WASSERSTEIN INTERPOLATION WITH CONSTRAINTS AND
APPLICATION TO A PARKING PROBLEM

GIUSEPPE BUTTAZZO, GUILLAUME CARLIER, AND KATHARINA EICHINGER

ABSTRACT. We consider optimal transport problems where the cost for trans-
porting a given probability measure g to another one u; consists of two parts:
the first one measures the transportation from pg to an intermediate (pivot) mea-
sure p to be determined (and subject to various constraints), and the second one
measures the transportation from g to pq. This leads to Wasserstein interpolation
problems under constraints for which we establish various properties of the opti-
mal pivot measures p. Considering the more general situation where only some
part of the mass uses the intermediate stop leads to a mathematical model for the
optimal location of a parking region around a city. Numerical simulations, based
on entropic regularization, are presented both for the optimal parking regions and
for Wasserstein constrained interpolation problems.
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1. INTRODUCTION

We consider optimal transport problems where a given probability measure pg in
R? has to be transported to a given probability measure y; with minimal transporta-
tion cost. This cost consists of two parts: the first one measures the transportation
from po to an intermediate measure pu, to be determined, and the second one mea-
sures the transportation from p to p;. This situation occurs in some applications,
where the transport of py to pq is not directly made but the possibility of an inter-
mediate stop is taken into account. The two parts are described by the Wasserstein
functionals W, (o, 1) and We, (4, 1) respectively, where for every pair of probabil-
ities po, p1 we set

Wilpnp) =int{ [ clo) dren) s v elnp)}. (L)

Here
(po, p1) = {’y e PR xRY) : 7y =p;, i =0, 1}

is the set of transport plans between py and p;, denoting by m; : R x R¢ — R?
(1 = 0,1) the projections on the first and second factor respectively, 7'('1# v are the
marginals of v, so that a probability measure v on R? x R? belongs to II(pg, p1)
when

for all Borel set A c R¢.

iV (A) = (A x RY) = py(A),
7 v(A) = v(R? x A) = pi(A)
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Some extra constraints on the pivot measure p can be added, as for instance:

e location constraints, where the support of u, spt u, is required to be contained
in a given region K C R%;

e density constraints, where the measure y is required to be absolutely contin-
uous and with a density not exceeding a prescribed function ¢.

Without additional constraint on the measure p, the minimization of W, (uo,.) +
We, (., 1), or its generalizations to more than two prescribed measures, arise in dif-
ferent applied settings such as multi-population matching [5] or Wasserstein barycen-
ters [1]. In particular, in the quadratic case where cy(z,y) = ci(z,y) = |v — y|?,
minimizers of W, (po,.) + We, (., 1) are the midpoints of McCann’s displacement
interpolation [11] between py and p i.e. geodesics for the quadratic Wasserstein
metric. A first goal of the present paper is to investigate the effect of location and
density constraints on such Wasserstein interpolation problems. Let us also mention
that the minimization of W, (1o, ) with respect to u in a class of measures which
are singular with respect to po was addressed in [3].

A second goal of the paper is to investigate a more general class of problems as
a mathematical model for the optimal location of a parking region around a city.
In this context, one is given two probability measures 1y and v, which may be
interpreted as a distribution of residents and a distribution of services respectively.
A resident living at x( reaching a service located at x; may either walk directly to
xq for the cost ¢;(xg,x1) or drive to an intermediate parking location = and then
walk from z to x; paying the sum cq(xo, z) + ¢1(z, 7). In this model, detailed in
Section 6, the pivot/parking measure p may have total mass less than 1, and one
may decompose vy and vy as v; = v; — u; + p; with 0 < p; < v; denoting the
driving part of v; and the unknowns g, ¢ and gy (with same total mass) should
minimize the overall cost W, (vy — po, 1 — p1) + Wey (1o, 1t) + We, (1, 11) subject
to possible additional location and density constraints on u. Let us remark that if
(40, f11, it) solves this parking problem, then u solves the corresponding Wasserstein
interpolation problem i.e. minimizes W, (po,.) + We, (., 1) so that the qualitative
properties established in Sections 4 and 5 will be directly applicable to optimal
parking measures.

In Section 2, we consider the general optimization problem (2.1) and after solv-
ing an explicit example, we prove existence and discuss uniqueness of solutions.
Dual formulations are introduced in Section 3. In Section 4, the particular case of
distance-like costs is studied, while Section 5 deals with the case of strictly convex
cost functions, in these sections we study various qualitative properties of the solu-
tions, in particular their integrability. In Section 6, we study a problem related to
the optimization of a parking area. Finally, in Section 7, we present some numerical
simulations thanks to an entropic approximation scheme and compare the solutions
of interpolation and parking problems.

2. WASSERSTEIN INTERPOLATION WITH CONSTRAINTS

Let pig, 11 € P(RY) be two probabilities with compact support, and let cg, ¢ :
R? x RY — R, be two continuous cost functions. For a class A C P(R?) we are
interested in solving the optimization problem

inf {We, (1o, 1) + We, (1, 1) = p € A} (2.1)
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Here W, (po, p1) denotes the value of the optimal transport problem between two
measures pg, p; € P(R?), obtained by means of the Wasserstein functionals defined
in (1.1). In order to simplify the presentation, by an abuse of notation, if p is a
measure and ¢ is a nonnegative Lebesgue integrable function, by p < ¢ we mean
that p is is absolutely continuous and its density, again denoted p, satisfies p < ¢
Lebesgue a.e. ; also, all the integrals with no domain of integration explicitly defined
are intended on the whole R?.
Typical cases for the class A of admissible choices are:
(i) no constraint, that is A = P(R%);
(ii) location constraints, that is A = P(K) for a nonempty compact subset K
of R
(iii) density constraints, that is A = {p € Pa(R?) : p < ¢} for an L'-function
¢ : RY — R, with compact support and [ ¢dz > 1.

2.1. Explicit one-dimensional examples. Before going to the general case, let
us illustrate our problem in a simple one-dimensional case.

Fxample 2.1. Consider the one-dimensional case and the measures
po() = L 1y(), () = L g(x).
We first look at the case where the cost functions are given by distances:
Co(l’,y) = (1—t)|1‘—y|, Cl(xvy) :t|l‘—y| Wlthté]o,l[

The following results can be easily seen by rephrasing the problem in terms of the
distribution functions f, fy, f1 of the probabilities i, g, i1 (see for instance Chapter
2 of [17]):

min{/6(1 —)|fo— fl+t|f — fildx : f nondecreasing, f(0) =0, f(6) = }
0

with the constraints

(i) no additional constraint;
(i) spt f’ C [2,4];
(i) ' < Ol
Since fo < fi, it is easy to see that in the minimization above, one can always
assume that fy < f < f; and then remove the absolute values and minimize under
the constraint that f is nondecreasing and fy < f < f;. We then have:

(i) In the absence of constraints, this becomes the problem of finding the Wasser-
stein median between po and py (see [4] for more on Wasserstein medians).
In particular, the optimal solutions u are characterized as follows:
e if t > 1/2 (respectively t < 1/2), the unique solution is given by pu = 1y
(respectively p = pp);
e if t = 1/2, any probability 1 whose distribution function f is between
the two distribution functions fy and f; of pp and pq, in the sense that

fo(z) < f(z) < fi(z) for all z € R,

is a minimizer.
(ii) In the case of the location constraint K = [2, 4], we observe a similar thresh-
old effect:
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e if £ > 1/2 (respectively ¢ < 1/2), the unique solution is given by p = d4
(respectively pu = d3);
e if £ = 1/2, then any probability measure supported on K is a solution.
(iii) In the case of density constraint ¢(x) = 0134 (z) with > 1/2 we have:
o if £ > 1/2 (respectively ¢ < 1/2), the unique solution is given by p =
91[4—1/9,4] (respectively n= 9]1[2,2+1/0])§
e if t = 1/2 any probability measure satisfying the constraint is a solution.
The example above relies on the fact that for distance-like costs, optimality some-
how forces the triangular inequality to be saturated in dimension 1. We will inves-
tigate this phenomenon further in Section 4.
We consider now strictly convex cost functions: as a prototype we take, with the
same measures jio and p; above,

colr,y) =1 -tz -y’ alz,y)=tlr—y?>  withte (0,1).

