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ABSTRACT. In this note we show non-degeneracy and uniqueness results for solu-
tions of Toda systems associated to general simple Lie algebras with multiple sin-
gular sources on bounded domains. The argument is based on spectral properties
of Cartan matrices and eigenvalue analysis of linearized Liouville-type problems.
This seems to be the first result for this class of problems and it covers all the Lie
algebras of any rank.
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1. INTRODUCTION

Let  C R? be smooth and bounded and let A = (a;;) be the Cartan matrix of a
general simple Lie algebra. In this note we consider the following Toda system with
multiple singular sources in mean field form

hje*
—Au; = Z i\, ; in Q,
Jo hyev (1.1)
u; =0 on 0f,
fori =1,2,--- ,n, where A is the Laplace operator, \; are nonnegative parameters

and h; = e% with o; a singular subharmonic function having the form

fz—47TZCY (x pJ ), (1.2)
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with f; subharmonic and continuous in £, and {pgi), e pg,?} C Qand {agi), e a,(fl)} C
(0,400), where

—AG(z,y) = 0,y for z €,

G(z,y) =0 for = € 0.

Here, 9, stands for the Dirac delta function at the point p.

All the simple Lie algebras are classified as

A, B, C, D,
which are called classical Lie algebras and

G, Fy, Eg, E7, Eg,

which are called exceptional Lie algebras. Here, the subscript indicates the rank
of the Lie algebra. For readers’ convenience we explicitly write down here just the
most known Cartan matrix A, related to SU(n+ 1) Toda system which is given by

2 -1 0 o --- 0
-1 2 -1 0 --- 0
o -1 2 -1 - 0
0 -1 2 -1
0 o -1 2

and refer for example to the appendix of [27] or [17, 21, 26] for a complete list of
Cartan matrices and further basic Lie theory.

Observe that for the Lie algebra A; the Cartan matrix is just (a;;) = (2) and the
Toda system reduces to the standard Liouville equation

he in Q
Jo e ’ (1.4)
u=>0 on 0,

which is related to turbulent Euler flows, abelian Chern-Simons theory [34, 35, 37]
or the prescribed Gaussian curvature problem (with conic singularities), see [9, 10,
25, 36|, and has been intensively studied.

—Au =2\

The Toda system also plays an important role in geometry and mathematical
physics. For example, it appears in the study of holomorphic curves in projec-
tive spaces, Pliicker formulas, harmonic maps, W-algebras and it is a model for
non-abelian Chern-Simons theory, see [2, 8, 11, 15, 16, 18, 19, 34, 37].
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For what concerns blow-up analysis, classification issues and existence results for
Toda system we refer to [7, 22, 23, 29, 30, 31] and the references therein.

We are interested here in non-degeneracy and uniqueness of solutions to general
singular Toda systems. Here, by non-degeneracy we mean that the first eigenvalue
of the corresponding linearized problem is strictly positive. Up to know, this topic
has been investigated only for the standard Liouville case (1.4) in various settings
[4, 5, 6, 12, 33]. In our context, by using Alexandrov-Bol inequality and by a quite
delicate eigenvalues analysis of linearized singular Liouville-type problems it was
proven that if A < 47 (1.4) admits at most one solution which is non-degenerate,
see in particular [5]. We also point out that this is sharp and that uniqueness does
not hold in general if A > 4x [3, 12]. We will not focus here on the existence of
such solution since this is always granted at least in the so-called coercive regime
A < 47 where one can just minimize the associated energy functional by means of
Moser-Trudinger-type inequalities (the same being true also for the system case).

On the other hand, it is hard to extend this kind of analysis to the Toda system
and there are basically no results in this direction. The only result we are aware of
is [20] where a very special case with n = 2 is treated by using the sphere covering
inequality. In this note we present a simple strategy to show non-degeneracy and
uniqueness of solutions for Toda systems associated to general simple Lie algebras
with multiple singular sources. We stress we can cover all the Lie algebras of any
rank.

