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useful calculus rules and its consistency with the tangent
bundle and the I'-calculus inherited from the Dirichlet form.
© 2023 Elsevier Inc. All rights reserved.
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1. Introduction

The theory of Sobolev spaces associated to a metric measure space (X, d, m) has been
much developed in recent years. One of the most important approaches (we refer to the
monographs [12,28] and to the lecture notes [26,44]) is based on the notion of upper
gradient [27,29] of a map f: X — R: it is a Borel map g : X — [0, +00] satisfying

() — F(r(a))] < / g (1.1)

~

along every d-Lipschitz (or even rectifiable) curve v : [a,b] — X. The Dirichlet space
DY (X,d,m), p € (1,+00) can then be defined as the class of measurable functions
f+ X — R that possess a p-integrable upper gradient, thus resulting in a finite Newtonian
energy

NE,(f) := inf { /gp dm : g is an upper gradient of f} (1.2)
X

A crucial and nontrivial fact is that NE, admits a local representation
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NE, (/) = / D2, dm (13)

X

in terms of the minimal p-weak upper gradient [Df|%; of f, which can be characterized in
terms of the upper gradient property (1.1) along Mod,-a.e. curve and enjoys many nice
metric-nonsmooth calculus rules. When f is Lipschitz, then the pointwise and asymptotic
Lipschitz constants

IDf|(x) := lim sup |

, lip f(z) := limsup ) = FE)] (1.4)
y—z (l‘, y) Y, 2T, Y£2 (y7 Z)
are upper gradients, so that
if f € Lipy(X) then |Df|y <|Df|<lipf m-ae.in X. (1.5)

Functions in LP(X, m) which admit a good representative (in the usual Lebesgue class
defined up to m-negligible sets) in D'P(X,d,m) give raise to the Newtonian spaces
NVP(X,d,m) [45] [12, Def. 1.19], which is a Banach space with the norm | fll 510 ==
(115, + I\Ep(f))l/p. NU'P(X,d,m) can also be identified with the domain of the L?-
relaxation of NE, [15].

Density of Lipschitz functions: the case of doubling spaces supporting a Poincaré inequal-
ity It is a natural question if NE, can be recovered starting from the distinguished class
of upper gradients given by the pointwise or asymptotic Lipschitz constants (1.4) of Lip-
schitz functions. When (X, d, m) satisfies a doubling condition and supports a p-Poincaré
inequality, then Lipschitz functions are dense in N'*(X,d, m) [45, Theorem 4.1] and for
Lipschitz functions the minimal p-weak upper gradient |Df|x coincides with the point-
wise Lipschitz constant [Df| [15, Theorem 6.1]. In particular for every f € N'*(X, d, m)
there exists a sequence f,, € Lip,(X) such that

fo—f, |Dfn] — |IDf|n strongly in LP(X,m). (1.6)
It is worth noticing that in this case Nl’p(X, d, m) is a reflexive space [15, Theorem 4.48].

Density in energy of subalgebras of Lipschitz functions The strong approximation prop-
erty (1.6) holds in fact for arbitrary complete and separable metric spaces, a result
obtained in [7] (when p = 2) and [5], where also the approximation by the asymptotic
Lipschitz constant is considered.

The first aim of the present paper is to discuss the extension of this result when the
sequence f, in (1.6) is chosen in a suitable unital subalgebra 7 C Lip,(X) separating
the points of X, i.e.

1€, forevery xg,x1 € X there exists f € &1 f(xg) # f(z1)- (1.7)
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The use of a subalgebra is not a formal exercise with no implications. In fact, in relevant
examples such as Wasserstein Sobolev spaces, which we shall introduce and discuss below,
and the related subalgebra of cylinder functions, it is possible to recover the Cheeger
energy as suitable relaxation of an explicitly computable Dirichlet form. Namely, from
the so-called pre-Cheeger energy

pCE, (f) = / (lip f)P dm,  f € Lip,(X), (18)

X

we recover the Cheeger energy as its relaxation starting from &

CEp. s (f) = inf {lég}rr;;f PCE,(fn): fn €, fn— fin LO(X,m)} . (1.9)

Thanks to the algebraic properties of & and (1.7) it is possible to prove [44, Sec. 3] that
CE,,.» admits a local representation of the form

CE, o (f) = / DS () dm(x) whenever CE o (f) < +oc, (1.10)
X

in terms of a minimal (p, o )-relaxed gradient |Df|, o, enjoying the same calculus rules
as |Df|n, see Theorem 2.3 below. We denote by H'?(X,d, m;.27) the class of functions
in LP(X, m) with finite (p, & )-Cheeger energy.

It is easy to check that H'P(X,d, m;.«7) € N'P(X,d, m) with |Df|y < |Df]..s m-a.c.
It turns out that the strong approximation property

for every f € Nl’p(X,d,m) there exist f, € & : f, — f, lip fn = |Df|n in LP(X, m)
(1.11)
is equivalent to the identification

HY"(X,d,m; /) = N'P(X,d,m), |Df|y = |Df|ss forevery f e N'P(X,d,m).
(1.12)
The density results of [7,5] show that (1.12) always hold if &/ = Lip,(X). When & is a
proper subalgebra of Lip,(X), a first sufficient condition for the validity of (1.12), in the
more general framework of extended topological metric measure spaces, is provided by
the compatibility condition between d and o [44, Theorems 3.2.7, 5.3.1]

d(a,y) = sup {f(2) = f(y) : f € &, Lin(£.X) < 1}. (1.13)

We are able to improve (1.13) and to show (Theorem 2.13) that a necessary and sufficient
condition for (1.12) is that for every y € X (or in a dense subset of X) the distance
function d, : z — d(x,y) satisfies
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IDdy |, er(z) <1 for mae z € X. (1.14)

As mentioned above, the density of distinguished subalgebras of Lipschitz functions can
provide valuable information on the structure of the metric Sobolev space NP (X,d,m),
in particular when the asymptotic Lipschitz constant lip f exhibits a more regular be-
havior when restricted to /. A relevant example arises when an algebra <7 exists for
which the pre-Cheeger energy (1.8) is induced by a bilinear form and one wants to study
its closure as it is typical in the theory of Dirichlet forms. In this case our result shows
that this construction is intrinsically linked to the metric structure, so that it is indepen-
dent of the particular choice of the algebra & satisfying (1.14) and it is invariant with
respect to measure-preserving isometries. As a byproduct, we will recover in a simple
way previous Hilbertianity results of [21,31,44].

The Wasserstein Sobolev space An important application, which has been one of the
inspiring motivations of our investigation, concerns functional analysis over spaces of
probability measures. In fact, smooth functions do appear recently as solutions of new
types of partial differential equations over spaces of probability measures defined by
diverse forms of differentiation, namely nonlinear transport equations [2,3] for describ-
ing population evolutionary games, Kolmogorov equations [35,34] in nonlinear filtering,
and Hamilton-Jacobi-Bellman equations [11,23,39,14] as appearing, e.g., in the theory
of mean-field games and mean-field optimal control. In some of these instances, the so-
lutions are considered in classical sense, because of the lack of weak formulations and
variational descriptions. Moreover, while the expression of these equations is in most
cases of foundational interest, their relevance in terms of providing insights about so-
lutions and their explicit computation remained so far rather unclear. Hence, a proper
definition of function spaces of regular functions, rules of calculus, and density proper-
ties are fundamental for developing a more systematic framework for the analysis of such
novel forms of infinite dimensional PDEs and explaining their practical use and impact.

Moreover, thanks to significant advances in computational optimal transport that
made its numerical realization feasible also for problems of relatively high dimension, in
the past decade there has been an increasing and more accepted adoption of probability
measures to model data points in image and shape processing and other machine learn-
ing applications. While the first applications were about discriminating data encoded
as distributions available in the form of bags-of-features or descriptors, more recent de-
velopments explored geometric interpolation of data provided by optimal transport, for
instance in the form of Wasserstein barycenters. In the meanwhile the literature on the
subject has grown significantly to be really able to offer a complete account and we may
more simply refer to the recent survey [38] for insights and references.

Building upon these advances, approximating or interpolating efficiently functions
over data points modeled as (probability) measures can also provide a novel framework
for machine learning tasks, such as classification and regression. Also for such develop-
ments a proper foundation of functional analysis is necessary.
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These are relevant motivations for us to focus on the study of Sobolev spaces generated
by a finite measure m on the Wasserstein space P2(M) of Borel probability measures in
a complete Riemannian manifold (M, dyg) with finite quadratic moment

/dfw(x,xo) dp(z) < 400 for some, and thus any, x, € M, (1.15)
M

endowed with the L2-Kantorovich-Rubinstein-Wasserstein distance W5

WidM(,u,y) := min / dﬁ,ﬂ(:c,y) dp(z,y) | p € T(p,v) p; (1.16)
x M

here I'(u, v) is the set of couplings between u and v, i.e. probability measures p in M x M
whose marginals are p and v.

The space of probability measures (P2(M), Wa 4,, ) may be considered a model class for
the above mentioned applications and it is an example of complete and separable metric
space, which exhibits a non-smooth, infinite dimensional pseudo-Riemannian character
[37,4,49]. In particular, it is not isometric to a finite dimensional Riemannian manifold
or a Cat(x) space [20]; when M has nonnegative sectional curvature as in the case of
the Euclidean space RY, then (P(M), Wa 4,,) has nonnegative curvature in the sense
of Aleksandrov [49]; for a general Riemannian manifold M, (P2(M), Wa4,,) is not an
Aleksandrov space and lacks of any lower or upper curvature bound.

When M is compact, Sobolev spaces on (P2(M), Wa) have been constructed in [17]
starting from measures m which have full support and satisfy an integration-by-parts
formula (see Section 5.2 below) on the unital algebra of cylinder maps FCS° (P2(M)),
generated by linear functionals of the form

Lo :pp— /(Z)du, ¢ € C(M). (1.17)
M

It turns out that the restriction of the pre-Cheeger energy pCE, (1.8) to FC.° (P2(M)) is
induced by a bilinear form so that one can study the Dirichlet form arising by its closure.

Our main result is that for every separable and complete Riemannian manifold Ml and
for every positive and finite Borel measure m on Po(M) (so, full support and integration-
by-parts properties are not required) the algebra FC.° (P2(M)) satisfies property (1.14)
and therefore it is dense in the metric Sobolev space H?(Py(M), W 4,,, m), which is
therefore a Hilbert space. Due to the non-smooth character of W5 such a Hilbertianity
property was far from obvious even in the flat case M = R%. We will also show that this
result holds when M is an infinite-dimensional, separable, Hilbert space.

Our metric analysis is also supplemented with a detailed discussion of the structure
of the Cheeger energy and of the minimal relaxed gradient, in the case when M is the
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Euclidean space R?. Introducing the measure m = /((5H ® p) dm(p) in P(P2(RY) x

R%), we will show that there is a linear continuous Wasserstein-gradient operator Dy, :
HY2(Py(RY), Wy, m) — L?(P2(R%) xR?, m; RY) representing the bilinear form associated
to the Cheeger energy as

CEa(F.G) = [ D (py) - DGl ) dn(y ) (1.18)

and satisfying useful calculus rules which are typical of I'-calculus for Dirichlet form. Dy,
also allows for an explicit characterization of the tangent bundle L?(TP2(R?)) in the
sense of Gigli [25,26].

We are also able to study the relaxation effect occurring in the construction of the
Cheeger energy starting from (1.8). We claim that our results are sufficiently strong and
provide useful tools to pave the way for further studies on the structure and the promising
applications of Wasserstein Sobolev spaces. In particular, the techniques developed in
the present paper can also be applied to study the general class of Wasserstein Sobolev
spaces HY4(P,(M), Wp, m), with p,q € (1,+00), a topic that has been addressed in [46].

Moreover, as a direct consequence of our results, the recovery of the Cheeger energy
in terms of relaxation of the explicitly computable pre-Cheeger energy pCE, (1.8) on
FCZ (P2(M)) does allow the equally explicit formulation of Euler-Lagrange equations
of properly formulated variational problems defined on H'2(Py(M), W3 4,,, m), which
can be solved numerically over finite dimensional suitably graduated approximations
of FC° (P2(M)), as a sort of (nonlinear) Galerkin approximation. Hence, as a con-
cluding remark, perhaps surprisingly, the use of the subalgebra of cylindric functions
FCZ (P2(M)) instead of Lip, (P2(M)) as a fundamental nucleus to define Wasserstein
Sobolev spaces allows to bring the theory from its foundational level to rather concrete
applicability. In particular, we have in mind the above mentioned applications to the
solutions of PDEs over Pz(M) and machine learning.

Plan of the paper After a quick review of the construction of the Cheeger energy start-
ing from a subalgebra 7, Section 2 is devoted to prove our main density result under
condition (1.14) (Section 2.2). The last part 2.4 extends the applicability of the results to
a larger class of distances: one of its quite useful applications will concern the extension of
the results for the Wasserstein Sobolev spaces modeled on P;(R?) to the general case of
P2(M) for a complete Riemannian manifold M, which will be carried out in Sections 6.1
and 6.2.

We will recap a few properties of the Wasserstein distance in Section 3. Section 4 con-
tains a collection of some properties of cylinder functions, of their asymptotic Lipschitz
constants (Section 4.1), and our main density and Hilbertianity result for the Wasserstein
Sobolev space H'2(Py(R?), Wz, m) (Theorem 4.10).
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Calculus rules for the m-differential are presented in Section 5; the structure of the
tangent bundle, the properties of the residual differentials, and the study of the relaxation
effect are discussed in Section 5.1, together with a few examples in Section 5.2.

The last Section 6 shows how to extend the result of Section 4 from R¢ to an arbitrary
complete Riemannian manifold Ml and to a separable Hilbert space H.

Acknowledgments The authors warmly thank N. Gigli, E. Pasqualetto, G. Peyré for
their comments and L. Dello Schiavo for the careful reading and his valuable remarks on
a first draft of the present paper.

The authors gratefully acknowledge the support of the Institute for Advanced Study
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2. Metric Sobolev spaces and density of unital algebras

In this section we will briefly recap the construction of metric Sobolev spaces adapting
the relaxation viewpoint of the Cheeger energy to the presence of a distinguished algebra
of Lipschitz functions [7,5,44].

2.1. Sobolev functions and minimal relaxed gradients

Let (X,d) be a complete and separable metric space. We will denote by Lip,(X,d)
the space of bounded and Lipschitz real functions f : X — R. The asymptotic Lipschitz
constant of f € Lip,(X,d) is defined as

lipg f(x) := lim Lip(f, B(z,7),d) = yhilf‘;& %%5)(2)', (2.1)

where B(z,r) denotes the open ball centered at z with radius r and, for A C X, the
quantity Lip(f, A,d) is defined as

Lip(f,A,d):= sup —F——
( ) z,y€A, x#y d(l‘, y)

We will simply write Lip,(X),lip f, Lip(f, A), omitting to explicitly mention d, when the
choice of the metric d is clear from the context.
We will also deal with a unital algebra o/ C Lip,(X) separating the points of X, i.e.

le o, forevery xg,z1 € X there exists f € &1  f(xg) # f(x1). (2.2)

The initial Hausdorff topology 7., induced on X by & is clearly coarser than the metric
topology of X.
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Let m be a finite and positive Borel measure on X (being X a Polish space, m is also
a Radon measure). We will denote by £°(X,m) the set of m-measurable real functions
defined in X; L°(X,m) is the usual quotient of £°(X, m) obtained by identifying two
functions which coincide m-a.e. in X. In a similar way, £P(X,m) and L?(X, m) are
the usual Lebesgue spaces of p-summable m-measurable (equivalence classes of) real
functions, p € [1,400]. It is worth noticing that by [44, Lemma 2.1.27] we have that

for every p € [1,00) and every f € LP(X,m) taking values in an interval 7 C R

there exists a sequence (f,), C & with values in I converging to f in LP(X,m).
(2.3)

We will endow L°(X,m) with the topology of the convergence in measure, which is
induced by the metric

dpo(fr, f) = /19(|f1 ~ Bl)dm,  fi, fo € L°(X,m), (2.4)
X

where 9 : [0,400) — [0, 400) is any increasing, concave, bounded function with 9(0) =
lim, ;o ¥(r) = 0. In the following we fix an exponent p € (1, +00).

Definition 2.1 ((p, «7)-relaxzed gradient). We say that G € LP(X,m) is a (p, & )-relaxed
gradient of a m-measurable function f € L(X, m) if there exists a sequence (f,,)nen € &
such that:

(1) f. — f in m-measure and lip f,, — G weakly in LP(X,m);
(2) G < G m-a.e. in X.

The minimal (p, &7)-relaxed gradient of f (denoted by |Df|, o) is the element of minimal
LP-norm among all the (p, o)-relaxed gradient of f. We will just write |Df|, if & =
Lip (X).

Remark 2.2. Notice that the minimal relaxed gradient |Df|, s depends also on p €
[1,400), see e.g. [6,12,28]. Since it will be always clear from the context which value of
p we are considering (a general one or, in the second part of the paper, p = 2), we omit
to write explicitly this dependence.

We collect in the following Theorem the main properties of |D f|, o we will extensively
use.

Theorem 2.3.
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The set
S = {(f7 G) e L°(X,m) x LP(X,m) : G is a (p, o )-relaved gradient off}

is convex and it is closed with respect to the product topology of the convergence
in m-measure and the weak convergence in LP(X, m). In particular, the restriction
Sq = SNLIX,m) x LP(X,m) is weakly closed in LI(X,m) x LP(X, m) for every
q € (1,400).

(Strong approzimation) If f € L°(X,m) has a (p, o)-relazed gradient then |Df|, o
is well defined. If f takes values in a closed (possibly unbounded) interval I C R
then there exists a sequence f, € &/ with values in I such that

fo— fm-ae in X, lpf, — |Df|xo strongly in LP(X, m). (2.5)

If moreover f € L1(X,m) for some q € [1,400) then we can also find a sequence as
in (2.5) converging strongly to f in L1(X,m).

(Pointwise minimality) If G is a (p,o/)-relazed gradient of f € L°(X,m) then
IDfly.cr <G m-a.e. in X.

(Leibniz rule) If f,g € L>(X,m) have (p, o/ )-relazed gradient, then h := fg has
(p, & )-relazed gradient and

ID(fg)|x.er <|f||Dg

v 19| 1Dflsosr m-a.e in X. (2.6)
(Sub-linearity) If f,g € LY(X, m) have (p, o)-relazed gradient and o, 3 € R, then
ID(af + Bg)lx,er < || DSl + 18] |Dgls,er  m-a.e. in X. (2.7)

(Locality) If f € L°(X,m) has a (p, o)-relaxed gradient, then for any £*-negligible
Borel subset N C R we have

Dflyer =0 m-a.e. on f7H(N). (2.8)

(Chain rule) If f € L°(X,m) has a (p, o)-relazed gradient and ¢ € Lip(R) then
¢ o f has (p, o)-relaxed gradient and

ID(¢ o e <& ()l Dfler m-a.e. in X, (2.9)

and equality holds in (2.9) if ¢ is monotone or Ct.

