ERGODIC MEAN-FIELD GAMES WITH AGGREGATION OF CHOQUARD-TYPE

CHIARA BERNARDINI AND ANNALISA CESARONI

ABsTRACT. We consider second-order ergodic Mean-Field Games systems in the whole space RY with
coercive potential and aggregating nonlocal coupling, defined in terms of a Riesz interaction kernel.
These MFG systems describe Nash equilibria of games with a large population of indistinguishable ra-
tional players attracted toward regions where the population is highly distributed. Equilibria solve a
system of PDEs where an Hamilton-Jacobi-Bellman equation is combined with a Kolmogorov-Fokker-
Planck equation for the mass distribution. Due to the interplay between the strength of the attractive
term and the behavior of the diffusive part, we will obtain three different regimes for the existence
and non existence of classical solutions to the MFG system. By means of a Pohozaev-type identity, we
prove nonexistence of regular solutions to the MFG system without potential in the Hardy-Littlewood-
Sobolev-supercritical regime. On the other hand, using a fixed point argument, we show existence of
classical solutions in the Hardy-Littlewood-Sobolev-subcritical regime at least for masses smaller than a
given threshold value. In the mass-subcritical regime we show that actually this threshold can be taken
to be +oo.
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1. INTRODUCTION

In this paper, we study ergodic Mean-Field Games systems defined in the whole space RY with a
coercive potential V' and attractive nonlocal coupling, defined in terms of a Riesz interaction kernel.
More in details, given M > 0, we consider elliptic systems of the form

—Au+ VUl A = V(@) = fon ol dy
—Am — div(imVu(z) |Vu(z)|~2) = 0 in RN (1)
fR xm=M, m2>0

where v > 1, € (0, N) are fixed. Note that the unknowns in the system (1) are the functions u, m and
the constant A € R which can be interpreted as a Lagrange multiplier, related to the mass constraint
f]R Nm=DM.

We will assume that the potential V is a locally Holder continuous coercive function, that is there
exist b and Cy positive constants such that

Oyt (max{|z| — Cy,0})° < V(z) < Cy (1 + [z])b, VzeRYN. (2)

The assumption of V' to be non-negative is not restrictive, we can assume more generally that V is
bounded from below and shift appropriately A.

Finally, the coupling in the system is given through the interaction term —m x K, where K, is the
Riesz potential of order a € (0, N) defined as

1

We assume the Hamiltonian in the system (1) has the form H(p) = %\pr’ for sake of simplicity but actually
it may be more general, namely we may assume that H : RV — R is strictly convex, H € C?(RN \ {0})

and there exist C, K > 0 and 7 > 1 such that Vp € RY, it holds
Culpl” = K < H(p) < Culp|”
VH(p)-p—H(p) > K~ 'p|" - K

|VH(p)| < K|p|"~".
1



2 C.BERNARDINI - A.CESARONI

Mean-Field Games have been introduced in the seminal papers of Lasry and Lions [25] and by Huang,
Caines and Malhamé [23] in order to describe Nash equilibria of differential games with infinitely many
infinitesimal rational players; this led to a broader study, also encouraged by their powerful applications
in a wide range of disciplines (equations of this kind arise in Economics, Finance and models of social
systems). The key idea underlying the theory comes from Statistical Mechanics and Physics, and consists
in a mean-field approach to describe equilibria in a system of many interacting particles. The theory of
Mean-Field Games models the behavior of a very large number of rational and indistinguishable players
aiming at minimizing a certain cost, by anticipating the distribution of the overall population which
result from the actions of all other players. We refer to [20, 21] for a general presentations of Mean-Field
Games and their applications. In our setting, the dynamics of each player is described by the following
controlled stochastic differential equation

dX; = —v;dt +V2dB,
where v; is the controlled velocity and B; is a standard IV dimensional Brownian motion. Each agent

chooses v; in order to minimize the following long time average cost

FV(X,) — Ko #m(Xy) | dt

ol

—1
ergodic sett{/ng, the distribution law of each player moving with optimal speed converges as t — 400 to
an invariant measure g (independent of the initial position) and p coincides, in a equilibrium regime for
the game, with the density of the population m. From a PDE viewpoint, equilibria of the differential
game are encoded by solutions of the system (1), where the Hamilton-Jacobi-Bellman equation takes into
account the value of the game )\ and the optimal speed —Vu|Vu|?~2 of the optimal control problem of
a typical agent, and the Kolmogorov-Fokker-Planck equation gives the density of the overall population m.

where v/ = is the conjugate exponent of v and m(x) is the density of population at x € R™. In the

In the case when v = 4/ = 2, as pointed out in [25], using the Hopf-Cole transformation v(x) := e~ w®)/2
we can reduce the MFG system (1) to a single PDE. In particular we observe that with the previous
change of variable, setting m(z) = v?(x), the MFG system (1) is equivalent to the normalized Choquard
equation

_ 2
{—2A1}2+ (V(z) = Mo = (Kq xv*)v in RV, 3)
Jpn V¥ (x)dz = M, v>0

with associated energy

1 2 2
Ew) = / 2|Vu|? 4+ V(z)vider — 7/ / LUN(E/)dx dy.
RN 2 Jgy JrN ‘.’E - y| @

Choquard-type equations have been intensively studied during the last decades and have appeared in the
context of various mean-field type physical models (refer to [27, 30, 31, 34, 35] and references therein
for a complete overview). Indeed their solutions are steady states of a generalized nonlinear Schrédinger
equation, with an attractive interaction potential given in terms of the Riesz interaction kernel, which
is therefore weaker and with longer range than the usual power-type potential in nonlinear Schrédinger
equation. We recall that the relation between MFG systems and normalized nonlinear elliptic equations
has been exploited in the recent work [37] in the case of nonlinear Schrédinger systems.

Going back to our Mean-Field Game system, the two distinctive features of our model are the follow-
ing: the state space is the whole Euclidean space RY, and the coupling is aggregative and defined in
terms of a Riesz-type interaction kernel. Usually, Mean-Field Game systems are considered in bounded
domains, with Neumann or periodic boundary conditions, in order to avoid non-compactness issues. We
recall some works in the non compact setting: in particular [3] in the linear-quadratic framework, [38§]
in the time-dependent case, [19] for regularity results and finally [6], where a system analogous to (1)
has been considered, with power-type nonlinearity. In the unbounded setting, the dissipation induced
by the Brownian motion has to be compensated by the optimal velocity, which is a priori unknown and
depends by the distribution m itself and on the coercive potential V. The coercive potential V' describes
spatial preferences of agents and hence discourages them to be far away from the origin. Moreover, due
to the presence of the Riesz-type interaction potential — K, * m which represents the coupling between
the individual and the overall population, every player of the game is attracted toward regions where
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the population is highly distributed. Most of the MFG literature focuses on the study of systems with
competition, namely when the coupling descourages aggregation: this assumption is essential if one seeks
for uniqueness of equilibria, and it is in general crucial in many existence and regularity arguments (see
[20]). Focusing MFG systems, namely models with coupling which encourages aggregation, have been
studied for instance in [6, 7, 10, 11, 18] in the stationary setting.

In this paper we provide existence and nonexistence results of classical solutions solving the MFG
system (1), where by classical solution we will mean a triple (u,m,\) € C?*(RY) x WHLP(RN) x R for
every p € (1,+00). Our focus will be to obtain classical solutions which satisfy some integrability
conditions and boundary conditions at co which will be meaningful from the point of view of the game.
In particular, we will require some integrability properties of the optimal speed with respect to m, namely

m|Vu|” € LY (RY) Vm e LYRY) and \Vm||Vu| € LY(RY). (4)

Indeed, if one looks at the Kolmogorov equation, such integrability properties are important to ensure
some minimal regularity of m and uniqueness of the invariant distribution itself (see [22, 36]). Regularity
and boundedness of m is quite crucial in our setting: indeed, due to the aggregating forces, m has an
intrinsic tendency to concentrate and hence to develop singularities. Moreover the Lagrange multiplier
A will be uniquely defined as the generalized principal eigenvalue (see for details [4, 9, 24]): for fixed
m € LY(RY) such that K, *m € C%(RY) for some 6 € (0,1), we define \ as

/\:zsup{ceR

1
Jv € C*(RY) solving Av + ;|VU"Y +e=V(z) — K, * m} .

Once that we know this value exists, it is possible to show that there exists u € C?(RY) solving the HJB
equation with such value A, and that such solution w is coercive i.e.

u(z) = +oo as || = 400 (5)

and moreover its gradient has polynomial growth (see Section 2 and the references [4, 9, 24]). Note that
(5) is a quite natural “boundary” condition for ergodic HIB equations on the whole space: indeed the
optimal speed would give rise to an ergodic process, so in particular, at least heuristically —Vu -z < 0
for |x| — 400, (refer to [22] and references therein, for more information about ergodic problems on
the whole space and their characterization in terms of Lyapunov functions). Existence results for such
classical solutions will depend on the interplay between the dissipation (i.e. by the diffusive term in
the system) and the aggregating forces (described in terms of the Riesz potential K, and the coercive
potential V). So, we get that the MFG system (1) shows three different regimes which correspond to
a€(0,N—-29),ae(N—-2y,N—+")and o € (N —~', N). We will refer to a = N — 2" as the Hardy-
Littlewood-Sobolev-critical exponent and to a« = N —~' as the mass-critical (or L2-critical) ezponent, in
analogy with the regimes appearing in the study of the Choquard equation (3) when 4 = 2. Obviously
if 4/ > N, there exists just one regime, which will be the mass-subcritical regime a € [0, N), whereas if
% < v’ < N there will be just 2 regimes.