Also this case can be rephrased in terms of the so-called pseudo-inverse g, go, g1 of
the distribution functions f, fo, f1 as:

1
min {/ (1—1)(g—go)* +tlg1—g)*ds : g nondecreasing}
0

with the constraints

(i) no additional constraint;

(i) ¢([0,1]) < [2,4];
(iii) ¢’ > 1/60 and ¢([0,1]) C [2,4].

This implies:

(i) In the unconstrained case the solution simply corresponds to the Wasserstein-
geodesic from g to py at time t € (0,1), or equivalently the weighted
barycenter. It is given by

pe () = Lisg 1450 (T).

(ii) Take the constraint K = [2,4], as above. Here the solution depends on the
location of the unconstrained geodesic p;. We present a few cases (the other
ones are clear by symmetry)

o ift < % the support of y; is contained in [0, 2], hence the optimal solution
is 52,

o if é <t< % the optimal solution is p1 = (2 — 5t)ds + Lj2,145¢;

e if 2 < ¢ < 2 the support of y is contained in [2,4], hence the solution
is simply f4.

(iii) Take the function ¢(z) = @lpg(x) with 1 > 6 > 3. The solution depends
again on the location of the unconstrained geodesic ;. We have the following
cases (remaining cases are again obtained by symmetry)

o ift < % the support of y, is contained in [0, 2], hence the optimal solution
is 01 j2.241/0);

o if % <t< % the optimal solution is still p1 = 013 241/6];

e if 2 <t < 2 the support of p is contained in [2,4], but by the density
constraint j, is not even feasible this time. So the solution is of the form
OLlpep with 2 <a <b<4andb—a=1/0.
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2.2. Reformulation, existence, uniqueness. Let us now come back to the con-
strained Wasserstein interpolation problem (2.1) assuming that the measures o and
(1 are compactly supported and the costs ¢y and ¢; are continuous and nonnegative,
then by the direct method one directly gets:

Lemma 2.2. Assume either (ii): A = P(K) with K compact or (iii) A = {p €
PRY) : p < ¢} with ¢ € L' compactly supported and [ ¢dxz > 1. Then problem
(2.1) admits a solution.

Proof. In both cases, one is left to optimize over probabilities over a fixed compact
set, the sum of two Wasserstein terms which are weakly* Isc. 0

In the unconstrained case where A := P(R?), one of course needs some coercivity
in the problem. We shall therefore assume that there exists a compact subset of R,
denoted (again) by K, such that for every (z¢,x1) € spt(uo) X spt(u1) one has

argmin{co(xo, x) + ¢1(x, 1)} is nonempty and included in K. (2.2)
zER?

We then define, for (zq,x1) € spt(uo) X spt(u1)

c(xg, 1) := inf {co(wo, ) + c1(x, 1)} = min{co(zo, ) + c1(x, 21)}.
zeR? z€K

In the following proposition, we show that the optimization problem (2.1), with
A = P(R?), is equivalent to the standard transport problem with cost c:

inf / c(xo, z1) dy(xo, 1) (2.3)
Y€ (po,111) JRd xR

which clearly admits a solution, since ¢ € C(spt(uo) X spt(p1)). We easily deduce
the existence of a solution to (2.1) when A = P(R?) as well as the fact that all
solutions are supported by K.

We will denote by IT(, i, pt1) the set of transport plans in the variables (xq, x, 1)
with marginals po, i, pt1, and we denote by 7o piv, Tpiv,1, To,1 the projections on the
first and second, second and third, first and third factors respectively.

Proposition 2.3. Assume (2.2). Let v € II(po, 1) solve (2.3) and let T : spt(pug) X
spt(u1) — R be measurable and such that
T(xo, 1) € argmin{co(xo, z) + c1(x, 1)} V(x, 1) € spt(pg) X sptp).

rxeK
Then

o T#~ is a solution of (2.1) with A = P(R?) and the optimal values of (2.1)
and (2.3) coincide;

e conversely, for any optimal solution p of (2.1), consider optimal transport
plans o € I(po, 1) with respect to the cost co and 1 € (u, py) with respect

to the cost ¢1. Then there exists a plan v € (uo, @, 1) with ngpivi = and

ﬁv,ﬁ = v, such that W#ﬁ is optimal for (2.3) and co(xo,z) + c1(z, 1) =

c(xo, 1) on spt(y) so that p is supported by K.

T

The previous equivalence also holds between (2.1) with A = P(K) (with K a given
compact subset of R?) and (2.3) with ¢ given by c(zo, 1) = mingeg{co(xo, ) +
&1 (Z', ]31)}
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Proof. Let u € P(RY), v € I(uo, i) and vy € TI(u, p1); by the gluing Lemma

(see Lemma 7.6 in [18]), there is a plan 4 € II(uo, p, 1) with m’ffpiv’y = v and

#

iv17 = M. Hence, since v solves (2.3) and W(?ffy € I(po, i11), we have

T

/ co dyo + / crdy = / {co(xo, ) + c1(x, x1)} dY(z0, z, 1)
R4 x R4 Rd xR4 R4 x R4 x R4

> [ etz [ e
R xR x ’ R x R4

— /Rd y {co(xo, T(xo, 1)) + c1(T(xg, 21), 21)} dy(wo, 1)

> WCO (,LL(), T#,Y) + WC1 (T#f)/v :ul)

which, taking the infimum with respect to vy € II(uo, 1) and 1 € II(p, 1), enable
us to deduce that T#~ solves (2.1) as well as the equality of the optimal values of
(2.1) and (2.3).

Assume now that p solves (2.1) and consider optimal transport plans vy € II( 10, 1)
with respect to the cost ¢g and v, € II(u, 1) with respect to the cost ¢;. Using again
the gluing lemma we find 4 € II(uo, p, 11) with ﬂ(fpivfy = 70 and WﬁVJ:y = 7, and
we then have

inf (2.3) =inf (2.1) = / {co(xg, ) + c1(z, 1)} Ay (o, x, 21)

R4 x R4 xRd

2/ c(zo, 1) dY(zo, 2, 71) :/ cdm?fﬁ.
R x R4 x R4

R xR x
Therefore W(?fﬁ is optimal for (2.3) and ¢o(zo, x)+c1(x, 1) = c(xg, x1) on spt(¥). O

In other words, the coercivity condition (2.2) ensures that we can replace A =
P(R?) by A= P(K) in (2.1) and therefore always optimize over probabilities over
a fixed compact subset of R

Remark 2.4. 1f pg is absolutely continuous and cq is locally Lipschitz and satisfies
the twist condition, i.e. it is differentiable in the first coordinate and for every
o € spt(fio)

Y — Va,co(To,y) is injective,

then (2.1) has a unique minimizer. Indeed, the conditions above imply that
= We, (14, o) is strictly convex.

