SOME WEIGHTED ISOPERIMETRIC INEQUALITIES IN QUANTITATIVE
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ABSTRACT. In this paper we study two different weighted isoperimetric inequalities.
First we prove a sharp stability result for the isoperimetric inequality with a log-convex
weight. Then we analize the behavior of a negative power weight for the perimeter thus
providing a complete picture of the isoperimetric problem in this context.

1. INTRODUCTION

In recent years weighted isoperimetric inequalities have attracted the attention of
many authors ([31],[36],[10],[32],[34],[35]) also in view of their applications to different
fields of Analysis. They play an important role in dealing with Gamow type energies, see
for instance [26], [5], [27], [25], [20], [29] and in shape optimization problems involving
eigenvalues, see [7],[19],][24],[16] and the references therein.

Due to the relevance of the topic for applications, it would be important to understand
stability properties of such inequalities. Isoperimetric inequalities in quantitative form
have a long history, see [23], [21], [14], and [22] for a complete overview on the subject.

In this paper we focus our attention on two types of weighted isoperimetric problems:
first we study the case of a log-convex density e¢®(#l) and then we consider a power density
|z|P with p negative. While for the Gaussian isoperimetric inequality, where the density
e I7” is log-concave, it is well known that isoperimetric sets are half spaces ([6]) and that
they are stable ([13],[2], see also [33, 18, 11] for the non local extension), the case of a
log-convex weight has been only recently settled by G.R. Chambers in [12]. In that paper
he proved that if w is a C® even convex function, then balls centered at the origin are the
unique minimizers of the weighted perimeter under a weighted volume constraint. Note
that in the Gaussian case it can be proved that balls with small weighted mass are local
minimizers while this property fails if the mass is sufficiently large, see [28].

In this paper we study the stability of the isoperimetric problem with density e®(*]),
For a set E of locally finite perimeter we denote by |E|,, and P, (E) respectively

By = / 02 4y and Py (E) = / ew(lal) gpn=1,
E o*E

where 0*F is the so called reduced boundary of E, see [30]. We prove that the aforemen-
tioned isoperimetric inequality is actually stable. To be precise, our main theorem reads
as follows. Here and in the following we denote the ball of radius r centered at x by B, (x)
or simply by B, when the center is the origin.
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Theorem 1.1. Let n > 2. Given an even conver function w € C3(R) and r > 0 such that

w”(r) > 0, there exists a constant k = k(n,r,w) such that, for any measurable set E C R™
with |E|y = | Brlw,

(1'1) Pw(E) - Pw(Bv") > K:|EAB7"’£2U

We stress that although the constant in (1.1) might not be optimal, the exponent
is sharp as can be seen by computing the value of the weighted perimeter on suitable
ellipsoids, see for instance a similar example in Section 4 of [22]. Note also that differently
from the quantitative isoperimetric inequality for the standard Euclidean perimeter, in our
case we have no scaling properties and this explains why on the right hand side of (1.1)
the constant depends on r and we have |EAB,|,, instead of the usual Fraenkel asymmetry.

We now give a brief overview of the proof. Inspired by [14], we use the so called
selection principle. We first prove that (1.1) holds true for a special class of sets, namely
sets which are sufficiently close to the ball centered at the origin with the same weighted
volume. This first step of the proof is achieved by a Fuglede type argument. Then we
reduce by a compactness argument to the case where the set E' is close to such a ball in
the L™ sense. Precisely we argue by contradiction assuming that there exists a sequence
{Ep}hen such that |Ep|, = |By|w for all A and (1.1) fails for a suitably small constant.
Following an idea of [1] we construct a sequence of functionals J, whose minimizers F},
also satisfy the opposite inequality in (1.1) with a small constant and converge in C*% to
B,, thus getting a contradiction with the estimate proved in the first part of the proof.
Although this type of argument has become more or less standard, one of the key difficulties
here, due to the fact that the density diverges at infinity, is to show that the functionals Jj
do admit a minimizer and to get suitable a priori estimate ensuring the C*® convergence
of Fh-

Another difficulty in this context, maybe the most challanging one, comes from the
fact that neither the weighted volume nor the weighted perimeter are invariant under
translations. This would make a Fuglede type estimate for nearly spherical sets E useless,
since it usually requires that the barycenter of E is at the origin. However, an interesting
feature of our problem is that the assumption w”(r) > 0 yields such a Fuglede type
estimate without any further hypothesis on the barycenter, see (3.1). Even more, this
assumption turns out to be necessary for the validity of the quantitative inequality (1.1).
More precisely, the following result holds.

Proposition 1.2. Let w € C?(R) be a convex function such that w"(r) =0 for some r > 0.
Then
‘m Pw(Bp(s) (ee1)) — Pu(Br) _
e—0+ |Bp(€) (561)ABH12U ’

where p(e) > 0 is such that | B, (ce1)|w = | By|.

