIZATION OF FRACTIONAL SOBOLEV-POINCARE AND
(LOCALIZED) HARDY INEQUALITIES

FIROJ SK

ABSTRACT. In this paper, we prove capacitary versions of the fractional Sobolev—Poincaré inequal-
ities. We characterize localized variant of the boundary fractional Sobolev—Poincaré inequalities
through uniform fatness condition of the domain in R™. Existence type results on the fractional
Hardy inequality in the supercritical case sp > n for s € (0,1), p > 1 are established.

1. INTRODUCTION AND MAIN RESULTS

The central aim of this paper is to study the Sobolev—Poincaré inequality, pointwise Hardy
inequality and the Hardy inequality under some assumptions on the domain in the case of the
fractional Sobolev spaces. Precise condition on the domain will be clarified later. It is well known
that the classical Sobolev—Poincaré inequality states that for a bounded domain Q C R with C*
boundary and 1 < p < n, there exists a constant C' = C(n,p) > 0 such that

(1.1) < /Q lu(z) — uQ|P*dx>1/P* <C ( /Q |vu(x)|1’da:)1/p for all u € WHP(Q),

where p* = n"—_";) denotes the Sobolev critical exponent and the space WP(Q) is the usual classical
Sobolev space, see for example [16, Chapter 4] in the case of ball. A capacitary variant of the
Sobolev-Poincaré inequality eq. (1.1) were considered in [22] and for weighted case, see [30]. The
well known classical (boundary) Hardy inequality states that for a bounded Lipschitz domain
Q CR" 1<p< oo, there exists a constant C = C(n, p, ) > 0 such that for any u € C°(Q2)

(1.2) /Q |§égfdx <C /Q \Vu(z)[Pdz,

where 0(x) := dist(x, 9). The existence of the Hardy inequality eq. (1.2) for every open set 2 C R™
when p > n has been investigated independently by [27] and [35]. Also observe that both references
deal with the case p < n, as well, where the validity of eq. (1.2) has been established through the
uniform fatness condition of the complement Q2¢. One can obtain the classical Hardy inequality
eq. (1.2) by applying appropriately the Hardy—-Littlewood—Wiener maximal function theorem on a
pointwise Hardy inequality, see [19, 23, 24] where they have introduced pointwise Hardy inequality

ANALYSIS AND PARTIAL DIFFERENTIAL EQUATIONS UNIT, OKINAWA INSTITUTE OF SCIENCE AND TECHNOLOGY,
1919-1 TANCHA, ONNA-SON, OKINAWA 904-0495, JAPAN.
E-mail address: firojmaciitk7@gmail.com.
2020 Mathematics Subject Classification. 46E35; 35A23; 42B25; 31B15.
Key words and phrases. Fractional Sobolev—Poincaré inequality; fractional (g, p)-Poincaré inequality; fractional
Hardy inequality; pointwise Hardy inequality; maximal function; capacity; quasi continuous; fat set.
1



2 FRACTIONAL SOBOLEV-POINCARE AND (LOCALIZED) HARDY INEQUALITIES

through a maximal operator. Necessary and sufficient conditions are provided for pointwise Hardy
inequalities in [25] and see [26] for weighted case.
Let 2 C R™ be any open set, and let 0 < s < 1, 1 < p < o0, the fractional Sobolev space W*P(Q)
is defined as
WHP(Q) :={u € LP(Q) : [u]spo < oo},

endowed with the so-called fractional Sobolev norm, given by

D=

lullog = (Nuluqgy + [l 0)
where

|u(z) = uly)”
I
is the Gagliardo seminorm. For the study of fractional Sobolev spaces in a systematic way we
refer to [8, 10, 12, 14, 18] and references therein. At this stage, we consider two more Banach
spaces WP () and WP (R™) defined as the closure of the space C$°(2) with the norms || - [|sp.0
and || - ||sprn respectively. These two spaces arise naturally in studying weak solutions of the
Dirichlet problems involving regional fractional p-Laplacian and fractional p-Laplacian operators
respectively, see [7, 9, 11, 17, 31] and references therein. If © is a bounded Lipschitz domain and
1 < p < 00, then one has

WEP(R™) = {u € WHP(R") : u = 0 in Q°},

see [9, Proposition B.1]. Moreover, W *(R") = W5"(Q) provided sp # 1, see for instance [7,
Proposition B.1].

In the spirit of local case, we introduce what we call variational Sobolev capacity in fractional
Sobolev spaces.

Definition 1.1. Let 0 < s < 1, p € [1,00) and © C R" be an open set. For a compact set K C €,
variational (s,p)-Sobolev capacity is defined by

(1.3) Capy (K, (2) := inf {[u]f;p@ tu € CF(Q), u>1on K} :
For an open set A C (Q, variational (s, p)-Sobolev capacity is defined by
Capy ,(A,2) = sup {Caps,p(K, Q) : K CA, K is compact } ,
and for an arbitrary set E C 2, variational (s, p)-Sobolev capacity is defined by
Cap, ,(E,Q) = inf {Caps,/p(A, Q): ECA, Aisopen }.

