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Abstract. Let X be a separable, complete metric space and Pp(X) be the space of Borel
probability measures with finite moment of order p > 1, metrized by the Wasserstein dis-
tance. In this paper we prove that every absolutely continuous curve with finite p-energy
in the space Pp(X) can be represented by a Borel probability measure on C([0, T ]; X) con-
centrated on the set of absolutely continuous curves with finite p-energy in X. Moreover
this measure satisfies a suitable property of minimality which entails an important relation
on the energy of the curves. We apply this result to the geodesics of Pp(X) and to the
continuity equation in Banach spaces.

1. Introduction

In the recent years, techniques of optimal transportation of measures applied to the study
of evolution problems, like linear or nonlinear diffusion equations, have been revealed a
useful tool. Fokker-Planck equation, in the linear case, and porous medium equation, in the
nonlinear case, are the most important examples. [JKO98], [Ott01] showed that all these
partial differential equations can be interpreted as ”gradient flow equation” of a suitable
energy functional in the space of Borel probability measures, metrized by the so-called 2-
Kantorovitch-Rubinstein-Wasserstein distance (for an overview on optimal transportation
problems and application to partial differential equations we refer to the books [Vil03] and
[AGS05]). In all these models a crucial role is played by the continuity equation

(1) ∂tµt + div(vtµt) = 0, in (0, T )× Rn;

here µt, t ∈ (0, T ), is a family of Borel probability measures and v is a Borel velocity
vector field v : (0, T ) × Rn → Rn (through this paper we always use the notation vt(x) :=
v(t, x)). The equation has to be intended in the sense of distributions. It is important, in
the applications, to consider low regularity vector fields, just satisfying, for p > 1, the finite
p-energy condition

(2) Ep(v) :=

∫ T

0

∫
Rn

‖vt(x)‖p dµt(x) dt < +∞.

In order to illustrate the motivations which led us to the results of the paper, we consider
a continuous time dependent family µt, t ∈ [0, T ], of probability measures with finite p-
moment, p > 1, which is a solution of (1). When the vector field v is sufficiently regular, in
such a way that for every x ∈ Rn there exists a unique global solution of the Cauchy problem

(3) Ẋt(x) = vt(Xt(x)), X0(x) = x, t ∈ [0, T ],
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then the solution of equation (1) is representable by the formula

(4) µt = (Xt)#µ0.

The expression (Xt)#µ0 denotes the push forward of the initial measure µ0 through the map
Xt : Rn → Rn, which is defined by (Xt)#µ0(B) := µ0((Xt)

−1(B)) for every Borel set B of
Rn. Taking into account (3) and (2), and using Hölder’s inequality, we can estimate for every
s, t ∈ I, with s < t,∫

Rn

‖Xs(x)−Xt(x)‖p dµ0(x) ≤ (t− s)p−1

∫ t

s

∫
Rn

‖vr(x)‖p dµr(x) dr.

Recalling that the p-Kantorovitch-Rubinstein-Wasserstein distance between Borel probabil-
ity measures with finite p-moment could be defined as

W p
p (µ, ν) := inf

{∫
Ω

‖X(ω)− Y (ω)‖p dP (ω) : (Ω, P ) probability space,

X, Y ∈ Lp((Ω, P ); Rn), X#P = µ, Y#P = ν

}
,(5)

we obtain the inequality

(6) W p
p (µs, µt) ≤ (t− s)p−1

∫ t

s

∫
Rn

‖vr(x)‖p dµr(x) dr.

and consequently

(7) |µ′|p(t) := lim
s→t

W p
p (µs, µt)

|t− s|p
≤
∫

Rn

‖vt(x)‖p dµt(x) for a.e. t ∈ (0, T )

(as we can see in the sequel of the paper, the above limit exists for a.e. t ∈ (0, T )).
When the vector field v satisfies only (2), the flow Xt associated to v, is, in general,

not defined and the representation (4) does not make sense. Nevertheless, another type of
representation, strictly linked to the previous one, is possible (see Theorem 8.2.1 in [AGS05]
and also the lecture notes of the CIME course [Amb05]): every continuous time dependent
Borel probability solution t 7→ µt of the continuity equation (1) satisfying (2) is representable
by means of a Borel probability measure η on the space of continuous functions C([0, T ]; Rn).
The measure η is concentrated on the set of the curves

{t 7→ Xt(x) : x ∈ Rn, X·(x) is an integral solution of (3) and

Ẋ·(x) ∈ Lp(0, T ; Rn)}.
Now the relation between η and µt is given by

(8) (et)#η = µt ∀t ∈ [0, T ],

where et : C([0, T ]; Rn)→ Rn denotes the evaluation map, defined by et(X·) := Xt, and the
push forward is defined by (et)#η(B) := η({X ∈ C([0, T ]; Rn) : Xt ∈ B}) for every Borel set
B of Rn. When (8) holds we say that η represents the curve µt.
This interpretation of the solution of the continuity equation, closed to the technique of
Young measures, turned out to be very useful in order to study uniqueness and stability
properties, in the case of low regularity of the velocity vector field vt (see [Amb04] and also
[ALS05]).
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Starting from this representation of the solution µt of (1) and taking into account the set on
which η is concentrated, it is not difficult to show that the estimate (7) still holds.

For the same curve t ∈ I 7→ µt there are many Borel vector fields satisfying (2) such that
(1) holds. A natural question is the following: does it exist a Borel vector field ṽ such that
the continuity equation (1) holds, and ṽ minimizes the p-energy Ep(v) defined in (2)? The
answer is positive and the minimizers are characterized by the fact that the equality holds
in (7). Moreover this minimizing vector field is unique and, thanks to the equality in (7), it
plays a role of tangent vector to the curve t 7→ µt.

This result holds even for separable Hilbert spaces ([AGS05] Theorem 8.3.1). In this pa-
per we extend it to separable reflexive Banach spaces satisfying the bounded approximation
property (see Definition 5.2), and to dual of separable Banach spaces, even considering solu-
tions without finite p-moment; both these results are in fact a direct consequence of a more
general property which holds in arbitrary separable and complete metric spaces and is inter-
esting by itself. Indeed, many papers have recently appeared dealing with various aspects
of measure metric spaces or, in particular, of Riemannian manifolds, strictly connected to
Kantorovitch-Rubinstein-Wasserstein distance (see [LV05a], [LV05b], [Stu05b], [Stu05c], in
metric measure spaces, and [WO05], [OV00], [Stu05a], [vRS05], [CEMS01]).

In a separable and complete metric space X, without additional structure, the continuity
equation does not make sense, but we can still define a metric notion of velocity and p-energy.
Given an absolutely continuous curve u : [0, T ]→ X (see the subsection 2.2 for the definition
and the property of a.e.-differentiability) the metric derivative of u is defined by

|u′|(t) := lim
s→t

d(u(s), u(t))

|t− s|
and exists for a.e. t ∈ [0, T ]. The p-energy of an absolutely continuous curve u : [0, T ]→ X
is defined by

Ep(u) :=

∫ T

0

|u′|p(t) dt.

We say that u has finite p-energy if Ep(u) < +∞.
As we have seen in the case X = Rn, the application t 7→ µt can be thought as a curve in

the metric space Pp(Rn) of Borel probability measures with finite p-moment, endowed with
the distance Wp defined in (5). The property (6) says that the curve t 7→ µt is absolutely
continuous, hence the metric derivative

|µ′|(t) = lim
s→t

Wp(µs, µt)

|t− s|
exists for a.e. t ∈ (0, T ), and, for (7) and (2), the p-energy of the curve µ,

Ep(µ) :=

∫ T

0

|µ′|p(t) dt

is finite.
Let us now try to give a brief account of the metric point of view. First of all, we recall

that in a separable and complete metric space X, the Kantorovitch-Rubinstein-Wasserstein
distance Wp, defined as in (5) (see also subsection 2.6), makes the space Pp(X), of the Borel
probability measures in X with finite p-moment, a separable and complete metric space too.
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In Theorem 3.2 we prove that, given an absolutely continuous curve with finite p-energy
t 7→ µt in the space Pp(X), t ∈ [0, T ], there exists a Borel probability measure η̃ on the space
C([0, T ];X) of the continuous curves in X, which is concentrated on the set of absolutely
continuous curves in X with finite p-energy. This measure η̃ represents the curve µ through
the relation

(9) (et)#η̃ = µt ∀t ∈ [0, T ].

Moreover, and this is the most important point, the following inequality holds

(10)

∫
C([0,T ];X)

|u′|p(t) dη̃(u) ≤ |µ′|p(t) for a.e. t ∈ (0, T ).

On the other hand, Theorem 3.1 states that if η is a Borel probability measure on the space
C([0, T ];X), concentrated on the set of the absolutely continuous curves with finite p-energy,
and ∫

C([0,T ];X)

∫ T

0

|u′|(t) dt dη(u) < +∞,

then the curve µt := (et)#η is absolutely continuous with finite p-energy in the space Pp(X)
and the opposite inequality holds

|µ′|p(t) ≤
∫
C([0,T ];X)

|u′|p(t) dη(u) for a.e. t ∈ (0, T ).

Then the equality holds in (10) and, consequently, the measure η̃ satisfies a sort of minimality
property.

Thanks to this result, in Banach spaces, it is possible to construct, by disintegrating η̃
with respect to et and denoting by η̃x the disintegrated measures η̃ = η̃x⊗µt, a Borel vector
field

ṽt(x) :=

∫
{u∈C([0,T ];X):u(t)=x}

u̇(t) dη̃x(u) for µt-a.e. x ∈ X,

satisfying the continuity equation and∫
X

‖ṽt(x)‖p dµt(x) = |µ′|p(t) for a.e. t ∈ (0, T ).

