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ABSTRACT. We study the sub-Finsler prescribed mean curvature equation, associated to a
strictly convex body Ky C R?", for t-graphs on a bounded domain €2 in the Heisenberg group
H". When the prescribed datum H is constant and strictly smaller than the Finsler mean
curvature of 0f), we prove the existence of a Lipschitz solution to the Dirichlet problem for the
sub-Finsler CMC equation by means of a Finsler approximation scheme.

1. INTRODUCTION

The aim of this work is to study the prescribed mean curvature equation for t-graphs in
the Heisenberg group H" with a sub-Finsler structure. In the Heisenberg group, which can be
identified with R***! endowed with a suitable non-Euclidean group law, a sub-Finsler structure
is defined by means of an asymmetric left-invariant norm || - || i, on the horizontal distribution of
H" associated to a convex body K, C R?" containing the origin in its interior. Let Q C R?" be
a bounded open set, H € L>(Q), F € L'(Q,R*") and u € W1(Q). We consider the functional

(1.1) I(u):/ ||Vu+F||K07*dxdy—|—/Hudmdy,
Q Q

where || - ||k, « denotes the dual norm of || - || x,. In particular, when F(z,y) = (—y,z) the first
term in (1.1) coincides with the sub-Finsler area of the t-graph of u, see [50, 22]. Moreover, if
Ky is the Euclidean unit ball centered at the origin and H = 0 then (1.1) boils down to the
classical area functional for t-graphs in Heisenberg group, see [11, 35] and references therein.
We say that the graph of u has prescribed Ky-mean curvature H in €2 if u is a minimizer of Z.
Indeed, the Euler-Lagrange equation associated to Z out of the singular set €0y, i.e. the set of
points where Vu + F' vanishes, is given by

(1.2) div(mg,(Vu+ F)) = H,

where 7y, is a suitable 0-homogeneous function defined in (2.5). When we fix a boundary
datum ¢ € WH(Q), a solution to the Dirichlet problem for the prescribed Kj-mean curvature
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equation is a minimizer u of 7 such that u— ¢ belongs to the Sobolev space W' (€2). Our main
result is Theorem 5.1, where we prove, under suitable regularity assumptions on the data, that
there exists a Lipschitz solution to the Dirichlet problem for the prescribed Ky-mean curvature
equation when H is constant, it satisfies

(13) |H’ < HKO7BQ(ZO>
for each 2o = (g, y0) € 092 and

(1.4)

/Hvda:dy‘ < (1—5)/ |Vl ko« dudy
Q Q

for each non-negative function v € C°(Q2) and a suitable § = §(Ky,Q, H) € (0,1]. Here
Hp, oo denotes the Finsler mean curvature of the boundary €2 C R?". Notice that the mean
curvature of the graph of u is computed with respect to the downward pointing unit normal
and the Finsler mean curvature of 02 is computed with respect to the inner unit normal. The
upper bound (1.3) of H in terms of the Finsler mean curvature of the boundary is the Finsler
analogous of the standard assumption for the solution to the Dirichlet problem for the classical
mean curvature equation in the Euclidean setting as stated in [56], [26] or [25] (see also [27,
Theorem 16.11]). On the other hand, (1.4) is a standard sufficient condition for the estimates
of the supremum of |u| (see [25] or [27]). It is worth noting that, in the Euclidean setting (cf.
e.g. [31]), the weaker condition

(1.5)

/Hvdxdy‘ </HVU||KO,*dxdy
Q Q

for each v € C°(Q) is actually a necessary condition for the existence of a solution to the
Euclidean prescribed mean curvature equation. Moreover, the Euclidean version of (1.5) suffices
to guarantee existence of solutions to the Euclidean prescribed mean curvature equation as long
as no boundary conditions are imposed (cf. [31, 38]). Remarkably, as we will show in Section
4 and 6, there are particular settings in which Theorem 5.1 continues to hold even without
imposing (1.4), such as the first sub-Finsler Heisenberg group H' (cf. Theorem 5.2) and any
sub-Riemannian Heisenberg group H" (cf. Theorem 6.2). The Dirichlet problem for constant
mean curvature in the first Riemannian Heisenberg group has been studied in [1] under the
same condition on the mean curvature. It is worth mentioning that this is the first time that
the existence of Lipschitz solutions to the sub-Finsler Dirichlet problem has been studied when
H # 0, even in the particular case in which K is the unit disk centered at 0, where the
sub-Finsler and the sub-Riemannian frameworks coincide. Indeed, as far as we know, the sub-
Riemannian Dirichlet problem has been studied in [47, 12, 11, 10, 19, 49] only in the case of
minimal surfaces under the bounded slope condition or the p-convexity assumption on 2, and in
[44] when H # 0 is small enough and in a weaker functional framework. In particular, we point
out that when n = 1 our assumption (1.3) implies that Q C R? is strictly convex, see Remark
4.9. Tt is easy to check that our sub-Finsler functional Z for H = 0 satisfies the hypothesis of
the area functional considered in [19]. Thus, assuming the bounded slope condition we directly
obtain the existence of Euclidean Lipschitz minimizers for Plateau’s problem. The approach of
the present paper, based on the Schauder fixed-point theory, follows the scheme developed in
[12] and extends its results both to the case of prescribed constant mean curvature H # 0 and
to the sub-Finsler setting. In Theorem 5.1 we cannot expect better regularity than Lipschitz.
Indeed, even in the sub-Riemannian Heisenberg group H! there are several examples of non-
smooth area minimizers. For instance, S.D. Pauls [48] exhibited a solution of low regularity
for Plateau’s problem with smooth boundary datum, while in [12, 51, 32] the authors provided
solutions to the Bernstein problem in H! that are only Euclidean Lipschitz. These examples
have been recently generalized to the sub-Finsler setting in [28]. We refer the interested reader
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to [30] for a positive result to the sub-Finsler Bernstein problem for (X, Y')-Lipschitz surfaces,
which can be seen as a regularity result for global perimeter minimizers.

Since equation (1.2) is sub-elliptic degenerate and it is singular next to the singular set,
inspired by [12, 47], we first introduce a family of desingularized approximating equations
given by

2
(1.6) div <7TKO(Vu+F) [Vu+ £ 2> =H
(€% + [[Vu+ F2)?

for each 0 < ¢ < 1. A similar approximation scheme was considered in the sub-Riemannian
setting in [6, 5] to study the Lipschitz regularity for non-characteristic minimal surfaces. For a
detailed analysis of this approach, we refer to [4]. This family of equations can be obtained by
considering a (2n + 1)-dimensional convex body K. containing the origin in its interior, that
converges in the Hausdorff sense to the 2n-dimensional convex body K, as € — 0. The choice
of the convex body K. is not arbitrary. Indeed, we need a specific shape in order to obtain an
approximating equation well-defined in the classical sense in the singular set. It is interesting
to point out that the Riemannian approximation of [12, 47, 6, 5] produces an approximation of
the unit disk D C R?" by ellipsoids in the sub-Riemannian setting, and this approximation does
not work in the greater sub-Finsler generality. Indeed, if instead of (1.6) we were to consider
the more natural equation

(1.7) div (WKO(Vu—i—F) [V + FJ. > —H,

\/52 +||Vu+ F||?

reminiscent of the Riemannian approximation scheme of [12] (cf. Remark 2.9), we would have
to require certain assumptions on K, for (1.7) to be well-defined in the classical sense. We
refer to Section 6 for a more careful analysis in this regard. On the other hand, while (1.6) is
always well-defined, it still tends to degenerate close to the singular set, so that it could fail to
be elliptic. Therefore, we need to regularize (1.6) by perturbing it with an Euclidean curvature
term. More precisely, we consider the family of equations given by

F? F
(1.8) div [ r(vu+ P —IVOEEE ) g Vu + .
(&34 |[Vu+ F|3)3 V1+ [Vu+ FP?

for any € € (0,1) and any n > 0 sufficiently small, whose associated Finsler variational func-
tional is given by

7., (u) :/9(53+\qu+1«"]|§<07*)3 d:cdy+n/9\/1+\Vu+Fy2dxdy+/QHudxdy.

A direct computation (cf. Section 4) will show that (1.8) is in fact a classical, quasi-linear
second-order elliptic equation. Therefore, given a boundary datum ¢ € C*%(€), the solvability
of the Dirichlet problem associated to (1.6) is reduced by [27, Theorem 13.8] to a priori esti-
mates in C'!(£2) of a related family of problems. As usual the a priori estimates in C(§) consist
of three parts: estimates of the supremum of |u|, boundary estimates of the gradient of u and
interior estimates of the gradient of u. While the estimates of the supremum rely on assumption
(1.4), the boundary estimates of the gradient are obtained by a barrier argument that depends
on the Finsler distance from the boundary 0f2. Due to technical reasons in the construction of
the barriers we need to assume the strict inequality in (1.3), avoiding the optimal case when
H coincides with Hp, g0(z0) at a given point zy € 0€2. We emphasize that these results hold
even if the prescribed curvature H is non-constant and Lipschitz. The only crucial step where
we need H to be constant is the maximum principle for the gradient of the solution that allows
us to reduce the interior estimates of the gradient to its boundary estimates. Finally, once we
realize that C! estimates are independent of the approximation parameters € and 7, passing



4 G. GIOVANNARDI, A. PINAMONTI, J. POZUELO, AND S. VERZELLESI

to the limit as €,7 — 0 and using Arzela-Ascoli Theorem we get the existence of a Lispchitz
minimizer for the sub-Finsler Dirichlet problem.

In the last decades, variational problems related to the sub-Riemannian area introduced by
Capogna, Danielli and Garofalo [7], Garofalo and Nhieu [24] and Franchi, Serapioni and Serra
Cassano [23] have received great interest, see also [24, 15, 12, 11, 8, 16, 3, 2, 33, 34, 35, 53, 36,
21, 5, 14, 37, 13, 9, 11]. The monograph [8] provides a quite complete survey of progresses on
the subject.

In particular, the analysis of the Dirichlet problem with H # 0 constant for ¢-graphs is
essential since it is strictly related to the isoperimetric problem in H". In [46], P. Pansu con-
jectured that the boundaries of isoperimetric sets in H' are given by the surfaces now called
Pansu’s spheres, obtained as the union of all sub-Riemannian geodesics of a fixed curvature
joining two points in the same vertical line. This conjecture has been solved only assuming a
priori some regularity of the minimizers of the area with constant prescribed mean curvature,
such as the C? regularity of the minimizers [53], the axial symmetry of the minimizers [41],
the Euclidean convexity of minimizers [42] and when the isoperimetric set both contains a hor-
izontal disk D, and is contained in a vertical cylinder C, for some r > 0 (cf. [52] for a more
accurate statement). Recently, in [50, 22|, the notion of Pansu’s spheres has been generalized
to the Pansu-Wulff spheres in the sub-Finsler setting. We refer to [54] for earlier research in
this direction. Consequently, the results presented in [53] and [52] have been generalized in
[22] and [50] respectively. Finally, in [29] the C? regularity of the characteristics curves for
the prescribed Ky-mean curvature equation with continuous datum H is established when the
boundary of the set is Euclidean Lispchitz and H-regular. Hence our existence result in the
class of Lispchitz t-graphs provides an important contribution to the understanding of the sub-
Finsler isoperimetric problem. Recently, similar results concerning CMC graphs and surfaces
in the Euclidean setting with an anisotropic norm have been obtained by [18, 17].

The manuscript is organized as follows. In Section 2 we introduce some preliminary defini-
tions and results, such as the Minkowski norm, the Finsler geometry of a hypersurface in R?*?,
the Heisenberg group, the sub-Finsler perimeter and the sub-Finsler functional Z. Section 3
is dedicated to the Finsler approximation by the K. convex body of the sub-Finsler convex
body K. Section 4 deals with the a priori estimates for the C'* norm of the solution to the
approximating elliptic equations (1.8). In particular, Proposition 4.6 deals with the a priori
estimates of |u| when H is Lispchitz and verifies the integral condition (1.4), in Proposition 4.8
we deduce the boundary estimates of the gradient when H is Lispchitz, in Proposition 4.7 we
establish the maximum principle for the gradient for H constant, and finally, in Proposition
4.10 we achieve a priori estimates of |u| when H is constant and n = 1. Section 5 contains the
main Theorems 5.1 and 5.2. Finally, in Section 6 we prove Theorem 6.2 in the sub-Riemannian
setting by means of the approximation scheme associated to (1.7).