(Truncations) If f; € L°(X, m) has (p, & )-relazed gradient, j = 1,---,.J, then also
the functions fi := max(f1, -+, fs) and f— ;== min(f1, -, f;) have (p, &)-relazed
gradient and

IDftleer = Dfjler m-a.e. on{zeX: fi=fj}, (2.10)
IDf_ls,or = Dfjle,er m-ace. on{z e X: f_=f;} (2.11)
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Remark 2.4. Notice that the product in (2.9) is well defined since there exists a .£*-
negligible Borel set N C R such that ¢ is differentiable in R \ N and |Df|. s vanishes
m-a.e. in f~1(N) thanks to the locality property (2.8).

Proof. We give a few references for the proofs. The case when p = 2, &/ = Lip,(X)
and the local slope of f is used to define relaxed gradients have been considered in [7,
Sec. 4], whose proof generalizes easily to the case p € (1, 00) and the asymptotic Lipschitz
constant (2.1), see also [5].

The definition and the properties involving a general unital subalgebra <7 have been
discussed in [44, Sec. 3]: points (1,2) correspond to Lemma 3.1.6 and Corollary 3.1.9, (3)
has been stated in Lemma 3.1.11, (4) refers to Corollary 3.1.10, (5,6,7,8) are proved in
Theorem 3.1.12 and its Corollary 3.1.13.

Let us make three further technical comments:

o both [7,44] involve an auxiliary topology 7: in the present case, being X complete
and separable and d a canonical metric (thus d only take finite values), we can select
7 as the (Polish) topology induced by d.

o In order to deal with extended distances, in [44] has also been assumed that the
unital algebra o satisfies the stronger compatibility condition

d(@,y) = sup { /() = f(y) : f € 7, Lin(f, X) <1}, (2.12)

which clearly implies that 7 separates the points of X as in (2.2). However, such
a property is not needed in the construction and the proofs of Section 3.1.1 of [44].
The only point where (2.12) explicitly occurs is in the proof of Locality [44, Lemma
3.1.11], to ensure that the restriction of &7 to each compact set K C X is uniformly
dense in C(K), a property which is guaranteed in the present setting by (2.2) thanks
to Stone-Weierstrass Theorem.

o The standard approach of [7,44] considers first functions f belonging to LP(X,m)
instead of general m-measurable functions. However, the compatibility with trunca-
tions showing that for every k > 0

DS (2) Af |f(2)] <F,

0 flf@) >k )= RVIAR (213)

ID Ty (f)]s,er () = {

and the possibility to find strong approximations of Tj(f) € LP(X,m) (recall that m
is finite) satisfying (2.5) and taking values in [k, k] (see [44, Cor 2.1.24, Cor. 3.1.9]
where an approximation argument involving odd polynomials is implemented) allow
for a standard extension of the theory from LP(X,m) to L°(X,m), see also the
discussion related to (4.16) of [7]. Notice also that, from a metric point of view,
there is no reason to couple the integrability of a function f and the one of its
minimal relaxed gradient |D f|4 .. Also the choice of working in L°(X,m) gives more
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flexibility and in particular allows to treat the distance function d, from one point
y € X without imposing any integrability condition. This will be crucial in the rest
of this paper (see e.g. Theorem 2.13). O

Starting from Definition 2.1 and using the properties of Theorem 2.3 it is natural to
introduce the following notions.

Definition 2.5 (Cheeger energy and Sobolev space). We call DVP(X,d, m;.</) the set of
functions in L°(X, m) with a (p, &)-relaxed gradient and we set

CE, o (f) = / \Df|f7d(:£) dm(z) for every f € DVP(X,d, m;.«7), (2.14)
X

with CE, o (f) := +oo if f ¢ DV (X,d,m;</). The Sobolev space H'P(X,d, m;.e/)
is defined as LP(X,m) N D'?P(X,d,m;.«/) and it is a Banach space with the norm
||f||’;{1,p(x7d7m;d) = [|f17, + CEp o (f). As usual, we will write DV?(X,d, m), CE,(f),
HY?(X,d,m) and || f||z1.» when &/ = Lip,(X).

Remark 2.6 (Cheeger energy as relazation of the pre-Cheeger energy). We can equiva-
lently define the Cheeger energy CE, . as a sort of L%-lower semicontinuous relaxation
of the restriction to & of the pre-Cheeger energy pCE,, the latter being defined as

pCE,(f) := /(lipf)p dm, f € Lipy(X). (2.15)
X

In other words, for every f € L%(X,m) it holds ([44, Corollary 3.1.7])
CE, o (f) = inf {liminf pCE,(fn) : fu € &, fn— [ in LY(X, m)} . (2.16)
n—+0o00

In particular the functional CE, ., is lower semicontinuous in L°(X,m). Here the choice
of the LY-topology does not play a crucial role, since, by Theorem 2.3(2), the restriction
of CE, o to LY(X,m), g € [1,00), can be equivalently obtained as Li-relaxation:

CE, o (f) = inf{liglinprEp(fn) i fn€d, fn— fin Lq(X7m)}, feLi(X,m).

(2.17)
Notice also that, when m has not full support, two different elements f1, fo € &/ may give
rise to the same equivalence class in L°(X,m). In this case, CE, s can be equivalently
defined as the L°-lower semicontinuous relaxation of the functional

pCE,(f) = inf {pCE,(g) 1 g€ &, g = f mae}, f€E o,

where @, is the quotient of &/ with respect to equality m-a.e.
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It is clear that we have the obvious implication for f € L%(X, m):

f has a (p, Lip, (X))-relaxed gradient and

f has a (p, )-relaxed gradient =
[Dflx < |Dfl|s, o m-ae. in X.

(2.18)
The converse implication together with the identity |[Df|. = |Df|. o is an important
density property for an algebra «/: by Theorem 2.3(2), it is equivalent to the following

property.

Definition 2.7 (Density in energy of a subalgebra of Lipschitz functions). We say that a
subalgebra &/ C Lip,(X) is dense in p-energy if for every f € L%(X,m) with a p-relaxed
gradient there exists a sequence (fy,)nen satisfying

fned, fon— fwmae in X, lipf, = |[Df|. strongly in LP(X, m). (2.19)

When & is unital and separating, this is equivalent to the fact that f has a (p, &)-relaxed
gradient and

IDfls,er = |IDf|x m-ae. in X. (2.20)
In particular DV?(X,d, m; /) = DYP(X,d, m).

Remark 2.8 (Comparison with the Newtonian approach). By the identification (1.12)
when &7 = Lip,(X) we always have

H'YP(X,d,m) = N"?(X,d,m), |Df|y=|Df|, forevery fe N"P(X,d,m). (2.21)
If o7 is dense in p-energy and f € N'P(X,d, m) we thus obtain
[Dfls,or = |Dfl« = |Dfln m-a.e. in X. (2.22)

Notice that (2.22) and (1.5) immediately yield the uniform upper bound in terms of the
pointwise Lipschitz constant

if f is Lipschitz then |Df|, o < |Df| m-a.e. in X. (2.23)

Remark 2.9. As we already mentioned in Remark 2.6, the choice of arbitrary measurable
maps f € L°(X,m) in Definition 2.7 and of the pointwise m-a.e. convergence in (2.19)
is not restrictive: a simple truncation argument (which can be implemented by using
odd polynomials, see [44, Corollary 2.1.24]) shows that < is dense in p-energy if and
only if for every f € LP(X, m) with a p-relaxed gradient there exists a sequence (f;,)neN
satisfying
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fn€d, fo— fin LP(X,m), lipf, = |Df|s strongly in LP(X,m). (2.24)

If <7 is unital and separating this is equivalent to H''?(X,d,m; /) = H"?(X,d, m) with
equal norms.

A first sufficient condition to obtain the density in energy of a subalgebra o7, in the
more general framework of extended topological metric measure spaces, is provided by
the compatibility condition (2.12) [44, Theorems 3.2.7, 5.3.1] (see also [9] for the algebra
generated by truncated distance functions).

In the present Polish setting, we notice that (2.19) (and, a fortiori, (2.12)) implies the
weaker condition

for every y € X the function d,, : z — d(x,y) has (p, &/)-relaxed gradient 1, (2.25)
which is equivalent, thanks to Theorem 2.3(3), to
[Ddy|s,r <1 m-ace. in X. (2.26)

In fact, using the truncations (2.13), each function d, can be approximated by the
increasing sequence f, := Tjd, of bounded 1-Lipschitz maps, so that

|IDdy|. <1 m-a.e. in X for every y € X, (2.27)
and therefore (2.19) yields (2.26).

Remark 2.10 (The effect of truncations). The (p, o/)-relaxed gradient is not affected
by truncations of the distance functions, in particular it is not restrictive to assume d
bounded above by a constant, e.g. 1. In fact, if we introduce a parameter a > 0 and the
truncated distance

do(z1,22) :=d(z1,22) Aa for every zq,29 € X, (2.28)

(X,d,) is still a complete and separable metric space, the sets Lip, (X, d) and Lip, (X, d,)
coincide, and it is easy to check that

lipy f = lipy, f for every bounded and Lipschitz function f. (2.29)

We deduce that d and d, induce the same (p, & )-relaxed gradient. Notice moreover that
using (2.28) we can also easily cover the case of extended distances (i.e. possibly assuming
the value 4+00), provided (X,d,) is a separable metric space. The case when (X,d,) is
not separable requires a more refined setting involving an auxiliary topology 7 [44].

It is possible to express (2.26) in a more flexible way, by using suitable nonlinear
functions of d,. We state a general result.
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Lemma 2.11. Let I = (a,b) be an interval (possibly unbounded) of R and let { : R — R
be a Lipschitz and nondecreasing map satisfying

the restriction of ¢ to I is of class C* with ¢'(s) > 0 if s € I. (2.30)
If f: X — I is a Borel function, then the condition
feDY(X,dm;o), |[Dflpe <1 (2.31)
s equivalent to
(ofeD"(X,dm), |D(Co f)’*’ﬂ(z) < (f(x)) form-ae zeX. (2.32)
Proof. It is clear that if [Df|, o < 1 then (2.32) holds, thanks to (2.9). In order to
prove the converse implication, we consider a strictly decreasing sequence a, | a, a

strictly increasing sequence b,, T b and nondecreasing and bounded Lipschitz functions
¥y, : R — R such that

wn(z) =a,if z < C(an)a wn(C(S)) = s for every s € [anabn]> wn(z) = b, if z > C(bn)

The restriction of 1, to the interval [((a,), ((by)] is of class C1.
Setting h(x) := ((f(z)), the Chain rule (2.9) yields

ID(@n © h)|sez () < (¥, © 1) [Dhly s (z) < (9, © C(f(2)))C (f ().

Since ¢y, (h(x)) = an V f(x) A by, the locality property (2.8), the truncation Prop-
erty 2.3(8), and the fact that ¢, ((s)){'(s) =1 if s € [an, by] yield

‘D(ﬂ}n © h)‘*,a{ <1 m-a.e. (2.33)

Since ¢, o h — f pointwise in X as n — oo, passing to the limit in (2.33) we get
|Df|*)g{ <1l. O

Remark 2.12. Thanks to Lemma 2.11, if d is a bounded metric and ¢ > 1, (2.26) is
equivalent to

[Dd ], or () < qdf ™! (x) for meae. w € X. (2.34)

In particular, if (2.34) holds for some ¢ > 1, it holds for any ¢ > 1.



16 M. Fornasier et al. / Journal of Functional Analysis 285 (2023) 110153

2.2. A density result

We have seen that in the present setting of Polish spaces, condition (2.26) (or,
equivalently, (2.32) for some admissible truncation satisfying (2.30)) is a necessary con-
dition for the validity of the approximation property (2.19) and of the identification
IDflx = IDf]+,or- We want to show that (2.26) or (2.32) are also sufficient conditions.

Theorem 2.13. Let (X,d,m) be a Polish metric measure space, let Y C X be a dense
subset, and let of be a unital separating subalgebra of Lip,(X) as in (2.2). If

for every y €Y it holds d, € D'P(X,d,m;«/), |Dd,|, , <1 (2.35)
then <7 is dense in p-energy according to Definition 2.7.

Proof. We split the proof in various steps. Notice that by (2.18) it is sufficient to prove
that

Dfl,cr < |Df]x m-a.e. in X. (2.36)

(1) It is not restrictive to assume d bounded above by 1 : see Remark 2.10.
By Lemma 2.11 and Remark 2.12 we know that (2.34) holds for every y € Y and
every q > 1.

(2) It is sufficient to prove that

CE, o+ (f) < /(lip f)Pdm = pCEp(f) for every f € Lipy(X). (2.37)
X

In fact, if f has (p,Lip,(X))-relaxed gradient, by (2.5) we can find a sequence f, €
Lip,(X) such that f, — f m-a.e. and lip f,, — |Df|. strongly in LP(X, m) as n — oo. By
the L%-lower semicontinuity of the CE, .-energy, passing to the limit in (2.37) written
for f, we get

By (f) = / P, dm < / IDFI? dm = CE,(f) < o.
X X

We deduce that f has a (p, &7)-relaxed gradient and that (2.20) holds, since |Df|, <
IDfls, s m-a.e.

(3) For every f € Lip,(X) and t > 0 we introduce the Hopf-Lax regularization Q:f :
X — R defined by

Q:f(z) :== inf !

yeXx qti—1

d(z,y) + f(y), z€X, (2.38)
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where g € (1,400) is the conjugate exponent of p i.e. 1/¢+ 1/p = 1. It is clear that Q. f
is bounded (it takes values in the interval [infx f,supy f]) and Lipschitz, being the infi-
mum of a family of uniformly Lipschitz functions. We consider the upper semicontinuous
function [7, (3.4) and Prop. 3.2]

D; f(x) :=suplimsupd(z, yy,), (2.39)

(yn) n—o0

where the (y,)n’s vary among all the minimizing sequences of (2.38). D} f is also uni-
formly bounded and satisfies (see e.g. [44, Lemma 3.2.1])

+ )\ ?
(P < tarings. 0 (240)

In fact, if y,, is a minimizing sequence of (2.38), for every € > 0 we eventually have

) + () € Quf(e) 42 < (o) +

i.e., setting L := Lip(f, X),

d?(z, yn)
thpl/(p_l) ’

Lty < S L ig@) — f) < L qr @B <y y

=+ I

We thus get

1
limsup 2-d*(z,y,) < 5 + (gL

n—oo

which yields (2.40) since € > 0 is arbitrary.
(4) For every f € Lip,(X) and for every t >0

IDQ flyor(z) < (7'DF f(2))"" for mae. x € X, (2.41)

Let Y/ = {yn}nen be a countable set dense in Y7; since f € Lip,(X) it is easy to check
that

1
— 3 q _ s n
Quf(@) = inf —ogd'(@,y) + fly) = lim QFf(), -
1 .
n — i q
QY f(z): i qtq,ld (@, yr) + f(yr)-
We consider now the upper semicontinuous function
1

D} (z) := max {d(m,yk) 1<k<n, Qz)= qtq_ldq(x,yk) + f(yk)} (2.43)
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By (2.34) and Theorem 2.3(8), we have that (t~*D})?7! is a (p, o/)-relaxed gradient of
Q7 f. It is then clear that for every z there exists a sequence n — y’(n x) with ¢/ (n, z) €
{y1,-- ,yn} such that D(z) = d(z,y'(n,2)) and Q7 f(z) = o= —L_d(z,y' (n,x)) +
fW(n,x)) = Qif(x) as n — oo, i.e. ¥ (n,x) is a minimizing sequence of (2.38). We
deduce that

lim sup D} (z) = limsupd(z, y'(n,2)) < Df f(x) for every x € X. (2.44)
n—oo n—oo
Since D} f are uniformly bounded, up to extracting a suitable subsequence we can sup-
pose that (¢t71D7)4=t —* G weakly* L°°(X,m) so that, by Theorem 2.3(1), G is a
(p, o )-relaxed gradient of Q.f, hence |DQ;f|soxr < G m-a.e. by Theorem 2.3(3). Also
notice that by Fatou’s lemma and weak® L°°(X, m) convergence, we have

/de = lim [ 'DP)? tdm < /lim sup(t 1D} (2))?" ! dm(x)
n—4o0o n— 400
B B

< [ DF £(a)) ),

B

for every Borel set B C X. We conclude that |DQ;f|s.os < (t7'Djf f(z))?"! for m-
ae zv€X.
(5) For every x € X, t >0, and f € Lip,(X) we have

o)~ Qfte) _ ) 1 (P4
_;Z , (2.45)
lintlisoupw %(hp f(z )) (2.46)

This follows by [44, Thm. 3.2.4] (see also [4, Thm. 3.1.4, Lemma 3.1.5]).
(6) Conclusion. We argue as in [44, Theorem 3.2.7]: (2.45) and (2.40) yield the uniform

bound

w < %(q Lip(f7X))p for every z € X, t > 0. (2.47)

Integrating (2.46) in X and applying Fatou’s Lemma we get

limsup/f Qtf ) dm(z) < %/(lipf(m))p dm(z). (2.48)
b

10

On the other hand, (2.45) and Fubini’s Theorem yield
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/ f Qtf = % 0/1 / D’+t * dm(z) dr. (2.49)

A further application of Fatou’s Lemma yields

hmlnf/ fl@) = Quf(z) dm(z) > %liminf/(m)qdm(x) (2.50)
X

tl0 t

Using the fact that t~'D; f is uniformly bounded by (2.40), we can find a decreasing
and vanishing sequence n — t(n) and a limit function G € L (X, m) such that

—1
(( )" 1D;?n)f)q —* G weakly” in L>(X,m) asn — oo,

lim (M)qdm(x) :lirgénf/<m>qdm(x). (2.51)
X

Since (t‘lD?'f)lF1 is a (p, & )-relaxed gradient of Q;f by claim (4) and Q;f — f point-
wise everywhere, using Theorem 2.3(1) we get that G is a (p, &)-relaxed gradient of f.
Using the lower semicontinuity of the LP-norm w.r.t. the weak* L (X, m) convergence,

we get that

Dy f@) Dy () )"

Tim_ <%n)x> dm(z) = lim (%) dm(z)  (2.52)
X

> [ 6P dm(x) (2.53)

/

> / DAY, (x) dm(x), (2.54)
X

where we also used the pointwise minimality of |Df|. o given by Theorem 2.3(3). Com-
bining (2.52), (2.51), (2.50) and (2.48) we deduce that

D5z (e dmie) < [ (1 7(2)” dme)

X X

so that (2.37) holds. O

Corollary 2.14 (Density in energy of o/ in HYP). If o/ is a separating unital subalgebra
of Lip,(X) satisfying (2.35) then

CE, o (f) = CE,(f) = NE,(f) for every m-measurable function f: X —R. (2.55)
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In particular, HY?(X,d,m) = H"P(X,d, m; o).

