CHARACTERIZATION OF ABSOLUTELY CONTINUOUS CURVES IN
WASSERSTEIN SPACES

STEFANO LISINI

ABSTRACT. Let X be a separable, complete metric space and &7,(X) be the space of Borel
probability measures with finite moment of order p > 1, metrized by the Wasserstein dis-
tance. In this paper we prove that every absolutely continuous curve with finite p-energy
in the space &,(X) can be represented by a Borel probability measure on C([0,T]; X) con-
centrated on the set of absolutely continuous curves with finite p-energy in X. Moreover
this measure satisfies a suitable property of minimality which entails an important relation
on the energy of the curves. We apply this result to the geodesics of &2,(X) and to the
continuity equation in Banach spaces.

1. INTRODUCTION

In the recent years, techniques of optimal transportation of measures applied to the study
of evolution problems, like linear or nonlinear diffusion equations, have been revealed a
useful tool. Fokker-Planck equation, in the linear case, and porous medium equation, in the
nonlinear case, are the most important examples. [JKO98|, [Ott01] showed that all these
partial differential equations can be interpreted as ”gradient flow equation” of a suitable
energy functional in the space of Borel probability measures, metrized by the so-called 2-
Kantorovitch-Rubinstein-Wasserstein distance (for an overview on optimal transportation
problems and application to partial differential equations we refer to the books [Vil03] and
[AGS05]). In all these models a crucial role is played by the continuity equation

(1) Oty + div(vp) = 0, in (0,7) x R";

here uy, t € (0,7), is a family of Borel probability measures and v is a Borel velocity
vector field v : (0,7) x R™ — R™ (through this paper we always use the notation v,(x) :=
v(t,x)). The equation has to be intended in the sense of distributions. It is important, in
the applications, to consider low regularity vector fields, just satisfying, for p > 1, the finite
p-energy condition

2) £,(v) = / / o) dynr)di < +oo.

In order to illustrate the motivations which led us to the results of the paper, we consider
a continuous time dependent family pu;, ¢ € [0,T], of probability measures with finite p-
moment, p > 1, which is a solution of (1). When the vector field v is sufficiently regular, in
such a way that for every x € R™ there exists a unique global solution of the Cauchy problem

(3) Xi(z) = ve(Xe(2)), Xo(x) =z, t€ 0,77,
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then the solution of equation (1) is representable by the formula

(4) pe = (Xe)gho-

The expression (X;)xf denotes the push forward of the initial measure yy through the map
X; : R" — R", which is defined by (X;)xpo(B) := po((X;) ' (B)) for every Borel set B of
R™. Taking into account (3) and (2), and using Holder’s inequality, we can estimate for every
s,t €I, with s <t,

[ @) = X@l duate) < =57 [ [ oute))” dusta)ar

Recalling that the p-Kantorovitch-Rubinstein-Wasserstein distance between Borel probabil-
ity measures with finite p-moment could be defined as

Wh(p,v) = inf {/Q | X (w) = Y(w)||” dP(w) : (22, P) probability space,

(5) X’YELP((Q’P);Rn)’ X#P::u> Y#P:V}a
we obtain the inequality

t
(6) WP (s ar) < (£ — )7 / / o (@) dys (x) dr-
and consequently

P
D W=t < [ e due) forae te (0.7)
S5— — R™
(as we can see in the sequel of the paper, the above limit exists for a.e. t € (0,7)).

When the vector field v satisfies only (2), the flow X, associated to v, is, in general,
not defined and the representation (4) does not make sense. Nevertheless, another type of
representation, strictly linked to the previous one, is possible (see Theorem 8.2.1 in [AGS05]
and also the lecture notes of the CIME course [Amb05]): every continuous time dependent
Borel probability solution ¢ — p, of the continuity equation (1) satisfying (2) is representable
by means of a Borel probability measure 7 on the space of continuous functions C([0, 7; R™).
The measure 7 is concentrated on the set of the curves

{t —» Xi(x) : x € R", X.(2) is an integral solution of (3) and

X.(z) € LP(0,T;R™)}.
Now the relation between 1 and p; is given by

(8) (e)gn=p  VL€[0,T],

where e; : C([0,T]; R") — R"™ denotes the evaluation map, defined by e;(X.) := X, and the
push forward is defined by (e;)#n(B) :=n({X € C([0,T];R™) : X; € B}) for every Borel set
B of R"™. When (8) holds we say that n represents the curve p.

This interpretation of the solution of the continuity equation, closed to the technique of
Young measures, turned out to be very useful in order to study uniqueness and stability
properties, in the case of low regularity of the velocity vector field v; (see [Amb04] and also

[ALS05]).
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Starting from this representation of the solution p, of (1) and taking into account the set on
which 7 is concentrated, it is not difficult to show that the estimate (7) still holds.

For the same curve t € I +— p; there are many Borel vector fields satisfying (2) such that
(1) holds. A natural question is the following: does it exist a Borel vector field © such that
the continuity equation (1) holds, and ¥ minimizes the p-energy &,(v) defined in (2)7 The
answer is positive and the minimizers are characterized by the fact that the equality holds
in (7). Moreover this minimizing vector field is unique and, thanks to the equality in (7), it
plays a role of tangent vector to the curve ¢t — p.

This result holds even for separable Hilbert spaces ([AGS05] Theorem 8.3.1). In this pa-
per we extend it to separable reflexive Banach spaces satisfying the bounded approximation
property (see Definition 5.2), and to dual of separable Banach spaces, even considering solu-
tions without finite p-moment; both these results are in fact a direct consequence of a more
general property which holds in arbitrary separable and complete metric spaces and is inter-
esting by itself. Indeed, many papers have recently appeared dealing with various aspects
of measure metric spaces or, in particular, of Riemannian manifolds, strictly connected to
Kantorovitch-Rubinstein-Wasserstein distance (see [LV05a], [LV05b], [Stu05b], [Stu05c|, in
metric measure spaces, and [WOO05], [OV00], [Stu0bal, [vRS05], [CEMS01]).

In a separable and complete metric space X, without additional structure, the continuity
equation does not make sense, but we can still define a metric notion of velocity and p-energy.
Given an absolutely continuous curve u : [0, 7] — X (see the subsection 2.2 for the definition
and the property of a.e.-differentiability) the metric derivative of u is defined by

d t
s—t |t —s]
and exists for a.e. t € [0,T]. The p-energy of an absolutely continuous curve u : [0, 7] — X

is defined by
T
Ep(u) = / [/ [P(t) dt.
0

We say that u has finite p-energy if £,(u) < +o0.

As we have seen in the case X = R"”, the application ¢ — pu; can be thought as a curve in
the metric space ZZ,(R") of Borel probability measures with finite p-moment, endowed with
the distance W), defined in (5). The property (6) says that the curve t — p; is absolutely
continuous, hence the metric derivative

. W(NSNt)
|(t) = lim —2—=2—2
41(8) = lim =

exists for a.e. t € (0,7), and, for (7) and (2), the p-energy of the curve p,

&)= [ Py

is finite.

Let us now try to give a brief account of the metric point of view. First of all, we recall
that in a separable and complete metric space X, the Kantorovitch-Rubinstein-Wasserstein
distance W), defined as in (5) (see also subsection 2.6), makes the space ZZ,(X), of the Borel
probability measures in X with finite p-moment, a separable and complete metric space too.



CHARACTERIZATION OF ABSOLUTELY CONTINUOUS CURVES IN WASSERSTEIN SPACES 4

In Theorem 3.2 we prove that, given an absolutely continuous curve with finite p-energy
t — p in the space Z,(X), t € [0, T, there exists a Borel probability measure 7 on the space
C([0,T); X) of the continuous curves in X, which is concentrated on the set of absolutely
continuous curves in X with finite p-energy. This measure 7 represents the curve p through
the relation

(9) (e)ynn=pe  VEE[0,T].

Moreover, and this is the most important point, the following inequality holds

(10) / WP di(u) < |/P()  for ae. £ € (0,T).
C([0,T];X)

On the other hand, Theorem 3.1 states that if n is a Borel probability measure on the space
C([0,T]; X), concentrated on the set of the absolutely continuous curves with finite p-energy,

and .
/ / |u| () dt dn(u) < 400,
Cc([0,7;X) JO

then the curve p; := (e;)4n is absolutely continuous with finite p-energy in the space &,(X)
and the opposite inequality holds

W' P(t) < /C([O - [u'|P(t) dn(u) for a.e. t € (0,7).