Acknowledgement. The authors warmly thank Manuel Ritoré for his advice and for stimulating
discussions and YanYan Li for fruitful conversations about the content of the present paper. The
authors would also like to thank the anonymous referees for giving such constructive comments
which substantially helped improve the quality of the paper.

2. PRELIMINARIES

2.1. Notation. Unless otherwise specified, we let n,d € N, n,d > 1. Given two open sets
A, B C R we write A € B whenever A C B. We say that a set K is a convex body if it is
convex, compact and has non-empty interior. We say that a convex body K is (in) Cﬁ’a, for
k€ Nand a € [0, 1], if 0K is of class C*® with strictly positive principal curvatures.



THE PMC EQUATION IN THE SUB-FINSLER HEISENBERG GROUP 5

2.2. Minkowski norms. We follow the approach developed in [50, 55]. We say that || - || :
R? — [0, +00) is a norm if it verifies:

L v =0< v =0,

2. ||sv|| = s|jv|| for any s > 0,

3. v+ ull < vl + lull
for any u,v € R%. We stress the fact that we are not assuming the symmetry property || —v|| =
||v]]. It is well known that any norm is equivalent to the Euclidean norm | - |, that is, given a
norm || - || in R? there exist constants 0 < ¢ < C such that

(2.1) of-[<I-I <l

Associated to a given a norm || - || we have the set F' = {u € R?: ||u|| < 1}, which, thanks to
(2.1) and the properties of || - ||, is compact, convex and includes 0 in its interior. Reciprocally,
given a convex body K with 0 € int(K), the function

llul|gk = inf{A > 0:u e AK}
defines a norm so that K = {u € R?: ||u||x < 1}. In the following we let

By (v,r) = {w eR? : |w—v|x <7}

for any v € R and r > 0. It is easy to check that ||v||x = || — v||_x for any v € R? so that
(2.2) B_g(v,r)={weR: |lv—w|x <r}
for any v € R and r > 0. Given a norm || - || and a scalar product (-,-) in R?, we consider the
dual norm || - ||, of || - || with respect to (-,-), defined by
(2.3) |||« = sup (u,v).

loll<1

The dual norm is the support function of the unit ball F' with respect to the scalar product
(-,-). Moreover, thanks to the above definitions the following Cauchy-Schwarz formula holds:

(2.4) (u, v) < lull][o]

for any u,v € RY If in addition we assume K to be strictly convex and u # 0, then the
compactness and strict convexity of K guarantee the existence of a unique vector mg(u) in 0K
where the supremum in (2.3) is attained, i.e.

(2.5) [l = (u, mic (w))-

It is easy to see that 7k is a positively 0-homogeneous map, i.e. mx(Au) = mx(u) for any A > 0
and u € R?\ {0}, and that ||7x(u)|[x = 1 for any u € R?\ {0}. Moreover, if we assume that
K is C2, then 7g|ge-1 : S71 — 0K is a C* diffeomorphism whose inverse is the Gauss map
Nx of K with respect to the outer unit normal. In particular,

(2.6) Dy (u) is positive definite

for any u € R?\ {0}. Furthermore, we have that the norms | - ||x and || - ||k« belong to
Cke(R?\ {0}) if and only if 0K is C* for k € N and 0 < o < 1. For further details see [55,
Section 2.5]. The relation between the dual norm and the map 7 is given by

(2.7) Vvl = 7r (w).
Indeed, for any u € R?\ {0}
Vlullgs = V{u, 7x(u)) = 7 (u) + u - Drc(u) = 7 (u),

where the last equality follows from the fact that 0-homogeneous functions are radial.



6 G. GIOVANNARDI, A. PINAMONTI, J. POZUELO, AND S. VERZELLESI

2.3. Finsler geometry of hypersurfaces in the Euclidean space. Let K C R be a convex
body in C%, 0 € int K and Q C R? be a bounded domain with boundary 9Q = ¥ of class C?.
Let N be the inner unit normal to X. Then the derivative map (Wky), = —d,(mx o N) :
T2 = Trp(N@p)OK, being mx as in (2.5), is called the K-Weingarten map. Let v C 0K be a
differentiable curve with v(0) = 7x(N(p)) and 7/(0) € Tr (np) K. By definition of 7k, the
function

ft) = (v(1), N(p))
has a maximum at 0 and therefore (v'(0), N(p)) = f'(0) = 0, which gives Ty, (nvp)0K =
TnpS*t. Moreover it is well known that (dN), is an endomorphism of 7,% and therefore
(Wk 5)p is an endomorphism of 7,3. We define the K-mean curvature of ¥ as

Hp s, = Trace(Wk ») = — divy(mg o N),

where divy, is the divergence in the tangent directions to . We remark that Wy s, is neither
necessarily self-adjoint nor symmetric. Let us check that Wi 5, is anyway diagonalizable. In-
deed, given a parametrization X of ¥, dN has a symmetric matrix representation S in the basis
B=1{0,,X,...,0,, ,X}. On the other hand, 7x = Nx' and, since K is in C2, the matrix A
which represents d(N ') with respect to B is positive definite. Therefore, there exists an in-
vertible matrix P such that A = P!P. Notice that the matrices P'PS and PSP! have the same
spectrum, and equal to the spectrum of Wi 5. Since S is symmetric we can apply Sylvester’s
criterion to obtain that all the eigenvalues of PSP" are real. The eigenvalues of Wi x; are called
K -principal curvatures and the eigenvectors of Wi s, are called K -principal directions.

2.3.1. Finsler distance from the boundary and the Eikonal equation. In this and the following
section we want to rely on some results by [40, 39], and so we assume that K is in C'°, i.e. 0K
is of class C'™ with strictly positive principal curvatures. Let Q@ C R? be a bounded domain
with boundary 99 = ¥ of class 0%, for 0 < a < 1, and inner unit normal N. We shall adapt
Theorem 4.26 in [43] and the remarks at the end of Section 4.5 in [43] to prove existence of a
tubular neighborhood of ¥ and compute the K-mean curvature of parallel hypersurfaces. The
interior signed K-distance to Y is the function dg s : RY — R given by

—min{llp —qllx : g€ B} ifpgQ.
Consider the map F : ¥ x R — R? given by
F(g,t) = q+t(rx o N)(q).

For any v € T,;3, we have (dF) (44 (v,0) = v+ td(mg o N)(v) and (dF)44(0,1) = (75 o N)(q).
Since K contains the origin,

min{ ||p — tqgEX if pel
dm(p):{ {lp—dlx :a€x) ifp

<7TK(N),N> >0

and dF is invertible at t = 0. Thus F' is locally a diffeomorphism and, being > a compact
hypersurface, F' is a diffeomorphism in a domain ¥ x (—4,d). The set F(X x (=4, 0)) is called
a tubular neighborhood of ¥. Notice that if p = F(q,t), then

(2.8) p—q=t(rg o N)(q)

and, taking the K-norm, we obtain that dgx(p) = t. We know (cf. [40]) that, under our
assumptions, there exists 0 > 0 such that

dKZ € CQ’Q(F(E X (—5, 5)))
for any § < &. Given [t| < §, we let
(2.9) ¥ ={peR: p=F(q,t) for some q € 9%}.
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Proposition 2.1. Let Q C RY be a bounded domain with boundary 0 = X of class C? and let
F(X x (=0,0)) be a tubular neighborhood of 3. The K-mean curvature of Xy at p € ¥y is given

by
(2.10) Hp s, (p) = '

where q € X satisfies p = F(q,t) and k1(q), ..., ka—1(q) are the K-principal curvatures of ¥ at
q.

Proof. Let {ey,...,eq_1} be a basis of K-principal directions of 3. Then (dF)q(e;,0) =

(1 —tk;)e;. Therefore a basis of principal directions in ¥y is {15 —, ..., 1_65;;_1 }. Since we have
e Ki
—d(mrg o N . = e
( K )q<1—t:"€l) 1—t/<ll
foreach 2 =1,...,d — 1 we get the conclusion. O

Remark 2.2. From (2.10), we obtain that the K-mean curvature is increasing in ¢. In partic-
ular, given ¢ € ¥ and p = F(q,t) for ¢t > 0, it holds that

(2.11) Hg s, (p) > Hix(q).

The following Eikonal equation can be deduced using classical arguments. We include the
proof for the sake of completeness.

Proposition 2.3. It holds that
(2.12) IVdrs(p)|lks =1
for any p where di sq is differentiable.
Proof. It is clear that, for any p,p’ in R?, we have
drs() < P = pllx + drs(p).
Taking p’ = p + tv where t > 0, we get
dgx(p+ tv) — dix(p) < [tk
Therefore,
(2.13) (v, Vdg s(p)) < [Jv]|k-
Taking v = 7k (Vdg x(p)) in (2.13), we obtain
IVdrs(p)llkx < 1.
On the other hand, let v(t) = F(qo,t). By (2.8) we have that
dis(y(t)) = t.
Taking derivatives in the previous equation, we obtain
(7' (), Vdg s(~(t))) = 1.
Since v/(t) = (7x o N)(qo), we get that ||/ (t)||x = 1. Using (2.4), we get
IV ,e(v(E) || > 1. O
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Given a tubular neighborhood O of 92 and p = F(q,t) € 2, we denote by N;(p) the inner
unit normal to 3; at p. Let us explicitly compute div(7mgx o Ny)(p). Let us recall that, to the
0-homogeneity of 7, we get that

q-Drk(q) =0
for any ¢ € R?. In particular, taking ¢ = N;, we obtain
N;- D(mg o Ny) = Ny - D (Ny) - DNy = 0,
which implies that

(2.14) —div(mg o N¢)(p) = —dive(mx o M) (p) = Hix,(p) = Hi 0a(q)-

With the next result, we better understand the relationship between the Finsler mean cur-
vature of 3, the Euclidean curvature of ¥ and the Euclidean principal curvatures of K.

Proposition 2.4. Let K be a convex body in C2, 0 € int K. Let Q C R* be a bounded domain
with 9Q = % of class C* and let N, be the inner unit normal to ¥ at q. Then we have

d—

(2.15) His(q Z

=1 ’L

where kX are the Euclidean principal curvatures of OK and ey, ..., eq_y is an orthonormal basis
of BEuclidean principal directions of 0K .

Proof. We shall drop the subscript for mx. Let ¢ in ¥ and eq, ..., e4_1 be an orthonormal basis
of R¥™! = T,(n,)0K such that

(ANK)m(v,) e = k' (T(Ny))ei.
By hypothesis, kX > 0 fori =1,...,d — 1. Here N denotes the Gauss map of K. Then we

have
d—1

HK;]((]) = — leE Z D617T ,

=1

where D is the Levi-Civita connection in R?. We claim that D.,7(N,) = dr(D,,N,). Indeed,
let 7 : (¢,€) — X such that v(0) = ¢ and 4(0) = ¢; fori =1,...,d — 1. Then we have

N Z V(N ds

Moreover, since dm is a symmetric matrix we gain

s=0 7(5)5_%-

d—1 d—1

(2.16) Hics(a) = = D {(dm)w, Do Nys ) = = D~ (Do, Ny (dm) v, ).

i=1 =1
Since m = N' we obtain dr = (dNk)~! and
e; = AN dNk(e;) = AN (k] (m(N,))er) = ki (m(N,))dr(es),

by linearity. Therefore, we have dr(e;) = (kX (7(N,))) 'e;. Hence, plugging this last equality
n (2.16) we gain (2.15). O
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2.3.2. The Ridge of the Finsler distance. In the previous section we obtained some regularity
and geometric properties of di so in a tubular neighborhood of 9€2. We shall see that some
of these properties persist outside a tubular neighborhood. We fix a convex body K € Cf°
and a bounded domain  C R¢ with C*! boundary. For any p € €, we let D(p) := {q €
00 : dkaa(p) = |lp — ¢llx}. Since di gq is continuous, then clearly D(p) # 0 for any p € €.
Accordingly, we define the set

(2.17) O :={peQ: D(p)is a singleton},
and we define the Ridge of € by

R:=Q\int Q.
We know, again thanks to [40], that, under our assumptions on K and €,
(2.18) dic o € C*'(int Q; U 9Q).