As we have already said, (2.55) can be interpreted as a density result in H?(X,d, m):
for every f € HYP(X,d, m) there exists a sequence f,, € &/, n € N, such that

fo— f, lip fn = |Df|« strongly in LP(X,m), /|lipfn|p dm — CE,(f) asn — oo.
X

(2.56)
2.3. Applications

We first recall a useful result showing that it is possible to remove the assumption
that <7 is unital, if &7 satisfies a suitable tightness condition. We will denote by 1 the
unit constant function.

Proposition 2.15. Let o/ C Lip,(X) be a separating subalgebra of Lipschitz functions and
let

ﬂl;:ﬂ@{cn}z{fﬂnzfemcem} (2.57)

be the minimal unital subalgebra containing &7 . If o is dense in p-energy and there exist
sequences of compact sets K,, C X and functions f,, € & such that

fu(x) > 1 for every x € K,, 1i_{n / (1 + |lip fn(m)|¥’) dm(z) =0, (2.58)
X\Koy,

then o is dense in p-enerqgy as well.

The proof is a simple adaptation of [44, Proposition 5.3.2]. The next result shows
that the algebra generated by (suitable compositions/truncations of) distance functions
is always sufficient to generate the Sobolev space H>?(X,d, m).

Theorem 2.16. Let Y be a dense subset of X and let ¢ : [0,4+00) — [0, +00) be a Lipschitz
nondecreasing function such that ¢’ > 0 in an interval I = (0,7) C (0,400) and ¢ €
CY(I). Then the unital algebra </ generated by the functions x + ((d(x,y)) is dense in

p-energy.

Proof. Thanks to Remark 2.10, we can assume that d is bounded above by r. It is not
difficult to check that < separates the points of X, so that in order to apply Theo-
rem 2.13, it is enough to check that (2.32) with f := d, (recall the notation (2.25))
holds.



M. Fornasier et al. / Journal of Functional Analysis 285 (2023) 110153 21

Such a property follows immediately from the corresponding estimate on the asymp-
totic Lipschitz constant: for every y € Y and g(z) := {(dy(x)), a simple direct computa-
tion shows that

lipg(z) < ¢'(dy(x)) for every z € B(y,r).

Since g € &/ we have |Dgl, s < lipg < {'(f), so that (2.32) holds and we conclude by
applying Lemma 2.11. O

We now consider a simple application of Theorem 2.13 to the case when p = 2 and
lip f has good properties for functions of <.

Theorem 2.17 (A Hilbertianity condition). Let p = 2 and let </ be a separating unital
subalgebra of Lip,(X) satisfying (2.35). If for every f,g € &

[ (1in(7 4907 + tip(r = g)F) dm =2 [ (1tip 2 + lipg)dm, (25

X X

then H%?(X,d, m) is a Hilbert space, CEs is a Dirichlet (thus quadratic) form, and </ is
strongly dense.

Proof. It is sufficient to prove that the Cheeger energy is a quadratic form in its domain.
Thanks to [16, Prop. 11.9] and the 2-homogeneity of CEs, this property is equivalent to

CEy(f 4 g) + CEx(f — g) < 2CEo(f) +2CEy(g)  for every f,g € HY2(X,d,m). (2.60)
We can find two sequences f,,g, € & such that f, — f, g, — ¢ in m-measure as
n — oo and lip f,, = |Df|s, lip gn — |Dglx in L?(X,m). Clearly we have f, +g, — f+9,
fn — gn = f — g in m-measure and (2.59) shows that lip(f, + g») and lip(f, — gn) are
uniformly bounded in L?(X, m). Up to extracting a suitable sequence, it is not restrictive

to assume that lip(f,, + gn) = G4+ > [D(f + g)|« and lip(fr, — gn) = G- > |D(f — g)|»
m-a.e. in X. (2.59) then yields

CE2<f+g>+CE2<f—g>=/|D<f+g>|idm+/|D<f—g>|idm
X X
<timinf [ |lip(fo +ga)dm+ [ [lip(fn — g,)[* dm
/ /

:hminfz/\1ipfn|2dm+2/|lipgnl2dm
n—oo
X X

= 2CEx(f) + CE2(g).
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Since H*?(X,d, m) is Banach space, we deduce that H'?(X,d, m) is a Hilbert space, so
it is reflexive. This also shows that .7 is strongly dense. 0O

Remark 2.18. In the framework of Theorem 2.17, there exists a scalar product (-, -) 1.2
on H%?(X,d, m) inducing the norm || - || z1.2 and satisfying

(.0 n = / fgdm + CEa(f. ) for every f.g € H?(X.d.m),  (2.61)
X

where CEs(+, ) denotes the bilinear form associated to CE3(-).

Remark 2.19. If (2.59) holds then the restriction (pCE,, «7) of pCE, to & is a quadratic
form which is induced by a corresponding bilinear form pCE,(-,-) defined by the paral-
lelogram rule. We recall that such a form is closable (see e.g. [13, §1.3], [32, Chapter I,
§.3)) if for any sequence (fy)neN in &

frn—0 in L*(X,m), limsuppCEy(fn, — fm) =0 = lim pCE,(f,) =0. (2.62)

m,n— o0 n—00

Theorem 2.17 shows in particular that if (pCE,, o) is quadratic and closable, then
the Cheeger energy (CEz, HY?(X,d, m)) coincides with the smallest closed extension of
(pCE,, «7). In this case, trivially, the restriction of CE5 to <7 coincides with pCE,. Since the
Cheeger energy CEs is quasi-regular (see [8, Lemma 6.7], [43, Thm. 4.1], [19, Prop. 3.21],
[42]), as a by-product we obtain the quasi-regularity of the closure of (pCE,, 7).

An immediate consequence is the Hilbertianity of H2(H,dy, m) in the case when
(H, dg) is a separable Hilbert space (in particular R?) endowed with the distance induced
by its Hilbertian norm [20,21,44].

Corollary 2.20. Let (H,dy) be a separable Hilbert space and let m be a finite and positive
Borel measure on H. Then HY2(H,dy, m) is a Hilbert space.

Proof. Let 7 be the algebra C}(H) of bounded C* functions with bounded continuous
gradient. It is immediate to check that for every ¢ € Ci(H) we have lip ¢(z) = [|[Vé(2)||m
so that pCE, is a quadratic form on &7, thus satisfying (2.59).

On the other hand 7 contains the functions z ~— tanh(d?(x,%)), y € H, so that we
can apply Theorem 2.16. O

Remark 2.21 (Density of C(R?) in HY2?(R? d, m)). When H = R is finite dimensional,
we can also prove that the algebra &7 = C(R?) is strongly dense in H'2(R? d, m).
In fact, if ¢ is the restriction to [0,00) of a smooth nondecreasing transition function
¢ € C®(R) satisfying {(s) = 0if s <0, {(s) = 1 is s > 1 and ('(s) > 0 if s € (0,1), it is
immediate to check that for every y € R¢ the functions ¢ (dy) belong to 47, so that <7
is dense in 2-energy by Theorem 2.16.
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On the other hand, being m tight, it is easy to check that 7 satisfies (2.58), so that
we can apply Proposition 2.15.

2.4. Intrinsic distances

By using the general properties of metric Sobolev spaces and the equivalence with
the Newtonian viewpoint based on the notion of upper gradient [12,28] it is possible to
improve considerably the density result of Corollary 2.14. Let us first recall the notion
of metric velocity

d(y(t+h),¥(t))

7 (2.63)

|9]a(t) := lim sup
h—0

and length

N
lov, o B]) = sup { D7 d(9(ta-1), (b)) o = < by < -+ < tyor <ty = )

3
Il
_

(2.64)
of a d-Lipschitz curve 7 : [a,b] — X; here [a, §] C [a,b] and we just write ¢4(y) for
ta(v, [a,b]).

If Y C X is a given set, we can introduce the length (or intrinsic) extended distance
dy,¢ induced by d on Y, as the infimum of the length of Y-valued Lipschitz curves
connecting two given points yp,y; € Y:

dy,¢(yo,y1) := inf {ﬁd(w) 2y € Lip([0,1]; (Y d)), 7(0) = yo, v(1) = yl} (2.65)
= inf {f > 0:v € Lip([0,€]; (Y, d)), v(0) =yo, v(£) =1, [Fla <1 a.e.}.
(2.66)
Clearly we have
d(yo,y1) < dx.e(yo,y1) < dy,e(yo,y1) for every yo,y1 €Y. (2.67)

If g : X — [0,+00] is a Borel function, the integral of ¢ along v is defined by

b
/ - / /(1) [a(t) dt. (2.68)

Y
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It is well known that length and integral are invariant with respect to arc-length
reparametrization of vy and it is always possible to find a 1-Lipschitz curve R, :
[0, £4(7)] — X such that

R, (L7, [a, 1)) = (1) for every ¢ € [a,b], |B,](s) = 1 a.e. in [0, &g()], /g - /g
R, ¥
(2.69)
for every nonnegative Borel function g (see e.g. [44, Section 3.3]). A Borel function
g: X — [0,400] is an upper gradient of f: X — R if

F6O) -~ f@)l < [ for every 7 € Lip(abs (X)) (270)

Functions in £7(X, m) which admit an upper gradient in £P(X, m) characterize the New-
tonian Sobolev space N'P(X,d, m) [12,28]. We state here a useful consequence of the
main equivalence results [7, Theorem 6.2] [5, Theorem 7.4].

Theorem 2.22. Let Y be a Borel subset of X of full m-measure (i.e. m(X \Y) = 0)
satisfying

v € Lip([a, b]; (X,d)), R,(s) €Y for L -a.e. s€[0,la(v)] = ~(a,b]) CY,
(2.71)
let f: X — R be a m-measurable function and let g : Y — [0,+00] be a Borel function
satisfying

waﬂ—ﬂwwﬂé/g‘MwWWVGMMMMNK®) (2.72)

ol

If/ |g|P dm < oo then f has a p-relazed gradient and
Y

IDfl« <g m-a.e inY. (2.73)

Notice that condition (2.72) is weaker than (2.70), since the upper gradient condition
is imposed only along curves taking values in Y'; however, starting from any function
g € LP(Y,m) satisfying (2.72) we can define a new Borel function g : X — [0, +00] whose
restriction to Y coincides with g such that g‘ x\y = +00. Clearly

/gpdm:/gpdm<+oo since m(X \Y) = 0.
X Y
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Moreover § is an upper gradient for f according to (2.70): in fact it is sufficient to check
(2.70) for those curves v with v = R, and /g < 4o0; since G(y(s)) = 4o if y(s) ¢ Y,
¥
we deduce that y(s) € Y for £1 -a.e. s € [0,44(7)] so that v € Lip([0, £a(7)]; (Y, d)) by

(2.71), and (2.70) then follows by (2.72).
It is also immediate to check that (2.71) holds if Y is closed.
We consider the situation where

(A) Y C X is a Borel set with full m-measure satisfying (2.71);
(B) a metric § : Y xY — [0,+00) is given on Y such that (Y,d) is complete and
separable and (recall Remark 2.10)

di(y1,92) < 0(y1,y2) <dye(y1,y2) for every y1,y2 €Y. (2.74)

Remark 2.23 (Y -intrinsic distance). § is intrinsically equivalent to d on Y, i.e. every
d-Lipschitz curve 7 : [0,1] = Y is also d-Lipschitz, its §-length coincides with the corre-
sponding d-length, and integration along « does not depend on the choice of the distance.
In particular condition (2.72) can be equivalently stated in terms of 4.

To see that these conditions are implied by (2.74), let us fix a d-Lipschitz curve
v :10,1] = Y with Lipschitz constant bounded by L > 0; then

t
dy.(1(5),1(1)) < la (V]poy) = / Slerdr < Llt—s| 0<s<t<l,

so that v is dy ¢-Lipschitz continuous and thus, by (2.74), also d-Lipschitz continuous.
To see that the § and the d-lengths of «y coincide, it is enough to show that £s5(y) < €4(7v),
since (2.74) and the trivial equality £q4, (7) = ¢4(7y) already give the other inequality; by
(2.74) we immediately have £5(y) < fq,.,(7) and by the very definition of dy,, we see
that £4, ,(7) < La(7). Finally, to see that the integral along v does not depend on the
choice of the distance, it is enough to see that |¥|q = |§|s a.e. in [0,1]. The < inequality
is an immediate consequence of (2.74) and (2.63), while the > follows by

t
$0e).0t)  L0lea) _ SOla) _ 1 /Wld(r) dr 0<s<t<l1
t—s - -

t—s - t—s t—s

and passing to the limit as s — ¢ for every Lebesgue point ¢ of |¥|q4.

Since m(X \'Y) = 0 we can identify LP(Y, m) with LP(X,m). In general, the topology
induced by 0 is finer than the d topology on Y, and they coincide if ¢ is continuous
w.r.t. d. It is also clear from property (B) that the restriction to Y of every bounded
d-Lipschitz function f : X — R is also §-Lipschitz. Thanks to (2.74) (which in particular
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implies that é-balls of radius r < 1 centered at some point y € Y are included in d-balls
of the same radius and with the same center) it is also clear that

lips f(y) <lipy f(y) forevery y €Y, f € Lip,(X,d). (2.75)

Since lips f is bounded and d-u.s.c. in Y, it is m-measurable and we can define the ¢
pre-Cheeger energy

bCE, 5(f) = / [lips /(4) [P dm(y) (2.76)

Y

and we can still consider its 1.s.c. envelope in L°(Y, m)

CE, 5.0 (f) := inf { lim inf pCE, 5(fn) : fu € o, fo = [ in L'(X, m)}. (2.77)

Theorem 2.24. Let o/ (X,d) := Lip,(X,d), let & be a separating unital subalgebra of
Lip, (X, d) satisfying (2.35) and assume that (Y, d) satisfies the conditions (A), (B) above.
Then we have

CE,p 5,0 (x,0)(f) = CEps,r (f) = CEp s (f) = CEp(f)  for every f € LO(X7 m). (2.78)

In particular, the minimal p-relazed gradients of f € L°(X, m) computed w.r.t. (8,.9),
(8, Lip,(Y)), (d,«) or (d,Lip,(X)) coincide and we have D*P(Y,§,m) = D*P(Y,d,m;
o) = D' (X,d,m) = D" (X dm; ).

Proof. Since pCE, 5(f) < [y (lipg f(x))pdm for every f € Lip,(X,d), we clearly have

CEp 6,07 (x.0) () < CBpsar (f) < CBpar (f) = CEp(f)  for every f € LO(X,m),

where the last equality follows from Corollary 2.14. It is then sufficient to prove that
CEps,0(x,a)(f) = CE,(f) in order to get (2.78). Using (2.77) and the L°(X,m)-lower
semicontinuity of CE, (see Remark 2.6), the latter inequality will be a consequence of

[ 11ips F)lP dmiy) = CE(f) for every 1 € Lipy(X.d). (2.79)
Y

In order to prove (2.79) it is sufficient to apply Theorem 2.22 and prove that the Borel
function g := lips f satisfies (2.72). Now we use the fact that the restriction to ¥ of a
function f € Lip,(X,d) belongs to Lip,(Y,d) and every d-Lipschitz curve v with values
in Y is also d-Lipschitz, the respective lengths coincide and therefore also the arc-length
reparametrizations are the same. Since lips is an upper gradient we thus obtain
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FrB) - F(r(@))] < / lipg / for every 7 € Lip([a,b; (Y,8)). O

v

By Theorem 2.22 and also using that m(X \ Y) = 0, we conclude.
Combining Theorem 2.24 with Corollary 2.20 we recover the following result of [31].

Corollary 2.25. Let (M, dyg) be a complete Riemannian manifold endowed with the canon-
ical Riemannian distance and let m be a finite and positive Borel measure on M. Then
HY2(M, dyp, m) 4s a Hilbert space and C*(M) is dense in H%?(M, dpg, m).

Proof. By Nash isometric embedding Theorem [36] we can find a dimension d, and an
isometric embedding 7 : M — 5(M) C R4,

Since M is complete and 7 is an imbedding, M := 7(M) is a closed subset of R¢ and
the (Riemannian) metric dys inherited by dyp given by das(9(x), 5(y)) = dm(z,y) is an
isometry. In particular dj; induces on M the relative topology of R% and (M, dy) is a
complete and separable metric space. Setting m := j;m, it is clear that the map y*: f —
f oy is a linear isometric isomorphism between HY2(M,dys, m) and H2(M, dyg, m). It
is then sufficient to prove the statement for H2(M,dy;, m).

We can now apply Theorem 2.24 with the choices (Y,8) := (M,dy;) and X = R?
endowed with the Euclidean distance d. Condition (A) clearly holds since M is closed in
R? and m is supported on M. Similarly, also (B) holds since 7 is an isometric immersion.

Remark 2.21 shows that C2°(R?) is dense in H'?(R?, dga, ) so that j*(C®(R?)) C
C (M) is dense in H2(M, dy, m). O

3. Wasserstein spaces
In this section we list some properties of Wasserstein spaces we will use in the sequel.
A complete account of this matter can be found e.g. in [49,4].

If (X, d) is a complete and separable metric space, we denote by P(X) the space of Borel
probability measures on X and by Pa(X), the set

Po(X) =S neP(X)| /d2(x,x0)du(x) < 400 for some g € X
X

Given u,v € P(X) the set of transport plans between p and v is denoted by I'(u, v) and
defined as

P(p,v) = {p e P(X x X) | mjp=p, mip=v},

where 7¢(z1, x5) = x; for every (x1,72) € X x X and # denotes the push forward operator.
The L2-Wasserstein distance Wy between u, v € Po(X) is defined as
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W3 (p,v) = inf /dzdulueF(u, v)

It is well known that the infimum above is attained in a non-empty and convex set
To(p,v) C T(u,v); elements of T',(u, v) are called optimal transport plans.

The space (P(X), W) is complete and separable and its topology is stronger than
the narrow topology, the latter being defined as the coarsest topology on P(X) making

the maps
B / pdu
X

continuous for every ¢ € Cp(X), the space of continuous and bounded functions on X.
In particular, for a sequence (g, ), C P2(X) and a point u € P2(X), we have

/dZ(x,xo)dun(x) — /dQ(x,xo)d,u(x) for some z € X,
Wy (Nm M) -0 X d
tn — g narrowly in P(X).
(3.1)
Moreover, the Wasserstein distance is narrowly lower semicontinuous, meaning that, if
(ttn)n and (ul)n are two sequences in Pao(X), p,p' € Po(X) and py, — p, pl, — i/
narrowly in P(X), then we have

tim inf Wa (i, p17,) = Wa(p, ).