Then the equality holds in (10) and, consequently, the measure 7 satisfies a sort of minimality
property.
Thanks to this result, in Banach spaces, it is possible to construct, by disintegrating 7

with respect to e; and denoting by 7, the disintegrated measures 1 = 7, ® u;, a Borel vector
field

V() = U(t) dn,(u) for pi-a.e. x € X,

AuEC([O,T];X):u(t)x}
satisfying the continuity equation and

/XHﬁt(x)Hp dua(x) = () for ae. t € (0,T).

This assertion is proved in Section 5 also for measures p; without finite p-moment and for
dual spaces. For, Theorems 3.1 and 3.2 can be extended to pseudo metric spaces (where
the distance can also take the value +00), so that they cover the case of the space of
Borel probability measures (X ) endowed with the Kantorovitch-Rubinstein-Wasserstein
distance, which is a pseudo metric space, if X is not bounded. Another field of application of
these results is relative to the theory of Monge-Kantorovitch in Wiener spaces (see [FU04],
[FU02]). The extension of Theorems 3.1 and 3.2 to pseudo metric spaces is possible since
all the results are expressed in terms of the metric derivative, and this concept involves
only the infinitesimal behaviour of the distance along the curve. It is also interesting to
note that if two (topologically equivalent) distances on the same space X induce the same
class of absolutely continuous curves and the same metric velocity, then the correspond-

ing Kantorovitch-Rubinstein-Wasserstein distances on Z(X) enjoy the same property (see
Corollary 3.4).
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Another application of Theorems 3.1 and 3.2 provides a characterization of the geodesics of
the metric space &,(X) in terms of the geodesics of the metric space X, under the hypothesis
that X is a geodesic space (i.e., for every couple of points of X there exists a minimizing
geodesic which joins the two points). This application is straightforward since the geodesics
are a particular class of absolutely continuous curves. The characterization of the geodesics
is stated in Theorem 4.2. A similar result was obtained in [LV05a] in the case of locally
compact complete length spaces. In our proof local compactness is not required.

We point out that a characterization of the geodesics of the space &2,(X) is also useful in
order to prove convexity along geodesics of functionals defined on &2,(X) (on this important
subject see e.g. [McC97] where the convex functionals in &%5(R") was firstly studied and
[Stu05al, [LV05al).

We also show that if X is a geodesic space, then &2,(X) is a geodesic space too. The
problem of existence of curves minimizing an energy functional, more general than the length
functional, in the space Z,(X), is studied in [BBS05].

As a final observation, we point out that in the setting of Banach spaces as in Section 5,
using the fact that &2,(X) is a geodesic space and the existence of the minimal vector field
¥, we recover the Benamou-Brenier formula (introduced, for numerical purposes, in [BB00]
in the case X = R", p = 2 and absolutely continuous measures with compact support)

) =min{ [ [ ol dunte) e (v € 7Gs0)}

where 7 (u, v) is the set of the (4, v;) such that ¢ — p; is continuous, yg = i, 41 = v, and

v, is a Borel vector field satisfying fol Jx lve(@)|)P dpe(x) dt < +o0, and Oy + div(vype) =0

(see the beginning of Section 5 for the notion of solution of the continuity equation in Banach

spaces). In Corollary 4.3 we give a metric version of this formula in geodesic metric spaces.
The paper is organized as follows:

in Section 2 we recall the main definitions and we state the preliminary results we need in

the sequel;

in Section 3 we state and prove our main results;

Section 4 is devoted to geodesics in the space &2,(X);

finally, in Section 5, we apply our results to the continuity equation in Banach spaces.
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2. NOTATION AND PRELIMINARY RESULTS

2.1. Ambient space and continuous curves. In this paper the space X will be a complete
and separable metric space with metric d : X x X — [0, 400).

I:=10,T)], T >0, is a compact interval of R and I" := C(I; X) is the separable and complete
metric space of continuous curves in X, endowed with the metric of the uniform convergence

induced by d:
(11) doo(u, @) = sup d(u(t), u(t)).

tel
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2.2. Absolutely continuous curves in metric spaces and metric derivative. Let
(Y, d) be a metric space. We say that a curve u : I — Y belongs to ACP(I;Y), p > 1, if
there exists m € LP(I) such that

(12) d(u(s),u(t)) < /tm(r) dr  Vs,itel s<t.

A curve u € ACY(I;Y) is called absolutely continuous in Y, and a curve u € ACP(I;Y), for
p > 1, is called absolutely continuous with finite p-energy.

The elements of ACP(I;Y") satisfy the nice property of a.e. metric differentiability. Precisely
we have the following Theorem (see [AGS05] for the proof).

Theorem 2.1. Ifu € ACP(I;Y), p > 1, then for £ -a.e. t € I there exists the limit

" iy S0+ 00)

We denote the value of this limit by |u'|(t) and we call it metric derivative of u at the point
t. The function t — |u'|(t) belongs to LP(I) and

d(u(s),u(t)) < / |'[(r)dr  Vs,tel s<t.

Moreover |W'|(t) < m(t) for £L-a.e. t € I, for each m such that (12) holds.

Remark 2.2. When X is a Banach space satisfying the Radon-Nikodym property (see [DU77])
(resp. X is the dual of a separable Banach space) we have that
u € ACP(I; X) if and only if
(i) w is differentiable for a.e. t € I, (resp. u is weakly-* differentiable for a.e. t € I)
(ii) @(t) := limy,_o =0 ¢ (1, X),
(resp. u(t) := w* — limy,_g w eLr (I;X))
(ifi) u(t) —u(s) = [fa(r)dr  Vs,tel, s<t.

Moreover we have
(14) |a(t)] = [«'|(¢) for a.e. t € 1.

See for instance the Appendix of [Bré73] or [Amb95] and [AKO0O] for the proof. The integral
in (iii) is the Bochner integral (resp. the weak-* integral). We recall also that a reflexive
Banach space satisfies the Radon-Nikodym property.

Remark 2.3. If d : Y x Y — [0, 400] satisfies all the usual axioms of the distance but can
also assume the value +oo, we call it pseudo distance ' and the space (Y, d) pseudo metric
space. A pseudo distance induces on Y a topology (the topology generated by the open
balls) exactly as a distance and, defining

d(z,y) :==d(z,y) N1,

10ften pseudo distance means a d: Y x Y — [0, +-00] which satisfies all the usual axioms of the distance,
except the property d(x,y) = 0 < y = x. In place of this property, it satisfies only d(z,x) = 0. We do not
consider this variant. In [Bou58] the application d is called écart.
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the space Y := (Y, CZ) is a bounded metric space, topologically equivalent to Y.
We observe explicitly that C'(I;Y) = C(I;Y), the definition of absolutely continuous curves
in Y makes sense and Theorem 2.1 holds. Moreover, if u € AC?(I;Y) then d(u(t), u(s)) <

+o0 for every s,t € I, and the metric derivative of u with respect to d coincides with the
metric derivative of w with respect to d. Then it follows that AC?([;Y) = AC?(1;Y).

2.3. LP(I; X) spaces. We say that a function u : I — X belongs to LP(I; X), p € [1,4+00)
if u is Lebesgue measurable and

/ ' &P (u(t), T) dt < +oo

for some (and thus for every) z € X.
The metric space LP(I; X) is the space of equivalence class (with respect to the equality a.e.)
of functions in £P(I; X), endowed with the distance

dy(u,v) = (/OT dp(u(t),v(t))dt>;.

Since X is separable and complete, the space LP(I; X) is separable and complete too.
We recall a compactness criterion in LP(I; X) (it follows by Theorem 2, Proposition 1.10,
Remark 1.11 of [RS03] since the last two can be extended to LP([; X)).

Theorem 2.4. A family o/ C LP(I; X) is precompact if </ is bounded,

T—h
lim sup / dP(u(t + h),u(t)) dt =0,
hl0 weer Jo

and there exists a function ¢ : X — [0, +o00] whose sublevels A\.(¢) = {x € X : ¢(x) < ¢}
are compact for every ¢ > 0, such that

(15) sup/0 Y(u(t)) dt < 4o0.

uef

2.4. The Sobolev spaces W!'?(I; X). In the finite dimensional case X = R" it is well
known that the Sobolev spaces WP (I;R™), for p > 1 can be characterized by

T—h

{u € LP(I;R") : sup / (Apu(t))P dt < +oo} ,
0<h<T Jo

where Aju, for h € (0,7), denotes the differential quotient

_ fult+h) —u(t)]

= ; ,

When X is a separable, complete metric space and p > 1, still denoting by Aju, for h €

(0,T), the differential quotient

Apult) : te0,T—hl.

d(u(t + h),u(t))

Apu(t) := 7 :

t €0,7 — hl,



CHARACTERIZATION OF ABSOLUTELY CONTINUOUS CURVES IN WASSERSTEIN SPACES 8

we can define

(16) Wh(I; X) = {u e LP(I; X): sup /OTh(Ahu(t))p dt < +oo} .