Using standard approximation argument, we can replace C°(Q) by a bigger space W3 (Q2)NC(Q)
in the definition of capacity eq. (1.3).

Remark 1.2. It is worth mentioning that in the definition of capacity (1.3) one can restricts the
function u € C°(2) such that u = 1 in a neighbourhood N(K) C Q of K and 0 < u < 1 in , see
for instance [32, Theorem 2.1].
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Definition 1.3. Let 0 < s < 1, p € [1,00). We say that a property holds (s, p)-quasi everywhere
(in short (s,p)-q.e.) if it holds except for a set of capacity zero.
We say a function u :  — R is (s, p)-quasi continuous (in short (s, p)-q.c.) in Q if for every € > 0

there exists an open set ' C  such that Cap, ,(E, Q) < € and u|q\ g is continuous.

Remark 1.4. We observe that, for any A € R, the set {x € Q : u(z) # A\} UE is open in 2
and hence the set {z € Q : u(x) = A\} N E€ is closed in Q, although {z € Q : u(z) # A} need
not be open. Indeed, by definition of the (s, p)-quasi continuous, u|o\ g is continuous. Thus, the
set {x € Q :wu(x) # A} \ E is open in Q \ E with respect to the relative topology. Therefore,
there exists an open set O in € such that {z € Q : u(z) # A} \ E = O\ FE and this implies
{r € Q:ulx) # \UE = OUEFE is open in Q. In particular, from this observation we have
Z(u; E¢) ={z € Q:u(z) =0} N E°is a closed set in €.

Remark 1.5. It is important to note that from [33, Theorem 2.2], for a compact set K C € we
have the following characterization for Cap, (K, ) via (s,p)-q.e. property

Cap, ,(K,Q) = inf {[u]g,p,ﬁ cu e WP(Q), u>1(s,p)-q.e. on K} .

In recent years, many researchers have shown their interest in studying variational Sobolev capac-
ities, see [1, 2, 3, 20] for the case of classical Sobolev spaces and [10, 32, 33, 34, 36] for the case of
fractional Sobolev spaces.

Before outlining the main results in the present paper in a precise manner, we need to introduce
some terminologies and definitions. Let 0 < a < 1 and R > 0. For a locally integrable function u,
the fractional maximal function is defined by

Mg r(u)(x) := sup ra]i ( )\u(y)\dy.

0<r<R
If R = oo, then we shall simply write M, r by M, and for « = 0, R = oo, we have the usual
maximal function. Let 0 < 8 < oo, the fractional sharp maximal function of a locally integrable
function w is defined by

wt p) = sup r? f u(y) — ug, |dy.
0<r<R B.(z)

If R = oo, then we shall simply write ug r by u?

Definition 1.6 (Pointwise fractional p-Hardy inequality). Let 0 < s < 1, 0 < a < 1 and
p € [1,00). We say that an open set 2 C R™ with non-empty boundary admits pointwise fractional
p-Hardy’s inequality if there exist constants C' > 0 and o > 1 such that

(1.4) u(@)] < C8(x)° ™7 (M, go(e) (| Dsul)P(2)) P for all u € C2(9),

1
, u(z) —u)”  \*
and for all z S Q, where ‘Dgu’(m) = </n Wdy .
Definition 1.7 (Uniformly (s,p)-fat set). Let 0 < s < 1 and 1 < p < oo with sp > 1. We say
that a closed set E C R™ is uniformly (s, p)-fat set if there exists a constant v > 0 such that

Cap, ,(E N Br(x),2B:(x)) > v Caps (B (), 2B, (x)), for all z € E and r > 0.
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Let us now describe our results in this paper before formulating these. Theorem 1.8 is a ca-
pacitary version of the fractional Sobolev—Poincaré inequality, which is motivated by the result of
[22], and whereas, theorem 1.9 gives a characterization of uniformly (s, p)-fat set through a bound-
ary fractional Sobolev—Poincaré type inequality. As an application of theorem 1.9, at the end of
section 3, we provide various classes of domains that are uniformly (s,p)-fat set. The existence
issue regarding fractional p-Hardy’s inequality theorem 1.10 in the supercritical case sp > n for any
proper open set is addressed in theorem 1.10. This result can be obtained by proving an appropriate
pointwise fractional Hardy type inequality and applying the maximal function theorem.

Our main results are stated below.

Theorem 1.8. Let 0 < s < 1, p € (1,00) with sp > 1 and suppose u € W*P(B) be a (s,p)-quasi
continuous function, where B = B, (xo) C R™ is an open ball of radius r > 0. Let 1 < q < p% for
sp<mn and 1< q< oo for sp>n. Then there exists a constant C = C(n,s,p,q) > 0 such that

1

AL 1 u(@) ~ (), \*
<7{9 ulz)d ) §C<Caps,p (Z(u; E°) N §B, B)/ s g dy) ’

where the closed set Z(u; E€) as in remark 1.4.