Moreover, in [39, Corollary 1.6] it is proven that the Hausdorff dimension of R is at most d — 1.
This fact implies that R has empty interior, so that

(2.19) d(int Q1) = 0Q U R.
The following result is inspired partially by [20, Lemma 3.4].
Proposition 2.5. Let p € Q, let ¢ € D(p) and let

(psq) ={tp+ (1 —t)q : t € (0,1)}.
Then (p,q) C int Q) and
(2.20) D(v) =A{q}
for any v € (p, ).

Proof. Let p,q be as in the statement, and fix v € (p,q). We already know that D(y) # 0.
On the other hand, assume that there exists ¢’ # ¢ such that ¢’ € D(v). Let us notice that
P, q,q cannot lie on the same line. Indeed, if by contradiction this was the case, then the only
possibility is that p is a convex combination of v and ¢’. But then the strict convexity of K
would imply that

v =dllx < llv—dllx <llp—dallx < llp—dllx < Iy —dlx,
which is absurd. This in particular implies that p,~y, ¢ do not lie on the same line. Therefore,
thanks again to the strict convexity of K, we get that
Ip = d'llx <llp =7l + v = dllx <llp =& + 1y = allx = lIp — allx,

a contradiction to ¢ € D(p). Hence (2.20) is proved. Assume by contradiction that v € R. By
Corollary 4.11 in [39], any point of the form ¢ + A(y — ¢) with A > 1 has a point in 9 closer
than ¢. On the other hand, taking w the midpoint of p and ~, then by (2.20) it holds that
D(w) = {q}, which is impossible. O

Let us take a point p € int Qy, and let ¢ € D(p). Thanks to Proposition 2.5, we know that
dKﬁQ(Z) = |z —qllx

for any z in (p, q). Recalling that (p,q) C int Q4, together with (2.18), and Proposition 2.3 it is
easy to see that Vdg pa(2) # 0. Thus, at least locally, the level set ¥4, aa(p) is a well-defined
C? hypersurface. Reasoning as in Section 2.3.1 we conclude that

(221) — diV(ﬂ'K (¢] NdK’aQ)(p) 2 HKO’(‘)Q(q)
for any p € int 0y, where ¢ € D(p).
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2.4. The Heisenberg group. Let n > 1. We denote by H" the Heisenberg group, defined
as the (2n + 1)-dimensional Euclidean space R*"™! endowed with the non-abelian group law x*
given by

(2:22) (z,y,t) * (z,9,1) = (az +Zy+ U+ Y (T — xiyi)) :

i=1
where © = (z1,...,2,), T = (T1,...,%n), ¥y = (Y1,--.,Yn) and ¥ = (¥1,...,Yn). A basis of
left-invariant vector fields is given by

0 0 0 0 0

Xi= 75—+ Vi Yi = — Tin, T'=—,

oz Vi oy Vit ot
for i = 1,...,n. For p = (x,y,t) € H", the left translation by p is the diffeomorphism
L,(q) = p=*q. We denote by H the horizontal distribution whose fiber at p € H" is the

2n-dimensional space

H, = span{X;(p), Yi(p) | i=1,...,n}.
From now on we will always identify H, with R?®. We shall consider on H" the left-invariant
Riemannian metric ¢ = (-,-), so that the vector fields {X;,...,X,,Y1,...,Y,, T} form an
orthonormal basis at every point, and we let D be the Levi-Civita connection associated to
the Riemannian metric g. The Riemannian volume of a set E is, up to a constant, the Haar
measure of the group and can be identified with the (2n 4+ 1)—dimensional Lebesgue measure.

We denote it by |E|. The integral of a function f with respect to the Riemannian measure is
denoted by [ f dH".

2.5. Sub-Finsler norms and perimeter. Let Ky C H, = R?" be a convex body in C’i (cf.
Subsection 2.1), 0 € int Ky and let || - ||x, be the associated norm in R?". In the following we
shall write || - ||, || - ||« and 7 instead of || - ||k, || - || ko« and 7g, respectively. For any p € H",
we define a left-invariant norm || - ||, on H, by means of the equality

[vllp = lldL, ()| v eH,

where dL, denotes the differential of L,. In particular, for a horizontal vector field > | fiX;+
¢;Y; its norm at a point p € H" is given by

|3 5 %0) + 000 = 1), o)1,

where f = (f1,..., fn) and g = (g1, ..., ¢gn). Similarly, we extend the dual norm || - ||, and the
projection 7 to each fiber of the horizontal bundle. When || - || is C* with [ > 2, all norms || - ||,
are C'. Given a horizontal vector field U of class C, we define 7(U) as the C* horizontal vector
field satisfying

1Ull« = (U, w(U)).

Proceeding as in § 2.3 of [50], it is easy to see that the projection satisfies

& _ (f.9)
™ iXi+gYi | =N, 01(—)7
@f ’ ) “o \ VTP + 1o
where | f|* = (f, f).

Definition 2.6. Given a measurable set £ C H" we say that F has finite horizontal K-
perimeter if

Pry #(E) = sup {/ div(U) dH", U € H(l)(H”), U | ko0 < 1} < +00,
E
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where H§(H") is the space of C' horizontal compactly supported vector fields in H" and
1U ]| 0,00 = suppesn [|Upllp-

Remark 2.7. The perimeter associated to the Euclidean norm |- | is the sub-Riemannian
perimeter as it is defined in [23, 24]. A set has finite perimeter for a given norm if and only
if it has finite perimeter for the standard sub-Riemannian perimeter. Hence all known results
in the standard case apply to the sub-Finsler perimeter. Moreover, if £ has C! boundary 0F,
then

PreoulE) = / |Nullodo = Ay (9E),
oF

where N, is the projection on the horizontal distribution H of the Riemannian normal N with

respect to the metric g and do is the Riemannian measure of F. For more details see § 2.4 in
[50] when n = 1.

As a significant example, we consider a bounded open set 2 C R*' and a C! function
u:Q — R. Let Gr(u) = {(z,y,t) € H* : u(x,y) —t = 0} be the graph of u. Then we have

" (g, — ) Xi + (uy, + 2)Y;
N, = Dim (e, — )X + (uy, +2) and do = \/1 + |Vu + F|? dxdy,
V1+|Vu+ FJ?

where Vu(z,y) is the Euclidean gradient of u(x,y) and F(z,y) = (—y,x). Therefore we get

Ay 32(Gr(u)) = / |Vu + F|, dedy.
Q

2.6. The Sub-Finsler prescribed mean curvature equation. Inspired by the previous
computation and the sub-Riemannian problem studied by [12] we consider the following prob-
lem. Let 2 C R?*" be a bounded open set and let F' € L'(Q,R*"), o € Wh1(Q) and H € L>(Q).
Then we set

(2.23) T(u) = / IVu + Fl|, dedy + / Hu dxdy
0 0
for each u € WH(Q) such that u — o € W, (Q). We say that u € WH1(Q) is a minimizer for
7if
Z(u) < Z(v)

for all v € W(Q) such that v — ¢ € W, (Q). In [12, Section 3] the authors investigate the
first variation of the functional Z when || - || g, « is the Euclidean norm | - |, taking into account
the bad beaviour of the singular set

(2.24) Qo ={(z,y) €Q : (Vu+ F)(z,y) =0}.
In the next result we derive the Euler-Lagrange equation associated to Z for C? minimizers.

Proposition 2.8. Let Ky be a C3 convex body such that 0 € int(Ky). Let u € C*(Q) be a
minimizer for T defined in (2.23). Assume that F € CY(Q,R?"). Let Qq be the singular set
defined in (2.24). Then u satisfies

(2.25) div(n(Vu+ F)) = H in Q\ Q.
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Proof. Given v € C(Q\ Qp), by [50, Lemma 3.2] the first variation is given by

d d
—|  Z(u+ sv) —/ —| [[V(u+ sv)+ Fl, dedy + Huv dxdy
dS s=0 2N\ dS s=0 2\ Qo
d
—/ —| |IVu+ F + sVv|. dedy + Hv dxdy
2\ dsls=0 2\Q
= / (Vu,m(Vu+ F))) dedy + Hov dxdy
Q\Qo 2\ Qo
:/ v (H —div(r(Vu + F))) dxdy. O
Q\Q
Remark 2.9. When K is the unit disk Dy C R?" centered at 0 of radius 1 we have
Vu+ F
Fy— "~
WDO(VU+ ) |VU+F|

and (2.25) is equivalent to

Vu+ F
div| ————— | = H.
1V(|Vu+F|)

3. THE FINSLER APPROXIMATION PROBLEM

In this section we develop the Finsler approximation scheme in order to get rid of the singular
nature of equation (2.25). To this aim, given K a convex body in C% such that 0 € int K, and
e € (0,1), we denote by K. the set

(3.1) K. := {@,y,w e R <ﬂ) + @ y)lF < 1}.

Notice that K, C R?"™! = TyH" (here ToH" denotes the tangent space of H" at p = 0) is a
strictly convex body with 0 € int(K.). Moreover JK. is of class C'. Indeed it is a level set of
3

the C"! function g.(x,y,t) := <‘t?|> gt |(z,y)||2, whose gradient never vanishes on dK,. Hence,

the projection 7y, is well-defined and continuous. We shall write || - ||, || - ||« and 7. instead
of || I, || - || k. » and 7k, respectively. The map 7" is defined as the first 2n components of
m.. By abuse of notation, we write 7”(z,y) = 7"(x,y, —1) when there is no confusion.

Proposition 3.1. Let Ky be a convex body in C2 such that 0 € int Ko, and let K. C R* 1 be
the set defined in (3.1). Then the following assertions hold:

(i) The map ©h : R*™ < {0} — R*" satisfies
(2, )12
(& + @y
(ii) The map 7 can be extended to a C* map in R*™ by setting (0, 0) = (0,0).
(i) (2,5, =Dl = (2 + 1@ 1) [2)°.
Proof. Let us prove that
(3.2) m(z,y, —1) = (am(x,y), —e(1 — a*?))¥/?

for some 0 < a(z,y) < 1. Given (z,y) in R*"\ {0}, we denote by ¢, the (2n + 1)-th coordinate
of m.(x,y,—1) and we let K;, C R?" be the convex set defined by

Ky, = {(2',y) : (2,4, ty) € K.}

' (z,y) = m(z,y)
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Then we have
2

s ok = { ()" 10l < 1} = e < (1 i (M)>

Hence it follows that m, = (1 — (@)%)gﬂ On the other hand, since 7. is the inverse of the

Gauss map, we can see that (z,y,—1) is normal to K. at m.(z,y, —1) and so (z,y) is normal
to 0Ky, at 7 (z,y), where 0 < t, < 1 satisfies |7/ (z,y)||2 + ('tE—Ol)% = 1. Since Ky, is strictly
convex, the projection is unique and 7% (z,y) = m;, (z,y). Hence (3.2) follows. Taking the scalar

product of (x,y, —1) with the curve 3(s) = (sm(x,y), —(1 — s32)%/3), we get

((x,y, _1)aﬁ(5>> = SH(xay)H* + 8(1 — 83/2)2/3.