The following Theorem is [4, Theorem 8.3.1, Proposition 8.4.5 and Proposition 8.4.6] in
case X = RY. Recall that for every u € Py(R?)

2 Rd, ;Rd
Tan, Py(RY) := (Ve | p € CR(RD)} "5, (3.2)

Theorem 3.1 (Wasserstein velocity field). Let (ui)ies C Po(R?) be a locally absolutely
continuous curve defined in an open interval J C R. There exists a Borel vector field
v:J xRT— R and a set A((ue)ies) C T with LT\ A((e)tes)) = 0 such that for
every t € A((1ue)ees)

. . W2 h»y
vy € Tan,, Pa(R?), /|Ut|2 dpe = |ful® = }ILIE}J W7
Rd

and the continuity equation

Oepe + V- (vgpiy) =0
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holds in the sense of distributions in J x R%. Moreover, v, is uniquely determined in
L*(RY, pg; RY) fort € A((p)iey) and

lim Wa((ira + hvg)ghie, fre+n)
h—0 ||

=0 foreveryte A((u)ies), (3.3)

where iga is the identity map on R?.
3.1. Kantorovich duality and estimates for Kantorovich potentials

The Kantorovich duality for the Wasserstein distance states that

W2 (u,v) = sup /udu—l— /vdl/ | (u,v) € Adma(X) for every u,v € Po(X),
X X

(3.4)
where Admy(X) is the set of pairs (u,v) € Cp(X) x Cp(X) such that
u(z) +v(y) <d*(z,y) for every x,y € X.
It is easy to check that for every f € Lip(X,d)
[ 0= v) < Lin£, ) Walis ), (35)
X

since choosing p € T',(u, v) and setting L := Lip(f, X),
1/2
[ a=v) = @) - @) ante <2 [ddu < [Ean) = L),
X

When X = R? we denote by P5(R?) the subset of Py(R?) of probability measures
that are absolutely continuous w.r.t. the d-dimensional Lebesgue measure. We also set

m(u) 1= [ [of? du(w) = W3 (1, 60). (3.6)
Rd

The next result uses the celebrated Brenier-Knott-Smith Theorem [48, Section 3] to
collect various useful properties of the optimal potentials realizing the supremum in (3.4)
in a particular geometric situation. We will use the elementary property that

if u: B(0, R) — [—00,+00) is concave with u(0) > —oco then  sup u = sup u,

B(0,R) B(0,R)
(3.7)
which follows by the fact that for every yo € 0B(0, R) the concavity of t — wu(typ) in
[0, 1] yields u(yo) < supg<s< u(tyo)-
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Theorem 3.2. Let p,v € Py (R?) with suppr = B(0, R) for some R > 0. Then there
exists a unique pair of continuous and convex functions

0=, pu):BO,R) >R, ¢ =& (ru): R >R (3.8)
such that

(i) ¢* is R-Lipschitz and

W* (y) = sup <x,y> - <p(x) for every y € Rda (3-9)
z€B(0,R)
o(x) = sup (y,z) — " (y) for every x € B(0, R), (3.10)
yeR
i) ¢*(0) = inf =0
(i) #*(0) piaf ¢ =0,
1 1 1
() [ edvs [ du= gmie) + gm0 - 3WE0np).
B(0,R) R

Moreover the pair (v, ©*) satisfies

W2, v) = / & — V(o) dv(x) = / - Ve w)Pduly).  (3.11)
B(0,R) R

Proof. Let us set D := B(0, R). We know (see e.g. [48, Theorem 2.9, Lemma 2.10]) that
there exists a pair (¢, ¢*) of lower semicontinuous proper conjugate functions such that
¢ € LY(D,v; (—o0, +x]), ¢* € L*(R?, y1; (—00, +00]) and it holds

/¢dl/+/¢*du= SmIW) + sma(n) — S WE (), (3.12)
D R4
where
¢*(y) == sup (z,y) — #(z) = max (z,y) — #(x). (3.13)
z€D xeD

Recalling that ¢ is bounded from below by an affine mapping (and thus it is uniformly
bounded from below in D) we immediately see that ¢* takes values in R and it is R-
Lipschitz. Up to adding a suitable constant to ¢ we can also suppose that ¢*(0) = 0.
We want to show that the restriction ¢ of ¢ to B(0, R) combined with ¢* satisfies
conditions (i), (ii), and (iii).
(i): Since fﬁgbdy < 400 and v has full support, we deduce that the proper domain
of ¢ {x € D : ¢(x) < +oo} is dense in D; since the proper domain of a l.s.c. and convex
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function is convex and contains the interior of its closure, we deduce that ¢(x) < +oo
for every x € D and ¢ := ¢|D is continuous in D.
(3.7) shows that the supremum defining ¢* in (3.13) can be restricted to D

¢"(y) = sup (z,y) — (), (3.14)
rzeD
so that (3.9) holds. (3.10) is just an application of Fenchel-Moreau Theorem ¢ = ¢**.

(ii): simply follows by (3.9) and the fact that ¢*(0) = 0.

(iii) Tt is sufficient to notice that the first integral in (3.12) can be restricted to D
since v(0D) = 0. The equality (3.11) follows by [48, Theorem 2.12].

Let us show that points (i)-(iii) are also sufficient to get uniqueness. If (o, @) is
another pair as in the statement satisfying points (i)-(iii), then [48, Theorem 2.12]
yields that both Vi and Vg are optimal transport maps from v to u, implying that
Voo = Vi Z%ae. in B(0,R) by the a.e. uniqueness of the optimal transport map.
Since infg(o,r) ¢ = infp(,r) Yo = 0 by (i), we get that ¢ = g in B(0, R) and therefore
©* =y inRYby (3.9). O

The next Lemma collects useful estimates on convex functions; we set wg :=

£4(B(0,1)).

Lemma 3.3. Let R, 1 >0 and let ¢ : B(0,R) — R, ¢ : R — R, be two (continuous and)
conver functions satisfying

()l < Rlyl  for everyy € R,

p(a) = sup (z,9) = vly) for cvery s € BO.R), [ plyde<r.  B19)
d
yeR B(0,R)
Then ¢ is nonnegative and satisfy the uniform bounds
1 - 2441
< ———  Li B(0 < — 0 R 3.16
é}‘;)f(x)—wdm—r)d’ ip (¢, B( ,7’))_%(5{_7&)(1+1 <r<R, (3.16)
and
1 is R-Lipschitz, (y) = sup (y,x) —@(x) for everyy € R% (3.17)

z€B(0,R)

Proof. Notice that ¢(0) = 0 yields ¢ > 0; the integral estimate of (3.15) and Jensen
inequality yield for every x € B(0, R) with ¢ := R — |z

1 I I
r) < z)dz < , sothat max p(x) < ———— 3.18
ﬂ)_wwd/iﬂ) < max pln) € i (319
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r

N[

for every 0 < 7o < R. Still using the fact that ¢ is nonnegative, (3.18) with rg := %R—l—
and the estimate of [22, Corollary 2.4] yield the Lipschitz bound of (3.16).

The Legendre transform of ¢ defined by ¢*(x) := sup,cga (z,y) — ¥(y) coincides
with ¢ in B(0, R) (in particular it is finite in B(0, R)) and takes the value +oo for every
r € R? with |z| > R, since

v*(z) = sup (z,y) — Rly| = +oo if [z] > R.
yeR4

Fenchel-Moreau Theorem and (3.7) then yield

Y(y) = sup (z,y) —¢*(z) = sup (z,y) =" (x) = sup (x,y)— " (v)

zeR4 z€B(0,R) 2€B(0,R)

= sup (z,9) — »(z)
z€B(0,R)

thus showing (3.17); in particular we get that that ) is R-Lipschitz. O
We conclude this part with the study of the stability properties of pairs of potentials.

Lemma 3.4. Let R, 1 > 0 and let ¢, : B(O,R) — R, ¢, : R - R, n € N, be two
sequences of (continuous and) convex functions satisfying for every n € N:

[¥n(y)| < Ryl for every y € RY,

on(x) = sup (x,y) — V¥n(y) for every x € B(0, R), / on(z)dz < I. (3.19)
yeRd

Then there exist a subsequence j — n(j) and two conver and continuous functions ¢ :
B(0,R) — R and ¢ : RY — R such that

(i) @n@) = ¢ locally uniformly on B(0, R);
(i) ¥y — ¢ locally uniformly in R¢;
(iii) « s R-Lipschitz and Vpy,;) — Vi L%a.e. on R?,

Moreover the pair (¢,v) satisfies (3.15), (3.16), and (3.17).

Proof. Thanks to (3.19) and Lemma 3.3, the sequence of pairs (p,,,) satisfies the
equicontinuity estimates (3.16) and (3.17) with constants R, I independent of n.

By Arzela-Ascoli Theorem, we can find a subsequence j — n(j) and convex and
continuous functions ¢ : B(0,R) — R and ¢ : R? — R such that ¢, — ¢ and
() — ¥ locally uniformly in their respective domains.

In particular, 1, ;) Mosco converges (see e.g. [10, Definition 3.17, Proposition 3.19])
to 1 and therefore the sequence of its Legendre transforms w;(j) Mosco converges to ¥*
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([10, Theorem 3.18]). Since 1, coincides with ¢, in B(0, R) and ¢,,;, converge locally
uniformly to ¢, we deduce that ¢ coincides with ¢* in B(0, R):

o(x) = sup (z,y) — Y(y) for every z € B(0, R).
yeR4

By Fatou’s Lemma ¢ also satisfies the integral bound of (3.15). A further application of
Lemma 3.3 yields (3.16) and (3.17).

Finally, the local uniform convergence of ;) to ¢ gives [40, Theorem 24.5] the
pointwise convergence of V), () to Vi)(x) at every point x € R? where all the 1,5
and v are differentiable. This proves (iii) and concludes the proof of the Lemma. O

4. The Wasserstein Sobolev space H'2(Py(R%), W, m)

In this section we consider the metric space P2 (R?), endowed with the L2-Wasserstein
distance d = W5 and a finite positive Borel measure m. We will denote by Wy =
Wo(R? m) the metric-measure space (P2(R9), W2, m) and we want to study the Wasser-
stein Sobolev space H12(Ws).

We will show that H2(W,) is Hilbertian (and therefore the metric space (P2(R%), W5)
is infinitesimally Hilbertian) and its functions admit a nice approximation in terms of
the distinguished algebra of cylinder functions.

4.1. The algebra of C'-cylinder functions

We denote by C%(Rd) the space of bounded and Lipschitz C!' functions ¢ : R? — R.
This in particular implies that sup,cga [6(z)| + |[Vo(z)| < +o0 if ¢ € CL(R?). Every
¢ € C}H(RY) induces the function L, on P(R?)

Ly :p— /¢d,u (4.1)
Rd

which clearly belongs to Lip,(Pa(R%), Ws) thanks to (3.5). More generally, if ¢ =
(¢p1, -+ ,0N) € (Cé(Rd))N, we denote by Ly := (Lg,, -+, Ly, ) the corresponding map
from Py(R%) to RY.

Our construction is based on the algebra of C!- cylinder functions generated by (4.1)
via composition with C! functions and it is quite similar to the one of [17, Section 2]
(see also [50]). Working in the flat space R allows for a further simplification in the
structure of the tangent bundle and of corresponding vector fields.

Definition 4.1 (C'-Cylinder functions). We say that a function F : Po(R%) — R is a C'-
cylinder function if there exist N € N, ¢ € C}(RY) and ¢ = (¢1,...,¢n) € (CL(RD))N
such that
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F(u) = (L (n) = (Lo, (1), s Lon (i) for every p € Po(RY). (4.2)
We denote the set of such functions by €} (P2(R%)).

Remark 4.2. Notice that €} (P2(R?)) is a unital subalgebra of Lip,(P2(R%), W5). One
could also consider the smaller algebra FCj, (P2(R9)) (resp. FC° (P2(R?))) generated
by functions as in (4.1) (resp. by functions as in (4.1) where ¢ € C°(R%)), thus restrict-
ing 1 to be a polynomial in (4.2). This means that every element F € FC} (P2(R))
(resp. FC® (P2(RY))) can be written as

F=¢OL¢

for some 1) polynomial in RV, ¢ € (C}(RY))N (resp. (C°(R?)V) and N € N, N > 1. We
prefer at this stage the choice of €} (Pg(Rd)), since it simplifies some technical points.
However, Proposition 4.19 shows that using FCp (P2(R%)) or FC2° (P2(R?)) will lead to
the same conclusions.

Remark 4.3. Since for every ¢ € (Cl(Rd))N the range of Ly is always contained in
the bounded set [—M, MY where M := max;—1,. . al/¢illco, also functions F = 1) o Ly
with ¢ € CHRY) belong to €} (P2(R?)). Indeed it is enough to consider a function
¥ € C}(RY) coinciding with ¢ on [~M, MY and equal to 0 outside [~M — 1, M + 1]V
so that F = o Ly. In particular every function of the form Ly, ¢ € Ci(Rd), belongs to
¢ (P2(RY)).

Let us consider the set
D= {(,u,x) €Py(RY) xRz € supp(u)}. (4.3)

The set D is a Borel set (in fact it is a Gs): if (rn), = Q N (0,4+00) we have that
D =n,D,, where

={(n,z) € P, R x R : p(B(z,rp)) > 0},

and each D,, is open in Py(R%) x R?, being the inverse image of (0, +o00) through the
lower semicontinuous map (u, x) — u(B(x,r)).

Definition 4.4. If F = ¢y o Ly € €} (P2(R?)) as in (4.2) for some N € N, ¢ € C}(RY)
and ¢ € (CL(R?))N, then the Wasserstein differential of F', DF : D — R, is defined by

N
)= 0t (Le(n) Vou(x), (n,x) €D. (4.4)

We will also denote by DF[u] the function x — DF (i, x) and we will set
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IDE [ ZZ/IDF[M](w)\Qdu(fC), 1€ Pa(RY). (4.5)
R4

Remark 4.5. It is not difficult to check that
DF is continuous in D (4.6)

with respect to the natural product (narrow and euclidean) topology of P(R?) x R¢.

In principle DF' (and thus |[DF [p]||,) may depend on the choice of N € N, ¢ €
CL(RY) and ¢ € (CH(RY))N used to represent F. In Proposition 4.9 we show that for
every i € Pa(R?) the function DF[u] is uniquely characterized in supp(u) and | DF [1] Il
is well defined, so that DF is uniquely characterized by F' in D. By (4.6), DF is also
uniquely characterized by F on D.

We have seen that the Wasserstein differential DF' can be considered as a map from
D with values in R%. It is natural to introduce the measure m = [0, ® pdm(u) €
P(P2(RY) x RY) obtained integrating the measures j w.r.t. m: for every bounded Borel
function H : Po(R?) x R — R we have

[y amipn = [ ([ o) du(o) dmi) (4.7)

P2(R4) R4

Since supp(m) C D, it is then clear that DF belongs to L?(Py(RY) x R?, m;R?) and

DI o,y sy = | IDF [} dmie / DF () dm(p,z). (49
P2 (R2)

Lemma 4.6. Let Y be a Polish space and let G : P(Y) x Y — [0,400) be a bounded
and continuous function. If (un)neN @5 a sequence in P(Y') narrowly converging to p as
n — +oo, then

lim [ G(pin, y)dun(y /G ey y)du(y
n— o0
y

Proof. We set g,(z) := G(tn, ), g(x) := G(u,x). Since G is continuous, g, converge
uniformly to g on compact subsets of Y as n — oo. Thanks to [4, Lemma 5.2.1] (gn)gitn
converge narrowly to gsu in P(R). On the other hand, the support of (gr, )gftr, is uniformly
bounded because G is bounded so that

i [ Gl )dpn(0) = im [ rd((gmn) () = [ rdlgune / G, ) duly

n—o0o
Y R R
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Lemma 4.7. Let F = oLy € € (P2(R?)) as in (4.2) and let (p1)ieo,1) be an absolutely
continuous curve in Pa(R%). Then

Flun) — / / (DF[r] (), ve(2))de () i, (4.9)

R4

where vy € L*(RY, py; R?) is the Wasserstein velocity field (cf. Theorem 3.1) of () eefo,1]
at time t and DF' is as in (4.4).
In case the curve (put)icjo,1) admits the parametrization

Mt = (xt)ﬁﬂa te [07 1]7

for some Borel probability measure p in a Polish space Q and some map = €
CL([0,1]; L2(2, s RY)), then F o p € CL([0,1]) and

d

S F () = / (DF (1, @()), &0(w))) dpa(w)  for every t € [0,1]. (4.10)

Q

Proof. Observe that, since F' is Lipschitz continuous and ¢ — p; is absolutely continuous,
the map t — F(u) is absolutely continuous and thus it holds

1
d
F(p1) — F(po) = /&F(Ut)dt-
0
It is then enough to prove that
d
&F(”t) / (DF (g, z),ve(x)) dpg(x)  for ae. t € (0,1). (4.11)

R4

We have, for every t € A((i)tef0,1]) C (0,1) (cf. Theorem 3.1), that
d al d
GFw) =3 owlLa(u) S, [ o
i=1 R

:Z@il/’(l-¢(ﬂt))/<v¢i7vt(ﬂc)> dpg ()

Rd

:/<DF(,ut,1‘),Ut($)>dﬂt(x)a

Rd

where we used Theorem 3.1. A completely analogous argument yields (4.10). O
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Remark 4.8. Consider the case in which the curve (p):c[o,1) has the simple form
Mt = (i]Rd + tu)ﬁua te [Oa 1]

for some map u € L?(R?, yu; R?), where iga denotes the identity map on RY. Then (4.10)
yields

d

aFW0=/@WWmmM@Nm@)bﬂwwtemm
R4

and, in particular, we get

1 Fl) = F(u)
tl0 t

:/@ﬂmmmwmmm. (4.12)

Rd

Proposition 4.9. Let F = tp o Ly € €} (P2(R?)) as in (4.2). Then
IDF [u]], = ip F(u)  for every ju € Po(RY)

In particular |DF [p]l|, does not depend on the choice of the representation of F and
DF just depends on F on D.

Proof. Let 1 € P2(R?) and let (u,, pl!) € PQ(Rd)2 with ul, # pl’ be such that (u,, pul) —
(, ) in Wy and

| F () = Flp)l
lim —=2%———~ " —ip F(p).
WG P EW)

Let us define, for every ¢ € [0, 1], the map x* : R x R? — R? as
xt(xo,xl) = (1 - t).%‘o +txy, (l‘o,l‘l) e R? x R%.