Theorem 1.9. Let 0 < s < 1, p € (1,00) with sp > 1 and let Q be any proper open set in R™. Let
1<q<piforsp<nandl <q< oo for sp>n. Then R"\ Q is uniformly (s,p)-fat set with a
constant v if and only if for any z € R"\ Q, r >0

(1.5) (J[T@ \u(m)\qd:c);scﬂr ( / - / - |x_y|n(+si'pd dy>;

for allu € C(QY), and where C' = C(n, s,p,q) is a constant.

Theorem 1.10. Let Q be any open set in R™ with QQ £ R™. Let 0 < s < 1 and p > 1 such that
sp > n. Then there exists a constant C = C(n,s,p) > 0 such that the fractional Hardy inequality
holds that is

|u(:1:) (y)[? .
/Q 5(m)sp C/n/n |x— |n+8p ————="dxdy, for allu € W' (R"™).

Furthermore, the regz'onal fractional Hardy mequahty holds that is

[ et
().
/(‘2 5(.%) C T — y‘n—&-sp dl‘dy, fOT’ all u € WO ( )

Recently, in [13] the authors studied capacitary versions of fractional Poincaré, pointwise, and
localized fractional Hardy inequalities in a metric measure space. However, their results involve
the Assouad codimension of the domain, and certain restrictions on functions. The study of Hardy
inequalities in fractional Sobolev spaces has emerged as an intriguing research area in recent times.
There is numerous literature available on this topic. For details discussion on the sharp constants
in fractional Hardy inequalities, we refer to [5, 6, 15, 29] and references therein.

This paper organized in the following way: In section 2 we collect some known results and
discussed some necessary preliminaries. Proofs of theorems 1.8 to 1.10 along with some further
results are given in section 3.
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2. PRELIMINARIES AND KNOWN RESULTS

Throughout the paper we shall assume the following notations, unless mentioned otherwise
explicitly:
e (2 is an open connected set in R", 0 <s<1,1<p<oo, neN.

o pi=-—"C > is the fractional Sobolev critical exponent for sp < n.

e () is the closure of .

|©2] is the Lebesgue measure of (2.

uq = foudr = ﬁ J udz is the average of the function u in €.

e X¢is the complement of the set X in the appropriate ambient space.

B, (x) is an open ball centered at x of radius r > 0.
Sk=1 is the unit sphere in R¥.

e ¢, C, C(*,%,---,%) > 0 denote generic constants that will appear in the estimate and need
not be the same as in the preceding steps; the value depends on the quantities indicated by
*’s.

We start with some known results and some technical lemmas that will be required to prove our
results.

Lemma 2.1. Let s € (0,1), 1 < p < oo with sp > 1. Then the following properties of capacity
hold:

a) (Ball estimate:) Cap;, (Br(x), QBr(x)) = C(n,s,p) TP, for a constant C(n,s,p) > 0.

b) (Monotonicity:) If K1 C Ko C Q, where K;’s are compact sets, one has
Caps ,(K1,92) < Cap, ,(K2,9).

Proof. a) It follows from [32, Theorem 2.2] by choosing the radius of the ball appropriately.
b) It is an immediate consequence of the definition of Cap (-, ). O

The proof of the following lemma can be found in [28], however we include the proof of it for the
sake of completeness.

Lemma 2.2. Let Q C R™ be an open set, s € (0, 1) andp € (0,00) such that sp > 1. Then

p
L ey <c [ [ P vy o attu < 0 (0),

where C'= C(n, s,p) is a positive constant and does not depend on the domain §Q.

Proof. Let u € C’SO(Q) Then we have

)|pdxd
n Jrn ]a;—y|”+5p y
_ P
:/ |u(z) ugy)\ da:dy+2/ ()P (/ dy . >da:.
alo |x—y[rtep Q Qe |x —y|ntsp
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Note that, for x € €, we have

dy o dr 1 dw C(n,s,p)
0 < dw ol — = ;
Qe |x —y|ntsp sn—1 dpa(z) TPT sp Jsn-1 dy(x)P mgy(x)sP

where dy, o(z) = inf{|t| : z + tw € Q°} (see, [29]) and

2T F(1+8p) // i

T (%) sn-1 du ()P

mgp(7)°F =

Thus, we obtain

P / () — uly)l? ()P
—r——= dxdy < ————=" dxdy +2C(n,s,p /dm
/ / . |x—y|n+sp o Jo Tz =gt (m:5:2) | gy
gO(n,s,m/ Ju(@) = wl)P 4o,

ala | —y["tsP

where in the last step we have used the fractional Hardy inequality of Loss—Sloane [29, Theorem 1.2].
Hence the lemma follows. O

Lemma 2.3. Suppose u € L (R™) and let 0 < B < co. Then there is a constant C = C(n, ) and
a set A C R™ with |A| = 0 such that

[u(@) )| < Cla =yl (uh 4y, @) +ufy, @), for alle,y € R™\ A

Proof. Let S, be the set of all Lebesgue points of the function u and set A = SS. Then, by Lebesgue
differentiation theorem we have |A| = 0. Now fix x € Sy, 0 < r < 0o and we denote By, = B2Lk (x),

k=012,

m o
lu(z) — up, (@)l = W}gnooz UByy1 — uBk < Z |uBk+1 - U’Bk‘
k=0 k=0
oo
= u(z)dz —up, | < lu(z) —up, |dz
Z |Bk+1| Bii Z;) |Bk:+1| Bit g
oo
B
Z ’ k| u(z) —up,|dz=C (Lk) ( ) f lu(z) —up,|dz
¢ | Brl Bk By