This assertion is proved in Section 5 also for measures µt without finite p-moment and for
dual spaces. For, Theorems 3.1 and 3.2 can be extended to pseudo metric spaces (where
the distance can also take the value +∞), so that they cover the case of the space of
Borel probability measures P(X) endowed with the Kantorovitch-Rubinstein-Wasserstein
distance, which is a pseudo metric space, if X is not bounded. Another field of application of
these results is relative to the theory of Monge-Kantorovitch in Wiener spaces (see [FÜ04],
[FÜ02]). The extension of Theorems 3.1 and 3.2 to pseudo metric spaces is possible since
all the results are expressed in terms of the metric derivative, and this concept involves
only the infinitesimal behaviour of the distance along the curve. It is also interesting to
note that if two (topologically equivalent) distances on the same space X induce the same
class of absolutely continuous curves and the same metric velocity, then the correspond-
ing Kantorovitch-Rubinstein-Wasserstein distances on P(X) enjoy the same property (see
Corollary 3.4).
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Another application of Theorems 3.1 and 3.2 provides a characterization of the geodesics of
the metric space Pp(X) in terms of the geodesics of the metric space X, under the hypothesis
that X is a geodesic space (i.e., for every couple of points of X there exists a minimizing
geodesic which joins the two points). This application is straightforward since the geodesics
are a particular class of absolutely continuous curves. The characterization of the geodesics
is stated in Theorem 4.2. A similar result was obtained in [LV05a] in the case of locally
compact complete length spaces. In our proof local compactness is not required.
We point out that a characterization of the geodesics of the space Pp(X) is also useful in
order to prove convexity along geodesics of functionals defined on Pp(X) (on this important
subject see e.g. [McC97] where the convex functionals in P2(Rn) was firstly studied and
[Stu05a], [LV05a]).
We also show that if X is a geodesic space, then Pp(X) is a geodesic space too. The
problem of existence of curves minimizing an energy functional, more general than the length
functional, in the space Pp(X), is studied in [BBS05].

As a final observation, we point out that in the setting of Banach spaces as in Section 5,
using the fact that Pp(X) is a geodesic space and the existence of the minimal vector field
ṽ, we recover the Benamou-Brenier formula (introduced, for numerical purposes, in [BB00]
in the case X = Rn, p = 2 and absolutely continuous measures with compact support)

W p
p (µ, ν) = min

{∫ 1

0

∫
X

‖vt(x)‖p dµt(x) dt : (µt,vt) ∈ A (µ, ν)

}
,

where A (µ, ν) is the set of the (µt,vt) such that t 7→ µt is continuous, µ0 = µ, µ1 = ν, and

vt is a Borel vector field satisfying
∫ 1

0

∫
X
‖vt(x)‖p dµt(x) dt < +∞, and ∂tµt + div(vtµt) = 0

(see the beginning of Section 5 for the notion of solution of the continuity equation in Banach
spaces). In Corollary 4.3 we give a metric version of this formula in geodesic metric spaces.

The paper is organized as follows:
in Section 2 we recall the main definitions and we state the preliminary results we need in
the sequel;
in Section 3 we state and prove our main results;
Section 4 is devoted to geodesics in the space Pp(X);
finally, in Section 5, we apply our results to the continuity equation in Banach spaces.
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2. Notation and preliminary results

2.1. Ambient space and continuous curves. In this paper the spaceX will be a complete
and separable metric space with metric d : X ×X → [0,+∞).
I := [0, T ], T > 0, is a compact interval of R and Γ := C(I;X) is the separable and complete
metric space of continuous curves in X, endowed with the metric of the uniform convergence
induced by d:

(11) d∞(u, ũ) = sup
t∈I

d(u(t), ũ(t)).
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2.2. Absolutely continuous curves in metric spaces and metric derivative. Let
(Y, d) be a metric space. We say that a curve u : I → Y belongs to ACp(I;Y ), p ≥ 1, if
there exists m ∈ Lp(I) such that

(12) d(u(s), u(t)) ≤
∫ t

s

m(r) dr ∀s, t ∈ I s ≤ t.

A curve u ∈ AC1(I;Y ) is called absolutely continuous in Y , and a curve u ∈ ACp(I;Y ), for
p > 1, is called absolutely continuous with finite p-energy.
The elements of ACp(I;Y ) satisfy the nice property of a.e. metric differentiability. Precisely
we have the following Theorem (see [AGS05] for the proof).

Theorem 2.1. If u ∈ ACp(I;Y ), p ≥ 1, then for L 1-a.e. t ∈ I there exists the limit

(13) lim
h→0

d(u(t+ h), u(t))

|h|
.

We denote the value of this limit by |u′|(t) and we call it metric derivative of u at the point
t. The function t 7→ |u′|(t) belongs to Lp(I) and

d(u(s), u(t)) ≤
∫ t

s

|u′|(r) dr ∀s, t ∈ I s ≤ t.

Moreover |u′|(t) ≤ m(t) for L 1-a.e. t ∈ I, for each m such that (12) holds.

Remark 2.2. WhenX is a Banach space satisfying the Radon-Nikodým property (see [DU77])
(resp. X is the dual of a separable Banach space) we have that
u ∈ ACp(I;X) if and only if

(i) u is differentiable for a.e. t ∈ I, (resp. u is weakly-∗ differentiable for a.e. t ∈ I)

(ii) u̇(t) := limh→0
u(t+h)−u(t)

h
∈ Lp(I;X),

(resp. u̇(t) := w∗ − limh→0
u(t+h)−u(t)

h
∈ Lpw∗(I;X))

(iii) u(t)− u(s) =
∫ t
s
u̇(r) dr ∀s, t ∈ I, s ≤ t.

Moreover we have

(14) ‖u̇(t)‖ = |u′|(t) for a.e. t ∈ I.
See for instance the Appendix of [Bré73] or [Amb95] and [AK00] for the proof. The integral
in (iii) is the Bochner integral (resp. the weak-* integral). We recall also that a reflexive
Banach space satisfies the Radon-Nikodým property.

Remark 2.3. If d : Y × Y → [0,+∞] satisfies all the usual axioms of the distance but can
also assume the value +∞, we call it pseudo distance 1 and the space (Y, d) pseudo metric
space. A pseudo distance induces on Y a topology (the topology generated by the open
balls) exactly as a distance and, defining

d̃(x, y) := d(x, y) ∧ 1,

1Often pseudo distance means a d : Y × Y → [0, +∞] which satisfies all the usual axioms of the distance,
except the property d(x, y) = 0 ⇔ y = x. In place of this property, it satisfies only d(x, x) = 0. We do not
consider this variant. In [Bou58] the application d is called écart.
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the space Ỹ := (Y, d̃) is a bounded metric space, topologically equivalent to Y.
We observe explicitly that C(I;Y ) = C(I; Ỹ ), the definition of absolutely continuous curves
in Y makes sense and Theorem 2.1 holds. Moreover, if u ∈ ACp(I;Y ) then d(u(t), u(s)) <

+∞ for every s, t ∈ I, and the metric derivative of u with respect to d̃ coincides with the
metric derivative of u with respect to d. Then it follows that ACp(I;Y ) = ACp(I; Ỹ ).

2.3. Lp(I;X) spaces. We say that a function u : I → X belongs to Lp(I;X), p ∈ [1,+∞)
if u is Lebesgue measurable and ∫ T

0

dp(u(t), x̄) dt < +∞

for some (and thus for every) x̄ ∈ X.
The metric space Lp(I;X) is the space of equivalence class (with respect to the equality a.e.)
of functions in Lp(I;X), endowed with the distance

dp(u, v) :=

(∫ T

0

dp(u(t), v(t)) dt

) 1
p

.

Since X is separable and complete, the space Lp(I;X) is separable and complete too.
We recall a compactness criterion in Lp(I;X) (it follows by Theorem 2, Proposition 1.10,
Remark 1.11 of [RS03] since the last two can be extended to Lp(I;X)).

Theorem 2.4. A family A ⊂ Lp(I;X) is precompact if A is bounded,

lim
h↓0

sup
u∈A

∫ T−h

0

dp(u(t+ h), u(t)) dt = 0,

and there exists a function ψ : X → [0,+∞] whose sublevels λc(ψ) := {x ∈ X : ψ(x) ≤ c}
are compact for every c ≥ 0, such that

(15) sup
u∈A

∫ T

0

ψ(u(t)) dt < +∞.

2.4. The Sobolev spaces W 1,p(I;X). In the finite dimensional case X = Rn it is well
known that the Sobolev spaces W 1,p(I; Rn), for p > 1 can be characterized by{

u ∈ Lp(I; Rn) : sup
0<h<T

∫ T−h

0

(∆hu(t))p dt < +∞
}
,

where ∆hu, for h ∈ (0, T ), denotes the differential quotient

∆hu(t) :=
|u(t+ h)− u(t)|

h
, t ∈ [0, T − h].

When X is a separable, complete metric space and p > 1, still denoting by ∆hu, for h ∈
(0, T ), the differential quotient

∆hu(t) :=
d(u(t+ h), u(t))

h
, t ∈ [0, T − h],
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we can define

(16) W 1,p(I;X) :=

{
u ∈ Lp(I;X) : sup

0<h<T

∫ T−h

0

(∆hu(t))p dt < +∞
}
.

The following Lemma shows that the spaces ACp(I;X) are strictly linked to the Sobolev
spaces W 1,p(I;X), as in the well known case X = R.

Lemma 2.5. Let p > 1. If u ∈ ACp(I;X) then (the equivalence class of) u ∈ W 1,p(I;X).
If u ∈ W 1,p(I;X) then there exists a unique continuous representative ũ ∈ C(I;X) (in
particular ũ(t) = u(t) for L 1-a.e. t ∈ I). Moreover ũ ∈ ACp(I;X) and the application
T : W 1,p(I;X)→ Γ defined by Tu = ũ is a Borel map.

Proof. The proof of first assertion can be carried out exactly as in the case X = R (see for
example [Bre83] Proposition VIII.3), by using

(∆hu(t))p ≤ 1

h

∫ t+h

t

|u′|p(r) dr.

Now we assume that u ∈ W 1,p(I;X) and we consider a sequence {yn}n∈N dense in X. Defining
un(t) := d(u(t), yn), the triangular inequality implies

(17) |un(t+ h)− un(t)| ≤ d(u(t+ h), u(t)).

The fact that u ∈ W 1,p(I;X) and p > 1 implies that un ∈ W 1,p(I) again for [Bre83]
Proposition VIII.3. Hence there exist ũn absolutely continuous such that ũn = un a.e. and
ũn is a.e. differentiable.
We introduce the negligible set

N =
⋃
n∈N

({t ∈ I : ũn(t) 6= un(t)} ∪ {t ∈ I : ũ′n(t) does not exists}),

and we define m(t) := supn |ũ′n(t)| for all t ∈ I \N. Clearly, by the density of {yn}, we have
for all t, s ∈ I \N , with s < t,

(18) d(u(t), u(s)) = sup
n
|ũn(t)− ũn(s)| ≤ sup

n

∫ t

s

|ũ′n(r)| dr ≤
∫ t

s

m(r) dr.

We show that m ∈ Lp(I). Actually, by (17), if t ∈ I \N then

(19) |ũ′n(t)| = lim
h→0

|ũn(t+ h)− ũn(t)|
|h|

≤ lim inf
h→0

|∆hu(t)|,

which implies m(t) ≤ lim infh→0 |∆hu(t)|. By Fatou’s Lemma and u ∈ W 1,p(I;X) we obtain

(20)

∫ T

0

|m(t)|p dt ≤ C.