Using (4.10) along py, := x{p, for plans p, € To(uy,,py,) (it is easy to check that
(14 )eefo,1) is Lipschitz continuous), we get

1

F) = FG = | [ [ IDFG X G000 = 20) dag oo, 0) e
0 R4xRd

1
1 2 1 2

< / / |DF(/,L$L,Xt(JjO,J;1)))‘2 d:u’n de / / ‘.731 - $0|2 dl"'n de

0 RIxRd 0 RIdxRd
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= Wa(pp, i) //IDFum | dul,(z)at |

where we used Theorem 3.1. Dividing both sides by Wa(u!,, f41r), we obtain

F !
[Fin) = //\DF (i )|y, dt

Wa (um un s

Observe that p, — p = (ige,ige)zp narrowly in P(R? x R?) as n — +oo so that
ut, — p narrowly in P(R?) as n — +oo for every ¢ € [0,1]. We can pass to the limit as
n — +oo the above inequality using the dominated convergence Theorem and Lemma 4.6
with

Wt (Le(1) Von(z)| . pePRY), zeR?,

which provides a continuous and bounded extension (depending on the particular choice
of ¥ and @) of |DF|? to P(R?) x RY. We hence get

lip F(u / / IDF(,2) dp(z)dt | = [DF )],

0 R4

This proves one inequality. In order to prove the opposite one, it is not restrictive to
assume [[DF'[p][|, > 0. Let us now consider the map 1" : supp(u) — R? defined as

T(z) := DF[p(z), « € supp(p).

By definition of Tan,, (P2(R%)), we have that T’ € Tan,,(P2(R?)) so that, by [4, Proposi-
tion 8.5.6], we have

- Walp, (igs + <T)gp0)

lin . = T2 ®e puray = [IDF [y,

Moreover, if we apply (4.12) to the curve p. := (iga +€T)3p, € € [0, 1], we get

el0 IS

_ / (DF (1, 7), T(x))) du(z) = [DF 4],

Rd

thus

. _ Fpe) = Fp) _
lip F(p) > IEIJIBW = [DE[u]l],
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This shows the other inequality and concludes the proof. O
4.2. The density result

Recall that for a bounded Lipschitz function F : P(R%) — R the pre-Cheeger energy
(cf. (2.15)) associated to m is defined by

pCE,(F) = [ (lip F(w)” dm(). (4.13)

P2 (RE)

Thanks to Proposition 4.9, if F is a cylinder function in ¢} (Pg(]Rd)), we have a nice
equivalent expression

pCE(F) = [ IDF [} dm(u) = [ IDF(uo)f dmiea),  (414)
P2 (R4)

which shows that the restriction of pCE, to €} (P2(R)) is a quadratic form (thus satis-
fying (2.59)) induced by the bilinear form

pCE,(F, G) := /DF(u,x) DG(p,x)dm(p,z), F,G € € (Pa(R?)) (4.15)

and coincides with the typical bilinear forms on cylinder functions used in [50,47,17,18].
It is therefore important to prove that €} (’PQ(IRd)) is dense in energy and therefore
HY2(W,) is a Hilbert space: this is precisely the object of our main result.

Theorem 4.10. The algebra €} (Pg (]Rd)) is dense in 2-energy: for every F € D%2(Wy)
there exists a sequence F, € €} (772 (Rd)), n € N, such that

F, — F m-a.c., lip(F,) — [DF|, in L*(P2(R?%),m); (4.16)

if moreover F' € LP(Py(R%),m), p € [1,+o0), then we can find a sequence F, €
€} (P2(RY)) as in (4.16) and converging to F in LP(Py(R%), m).

Corollary 4.11. H*?(W,) is a separable Hilbert space and € (P2(R%)) is strongly dense
in HY2(Wa). If (pCEy, €} (P2(RY))) is closable (recall Remark 2.19) then its smallest
closed extension coincides with (CEq, HY2(Ws)).

According to the terminology introduced in [24] (see also [7]) we can say that
(Pa(R?), Wy, m) is infinitesimally Hilbertian for every positive Borel measure m.
We devote the remaining part of this subsection to the proof this result, using Theo-
rem 2.13.

We adopt the notation & := €} (772 (]Rd)).
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We start with a preliminary lemma, which provides a simple gradient estimate for the
distance from the Dirac mass centered at 0, i.e. the quadratic moment of a measure.

Lemma 4.12. Let ¥ € Lip(R?) be a L-Lipschitz function which is continuously differen-
tiable in the open set Qy := {x € R : 9(x) # 0}. Then the map

Fius (L) = ([ o) aut) (4.17)
R4

is L-Lipschitz and belongs to DY2(Wy, o), in particular its (2,.97)-relazed gradient is
bounded above by L and satisfies

1

|DF|E,@7(U) < FQ—(,U)

/192|V19|2 dp  for m-a.e. p € Po(RY) with F(p) > 0.  (4.18)

R

Proof. Let T € C*°(R) be an odd, nondecreasing truncation function satisfying
T(x)=2 iflz|<1/2, |T(z)|=1 ifl|z|>2, |T'(x)] <1, (4.19)

and let us set Tp,(x) := nT(xz/n), ¥, := T, 01, so that ¥, is L-Lipschitz and continuously

differentiable in Qy, so that ¥2 € C}(RY).
We define ¢, (r) := (r + 1/n)"/? and F, := ¢, o Ly2. By construction F, € & with

DF, (s, x) = %(M)ﬁn(x)Vﬁn(xL
(1 F(10)° = IDEIP = g [2@IT0,@P du(o) < 22 (@.20)
Rd

Since (P2(R%),Ws) is a length space we deduce that F), is L-Lipschitz. On the other
hand lim,, e Fr(t) = F(u) pointwise everywhere, so that F' is L-Lipschitz as well, it
belongs to D'?(Wy, o) and |DF|, s < L. Passing eventually to the limit as n — oo in
(4.20) for p in the open set {u € P2(RY) : F(u) > 0} we get (4.18). O

Selecting J(x) := |z| and applying the first part of Lemma 4.12 we immediately get
the following corollary.

Corollary 4.13. The function ma(-) as in (3.6) belongs to DY2(Wy, o) with
IDma|s o (p) <1 for m-a.e. p € Po(RY). (4.21)

We now use my for localizing gradient estimates in Py (R?).
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Lemma 4.14. Let F,, be a sequence of functions in DV2(Wy, o7) N L (Pa(R?), m) such
that F,, and |DF,|. s are uniformly bounded in every bounded set of Po(R?) and let F,G
be Borel functions in L?(P2(R9),m), G nonnegative. If

lim F,(u) = F(p), limsup |DF,|, o (1) < G(u) m-a.c. in Po(RY), (4.22)

n—0o0 n—00

then F € H"*(Wy, o) and |DF |, o < G.

Proof. Let us consider a smooth nonincreasing function 6 € C*°[0, +00) such that
O(r)=1 if0<r<1, O(r)=0 ifr>2 |0'(r)<2 (4.23)

and set

Xn(p) := 0(ma(p)/n). (4.24)

By Corollary 4.13 we have

Xn € HY2(Wa, o),  |DXnluor <2/n,  |DXpls.or (1) = 0 if ma(p) < n or ma(p) > 2n.

(4.25)
Thanks to the Leibniz rule, setting Fy, (1) = Fn(u)X3,(p) and G, := |DF,|s o, we
have

Fym € DY2(Wo, o), [DEFy e, (1) < G (10)X5, (1) + 4/mEF ()Xo (). (4.26)
Since for every m € N the sequence n + G,X?2, is uniformly bounded, we can find
an increasing subsequence k — n(k) such that k — G X2, is weakly* convergent in

L>®(Py(R%), m) and we denote by G, is weak* limit. By Fatou’s lemma, for every Borel
set B C Po(RY) we get

/ Gl dm = lim / Gy ()X, (1) dm(p2)
B B
< [ timsup (Gugo (X2 (1)) dm(i)

B
< /szfn dm
B

so that we deduce

G < G?X2, m-ae. in Po(R?), for every m € N, (4.27)
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On the other hand, passing to the limit in (4.26) along the subsequence n(k) and recalling
that limg e Fiy(k),m = FX3, m-a.e. we get

D () < Goi) + L F (o) < GUNL) U)o

for m-a.e. p € Po(RY).

We eventually pass to the limit as m — oo concluding the proof of the Lemma. 0O

We now derive a natural estimate, extending (4.4) to the case of quadratically coercive
functions whose gradient has a linear growth.

Lemma 4.15. Let ¢ € CY(RY) be satisfying the growth conditions
o(x) > Alz|*> = B, |Vo(x)| < C(|lz] +1) for every x € R? (4.29)

for given positive constants A, B,C > 0 and let ( : R — R be a C! nondecreasing function
whose derivative has compact support. Then the function F(u) := ( oLy is Lipschitz in
Pa(RY), it belongs to H2*(Wa, o7), and

IDF o) < (Lo / Vo) du) (4.30)

Proof. We set (4(2) := (2 +a)'/? and ¥, := (, 0 ¢, with a := A+ B, so that

Vo .
W < La L=A 1/20

9o € CYRY), 94 > (All2I>+1))"%, |Va(2)| =

for every x € R%.
We can then apply Lemma 4.12; observing that

1/2
(Loz (1))"* = Ga(Lo()):
we deduce that F, = (oL, is L-Lipschitz, it belongs to D1:2(Ws, &) and satisfies (recall
(4.18))
22 1/2
IDF)ur (1) /|v WPdu) " = an) " a3y

We eventually observe that F' = v, o Fy,, where 1,(z) = ((2? — a) is a C! Lipschitz
function since ¢’ has compact support. By the chain rule in Theorem 2.3(7) we get that

= [ © Fu|[DFu sz = 2FaC’(Lg)[DFol s -

Then (4.31) yields (4.30). O
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We collect in the following definition some useful tools and notation we will extensively
use.

Definition 4.16. We denote by x € C3°(R?) a smooth function satisfying supp x = B(0, 1),
k(x) > 0 for every x € R? and k(x) > 0 for every & € B(0,1), [p.xdZ? =1 and
k(—) = k() for every z € RY.

For every 0 < € < 1 we define the family of associated mollifiers

ke(x) := E—ldﬁ(a:/s) z € RY, (4.32)

and for every o € Py(R?) we define
Oc 1= 0 * Ke, (4.33)
5 0. LB(0,1/¢) +e?t3.24LB(0,1/¢) (4.34)

T 0:(B(0,1/e)) + et3L(B(0, 1/¢)) |

For every v € P2(R%) we eventually define the continuous functions W,, Wg, FS :
Py(RY) — R as

Wi (n) = Walp,v), Wip) :=Ws (ne), Fy(p) = %(Wf(u)ﬂ p € Pa(RY).
(4.35)

Notice that o.,6. € P5(R?), supp 6. = B(0,1/¢) and Wo(o.,0) — 0, Wa(6.,0) — 0
as € | 0. Moreover, if o, 0" € Po(R?), we have

Wa(oe,0L) < Wa(o,0') forevery 0 <e <1 (4.36)
and it is easy to check that, if we set
C. := my(k. 27, (4.37)
then we have
ma(pe) < mo(p) +C.  forevery 0 <e < 1. (4.38)

Proposition 4.17. Let v € Po(R%), ¢ € (0,1) and let ¢ : R — R be a C' nondecreasing
function whose derivative has compact support. With the notation of Definition 4.16 we
have

Do ) < 5 ([l = Vet =) @) P au(o)
S (4.39)

for m-a.e. u € Po(RY),
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where @k = ®*(De, ue) as in Theorem 5.2.
Proof. Let G := {1} ,cn be a dense and countable set in Py(R?) and let us set, for
every h € N, ¢ p, := ®(0e, ul), @ p* := ®*(9c, pl*) (see Theorem 3.2),
1 . 1 .
Qe h = / <§|y|2 - @E,h(y)> dl/s(y)v ue,h(f) = §‘$|2 — Pe,h (.’E) +ach, TE R4
B(0,1/¢)

and

Genlp) = [ weadies 1€ Pa®).

1<h<k
]Rd

We first observe that ¢ (z) is 1/e-Lipschitz (cf. Theorem 3.2), so that |f ;, (z)| <
|x|/e and

1 1 1 1
§|33|2 - g|$| +aen 2 Z|~T|2 — 3 e (4.40)

Ue, () >
9 1
Uep(z) < |z|° + ) + Qe p- (4.41)
Claim 1. It holds

lim G.p(p) = FS(u) for every u € Po(RY).

k—+oco

Proof of claim 1. Since Ge 11(pt) > Ge () for every p € P2(R?), we have that

lim Geg(p) = sup Ge () = sup/u&hdug for every p € Pg(Rd).
k——+o0 k h
Rd

By the definition of ¢, j, and ¢ p* (see (3.9)) we have that
Lo L o2 1 2 d
Izl = wen(@) + Slul” = pen(y) < 5o —yl”  for every 2 € R, y € B(0,1/e),

so that for every u € Po(R%) and h € N, we get
1 2 * 1 2 ~
Ue pdpte = §|x| - LPe,h(x) dpe + §‘y| - ‘Pe,h(y) dve(y)
R4 Rd B(0,1/¢)

< |z — y[* dy(z,y)

RdxR4

1 N
= §W22(,u5, D)

1
2
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= F; (1),

where v € T, (e, 7). This proves that supy, G x (1) < F5(u) for every p € Po(R?). If
u € G, then we can find h € N such that p = p so that, by definition of ¢, j, and L s
we obtain that

/ug,hdue = / (%vaZ - @Z,h(x)) dpe + / (%Iyl2 - soe,h(y)> dv. (y)

Rd Rd B(0,1/¢)
1 .
= iwg(uga VE)'
Hence, if p € G, then sup, Ge i (1) = FE(1).
Let now p, i/ € Po(RY) and h € N and observe that

1 1 .
[ endie = [ = mdu0) = gmd) [ eentdlue - )
Rd R4 Rd
1 1
< 5 (maliae) + ma (1)) Wape, 1) + < Walpe, 1)
1 1
<3 (mz(u) +ma(p') + 2CE)W2(M,//) + EW2(N7N/)

< (mal) + ma) + Ce 1) Wl ),

where we used (4.36), (4.38), the fact that ¢, is 1/e-Lipschitz continuous and (3.5).
We hence deduce that for every k € N

/ o1 /
|Ge() — Geolt)| < <m2<u> +ma() + 2+ Cf) Wali, i) (4.42)

for every p, ' € Po(RY).

Choosing ' € G and passing to the limit as k — +oo we get from (4.42)

lim G () — Fi ()

k—+4o00

1
S <m2(ﬂ) + mZ(M/) + CE + E) WZ(:U/7M/)
for every p € Po(RY), 1/ € G.
Using the density of G and the continuity of p/ — F£(u') we deduce that

lim G.x(p) = FS(u) for every u € Po(R9)

k—+oo

proving the first claim.
Claim 2. If H, j, := (0 G and @g p, = Ug p * Ke € CY(R) it holds
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IDH. 42 (1) < (¢'(Gen())? / Vit dp(2)

Rd
2 *
= (¢'(G-a)® [ 1o = Vlpen” ) ) dla),

R4
for m-a.e. u € B.p¥, where B. % = {u € P2(RY) | Ger(p = Jgatendpc}, h €
{1,...,k}.
Proof of claim 2. For every h € N, (4.40) yields

1, 1 ) 1
(@) > 2ol = 5 bacn (V@) < Jo] + (4.43)

where we used that
|ac|2 * Ke > |o* /£5|2 = \x|2, Vuen(z) =2 — Ve (@), Vuep*ke =2 — Voo " *Ke.

Since the map £ j, : Po(R?) — R defined as £ () := fRd Ue, pd e satisfies

lon(t) = / (e * s)di = Lo, (1), p € Po(RY),
Rd

Lemma 4.15 and the above estimates yield

/
ID(Co ten)la(r) £ ¢ o) ( [ Ve din) ™ for meace. € Pai).

Since (¢ is nondecreasing, H, ; can be written as

Hepli) = max (Colen)(), 1€ Pa(RY),

so that we can apply Theorem 2.3 (8) and conclude the proof of the second claim.

Claim 3. Let (h,), C N be a non-decreasing sequence and let u € Po(R?). If
limy, [ga te n,dpe = F5 (1), then

lim / & — V(e * o) (@) dpz / & — V(e # ko) (@) dpu(a),

where pf = ®* (D, ).
Proof of claim 3. Let us set for every n € N

¢e,n = Pe,hn s '(/)E,n = ¢>:,n = @:,hn'
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We will show that from any (non relabeled) increasing subsequence it is possible to
extract a further subsequence j — n(j) such that

11;11/ = V(62 5 fﬁg)(x)fd,u(x) - /|x C V(! k) ()] dpa(z).
R4 Ra

By Theorem 3.2, we have that, for every n € N, ¢f, : R? — R is convex and 1/e-
Lipschitz continuous with ¢%,,(0) = 0, ¢, : B(0,1/¢) — R is convex and continuous
and

. 1
et = [ (e, (@) 62,0 = 5laP) dpele) = ~Cle) (149
with C(e, p) := 1+ §m3(pe) + £ma(pue). It follows that

N 1 .
/ (rb&,n dVE = §m2(yg) _ afs,hn S Cl(s"u,’ l/)
B(0,1/e)
= 2d|B(0,1 find
T3, (0,1/¢) we can find a
) ¢e n dx < I for sufficiently large n.

where C'(g, 1, v) := C(g, ) + 2m3(2.). Since 7 >
constant I = I(e, u,v) such that fB(o,l/s

Thus by Lemma 3.4, we get the existence of a subsequence j — n(j) and two convex
continuous functions ¢* : R — R and ¢. : B(0,1/¢) — R such that points (i), (ii), (iii)
and conclusions of Lemma 3.4 hold. By points (i) and (ii) we can use Fatou Lemma and
the dominated convergence Theorem to conclude that

lim inf / Gen()dPe > / ¢-dDe, lim/¢: n(j)dte = /qS:d,uE.

J j ,
B(0,1/¢) B(0,1/¢) R4 Rd

We thus deduce that

R/d (%x|2 - ¢:(x)) dpe(x) + / <%|y|2 - ¢s(y)) doe(y) > limjsup/us,hn(j)d/ie

B(0,1/¢) Rd

= F7 ()

proving that
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1

. » 1 . 1 .
¢e die +/¢a dpe = img(ya) + _mg(ﬂa> - _W22(V5nu8)‘
Rd

2 2

B(0,1/¢)

By the uniqueness part of Theorem 3.2 we deduce that ¢. = ¢, = ®(Dc, ) and ¢F =
pr = ®* (e, p1e). Finally, the a.e. convergence of the gradient of ¢7 ,, to the gradient of

*

¢k given by point (iii) in Lemma 3.4 gives that V( * ke) — V(¢ * ko) pointwise

e,n(j)
everywhere. Moreover, since for every 2 € R? we have x * k. = x and

2
[0 = V(@ +w) (@) < (2l +1/¢)" € LNRY ),

we can use the dominated convergence Theorem to conclude that
. « 2 . 2
i [ [o = V(625 0] i) = [ o= V(62 1) @) dia).
R4 Rd

This concludes the proof of the third claim.
Claim 4. It holds

1/2
i sup DH. al.,. (1) < ¢ (F () ( [ o= Vit # 0@ du))
k s
for m-a.e. p € Pa(R?),

where pf = ©* (2, pe).
Proof of claim 4. Let B. C P2(R?) be defined as

k
B, = m U Agh,

k h=1

where A’;’ ,, is the full m-measure subset of B, »F where claim 2 holds. Notice that B, has
full m-measure. Let u € B. be fixed and let us pick a non-decreasing sequence k — hy
such that

Ge (1) :/ua,hkdﬂe-
Rd

By claim 1 we know that G¢ x(p) — FZ(p) so that we can apply claim 4 and conclude
that

¢(F7 (w) / & = V(02 # ke ()| dpa()
Rd

(4.45)
—lim ' (Genlp) [ | = Ve, (@) duo).
R4
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By claim 2, the right hand side is greater than limsup,, [DH; |2 ,(1); this concludes the
proof of the fourth claim.