0<h<T

The following Lemma shows that the spaces ACP(I; X) are strictly linked to the Sobolev
spaces W'P(I; X), as in the well known case X = R.

Lemma 2.5. Let p > 1. If u € ACP(I; X) then (the equivalence class of ) u € WHP(I; X).
If u € WYP(I; X) then there exists a unique continuous representative 4 € C(I;X) (in
particular a(t) = u(t) for £L-a.e. t € I). Moreover u € ACP(I; X) and the application
T:Wh(I; X) — T defined by Tu = @ is a Borel map.

Proof. The proof of first assertion can be carried out exactly as in the case X = R (see for
example [Bre83] Proposition VIII.3), by using

) 1 t+h .
(Arult)y < 7 / WP (r) dr-

Now we assume that u € W?(I; X) and we consider a sequence {y, }nen dense in X. Defining
U (t) := d(u(t), y,), the triangular inequality implies
(17) |un(t + h) — up(t)| < d(u(t+ h),u(t)).

The fact that v € WP(I; X) and p > 1 implies that w, € W'P(I) again for [Bre83]
Proposition VIII.3. Hence there exist u, absolutely continuous such that @, = u, a.e. and
u, 1s a.e. differentiable.

We introduce the negligible set

N = U({t €1:ay(t) #u,(t)}U{t €l:a,(t) does not exists}),

and we define m(t) := sup,, |/, (t)| for all ¢ € I \ N. Clearly, by the density of {y,}, we have
forallt,s € I\ N, with s < t,

(18) A(u(t) u(s)) = sup [ (t) = n ()| < sup / i, ()] dr < / m(r) dr.

n

We show that m € LP(I). Actually, by (17),if ¢t € I \ N then

o i Vit B) = ()

< liminf |Apu(t)|,
h—0
which implies m(t) < liminfy, o |Apu(t)|. By Fatou’s Lemma and v € WHP(I; X) we obtain

(20) /O ' im ()| dt < C.

(18) and Hélder’s inequality show that w: I\ N — X is uniformly continuous, thus, by the
completeness of X, it admits a unique continuous extension u : I — X which also satisfies

(21) d(a(t), als)) < / mrydr Visel s<t
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and then, for (20), u € ACP(I; X).

We have thus proved that u € ACP(I; X) if and only if v € I" and

SUDg<p<1 fol_h(Ahu(t))p dt < +o0.

In order to prove that T is a Borel map, we observe that W'?(I; X) and ACP(I; X) are
Borel subsets of LP(I; X)) and I respectively, since the map

TR (4 ), ()
/ 00 g

U —  sup
0<h<T

is lower semi continuous from LP(I; X) to [0, +o0] and from I to [0, +o0].

Moreover T is an isometry from (W?(I; X), d,) to (T, d,) and the thesis follows by observing
that the Borel sets of (I', d) coincides with the Borel sets of (I',d,). This last assertion is
a general fact: if Y is a separable and complete metric space (Polish space) and Y,, is the
same space with an Hausdorff topology weaker than the original, then the Borel sets of Y
coincide with the Y,, ones (see for instance [Sch73] Corollary 2, pag 101). O

2.5. Borel probability measures, narrow topology and tightness. Given a separable
metric space Y, we denote with Z(Y') the set of Borel probability measures on Y. We say
that a sequence u,, € Z(Y') narrowly converges to u € 2(Y) if

(22) Jm | oY) dinly) = /Y py)duly) Yo € G(Y),
where Cy(Y) is the space of continuous bounded real functions defined on Y.

It is well known that the narrow convergence is induced by a distance on Z(Y) (see
[AGS05]) and we call narrow topology the topology induced by this distance. In particular
the compact subsets of Z(Y’) coincides with sequentially compact subsets of Z(Y).

We also recall that if u,, € Z(Y) narrowly converges to p € Z(Y) and ¢ : Y — (—00, +o0]
is a lower semi continuous function bounded from below, then

(23) liminf [ o(y) dun(y) > /Y ©(y) du(y).

n—-+o0o Y

A subset 7 C Z(Y) is said to be tight if
(24) Ve >0 dK.CY compact: u(Y\K.) <e VYueZT,

or, equivalently, if there exists a function ¢ : Y — [0, +00] with compact sublevels A\.(p) :=
{y €Y : p(y) < c}, such that

(25) sup /Y o(y) du(y) < +oo.

HET
The importance of tight sets is due to the following Theorem:

Theorem 2.6 (Prokhorov). Let Y be a separable and complete metric space. T C P(Y)
is tight if and only if it is relatively compact in P(Y').
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2.5.1. Push forward of measures. If Y, Z are separable metric spaces, u € Z(Y) and F :
Y — Z is a Borel map, the push forward of p through F, denoted by Fup € P(Z), is defined
as follows:

(26) Fyn(B) = u(F{(B)) VB e B(2),

where #(7) is the family of Borel subsets of Z. It is not difficult to check that this definition
is equivalent to

(27) / o(2) d(Fyps) (2) = / o(F(y)) duly)

Y
for every bounded Borel function ¢ : Z — R. More generally (27) holds for every Flu-
integrable function ¢ : Z — R. We will often use this fact.
We recall the following composition rule: for every p € Z(Y), for every Borel maps F :
Y—-Z G:Z-—-W,
(G o F)yp=Gu(Fyp)

and the continuity property:

F:Y — Z continuous = Fy:2(Y)— P(Z) narrowly continuous.

2.6. Kantorovitch-Rubinstein-Wasserstein distance. We fix p > 1 and denote by
Z,(X) the space of Borel probability measures having finite p-moment, i.e.

(25) 2,x) = {ue 200): [ Ploz0)duto) < +oc

where xy € X is an arbitrary point of X (clearly this definition does not depend on the
choice of ). Notice also that this condition is always satisfied if the diameter of X is finite;
in this case Z,(X) = Z(X).

Given p,v € Z(X) we define the set of admissible plans I'(i, v) as follows:

D, v) ={ye (X x X): 7T71¢’y = U, ﬂ'i’}/ = v},

where 7!(z,y) := x and 7%(x,y) := y are the projections on the first and the second compo-
nent respectively.
The p-Kantorovitch-Rubinstein-Wasserstein distance between p, v € Z2,(X) is defined by

D=

(29) W)= (win{ [ @le ity eren})

Since T'(p,v) is tight and p ® v € T'(p,v) satisfies [, d?(z,y)dp ® v(z,y) < +oo, the
existence of the minimum, in the above definition, is a consequence of standard Direct

Methods in Calculus of Variations.
We denote by

Dy, v) = {7 S

the set of optimal plans.
Being X separable and complete, &2,(X), endowed with the distance W), is a separable and
complete metric space too (see for instance [Vil03] and [AGS05]).

d(x,y) dy(z,y) = W) (u, V)}

x X
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Remark 2.7. If we take p,v € (X)), without hypothesis on the moments, when X is
unbounded, W,,(x, ) can be equal to +o00 and W, is a pseudo distance on Z(X), according
to Remark 2.3. More generally, taking a pseudo distance d on X, the space #(X), endowed
with the pseudo distance W, is a pseudo metric space.

Remark 2.8 (Non separable spaces). It is possible to work with complete metric spaces, not
necessarily separable, considering the set of tight measures. Let X be a complete metric
space, we define the set of tight probability measures

PT(X):={pe P(X):pis tight}.

We have that € 27(X) if and only if supp p is separable. Indeed if p is tight there exists
a sequence of compacts K, such that pu(X \ K,) < % from which it follows that supp u C
Unen /K, and then is separable. The other implication follows by Prokorov’s Theorem.

On the other hand if p, € £7(X) narrowly converges in &(X) to p then p € 27(X)
because supp p C Uyen SUpp iy, (see e.g. Proposition 5.1.8 of [AGS05]).

In the space #7(X), W, is a complete pseudo distance. The completeness can be proved as
in [AGS05] by observing that a Cauchy sequence p,, with respect to W, in &?7(X) can be
considered in 2 (Uy,en supp pn,) and Uy,en supp p, is a complete separable space.

3. MAIN THEOREMS

In this section we state and prove our main result which is a characterization of absolutely
continuous curves with finite p-energy in the Wasserstein space &2,(X) as illustrated in the
introduction.

Before to state the results, we define, for every t € I, the evaluation map e; : I' — X in
this way
(30) er(u) = u(t)
and notice that e; is continuous.