Notice that § is in 0K, and B(«) is m.. Hence in s = o the maximum of the scalar products of
(x,y,—1) with an element of K. is attained. Thus we can take derivatives in s = «, set them
equal to 0 and get

N

(07

0=||(z,y)||ls —e————.
Il ==

Then we obtain
[ (z,y)]|2

&+ ) 77
and we get (7). Since ||(z,y, —1)|| k.« = ((z,y,—1), (2, y, —1)), a straightforward computation
shows (ii7). Finally, (i7) follows from (i) and the 2-homogeneity of the map 7(-)|| - ||2. O

o =

Lemma 3.2. Let u,v € ToH" and s € R. Then we have

d
(3.3) Zol ol t svllew = (v, me(w)).
Proof. Let f(s) = |u+ sv||.« and g(s) = (u + sv,m(u)). Notice that f(s) > g(s) for each
s € R, since by definition ||u + sv||. . = (u + sv, 7. (u)) and f(0) = ||ul|c. = (u, 7 (w)) = g(0).
Therefore, by a standard argument f/'(0) = ¢’(0), and the thesis follows. O

Given a convex body Ko C R*" in C2 with 0 € int(Kj), and K. defined as in (3.1), we extend
the reasoning of the previous section to define a left-invariant norm || - || on TH by means of
the equality

= [I(f(»), 9(p), h(P))llc

&p

| > s+ gvi et
=1

for any p € H" with f = (f1,..., fn) and g = (g1, ..., gn). Again, ||| and 7. can be extended
to the tangent bundle in the usual way.

Definition 3.3. Given a measurable set £ C H" we say that E has finite K_.-perimeter if
Py (E) = sup {/ div(U) dH", U € Xo(H"), ||U]| k. 00 < 1} < +o0,
E

where ||U]|k. 00 = sSUppepm [|Up |l and Xo(H") is the space of C' compactly supported vector
fields in H".

Remark 3.4. If E has C! boundary dF, then

Py (E) = /8 IN|lude = A(0F),
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where N is the Riemannian normal with respect to the metric g and do is the Riemannian
measure of 0F. Indeed by the divergence theorem we have

Py (E) = sup {/ div(U) dH",U € Xo(H"), |U]| k. 00 < 1}
B

—wp{ [ 0N a0 € 3B Ul < 1)
OF

=/nmmw7
oF

where the last equality can be proved proceeding exactly as in [23, 24].

3.1. The Finsler prescribed mean curvature equation. We are ready to derive the Finsler
prescribed mean curvature equation, essentially in the same way as in the previous section. To
this aim, let Q C {¢t = 0} be a bounded open set and u : Q& — R be a C? function. Then we
have

v (e = )X+ (uy +2)Yi =T

N e and do = +/1+ |Vu+ F|2dzdy,
u

where F'(z,y) = (—y, z). Therefore we get
Ak (Gr(u)) = / |(Vu+ F,—1)||- . dxdy.
Q

Hence, inspired by this computation and thanks to Proposition 3.1, given F € L'(Q2, R*"),
o € WH(Q) and H € L>(Q), we define the approximating Finsler functional Z. by

(3.4) T (u) z/ (53—|—||(Vu+F)||‘:’)% dxdy+/Hudzdy,
Q Q

for any u € W(Q) such that u — ¢ € Wy''(Q). Arguing as in the previous section, and thanks
to Lemma 3.2, we are able to deduce the Euler-Lagrange equation associated to (3.4). Indeed,
given v € C°(2), by Lemma 3.2, the first variation is given by:

d d
—| 7 - [ =
dsls=0 (1w sv) /Q ds

/d
_st

:/Q<(Vv,0),7ra((Vu+F,—l))) d:vdy%—/QHvdmdy

s=0

|(V(u+ sv) + F,—1)||- . dxdy—i—/Hvdxdy
Q

|(Vu+ F,—1) + s(Vv,0)]|c.« dxdy—i—/Hvdxdy
0

s=0

= /(Vv,w?(Vu—l—F)) d:cdy—l—/Hvda:dy
Q Q

= / v(H — div(7"(Vu + F))) dvdy.
Q

Then the Finsler prescribed mean curvature equation for the graph of w is given by
(3.5) div(7"(Vu+ F)) = H in Q.

As already pointed out in the introduction, (3.5) is only degenerate elliptic in the singular set
(cf. the computations of Section 4). Therefore, in the next section, we will perturb (3.5) as
in (1.8) in order to apply the aforementioned classical Schauder fixed-point theory for elliptic
equations.
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4. A PRIORI ESTIMATES FOR THE FINSLER PRESCRIBED MEAN CURVATURE EQUATION

In this section we want to find classical solutions to the regularized Finsler approximating
Dirichlet problem associated to (1.8), that is

&v@ﬂvu+pn+nﬁv<7%%%$):f{ in 0

U= in 09,

(4.1)

where €, € (0,1), 2 C R? is a bounded domain with C%“ boundary for 0 < a < 1, Kj
is a convex body in C*® with 0 € int Ko, H € Lip(Q), F = (Fy,...,Fy,) € CY*(Q,R*)
and ¢ € C**(Q). To this aim, let us fix some notation. It is easy to see that the map
G : R*"\ {0} — R?" defined by G(p) = 7(p)||p||?> can be extended to a 2-homogeneous and C'
map setting G(0) = 0. Moreover, for any i = 1,...,2n

Di([| - 1I12) = 3Gs(-),

where G = (G4, ...,Gs,). Thanks to Proposition 3.1, we can write the first equation of (4.1)
in the form

F|? F
(&3 + [[Vu + FI3)3 V1+ [Vu+ F]?

An easy computation yields
1
(&3 + IV + F|2)5

((€% + [|[Vu + F||?) div(G(Vu + F))

— 2G(Vu + F)(D*u + DF)G(Vu + F)7)

T 77+ T (14 |Vu+ FP2) div (Vu + F)
U 2

— (Vu+ F)(D*u+ DF)(Vu+F)") = H.

Therefore, we can write (4.2) in the familiar form

2n
Z Af]”(% Vu; F)D; ju+ B¥"(z,Vu; F) = H,

1,7=1

where the coefficients A;”/ and B" are defined by

1 2
D;Gi(p+ F) - 5
€ +lp+ Fl2) €+ llp+ Fl2)3
U U

+ i (meFz)(p‘ +
VIt +FR Y (14 p+ FP2)s ’

A (zp F) =
(4.3)

Gilp+ F)Gy(p+ F)

win

=3

Fj)

and

1 2n

e S ~ T
2
— Gp+F)DFG(p+ F)"
EFTETTH (
! div F — 7 (p+ F)DF(p + F)T

+
VI+p+FP? (1+|p+ F|2)?

ij=1
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for any 2 € Q and p = (p1,...,p2n) € R*". Therefore (4.2) is a second-order quasi-linear
equation. Moreover, thanks to the computations of the previous section and (7i7) in Proposition
3.1, we know that (4.2) is the Euler-Lagrange equation associated to the functional

1
u / (& + | Vu+ F|2)® +0v/1 4 |Vu+ F2 + uH dz.
Q
Notice that the matrix A®" is symmetric. Moreover, observing that

2\|plsm;(p)mi(p) + |pl|2Dim;(p)  ifp #0

(4.4) D;(Gi(p)) = {0 ifp=0

we infer that (4.2) is an elliptic equation. Indeed, assume first that p + F = 0. Then, by (4.3)
and (4.4)

ZA (z,p; )& = nl¢f?

3,0=1

for any ¢ € R?". From the other hand, when p + F' # 0, (2.6), (4.4) and the Cauchy-Schwarz
inequality imply that

(45)
L 2|lp + Fllomi(p + F)mj(p + F)&€; + |p+ FII2Dimy(p + F)&g;
ZA (op Pt = 3 I [l );(3 )&i&; l|2 12D ( )§i&;
4,j=1 4,j=1 (5 +||p+F||*)3
2n
= 2|lp + Fllimi(p + F)m;(p + F)&E; N L+ p+ FP)EP - (p+ F.E)°
5 3
i1 €+ lp+ FlI2)s (L+[p+ FP]?)?
lp+ F|? €17

> > (EDr(p+ F)ET) + -

ot ppE C TR e
2

e

(Lt |p+ FP2)3

for any & € R?", so that we conclude that

2n
5 77 2
(4.6) Az, p; F)E&G > =€
3; ’ T (L4 p+ FP)?

for any z € Q and any p,¢ € R?". We remark that, by (4.5), equation (3.5) is elliptic outside
the singular set. In view of (4.6), we are in position to apply the classical theory for quasi-linear
elliptic equations of [27]. In particular, we wish to rely on the following fundamental result,
which is a direct consequence of [27, Theorem 13.8] and subsequent remarks.

Proposition 4.1. Let 2 C R?" be a bounded domain with C*“ boundary, Jor some 0 < o < 1,
and let o € C**(Q). Let us assume that A7](-,-;0F), B¥(-, 0 F) € C*(Q x R*") for any
o € [0,1], and that the maps

g — AZE”;](, ';O'F>, o — BEW(',‘;O'F)

are continuous as maps from [0,1] to C"(_ﬁ 2n) . If there erists a constant M > 0 such that,
for any o € [0,1], any solution u € C**(Q) to the problem

div(7(Vu + o F)) + ndiv (\/%) =ocH in{)

U =0y in 02

(4.7)
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satisfies
[uller@y < M,
then
. h : Vu+F — ;
(48) div(m2(Vu + F)) + ndiv (—\/m> H inQ

U= in OS)
admits a solution in C**(Q).

Remark 4.2. Notice that the constant M > 0 in Proposition 4.1 depends a priori on €,n €
(0,1) and may blow up as £,7 — 0. However, in the sequel (cf. Propositions 4.6, 4.7 and 4.8)
we will show that the estimates for the C'' norm of solutions to (4.7) can be made uniform
ine € (0,1) and n € (0,7m9) for a sufficiently small constant 7y € (0,1). That would provide
a constant M > 0 a posteriori independent of ¢ and 7, thus allowing to pass to the limit as
e,n — 0 (see Theorem 5.1).

We shall need also the following weak maximum principle stated in [27, Theorem 8.1].

Theorem 4.3. Let ) C R? be a bounded domain. Let L be the uniformly elliptic linear operator
Lw = diV(CLZ‘,ijIU) + CiDiw

where the coefficients a;; and ¢; are bounded measurable functions on Q. Let w € WH2(Q)
satisfy Lw > 0 in Q in distributional sense. Then

supw < supw™,
Q0 o0

where the value of wt = max{0,w} in O is understood in the sense of traces.
First of all we need to guarantee the requested regularity for the coefficients of the equation.

Lemma 4.4. Let Ky be a convex body in CT* with 0 € int Ky. Let F € C%*(Q,R*). Then
there exists 0 < 3 < 1 such that A7](-,-;0F), B*"(-,;0F) € CP(Q x R?™) for any o € [0,1].
Moreover, the maps

o A7 0F), o= BY(-, 50 F)
are continuous as maps from [0,1] to CP(Q2 x R*).

Proof. The second statement easily follows from the definition of the coefficients. Let us prove

the first statement. It is clear, thanks to our assumptions on Ky and F', that Af]"(, -,0F) and
Be(-,-,aF) belong to C%(Q x R*") for any o € [0,1]. Moreover, in view of (4.4), D;G; is
C*(R?*"\ 0) for any 4,5 = 1,...,2n, since 0K is C**. Finally, we get

D.G.
p—0 ‘p’a

Indeed, we have
D,GIw) el
[pl [pl

H|§|HE Pl (I (p)mi(p)] + llpll«| Dim; (p))

< Clplli™ =0

|73 (p)mi(p) + [lplZ Dim; (p))|

<2

as p — 0, since % is bounded and the last factor in the previous inequality is 0-homogeneous,

thus in particular bounded. Then D;G; belongs to C*(R*"). Since A7 and B*" are obtained
as composition, sum and product of Holder functions, the conclusion follows. l
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Therefore we are in position to apply Proposition 4.1. First of all we want to obtain estimates
for the C° norm of solutions to (4.7). In order to do this, inspired by [26], we assume that there
exists d = 0(Ko, 2, H) € (0, 1] such that

<(1- / Vo]l

/ Huvdz

for any non-negative function v € C°(€Q2). To justify this assumption, assume that we have a
function u € C?(Q) which solves (4.1). Then, multiplying (4.1) by a test function v € C>°(Q),
integrating over 2 and letting n — 0, by Proposition 3.1 we get that

F
/Hvdz /vdiv( Vuto )dz
Q Q V1+|Vu+oF|?

<Vv, Vu+oF > i
V1+|Vu+oF|?

(4.9)

+n

<

/ vdiv(r?(Vu + F)) dz

</|<7T?(VU+F),VU>|CZZ—|—77/
0 0

</||VU||*dz+n/|Vv|dz
0 Q
—>/HV1}H*dz.