The proof follows along the lines of Proposition 7.19 of [17] once one observes that,
thanks to the twist condition and the regularity assumptions on ¢y and pg, the
optimal transport problem between po and p has a unique transport plan induced
by a map, see Proposition 1.15 of [17] and discussion after. This gives uniqueness
for smooth and strictly convex costs. Note that this also gives uniqueness for (ii)
and (iii) in the case of concave costs, i.e. when ¢o(z,y) = (Jx —y|) for I : Ry — R,
strictly concave, increasing and differentiable on (0, +00), if we assume g absolutely
continuous and for (ii) K Nspt o = 0, or for (iii) spt(4) Nspt g = O (see [10] or [16]
for refinements and weaker conditions). All these arguments for uniqueness of course
remain true if we replace the assumptions on iy and ¢y by similar assumptions on
w1 and cq.
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3. DUAL FORMULATIONS

3.1. Location constraints. Thanks to the coercivity condition (2.2) any solution
p to (2.1) with A = P(R?) is necessarily concentrated on the compact set K,
hence both cases (i) and (ii) can be formulated over P(K). In this case, it can be
convenient, to characterize solutions of the convex minimization problem (2.1) by
duality as follows. Given ¢ € C'(K), define the co-transform of ¢, ¢ € C(spt(uo))
by

vy (o) 1= g&f}{co(ﬂ?o, z) — ()} Vo € spt(io), (3.1)
and similarly define the ¢;-transform of ¢, ¢“ € C(spt(u1)) by
1 (1) = min{er(w,21) —p(2)} - Var € spt(m). (3.2)

Then the minimum in (2.1) coincides with the value of the dual:

sup{/sof)“duo+/90§1 dpr o, 01 € C(K), wo+ ¢ ZO}, (3.3)

and the supremum in (3.3) is achieved, see for instance Theorem 3 in [5] (where the
more general multi-marginal case is considered). Moreover, if ¢ and ¢; solve (3.3),
then p € P(K) solves (2.1) if and only if ¢ is a Kantorovich potential between p
and g and ; is a Kantorovich potential (see [18] and [17] for more on Kantorovich
duality) between p and gy i.e. there exist (v9,7v1) € II(po, 1) X II(p, 1) such that

wo(z) + o’ (o) = co(xo,¥)  V(x0,7) € spt(70),
e1(z) + @i (11) = er(@, 1) V(x,21) € spt(m).

Defining the c¢y-concave envelope of o and the ¢i-concave envelope of ¢ by

@o(r) := min {00<x07) 0o (7o)},
xzo€Espt(po)

¢1(z) := min {cl(x x1) — @it (x1)},
x1Espt(pr)

one has g > ¢ and p; > ¢ with an equality on spt(u) so that @y + @1 > 0 with
an equality on spt(pu).

3.2. Density constraint. We now consider case (iii) where there is a constraint
on the density p < ¢, one can characterize minimizers by duality as follows:

Proposition 3.1. Consider (2.1) in the case (iii) where there is a constraint on
the density pn < ¢ with ¢ € L*(R?), ¢ > 0, [¢dx > 1 and spt(¢) compact (as
well as spt(po) and spt(u1)). Then the value of (2.1) coincides with the value of its
(pre-)dual formulation

sup / @i’ Ao + / ©f" dpy + / min(py + ¢1,0)¢ dx (3.4)
©0,01€C(spt(¢))?

(where @i are as in formulae (3.1)-(3.2) with K replaced by spt(¢)). Moreover, the
supremum in (3.4) is attained. If (g, p1) solves (3.4), then u solves (2.1) under the
constraint p < ¢ if and only if there exist vy € 1(u, po) and v, € TI(p, 1) such that

wo(z) + ¢’ (z0) = co(wo, T), V(zo, ) € spt(70), (3.5)
p1(z) + @' (71) = i, 11), V(z,z1) € spt(m) (3.6)
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(so that vy and v, are optimal plans and ¢y and v, are Kantorovich potentials) and

©o+¢1 >0 on spt(¢ — p), @0+ 1 <0 on spt(p). (3.7)

Proof. The fact that the concave maximization problem (3.4) is the dual of (2.1)
under the constraint u < ¢ follows directly from the Fenchel-Rockafellar duality
theorem and the Kantorovich duality formula.

Let us prove now that (3.4) admits a solution. To see this we remark that the
objective is unchanged when one replaces (¢o, 1) by (po + A, o1 — A) where X is a
constant. Moreover, replacing o and ¢; by their ¢y/ci-concave envelopes defined
for every = € spt(¢) by:

oo(x) := min {co(wo, z) — @i’ (z0)},
xo€spt (ko)

¢1(z) == min {ci(z,21) — o7 (71)}
x1Espt(p1)

(3.8)

it is well-known that @; > ¢; and @;" = ¢;" for i = 0,1 so that replacing ¢; by
©; is an improvement in the objective of (3.4), moreover the functions @; have a
uniform modulus of continuity inherited from the uniform continuity of ¢;. From
these observations, we can find a uniformly equicontinuous maximizing sequence
(f, @1 )n for which mingg) ¢f = 0 so that ¢f is also uniformly bounded. Since
min(p} + ¢g,0) < 0, the fact that (g, ¢7), is a maximizing sequence together with
the uniform bounds on ¢ we get a uniform lower bound on [(¢7)“ dyy from which
we easily derive a uniform upper bound on ¢} thanks to (3.8). To show that ¢} is
also uniformly bounded from below, we observe that the quantity

/(s@’f)“dm + /min(so? +¢5,0)¢ dx

is bounded from below and bounded from above by C'+ ([ ¢ dx — 1) mingy g ¢} for
some constant C. Since [ ¢dx > 1 this gives the desired lower bound. Having thus
found a uniformly bounded and equicontinuous maximizing sequence, we deduce the
existence of a solution to (3.4) from Arzela-Ascoli theorem.

Let us now look at the optimality conditions which follow from the above duality.
If (¢, 1) solves (3.4), then p solves (2.1) under the constraint pu < ¢ if and only if

Weo (pto, 1) + We, (g, 1) = /3080 duo+/¢‘i’1 du1+/min(soo+<p1,0)¢-

If 4o (respectively 7;) is an optimal plan for ¢y (resp. ¢;) between po and p (resp. u
and ), we thus have

/9080 duﬁ/g&? du1+/min(soo+<p1,0)¢= /00 d%+/cl dmn
> [ () + o)) droCaos ) + [ (6 (1) + 1) (o)
=/¢8°duo+/so‘il duo+/(900+801)dﬂ
> /9080 dﬂo+/so‘il duo+/min(¢o+s01,0) dp

/

> /9080 dpo + [ o7 dpuo + /min(wo +¢1,0)¢ dx
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where we have used that p < ¢ in the last line. All the inequalities above should
therefore be equalities which together with the continuity of ¢y and ¢, is easily seen
to imply (3.5)-(3.6)-(3.7). This shows the necessity of these conditions, the proof of
sufficiency by duality is direct and therefore left to the reader. O

Corollary 3.2. Under the same assumptions as in Proposition 3.1, assume that i is
optimal for (2.1) under the constraint u < ¢ and let vy and v; be optimal transport
plans. Then, whenever xo,x,x1 are such that (zo,x) € spt(vo), (z,21) € spt(m),
x € spt(¢ — u), we have

co(wo, x) + cr(z,z1) = min {co(zo,y) + 1y, 1)}
yEspt(d—p)

Proof. Let (o, 1) solve (3.4). By construction, for every (xg,z1,y) € spt(uo) x
spt(i1) X spt(¢) one has

co(zo,y) + ey, 1) = @i’ (o) + 1 (21) + (o + 1) (Y)-
Together with (3.7) this implies that for every (zo, 1) € spt(uo) X spt(uq)
min  {co(wo,y) + c1(y, 71)} = 00’ (wo) + 07 (71).
yEspt(o—p)
But now if x € spt(u) Nspt(¢— ), by (3.7) again we have ¢o(x)+¢1(x) = 0. Hence
by (3.5)-(3.6) whenever (xq,x) € spt(y), (x,21) € spt(y1) and = € spt(¢p — u) we
have
05 (z0) + ¢1' (21) = co(wo, z) + 1z, 21) > min {co(wo,y) + c1(y, v1)},
yEspt(¢p—p)
which yields the desired result. 0

In the discrete case, we can easily deduce an bang-bang result stating that the
constraint p < ¢ is always binding when g > 0 under mild conditions on the cost.
We will give similar bang-bang results for distance-like costs in Section 4.

Corollary 3.3. Assume that po and py are discrete, that for every (xg,z1) €
spt (o) X spt(p1), co(zo,.) and ci(.,z1) are C* and M-Lipschitz on spt(¢) (for some
M that does not depend on xoy and z1) and that the set

{z €spt(d) : Vauco(wo, v) + Veer(z, 21) = 0} (3.9)

is Lebesque negligible. Then if p is optimal for (2.1) under the constraint u < ¢
there exists a measurable subset E of spt(¢) such that p = ¢lg.