First of all we observe that for classical solutions to (1) with V' = 0 and which satisfy (4), a Pohozaev
type identity holds (see Proposition 3.2):

(2—N) / Vu-Vmdz + <1 — N> /m\Vu\'Yd:E —ANM+ 2 J; N / m(:c)n}v(i)l dzdy. (6)
o s . |z —y
Also in presence of the potential a similar identity holds, under the additional integrability condition that
mVV -z € LY(RY). For MFG in the periodic setting with polynomial interaction potential an analogous
Pohozaev identity has been proved in [10]. For the case of the Choquard equation we refer to [34] and
references therein.
In the Hardy-Littlewood-Sobolev-supercritical regime 0 < o < N — 2/, the Pohozaev identity, together
with the fact that A < 0 (see Lemma 2.11), implies that solutions to the MFG system (1) do not exist.
More precisely, we obtain the following nonexistence result.

Theorem 1.1. Assume that « € (0, N —24') and V = 0. Then, the MFG system (1) has no classical
solutions (u,m,\) € C*(RY) x Wl’%(RN) x R which satisfy (4) and (5).
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In the case when N — 27" < o < N we obtain existence of classical solutions to the MFG system (1)
by means of a Schauder fixed point argument (refer to [2] and see also [10]). More in detail, we consider a
regularized version of problem (1), obtained by convolving the Riesz-interaction term with a sequence of
standard symmetric mollifiers (see (54) below). Taking advantage of the fixed-point structure associated
to the MFG system and exploiting the Schauder Fixed Point Theorem, we show that solutions to the
“regularized” version of the MFG system do exist. Then we provide a priori uniform estimates on the
solutions to the regularized problem, which allow us to pass to the limit and obtain a classical solution
of the MFG system (1).

Theorem 1.2. Assume that the potential V' is locally Holder continuous and satisfies (2). We have the
following results:

i. if N—«" < a < N then, for every M > 0 the MFG system (1) admits a classical solution
(u,m, \);

it. if N =27 < a < N —+ then, there exists a positive real value My = My(N,a,v,Cy,b) such
that if M € (0, My) the MFG system (1) admits a classical solution (u, m,\).

Moreover in both cases there exists a constant C > 0 such that
Vu(z)] < CA+]a))7  u(z) > Cla|s ™ =07,
where C = C(Cy,b,v, N, \,a), vym € WH2(RYN) and it holds
m|Vu|’ € LYRY), mV € LY(RY), V| |[Vm| € L' (RY).

Note that in the mass-subcritical case, solutions to the MFG exist for every mass M, whereas in the
mass-supercritical case and mass-critical case (namely for o € (N —2+', N —~']) we provide existence just
for sufficiently small masses, below some threshold My, due to the fact that in this case the interaction
attractive potential is stronger than the diffusive part.

The Hardy-Littlewood-Sobolev critical exponent is not covered by our analysis. Indeed it is possible to
prove existence of solutions to the regularized problem also in this case, for sufficiently small masses (see
Theorem 4.7). Nevertheless in order to pass to the limit in the regularization, we need to obtain a priori

L bounds on solutions my to the regularized problem, starting from uniform bounds in L%°& L. This
is not possible at the critical level & = N — 24/, due to critical rescaling properties of the Sobolev critical
exponent: a priori uniform L° bounds on my only holds in the range when we have a uniform bound in
L4, for g > V,% (see Theorem 2.12) and J\?fa > A/,]Xa only in the Hardy-Littlewood-Sobolev subcritical
regime. One way to circumvent this difficulty would be to obtain at the critical level « = N — 27/ by
using regularity estimates on the viscous Hamilton-Jacobi equation and on the Fokker Planck equation

and a smallness condition on [|m||_~_ a priori uniform bounds on m in LY for some ¢ > in
N—~

N
N—v
order to be able to apply Theorem 2.12. This kind of result has been obtained recently in [12] for
MFG in bounded domains with Neumann boundary conditions, and with a nonlinear Schrédinger type
potential. This problem is related to the maximal regularity of solutions to viscous Hamilton-Jacobi

equation —Au+ |Vu|" = f(x) (see [13], [14], [17]). When m € L%WQ then by Hardy-Littlewood-Sobolev
inequality, Theorem 2.6, K, xm € L%, which is a critical threshold in this setting.

To understand better this difference and also the deep analogy with normalized Choquard-type equa-
tions, it will be useful to analyze the problem from a variational point of view. Existence of solutions to
the normalized Choquard equations has been first investigated using variational methods by E.H. Lieb
[28] and P.-L. Lions [30, 32|, while more recently Li-Ye [26] studied existence of positive solutions to (3)
by using a minimax procedure and the concentration-compactness principle. As Lasry and Li for results
i ns first pointed out in [29], solutions to (1) correspond to critical points of the following energy

e

%P/—I—V(x)mdm—% [ [ mem®) e dy i (m,w) € K,

E(m,w) = { rN g gy 1270 (7)
+00 otherwise
where w := —m|Vu|?2Vu and the constraint set is defined as
K= {(m,w) (LR N LYRN)) x LYRY) st mdr =M, m>0 ae.
RN
(8)

/ m(—Ago)dx:/ w - Vpdr VgoEC(‘JX’(RN)}
RN RN
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with
N .
gim { Ny <N (9)
~' ify >N
If N—v < a < N, so in the mass-subcritical regime, the energy £ is bounded from below, indeed
using elliptic regularity results for the Kolmogorov equation (see Proposition 2.4 below, in this case
2N < 1+ % hence we can use (18)), the Hardy-Littlewood-Sobolev inequality (see (24)) and the

1< N+«
fact that V' > 0, we get

, 27"
E(m,w) = Cre™ m| f5 vy — CollmlZ s gy

where we denoted g = Igfa Hence, inf,,, wyeic,, €(m, w) is well defined and by means of classical direct

methods and compactness arguments, it is possible to construct global minimizers. Then a linearization
argument and a convex duality theorem allow us to show that minimizers (m,w) of £ correspond to
solutions to the MFG system (1) (for more details we refer to [6, 7]). In the mass-critical regime, namely
for « = N — v/, the energy is bounded from below just for sufficiently small masses M, and we may
construct in this range global minimizers. In the mass-supercritical regime, namely for 0 < a < N — v/,
the energy is not bounded from below in general so no global minimum can be found. Nonetheless some
compactness of sequences with finite energy is still available in the Hardy-Littlewood-Sobolev-subcritical
regime N —2+" < a < N —~/. In particular, we may consider a minimization problem adding a smallness

constraint on the L~+a (R™) norm of m and we may show that if the total mass of m is sufficiently small,
then the constrained minimizers are actually local free minimizers of the problem. These procedure
would provide solutions to the mean field game which should coincide with the solutions we obtained
in Theorem 1.2 for a € (N — 279, N — «') by using Schauder Fixed Point Theorem and imposing a
smallness condition on the L ¥+= (R™) norm of m. A similar procedure for constructing local minimizers
has recently been developed for MFG in bounded domains with Neumann boundary conditions and local
aggregative interaction potential of polynomial type (i.e. with a nonlinear Schréodinger type potential),
we refer to [12]. Moreover, since the energy is becoming more and more negative as the LN%VQ(RN )
norm of m increases (as it can be observed by a simple rescaling argument), then we expect that with
a nontrivial adaptation of the mountain-pass theorem, it should be possible to construct in the Hardy-
Littlewood-Sobolev-subcritical regime N — 2y < o < N —«" also solutions to the MFG with a min-max
procedure (analogously to what is done in the case of normalized Choquard equation, see [26]). We plan
to investigate this issue in a forthcoming paper.

Finally we leave open the problem of existence of classical solutions to the MFG system for o € [N —
279/, N) when V' = 0. Using the variational approach, and an appropriate adaptation of the concentration-
compactness Lions theorem, one of the author provided existence of solution in the mass subcritical
regime a € (N — 4/, N) as global minimizers of the energy (7) with V' = 0 among competitors with
appropriate integrability condition at infinity, see [5]. We expect that in the supercritical mass regime
a € (N —29', N —~') local minimizers of the free energy are not present, but that it could be possible to
construct by concentration-compactness arguments and by a min-max procedure, a critical point of the
energy. We plan to investigate this issue in a forthcoming paper.

The paper is organized as follows. Section 2 contains some preliminary results. In particular we recall
regularizing properties of the Riesz interaction kernel, some a priori elliptic estimates for solutions to the
Kolmogorov equation, a priori gradient estimates for solutions to the Hamilton Jacobi Bellmann equation
and finally uniform L bounds for m, solution to (1). In Section 3 we provide the Pohozaev identity and
the proof of the non-existence result Theorem 1.1. Section 3 contains the proof of the existence result
Theorem 1.2.