Q

Notice that, as already pointed out in the introduction, (4.9) is slightly stronger than (4.10).
We begin by proving a technical lemma.

Lemma 4.5. Let 0 € [0,1] and € € (0,1). Then
(4.11) (.l (p+0F)) = llplle =1 = | Fll = || = FIl.
for any p € R*™ and z € Q.

(4.10)

Proof. Let us fix z € Q and p € R*™. If p = 0 or p+ oF = 0, then the assertion is trivial.
Therefore, assume p,p + oF # 0. It is clear, recalling Proposition 3.1 and using the Cauchy
-Schwarz formula (2.4), that

(p. 7l (p+0F)) = (p+oF,nl(p+oF)) — (cF,ml(p+oF))
Ip +oF| _( Ip + o F 2 )5,, -
T @+ p+oF|P)s \E+p+oF|?
HP+UFH§
T (& + |lp+oF|P)3

= 1#1l

Hence, noticing that
lp+oFll. = llpll = | = o Fll. = llpll« — | = F1l.
by the triangle inequality, it suffices to prove that
lp+ o F||;
(€ +llp+oF|3)s

When ||p + oF||. < 1 (4.12) is trivial. Therefore let us assume ||p + oF||, > 1. Notice that
(4.12) is equivalent to

(4.12)

7 2 p+oF. -1

g 3
lp+oF|2 = (Ip+ o F|l. = 1)2(* + [lp + o F ).
Since a? — b” > (a — b)? when 0 < b < a and p > 1, it is enough to check that
lp+ o Fl2% = (lp + o FI[Y? = D + [lp + o F|12)
=p+oF ¥+ |lp+oF|2? - — [lp+oF|,
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which is clearly true since ||[p+ o F|[. > 1 and € < 1. O

Proposition 4.6. Let a € (0,1) and Ky be a convex body in C’i’a with 0 € int Ky. Let
Q C R be a bounded open set, ¢ € C*(Q), H € L®(Q) and F € C°(Q,R*). If condition
(4.9) is satisfied then there exist a constant ng = no(Ko,d) € (0,1) and a constant C; =
Ci(n, Ko, Q, @, F,0) > 0, independent of o € [0,1], € € (0,1) and n € (0,m9), such that, for any
solution u € C%(Q) to (4.7) with n € (0,m) it holds that

[ull oo ) < i

Proof. Let us notice that (4.11), the equivalence between || - ||, and the Euclidean norm and the
boundedness of F' allow to find constants ag, as > 0, independent of o € [0,1] and € € (0, 1),
such that

(p. 7 (p+0F)) > aglp| — az

for any z € Q and p € R?". This fact, together with the boundedness of H, suggests to rely
on [27, Lemma 10.8] to limit ourselves to estimate ||ul[z1(q). Indeed, it is not difficult to show
that [27, Lemma 10.8] remains true when condition (10.23) of [27] allows a positive coefficient
multiplying |p|. Moreover, its proof can be easily adapted to achieve estimates from above of
supg —u in terms of [|u~||11(q) for any solution of Qu = 0 where @ is defined in (10.5) of [27].
In the end it suffices to estimate ||u™|| 1) and [[u™||L1). We only estimate ||u™||;1(q), being
the other case analogous. Moreover, up to replacing u by u — ||¢]|oc.00, We can assume that
u < 01in 09Q. Let us set v = u*. Then it is clear that v € WH°(Q) N W, (), and moreover
Vv exists in the classical sense for almost every z € ). Therefore, since u is in particular a
weak solution to

F
div(7"(Vu 4 o F)) + ndiv Vuto =oH,
V1+|Vu+oF|?

it follows that

(4.13) /}vuwng+wﬁmy+n Vo, etk dz:—i/voﬂdz
0 V14 |Vu+oF)? 0

We claim that

(4.14) (Vo,nl(Vu+0F)) > Vol =1 = [|[Fll. = || = F]l,

holds in any point where Vv exists in the classical sense. Indeed, in such points Vv is either
0 or Vu. In the first case (4.14) is trivial, while in the second case it follows from Lemma 4.5.

It is well known that, since v > 0 and v € VVO1 1(Q2), there exists a sequence of non-negative
functions (v)r C C°() converging to v strongly in W, (Q). Moreover, thanks to (4.9) it

holds that
/ Hu,dz
Q

Hence, passing to the limit in the previous equation, and recalling that || - ||. is equivalent to the
Euclidean norm, we conclude that (4.9) holds for v. Combining this information with (4.13)

< (1—5)/ | Vogl|« dz.
Q
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and (4.14) we get that

F
0:/_<VU77T£(VU+UF)>_77 Vo, Vuto dz—/vaHdz
Q V1+|Vu+oF? Q

/dez
Q

< /Q—HWH* + 1+ (Flls + [ = Flle + Cnl Vol + (1 = 6)[|Vvl|. dz

< / =[IVolls + T+ [[E]l + | = Flls + 0l Vol dz +
Q

- / L4 | F[l + [ = Fll. + (Cr — 8o d=,

where C' = C(Kj) is a positive constant as in (2.1). Hence, choosing 1y € (0,1) such that
0 — Cng > 0, we conclude that

(65— Cno>/ IV, dz < (5—077)/ V0. dz < / L+ |F L + | = Fl. d=
Q Q Q

for any n € (0,70). Thanks to the Poincaré inequality and the equivalence between || - || and
the Euclidean norm, we conclude that there exists a constant ¢;, independent of o € [0, 1],

e €(0,1) and n € (0,7), such that
/ utdz < ¢.
Q

Since in the same way we can achieve an estimate for u~, the thesis follows. 0

The next step is to achieve gradient estimates, again in the C° norm, for solutions to (4.7).
As customary in this framework, we want to reduce ourselves to boundary gradient estimates
via a suitable maximum principle. To this aim, arguing as in [12], we need to assume the
existence of scalar functions fi,..., fo, € C*(Q) such that

(4.15) DyF,=D,f, forany i k=1,...,2n.

We stress that interior gradient estimates usually depend on the bounds of the coefficients and
the ellipticity nature of the equation (cf. e.g. [27, Chapter 15]). Consequently, since by (4.6)
the ellipticity constant tends to vanish as 7 — 0, the right way to achieve estimates which are
uniform in €, € (0, 1) is to rely on a suitable maximum principle argument. Indeed, thanks to
(4.15), the following maximum principle, which is the Finsler counterpart of [12, Proposition
4.3], holds.

Proposition 4.7. Let Ky be a convex body in Ci’a for 0 < a <1 with 0 € int K,. Let Q C R*"
be a bounded domain. Let F' € C'(Q,R*") be such that (4.15) holds. Let H be a constant. Let
u € C%(Q) be a solution to (4.7). Then

(4.16) IVullso.o < [[Vullso,00 + 2] fllec.g;
where f = (f1,..., fon) is as in (4.15).

Proof. Fix o € [0,1], € € (0,1) and n € (0,1). Let v € C?(Q2) and fix k € {1,...,2n}. Then,
multiplying (4.7) by Djv, using Proposition 3.1, integrating over (), integrating by parts and
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exploiting the properties of F', it holds that

Fl? F
0:/ div ( 7(Vu+oF) [Vut o Fl. >+ 7 Vuto —oH | Dyvdz
Q @+ [VutoF|)i  VITIVatoEP

Fl? F
:/div m(Vu+oF) [Vut o . —|— Vuto Dyvdz
Q @+ IVatoF3)i  VI+IVu+oFP

2n
\Y% Fl? D; F;
:_2:/ r(Vu+ oF)—YetoFl uto DiDyo dz
AL (3 +||Vu+oF|2) V14 |Vu+oF)?

2n
F|? D; F;
:_E / mi(Vu+ oF) [Vut o Fl. +1n uro DyDivdz
(& + [VutoF|2)s V14 [VutoFf

2n
\Y% F|? D; F;
: (&3 + |Vu + o F|?) V1+|[Vu+oF|?

wl

wlro

wiN

= Z/A‘”7 2,Vu;0F)Dy(Dju+ o F;)Dv dz

2,7=1
= Z / A7 (2, Vu; 0 F)Dj(Dyu + o fi) Divdz,
2,j=1

being A7 as in (4.3). Therefore we proved that

(4.17) Z / A7 (2, Vu; 0 F)Dj(Dyu + o fy) Divdz = 0

i,7=1

for any v € C%(Q). Arguing as in [12, Proposition 4.3] it is easy to show that (4.17) actually
holds for any v € C}(2). Therefore, recalling (4.6), we proved that Dyu+ o fy is a weak solution
to the linear uniformly elliptic equation

div(a; Djw) = 0,
where

a; i (2) == A7 (2, Vu; 0 F(2)).

2Y)

Hence, being a;’}(2) bounded in €, thanks to Theorem 4.3 with b;, ¢;,d = 0 we conclude that
IVutofllocn < [Vutofloon,

which in particular implies that

(4.18) Vulleoo < [IVulloc,00 4 2[] flloc.0- m

Finally we are left to provide boundary gradient estimates for solutions to (4.7). Therefore,
inspired by [26], we have to impose some constraints on the values of H depending on the
Finsler mean curvature of 9{2. More precisely, we require that

(4.19) ‘H‘(ZO) < HKO,aQ(Z'O>

for any zy € 012, where Hg, sq is the Ky-mean curvature as defined in Subsection 2.3. Here
and in the rest of this section we assume that Ky is a convex body in C¢° such that 0 € int Ky,
since we need to apply the results of Section 2.3.1 and Section 2.3.2.



22 G. GIOVANNARDI, A. PINAMONTI, J. POZUELO, AND S. VERZELLESI

Proposition 4.8. Let Ky be a convex body in C3° with 0 € int K. Let 2 C R?" be an
open and bounded set with C* boundary, for some 0 < o < 1. Let ¢ € C?(Q), F €
C°%Q,R?*) and H € Lip(Q) satisfying (4.19). Finally, assume that there exist a constant
o = no(n, Ko, Q, ¢, F, H) € (0,1) and a constant Cy = Cy(n, Ko, Q, ¢, F, H) > 0, independent
of o €10,1], e € (0,1) and n € (0,m), such that, for any solution u € C*(Q) to (4.7) it holds
that

(4.20) |ulloo.o < C.

Then, up to choosing a smaller ny = no(n, Ko, Q, ¢, F, H) € (0,1), there ezist a constant Cy =
Cy(n, Ko, Q, @, F,Cy, H) > 0, independent of o € [0,1], € € (0,1) and n € (0,n0), such that any
solution u € C%(Q) to (4.7) with n € (0,n0) satisfies

(4.21) HVUHOO@Q < 02.

Proof. First of all we notice that, being 0€2 compact and Hg, so continuous, (4.19) implies the
existence of a positive constant C3 = C3(Ky, 2, H) such that

(422) |H(Zo)‘ g HKg,BQ(fZO) — 303

for any zp € 09Q. In order to prove this result we use a barrier argument as in [27, Chapter 14].
Therefore, for any z, € 99, we have to find a neighborhood N of z; in Q and two functions
wh,w™ € C?(N), called upper barrier and lower barrier respectively, such that

w* (20) = w(20) = o(20),
w”(2) < u(z) <w'(z)
for any z € ON,

+ F
div(7"(Vwt + o F)) + ndiv Vw o oH
V14 |[Vwt + oF|?

for any z € A and

div(7(Vw™ + o F)) + ndiv ( Vw tok ) >ocH
V14 |[Vw +oF|?
for any z € N. In this proof we deal only with the upper barrier, being the other case
analogous. In order to find an upper barrier, we consider a tubular neighborhood O of 92 and
we let T, == {x € Q : dg,00(z) < u}, where dg, o is the Finsler distance from the boundary,
p € (0, 1) and pg > 0 is small enough to ensure that I, C T',,; € O for any p € (0, po). Let
us denote by Hgd(z)(Z) the Euclidean mean curvature of Y4y at any z € fuo. Being H2d<z)

1o, there exists a constant Cy = Cy(Q, Kj) > 0 such that
(1.23) [ty ()] < G4

continuous on I

for any z € T, We fix 1 € (0, y19) and we define w* : '), — R by w(2) := kdg, g0 (2)+0p(2),
where & > 0 has to be chosen. First, thanks to (2.18), w* € C?(T,), and for any z € T,
there exists a unique zg € 092 such that dg,s0(z) = ||z — 20| Moreover, it is clear that
wh(z9) = 0p(zp) for any zp € 0. Thanks to (4.20), if we choose

o5 Ot liellon

0

it follows that w*(z) > wu(z) for any z € Q with dg,00(2) = p, and so we conclude that
u(z) < wt(z) for any z € 9I',. We are left to show that w* is a subsolution to (4.7). Therefore
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it suffices to show that

5 + F
(83 + HVw+ + UFH:Z’)§ <diV(7T?(Vw+ +0oF)) +ndiv <\/1 VTUV —lJ—rU FP) B UH> “0
+ |VwT +o

on I',. Taking k > supq || — F||+, (2.12) ensures that kVdg, s0(2) + 0F(2) # 0 for any z € T,
and o € [0, 1]. Let us notice that Proposition 3.1 and a simple computation imply that

(E+[| Vet + o F||2)5 div(rt(Vu' + o F))

Vuwt 4+ oF)|[|[Vw" + o F|?
(€3 + || Vwt + o F||3)5 )

=& + [Vt + oF|[2) div(z(Vu* + oF)|Vurt + oF|2)

-~

A
+ (@ +||Vut + oF|2)3 |[Vut + o F|*(n(Vut + o F),V ((53 + ||Vt + aF||i)—%)> .