Theorem 3.1. If n € P (I') is concentrated on AC?(I; X),
i.e. n(I'\ ACP(I; X)) =0, with p € [1,+00), such that
(31) po = (eo)yn € Fp(X)

and

(32) /] ") dedn(u) < oo,

(i.e. [pEp(u)dn(u) < +00) then the curve t — p; = (e;)un belongs to ACP(I; Z,(X)).
Moreover for a.e. t € I, |u'|(t) ezists for n—a.e. u €T and

(33) WP < /F WP dp(u)  for ae. te L.

Proof. First of all we check that for a.e. t € I, |u/|(t) exists for n—a.e. u €T
We set A := {(t,u) € I xI': |u/|(t) does not exist} and we observe that A is a Borel subset of

I'xT since the maps (t,u) — W are continuous from I xI" to R for every h # 0. Since

n is concentrated on AC?(I; X), we have that for n-a.e. u e T, L' ({t € I : (t,u) € A}) =0
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and then Fubini’s Theorem implies that for a.e. t € I, n({u € I': (t,u) € A}) = 0.
Now we prove that p; = (e;)4n has finite p-moment for every ¢t € I. Given a point = € X,
we have

| @it = [ @wn.aaw
< 2 [ @) ) + () ut) dntw

< 2 [ (w0 + ([ Wioar) ) i

< o /F (d”(u(O),i:)Jr /0 WP (r) dr) dn(u)

and this is finite by (31) and (32).
Now we take s,t € I with s < ¢ and v, := (es, ;) #n. Since vs¢ € I'(us, ptt), by the definition
of W, the fact that n is concentrated on AC?(I; X), and Hélder’s inequality, we have

W) < [ @) = [ @e)aw) )

< [(/ t|u'|<r>dr)pdn<u>s [is=t0 [ W dranc
(34 = Jott [ [P dntear,

where the last equality follows by (32) and Fubini-Tonelli Theorem.
The estimates (34) and (32) imply that p; is absolutely continuous. The thesis is now a
simple consequence of (34) and Lebesgue differentiation Theorem. 0

Theorem 3.2. If u; is an absolutely continuous curve in Py(X) with finite p-energy, p > 1,
i.e. iy € ACP(I; Zy(X)), then there exists n € P (I') such that

(1) 7 is concentrated on ACP(I; X),
(ii) (er)pn = pu Vtel,
(iii)

|WP(t) = /F ['[P(t) dij(u)  for a.e. t € 1.

Before to prove Theorem 3.2 we state and prove the extension of this result to pseudo
metric spaces and to Z(X) according to Remarks 2.3 and 2.7.

Corollary 3.3. Let (X,d) be a pseudo metric space, separable and d-complete.
If n e P(I') is concentrated on ACP(I; X) with p € [1,+00), such that

[ W ain < o,



CHARACTERIZATION OF ABSOLUTELY CONTINUOUS CURVES IN WASSERSTEIN SPACES 13

then the curve t — p; = (e;)gn belongs to ACP(I; (P (X),W,)). Moreover for a.e. t € I,
|W'|(t) exists for n—a.e. u and

|/ P (t) / |u'|P(¢) dn(u for a.e. tel.

If the curve t — p belongs to ACP(I; (P (X),W,)), with p > 1, then there ezists 1 € P(I)
such that (i), (i), (iii) of Theorem 3’ 2 hold.

Proof of Corollary 3.3. The proof of the first part is exactly the proof of Theorem 3.1 since
the hypothesis (31) was only needed in order to ensure that the p-moment of y, is finite.
In order to prove the second part we take into account the Remark 2.3. We define

d(z,y) = d(z,y) N1,

and we denote by X the bounded metric space (X, J), topologically equivalent to X. Then
P(X) = P(X) = P,(X) and ACP(I; X) = ACP(I; X), since the metric derivative with
respect to d coincides with the metric derivative with respect to d. Denoting by W the
Wasserstein distance with respect to d7 we have that W, o, v) < Wy(p,v).

If 4, € ACP(I; 2(X)), then p, € ACP(I; ,(X)) and, applying Theorem 3.2, we can find
i € P(I') concentrated on AC?(I; X) = AC?(I; X) such that

/F|u’|p(t) dn(u) = |u'|€~vp(t) for a.e. t €1

where [¢/|y;; (t) denotes the metric derivative with respect to the distance W,.
Applying the first part of this Corollary to 1 we obtain

(3) PO < [ WP dit) =, 6 < 1P
for a.e. t € I, which completes the proof. U

Reasoning as in the proof of the above corollary we can prove the following corollary,
interesting by itself.

Corollary 3.4. If X; := (X, dy), Xy := (X, ds) are two topologically equivalent, separable
and complete pseudo metric spaces, such that ACP(I; X,) = ACP(I; X3) and for every u €
ACP(I; X;), i = 1,2 it holds
/|4, () = |u/]4,(¢) fora.e. tel,
then ACP(1; (P(X),Wy4,)) = ACP(L; (P (X), W, a,)) and for every p € ACP(L; (P(X), Wpa,))s
1 =1,2 1t holds
Wy () = Wy (6) for ae te .

Remark 3.5. By using Corollary 2, (pag. 101) of [Sch73], the Corollary 3.4 can be proved
even when the topology induced by one of the distances is weaker than the other one.

In the case of a complete but non separable metric space, Theorem 3.2 can be stated
considering the set of tight measures as in Remark 2.8.
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Corollary 3.6. Let (X,d) be a complete metric space (in general non separable).

If the curve t — p; belongs to ACP(I;(27(X),W,)), with p > 1, then there exist a closed
separable subspace Xo C X and a measure 1 € P(C(I; Xy)) such that supp iy C Xo for
every t € I and (i), (ii), (i1i) of Theorem 3.2 hold.

Proof. 1t is sufficient to apply the second part of Corollary 3.3 in the separable complete
metric space

Xo 1= Useqnr SUPP /s,
by observing that supp u; C X for every t € I. Indeed for t € I we take a sequence t,, € QNI
convergent to ¢, by the narrow continuity of the curve u, py, narrowly converges to p; and
then, recalling Remark 2.8, we have supp u; C Xp. [l

Proof of Theorem 3.2. We prove the theorem in the particular case T = 1, i.e. I = [0,1].
Obviously it is not restrictive.
For any integer N > 1, we divide the unitary interval I in 2V equal parts, and we denote

the nodal points by

it . N

t.—2—N i=0,1,...,2".
We also denote by X;, with i = 0,1,...,2", 2V 4 1 copies of the same space X and define
the product space

XN Z:X()XXl X, XXQN.
Choosing optimal plans
vy € Doty privn) i =0,1,...,2N — 1,

there exists (see, for example, Lemma 5.3.2 and Remark 5.3.3 of [AGS05]) vv € Z2(X )
such that
i ijit1 i
Ty YN = My and Ty IN =N
where we denoted by 7* : Xy — X; the projection on the i-th component and by 7% :
Xy — X; x X, the projection on the (7, j)-th component.
We define 0 : ® = (xq,...,29v) € Xy — 04 € LP(I; X) by

oo(t) =z if te [t
and we also set
NN = ouyN € P(LP(1; X)).

Step 1. (Tightness of {nx}nen) In order to obtain the existence of a narrow limit point
n of the sequence {ny}yen, by Prokhorov’s theorem, it is sufficient to prove its tightness
by exhibiting a function ® : LP(I; X)) — [0, +00] whose sublevels A\ (®) := {u € LP([; X) :
®(u) < ¢} are compact in LP(I; X) for any ¢ € R;, and

(36) Sup/ O (u) dnn(u) < +oo.
NeN JLr(1;x)

First of all we observe that &7 := {y; : t € I} is compact (because it is a continuous image
of a compact) in &,(X) and consequently in Z(X). In particular o/ is bounded in &,(X)
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and then, given a point z € X, there exists C'; such that
(37) / d?(z, %) dps () = W) (e, 0z) < Ch Vit el
X

Since, by Prokhorov’s Theorem, o7 is tight there exists ¢ : X — [0, +o0c] whose sublevels
Ac(¥) :={x € X : ¢(x) < ¢} are compact in X for any ¢ € Ry, such that

(38) Cy = sup/Xw(:c) du(z) < +o0.

tel

We define @ : LP(I; X) — [0, 400] as follows
e (u(t + h), ult
O (u) := / d’(u dt—i—/ ¥(u(t))dt + sup / (u(t + 7). u(®)) dt,

0<h<1Jo h

where 7 is a given point of X.
The compactness of \.(®) in LP(I; X) is immediate since the hypotheses of Theorem 2.4 are
satisfied, and ® is lower semi continuous by a simple application of Fatou’s Lemma.
The proof of (36) requires some computations.
As a first step we show that

sup /Lp IX)/ (dP(u(t),z) + (u(t))) dt dyn(u) < 4o0.