Let y € B.(z) \ A and we have B,(x) C B, (y). Now

[u(y) — up, ()] < [u(y) — upy, ()| + [UBs. ) — UB, ()]

<Gl )4 (u(e)  un, iz

7’(1'

< Crrfull,, (y) + @(mé 1)~ e < C(n, B)yrPut,, (1)
2r\Y
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Let z,y € R™\ A with x # y and let r = 2|z — y|. Then z,y € B,(z) and hence we have

[u() = u(y)| < lu(@) = up, )| + [uy) — up, @] < OB (wfa (@) +ufly, W)
This completes the proof of the lemma. ([

Lemma 2.4. Let 0 < a < s <1, R>0. Suppose u € W5P(R™). Then for any x € R" there is a
constant C' = C(n, s,p) such that

ul  p(@) < CMg g (IDjul) (),

u(z) —u(y)|? 1/p
where |Dyul|(z) = </n mdy> .

Proof. Using Holder inequality we have

1
[u((y) = up, ()| = ‘u(y) B (@) /B, @)

1
|Br(z)] /B, ()

1/p
— p
S 1 - / ’U(y) :—(’i)’ ‘y_z‘n—i-spdz .
By (2)|YP \JB,z) |y — 2"+
n+s

iz 1/p
Cr» lu(y) —u(2)?
uy—uwdyﬁf / ——— dy
]{Br(x)| () =~ up, o) | By ()] /P Br(z)< Bo(x) |y—2["TsP

n4+sp

Cr » ][ _
< |Dyul(y)dy < Cr® “7’“][ | Dpul(y)dy,
1B ()Y [y 7 Bo(z)

u(z)dz| <

u(y) — u(z)|dz

Integrating over the ball B,.(z) we obtain

where C'= C(n, s,p). Thus we get

f \u((y)—uBr(mndywr“][ DSul(y)dy,
By (x) Br(x)

and consequently we have

uf_a’R(aj) < CMay,r (|Djul) (x), for any z € R" and R > 0.

By the above two lemmas we immediately get the following result.

Corollary 2.5. Let u € W¥P(R") and 0 < o < s < 1. Then, there is a set A C R™ with |A| =0
such that for all z,y € R™\ A we have

(2.1) u(z) —u(y)| < Clo —y[*~* (Maape—y|(|Dpul) (@) + Mo ey (IDyul)(y)) ,
where C' = C(n, s, a,p) is a positive constant.

Remark 2.6. In view of the above corollary, we say that eq. (2.1) holds for almost every x and y.
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Proposition 2.7. Let  be an open set in R™ and 0 < s < 1,1 < p < oo. Assume that u €
WeP(Q). Let 1 < q < pt for sp < n and 1 < q < oo for sp > n. Then there exists a constant
C =C(n,s,p,q) such that

1 1
: o [ ) — ()P )
w(z) —upl|ide | <C|rP ”/ — "2 dxd
(7@” d > ( I P
for each ball B = B,.(zg) C Q.

Proof. Let sp < n. Then, applying improved fractional Sobolev—Poincaré inequality (see, [21, 33])
for B, (x¢) we have

(2.2) <]{B Ju(x) — uB\P?d:c> d <C <7‘Sp"/B ; dedy)i :

Now by Holder inequality together with eq. (2.2) we obtain the desired inequality in this case.
Let sp > n. We choose 0 < s’ < s such that s'p < n. Therefore, we have u € W*?(Q) by [12
Proposition 2.1]. If ¢ > p satisfying ¢ = . Then by eq. (2.2) we get

1 1
q I_n — p P
(2.3) ][ |u(x) — up|?dx ’ <Cr®w / Mdmdy .
B BJp |z —y|"teP
Now, for z,y € B we have |z — y| < 2r. Since s’ < s, therefore we get
e =y \"T _ (e =g\
2r 2r )
Using this to eq. (2.3), we obtain

1 1
g -2 Ju(z) — u(y)” ’
<][B ”U,(.’L’) - UB‘qd"E> < C(’I’L, 5D, Q)T P (/B B |ZL‘ _ y|n+sp dl‘dy

Finally, for ¢ < p, the result follows by using Hoélder inequality and the above case with some
£ > p > q on the left-hand side. O

Proposition 2.8 (Fractional (g, p)-Poincaré inequality). Let 0 < s < 1,1 < p < oo with sp > 1.
Let 1 < q <p? forsp<n andl < q < oo for sp > n. Then there exists a constant C = C(n, s,p,q)

such that )
— P »
<][ lu(z \qu> < C< / dedy)p
B lw—y[rter
for each ball B = B,(x9) C R" and each u € W;"(B).