Proof. Let (@0, 1) solve (3.4), As seen in the proof of Proposition 3.1, we may
assume that, for every x € spt(¢)

@o(r) ;== min {co(wo, ) — ¢5 (7o)},
xo€spt(po)

1(z) == min {ci(z,21) — 07 (71)},
x1€spt(u1)

so that ¢g and ¢, are Lipschitz hence differentiable a.e. on spt(¢). Since o+ p; = 0
on spt(u) Nspt(¢ — p), we then have

Vo + Vi =0 a.e. on {0 < u < ¢}

but if g (respectively 1) is differentiable at z and (g, z) € spt(yo) (resp. (z,x1) €
spt(71)), where vy and 7, are optimal plans, then

Vo(x) = Vico(zo, x), Vi(x) = Ve (z,21).
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Hence, denoting by A; the countable concentration set of y; (i = 0,1), a.e. = such
that 0 < p(z) < ¢(z) belongs to

U {I‘ € Spt(¢) : VxC()(iL'o,x) + vxcl(xw%'l) = 0}7

(mo,m1)€A0 x Aq

which is negligible by assumption. The desired bang-bang conclusion then readily
follows. [

Remark 3.4. In some cases, for instance when the costs ¢y and ¢; depend quadrat-
ically or more generally as a p-th power of the distance (with p > 1), the set in
(3.9) reduces to a single point which depends in a Lipschitz way on zy and 1. The
conclusion of Corollary 3.3 then still holds under the weaker assumption that one
between gy and p; is discrete and the other one is singular with respect to the
Lebesgue measure. More precisely, this still holds if the Hausdorff dimension of the
support of pg is hy, and the Hausdorff dimension of the support of uy is hy, with
ho + hl < d.

4. DISTANCE LIKE COSTS

In this section, we pay special attention to the case of distance-like costs:
co(xo, ) 1= |xg — 2|%, cr(x, 1) = Nx — 24]°, (4.1)
with 0 < o <1 and XA > 0.

4.1. Location constraint, concentration and integrability on the boundary.
Let us start with the case of a location constraint of type (ii): p € P(K) for some
nonempty compact subset K of R%.

Lemma 4.1. Assume K is a compact subset of R? and that one of the following
assumption holds:

e =1, A > 1 and the interior of K is disjoint from spt(uy),

e o € (0,1) and the interior of K is disjoint from spt(uo) U spt(p1).
Then any solution u of (2.1) under the constraint p € P(K) is supported by 0K .

Proof. For (xo,21) € spt(po) X spt(u1), set

c(xg, x1) := min{ |z — |* + Mz — 21|},
reK

T(xg,x1) := argmin{|zo — z|* + Az — x1]|*}.
zeK
We know from Proposition 2.3 that p is supported by T'(spt(po) X spt(p1)). In
particular, if z € spt(u) is an interior point of K then it is a local minimizer of
co(xo, ) + c1(-, x1) for some (xg, 1) € spt(po) X spt(py). In the case a =1, A > 1,
since x # x1, this is clearly impossible. In the case a < 1, our assumption implies
that = ¢ {xg,x1}, so that z has to be a critical point of co(zg,-) + ¢1(-,z1). One
should have
alr — zo|* (2 — x0) + Nafx — 21|* (2 — 21) = 0,

so that xy # 1 and x € [xg, 21]. But ¢o(xo, <) +c1(+, 1) is strictly concave on [z, z1]
which contradicts x being a local minimizer. OJ

Remark 4.2. If o = X\ = 1 the previous result is false: if d = 1, ug = dg and py; = 01,
and K = [1/4,3/4], then it follows from the triangle inequality that any probability
supported by K is actually optimal.
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Now that we know that minimizers are supported by 0K, one may wonder, if
K and p; are regular enough, whether these minimizers are absolutely continuous
with respect to the (d — 1)-Hausdorff measure on 0K, the answer is positive if pq
is discrete, i.e. is concentrated on a countable set, ug(K) = 0 and p; is absolutely
continuous with support disjoint from int(K) (see Proposition 4.4 below). A first
step consists in the following result.

Lemma 4.3. Assume that co and ¢; are as in (4.1) (with a € (0,1] and X > 1
if « = 1), and that K is compact. Then for every xo and (Lebesgue-)almost every

r1 € R\ K, the set
Tyo(x1) := argmin { |z — z|* + Az — 1]*}

reK

15 a singleton.
Proof. Fix xg, set

Coo (1) = Izl’élfI(l {lzo — z|* + Nz — z1|*},

and observe that c,, is locally Lipschitz on R?\ K. It thus follows from Rademacher’s
theorem that almost every z; € R?\ K is a point of differentiability of c,,, and for
such a point, if x € T}, (x1), we have

Ve, (1) = Aalzy — 2|* (2, — ) # 0.
If a € (0,1) this immediately gives the claim with

Tho(11) = {21 + (AQ) 77 [ Ve, (21)| 1 Ve, (1) ).

If o« =1and A > 1, if both = and 2’ belong to T}, (z1) then z1, x and 2’ are aligned, so
that the triangle inequality between their differences is saturated. But if x € [z, /),
by the definition of T,,(z1) and A > 1, we should also have

Caoo (1) = |7 — 20| + M — 21| = |2 — 20| + N|2' — 4]
=|2" — 2o + Mo — 21| + |2’ — z|)
> |o’ — xo| + |2" — x| + Nz — 2],
which is impossible by the triangle inequality, yielding the a.e. single-valuedness of
T, in this case as well. U

Proposition 4.4. Assume that either a =1, A > 1 or a € (0,1) and

o K is the closure of an open, bounded set in R* with a boundary of class C,
e L is discrete and po(K) =0,
e 1 is absolutely continuous and int(K) Nspt puy = 0.

Then, any solution p of (2.1) under the constraint pu € P(K) is absolutely continu-
ous with respect to the (d — 1)-Hausdorff measure on 0K.

Proof. Since pg is discrete, we can write po = Y, o4 PrOzy, With Ay at most
countable, disjoint from K and p,, > 0 for every xq € Ay. It follows from Proposition
2.3 and Lemma 4.3 that there exists a transport plan v between py and gy, which
can be written as

Y= Z pxo(sl‘o ® :uglcoa

xo EA()
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such that defining 7}, as in Lemma 4.3 and T'(zo, z1) = T,,,(x1) one has
p=T%y =" po,THup.
onAo
Since the second marginal of v is u;, we also have
=) Pahti’
IoEAo

so that all the measures u° are dominated by 1/p,, 1 hence absolutely continuous.
We are thus left to show that for each fixed xg in the countable set Ay, the measure
T# 7 p1° (which is supported by 0K by Lemma 4.1) is absolutely continuous with
respect to the (d — 1)-Hausdorff measure on 0K which from now on we denote by
O(d-1),0Kk- We now fix g € Ay and a Borel subset A of 0K and our aim is to bound

(T#Ml )(A) = py (Txol(A))-
To this end, let us distinguish the two cases « =1, A > 1 and « € (0, 1).

Assume o« = 1 and A > 1. Since p;(K) = 0 (because 0K being a smooth
hypersurface, it is Lebesgue negligible and p (int(K)) = 0), we have

i (T, (A)\ K) =y (T, (A)).

Now take x = T, (z1) € 0K with 1 ¢ K which is uj-a.e. the case (so that
x ¢ {xg,x1}). By optimality, there exists § > 0 such that

T — To+ M\t — x1 + fBn(x) =0,

where for £ € R%\ {0}, we have set £=¢ /€], and where n(x) is the outward normal
to OK at z. Using the fact that Az — z; has norm A yields

A2 =32+ 1+428n(x) -z — 0

whose only nonnegative root is

—

B = B () == —n(z) T — T+ \/)\2 — 14+ (n(x) - x — x)?,
so that
ATy — & = By (2)n(2) + T — 20
and the right hand side is a Lipschitz function of x thanks to our assumptions (0K
being C*! and zy being at a positive distance from K, hence from z). Using again

that Az — z; has norm A, this shows that if z = T}, (z1) then for some r € [0, R]
with R = A~ diam(spt py — K) there holds

Ty = Fy(r,2) i= @+ r[Byy (x)n(x) + & — 7).