NeN
By (37) and (

/LP[X / d’(u(t), ) + ¢(u(t)) dt dyn(u) =

/ /XN d*(0(t), %) +P(0a(t)) dyn () dt

oN _q /t2+1

2N 1

2Nz/dp” () dps ()

/Xdp(x, T) + () dpgi (x) dt

2N

1
< oN Z(C1+02) = () + Cs.
=0

As a second step we show that
1-h
dP(u(t + h),u(t
(39) sup/ sup / (u(t £ h), u(®)) dt dnn(u) < +oo.
NeN JLr(1,x) 0<h<1 Jo h
In order to prove (39), we show that if x € X y then

=h (o o Nyp \ 2]
) s [ o (s BV S )

h
0<h<1 P
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If h < 1/2V then
2N_—2 i+l

/0 (ot +h), 00(t)) dt = Z/ & (o(t + 1), 00(t)) dt

i=0 vt

2N _2
= h Z dp(l’i,l’i_;,_1>
=0

since o5(t + h) = 0,(t) if t € [t', ¢! — h).

If 1/2V < h < 1 we take the integer k > 1 such that
k k+1

(41) P iy

2N~ 2N

so that the triangular inequality yields
k
d(ox(t + h), < d(oa(t + ), oa(t + 1)),
i=0

and, using Holder’s discrete inequality,
k

& (oa(t+ 1), 0a(t) < (k+ 1P " d(0a(t + 1), 00(t + 1))

i=0
Then
1-h 1—tk
/dp(aw(tJrh),aw(t))dt < / dP(ox(t + h),ox(t))dt
0 0
1—tk k
< / (41770 dP(og(t +177), 04t + 1)) dt
0 i=0
k 1 2N k-1
(42) = (k1 Z N Y P(@igg, wisy)
1= 7=0
and, observing that, in (42), dP(z,41, ;) is counted at most k + 1 times, we have
1-h (k 1 1)p 2N -1
(43) / @ (oa(t +h), ou(t)) dt < =g ) d (w0, 1)),
0 =0
Using (41) we obtain
1-h L4 1) 2N 1
/ dP(og(t + h), 04(t)) dt < p *]; ) > (w41, 7).
0 o

Since the function \ — %

071 p—l and1<k<2N—1wehave
(

+ 1)P 21 .f]{?<—1
(k 1) <{ 1 >~

3
L

|H

k AN N

%)
2|
I
—
3
—

16

is increasing in the interval (1/(p — 1), +00), decreasing in
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and (40) is proved.
Since
2NV -1

/ Zd (@i zip1) dyn (@) = > WPy, pur)
X i=0

N =0
oN_1 it P
> ( / m’r(t)dt)
- ti

1=0

IN

2N 1 i+l

G > / W)

(44) = 2N1)p : / WP (t)

we have, taking into account (40),

/L e / D) ) < (22 42) / P dt

I;X) 0<h<1 JoO

IN

which is finite because |p'| € LP(I).

Then there exist n € Z(LP(1; X)) and a subsequence Ny, such that ny, — 1 narrowly in
P(LP(1; X)) if k — 4o0.

Step 2. (7 is concentrated on W!'?(I; X)) Let us define the sequence of lower semi
continuous functions fy : LP(I; X) — [0, +o0] as follows

fn(u) == sup /0 P lult + 1), u(?)) dt;

)
1/2N <h<1 h?

clearly they satisfy the monotonicity property

(45) In(u) < fypa(u)  Vue P X).
We prove that
(46) [ it <c
LP(I;X)
We fix 1/2¥ < h < 1 and take the integer £ > 1 as in (41). From (43) and
B

which is the first inequality of (41) rewritten, it follows that
(k+1)
kp

2N 1

1-h
/ P (ot + 1), 0u(t)) dt < P @YY dwya;)
which implies
2N 1
dt <222V Y dP (w0, ap).

J=0

/1h A (0o(t + h), 04(1))

sup %

1/2N<h<1
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Integrating and using (44) we obtain (46) with C' := 2P fol |/ |P(t) dt.
By (45) and (46) we have that

(43) [ ) < €

for every k such that N, > N.
The lower semi continuity of fy, (23) and the bound (48) yield

/ fn(@dnw) <C  VNEN,
Lr(I;X)
and consequently, by monotone convergence Theorem, we have that

/ sup f () dn(u) < C,
Lp(I;X)

NeN

and

(49) sup fn(u) < +oo0  for n—a.e. u € LP(I; X).
NeN

Since

st ) = Sup‘ZT_ w%uQ-%hﬁldw>du

NeN 0<h<l hp

(49) shows that 7 is concentrated on WP (I; X) by it’s very definition (16).

Recalling that W'P(I; X) is a Borel subset of LP(I; X), the measure 1 can be considered
as a Borel measure on WP(I; X), i.e. n € 2(Whr(I; X)).
Thanks to Lemma 2.5 we can define

1 :="Tyn e Z()

which is concentrated, by definition, on AC?([; X).
Step 3. (Proof of (ii) and (iii)) In order to prove (iii), we show preliminarily that for
all s1,89 € I, 51 < S9, we have

(50) /LP(I;X) / dr (u(t Z p,u(t)) dt dip(u) < / () e

S1

for every h € (0,1 — s5).
We fix h € (0,1 — s5) and for every N € N such that 5% < h we take k > 1 such that (41)
holds. Setting
j J . J i g
S{V::2—N::max{2—N:2—N§sl}, S5 ::2—N::m1n{2—N:2—§31},

and reasoning as in the proof of (43) we obtain

e k+ 1) &
[ #ate e ity < CLS e
J=Jj

S1
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and by (47)
s2 L 1 i+k
[ woatirm.oaeyar < wEEL @S (e,
= 3=j

Integrating we obtain

s2 Jp 1\? s +h
[ O gy < (ST e a
Lr(I;X) J s he k s

from which (50) follows passing to the limit for N — +oo0.
Clearly we have

2 dP(u(t + h),u(t)) B
/Lp(I;X) /51 hp dt dnu) =

/Wlp(IX /52 dP(Tu(t 7;:&) ,Tu(t)) dt dn(u)

:/F/ (@ ttﬂf‘ U0) 41 ().

By this last relation and (50), by Fatou’s Lemma and the fact that 7 is concentrated on
ACP(I; X), letting h going to 0, we obtain

(51) /] o) dri(w) < [ WP (o) de

for every si,so € I such that s; < s;. By Fubini and Lebesgue differentiation Theorems,
(51) yields

(52) /F W(EP di(u) < [iP()  for a. te L.

In order to show (ii) we prove that for every ¢t € I,
(53) ettt ait = [ o) duta) Ve e ).
We fix ¢ € Cy(X) and we observe that the function
olt) = [ ola) duo)
is uniformly continuous in I, consequently the sequence of piecewise constant functions
o) =9t = [ e@)dusta) it e el

converges uniformly to g in I when N — +o00. Then, for every test function ¢ € Cy(I), we
have that

(54) Jim [ coav@a = [ coaoa
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OH the Other hand
N dt = @wl\u d N U d
/0 C(t)gn(t) dt / ¢(t) /p(l (u(t)) dnn(u) dt

- /L”X)/c £)) dt diy ().
UH/C

is continuous and bounded from LP(I; X) to R, then by the narrow convergence of ny, we

have
lim / / ¢(t) ) dt dnn, (u / / ¢(t) ) dt dn(u).
k—=+oo Jp(1,x) LP(I;X)

By Fubini’s Theorem and the definition of 7,

/L”X/c ) dt d(u) = //c )) dt dif(u)

- [ / () dif(u) dt.
0
By the uniqueness of the limit then

| e [ ety = [ <o [ ew i vecun,
from which
(55) /Fgo(u(t))dﬁ(u) = /X o(x) dpy(x) for a.e. t € 1.

The applications t — [, ¢(z) dp,(x) and t — [ p(u(t)) dij(u) are continuous because the
applications t € [ — puy € P(X) and t € I — (et)#n € P(X) are narrowly continuous
(recall that e; : I' — X is continuous). Then (55) is true for every ¢t € I and (53) is proved.

Finally, by (52) and (33) of Theorem 3.1 applied to 77 we obtain (iii). O

Since the map

4. APPLICATION: WASSERSTEIN GEODESICS

In this section we apply Theorem 3.2 in order to give a characterization of the geodesics
of the metric space (Z2,(X),W,) in terms of the geodesics of the space (X,d), under the
further assumption that (X, d) is a length space.

In this section I denotes the unitary interval [0, 1].