(18) and Hölder’s inequality show that u : I \N → X is uniformly continuous, thus, by the
completeness of X, it admits a unique continuous extension ũ : I → X which also satisfies

(21) d(ũ(t), ũ(s)) ≤
∫ t

s

m(r) dr ∀t, s ∈ I, s < t,
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and then, for (20), ũ ∈ ACp(I;X).
We have thus proved that u ∈ ACp(I;X) if and only if u ∈ Γ and

sup0<h<1

∫ 1−h
0

(∆hu(t))p dt < +∞.
In order to prove that T is a Borel map, we observe that W 1,p(I;X) and ACp(I;X) are
Borel subsets of Lp(I;X) and Γ respectively, since the map

u 7→ sup
0<h<T

∫ T−h

0

dp(u(t+ h), u(t))

hp
dt

is lower semi continuous from Lp(I;X) to [0,+∞] and from Γ to [0,+∞].
Moreover T is an isometry from (W 1,p(I;X), dp) to (Γ, dp) and the thesis follows by observing
that the Borel sets of (Γ, d∞) coincides with the Borel sets of (Γ, dp). This last assertion is
a general fact: if Y is a separable and complete metric space (Polish space) and Yw is the
same space with an Hausdorff topology weaker than the original, then the Borel sets of Y
coincide with the Yw ones (see for instance [Sch73] Corollary 2, pag 101). �

2.5. Borel probability measures, narrow topology and tightness. Given a separable
metric space Y , we denote with P(Y ) the set of Borel probability measures on Y. We say
that a sequence µn ∈P(Y ) narrowly converges to µ ∈P(Y ) if

(22) lim
n→+∞

∫
Y

ϕ(y) dµn(y) =

∫
Y

ϕ(y) dµ(y) ∀ϕ ∈ Cb(Y ),

where Cb(Y ) is the space of continuous bounded real functions defined on Y.

It is well known that the narrow convergence is induced by a distance on P(Y ) (see
[AGS05]) and we call narrow topology the topology induced by this distance. In particular
the compact subsets of P(Y ) coincides with sequentially compact subsets of P(Y ).
We also recall that if µn ∈P(Y ) narrowly converges to µ ∈P(Y ) and ϕ : Y → (−∞,+∞]
is a lower semi continuous function bounded from below, then

(23) lim inf
n→+∞

∫
Y

ϕ(y) dµn(y) ≥
∫
Y

ϕ(y) dµ(y).

A subset T ⊂P(Y ) is said to be tight if

(24) ∀ε > 0 ∃Kε ⊂ Y compact : µ(Y \Kε) < ε ∀µ ∈ T ,

or, equivalently, if there exists a function ϕ : Y → [0,+∞] with compact sublevels λc(ϕ) :=
{y ∈ Y : ϕ(y) ≤ c}, such that

(25) sup
µ∈T

∫
Y

ϕ(y) dµ(y) < +∞.

The importance of tight sets is due to the following Theorem:

Theorem 2.6 (Prokhorov). Let Y be a separable and complete metric space. T ⊂ P(Y )
is tight if and only if it is relatively compact in P(Y ).
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2.5.1. Push forward of measures. If Y, Z are separable metric spaces, µ ∈ P(Y ) and F :
Y → Z is a Borel map, the push forward of µ through F, denoted by F#µ ∈P(Z), is defined
as follows:

(26) F#µ(B) := µ(F−1(B)) ∀B ∈ B(Z),

where B(Z) is the family of Borel subsets of Z. It is not difficult to check that this definition
is equivalent to

(27)

∫
Z

ϕ(z) d(F#µ)(z) =

∫
Y

ϕ(F (y)) dµ(y)

for every bounded Borel function ϕ : Z → R. More generally (27) holds for every F#µ-
integrable function ϕ : Z → R. We will often use this fact.
We recall the following composition rule: for every µ ∈ P(Y ), for every Borel maps F :
Y → Z, G : Z → W ,

(G ◦ F )#µ = G#(F#µ)

and the continuity property:

F : Y → Z continuous =⇒ F# : P(Y )→P(Z) narrowly continuous.

2.6. Kantorovitch-Rubinstein-Wasserstein distance. We fix p ≥ 1 and denote by
Pp(X) the space of Borel probability measures having finite p-moment, i.e.

(28) Pp(X) =

{
µ ∈P(X) :

∫
X

dp(x, x0) dµ(x) < +∞
}
,

where x0 ∈ X is an arbitrary point of X (clearly this definition does not depend on the
choice of x0). Notice also that this condition is always satisfied if the diameter of X is finite;
in this case Pp(X) = P(X).
Given µ, ν ∈P(X) we define the set of admissible plans Γ(µ, ν) as follows:

Γ(µ, ν) := {γ ∈P(X ×X) : π1
#γ = µ, π2

#γ = ν},

where π1(x, y) := x and π2(x, y) := y are the projections on the first and the second compo-
nent respectively.
The p-Kantorovitch-Rubinstein-Wasserstein distance between µ, ν ∈Pp(X) is defined by

(29) Wp(µ, ν) :=

(
min

{∫
X×X

dp(x, y) dγ(x, y) : γ ∈ Γ(µ, ν)

}) 1
p

.

Since Γ(µ, ν) is tight and µ ⊗ ν ∈ Γ(µ, ν) satisfies
∫
X×X d

p(x, y) dµ ⊗ ν(x, y) < +∞, the
existence of the minimum, in the above definition, is a consequence of standard Direct
Methods in Calculus of Variations.
We denote by

Γo(µ, ν) :=

{
γ ∈ Γ(µ, ν) :

∫
X×X

dp(x, y) dγ(x, y) = W p
p (µ, ν)

}
the set of optimal plans.
Being X separable and complete, Pp(X), endowed with the distance Wp, is a separable and
complete metric space too (see for instance [Vil03] and [AGS05]).
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Remark 2.7. If we take µ, ν ∈ P(X), without hypothesis on the moments, when X is
unbounded, Wp(µ, ν) can be equal to +∞ and Wp is a pseudo distance on P(X), according
to Remark 2.3. More generally, taking a pseudo distance d on X, the space P(X), endowed
with the pseudo distance Wp, is a pseudo metric space.

Remark 2.8 (Non separable spaces). It is possible to work with complete metric spaces, not
necessarily separable, considering the set of tight measures. Let X be a complete metric
space, we define the set of tight probability measures

Pτ (X) := {µ ∈P(X) : µ is tight}.
We have that µ ∈Pτ (X) if and only if suppµ is separable. Indeed if µ is tight there exists
a sequence of compacts Kn such that µ(X \ Kn) < 1

n
from which it follows that suppµ ⊂

∪n∈NKn and then is separable. The other implication follows by Prokorov’s Theorem.
On the other hand if µn ∈ Pτ (X) narrowly converges in P(X) to µ then µ ∈ Pτ (X)
because suppµ ⊂ ∪n∈N suppµn (see e.g. Proposition 5.1.8 of [AGS05]).
In the space Pτ (X), Wp is a complete pseudo distance. The completeness can be proved as
in [AGS05] by observing that a Cauchy sequence µn with respect to Wp in Pτ (X) can be
considered in P(∪n∈N suppµn) and ∪n∈N suppµn is a complete separable space.

3. Main theorems

In this section we state and prove our main result which is a characterization of absolutely
continuous curves with finite p-energy in the Wasserstein space Pp(X) as illustrated in the
introduction.

Before to state the results, we define, for every t ∈ I, the evaluation map et : Γ → X in
this way

(30) et(u) = u(t)

and notice that et is continuous.

Theorem 3.1. If η ∈P(Γ) is concentrated on ACp(I;X),
i.e. η(Γ \ ACp(I;X)) = 0, with p ∈ [1,+∞), such that

(31) µ0 := (e0)#η ∈Pp(X)

and

(32)

∫
Γ

∫ T

0

|u′|p(t) dt dη(u) < +∞,

(i.e.
∫

Γ
Ep(u) dη(u) < +∞) then the curve t 7→ µt := (et)#η belongs to ACp(I; Pp(X)).

Moreover for a.e. t ∈ I, |u′|(t) exists for η−a.e. u ∈ Γ and

(33) |µ′|p(t) ≤
∫

Γ

|u′|p(t) dη(u) for a.e. t ∈ I.

Proof. First of all we check that for a.e. t ∈ I, |u′|(t) exists for η−a.e. u ∈ Γ.
We set Λ := {(t, u) ∈ I×Γ : |u′|(t) does not exist} and we observe that Λ is a Borel subset of

I×Γ since the maps (t, u) 7→ d(u(t+h),u(t))
|h| are continuous from I×Γ to R for every h 6= 0. Since

η is concentrated on ACp(I;X), we have that for η-a.e. u ∈ Γ, L 1({t ∈ I : (t, u) ∈ Λ}) = 0
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and then Fubini’s Theorem implies that for a.e. t ∈ I, η({u ∈ Γ : (t, u) ∈ Λ}) = 0.
Now we prove that µt = (et)#η has finite p-moment for every t ∈ I. Given a point x̄ ∈ X,
we have ∫

X

dp(x, x̄) dµt(x) =

∫
Γ

dp(u(t), x̄) dη(u)

≤ 2p−1

∫
Γ

(dp(u(0), x̄) + dp(u(0), u(t))) dη(u)

≤ 2p−1

∫
Γ

(
dp(u(0), x̄) +

(∫ t

0

|u′|(r) dr
)p)

dη(u)

≤ 2p−1

∫
Γ

(
dp(u(0), x̄) +

∫ T

0

|u′|p(r) dr
)
dη(u)

and this is finite by (31) and (32).
Now we take s, t ∈ I with s < t and γs,t := (es, et)#η. Since γs,t ∈ Γ(µs, µt), by the definition
of Wp, the fact that η is concentrated on ACp(I;X), and Hölder’s inequality, we have

W p
p (µs, µt) ≤

∫
X×X

dp(x, y) dγs,t(x, y) =

∫
Γ

dp(es(u), et(u)) dη(u)

≤
∫

Γ

(∫ t

s

|u′|(r) dr
)p

dη(u) ≤
∫

Γ

|s− t|p−1

∫ t

s

|u′|p(r) dr dη(u)

= |s− t|p−1

∫ t

s

∫
Γ

|u′|p(r) dη(u) dr,(34)

where the last equality follows by (32) and Fubini-Tonelli Theorem.
The estimates (34) and (32) imply that µt is absolutely continuous. The thesis is now a
simple consequence of (34) and Lebesgue differentiation Theorem. �

Theorem 3.2. If µt is an absolutely continuous curve in Pp(X) with finite p-energy, p > 1,
i.e. µt ∈ ACp(I; Pp(X)), then there exists η̃ ∈P(Γ) such that

(i) η̃ is concentrated on ACp(I;X),
(ii) (et)#η̃ = µt ∀t ∈ I,

(iii)

|µ′|p(t) =

∫
Γ

|u′|p(t) dη̃(u) for a.e. t ∈ I.