Hence
157 (T (A)) < 17 (Fro ([0, B] x A)).

zo
If 0(4-1),0(A) = 0, the smoothness of K and the fact that F,, is Lipschitz on [0, R] x
0K, readily imply that F, ([0, R]x A) is Lebesgue negligible. Hence p7°(7, ' (A)) = 0
and since this holds for any zy € Ay, we also have p(A) = 0, which implies the
absolute continuity of u with respect to o_1)axk-
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Let us now assume that o € (0,1). To cope with the fact that ¢;(z,x;) is not
differentiable if x = x;, it will be convenient to fix € > 0 and to consider x; € Aj,
where

Al =A{z1 € spt(p) ; d(K,21) = €}
and
d(K,x) := mi —
(K, ) = min |z —y|

is the Euclidean distance to K. If z; € A{ N7, '(x) with « € A, it follows from the
first-order optimality condition, there is some r > 0 such that

1 = Gy (r,x) = + |Hyy (1, a:)|i%on(r, x),
where
H,,(r,x) = rn(z) + XMz — 20|* (2 — x0).
Now, note that
|H, (r,z)| = |2, — x|
This shows that
Ir| < |op —2|* P+ Ao — 2|

< e A max |z — 20|* 7t = Ro(x0).
zeK

Hence, A{ NT, ' () is included in the image by Gy, of the set {(r,z), z € A, r €
[0, Re(xo0)]}. Since G, is Lipschitz (with a Lipschitz constant depending on €) on
this set we obtain as soon as 0(4_1)9x(A) =0

(T, (A) = (T, (A) \ K) = tim (T, (A) N A7)

z0

< lim (G (0, R (a0)] x 4)) = 0.
Thus we can conclude as before that p is absolutely continuous. 0

Proposition 4.5. Suppose in addition to the assumptions of Proposition 4.4 that
lo has finite support, py has a bounded density with respect to the d-dimensional
Lebesque measure. If a € (0,1), further assume that K Nsptu; = 0. Then u has a
bounded density with respect to the (d — 1)-Hausdorff measure on 0K .

Proof. In the case @« = 1, A > 1 we can continue using the same notation and
Lipschitz mapping F,,, and R as in the proof of Proposition 4.4 to conclude for any
Borel subset A of 0K

A = D pao® (T, (A))

zo€spt (o)

< Y pa(Eay([0.B] x A)
2o €spt(po)

< > =L (Fu ([0, B] x A))
zo€spt(po)

< Ceard(spt o)l [| Lo Roa-1y,0 (A)

where C' is a constant that only depends on the C'! smoothness of 0K and the

maximal Lipschitz constant of F,, over [0, R] x 0K, with respect to xy € spt()-
This way we deduce that p € L>(0K, 0(4—1)0k)-



14 GIUSEPPE BUTTAZZO, GUILLAUME CARLIER, AND KATHARINA EICHINGER

For the case o € (0,1) we need in addition K Nspt g = () to ensure that, again
using the same arguments and notation as in the proof of Proposition 4.4, there is
an €9 > 0 such that AJ® = spt(u1). In this way, all the analysis from the previous
proof can be carried through on Aj° and we obtain

p(A) = Y Paoi (T, (A) N AP)

xo€spt(po)

<D Dok (Ga ([0, Rey(w0)] X A))
zo€spt(uo)

< D o= LGy ([0, Bey(x0)] X A))
zoE€spt(uo)

< Ccard(spt pio) || oo Ry (%0)0(a-1) 0 (A),

where C' is a constant that only depends on the C' smoothness of 0K and the
maximal with respect to xy € spt(ug) Lipschitz constant of G, over [0, R.,(zo)] X
oK. O

One might also be interested in the case that the distribution of residents rep-
resented by g is absolutely continuous and p; is discrete. The case o € (0,1) is
completely symmetric as we have not assumed A > 1 in the previous proofs. However
for the case a = 1, A > 1, the proof slightly differs as we shall see below. Arguing
as for the proof of Lemma 4.3, we have:

Lemma 4.6. Assume that ¢o and ¢1 are as in (4.1) (with o € (0,1] and A > 1 if
a=1), and that K is compact. Then for (Lebesque-)almost every xo € R4\ K and
every x1, the set

Ty, (%) := argmin {|zy — z|* + Az — 1|*}
zeK

15 a singleton.
The analogue of Proposition 4.4, then reads

Proposition 4.7. Assume that either « =1, A > 1 or a € (0,1) and

o K is the closure of an open, bounded set in R* with a boundary of class C,
e L is absolutely continuous and int(K) N spt po = 0,
e 1y is discrete and i (K) = 0.

Then, any solution p of (2.1) under the constraint u € P(K) is absolutely continu-
ous with respect to the (d — 1)-Hausdorff measure on 0K .

Proof. As already explained, the case a@ > 1 can be handled exactly as for Propo-
sition 4.4, we shall therefore assume that « = 1 and A\ > 1. We write u; =
> e ea; POz, With Ay countable and p,, > 0. It follows from Proposition 2.3 and
Lemma 4.6 that there exists a transport plan v between pg and p;, which can be
written as
Y= Z :ugl ®px15x1’
T1€AL
such that defining 7}, as in Lemma 4.3 and T'(zg, 21) = T, (x¢) one has

p=Tty= 3 pTHu.

r1€AL
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Since the first marginal of 7 is u, pg' is absolutely continuous for every z; € A;.
We are thus left to show that for each fixed x; in the countable set A;, the measure
T#pg' is absolutely continuous with respect to the (d — 1)-Hausdorff measure on
0K which from now on we denote by o(4_1)9x. We now fix z; € spt(p1) and a Borel
subset A of 0K and our aim is to bound

(T g ) (A) = 5 (T;,1(A)).
Since 11o(K) = 0, we have pg* (T, '(A)\ K) = pg* (T,.'(A)). Now take z = Ty, (0) €

Tl

0K with zq ¢ K. By optimality, there exists § > 0 such that
T — o+ A& — a1 + Bn(x) = 0 where for £ € R4\ {0}, we have set & = £/|¢|

where n(z) is the outward normal to 0K at z. This time our aim is to write, for
fixed 1, o as a Lipschitz function of z and a length factor, so we proceed as follows.
Using the fact that Az — 1 has norm A yields

1=+ X +28xn(z) -7 — 13

This time, it is possible that there are two positive solutions for 5. We denote them

t(x) = —-An(x x—xl—l—\/)\n ) & —a1)2+1—)\2

1

B, (z) = —An(z x—xl—\/)\n )T —11)2+ 1 — A2,

Hence, we have one of the following equalities is satisfied by (xo, z, x1)
zo =z +r(A\T — 2, + B (z)n(x)) = Ff(r,x),
To =T+ r()\x/—\xl + B, (z)n(x)) =: F (r, ),

where r € [0, R] and R = diam(spt g — K).
Consider now a Borel set A C 0K with 0(g_1)ax(A) = 0. We distinguish the cases
where the discriminant (An(z) - & — 21)2 + 1 — A? is zero or positive

Ay = {xGA:()\n(x)-x/—?l)Q—i-l—)\Q:O},

A, = {xeA:(/\n(x)~x/—\x1)2+1—)\2>0}
= ﬂ{xeA:(An(x)-m)2+1—A225}.
5>0 — ’
=:As

Since F} and F agree with Lipschitz functions on [0, R] x Ay and [0, R] x Aj for
0 > 0 fixed, we obtain

ot (T, () < ! (T, (Ao)) o+ lim i (T, (Ay))
< 15§ (0, B] x Ao)) + i (1! (F5 (10, F) x A9)) + ! (F (0, B] x 45))
p— 07

as required. 0

It is unclear whether an L*°-bound can be obtained with the same proof strategy
since the Lipschitz constant of the maps F,} and F, may blow up as § — 0%. In
addition, in Proposition 4.4 the smoothness of K is crucial, as the example below
shows.
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Ezample 4.8. In the two-dimensional case take as K the square {|z| + |y| < 1} and
consider the distance-like cost of Proposition 4.4 with a =1 and A\ > 1. Take as pqg
the Lebesgue measure on the disc B(xg, ) and as u; the Lebesgue measure on the
disc B(zy,7), with g = (—a,0) and z; = (a,0) as in Figure 1. The optimal pivot
measure £ has in this case a part proportional to the Dirac mass d(; 0y and in some
cases, when A\ is large, a is large, and r is small, actually reduces to the Dirac mass

5(170) .