Recalling that the length of u € AC(I; X) is defined by L(u fo |u'|(t) dt, we say that
X is a length space if for every x,y € X,
(56) d(z,y) = inf{L(u) : v e AC(I; X), u(0) =z, u(1l) = y}

and X is a geodesic space if for every x,y € X, the inf in (56) is a minimum, i.e. there exists
u € AC(I; X) such that

(57) u(0) ==z, u(l)=y, d(z,y)= L(u).
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We call u satisfying (57) minimizing geodesic of X. A curve u : I — X satisfying
(58) d(u(t),u(s)) = |t — s|d(u(0),u(1))  Vs,tel

is called constant speed minimizing geodesic.

If u is a constant speed minimizing geodesic then it is a minimizing geodesic, since |u'|(t) =
d(u(0),u(1)) for every t € I. Conversely every minimizing geodesic can be reparametrized in
such a way (58) holds.

We define the set

G :={u:I— X :uis a constant speed minimizing geodesics of X'}

and we observe that it is immediate to check that G is a closed subset of I
The following property will be useful: v € G, for p > 1, if and only if

(59) / W P(t) dt < dP(u(0), u(1)).

Indeed if u € G then the equality holds in (59). Conversely if u ¢ G then |u/| is not constant
and the strict convexity of o — |«|P yields fol |u'|P(t) dt > dP(u(0),u(1)). In other words, the
elements of GG are the unique minimizers of the p-energy.

Proposition 4.1. If X is a length (resp. geodesic) space then Z,(X) is a length (resp.
geodesic) space too.

Proof. First of all we define the Lipschitz constant Lip : T' — [0, +o0] as

Lip(u) = sup d(U(T)),_dt(|u(t))
s,te€l, st S

and we observe that Lip is a lower semi continuous function. Moreover for every u &
AC(I; X) we have that |v'|(t) < Lip(u) for a.e. t € I. We say that u is a Lipschitz curve if
Lip(u) < +o0.

We recall that (see for instance [AGS05]) every u € AC(I;X) of length L(u) can be
reparametrized in such a way that Lip(u) = L(u) = |u/|(t) for a.e. t € I.

We take p, v € Z,(X) and an optimal plan v € I',(p, v).
We fix ¢ > 0 and we define the multi-valued application ¥, : X x X — 260X a5 follows:

Ye(z,y) :={ue AC(I; X) : u(0) =z, u(1) =y, d(z,y) + & > Lip(u)}.

Since X is a length space ¥ (z,y) is not empty. Indeed taking u. € AC(I;X) such that
u:(0) = z, u-(1) = y and d(z,y) + € > L(u.), then the reparametrization of u. satisfying
Lip(u) = L(u) belongs to ¥.(z,y). In order to obtain a y-measurable selection of the multi-
function ¥, we can apply Aumann’s selection Theorem (see Theorem I11.22 of [CV77]). For
this application it is sufficient to show that the graph of ., defined by

GXe) ={(z,y,u) e X x X xC([; X) :u € X (z,y)}

is Borel measurable. This is true since G(3.) is closed. Indeed, taking (z,, yn, un) € G(X:)
convergent to (z,y,u), d(z,,z) — 0, d(y,,y) — 0 and duoo(upn,u) — 0 by the uniqueness of
the limit we obtain that u(0) = x and u(1) = y. Moreover, using the lower semi continuity
of the Lipschitz constant, we can pass to the limit in d(z,,y,) + ¢ > Lip(u,) obtaining that
d(x,y) + ¢ > Lip(u), which yields that w is a Lipschitz curve and then v € AC(I; X).
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Denoting by 5. : X x X — I' this measurable selection, we observe that it is well defined
the measure

n:=(5)xy € 2(I).
The curve
= (er)4m, tel,
satisfies uop = p, p1 = v and

1
W) w2 [ (o)
0

Indeed, applying Theorem 3.1 to 1 we obtain

/01 Wl < /01/F|u’\(t) dij(u) dtﬁ/()l/FLip(U) dn(u) dt

_ / Lip(w)dn(w) < [ (d(a.y) +2) dr(a.)

XxX

< (/XxX d*(z,y) dv(:c,y)yi +e

which concludes the proof in the case of a length space X. When X is a geodesic space the
proof works with e = 0. ]

A consequence of Theorem 3.2 is the following characterization of geodesics.

Theorem 4.2. Let X be a separable and complete length space.
A curve py is a constant speed minimizing geodesic of Z,(X) if and only if there exists

ne P(') such that

(i) n is concentrated on G,
(ii) (er)pn = Vtel,
(1) WE (o, 1) = Ji-d? (u(0), u(1)) dn(u).

We observe explicitly that if (i), (ii), (iii) hold then

WG ) = [ @) a) dntw), Vst

that is v == (er, €5)2n € Tolpt, fis)-

Proof. Let p; be a constant speed minimizing geodesic of £2,(X) and let n be given by
Theorem 3.2 applied to p;. We have only to check (i) and (iii).
By (iii) of Theorem 3.2 and the fact that p, is a constant speed geodesic, we have

/F P(u(0), (1) dn(u) > W2 (o, ) = / () dt = / / o P(£) dig (o) it
- / / P (8) dt (o) > / (u(0), u(1) dip()

which shows that 7 is concentrated on G, by (59), and (iii) holds.
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Conversely, we assume that (i), (ii), (iii) hold. Setting ;s := (et es)xn € I'(pu, ps), for
t,s € I, and using the fact that n is concentrated on G, we obtain

Wo( 1) < /X RCT R / (u(t), u(s)) dn(u)

= Jt=sP [ @) uvydnt) =t~ sP [ ey iy
r XxX
=t sPWE (0. ).
The triangular inequality shows that the above inequality cannot be strict. U
The following Corollary is a metric generalization of the Benamou-Brenier formula.

Corollary 4.3. Let X be a separable and complete geodesic space. Then for every p, v €
Z,(X) we have

WP (p, v) = min {/01 /F '[P (t) dn(u) dt :m € < (p, V)} :

where the set of admissible measures is o (p,v) = {n € 2I) : n(I' \ AC?(I; X)) =
0, (eo)yn = s (e1)gn = v, Jp E(u) dn(u) < +oo}.

Proof. Corollary 3.3 shows that

W) < [ [ i

for every n € o/(u,v). Since, by Proposition 4.1, Z2,(X) is a geodesic space, taking p, a
constant speed minimizing geodesic such that py = g and py = v, the measure n given by
Theorem 4.2 is admissible and realizes the equality. 0

Remark 4.4. A sufficient condition on X, ensuring that a length space X is a geodesic space,
is that all the closed balls of X are compact and any two points of X can be connected by
an absolutely continuous curve (see e.g. [AT04]).

A more general condition, which replaces the compactness of the closed balls, is that there
exists another topology 7 on X, weaker than the topology induced by the metric, such that
d is lower semi continuous with respect to 7 and all d-bounded subsets of X are precompact
in the topology 7. The sufficiency of this condition can be proved using the same arguments
of the proof of Proposition 3.3.1 of [AGS05].

5. APPLICATION: THE CONTINUITY EQUATION IN BANACH SPACES

We consider a separable Banach space (X, ||-]|) satisfying the Radon-Nicodym property
(resp. the dual X = E* of a separable Banach space F). Through this section we treat the
separable case pointing out, inside brackets, the necessary changes for the dual case. The
norm ||-|| denotes the norm in X in both cases and the norm ||-||, denotes the norm of X* in
the separable case and the norm of F in the dual case. According to Remark 2.8 we work
in the space #7(X), observing that in the separable case Z7(X) = Z(X).
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In this section we denote by I the closed interval [0, 7] and we fix the exponent p > 1.
Given a narrowly continuous curve pu : [ — Z7(X), t — p;, we can associate to it the
probability measure 1 € 7 (I x X) defined by

/IXX ot x) djift, ) = /OT/XW%I) dpy(x) dt

for every bounded Borel function ¢ : I x X — R. We say that a time dependent vector field
v: I xX — X belongs to LP(fi; X) (resp. LP.(f; X)) if v is i Bochner integrable (resp.
if v is weakly-* & measurable, i.e. for every f € E the maps ¢¢(t,z) := (vi(z), f) are i
measurable) and [, . [|v(z)||” di(t, z) is finite (see e.g. [DUT7] for the definition and the
properties of the Bochner integral and of the weak-* integral (or Gelfand integral), here we
recall only that the weak-* integral of v is defined by

</fxx vi(2) dﬁ(t’x)’f> = /Ixx<vt(x),f> di(t,x)  Vf € E).