Conclusion. We conclude the proof applying Lemma 4.14 with (H. )k in the role of
(Fo)n, F:= (o F¢ and G given by

G = CE ) [ 1o = Vit m)@Pan@) " we P
Rd

We check that the hypotheses of Lemma 4.14 are satisfied: by Claim 2 we have that
H.p € DY“2(Wy, /) and it is also in L®(Py(R%), m) since ¢ is uniformly bounded.
Notice that, by (4.43), for every R > 0 it holds that

1/2
( / Ve (2))? dﬂ(z)) < R+1/c whenever my(y) < R. (4.46)
]Rd

This gives, also using Claim 2, that |DH; j|«, ¢ is uniformly bounded on bounded subsets
of P2(R?) (recall that ¢’ is uniformly bounded). It is also clear that H. j is uniformly
bounded on bounded subsets of Py(R?) since it is uniformly bounded by the infinity
norm of ¢.

The function F', being bounded again by the infinity norm of ({, belongs to
L?(Py(R%), m). The same holds for G: using (4.45) and passing to the limit the esti-
mate in (4.46) we see that G is uniformly bounded, having ¢’ compact support.

By Claim 1 and Claim 4 we have

lim H.(u) = F(p), limsup|DH. ils.w(p) < G(u) for m-a.e. u € Po(RY).

k=00 k—+o0
By Lemma 4.14 we get (4.39). O
We still keep the notation of Definition 4.16.
Corollary 4.18. Let v € Po(R?). Then
IDW,|s.o (1) <1 for m-a.e. p € Po(R?). (4.47)

Proof. First of all we prove that for every 0 < € < 1, it holds

/ |z — V(pZ * HE)($)|2 dp(z) < Wi(pe,v.)  for every pu € Po(R?), (4.48)
Rd

where ¢} = ®* (D¢, pe) as in Theorem 3.2. Since

|z — V(@F % k) (2)]? < |z — V! (2)]* % ke(z)  for every z € R?,
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we get that

[ o=Vt s m)@f duto) < [ (12 = Vot @ o)) duto)
J

Rd
PN
— [12= Vot @P dule)
R4
= W22 (fte, Pe),
for every p € Py(R?), where the last equality comes from Theorem 3.2. This proves

(4.48). Tt follows from Proposition 4.17 that, for every nondecreasing function ¢ € C!(R)
whose derivative has compact support, it holds

ID (¢ 0 Ff) s () < C(FS()V/2F (1) for meae. p € Po(RY). (4.49)

Let us now consider a sequence of continuous and compactly supported functions o, :
R — R such that

<1, foreveryseR

Then, for every n € N, ¢, : R — R is a C! nondecreasing function whose derivative has
compact support so that we can plug it into (4.49) in place of { and we see that

D (Gn © F{)wor (1) < G(FS (1)) V/2F5 () for meace. 1 € Po(RY). (4.50)

Observe that (,(s) — arctan(s)X(o,+0c) and ¢}, (s) — % for every s € R and the
r.hus. of (4.50) is uniformly bounded. Using Theorem 2.3(1)-(3) we can thus pass to the

limit as n — +o00 and we obtain
D 0 W)l () < 9 (WE())  for meae. i € Po(RY),

where ¥ : R — R is defined as 9(s) := arctan(s®/2)X(0,4+0)(s), s € R. We can thus apply
Lemma 2.11 and conclude that

IDW;|eor <1 m-ae and forevery 0 <e<1. (4.51)

Choosing ¢ = 1/k, we have limy_, o ,}/k(u) = W, () for every u € Py(R?); using

Theorem 2.3 (1)-(3), we obtain (4.47). O
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The proof of Theorem 4.10 then easily follows by Corollary 4.18 and Theorem 2.13.

We conclude this section with a simple but useful density property, which shows the
possibility to use smaller algebra of cylinder functions to operate in H2(Ws).

Proposition 4.19. Let % be a subset of Cé(Rd) satisfying the following property: for every
[ € CL(RY) there exists a sequence fn, € F, n € N, such that

b [l + [ Vhalloe <00l [ 15, = 1490 — Hldu=0
" a (4.52)

for m-a.e. u € Po(RY).

Then the algebra o/ C €} (Pz(Rd)) generated by the set of cylinder functions {Lf :
fe 9} is dense in HY2(Ws) and satisfies the strong approximation property of Theo-
rem 4.10.

In particular the algebra FCp° (Pg(Rd)) generated by {Lf 1 fe C?(Rd)} is strongly
dense in HY2(Ws) and satisfies the approzimation property of Theorem /.10.

Proof. Thanks to Theorem 4.10 and a simple diagonal argument, it is sufficient to prove
that for every cylinder function F € €} (732 (Rd)) there exists a sequence F,, € &/ such
that

F, — F in L*(P2(R%),m) and pCEy(F, —F) =0 asn — oo. (4.53)

In the case F = Ly with f € C}(R?), (4.52) and Lebesgue Dominated Convergence
Theorem show that we can find a sequence f, € % such that, setting F,, := Ly, , we
have

[ EmrEan= [ [ - ) duta)] dm) >0 asn - o

Po(R4) Py(R4) R

pCE,(F,, — F) = / /|an(x) — Vf(z)?du(x)dm(z) = 0 asn — oo.

P2(R4)

Let us now consider a general F' = 1 o Ly as in (4.2), where f = (f1,---,fn) is a
vector of functions in C}(R?) and ¢ € C}(RN). If we consider f := (1, fi,..., fx) and
¢ € CH(RN*1) defined as

1/‘;(‘%07‘%17 s 7$n) = 1/’(0)950 - 1/1(0) +1[)($1,£L'2, s ,$N>, (.’E(),.’El, s 7xN) € RN+17

we have that 1(0) = 0 and 1) o Ly = F. For this reason we can always suppose that

f1 = 1 and ¥(0)

0. It is also not restrictive to assume that 1 is a polynomial with
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¥(0) = 0: in fact, setting R := supga 1<p<n (\fk| + |ka|), we can find a sequence of
polynomials (Py);, in RY such that

P,(0) =0, ‘s‘u<pR |Pr(2) — ¢¥(2)| + |VPr(2) = Vi(2)| = 0 as h — oo. (4.54)

It follows that F}, := P}, o Ly satisfies

lim sup (|Fy(n) = F()| + [DFu[u] = DFlu]],. ) = 0. (4.55)
— 00 Pz(Rd)
Let us consider sequences (fin)neN, kK = 1,---, N, approximating fj as in (4.52). In

particular, there exists R > 0 such that supga (|fkn| + |Vien| + | ful + |ka|) < R for
everyn € N, k € {1,---,N}. If ¢ is a polynomial in R" with ¢/(0) = 0 then the function
Fy, :=1oly, belongsto o (cf. Remark 4.3), where f,, = (f1,n, fon,- -, fN,n). Denoting
by L the maximum of the Lipschitz constants of ¢ and 9% in the cube [—R, R]Y with

respect to the oco-norm, it is easy to see that
[Fn(p) = F(p)| = ‘w(Lfn () =Ly, ())] < Lsup[Ly, () = Ly ()] = 0,

Hp.

IDFulid = DF(pl | = | 32 (6L, 1)V o = Ot(Ls (1) V i)
k
<3 [olLs, )V fin = Ly, )V i
k

20 [[(BeLy, () = dk(Ls () Vi
k
k

Both terms are uniformly bounded w.r.t. u and n, and converge to 0 as n — co. We
deduce that (4.53) holds. O

Remark 4.20 (Polynomials). If there exists a radius R > 0 such that supp(x) C B(0, R)
for m-a.e. u then we can also choose subsets .# of C}(RY) in Proposition 4.19. An
interesting example is provided by the collection % of all the polynomials. In this case

the algebra o7 is the set of functionals

e / P(x1,--- o) du®*(x1,--- ,21), P polynomial in (R))* ke N.
(R)k
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5. Calculus rules

We now show that the Cheeger energy can be expressed in terms of an appropriate no-
tion of (relaxed) Wasserstein gradient, also depending on m, which enjoys useful calculus
rules.

Theorem 5.1 (m-Wasserstein differential). For every F' € D%2(Wy) there exists a unique
vector field D F' € L?(Po(R?) x R4, m;R?) (the m-Wasserstein differential of F) such
that for every sequence F, € €} (Pg(Rd)), n € N, satisfying (4.16) we have

DF, — Do F  strongly in L*(Py(R?) x RY, m;RY). (5.1)
Moreover:

(a) The map F + D F from DY2(Wy) to L?(Pa(R?) x RY m;RY) ds linear and for
every F,G € DY2(W,) we have

CEx(F,G) = /DmF(u,x) ‘DG (p, x) dm(p, ),
(5.2)

CEa(F) = [ IDmF (1,2 dn(is )

where CEy(+,-) denotes the quadratic form associated to CEx(-) as in Remark 2.18.
(b) The map F — (F,DwF) is a linear isometric (thus continuous) immersion of
HY2(Wy) into L?(Po(RY), m) x L2(P2(R?) x RY, m;R?).
(c) The graph of Dy in L?(Pa(RY),m) x L2(P2(R?) x RY, m; RY) ds (weakly) closed: for
every sequence F,, € H*2(W,)

F, — F in L*(Py(R%), m)

= FecH"*(W,), G=DnF. (5.3
DnF, — G in L*(Pa(RY) x Rd,m;Rd)} (W2) (53)

Proof. The proof uses well known arguments of the theory of quadratic forms. If F),,
n € N, is a sequence in €} (P2(R?)), then for every m,n € N we have

PP (Fr — ) = 3 (pCEL(F) + pCE(F)) — pCEy (5(Fn + ). (5.4)

If (4.16) holds, we can pass to the limit as m,n — oo, observing that lim,, , o %(Fm +

F,) = F, and therefore by (2.16) lim inf,, ,_c0 pCE, (%(Fm + Fn)) > CEo(F); we thus
obtain

1
lim sup ZpCEQ(Fm — F,) = limsup - /|DF ) — DF, (, )| dm(p, 2) <0 (5.5)

m,n—o0 m, n—>oo
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which shows that m +— DF,, is a Cauchy sequence in L?(P(R%) x R4 m;R?) and
therefore converges to some element V.
If F, is another sequence satisfying (4.16), we can use the identity

1

1 .1 ~
TPCEs(F = ) = 5 (pCEQ(Fn) T pCE(Fn)) — pCE, (2

(Fy + F)) (5.6)
and the same argument to conclude that lim,, o, pCE,(F),, — F‘n) = 0, so that the limit
V is independent of the approximating sequence and we are authorized to call it Dy, F'.
Concerning claim (a), the linearity of Dy, follows immediately from the linearity of D
as a map from €} (P2(R?)) to L*(P2(R?) x R%, m;R9).
If F,G € DV*(W,) and (F,)n, (Gn)n C € (P2(R?)) are sequences satisfying (4.16)
for F' and G respectively, we can see that pCE,(F,, G,) — CEx(F, G); indeed

1 1 1
pCE,(F,,Gy) = ipCE2(Fn +Gp) — §pCE2(Fn) — ipCEg(Gn),
1 1 1
= *ngEZ(Fn —Gy) + ipCEQ(Fn) + §pCE2(Gn)'
Passing the first equality to the liminf,, the second one to the limsup, and using

(2.16), we get that pCEy(F,,,G,) — CE2(F,G). Passing then to the limit in (4.15) we
immediately see that

CEo(F.G) = / D F(j1,2) - D Gly1, ) dm(p1, ) (5.7)

which, together with (2.61), shows that F ~ (F,DyF) is an isometry from H2(Ws)
into L?(Pa(R?), m) x L?(Py(R?) x RY m;RY) (claim (b)).
Claim (c) then follows by claim (b) and the fact that H'2(W,) is a Hilbert space. O

Let us now collect a few properties of Dy, F', which follow by the corresponding metric
versions of Theorem 2.3 and the approximation property of Theorem 5.1.

Proposition 5.2 (Calculus properties of Dy F'). The m-Wasserstein differential satisfies
the following properties:

(a) (Minimal relaxed gradient and pointwise Lipschitz constant) For every F' € D%2(Wy)
we have

IDnFUlE = [ DnF (o) due) = [DFE() for meae. € Po(RY). (55)

In particular we have the pointwise Rademacher property: for every F €
Lip, (P2(R%))
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D F[]]|Z = /|D F(u,2))* du(z) }DF] for m-a.e. p € Po(RY), (5.9)
and if F € €} (P2(RY))

[ 1P )P duta) < [ IDF(u o) dule) for m-cee. p € Po(RY). (5.10)
(b) (Leibniz rule) If F,G € L (Py(R%), m) N DV2(W,), then H := FG € DV2(W,) and
Do H (11, ) = F(1u)DnG(p, ©) + G()Den F(p, ) for m-a.e. (u,z) € Po(R?) x R,
(5.11)
(¢) (Locality) If F € DV2(Wy) then for any £*-negligible Borel subset N C R we have
DnFlu] =0 in L*(RY u;RY)  m-a.e. on F~Y(N). (5.12)

(d) (Truncations) If F; € DY2(Ws), j =1,---,J, then also the functions

F, :=max(Fy, -+, Fy) and F_ :=min(Fy, -+, Fy)

belong to DV2(Wy) and

DnFy =DnFj; m-a.e. on {(u,x) € Po(RY) x R : Fy(p) = Fj(u)}, (5.13)
DnF_ =DnF; m-a.e. on {(1,x) € Poa(RY) x RY: F_ () = Fj(p)}. (5.14)
(e) (Chain rule) If F € DY2(W,) and ¢ € Lip(R) then ¢ o F € DY2(W,) and
Dun(¢poF) = ¢ (F)DuF wm-a.c. on Po(RY) x R%. (5.15)
Remark 5.3. Notice that the product in (5.15) is well defined since there exists a .-
negligible Borel set N C R such that ¢ is differentiable in R \ N and Dy F' vanishes
m-a.e. in F~1(N) thanks to the locality property (5.12).
Proof. Claim (a) is an immediate consequence of the fact that (4.16) yields lip F;,, —
IDF|, strongly in L?(P2(R%), m); up to extracting a suitable (not relabeled) subsequence

we get [ |[DF,[u]|? dp — |DF|?(p) for m-a.e. p. On the other hand since by (5.1) DF,, —
DnF in L2(772(]Rd) x RY m;R?), then |DF,|? = Dy F|? in L' (P2(R?) x RY, m); indeed

J[IPF ) = 1D F(u,2) | dm(p2) < [ (IDF,| + [DwFIDE, ~ Dy F) dm

< (for)+ |DmF|>2dm)1/2

“IDFy — D Fl| L2 (P, (R4) x R4, miRY)
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so that

/‘|DFn(u, — [DuF (. ) ‘dm (1,2) = 0 as n — +oo. (5.16)

Hence Fubini’s Theorem yields, up to extracting a suitable subsequence,

/|DFn(u,x)|2du — /|DmF(,u7ac)|2 dp  for m-a.e.u € Po(R?). (5.17)

(5.9) and (5.10) then follows by the general properties of the minimal relaxed gradients
(recall Remark 2.8).

Claim (c) follows by (2.8) and (5.8).

Claim (d) is just a consequence of the locality property (5.12).

Claim (e) is true if ¢ € C}(R) just by passing to the limit in the corresponding formula
for a cylinder function. In fact if F, € €} (P2(R?)) is a sequence as in (4.16) and (5.1)
we have

D(¢o F,) = (¢ o F,,)DF,, in D. (5.18)
Since ¢’ is bounded and continuous we get
D(¢oF,) = G = (¢'oF)DyF  strongly in L?(P(R?)xR%, m;R?) asn — oco. (5.19)

Integrating w.r.t. m and recalling (5.8) and Theorem 2.3(7) we get

J1GRam = [ 16/ ) PIDwF 0 dmin) = [[16/(F(0)] D dm = CEafoor)

so that
li_>m pCE;(¢po F,) = CEx(¢ o F).

We conclude by Theorem 5.1 that G = (¢’ o F')D,, F' coincides with Dy, (¢ o F).

Let us now consider the case of a general Lipschitz function ¢; by truncation and
Claim (d) it is not restrictive to assume that ¢ is also bounded. We can find a sequence
¢n € Cp(R) such that supg |¢,| + |¢),| < L < 0o, ¢, — ¢ uniformly, and ¢),(z) = ¢'(z)
for every z € R\ N for a Borel set N with #1(N) = 0. We have

Du(¢n o F) = ¢/, (F)DpF m-a.e. in Py(R?). (5.20)
Setting N := {(u, ) € D : F(u) € N}, Fubini’s Theorem and the locality property (5.12)

5.
yield Dy F'(p, ) = 0 for m-a.e. (u, z) € N. On the other hand ¢/, (F (1)) — ¢'(F(u)) for
every (p,x) € D\ N; since ¢!, is uniformly bounded, we deduce that
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¢ (F)DuF — ¢'(F)DpF strongly in L?(Py(R?) x RY, m;RY). (5.21)

We conclude by Theorem 5.1(b) that Dy (¢ o F) = ¢'(F)Dy, F.
Claim (b) follows by claim (e); indeed, since F,G € L*>(P(R%), m), we can find a
constant M > 0 such that

[Fl(p) <M, |Gl(p) <M, |F+G|(n) <M for mae. pePy(RY).