FIGURE 1. A nonsmooth constraint set K may provide a singular
optimal pivot measure.

4.2. Density constrained solutions are bang-bang. We end this section by
observing that in the case of a density constraint u < ¢, for distance-like costs
minimizers are of bang bang type.

Proposition 4.9. Assume that co and c¢; are as in (4.1) with A > 1 if a = 1, that
¢ € L'Y(RY) is nonnegative with compact support, that [ ¢dx > 1, and that both
spt(¢) N spt(po) and spt(¢) Nspt(py) are Lebesque negligible. Then any solution
of (2.1) under the constraint p < ¢ is of the form p = ¢lg for some measurable
subset E of spt(¢).

Proof. Let us start with the case @« = 1, A > 1 and define A := {0 < u < ¢}, we
then consider (Lipschitz) potentials ¢y and ¢; as in the proof of Corollary 3.3. A.e.
point of A is a differentiability point of g and @1, satisfies Vo + Vi, = 0 and lies
in RY\ (spt(uo) Uspt(i1)). Hence arguing as in the proof of Corollary 3.3, for a.e.
z in A one can find zy € spt(po) \ {z} and x; € spt(p1) \ {z} such that

r — X r — T

+ A

|z — 2] |z — a1

0= Veo(z) + AVei(z) =

which is impossible since A > 1. This shows that A is negligible and ends the proof
for this case.

Consider now the slightly more complicated case where o € (0, 1), since x
|z — xo|® is Lipschitz only away from x, it is convenient for 6 > 0 to introduce the
set

Bs = {z € spt(¢) : d(=,spt(uo) Uspt(u)) > 6}
on BgNthe potentials ¢y and ¢, are Lipschitz and we can find a~subset Elg of Bs with

Bs \ Bjs negligible such that ¢y and ¢ are differentiable on Bs;. Consider now for
e>0

A ={e<pu<o¢—c}
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and let /L be the subset (of full Lebesgue measure) consisting of its points of density

1 (so that A, C spt(¢ — p)). Arguing as before for a.e. = € A. N By, we can find
(x0,21) € spto) X spt(py) such that
V(,O()(I> + V901<I) = vf1'07331 (I) =0,
where fu, ., (7) == |z — zo|* + Mz — x1]|*. Moreover we know from Corollary 3.2
that spt(¢ — u) (hence also A.) is included in the level set fu) 2 > fro.z (7). Since
x ¢ {xg,x1} is a critical point of f,, ., we have 1 # xy and x belongs to [z, 1]
€:=T —Tg=1, — T =1 — T
And then the Hessian D? fzo.2, at x takes the form
D?fromi () = (a]z — 20|* 72 + Aa|z — 26|* ) (id +(a — 2)e @ €)

which shows that z is a saddle-point of f,, ,,, its hessian having a negative eigenvalue
with eigenvector e and being positive definite on e*.

Hence for small > 0, A. should lie in the intersection of B (x,r) with a certain
strict quadratic cone of R? contradicting the fact that z is a point of density 1 of A;.
This shows that A. N By is negligible, letting 6 — 0% we find that A, is negligible

and since this is true for every € > 0, the desired conclusion follows. U

5. THE CASE OF STRICTLY CONVEX COSTS WITH A CONVEX LOCATION
CONSTRAINT

We now consider (2.1) in the case of the location constraint A = P(K) where K
is a compact convex subset of R? with nonempty interior and ¢y and ¢; satisfy the
strong convexity and smoothness assumptions:

ci(z,y) == Fi(y — z), F; € C*(R%), \id < D*F; < Aid, i =0, 1 (5.1)

for some constants 0 < A < A. Since these costs are twisted, (2.1) in the case of
the location constraint A = P(K) admits a unique solution as soon as pg (or p) is
absolutely continuous, see Remark 2.4.

Fxample 5.1. Consider the two dimensional case with a location constraint given
by the square K of Example 4.8; take 119 = 6(_2,0), i1 uniform on the ball of radius
1 centered at (3,0), co(z,y) = |z — y|? and ¢i(z,y) = 2|z — y[>. Then by a direct
application of Proposition 2.3, the (unique) solution of (2.1) is explicit: it is the
image of the uniform measure on the ball B of radius 2/3 centered at (4/3,0) by the
projection onto K. It has an atom at (1,0), an absolutely continuous part, uniform
on BN K and a one dimensional part corresponding to the points of B which project
onto the segments [(0, 1), (1,0)] and [(0,—1), (1,0)].

This shows that, contrary to the case of distance like costs, one should expect
that p in general decomposes into a (nonzero) interior part and a boundary part:

po= ™+ Pt where ™ (A) = p(ANint(K)), pP4(A) = u(ANIK) (5.2)

for every Borel subset A of RY. Regarding ;”4, arguing as in Proposition 4.4, one
can show that if i is absolutely continuous, j; is discrete and K is of class O,
pPd is absolutely continuous with respect to the (d — 1)-Hausdorff measure on 0K
(and has a bounded density if in addition pg € L™ and g, is finitely supported, see

Proposition 4.5). As for the regularity of 4™, we have:
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Proposition 5.2. Assume co and ¢ are of the form (5.1), that ug and p; are
compactly supported, with pg € L and that K is a compact conver subset of R?
with nonempty interior. Decomposing the solution p of (2.1) in the case of the
location constraint A := P(K) as in (5.2), we have y™ € L*> and more precisely
(identifying u™ with its density), we have

1™ ([ < o]l e 2A74A (5.3)
where X\ and A are the positive constants appearing in (5.1).

To establish the L> bound in (5.3), we shall use a penalization strategy, detailed
in the next paragraph, the proof by a standard I'-convergence argument is postponed
to the end of this section.

5.1. Penalization. Given g € C%(R?), with g convex and nonnegative, let us con-
sider

inf T(p)+ / g with T'(p) == We, (po, p1) + We, (g1, ) (5.4)
peP(RY) Rd

then we have:

Proposition 5.3. Assuming (5.1) and o € L™, (5.4) admits a unique solution ju,.
Moreover g4 1s absolutely continuous with respect to the Lebesque measure and its
density (still denoted p,) satisfies for a.e. x € RY, the bound

19(2) < lpoll = A~ det(D2g(x) + 2Aid) (5.5)
where X\ and A are the positive constants appearing in (5.1).