In what follows, C,C1,C5, K1,... denote generic positive constants which may change from line to
line and also within the same line. Moreover ' denotes the conjugates exponent of ~, that is v = ﬁ

2. PRELIMINARIES
2.1. Regularity results for the Kolmogorov equation.
Lemma 2.1. Let u € C>%(RY) and m € WH2(RN) be a solution (in the distributional sense) to
— Am(z) — div (m(z) Vu(z) [Vu[""?) =0 in RV, (10)

where v > 1 is fived. Then, m € C>*(RN). Moreover, if m > 0 and m # 0, then m(z) > 0 for any
x € RV,
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Proof. If v > 2, then m solves
—Am —b(z) - Vm(x) — m(x)divb(z) =0

where b(z) = |Vu|""2Vu(z) € CLY(RY) and divb(z) € C%?(RY). By elliptic regularity (see e.g. [16,
Theorem 8.24]) we get that m € C%. Denoting by f := mVu|Vu|"~2 we have —Am = divf where
f € €% then by [16, Theorem 4.15] we get that m € C1'* and hence

—Am = div (mvu‘vu")/*?) c CO,min{a,O}

so m € C2min{a0} “and iterating we finally obtain that m € C%f. If 1 < v < 2, b(x) is just an Holder
continuous function, hence m is a weak solution of equation (10). In this case, we can replace b(x) with
be(z) := Vu(z)(e 4+ |Vul|?)2 =" and m,. is a-posteriori a classical solution to the approximate equation

—Am — div (m(z) be(x)) = 0.
We can conclude letting e — 0. If m > 0 on RY, we also have that m satisfy
—Am — b(z) - Vm(z) — (divb(z)) "m(z) <0,

since [,y mdx = M > 0, the Strong Minimum Principle (refer e.g to [16, Theorem 8.19]) implies that
m > 0in RY (indeed m can not be equal to 0, unless it is constant, which is impossible). O

We will use the following result (proved in [6, Proposition 2.4]) which takes advantage of some classical
elliptic regularity results of Agmon [1].

Proposition 2.2. Let m € LP(RY) for p > 1 and assume that for some K > 0

/ mAp dx
RN

Then, m € WHP(RN) and there exists a constant C > 0 depending only on p such that
||vm||Lp(]RN) < CK.

< K[Voll e @y, Vo € C(RY).

We prove now some a priori estimates for solutions to the Kolmogorov equation. Let us fix p € (1, +00)
and M > 0.

Proposition 2.3. Let us consider a couple (m,w) € (LP(RN)NWLLRN)) x L (RN) which solves weakly
—Am+divw =0, in RY.
Assume also that [, m(x)dx =M, m >0 a.e. and
’y/
E = m‘ﬁ‘ dx < +4o0. (11)
RN m
Then, we have that
me W (RY)

for v such that % = (1 - %) % + % (i.e. 7= 7/17;'_1) and there exists a constant C, depending on r,
such that

1 ES
Imllwrr@yy < CE+ M) |[mll @y (12)

)
Proof. By definition of weak solution we have

— mAgodx:/ w-Vdz, forevery ¢ € CF(RY),
RN RN

using Hélder inequality (since 1 = (1 — %) % + %, it holds % + % + 1 =1) we obtain

w’Yl % 1
< [ uliwelde= [ (|27 m) " md vl
RN RN m

w | o7 N
: (/]RN‘TTL‘ md$> Hm”Zp(RN)”vSDHLr’(RN)

mApdx
RN

and hence

P
mApdr| < EY{|m| 7, @m) Vel Lo @y

RN
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Since [lm/|1gx)y = M and m € LP(RY), by interpolation we get
1 a1
”m”LT(JRN) < ||mHZp(]RN)M”/ (13)

therefore m € L"(RY). From Proposition 2.2 with K = B ”m”Zv(RN we obtain that m € Wb (RY)

and there exists a constant C' > 0, depending on r, such that

)7

1 1
I9mile@n) < CEY [l o, (14)
By (13) and (14), we can conclude that

N B L N 1
Imllw.rey < (M7 + CE ) Il 7, < C(E + M) |m]l 2, g

|
Proposition 2.4. Under the assumption of Proposition 2.3, we have the following results:
i) ifl<p<l+ ” then, there exists 6, = ( +1- ) such that
” ||L1:E]gl]\2p < o MA+ir-1 g (15)

where C' is a constant dependz'ng on N, v and p;
i) if v <N and 1 < p < == then, there exists 03 = %WN and a constant C' depending on N, ~
and p such that

Hmll’;‘i“’RN) C(E + M)M™=1, (16)
Proof. i) The proof of (15) follows from [6, Lemma 2.8]. i) As before let 1 = 1% (1 - %) + %, ify <N
then r < 4/ < N, so by Gagliardo-Niremberg inequality and (12) we get
i a
Il vy < Cllmily s, (B + M) (a7
where r% = % - % and C is a constant depending on N, p and 7. One can observe tha % - % =
%&W < 0, that is 7* > p, by interpolation there exists 6 € (0, 1] such that

1 1-0
il gy < M7 ] e v

and from (17) we get that

1_ 1)\ _
Il < o8 + MM

By simple computations we have that

and

1 7 p
S )y =L
(0 )7 Np-1

denoting by do the quantity P 1 %, we finally obtain (16). O
Remark 1. In the following we Will use (15) and (16) in the case when p = A?iva It will be useful to
observe that if 4/ > N then 1 < ;77- <2 <1+ 7 , hence estimate (15) holds. In the case when 7/ < N,
if N—+" <a< N then, 1< N+a < 1+ 7\, and hence from (15) we get that
2" '
Im)| 5% < CMTUE (18)
LN¥a (RN)
whereas if N — 27" < a < N — 4/, we may use estimate (16), which gives us
29" 2~
Im| ¥ < C(E+ MM (19)
LN¥a (RN)

Finally, we recall the following a priori elliptic regularity result (see [6, Proposition 2.8, Corollary 2.9]).
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Proposition 2.5. Let

el ify =N
and let (m,w) € (LY(RYN) N LY(RYN)) x LY(RYN) be a weak solution to
—Am+divw =0, in RY
with [ox m(x)de =M, m >0 a.e. and

q:= {N_]’\Y]’-H ify <N

F ::/ m’g‘v dr < +o00.
RN m
Then the following hold:
i)
LPRN), ¥ Y VB el if v >N
m € LP(RY), VBe€ N— (VB € [L,400), if v = N)
and there exists a constant C depending on N, 8 and ' such that
[m|Lsyy < C(E + M);
me W RN, V<gq
and there exists a constant C depending on N, £ and ' such that
[mllwie@yy < C(E+ M).

Proof. From Proposition 2.3 we have

!/ /

m € WH(RY)  for 1:(1—1)1+1.

To Y/4q 7
Case v/ < N. Since 1 < rg <’ < N, by Sobolev embedding theorem and interpolation, we get that
me LPRY) VB<q (20)
where ¢; is the Sobolev critical exponent, i.e.
 Nro qNy'
NN T Ny N+ gV 7y
(notice that g; > ¢ since g < N%v’) From (20), using Proposition 2.3 again, we have
!
m € WH(RY) VﬁgrlzL.
Y —=1+aq
As before, by Sobolev embedding theorem and interpolation, we have that
aNY

ceL’RY) VB<q= :
meP®) WSt N L )

Iterating the previous argument, we observe that ¢;11 = f(g;) where f(s) := W+Z(/N_7,) Since f is

an increasing function if s < N%«/ and it has a fixed point for § = N%v” we obtain that
N
e L°(RY), vB<
me L/(®Y), < 5=

and

m e WH(RN), V< N

’ N—«+1

Moreover, for any fixed 8 < N%ﬁ/,, taking r = r(83) such that % = (1 — %) % + %, from estimate (12)

and the Sobolev embedding theorem (notice that r* > /3) we get that there exists a constant C' depending
on N and r such that

1 1
Il zogeny < CCE + MY ml 7 gy (21)

and hence
[m|l s @yy < CL(E + M). (22)
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Putting (22) in (12) we obtain
||m||W1,£(RN) S CQ(E + M)
Case v/ = N. Since rg < v = N, we can apply the Sobolev embedding theorem and with the same

argument as before we obtain
N
qj+1 = m%ﬂ

Obviously ¢;1+1 > g;, by iteration we get that
m e LP(RY), VB < +oo
and
me WHRN), V<4,
The estimates on the norms follow in the same way as the previous case.

Case v’ > N. Since m € LY (RYN), by interpolation m € L~ (RN) and we can go back to the previous
case. ]

2.2. Some properties of the Riesz potential. We recall here some properties of the Riesz potential,
which will be useful in the following in order to deal with the Riesz-type interaction term.

Definition 2.1. Given a € (0,N) and a function f € L}, (RY), we define the Riesz potential of order o
of f as

f(y) N
K = —1 gy oz eRV.
wef@= e L
The Riesz potential K, is well-defined as an operator on the whole space L"(RY) if and only if
r e [1, g) We state now the following well-known theorems (for which refer e.g. to [39, Theorem 14.37]
and [29, Theorem 4.3]).

Theorem 2.6 (Hardy-Littlewood-Sobolev inequality). Let 0 < o < N and 1 < r < % Then for any

feL"(RY)
< Ol fllzr@ny

1o £l o o <

where C' is a constant depending only on N, o and .