We say that (i, v), where u is narrowly continuous and v € LP(j; X) satisfies the continuity
equation

(60) @ut + div('ut,ut) =0
if the relation
d
(61) pr /X ¢ dpy = /X<D¢,'vt> dpy Yo € Cy(X)  (resp. Vo € Cyp (X))

holds in the sense of distributions in (0,7); here C}(X) denotes the space of functions
¢ : X — R such that ¢ is bounded, Fréchet differentiable, and the application D¢ : X —
X* is continuous and bounded (in all this paragraph D denotes the Fréchet differential),
whereas CJ, (X)) denotes the space of functions ¢ : X — R such that ¢ is bounded, Fréchet
differentiable and the application D¢ : X — X* is continuous, bounded and, for every
x € X, Do(x) € E C E**. Here E is identified with the image of the canonical injection of
E in E**.
We define the following set,

EC,(X) == {(p,v) : p: I — P7(X) is narrowly continuous, v € LP(fz; X),

(resp. v € L. (fi; X)), (1, v) satisfies the continuity equation }.

In the space &7(X) we always use the pseudo distance W,.

Theorem 5.1. If u € ACP(I; 2?7(X)) then there exists a vector field w : I x X — X such
that (u, w) € EC,(X) and

(62) H’thLP(Mt;X) < ],u’|(t) fora.e tel.

Proof. In order to carry out the proof for both cases we put Xg = X and I'y = I" in the
separable case, whereas in the dual case we take X, a separable Banach space Xy C X
containing the support of every pu;, and I'y := C(I; Xy). Let n := 1 € P(Iy) be given by
Corollary 3.3 (resp. n := 17 € Z(I'y) given by Corollary 3.6). We denote by 7 € & (I xTy) the
measure 7 := %iﬁ}@n. Defining the evaluation map e : I xT'g — I x Xq by e(t,u) = (¢, e;(u)),
it is immediate to check that exn = [i.
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The disintegration of 7 with respect to e yields a Borel family of probability measures 7j; ,,
on 'y concentrated on {u : e;(u) = x} such that for every ¢ : I x Ty — R, p € L'(7), we
have

(63) u— @(t,u) € L'(;,) for i-ae. (t,z) € I x X,

(64) (t,2) / o(t,10) di () € LM(72),

/MO plt,u) dij(t,v) = /IXXO /F ) i) i)

and the measures 7, are uniquely determined for fi-a.e. (t,z) € I x X.

We denote by 4(t) := limy_g w the pointwise derivative of the curve u (resp.

a(t) == w* —limy,_o w the weak-* derivative of the curve u, and we observe explicitly
that, in general, X is not weakly-* closed and then #(t) € X), which is defined .#!- almost
everywhere when wu is absolutely continuous (see Remark 2.2).

We observe that the set
A:={(t,u) € I xT'y: u(t) exists}

(resp. A:={(t,u) € I x Ty : u(t) exists, |u'|(t) exists, ||u(t)]| = |[u|(t)})

is a Borel set and 77(A°) = 0. Indeed, defining, for h # 0, the continuous functions g :
I xT' — Xq, by gn(t,u) = w, (in the definition of g, we extend the functions u
outside of I by u(s) = u(0) for s < 0 and u(s) = w(T") for s > T'), the completeness of X,
yields that
AC = {(t7 U) : limsup ”gh(t?u) - gk(t,U)H > 0}7
(h,k)—(0,0)

and then A is a Borel set because of the continuity of the functions (¢, u) — ||gn(t, u) — g (t, u)||
for every h # 0 and k # 0. (in the dual case A is a Borel set since, for a dense subset
{fu}nen C E we have

t+h) —u(t
A:={(t,u)yeIxTIy: ]llim <u( i 2 u ),fn> exists, [u'[(t) exists,

—0

|u/|(t) = sup lim <u(t ) —ult) o > h.

neN h—0 h ’ ”anE

Since 7 is concentrated on I x ACP(I, Xy), Fubini’s Theorem implies that 7(A¢) = 0.
Then the map ¢ : I x I'g — X defined by

bt u) = a(t)

is well defined for 77-a.e. (t,u) € I x T'y.

We prove that 1 is 77 Bochner (resp. 77 weak-*) integrable and ||v||” € L'(7). Taking f € X*
(resp. f € E), we define for (t,u) € A, ¥¢(t,u) = (f,4(t)). Since s is limit of continuous
functions is a Borel function in A and then 77 measurable. Since X, is separable, by Pettis
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Theorem 1) is a 7 measurable function (resp. By definition 1 is a 77 weak-* measurable
function) and, recalling (iii) of Theorem 3.2,

. _ _ I
©) [l e = [ Wee e -5 o< .
IXFO IXFO 0
Since for fi-a.e. (t,z) € I x Xy, we have 7, ({u : (t,u) € A°}) = 0, the map (t,-) is well

defined for 7; ,-a.e. u € I'g and (¢, ) is 7, Bochner integrable (resp. (t,-) is 7, weak-*
integrable). Indeed for every f € X* (resp. f € F),

/IF [yt w) ] dn(t,u) < [[f]], [a()]| d(t, u)

IXFO

ie. ¢y € LY(7), and by (63) ¢s(t,-) € L' (7)), then Pettis Theorem yields that ¢(t,-) is
7t measurable (resp. then by definition (¢, -) is 7;, is weak-* measurable) and || (¢, )| €
LY(7..) by (63) and (65).

Consequently it is well defined the vector field

(66) 1%@%:/RMQMMW) for firace. () € T x Xo,
o
and w € LP(fi, X) (resp. w € L2 (i, X)). Indeed for every f € X* (resp. f € E),
(Fewn(e)) = [ orlt.u) dnata)
o

and by (64) the maps (t,2) — (f,w(x)) € L*(1). Pettis Theorem implies that w is i
measurable (resp. By definition w is i weak-* measurable) and moreover

/M lwn (@) da(t,z) < /M (O dat) dite )
:(AFM@W@@W<+w

The inequality (62) follows from the definition of w, Jensen’s inequality and (iii) of Theorem
3.2. Indeed for every [a,b] C I,

b
| [ @@l et = [ T lw@l au.a)
< [ Txent®) [ 101 i) date. )
0 0 .
[ @ ol den = [ ioar

Now we prove that (61) holds. Taking ¢ € C}(X) (resp ¢ € CL (X)), as a consequence of
the absolute continuity of 4 in (2(X,), W,), the application ¢t — [ x, @dpu is absolutely
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continuous. Indeed for every s,t € I, taking 75+ € I'o(pts, pit), we have

b dpig — / b dyis
Xo Xo

< /X 100) = 9] sl

< sup [[Do(x)ll, [z =yl dvse(z,y)
z€Xy XoxXo

< sup [[Do()||, Wy(s, ).
r€Xp

Moreover, by (iii) of Remark 2.2 and the differentiability of test functions,

Ope = | ddps = | ou(t) = Hu(s)) dn(u)

Xo Xo

— /F<D¢(u(s)),u(t)—u(s))dn(U)

+ | Nult) = us)]| wus (u(t)) dn(u)

To

— /FO<D¢(u(s)), /: u(r) dr) dn(u)

+ [ u(t) = u(s)]] wugs) (u(t)) dn(u)

To
where
o(y) — o(x) — (Do(z),y — x
() = (y) — ¢(z) — (De(a),y — 2)
ly — x|
Dividing by ¢t — s and passing to the limit for ¢ — s, for a.e. s € I we have
d .
| odn= [ otuo).its) dntu)
S Jxo To

Indeed, for a.e. s € I, a simple application of Lebesgue Theorem yields

/F (D(u(s)), / alr) dr) dn(u) = / (D(u(s)). i(s)) dn(u)

lim
t—s t — S

(we observe that, in the dual case, D¢(x) € E) and we must only prove that

(67) lim

t_’st_S o

[u(t) = u(s) || was) (u(t)) dn(u) = 0.

27

We take a Lebesgue point s of the application ¢ +— |p/|P(t) such that u(s) exists for n-a.e.

u(t)—u(s)

t—s

u € T'g. We define f; : Tg — R by fi(u) :=
C < +o0, in particular ¢ is Lipschitz and

6() = ()| , [(Do(a).y = a)
ly =l v =<l

< 2C.

wa (y)] <

wu(s) (u(t)). Since sup,ex, [[D()]l, =
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Clearly fi(u) — 0 when t — s for n-a.e. u € I'y and,

u(t) — u(s)

)] < gifu) =20 | =

‘ for n-a.e. u € T'y.

The family {g; : 0 < |t — s| < d}, for § sufficiently small, is n-equiintegrable. Indeed
1 t

[ atwyanw < oy [ wpr
To To |t - S| S
207 | [

ZE e

|t — 5]
for t — s, which implies that there exists § > 0 such that fFo gr(w)P dn(u) < Cp for every t
satisfying 0 < |t — s| < J. By Vitali’s convergence Theorem we obtain (67).
Finally, taking into account the definition of w; we easily obtain

dn(u)

— (20)°|1[P(s) < +oo,

d
— oduy = / (Do, wy) dyy, for a.e. t € 1.
dt Xo Xo
Since this pointwise derivative is also a distributional derivative, we can conclude. 0

Before stating the next Theorem we give two definitions.