Proof. The coercivity of ¢y, ¢; and g > 0 easily give the existence of a minimizer as
in Proposition 2.3 (incorporating ¢ in one of the costs considered there), whereas
uniqueness is guaranteed by twistedness of the costs and the absolute continuity of
Lo, see Remark 2.4. Also Proposition 2.3 ensures there is some ball B which contains
a neighbourhood of spt(y,). Then, Theorem 3.3 from Pass [13] guarantees that the
minimizer f, is absolutely continuous. The optimality condition derived from the
dual formulation of (5.4), (see (3.3)) gives the existence of potentials ¢y and ¢ such
that

wo+¢p1+g=0onB (5.6)

and

WCO(uo,ug)—/ s08°uo+/ Pollg, Wcl(ug,m)—/ w?uﬁ/ e
Rd Rd Rd Rd

so that defining the ¢;-concave potentials

Po(x) = inf {co(wo, ) — ©5 (wo)},
xo€E€spt(po)
¢i(z) == inf {eai(z, 21) — ¢ (2)},
x1E€spt(p1)
one should have
v; < @;on B and ©; = ©; on spt(py). (5.7)
Now observe that thanks to (5.1), @p and @; are semi-concave and more precisely
D?*p; < Aid, i=0,1. (5.8)

In particular ¢y and @, are everywhere superdifferentiable, but on spt(y,), thanks
to (5.6) and (5.7), @9 + $1 + ¢ is minimal and since g is differentiable this implies
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that @ + ¢ is also subdifferentiable on spt(s,). This readily implies that ¢, and
¢y are differentiable on spt(sx,) and that

Vo + Vo + Vg =0 on spt(p,).
By Alexandrov’s Theorem (see Theorem 6.9 in [8]) , ¢y and ¢ are also twice differ-
entiable i -a.e. and minimality of ¢y 4+ @1 + g on spt(su,) also gives

D@y + D*@1 + D*g > 0 pg-a.e.. (5.9)
The optimal transport Sy for the cost ¢y between g, and p (see Theorem 3.7 in
[10]) is then given by

So(x) =z = VE;(V@o(x)), = € spt(pg),

where Fj is the Legendre transform of Fj. The absolute continuity of p, enables

us to use Theorem 4.8 of Cordero-Erausquin [6] to get the existence of a set of full
measure for p, for which one has the Jacobian equation

11y = po © So det(id —D*F (V$o) Do), (5.10)
where D?Qy(z) is to be understood in the sense of Alexandrov and the matrix
id —D?*F§ (Vo) D?*@o which is diagonalizable with real and nonnegative eigenvalues
can be rewritten as

id —D*F; (Vo) D*go = D*F; (Vgo)(D*Fo(z — So(z)) — D*@o(x)).
Together with (5.10), since D?F} < A7tid and D?*Fy(x — Sp(z)) — D*@o(x) is semi-
definite positive, this gives for u, a.e. x:

pg(w) < [lptoll LA™ det(D* Fo(w — So(x)) — D*@o(x))
by (5.9) and (5.8), we then have
—D?*go(x) < D*g(x) + D*@1(x) < D*g(x) + Aid
but since D*F, < Aid, the bound (5.5) follows. O

5.2. Proof of the bound by I'-convergence. Recall that we have assumed that K
is a convex compact subset with nonempty interior, for ¢ > 0, setting K. := K +¢B
(where B is the unit Euclidean ball of R?); consider the mollifiers n. = ¢~ %;(<) with
1 a smooth probability density supported on B, consider the smooth and convex
function

Je =1 * 5_1d§(E

where d._ is the distance to K. Defining T as in (5.4) and for every v € P(R?):
T(v)ifv e P(K)
+o00 otherwise

J.(v):=T(v)+ /Rd g.v, J(v) = {

it is easy to see that J. I'-converges to J as ¢ — 07 for the narrow topology.
Hence the tight sequence of minimizers of J., p. := py. converges narrowly to p the
minimizer of J i.e. the solution of (2.1) with A = P(K). Since D?g. = 0 on int(K),
we deduce from (5.5) that for every open 2 such that €2 € int(K)

lell =) < Iloll =2 A74A

from which one deduces (5.3) by letting e — 0.
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6. A PARKING LOCATION MODEL

In this section, we introduce a mathematical model for the optimal location of a
parking area in a city. We fix:

e a compactly supported probability measure on R?, 1 which represents the
distribution of residents in a given area;

e a a compactly supported probability measure on R?, v; which represents the
distribution of services.

The goal is to determine a measure p which represents the density of parking places,
in order a suitable total transportation cost be minimized. All the residents travel
to reach the services, but some of them may simply walk (which will cost ¢;(x,y) to
go from z to y), while some other ones may use their car to reach a parking place
(which will cost cy(z,y) to go from z to the parking place y) and then walk from
the parking place to the services (which will cost ¢;(y, z) to go from y to z). We
consider two cost functions ¢y and ¢; and the corresponding Wasserstein functionals
W,, and W,,, defined as in (1.1), respectively representing the cost of moving by car
and the cost of walking. It may be natural to assume that walking is more costly
than driving i.e. ¢; > ¢p, for instance we may take p > 1 and

C(](.T,y> = ‘I - y‘p’ C1<I,y) = >\‘$ - y‘p with A > 1. (61)

Assuming that py < 1y denotes the distribution of driving residents and u; < 14 the
corresponding services they reach for, the total cost we consider is

(o, pas ) = We, (Mo — o, v — pa) + Weg (10, ) + We, (15 p).- (6.2)

The optimization problems we consider are then the minimization of F'(uq, p1, i),
subject to the constraints

0<p <wvyg, 0<p <, /d,uo:/d,ul:/d,u,

and additional constraints as:

e no other constraints on the parking density p;

e location constraints, that is spt u C K, with a compact set K C R? a priori
given,;

e density constraints, that is u < ¢, for a given nonnegative and integrable
function ¢.

This optimization problem in the case of a location constraint can also be reformu-
lated as a linear program in the following way

inf / cl(aso,xl)dfy(azo,xl)+/ (co(zo, x)+c1(z, x1)) dY (20, , 27).
v,y > 0, Ré xR Ré xR x K

v+ W(?fl:y € (v, 1)

(6.3)
It is indeed easy to see that the optimal solution to minimizing the functional in (6.2)
is given by Wﬁvi. Hence to incorporate a density constraint in the formulation (6.3)

one needs to add the constraint Wﬁv’y < ¢. The problem with location constraint is
actually equivalent to a standard optimal transport problem with cost function

C(zg, 1) = min {cl(xo, xl),:]cilerllf({co(xo, z) + ¢ (z, ml)}} .
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More precisely, consider
inf / C(xg, z1)dB(xo, 7). (6.4)
BE(vo,v1) JRd R

Then both (6.3) and (6.4) admit solutions and they are equivalent in the following
sense

e min (6.3) = min (6.4),

e if v, are optimal for (6.3), then =~ + ngl:)/ is optimal for (6.4),

e if § is optimal for (6.4), then defining

‘/1 = {(.To,i[fl) € Rd X Rd . Cl(l'o,l'l) = C($0,$1)}
v =By, and P:R? x R — R? (measurable)

P(zg, 1) € argmin{co(zo, x) + c1(x, 21)},
zeK

and
d;?('rOJJ"lax) = 5P(z0,x1)($) ® dﬁ|Rd\v1($o,$1)7
then 7 and 4 are optimal for (6.3).

Remark 6.1. Note that the solutions (pg, p, (1) to minimizing (6.2), (respectively the
solutions v and 4 to (6.3)) are not necessarily probability measures. The optimal
common total mass of 7, up and py represents the fraction of 1y which uses the
parking. Thus, the parking problem is a generalization of the interpolation problem
from Section 2, which corresponds to imposing that the parking measure is of full
mass.

6.1. Examples. We first solve a simple particular example in R? before giving some
numerical simulations. This example shows that in some cases the optimal choices
for pg, 41, 0 are not of unitary mass, that corresponds to the cases where it is more
efficient for some residents to walk from their residence to the services without using
their car.

Example 6.2. Let vy = &, and v; = § be two Dirac masses in R?; with zq # 0. We
consider the costs ¢y and ¢; as in (6.1) with p > 1 and A > 1. Then py = ad,, and
p1 = ady, for some « € [0, 1], and the optimization problems for the functional F in
(6.2) become the minimization of the quantity

A1 — a)|zo” + / (|z — zol” + Az|?) du
= A|zol? + / (|z — zol” + Az|P — Azo[?) dp.
Since A|xo|? is fixed we are reduced to minimize the quantity
[ (o= ol + Alal = Aol d

with the constraint [ du <1 and possibly other location and density constraints on
i, as illustrated above. Setting

f(@) = |z — zof” + Al|” = Alzo|” (6.5)

it is clear that p has to be concentrated on the set where f < 0. The optimization
problem with no other constraints on g has then the trivial solution o = 1 and
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[t = Gargmin ¢ (for instance p = &y if p = 1 and p1 = d(14x)-14, if p = 2). The situation
becomes more interesting when other constraints on p are present. If we impose
sptu C K let # € K be a minimum point of the function f in (6.5). If f(z) <0
then a = 1 and p = 65 is a solution; if f(z) > 0 then o« = 0 and g = 0 is a solution.