Before to prove Theorem 3.2 we state and prove the extension of this result to pseudo
metric spaces and to P(X) according to Remarks 2.3 and 2.7.

Corollary 3.3. Let (X, d) be a pseudo metric space, separable and d-complete.
If η ∈P(Γ) is concentrated on ACp(I;X) with p ∈ [1,+∞), such that∫

Γ

∫ T

0

|u′|p(t) dt dη(u) < +∞,
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then the curve t 7→ µt := (et)#η belongs to ACp(I; (P(X),Wp)). Moreover for a.e. t ∈ I,
|u′|(t) exists for η−a.e. u and

|µ′|p(t) ≤
∫

Γ

|u′|p(t) dη(u) for a.e. t ∈ I.

If the curve t 7→ µt belongs to ACp(I; (P(X),Wp)), with p > 1, then there exists η̃ ∈P(Γ)
such that (i), (ii), (iii) of Theorem 3.2 hold.

Proof of Corollary 3.3. The proof of the first part is exactly the proof of Theorem 3.1 since
the hypothesis (31) was only needed in order to ensure that the p-moment of µt is finite.
In order to prove the second part we take into account the Remark 2.3. We define

d̃(x, y) := d(x, y) ∧ 1,

and we denote by X̃ the bounded metric space (X, d̃), topologically equivalent to X. Then
P(X) = P(X̃) = Pp(X̃) and ACp(I;X) = ACp(I; X̃), since the metric derivative with

respect to d coincides with the metric derivative with respect to d̃. Denoting by W̃p the

Wasserstein distance with respect to d̃, we have that W̃p(µ, ν) ≤ Wp(µ, ν).

If µt ∈ ACp(I; P(X)), then µt ∈ ACp(I; Pp(X̃)) and, applying Theorem 3.2, we can find

η̃ ∈P(Γ) concentrated on ACp(I; X̃) = ACp(I;X) such that∫
Γ

|u′|p(t) dη̃(u) = |µ′|p
W̃p

(t) for a.e. t ∈ I

where |µ′|W̃p
(t) denotes the metric derivative with respect to the distance W̃p.

Applying the first part of this Corollary to η̃ we obtain

(35) |µ′|p(t) ≤
∫

Γ

|u′|p(t) dη̃(u) = |µ′|p
W̃p

(t) ≤ |µ′|p(t)

for a.e. t ∈ I, which completes the proof. �

Reasoning as in the proof of the above corollary we can prove the following corollary,
interesting by itself.

Corollary 3.4. If X1 := (X, d1), X2 := (X, d2) are two topologically equivalent, separable
and complete pseudo metric spaces, such that ACp(I;X1) = ACp(I;X2) and for every u ∈
ACp(I;Xi), i = 1, 2 it holds

|u′|d1(t) = |u′|d2(t) for a.e. t ∈ I,

then ACp(I; (P(X),Wp,d1)) = ACp(I; (P(X),Wp,d2)) and for every µ ∈ ACp(I; (P(X),Wp,di
)),

i = 1, 2 it holds

|µ′|Wp,d1
(t) = |µ′|Wp,d2

(t) for a.e. t ∈ I.

Remark 3.5. By using Corollary 2, (pag. 101) of [Sch73], the Corollary 3.4 can be proved
even when the topology induced by one of the distances is weaker than the other one.

In the case of a complete but non separable metric space, Theorem 3.2 can be stated
considering the set of tight measures as in Remark 2.8.
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Corollary 3.6. Let (X, d) be a complete metric space (in general non separable).
If the curve t 7→ µt belongs to ACp(I; (Pτ (X),Wp)), with p > 1, then there exist a closed
separable subspace X0 ⊂ X and a measure η̃ ∈ P(C(I;X0)) such that suppµt ⊂ X0 for
every t ∈ I and (i), (ii), (iii) of Theorem 3.2 hold.

Proof. It is sufficient to apply the second part of Corollary 3.3 in the separable complete
metric space

X0 := ∪s∈Q∩I suppµs,

by observing that suppµt ⊂ X0 for every t ∈ I. Indeed for t ∈ I we take a sequence tn ∈ Q∩I
convergent to t, by the narrow continuity of the curve µ, µtn narrowly converges to µt and
then, recalling Remark 2.8, we have suppµt ⊂ X0. �

Proof of Theorem 3.2. We prove the theorem in the particular case T = 1, i.e. I = [0, 1].
Obviously it is not restrictive.

For any integer N ≥ 1, we divide the unitary interval I in 2N equal parts, and we denote
the nodal points by

ti :=
i

2N
i = 0, 1, . . . , 2N .

We also denote by Xi, with i = 0, 1, . . . , 2N , 2N + 1 copies of the same space X and define
the product space

XN := X0 ×X1 × . . .×X2N .

Choosing optimal plans

γiN ∈ Γo(µti , µti+1) i = 0, 1, . . . , 2N − 1,

there exists (see, for example, Lemma 5.3.2 and Remark 5.3.3 of [AGS05]) γN ∈ P(XN)
such that

πi#γN = µti and πi,i+1
# γN = γiN ,

where we denoted by πi : XN → Xi the projection on the i-th component and by πi,j :
XN → Xi ×Xj the projection on the (i, j)-th component.
We define σ : x = (x0, . . . , x2N ) ∈XN → σx ∈ Lp(I;X) by

σx(t) := xi if t ∈ [ti, ti+1),

and we also set

ηN := σ#γN ∈P(Lp(I;X)).

Step 1. (Tightness of {ηN}N∈N) In order to obtain the existence of a narrow limit point
η of the sequence {ηN}N∈N, by Prokhorov’s theorem, it is sufficient to prove its tightness
by exhibiting a function Φ : Lp(I;X) → [0,+∞] whose sublevels λc(Φ) := {u ∈ Lp(I;X) :
Φ(u) ≤ c} are compact in Lp(I;X) for any c ∈ R+, and

(36) sup
N∈N

∫
Lp(I;X)

Φ(u) dηN(u) < +∞.

First of all we observe that A := {µt : t ∈ I} is compact (because it is a continuous image
of a compact) in Pp(X) and consequently in P(X). In particular A is bounded in Pp(X)
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and then, given a point x̄ ∈ X, there exists C1 such that

(37)

∫
X

dp(x, x̄) dµt(x) = W p
p (µt, δx̄) ≤ C1 ∀t ∈ I.

Since, by Prokhorov’s Theorem, A is tight there exists ψ : X → [0,+∞] whose sublevels
λc(ψ) := {x ∈ X : ψ(x) ≤ c} are compact in X for any c ∈ R+, such that

(38) C2 := sup
t∈I

∫
X

ψ(x) dµt(x) < +∞.

We define Φ : Lp(I;X)→ [0,+∞] as follows

Φ(u) :=

∫ 1

0

dp(u(t), x̄) dt+

∫ 1

0

ψ(u(t)) dt+ sup
0<h<1

∫ 1−h

0

dp(u(t+ h), u(t))

h
dt,

where x̄ is a given point of X.
The compactness of λc(Φ) in Lp(I;X) is immediate since the hypotheses of Theorem 2.4 are
satisfied, and Φ is lower semi continuous by a simple application of Fatou’s Lemma.

The proof of (36) requires some computations.
As a first step we show that

sup
N∈N

∫
Lp(I;X)

∫ 1

0

(dp(u(t), x̄) + ψ(u(t))) dt dηN(u) < +∞.

By (37) and (38)∫
Lp(I;X)

∫ 1

0

dp(u(t), x̄) + ψ(u(t)) dt dηN(u) =

=

∫ 1

0

∫
XN

dp(σx(t), x̄) + ψ(σx(t)) dγN(x) dt

=
2N−1∑
i=0

∫ ti+1

ti

∫
X

dp(x, x̄) + ψ(x) dµti(x) dt

=
1

2N

2N−1∑
i=0

∫
X

dp(x, x̄) + ψ(x) dµti(x)

≤ 1

2N

2N−1∑
i=0

(C1 + C2) = C1 + C2.

As a second step we show that

(39) sup
N∈N

∫
Lp(I;X)

sup
0<h<1

∫ 1−h

0

dp(u(t+ h), u(t))

h
dt dηN(u) < +∞.

In order to prove (39), we show that if x ∈XN then

(40) sup
0<h<1

∫ 1−h

0

dp(σx(t+ h), σx(t))

h
dt ≤

(
2p +

(2N)p

2N − 1

) 2N−1∑
i=0

dp(xi, xi+1).
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If h < 1/2N then∫ 1−h

0

dp(σx(t+ h), σx(t)) dt =
2N−2∑
i=0

∫ ti+1

ti
dp(σx(t+ h), σx(t)) dt

= h

2N−2∑
i=0

dp(xi, xi+1)

since σx(t+ h) = σx(t) if t ∈ [ti, ti+1 − h).
If 1/2N ≤ h < 1 we take the integer k ≥ 1 such that

(41)
k

2N
≤ h <

k + 1

2N
,

so that the triangular inequality yields

d(σx(t+ h), σx(t)) ≤
k∑
i=0

d(σx(t+ ti+1), σx(t+ ti)),

and, using Holder’s discrete inequality,

dp(σx(t+ h), σx(t)) ≤ (k + 1)p−1

k∑
i=0

dp(σx(t+ ti+1), σx(t+ ti)).

Then ∫ 1−h

0

dp(σx(t+ h), σx(t)) dt ≤
∫ 1−tk

0

dp(σx(t+ h), σx(t)) dt

≤
∫ 1−tk

0

(k + 1)p−1

k∑
i=0

dp(σx(t+ ti+1), σx(t+ ti)) dt

= (k + 1)p−1

k∑
i=0

1

2N

2N−k−1∑
j=0

dp(xi+j+1, xi+j)(42)

and, observing that, in (42), dp(xj+1, xj) is counted at most k + 1 times, we have

(43)

∫ 1−h

0

dp(σx(t+ h), σx(t)) dt ≤ (k + 1)p

2N

2N−1∑
j=0

dp(xj+1, xj).

Using (41) we obtain∫ 1−h

0

dp(σx(t+ h), σx(t)) dt ≤ h
(k + 1)p

k

2N−1∑
j=0

dp(xj+1, xj).