Let ¢ € Lip(R) be such that ¢(z) = 22 for every x € [-M — 1, M + 1]; then we have

DnFG = %Dm((F +G)?) - %Dm(Fz) - %Dm(GQ)

1 1 1
= JDu(60 (F +G)) ~ 3Du(60 F) ~ 1 Du(65G)
= 38/(F + G)D(F +G) — 26/ (F)DnF = 5/(G)DaG

(F 4+ G)Du(F + G) — FDRF — GDWG

= FDnG+ GD F
for m-a.e. (u,7) € Po(R?) x R4 O

Corollary 5.4. CEy is a local Dirichlet form in L*(P2(R%),m) [13, 8.1.1] enjoying T-
calculus with Carré du champs I' given by

I(F,QG)[y] = /DmF(u,x) DG (p,z)dp(z)  for m-a.e. p € Po(RY). (5.22)

In particular, for every F,G € HY2(W,) we have

CEs(F,G) = / (F, G)[j] dm(p) = / Do (1, ) - Do G, ) dm(p1, 2),

Ps(R4)
’ (5.23)

CE(F) = / (F, F) dm(y1) = / D F (1, 2)[2 dm(pi, 7).
Py (R

Proof. The fact that CE; is a Dirichlet form follows by the truncation property (5.15)
with ¢(r) := r A 1. Since CE3(1) = 0, the same property with ¢(r) = |r| also shows that
CE, is local (see [13, Corollary 5.1.4]).

Using the Leibniz rule (5.11) one can also easily show that the I'-operator (5.22) is
the Carré du champ associated to %CEQ [13, Definition 4.1.2]. O
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5.1. Tangent bundle, residual differentials and relazation

In general we cannot guarantee that CEo(F) coincides with pCE4(F) if F €
q (772 (Rd)), or, equivalently, that D, F' = DF': this property corresponds to the clos-
ability of pCE,. We can however investigate the relations between DF and Dy F": two
useful tools are represented by the closure of the graph of D and by the collection of all
the weak limits of Wasserstein differentials along vanishing sequences.

Definition 5.5 (Multivalued gradient). We denote by G C L?(P2(R%), m) x L?(Py(R?) x
R?, m; R%) the closure of the linear space {(F7 DF): F e ¢} (772 (Rd)) } The multivalued
gradient Dy, : HV2(W,) = L?(Py(R%) x R4, m;R?) is the operator whose graph is G.

It is clear that G is a closed vector subspace of L2?(Py(R%),m) x L2?(P2(RY) x
R4, m;R?), which can also be obtained as the weak closure of {(F,DF) : F €
¢t (772 (Rd))}. Thus V € D F if and only if there exists a sequence F,, € €} (732 (]Rd))
such that

F, — F in L*(P2(R%),m), DF, — V in L*(Py(R?) x R? m;RY). (5.24)

Definition 5.6 (Residual gradients). The set of residual gradients Go C L?(Po(R%) x
R?, m;R?) is defined as

Gp := {V € L*(P2(R?) x RY, m;R?) : there exists (F,)nen C €} (P2(R?)) :

F, — 0 in L*(P2(RY),m), DF, — V in L2(Ps(R%) x Rd,m;Rd)}.
(5.25)

The notion of residual gradient is known in the literature, see e.g. [30, Section 1.2].
Notice that pCE, is closable if and only if Gg is trivial and that Gp contains all the
vector fields that are limits of gradients of vanishing sequence of functions (see also
Lemma 5.9(1)). A third important space is the L? tangent bundle of Py(R%). In the
following, given a Borel map G € L£L2(P2(RY) x R? m;R?), we denote, for every u €
Po(RY), by G[u] the map = — G(u, z).

Definition 5.7. We denote by Tan(P2(R?), m) the subspace of L?(P2(R?) x R4, m;R?)
of vector fields V satisfying

V] € Tan, Po(RY)  for m-a.e. u € Po(RY). (5.26)

Lemma 5.8. Tan(Py(R%), m) is a closed subspace of L?>(P2(RY) x R, m;R?) which is a
L (P2(R%), m) module:

for every V€ Tan(Pz(RY),m), H € L®(Py(R%),m): HV & Tan(P(R?), m).
(5.27)
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For every F € HY*(Wa) (resp. F € €}(P2(R?))) D F € Tan(P2(R%), m) (resp. DF €
Tan(P2(R%),m)). Finally, if € C C*(R?) is a countable set dense in C(R?) with
respect to the Lipschitz norm ||C||Lip := supga €| + |V(] and £ is a countable set dense
in L?(P2(R%), m) then the set

J = span {HV( He?, (e ‘ﬁ} is dense in Tan(Py(RY), m). (5.28)

Proof. Let (V,,),en be a sequence in Tan(Py(R%), m) strongly converging to V' in L?; it
is not restrictive to assume that V,, are Borel maps satisfying V', [u] € Tan,, P2 (R?) for
every p € Po(R?) \ N for a m-negligible set of P»(R?). Up to extracting a suitable sub-

sequence, we can also assume that > > | |V, — V||2, < co. Applying Fubini’s Theorem
it follows that

(i / Vulu(z) — V[u](x)lzdu(x)) dm < 400

Po(RY) "TlRa

so that there exists a m-negligible set N D> A such that

S [ IValul@) = Vi@ du(w) < 00 for every € Pa(RY) \ N's
n:le

and this implies that V,[u] — V[u] strongly in L?(Py(R%), u;RY), so that V[u] €
Tan,, Po(R?) for every p € Po(RY) \ N,

(5.27) is obvious. Since for every F = Ly, ¢ € C} DF[u] = V¢ € Tan, P2(R?) for
every p € Po(R?), it is immediate to check that DF € Tan(P2(R?), m) for every cylinder
function. The closure property of Tan(P2(R?), m) then yields the analogous conclusion
for the Wasserstein differential of Dy F' of a Sobolev function F € HL2(W,).

Let us eventually consider (5.28): it is sufficient to prove that any V' € .7+ belongs to
(Tan(PQ (R%), m))l, where | denotes the orthogonal complement in the Hilbert space
L3(P2(RY) x R, m;R?). If V € 7+ is a Borel vector field, then

/ (/Wﬁvv(ﬂvx»du(:ﬂ)) H(p) dm(p) = 0

P2 (R9)

for every ¢ € ¢, H € £. Since . is dense in L?(P2(R%), m) we have for every ¢ € ¢
/(V{, V(u,z))du(z) =0 for m-a.e. p € Po(R?)
Since ¥ is countable, we can find a m-negligible set A C Po(R?) such that

/(VC, V(u,z))du(z) =0 for every ¢ € € and every p € Po(RY) \ N
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L
which shows that V[u] € (Tanu P (]Rd)> for every pu € P2(R%) \ N, so that for every
W € Tan(Py(R%), m)

[ Winoyam= [ ([ Vi), W) du(w) dnin) = 0. 0
Py(R4) R

Let us collect a few simple properties of Gg.
Lemma 5.9. Let Gg be as in (5.25).
(1) G is a closed subspace of L?>(P2(R?) x RY, m;RY) and coincides with the set
D0 ={V € L*(P,(R?) x R", m;R%) : (0,V) € G}. (5.29)
(2) For every V € Gq there exists a sequence F,, € €} (PQ(Rd)>7 n € N, such that
F, — 0 in L*(Po(RY), m), DF, — V strongly in L*(P2(R%) x R% m;R?). (5.30)
Every element V' € Gq is therefore characterized by the property

Ve>0 IF € ¢ (Pa(RY)) -

(5.31)
IFll L2 (pyRe)m) < € [IDF = V| L2(p,(Ra) xR, m;R) < €
(3) Go satisfies the locality property
for every V € Go, H € L®(Py(R%),m): HV € Gy. (5.32)

Proof. We have already observed that G is a closed vector space, coinciding with the
weak closure of {(F,DF) : F € €} (P2(R%)}; in view of (5.24), (5.25) precisely charac-
terizes the elements V' for which (0, V') € G. Therefore the first two claims are obvious.

Let us eventually prove the last claim. We first consider the case when H €
€ (P2(RY)). If V € Go we can find a sequence F,, € €} (P2(R%)) such that (5.30)
holds. Setting G,, := HF,, since H is bounded we clearly have G,, — 0 strongly in
L?(Py(R%), m); moreover, by the Leibniz rule we get

DG, = HDF, + F,DH — HV (5.33)

since DH € L (P2(RY) x R4, m; RY) and F,, — 0 strongly in L?(P2(R%), m). We deduce
that HV € Gg as well.

If now H is a function in L>®(Py(R?), m) we can find by (2.3) a uniformly bounded
sequence H, € €} (P2(R?)) converging to H m-a.e. in P2(R?), so that H,V — HV in
L?(Py(R?) x R4, m;RY). Being Go a closed subspace and H,V € Gg by the previous
step, we deduce that HV € Gy. O
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We now define

T = Tan(Py(R?), m) N G (5.34)

{V € Tan(Po(RY), m) : (V,W)2 = 0 for every W € Go},

where | denotes the orthogonal complement in the Hilbert space L?(Po(R%) xRY, m; R%).
We can now obtain our main structure result.

Theorem 5.10. For every F € HY2(W,) we have D F' € T and for every V € Gg we
have the pointwise orthogonality property

/DmF(,u,x) Vg, x)du(x) =0  for m-a.e. u € Po(RY). (5.35)
R4
IfV € Dy F then V—DwF € Go. In particular for every F € €} (Pg(Rd)) DF —-DyF €
Go and for every G € HY?(W,)

/ D F (41, 2) - DG (1, 2) dpa(r) = / DF (1, 2) - D1, 2) dpu(x)
R R (5.36)

for m-a.e. p € Py(RY).
Finally, for every F € HY2(W,), D F is the element of minimal L?-norm in Dy F.
Proof. Let us first observe that if I, € €} (P2(R%)) satisfies (5.30) and F,, € €} (P2(R%))
satisfies (5.1), we have F}, + F,, — F strongly in L?(Py(R%),m), with D(F, + F,,) —

D F + V, so that the lower semicontinuity of the Cheeger energy with respect to L2
convergence yields together with (5.2) that

CEy(F) = / D F|? dm < /|DmF + V|2 dm. (5.37)
Since V is arbitrary in Gg we deduce that
/DmF -Vdm =0 forevery V € Gy.
Replacing V with HV, H € L>(P2(R?), m) we get
/ (/DmF V du(e) ) () dm() = 0 for every V € Go, H € L™ (Py(R*), m)
Po(R4) R

(5.38)
which yields (5.35).
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If now F, € ¢} (’Pz(Rd)) converges strongly to F' with DF — G, selecting F), as
above, we have F,, — F,, — 0 strongly in L?(Py(R%),m) and D(F,, — F,,) = G — D, F
weakly in L2(P2(RY) x R? m;R?), so that G — D F € Gg. By (5.37) we conclude that
D F' is the element of minimal norm in D F = Dy F 4+ Gg. O

We can give a “pointwise” interpretation of the orthogonality properties of the pre-
vious Theorem. Let us select an orthonormal set Oy := {V,, : n € N} C £L2(P2(R%) x
R4 m; ]Rd) dense in Gg (we are thus assuming that V', are Borel vector fields everywhere
defined). Since

/ (/'V"(“’m)|2dﬂ(ﬂi)) dm(p) =1

P2(R4) R4

we deduce that there exists a m-negligible set N C P2 (R%) such that

/|Vn(u,ac)|2du(x) < oo forevery n € N, u€ Py(RY)\N. (5.39)
R4

We thus define Go[u] := span{V ,[u] : n € N} C L2(R%, y; RY) for every pu € Po(RY)\ N
and T[] := (Go [,u])L N Tan, P2(R?), where here L denotes the orthogonal complement
in the Hilbert space L2(R%, u; R?).

Theorem 5.11. Let F € H"2(Ws) and V € L?*(P2(R?) x R?, m;R?).

(1) V belongs to Gg if and only if, for m-a.e. p, Vu] € Golu].

(2) V belongs to T if and only if, for m-a.e. pu, V[u] € T[y].

(3) D F[p] € T[] for m-a.e. p.

(4) IfF € €} (P2(RY)) then, form-a.e. p € Pa(RY), Dy F[p] is the L?(R?, p)-orthogonal
projection of DF[u] on T|[u).

Proof. If V € Gy we can write V = limy_ o V¥ in L?(Py(R?) x R4, m;R?) where
vy = 22;1 u, V, is the orthogonal projection of V' on the space generated by
{Vi,---,Vn}, with u, := (V,V,). Clearly V¥[u] € Golu] for every N € N and
u € Po(R4) \ M. Moreover we can find a subsequence, not relabeled, and a m-negligible
set N7 D N such that VN [u] — V] in L2(R%, p;RY) for every pu € Po(RY) \ N, so
that V] € Go[u] for every p € Po(RY)\ V.

Let now V € L?(Py(R%) x R4 m;R?) be a vector field such that V[u] € Go[u] for
m-a.e. u € P2(R?). Since Gy is a closed subspace, in order to show that V € Gy it is
sufficient to prove that the scalar product with every element W € Gg- vanishes.
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If W € Gg then for every H € L= (Py(R%), m) and every n € N we get

/ (/W'Vndﬂ(x))ﬂ(u) dm(p) =0,

Py(R4) R

since HV,, € Gg by (5.32). Being H arbitrary, we find that there exists a m-negligible
set N C P2(R?) such that

/W[u} Vou[uldp =0 forevery n € N, p€ Py(RY)\ N,
Rd

so that Wu] € (Go [u])J' for m-a.e. p € Po(R?). We then deduce that

/W[u} “V[u]dp =0 for m-a.e. pu€ Py(R?),
R4

and therefore

(W, V)2 = / (/W~Vdu(:c)) dm(p) = 0.

Py(R4)  Rd

The previous argument also shows that a vector field V' belongs to G if and only if
Viul € (Go[w])* for m-a.e. u € Po(R?). This fact, together with the very definition of
Tan(Py(R9), m) (5.26), yields claim (2).

Claim (3) just follows by Theorem 5.10, since (5.35) shows that, for every F' €
HY2(Wy), Dy F[u] € T[u] for m-a.e. p € Po(R?).

If F € € (P2(R?), combining claim 1 and Theorem 5.10, we see that DF[u] —
DnFlu] € Golp] C (T[u])l m-a.e., so that Dy F[u] is the L?(R?, u; RY)-orthogonal
projection of DF[u] on T|[u], as stated in Claim (4). O

We can now interpret the above results in terms of the nonsmooth tangent and cotan-
gent structures introduced and developed by Gigli in [25]. Since we are in the Hilbertian
case, we can identify the cotangent module L?(T*P2(R?)) and dual tangent module
L?(TP2(R%)) with the Hilbert space T defined by (5.34). Let us report a useful char-
acterization of the cotangent module L?(T*X) [26, Theorem 4.1.1] for a general metric
measure space (X,d, m).

Theorem 5.12. Let (X,d, m) be a metric measure space. Then there exists a unique pair
(M- ot rts ] - aa)sdifF) such that (M, [ - s -ats| - [ae) is @ L2(X, m)-normed
L*°(X,m) module (cf. [26, Definition 3.1.1]) and diff : DV2(X,d,m) — M is a lin-
ear operator such that
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(i) |diff(f)|am = IDf|x m-a.e. in X for every f € D¥*(X,d, m).
(ii) M is generated by {diff(f) : f € D"*(X,d,m)}.

Uniqueness is intended in the following sense: if (M, |- || o> s | - L), diff) is another
pair with the above properties, then there exists a unique module isomorphism J : M —
M such that diff = 7 o diff.

We thus have the following result.

Theorem 5.13. There exists a unique module isomorphism T : T — L?(T*Py(R%)) =
L3(TP2(RY)) such that T o Dy coincides with the abstract differential operator taking
values in L2(T*P2(R?)) as in [25, Definition 2.2.2].

Proof. Tt is enough to show that T (with an appropriate module structure) and the map
D, satisfy the properties listed in Theorem 5.12.

If as ||-||7 we take the L?(Py(RY) x R?, m; R?) norm, it is clear that (T,||-||1) is a Banach
space, being closed by Lemma 5.8. The pointwise product -p : L®(Py(R%), m) x T —
T is well defined by (5.27) and (5.32), bilinear and associative in L>(Py(R%),m) by
definition. Defining the pointwise norm |- |1 as the map sending V' € T to ||V [u]||.,
we immediately have that |Vt = [[[V]r]r2(p,Re)m) and [H ¢ V|7 = |[H||[V|p m-
a.e. in Po(RY) for every V € T and every H € L (Py(R%), m). This shows that (T,|| -
I, 1, | - 1) is a L2(P2(RY), m)-normed L>(Py(R?), m) module. Taking as diff the map
Dy @ DY2(Py(RY), W, m) — T, we see that it is well defined and linear by Theorem 5.1
and Theorem 5.10. Property (i) of Theorem 5.12 follows by (5.8). Finally property (ii) of
Theorem 5.12, meaning that ([26, Definition 3.1.13]) T coincides with the || - ||r-closure
of

T :=span { HDw F : H € L (P3(R?),m), F € D"?(Py(R%), Wa, m)},

follows by (5.28) and the definition of T. Indeed, let .2 C L (P(R?),m) be a dense
subset of L(P2(R%), m) and € be a dense subset of C2°(R%) with respect to the Lipschtiz
norm as in Lemma 5.8. If V € T, in particular V' € Tan(P2(R%),m) so that we can
find by (5.28) numbers (N,,), C N, ({a%}¥"),, € R and functions ({H:}Y"), C 2,
({¢23N=),, € € such that the sequence

Ny,
Vil ) = Y ol Hi (WG (@), (u,2) € Po(RY) x R%n € N
=1

converges to V in L?(Py(R?) x R? m;R?). Consider now the functions F! := Le: and
the sequence

Nn
Vi ()= abHL(1)DnF}, (1,x) € P2(R?) xR n € N.
=1
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It is clear that (V)),, C To; by Theorem 5.11, V! is the orthogonal projection of V,,

on T for every n € N, so that V7, converges to V in L?(Py(R%) x R, m;R9).
Theorem 5.12 gives thus the existence of a unique module isomorphism Z : T —

L23(T*Py(RY)).

Finally, notice that L2(T*P2(R%)) = L%(TP2(R%)) since (P2(R%), Wa,m) is infinitesi-

mally Hilbertian by Corollary 4.11 (see also [26, Theorem 4.3]). O

5.2. Examples

Isometric embedding of Fuclidean Sobolev spaces

Let © be a Lipschitz bounded open set in R%. For every w € € let us consider the
Dirac mass 4, concentrated at w. The map ¢ : w — 6, is an isometry between R¢
and ((R%) C Py(R%). Setting m := 1;.2%L_Q we easily see that H12(Py(R?), W, m) is
isomorphic to H2(Q).

In this case only Dirac masses are involved and cylinder functions are of the form
F(6s) = ¥(¢p(w)), so that the Wasserstein gradient reduces to the usual gradient of
1o .