To state our result we first need to distinguish between symmetric and non-symmetric
Lie algebras. The latter are more delicate to handle but we will take advantage of a
symmetric reformulation. More precisely, we will decompose the Cartan matrix A
of a Lie algebra as

A= DA*, (1.5)

where D is a diagonal matrix and A° a symmetric matrix. Letting d; be the diagonal
entries of the matrix D we will also denote

For the symmetric Lie algebras A,,,D,, Eq, E7, Eg we clearly have A* = A and
A = \;. The decomposition of the non-symmetric B,,, C,,, G2, F, is postponed to
subsection 3.4.

We next recall that the spectral radius of a square matrix A is

p(A) = max{|§| : € is an eigenvalue of A}. (1.7)
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Observe that the known non-degeneracy and uniqueness threshold for the standard
Liouville case (1.4) (Lie algebra A;) can be written as

8
A< .
p(A)

We are going to extend the latter formula to any Lie algebra and obtain the follow-
ing.

Theorem 1.1. Let A be the Cartan matriz of a general simple Lie algebra and let
A% X: be as in (1.5), (1.6). Suppose

8T
N<——, i=1,...,n (1.8)
p(A%)
Then, the Toda system (1.1) admits at most one solution which is non-degenerate.
In particular, the same holds true if

AN <2m, i=1,---,n.

The above result holds for more general positive-definite matrices as far as some a
priori estimates for solutions to the system (1.1) are available.

Just to make an example, take now the Lie algebra A, which has been studied by
many authors. We have p(A,) = 3 and thus the threshold is given by

N < —, i=1,2.
3

At this point let us comment about the sharpness of our result. Observe that,
contrary to the standard Liouville case (1.4), the threshold in (1.8) is strictly smaller
than the coercivity threshold related to the Moser-Trudinger constant and one may
wonder if it is possible to extend the uniqueness property in all the coercivity regime.
Actually, this is not possible for example for affine Toda systems, in particular sinh-
Gordon equations, see [32], where the authors exhibit multiple solutions below the
coercivity threshold. Moreover, the already mentioned results in [20] (even if valid
just for a special case) suggest the uniqueness threshold in (1.8) might be sharp, at
least in some cases. This remains an interesting open problem.

The idea behind the proof of Theorem 1.1 is first to notice that a solution of the
Toda system (1.1) is a subsolution of the singular Liouville-type equation

—Au; — 2K;e% =0 in €2,

u; =0 on 052,
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fort=1,...,n, where
B
= N,
Jo hiev

for which we have a good understanding, in particular concerning eigenvalues of
its linearized problem, see for example [5] or the discussion in the sequel. We will
then exploit the structure of the Toda system to derive some estimates of such
eigenvalues, which are expressed in terms of the spectral radius of the associated
Cartan matrix.

K;

This argument will lead to the proof of non-degeneracy first. Then, the uniqueness
of solutions will follow by standard arguments using the implicit function theorem
and some uniform estimates for solutions to (1.1).

The organization of this paper is as follows. In section 2 we introduce the linearized
problem and collect some useful information and in section 3 we provide the proof
of the non-degeneracy and uniqueness of solutions.

2. The linearized problem

In this section we introduce the linearized problem which will be studied in the next
section when proving non-degeneracy of solutions.

We start by collection some useful results about the eigenvalue analysis of linearized
problems of subsolutions to singular Liouville equations. Although not stated in this
generality, the following Lemmas have been proved in [5].

Lemma 2.1 ([5] Theorem 2.3 and Proposition 3.2). Let K = e° with o taking the
form (1.2) and v be a smooth subsolution for

~Av—KeV=0 in Q,
{ v=10 on Of). (2.1)

If fQ KeV < 4m, then the first eigenvalue vy for the linear problem

—~A¢p — KeVp =vKeVop in €,
=0 on 0X,

18 strictly positive.

Moreover, if fﬂ KeV < 8w, then the second eigenvalue vy is strictly positive.
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Lemma 2.2 ([5] Proposition 3.3). Let K = e’ with o taking the form (1.2) and v
be a smooth subsolution for (2.1). If [, KeV < & and ¢ solves

—~A¢p — KeV¢p =vKeV¢ mn 2,
p=c on 052,
Jo KeVo =0,

for some c € R, then v is strictly positive.