Since the function λ 7→ (λ+1)p

λ
is increasing in the interval (1/(p − 1),+∞), decreasing in

(0, 1/(p− 1) and 1 ≤ k ≤ 2N − 1 we have

(k + 1)p

k
≤

{
2p if k ≤ 1

p−1
(2N )p

2N−1
if k > 1

p−1
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and (40) is proved.
Since ∫

XN

2N−1∑
i=0

dp(xi, xi+1) dγN(x) =
2N−1∑
i=0

W p
p (µti , µti+1)

≤
2N−1∑
i=0

(∫ ti+1

ti
|µ′|(t) dt

)p

≤ 1

(2N)p−1

2N−1∑
i=0

∫ ti+1

ti
|µ′|p(t) dt

=
1

(2N)p−1

∫ 1

0

|µ′|p(t) dt(44)

we have, taking into account (40),∫
Lp(I;X)

sup
0<h<1

∫ 1−h

0

dp(u(t+ h), u(t))

h
dt dηN(u) ≤ (2p + 2)

∫ 1

0

|µ′|p(t) dt

which is finite because |µ′| ∈ Lp(I).
Then there exist η ∈ P(Lp(I;X)) and a subsequence Nk such that ηNk

→ η narrowly in
P(Lp(I;X)) if k → +∞.

Step 2. (η is concentrated on W 1,p(I;X)) Let us define the sequence of lower semi
continuous functions fN : Lp(I;X)→ [0,+∞] as follows

fN(u) := sup
1/2N≤h<1

∫ 1−h

0

dp(u(t+ h), u(t))

hp
dt;

clearly they satisfy the monotonicity property

(45) fN(u) ≤ fN+1(u) ∀u ∈ Lp(I;X).

We prove that

(46)

∫
Lp(I;X)

fN(u) dηN(u) ≤ C.

We fix 1/2N ≤ h < 1 and take the integer k ≥ 1 as in (41). From (43) and

(47)
1

2N
≤ (2N)p−1h

p

kp

which is the first inequality of (41) rewritten, it follows that∫ 1−h

0

dp(σx(t+ h), σx(t)) dt ≤ hp
(k + 1)p

kp
(2N)p−1

2N−1∑
j=0

dp(xj+1, xj)

which implies

sup
1/2N≤h<1

∫ 1−h

0

dp(σx(t+ h), σx(t))

hp
dt ≤ 2p(2N)p−1

2N−1∑
j=0

dp(xj+1, xj).
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Integrating and using (44) we obtain (46) with C := 2p
∫ 1

0
|µ′|p(t) dt.

By (45) and (46) we have that

(48)

∫
Lp(I;X)

fN(u) dηNk
(u) ≤ C

for every k such that Nk ≥ N.
The lower semi continuity of fN , (23) and the bound (48) yield∫

Lp(I;X)

fN(u) dη(u) ≤ C ∀N ∈ N,

and consequently, by monotone convergence Theorem, we have that∫
Lp(I;X)

sup
N∈N

fN(u) dη(u) ≤ C,

and

(49) sup
N∈N

fN(u) < +∞ for η − a.e. u ∈ Lp(I;X).

Since

sup
N∈N

fN(u) = sup
0<h<1

∫ 1−h

0

dp(u(t+ h), u(t))

hp
dt,

(49) shows that η is concentrated on W 1,p(I;X) by it’s very definition (16).
Recalling that W 1,p(I;X) is a Borel subset of Lp(I;X), the measure η can be considered

as a Borel measure on W 1,p(I;X), i.e. η ∈P(W 1,p(I;X)).
Thanks to Lemma 2.5 we can define

η̃ := T#η ∈P(Γ)

which is concentrated, by definition, on ACp(I;X).
Step 3. (Proof of (ii) and (iii)) In order to prove (iii), we show preliminarily that for

all s1, s2 ∈ I, s1 < s2, we have

(50)

∫
Lp(I;X)

∫ s2

s1

dp(u(t+ h), u(t))

hp
dt dη(u) ≤

∫ s2+h

s1

|µ′|p(t) dt

for every h ∈ (0, 1− s2).
We fix h ∈ (0, 1 − s2) and for every N ∈ N such that 1

2N ≤ h we take k ≥ 1 such that (41)
holds. Setting

sN1 :=
j̄

2N
:= max

{
j

2N
:
j

2N
≤ s1

}
, sN2 :=

ī

2N
:= min

{
j

2N
:
j

2N
≤ s1

}
,

and reasoning as in the proof of (43) we obtain∫ s2

s1

dp(σx(t+ h), σx(t)) dt ≤ (k + 1)p

2N

ī+k∑
j=j̄

dp(xj+1, xj)



CHARACTERIZATION OF ABSOLUTELY CONTINUOUS CURVES IN WASSERSTEIN SPACES 19

and by (47) ∫ s2

s1

dp(σx(t+ h), σx(t)) dt ≤ hp
(k + 1)p

kp
(2N)p−1

ī+k∑
j=j̄

dp(xj+1, xj).

Integrating we obtain∫
Lp(I;X)

∫ s2

s1

dp(u(t+ h), u(t))

hp
dt dηN(u) ≤

(
k + 1

k

)p ∫ sN
2 +h

sN
1

|µ′|p(t) dt

from which (50) follows passing to the limit for N → +∞.
Clearly we have∫

Lp(I;X)

∫ s2

s1

dp(u(t+ h), u(t))

hp
dt dη(u) =

=

∫
W 1,p(I;X)

∫ s2

s1

dp(Tu(t+ h), Tu(t))

hp
dt dη(u)

=

∫
Γ

∫ s2

s1

dp(ũ(t+ h), ũ(t))

hp
dt dη̃(ũ).

By this last relation and (50), by Fatou’s Lemma and the fact that η̃ is concentrated on
ACp(I;X), letting h going to 0, we obtain

(51)

∫
Γ

∫ s2

s1

|u′|p(t) dt dη̃(u) ≤
∫ s2

s1

|µ′|p(t) dt

for every s1, s2 ∈ I such that s1 < s2. By Fubini and Lebesgue differentiation Theorems,
(51) yields

(52)

∫
Γ

|u′|(t)p dη̃(u) ≤ |µ′|p(t) for a.e. t ∈ I.

In order to show (ii) we prove that for every t ∈ I,

(53)

∫
Γ

ϕ(u(t)) dη̃(u) =

∫
X

ϕ(x) dµt(x) ∀ϕ ∈ Cb(X).

We fix ϕ ∈ Cb(X) and we observe that the function

g(t) :=

∫
X

ϕ(x) dµt(x)

is uniformly continuous in I, consequently the sequence of piecewise constant functions

gN(t) := g(ti) =

∫
X

ϕ(x) dµti(x) if t ∈ [ti, ti+1),

converges uniformly to g in I when N → +∞. Then, for every test function ζ ∈ Cb(I), we
have that

(54) lim
N→+∞

∫ 1

0

ζ(t)gN(t) dt =

∫ 1

0

ζ(t)g(t) dt.



CHARACTERIZATION OF ABSOLUTELY CONTINUOUS CURVES IN WASSERSTEIN SPACES 20

On the other hand∫ 1

0

ζ(t)gN(t) dt =

∫ 1

0

ζ(t)

∫
Lp(I;X)

ϕ(u(t)) dηN(u) dt

=

∫
Lp(I;X)

∫ 1

0

ζ(t)ϕ(u(t)) dt dηN(u).

Since the map

u 7→
∫ 1

0

ζ(t)ϕ(u(t)) dt

is continuous and bounded from Lp(I;X) to R, then by the narrow convergence of ηNk
we

have

lim
k→+∞

∫
Lp(I;X)

∫ 1

0

ζ(t)ϕ(u(t)) dt dηNk
(u) =

∫
Lp(I;X)

∫ 1

0

ζ(t)ϕ(u(t)) dt dη(u).

By Fubini’s Theorem and the definition of η̃,∫
Lp(I;X)

∫ 1

0

ζ(t)ϕ(u(t)) dt dη(u) =

∫
Γ

∫ 1

0

ζ(t)ϕ(u(t)) dt dη̃(u)

=

∫ 1

0

ζ(t)

∫
Γ

ϕ(u(t)) dη̃(u) dt.

By the uniqueness of the limit then∫ 1

0

ζ(t)

∫
Γ

ϕ(u(t)) dη̃(u) dt =

∫ 1

0

ζ(t)

∫
X

ϕ(x) dµt(x) dt ∀ζ ∈ Cb(I),

from which

(55)

∫
Γ

ϕ(u(t)) dη̃(u) =

∫
X

ϕ(x) dµt(x) for a.e. t ∈ I.

The applications t 7→
∫
X
ϕ(x) dµt(x) and t 7→

∫
Γ
ϕ(u(t)) dη̃(u) are continuous because the

applications t ∈ I 7→ µt ∈ P(X) and t ∈ I 7→ (et)#η̃ ∈ P(X) are narrowly continuous
(recall that et : Γ→ X is continuous). Then (55) is true for every t ∈ I and (53) is proved.

Finally, by (52) and (33) of Theorem 3.1 applied to η̃ we obtain (iii). �

4. Application: Wasserstein geodesics

In this section we apply Theorem 3.2 in order to give a characterization of the geodesics
of the metric space (Pp(X),Wp) in terms of the geodesics of the space (X, d), under the
further assumption that (X, d) is a length space.

In this section I denotes the unitary interval [0, 1].

Recalling that the length of u ∈ AC(I;X) is defined by L(u) :=
∫ 1

0
|u′|(t) dt, we say that

X is a length space if for every x, y ∈ X,
(56) d(x, y) = inf{L(u) : u ∈ AC(I;X), u(0) = x, u(1) = y}
and X is a geodesic space if for every x, y ∈ X, the inf in (56) is a minimum, i.e. there exists
u ∈ AC(I;X) such that

(57) u(0) = x, u(1) = y, d(x, y) = L(u).
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We call u satisfying (57) minimizing geodesic of X. A curve u : I → X satisfying

(58) d(u(t), u(s)) = |t− s|d(u(0), u(1)) ∀s, t ∈ I
is called constant speed minimizing geodesic.
If u is a constant speed minimizing geodesic then it is a minimizing geodesic, since |u′|(t) =
d(u(0), u(1)) for every t ∈ I. Conversely every minimizing geodesic can be reparametrized in
such a way (58) holds.
We define the set

G := {u : I → X : u is a constant speed minimizing geodesics of X}
and we observe that it is immediate to check that G is a closed subset of Γ.
The following property will be useful: u ∈ G, for p > 1, if and only if

(59)

∫ 1

0

|u′|p(t) dt ≤ dp(u(0), u(1)).

Indeed if u ∈ G then the equality holds in (59). Conversely if u 6∈ G then |u′| is not constant

and the strict convexity of α 7→ |α|p yields
∫ 1

0
|u′|p(t) dt > dp(u(0), u(1)). In other words, the

elements of G are the unique minimizers of the p-energy.