Proof. Since the claim follows from Hélder inequality for ¢ = 1, we thus assume that ¢ > 1. Let
u € C°(B). Then u =0 in 2B\ B. Again, by Holder inequality we have

(2.4) uzp| < ]iB |u(e)|de = ]iB [u(@)|xp(z)dr < 207" <]£B U(x)\qu> Uq-

Now, using Minkowski inequality and the proposition 2.7 for 2B with the estimate eq. (2.4), we
obtain
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1/q 1/q
<][ |u($)|qd:n> < <][ () —uQchzx> + uss|
2B 2B
n n 1/q
< C(TL,S,]), Q)r57;[u]s7p,2B + 257” <][ ’U(l’)’qdl') .
2B

Since 24 " < 1 and using (Proposition 3.1, [4]) to estimate the seminorm in the above, we obtain

(]23 ’u(x)!qu>1/q <Ol (/B demy);

Finally, the average integral in the left hand side of the above can be taken on B since u = 0 in
2B\ B. Hence the result follows by density. (]

3. ON SOBOLEV-POINCARE AND LOCALIZED HARDY INEQUALITIES

This section is devoted to proofs of theorems 1.8 to 1.10. We also address some further results
in this context.

Proof of theorem 1.8. If up = fB u = 0. Then, by proposition 2.7 we have

1) (f @pas)” s (ron [ [ 10 M00 )

Using the capacity estimate lemma 2.1 we get

15 1—
(3.2) Cap; (Z (w; )N 5 B, B) < Cap,,, (23, B) = C(n,p,s)r" .

By exploiting this estimate in eq. (3.1) to get the desired result in this case.

If up # 0, without loss of generality we can take up = 1. Choose ¢ € C2°(B) such that ¢ =1 in %E,
Vo] < ¢/r and 0 < ¢ < 1. We define ¢ = ¢(up — u). Clearly, v € Wi*(B) be a (s, p)-quasi
continuous function and ¢ = 1 in Z(u; E¢) N 3 B. Therefore, by remark 1.5 we obtain

(3.3) Capy, <Z(u; E°)N EE, B> < /B : dedy

o =yl

_ |p(@)[P|u(z) — uly)P lup —u(y)|P|¢(x) — d(y)|P
< -1 (/ / o y‘%sp dzdy +/ / B s dmdy)
1 lu(z) — u(y)P 1 _ [9(z) — 9(y)[P
=7 /B B |z —y[tsp dedy + 27 / fuly) = usl” /Bﬂ{z:|x—y|§77} |z — y|ntsp dady

- p(x) — o)
+ 2P l/uy—u p/ ‘—dzdy
B | ( ) B| Bn{z:|z—y|>n} ‘ZL’ - y‘n—l-sp

_ V4
. op-1 lu@) —w@)l” o1 L
‘L [ ey + 21+ 1),
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where 1 > 0 will be chosen later,

l9(x) — oy)I?
I :—/ u(y) —u p/ " dzdy,
! B| (y) B| Bn{z:|z—y|<n} |I’ y‘n P Y

[¢(z) — o(y)IP
I = / u(y) —u p/ ——————dxdy.
? B | (y) B’ Bn{z:|z—y|>n} ‘.%' - y‘n—&-sp Y

We estimate the above integrals I, Is in the following;:

and

FEstimate for Iy : Using the properties of the function ¢, we have

' B| ( ) ’ Bn{z:|z—y|<n} |‘T y|n P

cP / dz
< [t —usp [ ey
™ Jp Bn{x:|z—y|<n} |$ - y‘n+sp—p

B dz Cp=sp
<ot [ Juty) —usp ety < S5 [ ) —uspay
B r B

o=yl | — y[TTrE

Estimate for I :

x —_— p
Iz—/ !u(y)—uB!p/ ole) = ow)” f%' dady
B Bn{z:|z—y|>n} |x_y|
dz
§2p/uy—qu/ ———dy
R A e R

dz
<2p/ lu(y) _UB’p/x o Ty ‘nﬂp < Sp/ lu(y) — uplPdy.

Plugging the above two estimates into eq. (3.3), we obtain
c 1=
Capg, | Z(u; E9) N §B,B

_ p p—sp
< 2p_1/ —|u(x)_ Zs_ysi’ dzdy + 2P~1C (77 —+ 77_5p> / lu(y) — upl|Pdy.
B/ |t -1l r B

Now, choose n = r the radius of the ball B and by proposition 2.7 for ¢ = p, we have

Cap, (Z(u E°)N B B) <C / [u@) = wW)I” ) 4,

o=yl

Therefore, by above estimate we get

-

B

e 2\ ) )l )
i =1< Z(u; B¢ -B. B —_ = .
(3.4) up <C (Capsjp ( (u; E) N 55 ) /B T — g dxdy
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Now using Minkowski inequality, the estimate eq. (3.4) together with proposition 2.7, we obtain

(f, e qu> < (f o) —UB!qu>1+uB

1
S u(z) — u(y) )”
<Cror / ——= dxd
< BJB |z —y[teP Y
1
R u(z) — u(y) ’

1
1 _ D P
<c _ / [ulw) = wwl” g, )"
Cap,,, (Z(u; E¢)n 3B, B) sJp |r—y|vtep

In the last estimate we used eq. (3.2). This completes the proof of the theorem. U

Remark 3.1. In view of theorem 1.8, if we assume that u € W*P(B) be a continuous function
then we may replace Cap; (Z(u; E°) N %B, B) by Cap,,, (Z(u)N %B, B), Z(u) is the zero set of
u.