Theorem 2.7. Let 0 < A < N and p,r > 1 with % + % +1=2 Let feLP(RY) and g € L"(RV).
Then, there exists a sharp constant C’(N A, p) (independent of f and g) such that

(y)
—=dx dy
/]RN RN |fU— A

Remark 2. Tt follows immediately that if 0 < o < N and f € LW(RN ), then there exists a sharp
constant C, depending only on N and «, such that

d dy| < C||fI1? ) 2
/RN/]RN \:E—yIN . y’ ||fHLN+ (RN) ( )

As shown in [28], in this case the constant C' can be computed explicitly and there exist explicit optimizers
for (24) (while neither the constant nor the optimizers are known for p # r, although do exist).

< Ol e @myligllr @y (23)

Regarding the L*°-norm and the Holder continuity of the Riesz potential, we recall here the following
results.

Theorem 2.8. Let 0 < a < N, 1 < r < +o0 be such that r > g and s € [1, %) Then, for every
feL*(RN)NL"(RY) we have that

1Ko * fllLoo@®yy < Cull fllr@yy + Coll flle @y (25)
where C1 = C1(N,a,r) and Cy = Co(N, «, s). Moreover, if 0 < a — 7 < 1 then,
Ko+ f € CO % (RV)
and there exists a constant C, depending on r, a and N, such that

Kot @) Kot JON < oy fpamy  pora

|z —y|*™ =
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Proof. Concerning Holder regularity results for the Riesz potential, one may refer to [33, Theorem 2.2,
p.155] and [15, Theorem 2.
As for (25), notice that

1 N
—— € LP(B 1
|.’17|N_‘X € ( 1)7 Vpe |: ’N—a)

where Bj is the ball of radius 1 centered at 0 and it is well-known that fBl(O) ‘zl(,}ﬂ)p dr = N—(ulj\/N—oz)p'

By Holder inequality we get

1

|f@ =yl ( T )i( 1 )w
/31 [y Vo dy < /81 |f(z —y)|"dy /B1 = dy

1

WN r’
L7 (RN) <N—(N—oz)7°’) < G f]

< | £l L (RN)
using the fact that »’ < %, since by assumption r > % On the other hand
1 N
——— € LP(Bf v,
|w‘N—a€ ( 1)7 pe(N—a’+OO:|
hence
1
fla—y s\
/ %dyﬁ |f(z —y)[*dy ﬂdy SC”fHLS(RN)v
RN\ B, ‘y| RN\ B, |y| L' (BS)
since (N — a)s’ > N. O

2.3. Some results on the Hamilton-Jacobi-Bellman equation. By a straightforward adaptation
of [6, Theorem 2.5 and Theorem 2.6], we obtain some a priori regularity estimates for solutions to some
Hamilton-Jacobi-Bellman equations defined on the whole euclidean space RY. The following propositions
are stated under slightly more general assumptions than ones of our problem.

Proposition 2.9. Assume that K, * m € L>®(RY) and that V satisfies (2), with b > 0. Let (u,c) €
C?(RN) x R be a classical solution to the HJB equation
1
—Au+ = |Vu(@)]Y + ¢ =V (x) — Ko xm(z) in RN, (26)
Y

for v >1 fized. Then
i. there exists a constant C1 > 0, depending on Cy,b,v, N, ¢, || Kq * M| 0o, such that
[Vu(@)| < Co(1+ |a])7:
it. if u is bounded from below and b # 0 in (2), then there exist a constant Co > 0 such that
u(x) > Cg|x|%+1 —-Cyl, VreRN.

The same result holds also in the case when b = 0, but we have to require in addition that there
exists § > 0 such that V(x) — Ko * m(x) —c¢ > 6 > 0 for |z| sufficiently large.

Proof. The thesis follows applying [6, Theorem 2.5 and Theorem 2.6]. a

Let us define
A :=sup{c € R|(26) has a solution u € C*(R™)} (27)

Proposition 2.10. Besides the hypothesis of Proposition 2.9, let us assume also that V — K, xm is
locally Hélder continuous. Then

i) A\ < +o0o and there exists u € C*(RYN) such that the pair (u,\) solves (26).
i) if b# 0 in (2), u is unique up to additive constants (namely if (v,\) € C*(RY) x R solves (26)
then there exists k € R such that u = v + k) and there exists a constant K > 0 such that

w(z) > Klz|7t' = K™Y, Yz eRY.
Proof. Tt follows by [6, Theorem 2.7]. We may observe also that
A = sup{c € R|(26) has a subsolution u € C*(R")}.
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Finally, we conclude with an estimate on the Lagrange multiplier A defined in (27).

Lemma 2.11. Let (u,\) € C?(RY) x R be a solution to the HJB equation (26). Then
1 if V=0, then A <0;
it if V satisfies (2) then A < C for some constant depending on b,Cy,~y, N.

Proof. The proof is based on the same argument of [10, Lemma 3.3]. Let us consider the function

ps(x) = (%)N/Qeﬂ;‘;‘ for z € RN and § > 0. Obviously [,v ps(2)dz = 1. From the definition of

Legendre transform we get that

’Y, 'Y/
l|Vu|A’ = sup (Vu S — |a|,> > Vu - (6x) — ‘&ﬂl
Y a€ERN Y Y

hence )
— Au(z) + Vu - (§z) — 7|5:m’ + A<V (z) —m* Ko(). (28)

Multiplying (28) by us and integrating over Br we obtain

1 ,
- Au(x)ps + Vu - (6x)ps — / —|0x]” ps + )\/ ps < / (V(x) —m x Kq)ps-
Br Br Br ’Y Br Br

Integrating by parts (notice that fBR Vu-Vys = — fBR Vu - (6z)ps) we get

1 /
—/ u5Vu-Vd0——// |0z|” ugdx+)\/ ugdxg/ (V(x) —m* Kq)ps dx
dBr 7 JBg Br Br

and since fBR m* Ko (x)ps(x) dr > 0, we have

1 7
A ps dr < / usVu-vdo+ — / [0x|" ps dx + / V(z)us d. (29)
Br OBgr Y JBRr Br

For ¢ > 0 fixed, the first integral in the RHS of (29) can be estimated as follows

‘ / usVu - vdo
dBR

using the gradient estimates on Vu proved in Proposition 2.9. So, sending R — +oo in (29) and using

(2) we get
1 &% P 1 v\ w2
A e E /RN e Ayt oy /va(ﬁ)e T

If V = 0, then sending 6 — 0 in the previous inequality, we conclude immediately A < 0. If V #£ 0, we
may choose 6 = 1 in the previous inequality and conclude recalling (2). (Il

2
< O6% e "5 |Vullp~oBn)|0Br| = 0,  as R — 400

2.4. Uniform a priori L>*°-bounds on m. We state now the following result, which provides uniform
a priori L*° bounds on m.

Theorem 2.12. We consider a sequence of classical solutions (ug, mg, \g) to the following MFG system

—Au+ %|Vu|7 + A= Wi(z) — Gi.o[m](z)
—Am — div (mVu|Vu[772) =0 in RN (30)
Jgxm =M, m>0

where Wy, : RN — R satisfies assumption (2) with constant Cy, b independent of k. Let Gy o : LY(RN) —

LY(RY) such that Gio[m] > 0 for all m € L', with m > 0, and moreover we assume that there exists
o € (0,N) such that for all s € [1,2) and r € (£, 400] there holds for m € L*(RY) N L"(RN)
|Gr,alm]]| oo mvy < Crl|ml] Ls(RN) (31)
where C; = C1(N,a, 1) and Cy = C3(N, a, ).
If ug are bounded from below and satisfy (5), and my € LY(RN) N L (RYN), with |my||p« < Cy for
some q > % then, there exists a positive constant C' not depending on k such that

L™ (RN) + CQHTTL‘

[mellLee@yy <O, VkeN.
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Proof. We follow the argument of the proof of [6, Theorem 4.1] (refer also to [10] for the analogous result
on TV), but we have to define a different rescaling in this case.

Up to addition of constants we may assume inf uy(z) = 0.

We assume by contradiction that

supmy = Ly — 400
RN
and we define

Ok ==

1

L.°, if ¥ <N andg<
L;T, if either v/ > N orv’SN,q>%

where 8 > 0 (so 6 — 0) has to be chosen in the following way. We fix

re(N Ng ) (32)

o' N — qay'
Note that since ¢ > A/,Jia the interval is not empty. If ¢ = % it is sufficient to choose % < r < 4o0.
Then we choose 3 such that
1 q q
L f)spet
5 ( r/ = b N

We rescale (ug, mg, \x) as follows:

vg(z) = 6,gjuk(5kx) +1, ng(z) == L;lmk(ékx), A 1= 6z/)\k.