Proposition 4.1. If X is a length (resp. geodesic) space then Pp(X) is a length (resp.
geodesic) space too.

Proof. First of all we define the Lipschitz constant Lip : Γ→ [0,+∞] as

Lip(u) = sup
s,t∈I,s 6=t

d(u(s)), d(u(t))

|s− t|
and we observe that Lip is a lower semi continuous function. Moreover for every u ∈
AC(I;X) we have that |u′|(t) ≤ Lip(u) for a.e. t ∈ I. We say that u is a Lipschitz curve if
Lip(u) < +∞.

We recall that (see for instance [AGS05]) every u ∈ AC(I;X) of length L(u) can be
reparametrized in such a way that Lip(u) = L(u) = |u′|(t) for a.e. t ∈ I.

We take µ, ν ∈Pp(X) and an optimal plan γ ∈ Γo(µ, ν).
We fix ε > 0 and we define the multi-valued application Σε : X ×X → 2C(I;X) as follows:

Σε(x, y) := {u ∈ AC(I;X) : u(0) = x, u(1) = y, d(x, y) + ε ≥ Lip(u)}.
Since X is a length space Σε(x, y) is not empty. Indeed taking uε ∈ AC(I;X) such that
uε(0) = x, uε(1) = y and d(x, y) + ε ≥ L(uε), then the reparametrization of uε satisfying
Lip(u) = L(u) belongs to Σε(x, y). In order to obtain a γ-measurable selection of the multi-
function Σε we can apply Aumann’s selection Theorem (see Theorem III.22 of [CV77]). For
this application it is sufficient to show that the graph of Σε, defined by

G(Σε) := {(x, y, u) ∈ X ×X × C(I;X) : u ∈ Σε(x, y)}
is Borel measurable. This is true since G(Σε) is closed. Indeed, taking (xn, yn, un) ∈ G(Σε)
convergent to (x, y, u), d(xn, x) → 0, d(yn, y) → 0 and d∞(un, u) → 0 by the uniqueness of
the limit we obtain that u(0) = x and u(1) = y. Moreover, using the lower semi continuity
of the Lipschitz constant, we can pass to the limit in d(xn, yn) + ε ≥ Lip(un) obtaining that
d(x, y) + ε ≥ Lip(u), which yields that u is a Lipschitz curve and then u ∈ AC(I;X).
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Denoting by Sε : X ×X → Γ this measurable selection, we observe that it is well defined
the measure

η := (Sε)#γ ∈P(Γ).

The curve

µt := (et)#η, t ∈ I,
satisfies µ0 = µ, µ1 = ν and

Wp(µ, ν) + ε ≥
∫ 1

0

|µ′|(t) dt.

Indeed, applying Theorem 3.1 to η we obtain∫ 1

0

|µ′|(t) dt ≤
∫ 1

0

∫
Γ

|u′|(t) dη(u) dt ≤
∫ 1

0

∫
Γ

Lip(u) dη(u) dt

=

∫
Γ

Lip(u) dη(u) ≤
∫
X×X

(d(x, y) + ε) dγ(x, y)

≤
(∫

X×X
dp(x, y) dγ(x, y)

) 1
p

+ ε

which concludes the proof in the case of a length space X. When X is a geodesic space the
proof works with ε = 0. �

A consequence of Theorem 3.2 is the following characterization of geodesics.

Theorem 4.2. Let X be a separable and complete length space.
A curve µt is a constant speed minimizing geodesic of Pp(X) if and only if there exists
η ∈P(Γ) such that

(i) η is concentrated on G,
(ii) (et)#η = µt ∀t ∈ I,

(iii) W p
p (µ0, µ1) =

∫
Γ
dp(u(0), u(1)) dη(u).

We observe explicitly that if (i), (ii), (iii) hold then

W p
p (µs, µt) =

∫
Γ

dp(u(s), u(t)) dη(u), ∀ s, t ∈ I,

that is γt,s := (et, es)#η ∈ Γo(µt, µs).

Proof. Let µt be a constant speed minimizing geodesic of Pp(X) and let η be given by
Theorem 3.2 applied to µt. We have only to check (i) and (iii).
By (iii) of Theorem 3.2 and the fact that µt is a constant speed geodesic, we have∫

Γ

dp(u(0), u(1)) dη(u) ≥ W p
p (µ0, µ1) =

∫ 1

0

|µ′|p(t) dt=

∫ 1

0

∫
Γ

|u′|p(t) dη(u) dt

=

∫
Γ

∫ 1

0

|u′|p(t) dt dη(u) ≥
∫

Γ

dp(u(0), u(1)) dη(u)

which shows that η is concentrated on G, by (59), and (iii) holds.
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Conversely, we assume that (i), (ii), (iii) hold. Setting γt,s := (et, es)#η ∈ Γ(µt, µs), for
t, s ∈ I, and using the fact that η is concentrated on G, we obtain

W p
p (µt, µs) ≤

∫
X×X

dp(x, y) dγt,s(x, y) =

∫
Γ

dp(u(t), u(s)) dη(u)

= |t− s|p
∫

Γ

dp(u(0), u(1)) dη(u) = |t− s|p
∫
X×X

dp(x, y) dγ(x, y)

= |t− s|pW p
p (µ0, µ1).

The triangular inequality shows that the above inequality cannot be strict. �

The following Corollary is a metric generalization of the Benamou-Brenier formula.

Corollary 4.3. Let X be a separable and complete geodesic space. Then for every µ, ν ∈
Pp(X) we have

W p
p (µ, ν) = min

{∫ 1

0

∫
Γ

|u′|p(t) dη(u) dt : η ∈ A (µ, ν)

}
,

where the set of admissible measures is A (µ, ν) := {η ∈ P(Γ) : η(Γ \ ACp(I;X)) =
0, (e0)#η = µ, (e1)#η = ν,

∫
Γ
Ep(u) dη(u) < +∞}.

Proof. Corollary 3.3 shows that

W p
p (µ, ν) ≤

∫ 1

0

∫
Γ

|u′|p(t) dη(u) dt

for every η ∈ A (µ, ν). Since, by Proposition 4.1, Pp(X) is a geodesic space, taking µt a
constant speed minimizing geodesic such that µ0 = µ and µ1 = ν, the measure η given by
Theorem 4.2 is admissible and realizes the equality. �

Remark 4.4. A sufficient condition on X, ensuring that a length space X is a geodesic space,
is that all the closed balls of X are compact and any two points of X can be connected by
an absolutely continuous curve (see e.g. [AT04]).
A more general condition, which replaces the compactness of the closed balls, is that there
exists another topology τ on X, weaker than the topology induced by the metric, such that
d is lower semi continuous with respect to τ and all d-bounded subsets of X are precompact
in the topology τ . The sufficiency of this condition can be proved using the same arguments
of the proof of Proposition 3.3.1 of [AGS05].

5. Application: the continuity equation in Banach spaces

We consider a separable Banach space (X, ‖·‖) satisfying the Radon-Nicodým property
(resp. the dual X = E∗ of a separable Banach space E). Through this section we treat the
separable case pointing out, inside brackets, the necessary changes for the dual case. The
norm ‖·‖ denotes the norm in X in both cases and the norm ‖·‖∗ denotes the norm of X∗ in
the separable case and the norm of E in the dual case. According to Remark 2.8 we work
in the space Pτ (X), observing that in the separable case Pτ (X) = P(X).
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In this section we denote by I the closed interval [0, T ] and we fix the exponent p > 1.
Given a narrowly continuous curve µ : I → Pτ (X), t 7→ µt, we can associate to it the
probability measure µ̄ ∈Pτ (I ×X) defined by∫

I×X
ϕ(t, x) dµ̄(t, x) :=

∫ T

0

∫
X

ϕ(t, x) dµt(x) dt

for every bounded Borel function ϕ : I ×X → R. We say that a time dependent vector field
v : I × X → X belongs to Lp(µ̄;X) (resp. Lpw∗(µ̄;X)) if v is µ̄ Bochner integrable (resp.
if v is weakly-* µ̄ measurable, i.e. for every f ∈ E the maps ϕf (t, x) := 〈vt(x), f〉 are µ̄
measurable) and

∫
I×X ‖vt(x)‖p dµ̄(t, x) is finite (see e.g. [DU77] for the definition and the

properties of the Bochner integral and of the weak-* integral (or Gelfand integral), here we
recall only that the weak-* integral of v is defined by〈∫

I×X
vt(x) dµ̄(t, x), f

〉
=

∫
I×X
〈vt(x), f〉 dµ̄(t, x) ∀f ∈ E).

We say that (µ,v), where µ is narrowly continuous and v ∈ Lp(µ̄;X) satisfies the continuity
equation

(60) ∂tµt + div(vtµt) = 0

if the relation

(61)
d

dt

∫
X

φ dµt =

∫
X

〈Dφ,vt〉 dµt ∀φ ∈ C1
b (X) (resp. ∀φ ∈ C1

b∗(X))

holds in the sense of distributions in (0, T ); here C1
b (X) denotes the space of functions

φ : X → R such that φ is bounded, Fréchet differentiable, and the application Dφ : X →
X∗ is continuous and bounded (in all this paragraph D denotes the Fréchet differential),
whereas C1

b∗(X) denotes the space of functions φ : X → R such that φ is bounded, Fréchet
differentiable and the application Dφ : X → X∗ is continuous, bounded and, for every
x ∈ X, Dφ(x) ∈ E ⊂ E∗∗. Here E is identified with the image of the canonical injection of
E in E∗∗.
We define the following set,

ECp(X) :=
{

(µ,v) : µ : I →Pτ (X) is narrowly continuous, v ∈ Lp(µ̄;X),

(resp. v ∈ Lpw∗(µ̄;X)), (µ,v) satisfies the continuity equation
}
.

In the space Pτ (X) we always use the pseudo distance Wp.

Theorem 5.1. If µ ∈ ACp(I; Pτ (X)) then there exists a vector field w : I ×X → X such
that (µ,w) ∈ ECp(X) and

(62) ‖wt‖Lp(µt;X) ≤ |µ
′|(t) for a.e. t ∈ I.