We consider now the more realistic case when a density constraint on y is imposed,
we take 1 < 1. The optimal measure p for the cost (6.2) is then the characteristic
function 1,4, of a suitable level set A, = {f < ¢} with ¢ < 0. Thus the following
situations may occur.

o If |{f <0} > 1then a =1and u = 14, where the level ¢ < 0 is such
that |A.] = 1. Note that, since the function f is convex, the set A. is convex
too. This happens when x is far enough from the origin, and all people then
drive to the parking area A..

o If [{f <0} <1then a=|{f <0} and p = 1y4,.

For instance, when p = 2 it is easy to see that the set Ag is the ball centered at
zo/(1 + A) with radius A|zo|/(1 4+ A). Therefore:

o if [zo| > 7 1/2(A+ 1)/\ we have a = 1 and i, = 14, where A is the disk
centered at xo/(1 + A) of unitary area;

o if [z] < 7 12(A + 1)/X we have o = 7|zo[2A2/(A + 1)? and fippr = 14,. In
this case only the fraction « of people drive to reach a parking, while the
rest of residents walk up to the services.

In Figure 2 the two situations are graphically represented in the cases p = A = 2,
while in Figure 3 we plot the two optimal parking areas when p =1 and A = 2.

06— — 06—
04 \ 04
02 02

00 ° ® 00 ° [ ]

[— L L L A - . -
-04 =02 0.0 02 04 0.6 0.8 1.0 -04 =02 00 02 04 0.6 08 10

FIGURE 2. The case p = A = 2. On the left |z9| = 1 gives |Ap| = 1;
on the right |zg| = 1/2 gives |Agp| >~ 0.35.

7. NUMERICAL SIMULATIONS

For the numerical simulation of examples in the case of interpolation between
measures (2.1) and the parking problem (6.2) we replace the optimal transportation
costs by their entropically regularized versions. This will enable us to apply some
variants of the celebrated Sinkhorn’s algorithm, popularized in the context of optimal
transport and matching by [7] and [9]. For an introduction to this rapidly developing
subject and convergence results, we refer the reader to [14] and [12].
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FIGURE 3. The case p = 1 and A = 2. On the left |z9| = 1 gives
| Aopt| > 0.97; on the right |xo| = 1/2 gives |Ayp| =~ 0.24.

7.1. Description of the Sinkhorn-like algorithm. The entropically regularized
optimal transport cost for a cost function ¢, a regularizing parameter ¢ > 0 and a
fixed reference measure Q € P(R¢ x RY) is given by

inf {/Rded c(x,y) dy(z,y) + eH(y|Q) : v € H(,uo,,ul)} , (7.1)

where the relative entropy H(P|Q) between two nonnegative finite measures P, Q)
on R? is defined by

Jo <10g (j—g) _ ) dPif P < O,
+00 otherwise.

Note that, by setting R = e~%/¢(Q), we have

cH(+|R) = / (e.y) dy(zy) +H(Q)

Rd xRd
so that (7.1) amounts to minimizing H(.|R) among transport plans between po and
p1. As already observed in [2] in Section 3.2 the entropically regularized version of
(2.1) becomes for two suitably chosen reference measures Ry, Ry

inf {H('yolRo) +H(m|Ri) : pe A v € po,p), 1 € H(u,ul)}- (7.2)

The cases (i) with no additional constraint and (ii) with location constraint K can
be treated by choosing the reference measures to enforce the support of u being
included in K. Namely we choose

RO = 6_00/6,u0 & ]lK, R1 = 6_61/8]1[( (% M, (73)

where for case (i) we choose K large enough (yet still compact) as before. The
resulting Sinkhorn iterations are standard, see for instance Proposition 1 and 2 in
[2]. The case (iii) of a density constraint ¢ requires performing a suitable projection
of the estimated interpolation, as specified in Proposition 4.1 in [15] in the case of
¢ = k. We write the corresponding Sinkhorn iterations including the projection for
the density constraint for sake of completeness in its dual form where the algorithm
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essentially becomes alternate gradient ascent. For this, note that the dual of (7.2)
with R; as in (7.3) in the case of a density constraint u < ¢ (spt ¢ C K) is given by

1 1
sup {—;/deexp(%ﬂL%) dRﬁg/Rd%duﬁ/Rd(¢o+w1)¢dx:¢0+¢1go}_

®0,¥1,
0,%1

Sinkhorn iterations are given by the explicit coordinate ascent updates for this dual
formulation:

exp (e w) = [ (-2 ul) ar)
exp (017(0) = min (.0} ([ exp (=% + 7)) (o) B

where p! is the current approximate interpolation which is given by the geometric
mean formula (see Proposition 2 of [2]):

1

= TL(f e (20 0t) )

j=0

1
2

Regularizing the parking problem (6.2) in a similar way leads to
inf {H (v|R) + H (Y| Ro) + H (1| 1)}, (7.4)

~¥,Y0,71,YEM

where

M = {750, 71,7 € Mo (R x M (R)

Y + 71—(?:15/ € H(Vo, Vl)y’/r(;)%piv;? - f>707 7-[_;)%1\;71:)/ = ’}71}

As before, a location constraint on a given set K can be encoded in the choice of
the reference measures:

R = 6_61/8110 X vy, RO = €_CO/£V0 X ]lK, Rl = e_cl/E]IK X .

For the density constraint, we have to add the condition ﬂ%% < ¢. The dual of
(7.4) in the case of a density constraint is then given by

1
sup {—/ exp (o + 1) dR — Z/ exp (i + ;) dR;
R2d i—0 R2d

$0,¥P1,
Yo,¥1

1
+;/Rd§0idl/i+/Rd(¢0+w1)¢dl’ : ¢0+w1§0}

The Sinkhorn iterations (density constraint included) in the dual variables then
become

exp (1 (@) = ( Je (=24 s paot@) ot [exp (=2 4 i) dx) B

exp (44 (x)) = min {4, 6} ( oo (<% 4 el duim)) B

and 4!, the current approximate parking measure, is again given by an explicit
geometric mean expression.
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7.2. Numerical results: comparison of the optimal interpolation and the
optimal parking. We now present some numerical results based on the iterative
schemes described in the previous paragraph. In all our examples (presented in
Figures 4 to 7), we compare the solutions of the interpolation and parking problems
with a constant density constraint on the unit square K = [0,1]?. We always take
as distribution of services p; = v = 00505, the Dirac at the center of the square
and as distribution of residents, we take a symmetric sum of four Dirac masses:

1
Mo = Vo = 1 (5(0.5,0.1) +0(0.5,0.9) + 9(0.1,05) + 5(0.9,0.5))
We consider power-like costs

CO('xay> = ‘l’ - y‘p’ Cl<x7y) = 1.560(1’,@/)

for several values of p corresponding to concave, linear or convex costs and various
constant threshold values for the density constraints ¢. In this setting, we know
(Corollary 3.3 for p > 1 and Proposition 4.9 for p < 1) that the optimal inter-
polation and the optimal parking are of bang-bang type. Even with the entropic
regularization (which has the effect of blurring the true solution) this is clearly what
we observe in these figures with a small regularization ¢ = 5.10~%. Since the optimal
parking may have total mass less than 1 (it can even be 0, see Figure 4), we have
indicated its total mass on each figure, of course if the total mass of the parking is
1 it coincides with the interpolation, a case which is more likely to occur when the
threshold level is high. Finally, one can see the influence of the exponent p on the
shape of the support of the optimal measure and in particular recognize for p = 1
(Figure 6) the drop-like shape which was explicitly computed and plotted in Figure
3 and balls for p = 2 (Figure 7).
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FIGURE 5. concave cost p = 0.75
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FIGURE 6. Linear cost p =1
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FiGUure 7. Convex cost p = 2