Observe that 0 < ng(z) < 1 and supng = 1 and moreover that vi(z) > 1 for all z. So we obtain that
(vk, Nk, Ar) is a solution to

—Avg + 2| Vog|" + A, = V(@) — gi(2)
—Any, — div(ng Vo[ Vop[772) = 0
where , /
Vk(x) = (52 Wk(ékm) and gk(if) = (52 Gk,a[mk](dkx)
Observe that by assumption (2) there holds
Ci'67 (max{|px| — Cy,01)" < Vi(z) < Cy (1 + 67 Ta|)b, Vo e RV,

Computing the equation in a minimum point of uy we obtain Ay, > —||G,o[mk]||cc and reasoning as in
Lemma 2.11, we get that A\y < C, for some C just depending on v, Cy, b, so we get

~lgrlloo = =87 1Ghalma)loe < M < 87 C.

If v/ > N or+ <N and ¢ > % we apply (31) with » = 400 and s = 1 and we get
Gklloo < 67 (C1Ly + CoM) = L, (C1Ly + CoM) < C

which in turns gives also that |5\k| < C. Moreover if 4/ > N there holds
lngllz = / ng(z)dx = 5;’7N||mk||L1 = 52/7NM =0 and 0<nE<1=supnyg
RN

if on the other side v/ < N and ¢ > % we have that
_N N1
[ngllLe = L;lék “lmillpe <L Cq—0 and 0<n, <1=supng.

If v <N and ¢ < % first of all we observe that, since 5 < %,

_N N_q
Ingllze = LU0, @ lmpllze <LP7 'C,—0  and 0<mp <1=supng.

We apply (31) with r as in (32) and s = 1 and we get, using interpolation between L? and L to estimate
the norm ||mg||r, that there holds

19llce < 87 (Cullmall, ., +CaCy) < L (OLT + GG < 0L F < C

N—2+7 -

since 89" > 1 — 4. This in turns implies that k| < C.
The rest of the proof follows exactly the same lines of the proof of [6, Theorem 4.1], since we have
uniform bounds on A, and on ||gx||, either the L' or the L? norm of nj vanishing as k — oo,
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whereas ||ng||oo = 1. In particular one shows that if xj is an approximated maximum point of nj (that
is ng(xy) = 1 —§), then necessarily ¢, 24" — 4o00. If it is not the case, using a priori gradient
estimates on vy as in Proposition 2.9, we get that ny is uniformly (in k) Holder continuous in the ball

Bj(z), contradicting the fact that ny > 0 and either ||ng||L« — 0 or ||ng||r — 0. On the other hand, if

6z/+b|wk|b — +00, we may construct a Lyapunov function for the system, which allows for some integral

estimates on ny, showing again a uniform (in k) Holder bound for ny in By/s(zx) and again getting a
contradiction. Therefore one concludes that L — 4oc is not possible. O

3. POHOZAEV IDENTITY AND NONEXISTENCE OF SOLUTIONS
In this section, we study the MFG system (1) in the case V =0, i.e.
—Au+ %|Vu(x)|”f +A=—-K,xm(x)
—Am — div (m(z)Vu(z) [Vu(z)[""2) =0 in RV, (33)
f]RN m=M, m>0

The following Lemma (see Lemma 3.2 in [10]) will be useful in order to control the behavior of m, Vu, Vi
at infinity.

Lemma 3.1. Let h € L'(RYN). Then, there exists a sequence R,, — 0o such that

Rn/ |h(z)|dx — 0, asn — oo.
OBnr,,

In order to prove nonexistence of solutions to the MFG system (33) in the supercritical regime 0 <
a < N — 27/, we need a Pohozaev-type identity.

Proposition 3.2 (Pohozaev identity). Let (u,m,)\) € C*(RY) x Wl’N%X(RN) x R be a solution to
(33) such that

m|Vu|” € LY(RY) and \Vm||Vu| € LY(RY).
Then, the following equality holds

(2- N)RZ Vu-Vmds + (1 - JDRZ mVuldz = ANM + © NR[ m(z) (Ko s m)(z)de.  (34)

Proof. From Lemma 2.1, we get that m is twice differentiable, so the following computations are justified.
Consider the first equation in (33), multiplying each term by Vm -z and integrating over Br(0) for R > 0,
we get

1
- AuVm-a:dx—Ff/ [Vu(z)|"Vm - xdx + A Vm-zdr =— Ko xm(x)Vm -z dx. (35)
Br Y JBgr Br Br
We take into account each term of (35) separately. Integrating by parts the first term, we have
- AuVm-zdr = Vu-V(Vm - z)dx — / (Vu-v)(Vm - z) do, (36)
Br Br dBr
we observe that

N
Vu-V(Vm-z)de = / Zumi(Vm T g, = Vu-Vm + / Zummz 2;Zj

Br Br i1 Br B

B oij
and integrating by parts the last term of the previous one, we get
y
[ Sy, = [ Sy [ S w8 [ wm,
Br i 9Br ' j Brij Br

:/ (Vu-Vm)z - vdo — Vm-V(Vu-z)+ (1 - N) Vu - Vm.
BBR BR BR
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Note that z - v = R on 0Bgr. Coming back to (36) we obtain

— AuVmomdx:f/

Vm -V (Vu-z)dx + (2 — N)/ Vu-Vmdx
Br Br Bg

+ ABR(VU -Vm)(z - v)do — /SBR (Vu-v)(Vm - z)do. (37)

Concerning the second and the third term in (35), we get that

1 1 1
- / [Vu(z)|"Vm -z de = — / |Vul"ma - vdo — — mdiv(|Vu| z)dz =
Y JBgr Y JoBr 7 JBg

1 1 N
= f/ |[Vu|"ma - vdo — 7/ mV(|Vu|?) -z de — —/ m|Vu(z)|"dx  (38)
7 JoBr Y JBr Y JBr

and

)\/ Vm'zdx:)\/ max - vdo — AN mdx. (39)
Br OBRr Br
Similarly, multiplying the second equation in (33) by Vu - 2 and integrating over Br(0) we get

AmVu - xdr = —/ div(m|Vu|"?Vu)Vu - x dx =

Br Br

= V(Vu-z)- (m|Vu|'"2Vu) dr — / (Vu - z)m|Vu|"2Vu - vdo =
Br dBR

= / lmV(|Vu|"’) cxdx + / m|Vu| dz — / (Vu-z)m|Vu|""2Vu-vds  (40)
Br Y

Br 0BRr

where we have integrated by parts and then used the following identity
~V(|Vul|") -z = |Vu|""*Vu-V(Vu-z) — |Vul".
Integrating by parts the LHS of (40) we get

/aBR(VmJ/)(Vu.x)dO'/ Vm - V(Vau - z)dz =

Br

= / TV(‘VUW) cxdx Jr/ m|Vu| dr — / (Vu - 2)m|Vu|' " 2Vu - vdo
Br 7

BR GBR

and then isolating the first term in the second line

1
—— mV(|Vu|?) - zdx = Vm-V(Vu-x)da:—/ (Vm-v)(Vu - z)do
Y JBr Br 9Br
+ / m|Vu|"dz — / (Vu - z)m|Vu|"2Vu - vdo (41)
Br OBRr

plugging (41) in (38) we obtain

1 1
7/ [Vu(z)]"Vm -z de = f/ m|Vu|"z - vdo + Vm -V (Vu-z)dx+
7 JBr Y JoBr Br

_/aBR(Vm.V)(vU.x) o+ (1_5) /BR m|vu|’vdx_/ (V- 2)m|Vu| >V - vdo. (42)

Br

For what concern the Riesz’s potential term, since m € L%(RN ) from Theorem 2.6 it follows that
Ko *m € Lva (RM), hence by Hélder inequality

‘/ Ky xm(z)Vm - .le“<R | K, G VMl an
Br(0 Br(0) (RN) LN+a (RN)
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this proves that the term — fB K, xm(x)Vm - zde is finite. We get

/K e m(z)Vm -z de = — //m|x_ Thes //mkg_ - axdxdy:
-/ W(“)d"(“’)d“/ / )i (|§v3> il o

RN OBgr RN Br

and furthermore,

[ frs. (-

RN Br
m(z) m(y) (z — ) //
=(a—N Ydrdy+ N d dy =
@ )//m—yN—a g T el
RN Bgr RN BR
a—i—N // - N // ) (x+y) - (x—y)
= d dy + dzx dy 44
P e o
RN Br RN Br
where we used that z‘x(fglyg) =14 % Summing up (37), (39), (42), (43) and (44) we get the

following identity

(2—N)/Vu-dex+ <1—N) /m|Vu|7dx—)\N/mx )dx
Br 7 Br

a+ N m(x)m | - N (z
S [ - Y / / e e = o, (9
RN Bp
where
= —(Vu- m—lm ul" = Am|(x-v)do — Mm-y o(x
tonn = [ | = (FueTm) = Zivu am| @ vyio — [ [ T @) dote)ay
OBRr RN OBgr
+ / (Vu-v)(Vm-x) + (Vm - v)(Vu-z) + m|Vu|""3(Vu - 2)(Vu - v) do
9Br

Now, we let R go to infinity in (45). We observe that (changing variables  and y)

(z19)- ()
drdy = 0.
//|x—y|N © ey =0

RN RN

Moreover

Ipps| < R / (3|Vu|\Vm|+2m\Vu|7+|>\|m)da+/R / M

BBR RN aBR

do(z) dy

since by assumption |Vu||Vm|, m|Vu|” and m € L}(RY), by Lemma 3.1, we get that for some sequence
R, — +o0