Remark 3.2. Theorem 1.8 is essentially the best possible for the case ¢ = p¥ in the following way:
Let 1 < sp < n and F' C R" closed set. Take xy € F' be any and consider the ball B,(z¢) with
r > 0 small enough. Suppose there exists C'r > 0 such that

1/ps u(y)lP 1/p
u(z)[Ps dx <Cp / / ————=dzxdy ,
</19T(zo>| @ ) ( +(z0) J Br (o) |~”E— e

where u € W*P(B,(z0)) is a (s,p)-quasi continuous function with « = 0 in F N $B,(z). Let
v € WP(2B,(z0)) be a (s,p)-quasi continuous function with v = 1 in F N $B,(z¢). Define
w:=1—v € W*P(B,(x)). Then w is a (s, p)-quasi continuous function and w = 0 in F N 3B, (zo).
Hence,

1
P
o / / [o(@) —v()I” dy
r ( (zo) ¥ Br(zo) ’x - y|n+sp
1
[w(z) —w)”, . \"
( (20) J By (o) |$* [rer

1

A
> / \w]p:dx >
B'r'(xo)

Therefore, taking infimum over all such v we infer that

> ¢|Br(zo)|73 .

By(x0)\ 5 By o)

n—sp

1— 1/p 1 n—sp
Cr Cap&p (F N §Br(x0), BT(.I'O)> > c|By(xo)|s =cr v

The proof of the following theorem is adapted from the proof of [23, Theorem 6.23].
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Proof of theorem 1.9. Suppose R™ \ Q is uniformly (s, p)-fat set with a constant v and let z €

R™\Q, r > 0. Let u € C°(Q2). Then R"\Q C Z(u) := {z € R" : u(z) = 0}. Now, using lemma 2.1
and by definition of the (s,p) fat set, we obtain

l—+— l——
(3.5) Capy , (Z(u) N §Br(z), Br(z)> > Cap,,, <(]R" \ Q)N §Br(z), Br(z)> > TSP
Again, by theorem 1.8 with the remark 3.1 we have

1

a P
lu(z)|fdz ] <C ! W)l ——————dzdy
_ qy|n+sp
() Cap,,, (Z( )N 1B.(z) +(2) B (2) |$ |

1
P p
O 10 / / Jut@) = ul)l” ) )
( e
Therefore, the result follows in this case.

To prove other implication. Let u € C°(Q2), x € Q and R = dist(x,9). Choose g € 02 such
that R = |x — z¢|. Then by triangle inequality, we have

3=

‘UBR(“/')‘ = ‘uBR(x) - uBR(CCO)‘ + ‘UBR(«’L'O)"
Note that, Br(x) U Br(x¢) C Bar(z) and by proposition 2.7 with ¢ = 1, we obtain

‘UBR(HC) - uBR(xO)‘ < ‘UBR( ) — UBsR(z H_ ‘UBZR () — uBR(»TO)‘

3.6 s—n
( ) < C(?’L) ]i ’u(y) - uBQR(Z‘)‘dy < C(TL, s,p)R /P [u]87p7B2R(.1’)‘
2r(T

On the other hand, by Hélder inequality and hypothesis eq. (1.5) with a constant C4, we have

1/q
(3 7) ’uBR(IO)’ < ]{3 (20) ‘u(y)‘dy < (]{3 (20) \u(y)\‘%ly) < ClRBin/p[u]s,p,BR(zo)
: Rr(Zo R(Zo

< OlRSin/p [u]s,p,BgR(x)-
Combining eq. (3.6) and eq. (3.7), we have
‘UBR(JJ)| < C(?’L, S, Dy Cl)RS_n/p [u]s,p,BQR(a:)a

and this implies

p 1/p
|uBR(a:)’ < C(na S, D, Cl)RS (MQR <‘D1§, Bg}{(ﬂ:)“’) (:E)) )

1/p
s _ |uly) — u(2)P
Do By lly) = </BQR<x) - )

By proceeding as in lemma 2.3, we obtain

u(2) — uyiol < Ol s,p) R (Mo (1] pynral) @)

where
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Therefore, by above estimates we have for any x €
u(@)| < |u(x) = upy@)| + Uy
1/p
(3.8) < C(n, 5,0, CR* (Mo (155, g, yl) (@)

) s s p 1/p
= C(n,5,p, Ci)dist(2,00)° (Mar (105, 5, 1oy @tl) @) -

Let z € R™\Q, r > 0. To conclude the proof of the theorem, it is enough to find a positive constant
C such that

p
i

whenever v € C°(B,(z)) and v(z) =1 for z € (R™\ Q) N 3B,(z). Moreover, we may assume that
0 <wv <1, compare to remark 1.2. Let 0 = 1/6.
Step 1: If

n

g
f ’U(y)dy > Za
B’r‘/2(z)

then by proposition 2.8 with ¢ = 1 we have

1< 40—"][ v(y)dy < C(n)][ lv(y)|dy
BT/Q(Z) BT(Z)

o, \
< C(n,s,p)r®” n/p / / ——= dxdy
( ( r(2z) J Br(z) |.T - |n+sp

and eq. (3.9) follows.
Step 2: If

O.TL
Fooay <
Br/2(z)

Let F' = {y € Ber(2) 1 v(y) < %} Since v = 1 in (R™\ Q)N 3B, (z), we have F' C Q. By definition,
v>1in Ber(z) \ F and thus

O_TL
By@\Fl<2 [ ay<z | ody< 1B
o (\F B

This gives that
O.’Vl
(3.10) [F| = |Ber ()] - |Bay () \ F| 2 Z-[Bya(2).