(&

—(* + |[Vw" + o F|)?)3 div (W(

-

B

We estimate separately A and B. In the following computations we let d = dg, s and
R, := oV +oF. We are going to exploit the fact that, thanks to the homogeneity properties
of the equation, the contribution of R, as k — oo is negligible. Let us notice that by (2.12)
and (2.7) we get

(4.24) m(Vdgyo0) - D*di, 00 = 0.
Hence, thanks to (2.12), (4.24), the 1-homogeneity of || - ||«, the 0-homogeneity of 7, the —1-
homogeneity of D7 and the properties of || - ||, it holds that

2n 2n
A=|kVd + R,|12) " Di (m(kVd+ R,)) + > mi(kVd + R,)D; (|kVd + R,|?)
=1 =1

2n
=[|kVd + R,|2 > Dim;(kVd + R,)(kDijd + DiR,;)
2,7=1

+ 2||kVd + Ry||.m(kVd + R,) - (kD*d + DR,) - 7(kVd + R,)*

2 2n
D:R. .

> Dim; vd+ e Dijd+ﬁ
< k k
*4,0=1

R DR RA\T

d+=-2).( D% 7. d+ =2

*W(mk) ( i k)w<v+k>

=k*(1 + o(1))(div(7(Vd)) + o(1)) + 2k*(1 + 0o(1))(7(Vd) - D*d - 7(Vd)" + o(1))
=k*div(7(Vd)) + o(k?),

R
=k*||Vd + =2
Vd+ 2

+ 2k?

R
d+ <
V+k

which allows to infer that

(e 4 [|[Vw" + o F||2)A = k° div(n(Vd)) + o(k®)
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as k — 0o, where o(k?) is uniform with respect to z € 'y, € € (0,1) and o € [0,1]. Now,
exploiting the same properties as above, we estimate B:

(& + |kVd + R,||?)3 B = —2||kVd + R, || Xz (kVd + R,), V(|[kVd + R,||,))
= —2||kVd + R, |*r(kVd + R,) - (kD*d 4+ DR,) - 7(kVd + R,)"

)
4 T
R, 9 DR, R,

= —2k°(1 + 0(1))(7rzw> -D*d-m(Vd)" + o(1))

= —2k°(1+ o(1))o(1)
= o(k®).

— —9k°

R
d+ =2
V+k

as k — oo and uniformly with respect to ¢ € (0,1), ¢ € [0,1] and z € I',. From a similar
computation, it follows that

(e eot ) (o (V0 ) (2 (o)

Vi+ |Vt + ok \/k—2+}Vd+Tv\2 (k%+\vci+%\2>3/2
 div(Vd) Vd-Dd-vdT
N S

(4 <)

as k — oo and uniformly with respect to o € [0,1] and z € I';,. Finally, it is easy to see that
—(E+||VuT +oF|P)ioH < (2 + |Vt + o F|2)3|H| = K| H| + o(k®)

as k — oo and uniformly with respect to € € (0,1), 0 € [0,1] and z € I',. In the end we get
that

+ F
(& + [Vt + o F2)} ( div(e (Vo + oF)) + ndiv [ —— 7 _oH
V1+ |Vwt +oF|?

<K (div(w(Vd)) 4 div (IEZI) + |H|> + o(k?)

as k — oo and uniformly with respect to e € (0,1), 0 € [0,1] and z € T',..
Now, let z € I', and let z, € 9Q be such that d(z) = ||z — z||. Thanks to the Lipschitz

continuity of H and the equivalence between || - || and the Euclidean norm, there exists a

constant Cs = C5(Ky) such that

(4.25) |H|(2) = |H[(20) + [H|(2) = [H]|(20) < [H[(20) + C5d(2) < |H](20) + C5pe.

Hence, thanks to (2.10), (2.14), (4.22) and (4.23), we conclude that

(4.26)

: Vd

div(7(Vd))(2) + ndiv Nz [H|(20) + Csp = =Hio 3., (2) = nHs, ) (2) + |H[(20) + Cspt
< —Hg00(20) +nCy + [H|(20) + Csp
< =03 <0,

provided that p < C—g and n < C—i Hence we found an upper barrier, from which the thesis

follows. O
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Remark 4.9. Assume that n =1, let 2 C R? and K € C3 be a convex body of R*. If (4.19)
holds then 2 is strictly convex. Indeed, by Proposition 2.4 we have
_ <D€1NZO7 €1> _ kaQ(ZO)

ERo(m(Ny,))  kRo(m(Ny,))”
where k%0 and k% are the the Euclidean geodesic curvatures of 0K and 9. Since k%0 is
strictly positive we obtain k%*(zy) > 0, hence 2 is strictly convex.

0<[H| <

To conclude this section, inspired by [56] we want to show that, in the particular case in
which H is constant and n = 1, then we can exploit (4.19) in order to obtain uniform estimates
of the function, without requiring the validity of (4.9). Again, in order to apply the results of
Section 2.3.1 and Section 2.3.2, we assume that K is a convex body in C'Y° such that 0 € int K
and 02 belongs to C*!.

Proposition 4.10. Assume that n = 1. Let Ky be a convex body in C° with 0 € int Ko. Let
Q C R? be a bounded domain with C** boundary, let ¢ € C*(Q) and let H be a constant which
satisfies (4.19). There exists a constant Cy, = C1 (Ko, Q, ¢, H, F') > 0, independent of o € [0, 1],
e € (0,1) and n € (0,1), such that, for any solution u € C%(Q) to (4.7), it holds that

[ufloc < Ch.

Proof. Let k° be the geodesic curvature of Ky. Since Ky € C%°, then in particular £%°(p) > 0
for any p € 0Ky. Let C5 = C3(Ky,Q, H) be as in (4.22). Let us define the function v :
int 2; — R by

(4.27) v(z) = Sup o] + kdi.00(2)

for any z € Qy, where k£ > 0 has to be chosen and 2; is the set defined in (2.17). We already
know (cf. (2.18)) that v € C?*(int ;). We repeat verbatim the computations of the proof of
Proposition 4.8 up to (4.26), with the difference that, being H constant, we can choose Cs = 0
in (4.25). Since n = 1, we exploit Proposition 2.4 to infer that

(4.28)
mwavaxa+nmv(3i)+wHw=—Hmzwxa—nH%@@wHH|

|Vd|
= _HKOde(z)(Z) - ﬁkKO (7 (N)) HKO,Ed(z)(Z) + |H|
< —Hgyo0(20) + | H]
< —303 < 0.
Hence there exists k& > 0, independent of ¢ € (0,1), n € (0,1), o € [0,1] and z € €, such that
v is a subsolution to (4.7) on int ;. Therefore, arguing as in the proof of [27, Theorem 10.7],

it follows that w := u — v is a weak supersolution on int £2; to a linear elliptic equation of the
form

Z Di(a; j(2)Djw(2)) + Z ¢i(2)Daw(z) = 0.

Hence, thanks to Theorem 4.3 and recalling (2.19), it follows that

sup(u - v) < sup ((u - v)*).
91 OOQUR

Noticing that u — v < 0 on 02 and that int )y = Q. we obtain that
u(z) —v(2) < sup(u —v) = sup(u — v) < sup((u —v)*) = sup((u —v)")
Q R

Ql 891
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for any z € 2. We are left to show that supg((u — v)*) < 0. Indeed, assume by contradiction
that supz((u —v)™) > 0. Since R is compact, there exists zgp € R such that

u(z0) — v(z0) = sup((u - v)") = sup(u — v).
Moreover, 2y is a maximum point for u — v on . Let us fix yo € 9§ such that dg, g0(20) =
lzo — yo||- Then, thanks to Proposition 2.5, it is easy to see that
(4.29) diy00(2) = |12 — yoll

for any z belonging to (yo, 29), the segment connecting yo and zy. Let now v := ﬁ y
(4.29) it holds that v(z) < v(zo) for any z € (yo, 20), and moreover

) + hv) — v(20)
4, D — i 2020
(4.30) y0(20) = lim -

< 0.

Since zp is a maximum point of u — v, it holds in particular that D} u(zy) < DJv(2p), which
implies, together with (4.30), that D}u(zy) = D,u(z9) < 0. This proves that Du(zy) # 0.
Since then zj is a regular point for u, the level set {z € Q : u(z) = u(zo)} is locally a C?
hypersurface. Therefore there exists a small Euclidean ball B such that B is tangent to the
level set at zg and moreover B C {z € Q : u(z) > u(zy)}. Now, since by our assumptions the
Finsler balls relative to — K are uniformly convex and C?, there exists 0 > 0 and z € 2 such
that

(4.31) Bk, (w0,0) € {2z € Q1 u(2) > u(2)}

and B_g,(xg, 0) is tangent to B at zy. Indeed, fix a Finsler ball tangent to B at z, relative to
— K, say Br. On one hand, the principal curvatures of 0B at z, are fixed. On the other hand,
noticing that the principal curvatures of a C% convex set admit a positive lower bound, we can
dilate and translate Br to make the curvature of Br as big as we want to ensure that (4.31)
holds. Notice that

(4.32) dicy.00(2) = dig, 00(20)

for any z € B_g,(xo,0). Indeed, if by contradiction there exists z € B_g,(xo, 0) such that
dKO,aQ(Z) < dKO’(?Q(ZO), then (4.31) would imply

uw(z) — kdg, 00(2) = u(20) — kdk,00(z) > u(z) — kdk, 00(20),

a contradiction to the maximality of z,. Let now wo € 0€2 be such that dx sa(wo) = [|zo — wol|,
and let by be the unique point of intersection between dB_ g, (¢, 0) and the segment joining wq
and zo. Then by (2.2), (4.29), (4.32), the choice of by and the strict convexity of Ky, it holds
that

diy00(x0) = [|20 — wol| = [|20 — bol| + [|bo — wol| = 0 + dky.00(bo) = 0+ di,00(20)-
On the other hand, (2.2) and the triangle inequality imply
diio.00(z0) < |lzo = yoll < [lzo — 20l + [|z0 — woll = ¢ + di00(20)-
Putting together the previous inequalities we get that
(4.33) dio,00(0) = w0 — yoll = llzo — zoll + |20 — woll;

from which in particular we conclude, exploiting again the strict convexity of Ky, that xq lies
on (yo,zo). Therefore, thanks to this fact, the first equality in (4.33) and Proposition 2.5, we
conclude that zy € int {21, which is a contradiction. In the end we proved that

supu < sup || + k max dg, gq-
Q 3l9) Q

Since the converse estimate can be obtained in a similar way, the thesis is proved. 0
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Remark 4.11. We point out that the proof of Proposition 4.10 does not hold for n > 2.
Indeed, when n > 2, the Euclidean mean curvature Hy, in equation (4.28) may blow down to

—oo close to the ridge R even though the Finsler mean curvature Hg, s, is strictly positive on
Q.