R, / (3|Vu| [Vm| + 2m |Vu|” + |)\|m)d0 — 0, as n— 4oo.

dBr,,
By means of the same argument, since m € L~+a (RY) implies that G(z = [an %dy € L'(RY)
(by Theorem 2.7), we get that there exists a sequence R,, — +oo such that
Rn/ G(z)dr — 0, as n— 400,
dBr,,
which conclude the proof of the Pohozaev-type equality (34). |

We are now in position to prove nonexistence of classical solutions with prescribed integrability and
boundary conditions at co.
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Proof of Theorem 1.1. We argue by contradiction. Let (u,m,\) € C%(RY) x WLI?TNQ(RN) x R be a

solution to (33) such that u — 400 as |x| = 400 and it holds
m|Vul?’, |Vm||[Vu| € L*(RY).
From Proposition 3.2 we have the following Pohozaev-type identity
a+ N

N
(2—N)/Vu-dex—|— (1—7> /m\Vude:)\NM—i— /m(Ka*m)dx.
N RN RN

Moreover, we obtain the following identities

/Vu dew——f/m|Vu|'yda:—)\M // d dy
e

RN RN
and
/Vu -Vmdr = — / m|Vu|” dz.
RN RN
Proof of (47). Multiplying the first equation in (33) by m and integrating over Br we obtain

/Vu Vmdx — /mVu vdo + — /m|Vu|7dx+)\/mdx_ // |N dydx.
xr — «

BR aBR

By Holder’s inequality and using the fact that m|Vu|? € Ll(RN ), we have

1
/ |[Vulmdx < (/ Vu|7mda:> M7 < ~+00,
RN RN

hence |Vu|m € L'(RY) and by Lemma 3.1, we get that for some sequence R,, — +00

/ mVu-vdo —0, as n— 4oo.
aBRn

Equality (47) follows letting R — oo in (49).
Proof of (48). For any s > 0 let us define the set

X, = {z e RY |u(z) < s},

and the function
ve(z) ;== u(z) —s, VzecRY,

(49)

After a translation we may assume u(0) = 0. In this way, Us>0Xs = RY, every X, is non-empty and
bounded since u(x) — +oo as |z| — +oo. Multiplying the second equation in (33) by v, and integrating

by parts, we get
/Vvs -Vmdr = — /m |Vu|"~?Vu - Vo, dz,
X, X,

since Vvs = Vu, we obtain (48) letting s — +o0.
Plugging (48) in (47) we get

(1—)/m|Vu|”dx—)\M+//| |N adxdy
/m|Vu|7dac—)\7M+7 //| |N ad T dy.

RN RN

and hence

Using (48) in (46), we have

N N
</ — 1> /m\VuPdm =ANM + a—; /m(Ka * m)dx
7 RN N

and finally from (51) we obtain

— !
2 'V Jrw |z —y[N e

(50)

(51)

(52)
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Recall that by Lemma 2.11, we have that A < 0 and by assumption N — 27" — a > 0, so we get a
contradiction. (]

Remark 3. One could observe that the the previous proof (with slight changes) holds also in the case
when v — —o0 as |z| — 400, hence one may ask why we do not consider this possibility. This is due to
the fact that the property of ergodicity for the process is strictly related to the existence of a Lyapunov
function (refer to [22]). More in detail, a necessary condition to have an ergodic process is

Vu-x >0, forxlarge

(see also [9] and references therein). As a consequence, the case u — —oo as |z| — 400 is not relevant.

4. EXISTENCE OF CLASSICAL SOLUTIONS TO THE MFG SYSTEM

First of all we consider a regularised version of problem (1), namely

—Au+ %|Vu\7 +A=V(z) — Ko xm* pp(z)

—Am — div (m(z)Vu(z) [Vu(z)[772) =0 in RY (53)

Jgxm =M, m>0
where @y, is a sequence of standard symmetric mollifiers approximating the unit as k — 400 (i.e. a
sequence of symmetric functions on RY such that ¢ € C5°(RY), supp pr C By 5(0) k(0 ), [or =1 and
@ > 0). For every k fixed, using Schauder Fixed Point Theorem, we will prove ex1stence of (ug, my, \r)

solution to (53), and then, exploiting a priori uniform estimates on these solutions, we will show that we
may pass to the limit as & — +o0o and get a solution of the MFG system (1).

4.1. Solution of the regularized problem. We consider (53) with k fixed:
—Au + %|Vu|7 +A=V(z)— Ko *xmx*p(x)
—Am — div (m(z)Vu(z) [Vu(z)]"72) =0 in RY (54)
Jpwm =M, m=>0

We are going to construct solution to (54) by using the following version of the well-known Schauder
Fixed Point Theorem. Construction of solutions to MFG systems by exploiting fixed point arguments is
quite classical in the literature, see [2, 10, 20, 25].

Theorem 4.1 (Corollary 11.2 [16]). Let A be a closed and convex set in a Banach space X and let F be
a continuous map from A into itself such that the image F(A) is precompact. Then, F has a fized point.

Let &, C > 0 (which will be chosen later), M > 0 and p > %, we define the set

A = {u € L)AL EY) |l gy, gy <6 [ mdo =M. 520, [ uVi@)do< c}.
) RN RN
(55)
Lemma 4.2. For any choice of £, M,C > 0, the set A¢ pr,c C LP(RYN) is closed and convez.

Proof. The set A¢ a,c is convex since it is intersection of convex sets.
Let now (uy)n be a sequence in A¢ pr,c which converges in LP to fi. Obviously i > 0 and since p,, — fi

in L~¥ta (RY) by weak lower semicontinuity of the norm we have that

N)Sg

o L. < liminf || gy || L5

iyl

From Fatou’s Lemma we get also that [,y 2V (z) < liminf [,y p,V(2) < C. Note that due to the fact
that 0 < [on unV(2) < C, and that V is coercive, see (2), pi, are uniformly integrable, since for every
R>>1,0< ﬁleR,unda: < %IRN V() pndr < Clg,". Due to the fact that pu, — f in LP, we have
also that they have uniformly absolutely continuous integrals, so we may apply the Vitali convergence
theorem and obtain that p,, — @i in L*(R") and hence fRN ftdx = M. This proves that 1 € A¢ ar,c, and

hence that A¢ ar,c is closed. O
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We define the map F': A¢ ar,c — C?(RY) x R which to every element y € A¢ pr,c associates a solution
(u,A) € C2(RY) x R to the HJB equation

1
— Aut [V + A= V(2) — Kax pxpla), in RY (56)

where )\ is defined as in (27) (refer to [4]); and the map G which to the couple (u,\) associates the
function m which solves (weakly)

{—Am —div (m(z)Vu(z) |[Vu(z)["2) =0

57
Jgxm=M, m>0 (57)

We look for a fixed point of the map F : u — m defined as the composition of F' and G, namely
Flu) = G(F(n)).

We are going to show that, once we have fixed M (in an appropriate range), it is possible to choose
appropriately { and C in such a way that the map F defined on A¢ ps,c satisfies the assumptions of
the Schauder Fixed Point Theorem 4.1. As we will see the regularization with ¢ in the system (54) is
necessary in order to get precompactness of the image of F. We start with some preliminary results.

Proposition 4.3. Let us consider i € A¢ .o, (u,\) = F(u) and m = G(u,\) = F(u). Then,
i) there exists a constant C' > 0 such that

Vu(z)] < C(1+ |z]) (58)

where C depends on Cy,b,v, N, A, || Ko * it % || oo-
it) the function w is unique up to addition of constants and there exists C' > 0 such that

w(@) > Cla|7+ —C 2. (59)
iii) it holds

— K, <A< K, (60)

where K1 and Ko are positive constants depending respectively on || Koxp*¢||oo and on Cy, b, v, N.

) the function m is unique, m € (Wt N L) (RY), /m € WH2(RY), m € WLP(RN) ¥p > 1 and
it holds

1 _ _1
IVl Lo ey < Cllme [Val" ™| o) m' =7 || Lo ). (61)
Moreover, the following integrability properties are verified
m|Vul" € LYRY), mV € LY(RY), V| [Vm| € L*(RY). (62)
Proof. i) Since px ¢ € LY(RN)NLP(RY) with p > &, by Theorem 2.8 we obtain Ko * (u* @) € C%(RY)

for some 6 € (0,1) and || Ko * pt* @)oo < Cnapllt*llor +lp*@llor < COnapllpllr + M. We can apply
therefore Proposition 2.9, which gives us the following estimate

Vu(@)| < €1+ Ja])7 (63)
where C is a constant depending on Cy,b,v, N, X, ||[Kq * (1t * ¢)||eo- This proves (58).

ii) Since, by construction, u is a solution to (56) with A = X then by Proposition 2.10 44) it follows
uniqueness up to additive constants and (59).
1i1) The fact that A < K5 is a direct consequence of Lemma 2.11. Furthermore, if Z is a minimum

point of u, evaluating (56) at  we have that
A>V(Z) = Ko pux@(T) > —|| Ko * i % 0llo > —K;
since V(x) > 0 in RY.
iv) For r > 1, let us consider the function h(z) := u(x)", one can observe that

|[Vul?
U

~Ah+ |Vu[""?Vu - Vh = ru"! (—(r -1 —Au+ Vu'y)