Let ¢ € C°(B,/2(2)) such that ¢ = 1 in ;B,(2). Define u(z) = ¢(z)(1 — v(z)), € R". Then
u € CX(Q) and u = 1 — v in $B,(2). Moreover, u = 0 in Q°N $B,(z) and for = € B, 4(2),
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A C B,/4(z) we have |D; ,ul(z) = [D, ,v|(z). Since, by definition |u(y)[" is finite for every y € F,
there exists a radius 0 < R, < 2 dlst(y, 00Q) =: 24(y) such that
s P
(3.11) Masy (1D} el) @S2 1Dyl
. Br, (y) Y

Observe that the balls Bg,(y) form a cover of F and they have a uniformly bounded radii. By
5R-covering lemma (see for example [23, Lemma 1.13]) there exist pairwise disjoint balls Brg;(y;)
where y; € I and R; = R, are as above, such that F' C (J;Z| Bsg; (y;). It follows from eq. (3.10)

o0

(312) 1B,a(2)] < | Fl < C(0) S 1B ()]

j=1
Let j € N. Since y; € F'N Ber(z) C QN Bex(z) and z ¢ 2, we have (y;) := dist(y;,00) < & . If
r € Br;(y;), then
v — 2] < lo =yl + lyy — 2l < By + 5 < 2dist(y;, 00) + 5 < T2+ 1) = 7,
and this gives that Bg, (y;) C B,/4(2). Since y; € F', we have u(y;) =1 —v(y;) > . By eq. (3.8)
and the choice of the radius R; in eq. (3.11), we obtain

1 s s p
o5 < 1) < CON " Mastyy) (105,540, 1l (01)
8P ,.5P p
< Co™r ]{313 ) ‘DP Bas(y;) (¥3) u| ()da,

where C' = C(n, s,p,C1) > 0 and consequently

Br, (4;)] < C 1 /

Br; (y;

p .
) |DP,Bza(y]) (y5) U’ ( )dl’ for all VRS N,

where we used the definition of v. Using this into eq. (3.12), we get
Boja(e)| < O Z o Phs @ <O [ D% i@
BR Yj) J B (z)

where we also used the fact that the balls Bg,(y;) C By (z) are pairwise disjoint. This shows that
eq. (3.9) holds and the proof is complete. O

Proof of theorem 1.10. Let us choose ¢ > 1 such that n < sq < sp. Now fix x € Q and zg € 02
such that v — zo| = dist(z,0Q) = 6(z) = R. We denote X = Xp,(z,) the characteristic function
of Byr(wp). Let u € C°(€2) and consider the natural zero extension of u to R™ \ €, then by
corollary 2.5 we have for almost every z,

(3.13) [u(@)] = Ju(@) = u(zo)] < Clz — w0l (M (|Djulx)(@) + M2 (IDjul) (o))

Using Holder inequality we have
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n

7 1/q
re s ra s q
|Br(aj)|/BT(x) (1Ppulx) (w)dy = 1B, (@) (/ (x)((!DpUIx) () dy>
1/q
<c ([ (Dzuh) w)'an)

and consequently we get

M (| Dpulx)(z) < C(n) [[([Dpulx)|| Lo (mr)-
Similar computation yields that

Mz (| Dyulx)(z0) < C(n) [[(IDpulx)||za@n)-

Combining the above two estimates in eq. (3.13) we obtain

1/q
u(z)] < Clz — 2o (/ (|D§u|(z))qd2>
Byr(z0)

. 1/q
<CR (Ra" /B ( )(!DZu!(z))qd2>
< C (dist(z,092))"" 7 (Mas5r(|Djul)(2))"".

The above inequality holds for almost every € R™. Integrating with respect to the variable x over
Q with a = 0, we infer that

/dlstxaa de <C/ (1Dpul’(z))

Y]

dr < C/ |DyulP(z)dz
R”

)P
=C —2 7 dxd
/n /n |x_y|n+sp Y.

In the above estimate we used the Hardy-Littlewood-Wiener maximal function theorem. By density,
we conclude the first part of theorem 1.10. The second part follows from the first part together
with lemma 2.2. This completes the proof of the theorem. O

In the following theorem, we prove the validity of pointwise fractional p-Hardy inequality eq. (1.4).