Another isometric embedding is also possible: we fix a reference measure A € Py(R?)
symmetric w.r.t. the origin and we consider the map ¢ : Q — Po(R?) given by

w) = A —w) = (tw)iA, to(z) =r+w, well (5.40)
To every function F : Py(R%) — R corresponds a map F : Q — R defined as
F(w) = F((ty)sA). (5.41)

In the case of a cylinder function as in (4.2) we get

F) = o [ ot i@ [onlorw)di@) =w(6rAw@) - o xAw).
(5.42)
In this case (identifying ¢(w) with w) we have
N
DF(w,2) = Y 0j(d1* A(w), -+, o * Mw)) V; () (5.43)
j=1

and
P = [ S 00s (0 M) o MVl D). (549
ra =1

On the other hand, ¢ is an isometry of R? into P2 (R?), so that the space H2(Py(R4),
Wo, m) is still isomorphic to HY?(Q). It follows that the m-Wasserstein gradient of F is
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N
DunF(w,z) =Y (1% AMw), -+, dn * A(w)) Ve * Aw) (5.45)

=1

independent of x and the minimal relaxed gradient is
N 2
D FI2(w) = | 30 005(01 < AMw), -+ o+ Aw)) Vo5 + Aw) (5.46)
j=1

Gaussian distributions

Let now & = N(w, %) = (det(2r%))~1/2e~ 227w 2d he a Gaussian measure with
mean w and covariance matrix ¥ € Sym™ (d), the space of symmetric and positive definite
d x d-matrices; we consider the set

N = {N(W,Z) LweRY, e Sym+(d)}, (5.47)

endowed with the Wasserstein distance and a finite positive Borel measure m concen-
trated on A% Since

2 2 1/2¢ wl1/2) /2
W2(N (w1, 1), N(wz, £2)) = w1 — wsl —i—trEl—i—trZQ—Ztr(Zl S, ) . (5.48)

HY2(Py(RY), Wy, m) is isometric to H>2(U,d, m) where U = R% x Sym™ (d) ¢ RY x R?*4
endowed with the distance d induced by the formula (5.48) and t is the measure induced
by m.

The closable case

Following [17] (here in the simpler setting of the Euclidean space, but see Section 6.2
below), we assume that m has no atoms and the following integration by parts formula:
for every G € FC (P2(R?Y)) and w € C(R?%;RY) there exists D5, G € L?(P2(RY),m)
such that for every F € FC (P2(R?)) it holds

/ DF(, z) - w(z) du(x) | G() dm(u) = / DG () F () dm ().
P2(RT) R Pa(R?)

This equality implies that Go = {0} i.e. that pCE, is closable. We notice that the measure
m induced by the immersion in the space of delta measures considered at the beginning of
this section satisfies the integration by parts formula above (see also Example 5.4 in [17]).
In [17], in case the base space is a compact Riemannian manifold, are reported important
examples of measures m satisfying the (Riemannian analogue of the) integration by parts
formula: the normalized mixed Poisson measure (Example 5.11 in [17] and [1,41]), the
entropic measure over S! (Example 5.15 in [17] and [50], see also the multidimensional
case [47]) and the Malliavin—-Shavgulidze image measure (Example 5.18 in [17] and [33]).
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6. Extensions to Riemannian manifolds and Hilbert spaces

The aim of this Section is to extend the density result stated in Theorem 4.10 from
the finite dimensional and flat space R? to Riemannian manifolds and (possibly infi-
nite dimensional) Hilbert spaces. Our first step deals with manifold embedded in some
Euclidean space R? and in fact we will consider more general closed subsets of R<.

6.1. Intrinsic Wasserstein spaces on closed subsets of R?

In this subsection we denote by o the Euclidean distance on R%. Py(R?) still denotes
the subset of Borel probability measures on R? with finite second g-moment and W is
the Wasserstein distance on P2(R?) induced by .

We assume that C' C R is a closed set and that o is a distance on C such that (C, o)
is a complete and separable metric space and

o(x1,22) < o(x1,22) < 0ce(x1,22) for every z1, 22 € C, (6.1)

where pc ¢ is defined as in (2.65) with respect to the distance d := p. Since the topology
induced by o is stronger than the Euclidean topology and they are both Polish topolo-
gies, the Borel sets of (C, o) coincide with the Borel sets of C as a subset of the Euclidean
space R?. This means that every Borel probability measure on R¢ with support contained
in C can be identified with a Borel probability measure in (C, o). Conversely any prob-
ability measure on (C, ) extends to a probability measure on R%. We can thus denote
unambiguously by P(C) the set of Borel probability measures on C' and by Pz ,(C) the
elements of P(C) with finite second o-moment.
P2, (C) can be identified with the subset of Pa(R9)

1 € Po(RY) = supp(p) C C, /02(360,30) dp(z) < +oo for some xg € C
c

We will denote by ¢ : C — R? the inclusion map; ¢ : P2,(C) — P2(R?) is the corre-
sponding continuous injection given by ¢(p) := 14, which may be identified with the
inclusion map of Py ,(C) into Pz ,(R%).

Since (P2(C), W2 ) is a complete and separable metric space and the topology induced
by Wa,, is stronger than the topology induced by Ws, we deduce that Py »(C') is a Lusin
(and therefore Borel) subset of Py(RY).

If m is a finite and positive Borel measure on Ps ,(C), ¢ym is the Borel measure in
P2(R4) which is concentrated on Ps,(C) and satisfies ¢ym(Z) = m(Z N Pa(C)) for
every Borel set Z C Po(RY).

In a similar way, if F': P2(R%) — R is a Borel (or tym- measurable) map, we will set
L'F:=Fout:Py,(C)—R.
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Theorem 6.1. We have H%2?(Py »(C), Wa 5, m) =& HY2(Py(RY), Wa, eym) with equal min-
imal relaxed gradient, meaning that

ID(¢*F)|x = ¢* (|DF|,) for every F € H1’2(732(Rd), Wa, tym). (6.2)

In particular HY2(Py ,(C), Wa ,,m) is a Hilbert space and the algebra of cylinder func-
tions ¢* (€} (P2(R?))) is dense in H?(Pa,5(C), Wa o, m) in the sense of (4.16).

Proof. We want to apply Theorem 2.24 where X := Py(RY), d := Wa, Y 1= Py, (C),
and § := Wa,. The first assumption of Condition (A), ¢ym(P2(R?) \ P2 (C)) = 0, is
clearly satisfied by construction.

In order to prove (2.71) we consider a Wh-Lipschitz curve p : [0,4] — Pa(R%)
parametrized by the Wa-arc-length such that us € Pa,(C) for £l-a.e. s € [0,£]. Since
the map p is continuous in Py(R?), C is a closed set, and us(R¢\ C) = 0 for £1-
a.e. s € [0, 4], we conclude that us(R%\ C) = 0 for every s € [0, ].

By [4, Theorem 8.2.1, Theorem 8.3.1]) there exists a measure n € P(C([0,£]; RY))
concentrated on absolutely continuous curves such that (e;)(n) = p. for every t € [0,
and

/|’y (t)]? dn(y) /|’y| Ydn(y) =1 for a.e. t €0,/ (6.3)

Let us also consider the function ((z) := dist(z,C) A 1, z € R?, where dist(x,C) :=
min,cc o(x, 2). ¢ is a bounded Lipschitz function which vanishes precisely on C'. Fubini’s
Theorem yields

¢
/O/C dt dn //Cet )dn(v) dt = //Cdutdt—()

0 R4

since [ ((z) dut_Ofor.i”lae t € (0,0).

It follows that fo (t))dt = 0 for n-a.e. 7y, so that the set of ¢t € [0,¢] for which
~v(t) € C is dense in [O,f]. Being C' closed, we conclude that v takes values in C for
n-a.e. .

We can now estimate the W5 , distance between the two measures p;, and p¢,, where
0<tyg <ty <L

< /( / Filo(s) ds) (o)
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ty

— [ ([ Hluto)s) anta)

t

0
ty
gm—m//mwwmw
to

t1

—(t-t0) [ [ Bantas

to

=(t1 — to)Q,

where we have used that (es,, e, )sm € T'(py, pot,), (6.1) and Remark 2.23 to say that
¥le(s) = 7l (s)-

Choosing to € [0, £] such that p;, € Ps2,,(C) we deduce that p;, € Ps(C) as well for
every t1 € [0,£]. This concludes the proof of property (A).

Condition (B) corresponds to

Wa(po, 1) < Wa o (o, 1) < (Wa)ye(po, 1) for every po, p1 € Y =Pa o (C), (6.4)

where (W2)y,¢(po, 1) is defined as in (2.65) with W5 in place of d. The first inequality
immediately follows by (6.1); to prove the second one, we use (2.66) and the above
estimate with to = 0 and t; = ¢ for a Wa-Lipschitz curve p : [0,¢] — Y such that
|&lw, = 1 a.e. in [0, 4] with pli—g = po and pli—¢ = p1. Taking the infimum w.r.t. £ we
obtain (6.4). O

6.2. Wasserstein Sobolev space on complete Riemannian manifolds

In this subsection, we will briefly discuss the case of the Sobolev space H'?(Py(M),
W3y, m) where (M, dpy) is a smooth and complete Riemannian manifold endowed with
the canonical Riemannian distance dyy (inducing the Wasserstein distance Wa 4, ) and m
is a finite and positive Borel measure on Py(M). We will denote by &7 the unital algebra
generated by {Ly: f € CL(M)}.

Theorem 6.2. H'?(Py(M), Wy 4,,,m) is a Hilbert space and the algebra < is (strongly)
dense: for every F € HY2(Py(M), Wa q,,, m) there exists a sequence F,, € o/, n € N
such that

F, — F, lip(F,) — |DF|, strongly in L*(Py(M),m). (6.5)
Proof. By Nash isometric embedding Theorem [36] we can find a dimension d, and an

isometric embedding 7 : M — 7(M) C R% On M := 3(M) we can define the (Rieman-
nian) metric d,s inherited by dyp: das(9(2), 2(y)) = dm(x, y) so that 7 is an isometry and
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(M,das) is a complete and separable metric space. We denote by j := 74 the correspond-
ing isometry between (P2(M), Wa4,,) and (P2(M), Wa4,,) and we also set m := z,m
which is a positive and finite Borel measure on Pa(M).

It is clear that the map 3* : F' — F oy induces a linear isometric isomorphism between
HY2(Py(M), Wa 4,,,m) and HY2(Py(M), Wa gy, m).

Since M is complete and 7 is an embedding, M is a closed subset of R? and dj; induces
on M the relative topology of R%. Since 7 is isometric, we also have

o(y1,y2) < dm(y1,y2) = one(y1,y2)  for every yi,ya € M, (6.6)

where opr,¢ is as in (2.65) and g denotes the Euclidean distance on R

As in Section 6.1, we can introduce the inclusion map ¢ : M — R? and the cor-
responding ¢ = 3 : Pag, (M) — P2(R?). By Theorem 6.1 we have that the map
t* 1 F — F ot provides a linear isometric isomorphism between H'2(Py(R?), Wa, tym)
and HY2(Pyq,, (M), Wa q,,, M) satisfying (6.2); we conclude that the map k* := 3*or* =
(to02)* is a linear isometric isomorphism between H12(Py(R%), Wy, kym) (notice that
Ky =ty 03y) and HY?(Py gy (M), Wy 4,,, m) satisfying

ID(k*F)|, = &% (IDF|,) for every F € H"?(Py(R?), Wa, kym). (6.7)

This property in particular yields the Hilbertianity of H'?(Py(M), Wa g,,, m).

In order to prove that o is dense in H'2(Py(M), Wa 4,,,m) we consider the al-
gebra o/ generated by {L; : f € C®(R?)}; Proposition 4.19 shows that < is
strongly dense in H'2(Py(R%), Wy, m), so that &’ := k*(&/) is strongly dense in
It[l’2 (P27dM (M), WdeM s m) ~

o' is generated by functions of the form x* Ly, f € C2°(R%). Since

k'Li(p) =Li(k(p) = /f(/f(:c)) dp(x) for every u € Pa gy, (M),
R4

where k = 1 0 ), we see that &/’ is generated by functions of the form L Fors SO that
o' C o and a fortiori & is strongly dense in H'2(Py g, (M), Wa 4,,,m) as well.

To prove (6.5) (involving the asymptotic Lipschitz constants of functions in & with
respect to the Riemannian metric) we observe that for every F' € &/ [44, Lemma 3.1.14]

K'Fed Cd, k" (lipyy, F)> hsz,dM K*F. (6.8)

Let now F = k*F € HY2(Py(M), Wa g,,, m) with F € H?(Py(R%), Wy, m); there exists
a sequence F,, € 7 such that

E, = F, lipy, F, — [DF|, in L*(P2(R%),m).
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Applying the linear isometric isomorphism x*, we deduce that the sequence k*F,, € <7’
satisfies

k*F, » F, k*(lipy, ) = &*(IDF|,) = [DF|.  in L*(Paq,, (M), m). (6.9)

Up to extracting a suitable (not relabeled) subsequence and using (6.8), we can
suppose that lipyy, oy k*F, converges weakly in L?*(P2(M),Wayq4,,) to some G €
L2(Py(M), Wa 4y, ) relaxed gradient of F. (6.8) and (6.9) also yield

_ N2
/G2 dm <lim sup/(lipWZdM K*F,)*dm < lim Sup/ (Ii* (lipyy, Fn)) dm

n—oo n—oo

= / IDF|? dm,
showing that G = |DF|, and hsz,dM K*F, — |DF|, strongly in L?(Pa 4, (M), m). O

Remark 6.3. Arguing as in Section 4.1 it is immediate to see that the restriction of
pCE, to the algebra FC° (P2(M)) is a quadratic form and coincides with the pre-
Dirichlet forms considered in [50,47,17,18]. If (pCE,, FCZ° (P2(M))) is closable then
(CEa, H'(P2(M), Wag,,,m)) is a Dirichlet form which coincides with the smallest closed
extension of (pCEy, FCZ° (P2(M))), it satisfies the so-called Rademacher property (see
Proposition 5.2 and [17]) and it is quasi-regular (see Remark 2.19).

In particular it is possible to improve the result [17, Theorem 2.10]. Referring to
the notation and the formula enumeration of that paper, one can immediately obtain
that Lipschitz functions belong to Fy and the estimate (2.16) holds just assuming that
(pCE,, FC® (P2(M)) ) is closable.

6.3. Wasserstein Sobolev space on Hilbert spaces

In this last section we will consider the case of a separable Hilbert space (H,| - |);
as usual, the space Py(H) will be endowed with the Wasserstein distance Wy induced
by the Hilbertian norm of H and we will assume that m is a finite and positive Borel
measure on Py (H).

We select a complete orthonormal system F := (e, )nen and the collection of maps
7g: H — R? d €N, given by

wl(x) = ((z,e1), -, (z,eq)). (6.10)

The adjoint map 7¢* : R — H is given by

d
Trd*(yla"' ayd) :Zy] €j. (611)
j=1
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The map #¢ := 7% o ¢ is the orthogonal projection of H onto span{ey,--- ,eq}. We say

that a function ¢ : H — R belongs to C{(H, E) if it can be written as
¢:=por? forsomede N, ¢c C}(R?). (6.12)

If ¢ € C}(H, E) then it belongs to Cf (H) and its gradient V¢ can be written as

Vo=r"oVpor?, V) =) 00 (x)e;. (6.13)

j=1

We then consider the algebra FCj (P2(H)) generated by {Ls: ¢ € CL(H, E)}. For every
F € FC} (Py(H)) we can find N € N, a polynomial 1) : RY — R and functions ¢, €
C{(H,E),n=1,---,N, such that

F(p) = (Y olg)(u)- (6.14)

As in (4.4) we can set

N
DF(p,2) := Y 0a¥(Lg (1)) Vo (). (6.15)

It is also easy to check that a function F belongs to FC (Py(H)) if and only if there
exists d € N and F € FCp, (P2(R%)) such that

F(u) = F(rf(n)) for every p € Pa(H), (6.16)
so that
DF(j,2) = 7 (DF(nf, x"(x))),  IDFlplll = IDF(x 1)l (6.17)
By Proposition 4.9 and using (6.17) it is not difficult to check that
IDF{p], = lip F(i) for every p € Py (H). (6.18)

Adapting in an obvious way the definitions in (4.14) and (4.15) to the Hilbertian frame-
work, we have the following result.

Theorem 6.4. H“?(Py(H), Wa, m) is a Hilbert space and the algebra FCJ (Py(H)) is
(strongly) dense: for every F € HY?(Po(H), Wa,m) there ewists a sequence F, €
FC} (Po(H)), n € N such that

F, — F, lip(F,) — |DF|, strongly in L*(Py(H), m). (6.19)
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Proof. Let us set o/ := FC} (Py(H)); we use Theorem 2.13 and we want to prove that
for every v € Po(H) the function

F(u) := Wa(v,u) satisfies |DF|, o <1 m-ae. (6.20)

We split the proof in two steps.
Step 1: it is sufficient to prove that, for every h € N, the function F}, : Po(H) — R

Fn(p) = Wg(ﬁé‘y, fr’?u) satisfies |DFpleor <1 m-a.e. (6.21)

In fact, using the continuity property of the Wasserstein distance, it is clear that for
every u € Po(H)

lim Fj,(p) = F(p), (6.22)

h—oc0

so that it is enough to apply Theorem 2.3(1)-(3) to obtain (6.20).
Step 2: Let h € N be fixed and let us denote by W5 the Wasserstein distance on
Pa(RM); it is easy to check that

Wz,h<ﬂ§‘u0m§‘u1) = Wz(ﬁé‘uoﬁé‘ul) for every pug, 11 € Po(H).
Thus, if we define the function F}, : Po(R") — R as
Fy(p) = Wan (v, )

we get that

We also introduce the measure my; on Po(R") given by the push-forward of m through
the (1-Lipschitz) map P" : Py(H) — Po(R") defined as P" () := w[pu. By Theorem 4.10
applied to HY2(Py(R"), Wy j,, my,), we can find a sequence of cylinder functions Fhm €
FC; (P2(R")), n € N, such that

Fh,n — F}, in my-measure, (6.23)

lipp,®n) Fhn — gn 0 L2(P2(R"),my,)  with g, <1 mp-ace. (6.24)
We thus consider the functions Fj, ,, € FCJ, (Po(H)) defined as in (6.16) by
Fpon(p) := Fhm(ﬂ'é‘,u) = Fn(P"(n)) for every u € Po(H). (6.25)

Since for every € > 0
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m ({15 1B () = Fao)l > £} ) = m({a 2 B (P"(00)) = Bu(P" ()] > £})

mh<{u : |Fh,n(ﬂ) — Fh(ﬂ)| > 5})’

(6.23) yields that Fy, ,, — F} in m-measure as n — oo.
On the other hand, (6.17) yields

lip Fp (1) = lippz(Rh) Fh,n (Ph (1))
so that
lip Fy, — gn o P in L2(Py(H), m)

and g, o P" < 1 m-a.e. in Po(H). By Theorem 2.3(1)-(3), we obtain (6.21), concluding
the proof. O

Remark 6.5. We observe that the results in Sections 4.2 and 5.1 can be extended to
P2(M) and P(H) in an analogous way.
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