1 Vul2 1
= ru} (-Au+|vu|'v—(r—1)| Y +/|Vu|7>
g woy

< Vul? 1
=ru" "t (—/\+V—Ka*u*<p—(r—1)|5|—|—’}/,|Vu|7>,
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where in the last equality we used the fact that u solves (56). Denoting by
[Vul?
U

H(z) = -A+V(z) = Ko *p*p(x)—(r—1) +$|Vu|7,

from (60), (2) and the fact that K, * p* @ € L, we get

H(z) > (r—1)[Vul” (,y/(rl_ 1)

taking R sufficiently large. Hence, for |z| > R

V>
_| “QL )+c;1x|b—cz1, for 2| > R

—Ah+ |Vu[""2Vu - Vh > Cla| 3 TH0D >

this means that h is a Lyapunov function for the stochastic process with drift |Vu|Y=2Vu. Since m solves
(57), it is the density of the invariant measure associated to this process. So, from [36, Proposition 2.3]
we get that

mla| V=D ¢ LLRN), (64)
More in general, since the value of » > 1 can be chosen arbitrarily, from (64) we have that for any ¢ > 0
m|z|? € LY(RY), (65)

in particular m|z|® € L*(RY), so taking into account estimates (63) and (2) we obtain that
m|Vu|” € LYRY)  and  mV € LYRY).
With the same argument (since |Vu[?O'~1) has polynomial growth) it follows that
m|VulPO~Y e LP(RY), Vp>1
hence from [36, Corollary 3.2 and Theorem 3.5] we get that
m € WHHRN) 0 L (RY).
Moreover, using the fact that m is a weak solution to the Kolmogorov equation and Hélder inequality,

we obtain that for any ¢ € C5°(RY) we have

mAe¢ dx
RN

Since m%|Vu|771 € LP(RY) and m'~v e L>(RY), by Proposition 2.2 we get that
me WIP(RY), Vp>1

_ 1 _ _1
< [ mIVaP V6l d < 9P ' [V

and estimate (61) holds. Finally, from [36, Theorem 3.1] we have that /m € W?(R") and [,y % <
400, so using Holder inequality we obtain

|VmH
Vul| |Vm| < |||V —
[ 19l 19ml < 19w, | R

Since the function u is unique up to additive constants, Vu is fixed and hence, by existence of a Lyapunov
function, it follows immediately uniqueness of m solution to the Kolmogorov equation. O

< +o00.

We show now that once we fix the mass M (in (0, 400) in the mass-subcritical case, or below a certain
threshold in the mass-supercritical and mass-critical regime), then we may choose the constant &, C in
the definition (55) of the set A¢ ar,c such that the map F maps A¢ ar,c into itself.

Lemma 4.4. We have the following results:
i) if N—~' < a <N, then for any M > 0, there exist £,C > 0 such that F maps A¢ ar,c into itself;
it) if N —2v < a < N —~' then there exists a positive real value My = Mo(N, o, 7y, Cy,b) such that
if M € (0, My) there exist £, C > 0 such that F maps the set A¢ ar,c into itself.

Proof. Let i € A¢ .o, m = F(u) and (u, \) = F(u) as above. Since by Proposition 4.3 iv) m € L>(R"),
by interpolation it follows that m € LP(RY). Multiplying (56) by m and integrating over Bg, we obtain

1 _
— mAudJ;—!—f/ m|Vul| dz + A mdajz/ V(J;)mdx—/ m(Kq * % @) dx
Br Y JBr Br Br Br
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and integrating by parts the first term

1 _
Vm - Vudx — mVu.Vda—i—f/ m|Vul"dz + A mdx
Br OBR Y JBgr Br

_/BR V(x)mdw—/BRm(Ka*u*go)dm. (66)

From the fact that [,xm = M and m|Vu|? € L*(RY), by Hélder inequality we get that m|Vu| €
L'(RY), hence by Lemma 3.1 for some sequence R, — +o0o we have that fBBR mVu -vdo — 0. Since

m(Ky * px @) € LY(RY) and (62) holds, letting R go to +0o in (66) we obtain that
1 _
Vu-Vmdr = —7/ m|Vu|7dz—)\M—|—/ V(x)mda:—/ m(Ky * % @) dx. (67)
RN Y RN RN RN

Moreover, from the fact that m solves (weakly) the Kolmogorov equation in (57), following the proof of
identity (48), we have that

/ Vu-Vmdz = —/ m|Vu|"dz. (68)
RN

RN
Putting together (67) and (68) we get that

1 _
—// m|Vu|7dz +/ mV de = AM +/ m(Ky * p* @) d. (69)
7 JRN RN RN

Since A < K (from (60)), using (23) we have

[ mlVaPde < 1+ Cafm s ol
R

2N 2N
LN+a (RN) LN+a (RN)

< CLM + Cy|m)| [ ]

2N
LN+a (RN) LN+a (RN)

<CiM + Cy & |ml| (70)

LNFa ®N)
where Cy = C1(v,Cy,b, N) and Cy = Cy(a, N, 7).
Choice of £. First of all we show that we may choose ¢ in such a way that if © € A¢ ¢ then

[lm]| = [IF @ <<

LNFa ®N) L NFa mN) =
Let us fix a := 1\?104 Notice that a > 2 if a > N -+, a =2if a = N—-+', a € (1,2) if
N-2y<a<N-—v"and a=1when a = N —2v.
In the case when N —+' < a < N, using estimate (18), we get

a
[l 2

LNFa (RN

: < C’M“‘l/ m|Vu|dx (71)
RN

where C' is a constant depending on N, o and ~y; whereas if N — 27" < o < N — v/ using estimate (19),
we get

[ml* .

LT+a RN)

<CcMe? </ m|Vu|'dz + M> (72)
RN

where C'is a constant depending on N, a and .
From (70) and either (71) or (72) we obtain that

a a a—1
2 ., < O+ CaM 6 (73)

We define the function
ft) :=t* = CoM*Yét — O M

and observe that (73) is equivalent to f(||m/]| ) < 0. When a > 1, f(||m] ) <0
LT+a RN) L¥4a ’Y)

is equivalent to e @) = < tg, where tg is the unique zero of f. So, in order to conclude that

[lm ”LW(RN < £ it is sufficient to choose ¢ such that f(£) > 0.

Case N —+' < o < N. In this case since a > 2 and f(§) = &% — Co M~ 1¢2 — O; M@ then for every
fixed M > 0, there exists {pr such that f(£) > 0 for every £ > &y and we have done.

Case o = N—+/. In this case a = 2, so arguing as before, and recalling that f(¢) = £2—CoME%—Cy M?,
we get that whenever M < c% := My there exists £y such that f(£) > 0 for every £ > &py.

Case N — 27" < a < N — /. In this case a € (1,2). Denote g(t) :=t* — CoM*~1t> — C; M*. We aim
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1

to find & such that g(£) > 0. This is possible if and only if g(¢tmaz) > 0, where t,0, = (W) T
the maximum point of g. Evaluating ¢ in this point we get

9(tmaz) = (2 3 “) 7 (4T M o

2 2
Since a € (1,2) we have that 25% > 0 and a(l a) < 0, hence
g(tmam) > 0

provided that M is sufficiently small. We may choose & = t,,,4, (or more generally £ in the range of values
t such that g(t) > 0).

Case o = N—2v'. Since a = 1, the function f reads f(t) = t—Cs&t—C1 M and since f(||mHLN+ RN)) <

0 we have, if £ < Ci

CiM
Il vy < T- G

We look for some condition on M under which we may choose & such that 1(’;16{\;[5 < £. Observe that

this is equivalent to Co€? — €+ C1M < 0. If M < m, then it is sufficient to choose £ in the range

17\/174C1C2M 1+\/174C1C2M N 0
2C5 ’ 2C, ’ 02

Choice of C. Notice that in each of the previous cases, from (69), (70)
&, we get

(74)

2N
N+a (RN) —

mVdx S ClM + 0262.
RN

So it is sufficient to choose C' greater or equal to C; M + Co&2.
We can conclude that F maps the set A¢ ar,c into itself. [l

We show now that the image of F is precompact, that is relatively compact. Here is the main point
in which the regularization with the mollifier ¢ comes into play.

Lemma 4.5. Let M and £,C as given by Lemma 4.4. Then the image F(A¢ p,c) is precompact.