Theorem 3.3. Let 0 < s<1,1<p<oo suchthatl <sp<n,0<a<p, and let ) be an open
set in R™ such that it’s complement that is R™\ Q is uniformly (s,p)- fat. Assume that u € C°(Q).
Then pointwise fractional p-Hardy inequality eq. (1.4) holds true for Q that is there exist constants
C =C(n,p,a) >0 and o > 1 such that for all x € Q
_a 1
lu(@)] < CO(2)*™7 (Mo, o5 | Dyul? () 7 .
Proof. Let x € €. Let us choose z¢g € 0N for which |z — 9| = d(x) = R. Then, by using the

standard telescoping argument as in the proof of lemma 2.3 we obtain

a 1
\u(a;) — uBR(IO)\ S CRSiE (]\4067 2R\D;u\p(a:))l’ .
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Thus, by above estimate we have

_a s 1
(3.14) [u(@)| < [u(z) = upg(ag)| + [UBg(ze)| < CR™ 7 (Ma, 2| DyulP(2)) P + [t (a0 -

Now consider the set Z(u) = {x € R" : u(x) = 0}, which is a closed as the function u € C°(Q).
Then, by using theorem 1.8 with remark 3.1 and the monotonicity property of the capacity along
with hypothesis, we obtain

1
p

1— N\ .
(3.15)  |uppae)| < <C Cap, (Z(u) N 2B,B> /B - |Dpu|1’(a:)dx>
R(Z0

c 1= - S
< (C Cap, ,, (Q N 2B,B> /B - |Dpu‘1’(:1:)dx>
Rr(To

b o 1
<C (RSP‘" /B ( )yD;u|p(x)dx> < CR*» (Mo g|DiulP(z))7 .
Rr(Zo

3=

Plugging the estimate eq. (3.15) into eq. (3.14) we obtain

3=

lu(z)] < CR* v (Ma, or| Dyul”(2))
Since we have chosen z € () arbitrarily and hence this completes the proof of the theorem. O

As an application of theorem 1.9 and theorem 3.3 we discuss some examples of domains that are
uniformly (s, p)-fat set.

Example 3.4. For s € (0,1), 1 < p < co. Then all nonempty closed sets in R™ are uniformly
(s,p)-fat set provided sp > n.

Proof. Suppose F C R™ be an nonempty closed set. Let x € E and r > 0. Consider u €
C(2By(z)) such that v > 1 in E N B,(z). Choose a cutoff function p € C°(3B,(x)) such that
0<p<1,p=1in B.(x) and |Vp| < ¢/r. Then, by fractional Morrey’s inequality (see, [8,
Corollary 2.7]) we have

(3.16) [ (pw) () — () (2)] < Cly — 2" % [pul pen.

Now, let y € ENB,(x) and z € Bs,(z) \ B2, (x). Then, we have (pu)(y) > 1 and (pu)(z) = 0. Thus
by eq. (3.16), we obtain

(3.17) [oul} e = Cly = 2" (pu) (y) — (pu) (2)] = Cr"" .
Therefore, using lemma 2.2 and eq. (3.17) we have
(3.18) [pu]g’pﬂw(:ﬂ) > Cr" P,

Also, note that

| (pu) (y) — (pu) ()P
3.19) [pu]? = / / dydz
( ) [ ]s,p,BZT(as) Bor(z) J Bar () |y _ Z|n+sp
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_ / / p(y) (uly) — u(z)) + u(2) (p(y) — p(2)) I” dyd=
Bar( Bayr ()

v- \

TEra J
dydz + = — = dydz
(/BQT /B2T Z|n+sp BZT $) B4T(Z |y — z’n+sp p

r C
/ / 2 nil' dydz + = lu(2)[Pdz
Bgr(l‘ BQT ) ‘y Z| r B2r( )

p
< C’/ / nis)’ dydz.
BQT(-T B27‘ ’ P

In the last estimate we have used the fractional Poincaré inequality (see, [7]) and then lemma 2.2.
Now, combining the estimates eq. (3.18), eq. (3.19) we obtain

/ / ()‘ddz>CT”5p
Bay(z) J Bor(2) |y—Z|”+8p

Since w is arbitrary and thus taking infimum over all such functions to get the desired result. [

Example 3.5. Let 0 < s < 1 and 1 < p < oo. Suppose E C R"™ be a closed set such that it satisfies
the measure density condition

(3.20) [EN B, (@) = ¢ |Bo(a)

for all x € F and radii » > 0, and for some constant ¢ > 0. Then E is uniformly (s, p)-fat set.

Proof. Let x € E and r > 0. Let u € C°(Ba,(x)) such that v > 1 in F N B,(x). Then, by
hypothesis eq. (3.20) and using proposition 2.8 for ¢ = p we obtain

c|B@)| < [EN By < [

ENBy(z)

lu(y) Py < / fu(y) Pdy
Bar ()

u(z)
< C(n,s,p) Sp/ / — " dydz.
Bay(z) J Bay(z) \y - Z’”JrSp

Thus,

p
/B )/B - |y - z\nisy dydz > ¢ x C(n, s, p) ",
2T z 2r (T

This proves that F is uniformly (s, p)-fat set with a constant v = ¢ x C(n, s, p). O
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