5. EXISTENCE OF LIPSCHITZ MINIMIZERS FOR THE SUB-FINSLER FUNCTIONAL Z

Thanks to the a priori estimates of the previous section, together with Proposition 4.1 and
the uniformity of the estimates with respect to € € (0,1) and n € (0,7), we are in position to
pass to the limit and find a solution to the sub-Finsler Prescribed Mean Curvature equation.

Theorem 5.1. Let Ky € C° be a convex body such that 0 € int Ky. Let Q C R** be a bounded
domain with C*' boundary. Let o € C**(Q), for 0 < a < 1, and let F € C**(Q,R*") be such
that (4.15) is satisfied. Assume that H is a constant such that (4.9) and (4.19) hold. Then,
there exists ny € (0,1) such that for any € € (0,1) and any n € (0,10), there exists a function
Ue,, € C**(Q) which solves (4.1). Moreover, there exists a constant M > 0, independent of
e €(0,1) and n € (0,19), such that any solution u., to (4.1) satisfies

(5.1) sup |ue | + sup |Vue,| < M.

Q Q
Finally, there exists a Lipschitz continuous minimizer ug € Lip(ﬁ) for the functional Z defined
in (2.23) with ug = ¢ on OS).

Proof. By Proposition 4.6, Proposition 4.7 and Proposition 4.8, there exists a constant M > 0
such that, for any o € [0,1], any 0 < ¢ < 1 and any n € (0,19) with 1y > 0 small enough, then
any solution u € C**(Q) to the problem (4.7) satisfies

sup |u| + sup |Vu| < M.
Q 0
Then by Proposition 4.1 there exists a solution u., € C*%(Q) to

: : Vu+oF _ :
le('/T?(VU + F)) + nle (\/ﬁ) =H in

U= in 0f).
Again by Proposition 4.6, Proposition 4.7 and Proposition 4.8, we have that
(5.2) sup |ue | + sup |Vue,| < M,
Q Q
where the constant M > 0 is uniform in 0 < e < 1 and n € (0,79). Let {¢;};en € (0,1) and

{n;}jen € (0,7m0) be sequences such that ¢; = 0 and n; — 0 as j — oo. Since M is uniform in
¢ and 1 by (5.2) we gain that supq, [u., ;| < M and that for any 21,2, € Q

(5.3) |Ue; m; (21) = Ue, 1, (22)] < M2y — 22].

Then, by Ascoli-Arzeld theorem there exists uy € C(2) such that Ue, n, — U uniformly in Q.
It is clear that u = ¢ on 0. Moreover, taking the limit as j — 0 in (5.3), we gain that

ug(21) — uo(22)]

21722 |7~’1 - Z2|

< M,

thus ug is Lipschitz. We claim that v is a minimizer for Z defined in (2.23). Indeed, we have
that [|ue, . [lwii) < MIQ, [Juollwiiey < M|Q| and u,, ,, converge to ug in L*'(€2). Moreover,
the function (p, (z,y)) — |lp + F(x,y)]||« is positive, continuous and convex in p. Therefore,
by [45, Theorem 4.1.2], Z is lower semicontinuous with respect to the strong L!-topology, from
which we have that

(5.4) T(up) < liminf Z(ue,,,).

Jj—00
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For each v € Wh1(Q) such that v — ¢ € Wy (Q), it follows that

L(ue, ) = / Ve, n, +F||*dz+/HUEMJ‘ dz
Q Q

</(aj?+||vusj,7,j+F||§)§dz+/Huwj dz+nj/ \/1+|Vuej,m+F|2dz
Q Q Q
é/(5?+||Vv+F||i’)édz+/Hvdz—l—77j/\/1+|VU+F|2dz
Q Q Q
<€j|Q|+/HV'U"‘FH*dZ‘i‘/H'UdZ_'—nj/\/1+|V'U+F|2dz,
Q Q Q

where we have used the fact that the Dirichlet solution wu.,,, € C*%(Q) is a minimizer for the

functional v — [, (€3 + || Vv + FI3)s + [y Hv+n5 [, /1 + Vo + F[2dz for each v € W (Q)
s.t. v — @ € Wy (Q). Passing to the liminf in (5.5) and taking into account (5.4), we obtain
Z(up) < Z(v) for each v € WHH(Q) s.t. v — @ € W' (Q). O

(5.5)

We now apply the same argument of the previous proof in H!, using the height estimate
provided by Proposition 4.10 instead of the one given in Proposition 4.6 to avoid condition
(4.9), to obtain the following sharp result in the first Heisenberg group.

Theorem 5.2. Letn =1 and Ky € C$° be a convex body such that 0 € int Ko. Let 2 C R? be a
bounded domain with C*' boundary. Let p € C**(Q), for 0 < a < 1, and let F € C*(Q, R?)
be such that (4.15) is satisfied. Assume that H is a constant such that (4.19) holds. Then,
there exists ny € (0,1) such that for any € € (0,1) and any n € (0,10), there exists a function
Ue,, € C**(Q) which solves (4.1). Moreover, there exists a constant M > 0, independent of
e €(0,1) and n € (0,19), such that any solution u., to (4.1) satisfies

(5.6) sup |ue | + sup |Vue,| < M.
Q Q

Finally, there exists a Lipschitz continuous minimizer ug € Lip(QQ) for the functional T defined
in (2.23) with ug = ¢ on OS).

To conclude this section, according to [12] we point out that the Dirichlet problem for the
prescribed Ky-mean curvature equation can be equivalently stated by means of a weak formula-
tion which takes into account the presence of the singular set. Indeed, given a bounded domain
QCR™ e Wh(Q), H e L>*(Q) and F € L'(Q), we say that u € Wh1(Q) is a weak solution
to the Dirichlet problem for the prescribed Ky-mean curvature equation if u — ¢ € VVO1 1(Q) and

(5.7) Vo] d= + /

Qo MN\Qo

for any ¢ € W, (Q), where we recall that Qg = {Vu + F = 0}. The equivalence between the
two formulations is proved in [12] for the sub-Riemannian setting and can be carried out for
the sub-Finsler setting with slight modifications.

(r(Vu+F), Vo) dz—l—/H<;5dz >0
0

Remark 5.3. A deeper look to [40, 39] suggests that it should be possible to prove that the
aforementioned results still hold only assuming that K is a convex body in C’i’a with 0 € int Ky,
for some 0 < o < 1. Accordingly, it is reasonable that in Theorem 5.1 the regularity of 0K
can be weakened to C?¢, for some 0 < a < 1.

6. A SHARP EXISTENCE RESULT OF LIPSCHITZ MINIMIZERS IN THE SUB-RIEMANNIAN
SETTING

As pointed out in the introduction, a Finsler approximation scheme for (1.2) cannot be
arbitrarily chosen, since one needs to guarantee classical regularity of the resulting equations.
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Nevertheless, for a particular class of Finsler metrics, it is possible to choose a more natural
approximation scheme. More precisely, let us consider the one-parameter family of differential
equations defined formally by

Ve + ||[Vu+ FJ2

We point out that, when Kj is the Euclidean unit ball centered at the origin, (6.1) reduces
to the well-known elliptic approximating equation considered for instance in [12] (cf. Remark
2.9). In order to give to equation (6.1) a pointwise meaning, we must impose a priori that the
function G(p) := ||p||l+7x, (p), which is C" outside the origin, admits a C" extension to the whole
R2". This regularity hypothesis turns out to be equivalent to the fact that the left-invariant
sub-Finsler structure induced by K, comes from an underlying left-invariant sub-Riemannian
metric on the distribution A (cf. [57]), or equivalently that K is an ellipsoid centered at 0.
More precisely, it is easy to check that, if G € C*(R?**, R*"), then DG is necessarily a constant,
symmetric and positive definite matrix, and moreover

- DG - pT
(6.2) pll. = \/p- DG -p"  and  mi(p) = -

I+

for any p € R*. When (6.2) holds, a direct computation shows that (6.1) is a well-defined,
quasi-linear elliptic equation, so that in this setting a Euclidean regularization term as in (4.2)
is no longer needed. In order to solve the Dirichlet problem associated to (6.1) it is then
possible to replicate almost word-by-word the computations of Section 4, with the advantage
that the absence of the Fuclidean curvature term makes the process easier. The main benefit
of this new approximation is that, due to the absence of the Euclidean curvature term, a result
analogous to Proposition 4.10 actually holds for any n > 1. We include the proof for the sake
of completeness.

(6.1) div (WKO(VU—I—F) [V + F1l. ) —H

Proposition 6.1. Assume that Ky € C° induces a left-invariant sub-Riemannian metric

on H". Let Q C R?" be a bounded domain with C*' boundary, let ¢ € C*(Q) and let H
be a constant which satisfies (4.19). There exists a constant C; = C’I(KE,Q,QO,H, F) >0,
independent of o € [0,1] and € € (0,1), such that, for any solution u € C*(Q) to

2+ [VutoF|?2

(6.3) div (ﬂ'KO (Vu + UF)M) =cH in{}

u=o0op in OS2
it holds that
[tfloc.0 < Ch-
Proof. Let C5 = C3(Ky, 2, H) be as in (4.22). Let us define the function v : int Q; — R as in
(4.27), that is
v(z) == Sup ol + kdry00(2)

for any z € @y, where £ > 0 has to be chosen and €, is the set defined in (2.17). Again
we know (cf. (2.18)) that v € C?*(int Q). We repeat again, with minor modifications, the
computations of the proof of Proposition 4.8 up to (4.26). As in the proof of Proposition 4.10,

being H constant, we can choose C5 = 0 in (4.25). Moreover, since = 0, the analogous of
(4.26) becomes

div(n(Vd))(2) + |H[(20) = —Hr 5,4, (2) + | H](20)

—Hy,00(20) + |H|(20)
—303 < 0.
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Hence there exists k& > 0, independent of ¢ € (0,1), o € [0,1] and z € €, such that v is a

subsolution to (6.3) on int ;. The thesis then follows verbatim as in the proof of Proposition
4.10. O

Therefore, in the sub-Riemannian setting, we can exploit Proposition 6.1 to avoid condition
(4.9), so that the following sharper analogous to Theorem 5.1 holds.

Theorem 6.2. Assume that Ko € C° induces a left-invariant sub-Riemannian metric on H".
Let Q C R?™ be a bounded domain with C*' boundary. Let ¢ € C**(Q), for 0 < a < 1, and let
F € CY(Q,R*) be such that (4.15) is satisfied. Assume that H is a constant such that (4.19)
holds. Then, for any e € (0,1), there exists a function u. € C**(Q) which solves the Dirichlet
problem associated to (6.1) with boundary datum @. Moreover, there exists a constant M > 0,
independent of € € (0,1), such that any solution u. to (6.1) satisfies

sup |ue| + sup |Vu.| < M.
Q 0

Finally, there exists a Lipschitz continuous minimizer ug € Lip(QQ) for the functional Z defined
in (2.23) with ug = ¢ on OS).

REFERENCES

[1] L. J. Alias, M. Dajczer, and H. Rosenberg. The Dirichlet problem for constant mean curvature surfaces in
Heisenberg space. Calc. Var. Partial Differential Equations, 30(4):513-522, 2007.

[2] L. Ambrosio, F. Serra Cassano, and D. Vittone. Intrinsic regular hypersurfaces in Heisenberg groups. J.
Geom. Anal., 16(2):187-232, 2006.

[3] V. Barone Adesi, F. Serra Cassano, and D. Vittone. The Bernstein problem for intrinsic graphs in Heisen-
berg groups and calibrations. Cale. Var. Partial Differential Equations, 30(1):17-49, 2007.

[4] L. Capogna and G. Citti. Regularity for subelliptic PDE through uniform estimates in multi-scale geome-
tries. Bull. Math. Sci., 6(2):173-230, 2016.

[5] L. Capogna, G. Citti, and M. Manfredini. Regularity of non-characteristic minimal graphs in the Heisenberg
group H'. Indiana Univ. Math. J., 58(5):2115-2160, 2009.