Proof. Let us consider a sequence (my,), C F(A¢ am,c), in order to prove that F(Ag ar,c) is precompact
in A¢ ar,c, we have to show that that (m,,), admits a subsequence converging in LP-norm to a point
belonging to A¢ ar,c. There exists a sequence (n)n C Ag ar,c such that F(u,) = m, for every n € N,
considering also (tn, A\n) = F(i,), we have that for every n € N the triple (u,,m,, A,) is such that

—Au, + %|Vun|7 + A = V() = Ko * pin * 0(x)

—Amy, — div(m, Vu,|Vu,[772) =0

Jax Mn =M my, > 0.
Note that by Young’s convolution inequality ||pn * @l Loy < |[tinll o1 @y |0l La@yy = M@l Lo@ny for
every q. Therefore by Proposition 2.8 we get that K * i, * 0 € L N C%? for some 6 € (0,1) uniformly
in n, that is [ Ko * tin * @[ Lo rvy < O, for some C' independent of n. By Proposition 4.3 we have that u,,
are bounded from below, that m, € L* and that A\, are equibounded in n, so we may apply Theorem

2.12 (actually a simpler version, with W, () = V(z) — K4 * pi, * ¢ and Gj o = 0). So we obtain that
there exists a positive constant C' not depending on n such that

”mn”LOO(RN) < C, Vn € N. (75)

Now we use Proposition 2.5 ii), since m,, € LY(RY) (where ¢ is defined as in Proposition 2.5) and
E, < CiM + Cy€? and we get that
||mnHW1,Z(RN) < C, V< q

where the constant C' does not depend on n. Hence, by Sobolev compact embeddings, m,, — m strongly
in L3(K) for 1 < s < ¢* and for every K CC R™. Moreover, using the fact that f]RN m,Vdx < C
uniformly in n and (2) we get that for R > 1

C > m,V dx > / my,V dx > C’Rb/ my(z) dz
RN |z|>R |z|>R
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that is
/ my(x)de — 0, as R — +o0.
2> R

Using also the uniform estimate (75), from the Vitali Convergence Theorem we obtain that up to sub-
sequences

m, —m in L*(RY) (76)
and as a consequence [,y m(z)dx = M. Finally, from (75) and (76), we deduce that m,, — m strongly in
LP(RM). Since A¢ ar,c is closed and by Lemma 4.4 we have that F(A¢ ar,c) C Ag m,c, we may conclude
that m € AE,]\/LC. O

Finally we show that F is continuous.
Lemma 4.6. Let £, M and C as given by Lemma 4.4. Then, the map F is continuous.

Proof. Let (pn)n be a sequence in Ag ¢ such that p, — i € Ag ar,c strongly in LP(RY). In order to
prove that the map F is continuous, we have to show that F(u,) — F (i) with respect to the LP-norm,
that is m,, — mm strongly in LP(RY).

We consider the sequence made by the couples (uy,, \,) € C2(RY) x R, where (u,, \,) = F(u,) ¥n € N,
as previously defined. As observed in Lemma 4.5, K, * u, * ¢ is uniformly bounded in L*°. So by
Proposition 4.3 we have that \,, are uniformly bounded, that

[Vun(z)] < C(1+ |x|%) uniformly in n

and then consequently

|Au,| < C(1+ |z[b), uniformly in n. (77)
Up to extracting a subsequence we assume that A, — A1), Since u,, is a classical solution to the HJB
equation, by classical elliptic regularity estimates applied to v,(z) := un(x) — u,(0) (refer e.g to [16,

Theorem 8.32|) for any 6 € (0,1] and K CC RN we get
\\U7L||CI}(;§(K) <C uniformly in n

(notice that the previous estimate holds for 6 = 1 thanks to (77)). By Arzela-Ascoli Theorem, up to
extracting a subsequence, we get that

v — uM locally uniformly in C'*?

and hence

Vu, — Vull) locally uniformly in C%°.
Since ||(ttrn — 1) * @l Lpeyy < 2M ||| p @y, by Theorem 2.8 we get that

1K q * @ * pin||co.a—nss < C, uniformly in n
and
[ Ko * @ * i — Ko % 0 % fil| poo @) < ON,apllptn — fllLo@ny + [[pn — il L1 @yy-
Since g, — fi in LY(RY) N LP(RY), then up to subsequences
Ko %@ % i, — Ko @ i locally uniformly in RY.

By stability with respect to locally uniform convergence, we get that (u(l), )\(1)) is a solution (in the
viscosity sense) to the HJB equation

1
“But S|Vl £ A= V(@) = Koo x i), onRY.

Let (@, \) = F(ji), we want to show that A = A(!). Assume by contradiction that A # A1), without loss of
generality we can assume that A(1) < \ — 2¢ for a certain & > 0. Then, for n sufficiently large A\, < A\ — &
and, possibly enlarging n, we have also || K, * ¢ * p, — Ko % © * [i]| oo < &. One can observe that

1 -
—AG+ —|Vu|" + X —e =V (z) + Ko * @ * pin(z) <0,
Y
i.e. u is a subsolution to the equation

1 ~
— Aut Vel +h e = V(@) = Ko s pn(a). (78)
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Since by definition (see [6, Theorem 2.7 (i)])

An 1= sup{/\ER

1
—Au+ —|Vu|" + A =V(z) — K4 * i, * o(x) has a subsolution in CQ(RN)}
Y

it must be A, > A — €, which yields a contradiction. Therefore A= A0, By Proposition 4.3 ) @ is
unique up to addition of constants, namely there exists ¢ € R such that @ = u(*) + ¢, it follows that
Vi = Vu®. Once we have the sequence of function u,, we construct the sequence (Mn)n C F(Ae,m,0)
such that for every n € N fixed, it holds

{—Amn — div(my, V| Vi, [772) = 0
Jon mn =M, my >0
From Lemma 4.5, up to extracting a subsequence

my, = m in LP(RY)

where m(Y) € A¢ ar.c. Since Vu,|Vu, |2 — Va|Vi|'~2 locally uniformly in RV, we get that m) is a
weak solution to

—Am — div(mVa|Va['=?) =0
that has m = F(fi) as unique solution. This proves that m,, — m in LP(RY). a

We are ready to prove the following result on existence of solutions to the regularised MFG system
(54).

Theorem 4.7. We get the following results:
i. if N—+" <a < N then, for every M > 0 the MFG system (54) admits a classical solution;
it. if N =27 < a < N —+ then, there exists a positive real value My = My(N,a,~,Cy,b) such
that if M € (0, My) the MFG system (54) admits a classical solution.

Proof. From Lemma 4.2, Lemma 4.4, Lemma 4.5 and Lemma 4.6 assumptions of Theorem 4.1 are verified,
hence the map F has a fixed point m,. The fixed point m, together with the couple (uy, A,) = F(my,)
obtained solving the Hamilton-Jacobi-Bellman equation with Riesz potential term equal to K, * m * ¢,

will be a solution to the MFG system (54). O

4.2. Limiting procedure. Let (), be a sequence of standard symmetric mollifiers approximating the
unit as k — 4o0o. For every k € N (under the additional assumption that the constraint mass M is
sufficiently small in the case when N — 2+ < a« < N —«/) from Theorem 4.7 we can construct a classical
solution (uy,my, Ax) to the corresponding regularised MFG system (53). Our aim now is passing to the
limit as k& — +oc and prove that (ug,my, \y) converges to a solution of the MFG system (1).

We need some preliminary apriori estimates.

Lemma 4.8. Let a € (N —27/,N) and (uy, mg, \i) be a solution to the reqularized MFG system (53) as
constructed in Theorem 4.7. Then, there exist C1,Cy, C3 positive constants independent of k such that

[l poegry < C1, Vk €N
|Ak| < Co

and
Vug| < Cs(1+ |z]7) |Aug| < Ca(1 +|z["). (79)

Proof. Note that if m € L*(RY) N L (RY) by Theorem 2.8, we have that

[ Ko * @ % m|[poe@yy < COnyars(lor * mllor@ny + 1ok * mllLs @)
< Crllm| pr@yy + Callm|

L (RN)
for every r € (£,400] and s € [1,2). So, since my € L'(RN) N L**(RY) with lmall 2 < €, and
uy, are bounded from below, we may apply Theorem 2.12 with Wy, = V, Gk o[m] = K, * ¢ * m and

_ 2N N . oo
1= Nta = at7 and conclude the uniform L*° bounds on my.

Now, by Proposition 4.3, we get that A are equibounded in k& and that
Vu(@)| < CL+[2]7)  |Aug| < CO+Ja])
where C' is independent of k. O
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Proof of Theorem 1.2. Since for any k € N, uy is a classical solution to the HJIB equation

1 -

—Au+ —|Vul” + A\, = V() — K4 * @p * my,

0
by Lemma 4.8 and elliptic estimates (refer to [16, Theorem 8.32]) applied to vg(z) := ux(x) — uk(0), we
obtain that for every K CC RY and 6 € (0, 1]

< . .
||kaCll£(K) <C uniformly with respect to k
hence up to extracting a subsequence
v — U locally uniformly in C* on compact sets.

Similarly, since my, weak solution to —Am — div(m|Vug|7=2Vuy) = 0, for every ¢ € C§°(K) it holds

’ / mpA¢dx
K

Using the uniform L estimates on my, and the estimates (79), by Proposition 2.2 and Sobolev embedding,
we get that for every 8 € (0,1)

< IVl ey lma| V= Lo (i) -

[mllcosxy < C uniformly with respect to k
so up to extracting a subsequence
my — m locally uniformly.

Since the values of \; are equibounded with respect to k, we have that A\, — A up to a subsequence.
Again recalling that f V(z)my < C uniformly in k, we conclude by Vitali Convergence Theorem that
my, — m in L'(RY) and hence [y m = M. From the strong convergence in L'(R") and the uniform
L° estimates, we obtain also that
my — m  in LP(RY)
for every p € [1,+00). We finally have that
Kq * o xmyp — Ko xm  locally uniformly.

We can pass to the limit and obtain that (i,m, ) is a solution to the MFG system (1). O
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