We next consider the linearized problem of the Toda system

h;
Auz—Za” ]f " _ in €,
Q
u; =0 on 0,
with 2 = 1,--- ,n, which reads
hje®i - hje ¢,
—A¢; = ; L JQJr 7 in O
= Za] ]fgh € <¢] fQ hjets ) o
¢ =0 on 09,

fore=1,---  n. Putting

he%i

Vi=\j——t—,
’ ]fQ hjets
then we have
/ Vi=X,
Q
and the functions )
bi=¢; — M
! ’ Jo hiets
satisfy
AV ai;Vioj, in
j=1
b= c; €R, on 09, (2.2)

fori=1,--- n.

Let now H, = H}(Q) x H}(Q)--- x H}(Q) and let A™' = (a") be the inverse
matrix of A. We say that ¢ = (¢1,¢2,---,¢,) is a weak solution for (2.2) if ¢ —
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(017027' t 7Cn) = (¢17¢27 e 7(,bn) - (017027 e 7cn) € Hn satisfies

/Q [Z aIN ;- Vipi =Y Vigahi| =0, Vi € Hy, (2.3)

ij=1 i=1

where ¢ = (11, -+ ,9p) and ¢1, ¢o, - - - , ¢, satisfy the integral constraints in (2.2).

3. The proof of Theorem 1.1

In this section we derive the main Theorem 1.1, starting from the symmetric Lie
algebras. We divide the proof into three parts, showing first non-degeneracy and
then uniqueness of solutions. We discuss about the spectral radius of Cartan ma-
trices in the third part, proving the last assertion of Theorem 1.1. The discussion
of the non-symmetric case is postponed to the last subsection.

3.1. Non-degeneracy. The proof of the non-degeneracy of solutions is performed
in two steps. We consider here the symmetric case A* = A and A\{ = \; in (1.5),
(1.6).

Step 1. We start by considering (2.2) with ¢; =0 for all i = 1,...,n, that is

AV a;;Vi9j, in ,
j=1

¢ =0, on 99, (3.1)
fori=1,---  n. We claim that if
47
N< —— i=1,....n,
p(A)

then, (3.1) admits only the trivial solution.
We prove the claim by contradiction. To avoid repetitions, we work out an argument
which will be then also exploited in Step 2 when treating the general problem
(2.2). Consider a non-trivial weak solution of (2.2), that is H,, 3 (¢1, 2, -, ¢n) —
(c1,¢0,++ ,en) # (0, ,0) satisfying (2.3). Taking

(1,0 ¥n) = (91,02, ,dn) — (c1, 02, )

as a test function in (2.3) and using also that

/V;¢1207 izl"'ana
Q
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we get

- (3.2)

/[Z aVN ;- Ve; — ZWQ

2,7=1

Observe now that A is a positive-definite symmetric matrix and thus, recalling the
spectral radius p(A) defined in (1.7) we clearly have

> [aver Vo z égé;[]V@F

1,7=1
and then, by (3.2) we get

2; [/QW@\Q—/)(A)/QW?} <0. (3.3)

This argument clearly works whenever (gbl, G2, ,0n) € Hy is a weak solution of
(3.1). Therefore, for any such solution, (3.3) holds true. Define now

19(0) = [ 196 = o) [ Vet (3.9
The estimate in (3.3) implies necessarily that
ID(¢;) <0 for some i€ {1,---,n}. (3.5)

This gives an estimate about the sign of the first eigenvalue related to (3.4), that
is (recall ¢; =0 in (3.1))

il =it 19 (6) : o € HY(@)\{0}}, (3.6)
where "
- 1% (¢)
JD(¢) = :
By (3.5) we derive that
min_ i <0.

Hence, without out loss of generality, let us assume that ug ) < 0 and let ® be the
corresponding minimizer, which therefore satisfies

{—Aé—mmwézﬂPWQ in Q.
d

3.7
=0 on 012, (8.7)

4
This, jointly with \; < (—2), will lead to a contradiction.
p
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Indeed, we first claim that p(A) > 2 for a Cartan matrix A associated to any simple
Lie algebra. This will be proved in subsection 3.3.
We then observe that any solution of the Toda system (1.1) satisfies

—Au; — p(A)Kie" < —Au; —2K;e" <0, 1=1,---,n,
and hence u; are smooth subsolutions of

—Au; — p(A)Kie" =0 in Q,
u; =0 on 0f).

fori=1,--- ,n, where
h;

K=\
¢ )\lfQ hieui

_ 47
Moreover, by our assumption \; < —— we have

p(A)
p(A)/QKie“i =p(A)\; € [0,47], i=1,---,n.