Definition 5.2. A separable Banach space X satisfies the Bounded Approximation Property
(BAP) if there exists a sequence of finite rank linear operators T,, : X — X such that
(68) lim | T,z —z||=0 VzelX.

We observe explicitly that if (68) holds, then, by Banach-Steinhaus Theorem, there exists
M > 1 such that
(69) | Toz|| < M ||x| VoeX.
Definition 5.3. The dual X of a separable Banach space satisfies the Weak™ Bounded

Approzimation Property (wBAP) if there exists a sequence of finite rank linear operators
T, : X — X such that

(70) w* — lim T,z =x VeelX,

there exists M > 1 such that

(71) | Toz|| < M ||x| VoeX,

(72) limsup || T,z|| < ||zl Vze X,
n—-+00

and

(73) T, are weakly-* continuous.

Remark 5.4. We observe that, being X separable, Definition 5.2 is equivalent to the follow-
ing one, valid also for non separable Banach spaces: there exists M > 1 such that for every
e > 0 and for every compact K C X there exists a finite rank linear operator 7, i : X — X
such that |1, k|| < M and sup,ck |1z k2 — x| < € (see [LT77]).
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Clearly a Banach space with a Schauder basis has the (BAP). Then, for instance, the prop-

erty is satisfied by the Sobolev spaces W*?(Q) for p € [1,+00) and k > 0, where Q is a
smooth bounded open subset of R". Even if M is a compact, smooth n-dimensional manifold

with or without boundary, the spaces of continuous functions C*(M) and the Sobolev spaces
WHkP(M), for p € [1,+00) and k > 0, satisfy the property (see [FWO01]).

We observe that [ satisfies the (WBAP) as we can see taking the operators T,z := (z1,...,2,,0,...).
The space [* is of fundamental importance since every separable metric space can be iso-
metrically embedded in [* (see e.g. [AKO00]).

Theorem 5.5. Assume that X satisfies the bounded approximation property (BAP) (resp.
the property (wBAP)).
If (n,v) € EC,(X) then p € ACP(I; 27(X)) and

(74> |Hl|(t) S ||,Ut||Lp(Mt;X) f07" a.e. tel.

Proof. For all n € N we set X,, := T,,(X) and m := dim(7,,(X)). Let {e;}i=1,_m be a
basis of X,,. There exist f1',..., f" € X* (vesp. f[,...,f} € E, thanks to (73)) such that

Thr = ZZl( Z-”,ZB>62-.
Denoting by P, : X,, — R™ the linear isomorphism given by P, (> 7", a;e;) = (a1, ..., am),
we define the projection 7, : X — R™, as

T = P o1,

and the relevement 7, : R™ — X, as

m
Tn(ar, ... am) = Z a;e;.
i=1

We observe that
(75) Ty O Ty = tdgm and Tip O g = Ty
We define
= and 0(0) = [ () @) diy (o)

where i, is the disintegration of y1; with respect to m,, which is concentrated on {x : m,z = y}.
Using a test function of the form ¢ = ¢ o m, with ¢ € C°(R™), it is easy to check that
(uy, v}) satisfies the continuity equation in the distribution sense on R™.

For our purposes it’s useful to consider on R™ the norm

(76) ylllem = 7yl

satisfying, by (75),

(77) mnzlllgm = Tzl Vo e X,
and
(78) limsup |0} || 1o ppmy < 10ell 03 for a.e. t € 1.

n—-+00
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In fact, using the property of disintegration, (77) and Jensen’s inequality,

10} e g my = /R 1oF W)[gr dii (y)

— / M ) v() dptgy (2) ;m dpi (y)
_ t/;Liﬂ}/;ﬂmvy}vxx)duw(x)IJdN?QD
-/ MA;WWEy}T’”* o) iy )| i)

< [ @I de) i)
= [ 1T duto)

In the separable case, by (69) and (68), Lebesgue dominated convergence Theorem implies

i [ [Ty0,(@)|P (o /th WP dyae(a)

n—oo

from which (78) follows. In the dual case, (78) follows by using (72) instead of Lebesgue
Theorem.

Theorem 8.2.1 of [AGS05] states that there exists " € &(I'rm) such that (e;)xn™ = py and
n" is concentrated on the set {u € ACP(I;R™) : u is an integral solution of 4(t) = v} (u(t))}.
By the first part of Corollary 3.3 and (14) we conclude that uj € AC?(I; 22,(R™)) and

(79) (") 1@) < 107 | o (em) for a.e. t € 1

where the Wasserstein pseudo distance, and consequently the metric derivative, is made with
respect to the distance induced by the norm (76).
Defining
fif = (Tn)pe = (Ton) ity
in the separable case, (68) implies that ) — p; narrowly and hence we have

(80) W, (e, ) < limm it VW, (g i7) = L inf W, (4 7).

by the lower semicontinuity of the Wasserstein distance and the isometric embedding (76).
In the dual case, the inequality (80) can be obtained by introducing the distance
+oo

1) dulg) = Y 5l =y 1)

n=1

where {f,},>1 is a countable dense subset of {f € E : | f|lz < 1}. d, is a distance on
X which metrizes the weak-* topology on bounded sets (see e.g. [Bre83]) and, in general,
the topology induced by d,, is weaker than the weak-* topology. We can assume that all
the supports of (7},)xpu: and g, for all t € I, are contained in a separable subspace Xy,
since T,, are of finite rank (7},)xp: € &7(X), and t — p is narrowly continuous. Taking
v € Cp((Xo,dy)) C Cp((Xo,wx)) by (70) lim, . @(Thx) = @(x) for every z € Xy and
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Lebesgue dominated convergence Theorem implies that (7),)/: narrowly converges to p in
P((Xo,dy)). Consequently a sequence of optimal plans vy, € T'o((T},)gpte, (Th)4ps) is tight
in 2((Xo,dy) x (Xo,dy)). Let v be a limit point of v, in P((Xo,dy) x (Xo,dw)); since
Borel sets of X coincides with Borel sets of (Xo,d,,) (see [Sch73]), v € Z(Xy x Xy). By
the lower semi continuity of the application (x,y) — ||z — y||” with respect to the product
topology induced by d,, in Xy x Xy we obtain

lim inf / Iz — yll” dyn(z,y) > / Iz — Il dr(z.y),
XoxXo XoxXo

n—oo

and then (80) follows.
Finally, by (79), (78) and (80) we have

t
Wyl 1) < [ 00y
which shows that p, € ACP(I; &7(X)) and the inequality (74) holds. O

Using the two previous Theorems, and the fact that the strict convexity of the norm
implies the strict convexity of the norm of LP(z; X), it is immediate to prove the following

Corollary 5.6. Assume that X satisfies the bounded approximation property (BAP) (resp.
the property (wBAP)).

If w € ACP(I; 7 (X)) then there exists a vector field v : [ x X — X such that (u,v) €
EC,(X) and

(82) 1) = 10ell Lo exy for a.e. tel.

Moreover vy is minimal, since for any w € LP(f; X) (resp. w € Lb.(1; X)) such that
(p, wy) € EC,(X) we have

(83) lwill o uixy = 10l oy for ace t el

If the norm of X is strictly convex, then v is uniquely determined in LP(f; X).

Remark 5.7. The proof of Theorem 5.1 works also for Riemannian manifolds. We denote by
M a smooth n-dimensional complete Riemannian manifold, by 7'M its tangent bundle and
by T, M the tangent space on M at the point = € M. For v,w € T, M, we denote by (v, w),
the scalar product on T, M and by |v|, := /(v,v), the norm on T,M. On M we put the
Riemannian distance which we denote by d.

A vector field v : M — TM is an application such that v(z) € T,M. Given a Borel
probability measure g on M and a Borel vector field v we say that v € LP(u,TM) if
J v (@[5 du(z) < +o0.

We say that (p,v;) satisfies the continuity equation in M if

(84) / o) dpun(x) = / (0(2), Vo) dpe(z) Y € C2(M)

where the equality is intended in the sense of distribution in (0, T").
Since we can check that a curve v € ACP(I; M) is differentiable for a.e. ¢ and |u(t)|uq)
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|u/|(t) for a.e. t € I, we can prove that if u; € ACP(I; P(M)), then there exists a time
dependent Borel vector field v such that

T
/ / ()2 dps () dt < +o0,
0 M

(e, vy) satisfies (84) and

(85)
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