Proof. In order to carry out the proof for both cases we put X0 = X and Γ0 = Γ in the
separable case, whereas in the dual case we take X0 a separable Banach space X0 ⊂ X
containing the support of every µt, and Γ0 := C(I;X0). Let η := η̃ ∈ P(Γ0) be given by
Corollary 3.3 (resp. η := η̃ ∈P(Γ0) given by Corollary 3.6). We denote by η̄ ∈P(I×Γ0) the
measure η̄ := 1

T
L 1
|I⊗η. Defining the evaluation map e : I×Γ0 → I×X0 by e(t, u) = (t, et(u)),

it is immediate to check that e#η̄ = µ̄.
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The disintegration of η̄ with respect to e yields a Borel family of probability measures η̄t,x
on Γ0 concentrated on {u : et(u) = x} such that for every ϕ : I × Γ0 → R, ϕ ∈ L1(η̄), we
have

(63) u 7→ ϕ(t, u) ∈ L1(η̄t,x) for µ̄-a.e. (t, x) ∈ I ×X0,

(64) (t, x) 7→
∫

Γ0

ϕ(t, u) dη̄t,x(u) ∈ L1(µ̄),

∫
I×Γ0

ϕ(t, u) dη̄(t, u) =

∫
I×X0

∫
Γ0

ϕ(t, u) dη̄t,x(u) dµ̄(t, x)

and the measures η̄t,x are uniquely determined for µ̄-a.e. (t, x) ∈ I ×X0.

We denote by u̇(t) := limh→0
u(t+h)−u(t)

h
the pointwise derivative of the curve u (resp.

u̇(t) := w∗− limh→0
u(t+h)−u(t)

h
the weak-* derivative of the curve u, and we observe explicitly

that, in general, X0 is not weakly-* closed and then u̇(t) ∈ X), which is defined L 1- almost
everywhere when u is absolutely continuous (see Remark 2.2).
We observe that the set

A := {(t, u) ∈ I × Γ0 : u̇(t) exists}

(resp. A := {(t, u) ∈ I × Γ0 : u̇(t) exists, |u′|(t) exists, ‖u̇(t)‖ = |u′|(t)})
is a Borel set and η̄(Ac) = 0. Indeed, defining, for h 6= 0, the continuous functions gh :

I × Γ → X0, by gh(t, u) = u(t+h)−u(t)
h

, (in the definition of gh we extend the functions u
outside of I by u(s) = u(0) for s < 0 and u(s) = u(T ) for s > T ), the completeness of X0

yields that

Ac = {(t, u) : lim sup
(h,k)→(0,0)

‖gh(t, u)− gk(t, u)‖ > 0},

and thenA is a Borel set because of the continuity of the functions (t, u) 7→ ‖gh(t, u)− gk(t, u)‖
for every h 6= 0 and k 6= 0. (in the dual case A is a Borel set since, for a dense subset
{fn}n∈N ⊂ E we have

A :=
{

(t, u) ∈ I × Γ0 : lim
h→0

〈
u(t+ h)− u(t)

h
, fn

〉
exists, |u′|(t) exists,

|u′|(t) = sup
n∈N

lim
h→0

〈
u(t+ h)− u(t)

h
,

fn
‖fn‖E

〉}
).

Since η̄ is concentrated on I × ACp(I,X0), Fubini’s Theorem implies that η̄(Ac) = 0.
Then the map ψ : I × Γ0 → X defined by

ψ(t, u) = u̇(t)

is well defined for η̄-a.e. (t, u) ∈ I × Γ0.
We prove that ψ is η̄ Bochner (resp. η̄ weak-*) integrable and ‖ψ‖p ∈ L1(η̄). Taking f ∈ X∗
(resp. f ∈ E), we define for (t, u) ∈ A, ψf (t, u) = 〈f, u̇(t)〉. Since ψf is limit of continuous
functions is a Borel function in A and then η̄ measurable. Since X0 is separable, by Pettis
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Theorem ψ is a η̄ measurable function (resp. By definition ψ is a η̄ weak-* measurable
function) and, recalling (iii) of Theorem 3.2,∫

I×Γ0

‖u̇(t)‖p dη̄(t, u) =

∫
I×Γ0

|u′|p(t) dη̄(u) =
1

T

∫ T

0

|µ′|p(t) dt < +∞.(65)

Since for µ̄-a.e. (t, x) ∈ I × X0, we have η̄t,x({u : (t, u) ∈ Ac}) = 0, the map ψ(t, ·) is well
defined for η̄t,x-a.e. u ∈ Γ0 and ψ(t, ·) is η̄t,x Bochner integrable (resp. ψ(t, ·) is η̄t,x weak-*
integrable). Indeed for every f ∈ X∗ (resp. f ∈ E),∫

I×Γ0

|ψf (t, u)| dη̄(t, u) ≤ ‖f‖∗
∫
I×Γ0

‖u̇(t)‖ dη̄(t, u)

i.e. ψf ∈ L1(η̄), and by (63) ψf (t, ·) ∈ L1(η̄t,x), then Pettis Theorem yields that ψ(t, ·) is
η̄t,x measurable (resp. then by definition ψ(t, ·) is η̄t,x is weak-* measurable) and ‖ψ(t, ·)‖ ∈
L1(η̄t,x) by (63) and (65).
Consequently it is well defined the vector field

(66) wt(x) :=

∫
Γ0

u̇(t) dη̄t,x(u) for µ̄-a.e. (t, x) ∈ I ×X0,

and w ∈ Lp(µ̄, X) (resp. w ∈ Lpw∗(µ̄, X)). Indeed for every f ∈ X∗ (resp. f ∈ E),

〈f,wt(x)〉 =

∫
Γ0

ψf (t, u) dη̄t,x(u)

and by (64) the maps (t, x) 7→ 〈f,wt(x)〉 ∈ L1(µ̄). Pettis Theorem implies that w is µ̄
measurable (resp. By definition w is µ̄ weak-* measurable) and moreover∫

I×X0

‖wt(x)‖p dµ̄(t, x) ≤
∫
I×X0

∫
Γ0

‖u̇(t)‖p dη̄t,x(u) dµ̄(t, x)

=

∫
I×Γ0

‖u̇(t)‖p dη̄(t, u) < +∞.

The inequality (62) follows from the definition of w, Jensen’s inequality and (iii) of Theorem
3.2. Indeed for every [a, b] ⊂ I,∫ b

a

∫
X0

‖wt(x)‖p dµt(x)dt =

∫
I×X0

Tχ[a,b](t) ‖wt(x)‖p dµ̄(t, x)

≤
∫
I×X0

Tχ[a,b](t)

∫
Γ0

‖u̇(t)‖p dη̄t,x(u) dµ̄(t, x)

=

∫
I×Γ0

Tχ[a,b](t) ‖u̇(t)‖p dη̄(t, u) =

∫ b

a

|µ′|(t) dt.

Now we prove that (61) holds. Taking φ ∈ C1
b (X) (resp φ ∈ C1

b∗(X)), as a consequence of
the absolute continuity of µt in (P(X0),Wp), the application t 7→

∫
X0
φ dµt is absolutely



CHARACTERIZATION OF ABSOLUTELY CONTINUOUS CURVES IN WASSERSTEIN SPACES 27

continuous. Indeed for every s, t ∈ I, taking γs,t ∈ Γo(µs, µt), we have∣∣∣∣∫
X0

φ dµt −
∫
X0

φ dµs

∣∣∣∣ ≤ ∫
X0×X0

|φ(y)− φ(x)| dγs,t(x, y)

≤ sup
x∈X0

‖Dφ(x)‖∗
∫
X0×X0

‖x− y‖ dγs,t(x, y)

≤ sup
x∈X0

‖Dφ(x)‖∗Wp(µs, µt).

Moreover, by (iii) of Remark 2.2 and the differentiability of test functions,∫
X0

φ dµt −
∫
X0

φ dµs =

∫
Γ0

φ(u(t))− φ(u(s)) dη(u)

=

∫
Γ0

〈Dφ(u(s)), u(t)− u(s)〉 dη(u)

+

∫
Γ0

‖u(t)− u(s)‖ωu(s)(u(t)) dη(u)

=

∫
Γ0

〈Dφ(u(s)),

∫ t

s

u̇(r) dr〉 dη(u)

+

∫
Γ0

‖u(t)− u(s)‖ωu(s)(u(t)) dη(u)

where

ωx(y) =
φ(y)− φ(x)− 〈Dφ(x), y − x〉

‖y − x‖
.

Dividing by t− s and passing to the limit for t→ s, for a.e. s ∈ I we have

d

ds

∫
X0

φ dµs =

∫
Γ0

〈Dφ(u(s)), u̇(s)〉 dη(u).

Indeed, for a.e. s ∈ I, a simple application of Lebesgue Theorem yields

lim
t→s

1

t− s

∫
Γ0

〈Dφ(u(s)),

∫ t

s

u̇(r) dr〉 dη(u) =

∫
Γ0

〈Dφ(u(s)), u̇(s)〉 dη(u)

(we observe that, in the dual case, Dφ(x) ∈ E) and we must only prove that

(67) lim
t→s

1

t− s

∫
Γ0

‖u(t)− u(s)‖ωu(s)(u(t)) dη(u) = 0.

We take a Lebesgue point s of the application t 7→ |µ′|p(t) such that u̇(s) exists for η-a.e.

u ∈ Γ0. We define ft : Γ0 → R by ft(u) :=
∥∥∥u(t)−u(s)

t−s

∥∥∥ωu(s)(u(t)). Since supx∈X0
‖Dφ(x)‖∗ =:

C < +∞, in particular φ is Lipschitz and

|ωx(y)| ≤ |φ(y)− φ(x)|
‖y − x‖

+
|〈Dφ(x), y − x〉|
‖y − x‖

≤ 2C.
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Clearly ft(u)→ 0 when t→ s for η-a.e. u ∈ Γ0 and,

|ft(u)| ≤ gt(u) := 2C

∥∥∥∥u(t)− u(s)

t− s

∥∥∥∥ for η-a.e. u ∈ Γ0.

The family {gt : 0 < |t− s| < δ}, for δ sufficiently small, is η-equiintegrable. Indeed∫
Γ0

gt(u)p dη(u) ≤ (2C)p
∫

Γ0

1

|t− s|

∣∣∣∣∫ t

s

|u′|p(r) dr
∣∣∣∣ dη(u)

=
(2C)p

|t− s|

∣∣∣∣∫ t

s

|µ′|p(r) dr
∣∣∣∣→ (2C)p|µ′|p(s) < +∞,

for t → s, which implies that there exists δ > 0 such that
∫

Γ0
gt(u)p dη(u) ≤ C0 for every t

satisfying 0 < |t− s| < δ. By Vitali’s convergence Theorem we obtain (67).
Finally, taking into account the definition of wt we easily obtain

d

dt

∫
X0

φ dµt =

∫
X0

〈Dφ,wt〉 dµt, for a.e. t ∈ I.

Since this pointwise derivative is also a distributional derivative, we can conclude. �

Before stating the next Theorem we give two definitions.