Therefore, it follows from Lemma 2.1 that the first eigenvalues ﬁfi) of the linearized
problems

—Aé—p(AVip=0DVi$ i,
=0 on 0f),

are strictly positive, for ¢ = 1, -+, n, which is in contradiction to (3.7) with ﬂ§1) <0.

Step 2. We consider now the general linearized system

—A¢; = Z az’jVj%’, in €,
j=1

¢i =c € R, on 89,
for v = 1,--- ,n, with ¢; non necessarily zero and claim that it admits only the
trivial solution if
8T
)\i_ y z:l,,n
p(A)

Indeed, reasoning as in Step 1, we have (3.5) which yields

“min ,&g) <0.
i=1,--n
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where, with the same definition of I® and J@ as above, we let

ﬂé“zinf{J“) (¢) ;¢ — ¢ € HY(Q), /W:()}. (3.9)
Q

Again, let us assume that /lgl) < 0 and let ® be the corresponding minimizer
satisfying

—AD — p(AVi® = P Vie in Q

d=¢ on 0f)
JoVi® =0.
Finally, as in Step 1 this is in contradiction to Lemma 2.2 which states that ﬂg) >0
for any i = 1,--- ,n since u; are smooth subsolutions of (3.8) with
/Ke“l— A\ €10,87], i=1,---n,

by our assumption. Thus, we are done.

3.2. Uniqueness. We finally prove here the solutions to the Toda system (1.1) are
unique for

still in the symmetric case A®* = A and A} = \; in (1.5), (1.6).

Once we have the non-degeneracy, uniqueness of solutions follows by standard argu-
ments so we will be sketchy, referring for example to [5] for further details. Indeed,
at this point we know that the linearized operator for (1.1) has strictly positive first

eigenvalue for \; < s(aw) By standard bifurcation theory, for any A; small enough,

there exists a unique solution, bifurcating from the trivial solution (u;, A;) = (0,0),
1 =1,--- ,n. Since the linearized operator has strictly positive first eigenvalue we
can apply the implicit function theorem to extend uniquely this branch of solutions
for any \; < %.

Suppose for a moment the solutions of (1.1) are uniformly bounded for \; < %.

Now, if by contradiction there would exist a second non-bending branch of solutions,
then the uniform estimates of such solutions would force the latter branch to end
up into the trivial solution (u;, A;) = (0,0), ¢ = 1,--- ,n, which is not possible.

We are thus left with the a priori estimates for solutions to (1.1) for A; < p?’r) Since

the rank 1 case is fully understood, let us consider higher rank Lie algebras. We

remark that
8
A < —— < A,
p(A)
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i.e. we are in a subcritical (coercive) regime. The above estimate is discussed in the
next subsection 3.3. Now, the uniform bound for solutions to (1.1) inside 2 has been
derived in [30] for A,,, B, C,, and Gy, while Dy, F4 has been discussed in [24] for
some special cases. However, as far as we are concerned just with uniform estimates
in the subcritical regime and neglect the fine blow-up analysis, [24] can be extended
to the general case using the classification result for general Toda systems in [27].
The same consideration holds for E-type Lie algebras.

Once we have uniform estimates inside €2, the boundary blow-up is excluded exactly
as in [1, 28]. This concludes the proof.

3.3. Spectral radius of Cartan matrices. Finally, we discuss here p(A) in the
particular case where A is a Cartan matrix associated to a symmetric simple Lie
algebra.