[6] L. Capogna, G. Citti, and M. Manfredini. Smoothness of Lipschitz minimal intrinsic graphs in Heisenberg
groups H", n > 1. J. Reine Angew. Math., 648:75-110, 2010.

[7] L. Capogna, D. Danielli, and N. Garofalo. The geometric Sobolev embedding for vector fields and the
isoperimetric inequality. Comm. Anal. Geom., 2(2):203-215, 1994.

[8] L. Capogna, D. Danielli, S. D. Pauls, and J. T. Tyson. An introduction to the Heisenberg group and the
sub-Riemannian isoperimetric problem, volume 259 of Progress in Mathematics. Birkhauser Verlag, Basel,
2007.

[9] J.-H. Cheng, H.-L. Chiu, J.-F. Hwang, and P. Yang. Umbilicity and characterization of Pansu spheres in
the Heisenberg group. J. Reine Angew. Math., 738:203-235, 2018.

[10] J.-H. Cheng and J.-F. Hwang. Uniqueness of generalized p-area minimizers and integrability of a horizontal
normal in the Heisenberg group. Calc. Var. Partial Differential Equations, 50(3-4):579-597, 2014.

[11] J.-H. Cheng, J.-F. Hwang, A. Malchiodi, and P. Yang. Minimal surfaces in pseudohermitian geometry.
Ann. Sc. Norm. Super. Pisa Cl. Sci. (5), 4(1):129-177, 2005.

[12] J.-H. Cheng, J.-F. Hwang, and P. Yang. Existence and uniqueness for p-area minimizers in the Heisenberg
group. Math. Ann., 337(2):253-293, 2007.

[13] G. Citti, G. Giovannardi, and M. Ritoré. Variational formulas for submanifolds of fixed degree. Calc. Var.
Partial Differential Equations, 60(6):Paper No. 233, 44, 2021.

[14] G. Citti and A. Sarti. A cortical based model of perceptual completion in the roto-translation space. J.
Math. Imaging Vision, 24(3):307-326, 2006.

[15] D. Danielli, N. Garofalo, and D. M. Nhieu. Sub-Riemannian calculus on hypersurfaces in Carnot groups.
Adv. Math., 215(1):292-378, 2007.

[16] D. Danielli, N. Garofalo, D. M. Nhieu, and S. D. Pauls. Instability of graphical strips and a positive answer
to the Bernstein problem in the Heisenberg group H!. J. Differential Geom., 81(2):251-295, 2009.

[17] G. De Philippis and A. De Rosa. The anisotropic Min-Max theory: Existence of anisotropic minimal and
CMC surfaces. arXiv e-prints, page arXiv:2205.12931, May 2022.

[18] A. De Rosa and R. Tione. Regularity for graphs with bounded anisotropic mean curvature. Invent. Math.,
230(2):463-507, 2022.



[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]

[28]

[29]
[30]
[31]
[32]
[33]
[34]

[35]

[44]
[45]
[46]

[47]

THE PMC EQUATION IN THE SUB-FINSLER HEISENBERG GROUP 31

S. Don, L. Lussardi, A. Pinamonti, and G. Treu. Lipschitz minimizers for a class of integral functionals
under the bounded slope condition. Nonlinear Anal., 216:Paper No. 112689, 27, 2022.

W. D. Evans and D. J. Harris. Sobolev embeddings for generalized ridged domains. Proc. London Math.
Soc. (3), 54(1):141-175, 1987.

V. Franceschi, G. P. Leonardi, and R. Monti. Quantitative isoperimetric inequalities in H". Calc. Var.
Partial Differential Equations, 54(3):3229-3239, 2015.

V. Franceschi, R. Monti, A. Righini, and M. Sigalotti. The isoperimetric problem for regular and crystalline
norms in H. J. Geom. Anal., 33(1):Paper No. 8, 40, 2023.

B. Franchi, R. Serapioni, and F. Serra Cassano. Rectifiability and perimeter in the Heisenberg group. Math.
Ann., 321(3):479-531, 2001.

N. Garofalo and D.-M. Nhieu. Isoperimetric and Sobolev inequalities for Carnot-Carathéodory spaces and
the existence of minimal surfaces. Comm. Pure Appl. Math., 49(10):1081-1144, 1996.

M. Giaquinta. Regolarita delle superfici BV(£2) con curvatura media assegnata. Boll. Un. Mat. Ital. (4),
8:567-578, 1973.

M. Giaquinta. On the Dirichlet problem for surfaces of prescribed mean curvature. Manuscripta Math.,
12:73-86, 1974.

D. Gilbarg and N. S. Trudinger. Elliptic partial differential equations of second order. Classics in Mathe-
matics. Springer-Verlag, Berlin, 2001. Reprint of the 1998 edition.

G. Giovannardi, J. Pozuelo, and M. Ritoré. Area-minimizing horizontal graphs with low regularity in the
sub-Finsler Heisenberg group H'. In New trends in geometric analysis—Spanish Network of Geometric
Analysis 2007-2021, volume 10 of RSME Springer Ser., pages 209-226. Springer, Cham, [2023] (©)2023.
G. Giovannardi and M. Ritoré. Regularity of Lipschitz boundaries with prescribed sub-Finsler mean cur-
vature in the Heisenberg group H'. .J. Differential Equations, 302:474-495, 2021.

G. Giovannardi and M. Ritoré. The Bernstein problem for (X,Y)-Lipschitz surfaces in three-dimensional
sub-Finsler Heisenberg groups. Commun. Contemp. Math., Paper No. 2350048, 2023.

E. Giusti. On the equation of surfaces of prescribed mean curvature. Existence and uniqueness without
boundary conditions. Invent. Math., 46(2):111-137, 1978.

S. N. Golo and M. Ritoré. Area-minimizing cones in the Heisenberg group H. Ann. Fenn. Math., 46(2):945—
956, 2021.

R. K. Hladky and S. D. Pauls. Constant mean curvature surfaces in sub-Riemannian geometry. J. Differ-
ential Geom., 79(1):111-139, 2008.

R. K. Hladky and S. D. Pauls. Variation of perimeter measure in sub-Riemannian geometry. Int. Electron.
J. Geom., 6(1):8-40, 2013.

A. Hurtado, M. Ritoré, and C. Rosales. The classification of complete stable area-stationary surfaces in
the Heisenberg group H'. Adv. Math., 224(2):561-600, 2010.

A. Hurtado and C. Rosales. Area-stationary surfaces inside the sub-Riemannian three-sphere. Math. Ann.,
340(3):675-708, 2008.

G. P. Leonardi and S. Masnou. On the isoperimetric problem in the Heisenberg group H". Ann. Mat. Pura
Appl. (4), 184(4):533-553, 2005.

G. P. Leonardi and G. Saracco. The prescribed mean curvature equation in weakly regular domains. NoDEA
Nonlinear Differential Equations Appl., 25(2):Paper No. 9, 29, 2018.

Y. Li and L. Nirenberg. The distance function to the boundary, Finsler geometry, and the singular set of
viscosity solutions of some Hamilton-Jacobi equations. Comm. Pure Appl. Math., 58(1):85-146, 2005.

Y. Li and L. Nirenberg. Regularity of the distance function to the boundary. Rend. Accad. Naz. Sci. XL
Mem. Mat. Appl. (5), 29:257-264, 2005.

R. Monti. Heisenberg isoperimetric problem. The axial case. Adv. Calc. Var., 1(1):93-121, 2008.

R. Monti and M. Rickly. Convex isoperimetric sets in the Heisenberg group. Ann. Sc. Norm. Super. Pisa
Cl. Sci. (5), 8(2):391-415, 2009.

S. Montiel and A. Ros. Curves and surfaces, volume 69 of Graduate Studies in Mathematics. American
Mathematical Society, Providence, RI; Real Sociedad Matemética Espanola, Madrid, second edition, 2009.
Translated from the 1998 Spanish original by Montiel and edited by Donald Babbitt.

A. Moradifam and A. Rowell. Existence and structure of P-area minimizing surfaces in the Heisenberg
group. J. Differential Equations, 342:325-342, 2023.

C. B. Morrey, Jr. Multiple integrals in the calculus of variations. Classics in Mathematics. Springer-Verlag,
Berlin, 2008. Reprint of the 1966 edition [MR0202511].

P. Pansu. Une inégalité isopérimétrique sur le groupe de Heisenberg. C. R. Acad. Sci. Paris Sér. I Maith.,
295(2):127-130, 1982.

S. D. Pauls. Minimal surfaces in the Heisenberg group. Geom. Dedicata, 104:201-231, 2004.



32

G. GIOVANNARDI, A. PINAMONTI, J. POZUELO, AND S. VERZELLESI

[48] S. D. Pauls. H-minimal graphs of low regularity in H'. Comment. Math. Helv., 81(2):337-381, 2006.
[49] A. Pinamonti, F. Serra Cassano, G. Treu, and D. Vittone. BV minimizers of the area functional in the

Heisenberg group under the bounded slope condition. Ann. Sc. Norm. Super. Pisa Cl. Sci. (5), 14(3):907—
935, 2015.

[50] J. Pozuelo and M. Ritoré. Pansu-Wulff shapes in H!. Adv. Calc. Var., 16(1):69-98, 2023.
[51] M. Ritoré. Examples of area-minimizing surfaces in the sub-Riemannian Heisenberg group H! with low

regularity. Calc. Var. Partial Differential Equations, 34(2):179-192, 20009.

52] M. Ritoré. A proof by calibration of an isoperimetric inequality in the Heisenberg group H". Calc. Var.
p Y p q Yy g group

Partial Differential Equations, 44(1-2):47-60, 2012.

[53] M. Ritoré and C. Rosales. Area-stationary surfaces in the Heisenberg group H'. Adv. Math., 219(2):633-671,

2008.

[54] A. P. Sdnchez. Sub-Finsler Heisenberg Perimeter Measures. arXiv e-prints, Nov. 2017. arXiv:1711.01585.
[65] R. Schneider. Convex bodies: the Brunn-Minkowski theory, volume 151 of Encyclopedia of Mathematics

and its Applications. Cambridge University Press, Cambridge, expanded edition, 2014.

[56] J. Serrin. The problem of Dirichlet for quasilinear elliptic differential equations with many independent

variables. Philos. Trans. Roy. Soc. London Ser. A, 264:413-496, 1969.

[57] F. W. Warner. The conjugate locus of a Riemannian manifold. Amer. J. Math., 87:575-604, 1965.

(Gianmarco Giovannardi) DIPARTIMENTO DI MATEMATICA E INFORMATICA ”U. DINI”, UNIVERSITA DEGLI

STuDI DI FIRENZE, VIALE MORGANI 67/A, 50134, FIRENZE, ITALY

Email address: gianmarco.giovannardi@unifi.it

(Andrea Pinamonti) DIPARTIMENTO DI MATEMATICA, UNIVERSITA DI TRENTO, VIA SOMMARIVE, 14,

38123 Povo TN

Email address: andrea.pinamonti@unitn.it

(Julidn Pozuelo) DIPARTAMENTO DI MATEMATICA “TULLIO LEVI-CIVITA”, UNIVERSITA DI PADOVA, VIA

TRIESTE, 63, 35131, PADOVA, ITALY

Email address: julian.pozuelodominguez@unipd.it

(Simone Verzellesi) DIPARTIMENTO DI MATEMATICA, UNIVERSITA DI TRENTO, VIA SOMMARIVE, 14,

38123 Povo TN

Email address: simone.verzellesi@unitn.it



	1. Introduction
	2. Preliminaries
	2.1. Notation
	2.2. Minkowski norms
	2.3. Finsler geometry of hypersurfaces in the Euclidean space
	2.4. The Heisenberg group
	2.5. Sub-Finsler norms and perimeter
	2.6. The Sub-Finsler prescribed mean curvature equation

	3. The Finsler approximation problem
	3.1. The Finsler prescribed mean curvature equation

	4. A priori estimates for the Finsler Prescribed Mean Curvature Equation
	5. Existence of Lipschitz minimizers for the sub-Finsler functional I
	6. A sharp existence result of Lipschitz minimizers in the sub-Riemannian setting
	References