Definition 5.2. A separable Banach space X satisfies the Bounded Approximation Property
(BAP) if there exists a sequence of finite rank linear operators Tn : X → X such that

(68) lim
n→∞

‖Tnx− x‖ = 0 ∀x ∈ X.

We observe explicitly that if (68) holds, then, by Banach-Steinhaus Theorem, there exists
M ≥ 1 such that

(69) ‖Tnx‖ ≤M ‖x‖ ∀x ∈ X.

Definition 5.3. The dual X of a separable Banach space satisfies the Weak* Bounded
Approximation Property (wBAP) if there exists a sequence of finite rank linear operators
Tn : X → X such that

(70) w∗ − lim
n→∞

Tnx = x ∀x ∈ X,

there exists M ≥ 1 such that

(71) ‖Tnx‖ ≤M ‖x‖ ∀x ∈ X,

(72) lim sup
n→+∞

‖Tnx‖ ≤ ‖x‖ ∀x ∈ X,

and

(73) Tn are weakly-* continuous.

Remark 5.4. We observe that, being X separable, Definition 5.2 is equivalent to the follow-
ing one, valid also for non separable Banach spaces: there exists M ≥ 1 such that for every
ε > 0 and for every compact K ⊂ X there exists a finite rank linear operator Tε,K : X → X
such that ‖Tε,K‖ ≤M and supx∈K ‖Tε,Kx− x‖ < ε (see [LT77]).
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Clearly a Banach space with a Schauder basis has the (BAP). Then, for instance, the prop-
erty is satisfied by the Sobolev spaces W k,p(Ω) for p ∈ [1,+∞) and k ≥ 0, where Ω is a
smooth bounded open subset of Rn. Even if M is a compact, smooth n-dimensional manifold
with or without boundary, the spaces of continuous functions Ck(M) and the Sobolev spaces
W k,p(M), for p ∈ [1,+∞) and k ≥ 0, satisfy the property (see [FW01]).
We observe that l∞ satisfies the (wBAP) as we can see taking the operators Tnx := (x1, . . . , xn, 0, . . .).
The space l∞ is of fundamental importance since every separable metric space can be iso-
metrically embedded in l∞ (see e.g. [AK00]).

Theorem 5.5. Assume that X satisfies the bounded approximation property (BAP) (resp.
the property (wBAP)).
If (µ,v) ∈ ECp(X) then µ ∈ ACp(I; Pτ (X)) and

(74) |µ′|(t) ≤ ‖vt‖Lp(µt;X) for a.e. t ∈ I.

Proof. For all n ∈ N we set Xn := Tn(X) and m := dim(Tn(X)). Let {ei}i=1,...,m be a
basis of Xn. There exist fn1 , . . . , f

n
m ∈ X∗ (resp. fn1 , . . . , f

n
m ∈ E, thanks to (73)) such that

Tnx =
∑m

i=1〈fni , x〉ei.
Denoting by Pn : Xn → Rm the linear isomorphism given by Pn(

∑m
i=1 aiei) = (a1, . . . , am),

we define the projection πn : X → Rm, as

πn = Pn ◦ Tn
and the relevement π̃n : Rm → X, as

π̃n(a1, . . . , am) =
m∑
i=1

aiei.

We observe that

(75) πn ◦ π̃n = idRm and π̃n ◦ πn = Tn.

We define

µnt := πn#µt and vnt (y) :=

∫
X

πn(vt)(x)) dµty(x)

where µty is the disintegration of µt with respect to πn which is concentrated on {x : πnx = y}.
Using a test function of the form φ = ψ ◦ πn with ψ ∈ C∞c (Rm), it is easy to check that
(µnt ,v

n
t ) satisfies the continuity equation in the distribution sense on Rm.

For our purposes it’s useful to consider on Rm the norm

(76) |||y|||Rm := ‖π̃ny‖ ,

satisfying, by (75),

(77) |||πnx|||Rm = ‖Tnx‖ ∀x ∈ X,

and

(78) lim sup
n→+∞

‖vnt ‖Lp(µn
t ;Rm) ≤ ‖vt‖Lp(µt;X) for a.e. t ∈ I.
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In fact, using the property of disintegration, (77) and Jensen’s inequality,

‖vnt ‖
p
Lp(µn

t ;Rm) =

∫
Rm

|||vnt (y)|||pRm dµnt (y)

=

∫
Rm

∣∣∣∣∣∣∣∣∣∣∣∣πn ∫
{x:πnx=y}

vt(x) dµty(x)

∣∣∣∣∣∣∣∣∣∣∣∣p
Rm

dµnt (y)

=

∫
Rm

∥∥∥∥Tn ∫
{x:πnx=y}

vt(x) dµty(x)

∥∥∥∥p dµnt (y)

=

∫
Rm

∥∥∥∥∫
{x:πnx=y}

Tnvt(x) dµty(x)

∥∥∥∥p dµnt (y)

≤
∫

Rm

∫
{x:πnx=y}

‖Tnvt(x)‖p dµty(x) dµnt (y)

=

∫
X

‖Tnvt(x)‖p dµt(x).

In the separable case, by (69) and (68), Lebesgue dominated convergence Theorem implies

lim
n→∞

∫
X

‖Tnvt(x)‖p dµt(x) =

∫
X

‖vt(x)‖p dµt(x)

from which (78) follows. In the dual case, (78) follows by using (72) instead of Lebesgue
Theorem.
Theorem 8.2.1 of [AGS05] states that there exists ηn ∈P(ΓRm) such that (et)#η

n = µnt and
ηn is concentrated on the set {u ∈ ACp(I; Rm) : u is an integral solution of u̇(t) = vnt (u(t))}.
By the first part of Corollary 3.3 and (14) we conclude that µnt ∈ ACp(I; Pp(Rm)) and

(79) |(µn)′|(t) ≤ ‖vnt ‖Lp(µt;Rm) for a.e. t ∈ I
where the Wasserstein pseudo distance, and consequently the metric derivative, is made with
respect to the distance induced by the norm (76).
Defining

µ̃nt := (Tn)#µt = (π̃n)#µ
n
t ,

in the separable case, (68) implies that µ̃nt → µt narrowly and hence we have

(80) Wp(µt, µs) ≤ lim inf
n→∞

Wp(µ̃
n
t , µ̃

n
s ) = lim inf

n→∞
Wp(µ

n
t , µ

n
s ),

by the lower semicontinuity of the Wasserstein distance and the isometric embedding (76).
In the dual case, the inequality (80) can be obtained by introducing the distance

(81) dw(x, y) :=
+∞∑
n=1

1

2n
|〈x− y, fn〉|,

where {fn}n≥1 is a countable dense subset of {f ∈ E : ‖f‖E ≤ 1}. dw is a distance on
X which metrizes the weak-* topology on bounded sets (see e.g. [Bre83]) and, in general,
the topology induced by dw is weaker than the weak-* topology. We can assume that all
the supports of (Tn)#µt and µt, for all t ∈ I, are contained in a separable subspace X0,
since Tn are of finite rank (Tn)#µt ∈ Pτ (X), and t 7→ µt is narrowly continuous. Taking
ϕ ∈ Cb((X0, dw)) ⊂ Cb((X0, w∗)) by (70) limn→∞ ϕ(Tnx) = ϕ(x) for every x ∈ X0 and
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Lebesgue dominated convergence Theorem implies that (Tn)#µt narrowly converges to µt in
P((X0, dw)). Consequently a sequence of optimal plans γn ∈ Γo((Tn)#µt, (Tn)#µs) is tight
in P((X0, dw) × (X0, dw)). Let γ be a limit point of γn in P((X0, dw) × (X0, dw)); since
Borel sets of X0 coincides with Borel sets of (X0, dw) (see [Sch73]), γ ∈ P(X0 × X0). By
the lower semi continuity of the application (x, y) → ‖x− y‖p with respect to the product
topology induced by dw in X0 ×X0 we obtain

lim inf
n→∞

∫
X0×X0

‖x− y‖p dγn(x, y) ≥
∫
X0×X0

‖x− y‖p dγ(x, y),

and then (80) follows.
Finally, by (79), (78) and (80) we have

Wp(µt, µs) ≤
∫ t

s

‖vr‖Lp(µr;X) dr,

which shows that µt ∈ ACp(I; Pτ (X)) and the inequality (74) holds. �

Using the two previous Theorems, and the fact that the strict convexity of the norm
implies the strict convexity of the norm of Lp(µ̄;X), it is immediate to prove the following

Corollary 5.6. Assume that X satisfies the bounded approximation property (BAP) (resp.
the property (wBAP)).
If µ ∈ ACp(I; Pτ (X)) then there exists a vector field v : I × X → X such that (µ,v) ∈
ECp(X) and

(82) |µ′|(t) = ‖vt‖Lp(µt;X) for a.e. t ∈ I.

Moreover vt is minimal, since for any w ∈ Lp(µ̄;X) (resp. w ∈ Lpw∗(µ̄;X)) such that
(µt,wt) ∈ ECp(X) we have

(83) ‖wt‖Lp(µt;X) ≥ ‖vt‖Lp(µt;X) for a.e. t ∈ I.

If the norm of X is strictly convex, then v is uniquely determined in Lp(µ̄;X).

Remark 5.7. The proof of Theorem 5.1 works also for Riemannian manifolds. We denote by
M a smooth n-dimensional complete Riemannian manifold, by TM its tangent bundle and
by TxM the tangent space on M at the point x ∈M. For v, w ∈ TxM , we denote by 〈v, w〉x
the scalar product on TxM and by |v|x :=

√
〈v, v〉x the norm on TxM . On M we put the

Riemannian distance which we denote by d.
A vector field v : M → TM is an application such that v(x) ∈ TxM. Given a Borel
probability measure µ on M and a Borel vector field v we say that v ∈ Lp(µ, TM) if∫
M
|v(x)|px dµ(x) < +∞.

We say that (µt,vt) satisfies the continuity equation in M if

(84)
d

dt

∫
M

φ(x) dµt(x) =

∫
M

〈vt(x),∇φ(x)〉x dµt(x) ∀φ ∈ C∞c (M)

where the equality is intended in the sense of distribution in (0, T ).
Since we can check that a curve u ∈ ACp(I;M) is differentiable for a.e. t and |u̇(t)|u(t) =
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|u′|(t) for a.e. t ∈ I, we can prove that if µt ∈ ACp(I; P(M)), then there exists a time
dependent Borel vector field v such that∫ T

0

∫
M

|vt(x)|px dµt(x) dt < +∞,

(µt,vt) satisfies (84) and

(85) |µ′|(t) ≥ ‖vt‖Lp(µt;TM) for a.e. t ∈ I.
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