The eigenvalues of A are closely related to Chebyshev polynomials and have been
explicitly computed in [14]. We will focus here on the A,, case. The approach for
other classical Lie algebras is similar, while the exceptional Lie algebras are finitely
many and everything can be computed explicitly, see [14] for further details about
eigenvalue analysis. The eigenvalues &; of A, are given by the formula

. 1T .
& = 4sin? (W) , t=1,--- n.
It is then easy to see that
p(An) € [2,4],
for any n > 2. This yields the last assertion of Theorem 1.1 and completes its proof.

3.4. The non-symmetric case. We show here the main steps to carry out the
argument for non-symmetric Lie algebras A, that are

2 -1 0 0 - 0 2 -1 0 0 - 0
-1 2 -1 0 0 -1 2 -1 0 0
0 -1 2 -1 0 0 -1 2 -1 0
Bn = . 5 Cn =

0 -1 2 -2 0 -1 2 -1
0 0 -1 2 0 0 -2 2

2 -1 0 0

2 -1 -1 2 -2 0

GQ‘(—:& 2)7 Fi=l o 1 2 4
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We start by considering the following symmetric decomposition:
A= DA?,

where D is a diagonal matrix with entries d; and A® is a symmetric matrix. We
have, respectively

1 -2 0 o0 0
- 1 -1 0 0
L fui=n I .
l 272_17" ,TL—]., " ’
0 -5 1 -1
0 -1 2
2 -1 0 0
-1 2 -1 0 0
g b=l =1 0 -1 2 -1 0
)2, i=n, no : : ’
0 -1 2 -1
0 0 -1 1
1, i= 2 -1
dz: ’ ’ G; = )
{&z: C (—1 ; >
1 -1 0 o0
1,i=234 -1 1 -1 0
b b S: 2
h {2,¢:1,2 ¥4 0 -1 2 -1
0 0 -1 2

We then also let

Now, letting
A® = (aj;), dwi=u; i=1,...,n,

the system (1.1) can be rewritten as

h €d v ]
—Av; = Zalﬂ)‘ﬂf B in Q,

v; =0 on 0f),
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for which the linearization leads to a problem similar to (2.2), that is

_A(bl = Z aijys¢j7 in Q?
j=1
¢ =c €R, on 01,
fori=1,---,n, where V® takes now the form
h;e%i
Ve =\
’ 7 Jo hye

Since A® is a symmetric matrix we can then run the argument as in the previous
subsections by using the spectral radius p(A®) and replacing A; by Aj. As for the
symmetric case, to complete the proof we need to show that

p(A%) € [2,4],

for any n > 2.

Case 1. We consider A° = B;. Let
X, =|\E, — B} |

A-1 2 0 0 0

T ooxA-1 1 0 0

0 ooa-11 0

0 3 A-1 1

0 0 1 AXx=2
We have ]

Xn: (A—l)Xn_l—ZXn_g.

Take A > 2. By a straightforward computation we have
Xn — aXn_l == ()\ —-1- a) (Xn—l - CLXTL_Q) s

with
A-1—-y/(A=12-1
a = 5 > 0.

Thus, we obtain
Xp=aX, 1 +(A—1—0a)"2(Xy—aX;).

Now, for A > 3 we have
Xo—aX; >0
and then, by induction we deduce X,, > 0 for any n > 2. Therefore, p(B;) < 3.
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On the other hand, for A = 2 we have
Xo—aX; <0
and then, again by induction we can get X,, < 0 for any n > 2 and hence p(B;) > 2.
Case 2. We consider now A° = C; . Let
X, =|\E, — C;|

A—2 1 o 0 -- 0
1 A—2 r o0 - 0
0 1 A—2 1 0
0 e 1 N=2 1
0 e 0 1 A—1

Take A > 4. A straightforward computation yields
Xn — aXn,1 == ()\ —2— CL) (anl - CLXn,Q) y

with
A—2— VA2 —4)\
a= 5 > 0.

Thus, we obtain
Xn = G/Xn,1 + ()\ —2— a)”72 (X2 — CLXl) .
Similarly as before, one can prove that p(C;) < 4 for any n > 2.

On the other hand, for A = 2, looking at the principal minors it is easy to see that
the matrix (AE,, — C;) is not positive-definite. Therefore, we conclude p(C;) > 2
for any n > 2.

Case 3. Finally, the spectral radius of G and Fj can be computed explicitly.
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