The last part of the paper is devoted to another weighted isoperimetric inequality.
This time we do not deal with a log-convex density. Instead, the weight is given by |x|P,
with p negative. While for p > 0 the characterization of the balls centered at the origin
as the unique isoperimetric sets and their stability is well known, see [3], [17], [15],[8] and
the references therein, the case p < 0 is less understood. First of all, notice that when
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—n 4+ 1 < p < 0 then the problem becomes trivial since for any fixed mass the infimum of
the weighted perimeter under the mass constraint is 0. On the other hand, it is known (see
[17]) that if p <1 —n and F is a bounded open set with Lipschitz boundary containing
the origin, then

(1.2) / ]J;|pd’H"12/ |z[P dH™ T,
O*E 0By

where B, has the same volumeof E. Moreover, if equality holds in (1.2), E coincides with
B,. Note that the assumption that the origin belongs to the interior of F is crucial, since
it can be easily checked that (1.2) may fail when the origin belongs to the interior of the
complement of E. In the last section of the paper we extend (1.2) to the case of a set E
of locally finite perimeter such that 0 € int(E (1)), where E() is the set of points where E
has density 1. Note that if 0 € 0*E (1.2) becomes trivial because in this case the left hand
side is infinite, see Remark 6.2. Note also that the assumption that 0 € int(E®) is sharp
in the sense that one may construct a set of finite perimeter E such that 0 € §E() \ O*FE
for which the inequality fails. Finally we prove that (1.2) also holds in a quantitative form.

2. NOTATION AND PRELIMINARY RESULTS

Throughout all the paper we will assume that w : R — R is a C® even convex function.
In the sequel by C, ¢ we denote positive constants whose value may change from line to
line and occasionally we highlight the dependence of these constants by other parameters.
The dependence of the constants on w will be always tacitly understood. For n > 2 let
E C R™ be a measurable set and €2 C R" an open set. We say that E has finite weighted
perimeter with respect to e®(®) in  if

P,(E;Q) = sup {/ div(e”@ X (2)) dz, X € C’,}(R”;R”)}.
1 X oo mny<1 LJQ

From this definition it follows that if a set has finite weighted perimeter in €2 then

P(E;Q) < 0o, where P(FE;) denotes the standard Euclidean perimeter in 2. If = R"

we simply write P, (E) or P(F) in place of P,(E;R") and P(E;R™). For the definitions

and properties of sets of finite perimeter we refer to [30]. Note that if 9*E is the reduced

boundary of E from the definition above we have

Py (E;Q) = / @) gn—t,
9*ENQ
where H"~! denotes the (n — 1)-dimensional Hausdorff measure. We recall that at ev-

ery point x € 0*E the exterior generalized normal vg(x) is defined and the following
generalized Gauss-Green formula holds

/ div X dz = / (X,vg)dH" !
E o*E

for every vector field X € C}(Q,R™). We now introduce the notion of quasiminimizer of
the perimeter.

Definition 2.1. Let £ C R" be a set of locally finite perimeter, w > 0 and let §2 be an
open subset of R". We say that F is an w-minimizer of the perimeter in  if for every
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ball B,(x) cC Q with p < 1 and for any set F' of locally finite perimeter such that
EAF CC By(x) it holds

(2.1) P(E; B,(2)) < P(F; By(a)) + wp"

The following theorem is a consequence of the classical De Giorgi’s e-regularity the-
orem, see for instance [37, Theorem 1.9] and also the argument of the proof of [16,
Lemma 3.6]. Before stating it we recall that if E, and E are measurable sets of R"

and ) is an open set, one says that E, — E in measure in Q if |E,AEN Q| — 0. The
local convergence in measure is defined in the obvious way.

Theorem 2.2. Assume that Ey, E are equibounded w-minimizers of the perimeter in R™

1
such that E, — E in measure. If E is of class C? then for h large E}, is of class C%2 and
there exists a function vy : OF — R such that

OE, = {z +vy(z)ve(x), v € OF}.

Moreover, |lvp|lcregr) — 0 for 0 < a < 3.

3. A FIRST STABILITY ESTIMATE

In this section we give a Fuglede type result for nearly spherical sets under the as-
sumption that w”(r) > 0. The interesting feature of this result is that this assumption
allows to prove the quantitative estimate (3.1) without any assumption on the barycenter
of E. We start with the definition of nearly spherical sets.

Definition 3.1. Let n > 2. We say that a set F is nearly spherical if there exist » > 0 and
a Lipschitz function u : S"~! — (—1,1) such that

E={y:y=rz(l+u(z)),zeS" '}

Proposition 3.2. Given 0 < r1 < 19 such that w"(r) > 0 for all r € [r1,r9], there exist
g,¢ > 0 such that if E is a nearly spherical set as in Definition 3.1 with [|v|[yy1,00gn-1) < &,
|By|w = |E|w, 7 € [r1,72], then

(3.1) Py(E) = Py(By) > er™ e ||V 2 gn 1y,

where V., u stands for the tangential gradient of u.

Remark 3.3. Note that by the Poincaré inequality on the sphere, (3.1) implies
(3.2) Py(E) = Py(B,) > e 'O ul[F2gn1y > 1" e EAB, [,
However (3.1) is clearly stronger than the quantitative inequality (1.1).

Proof of Lemma 3.2. Given r € [r1,73] we consider the Lipschitz map ¥ : B — E defined
by ¥(z) = rz (1 +u (l>> A straightforward computation shows that for every x € B

]

the Jacobian JV¥ at x is given by

(3.3) JU(z) = <1 tu (,;))n

while for € S"~! the tangential Jacobian is

JW(@) = "N (1 + ()2 /(1 + 0)? + Vol




SOME WEIGHTED ISOPERIMETRIC INEQUALITIES IN QUANTITATIVE FORM 5

From this last equality, using the area formula, we get

Py(E) =r"""! / (14 u(e)) 1y 14 L o gagn-t
Snfl (1 + U)2

and recalling (3.3)

1
‘E‘w _ 7“”/ (1 + u(x))n/ tn—lew(rt(l-i-u(:r:)) dt de.
S§n—1 0

_ _ V. ul? _
- _n—1 1 n—1 /1 ’ T w(r(l4u(z)))  w(r) n—1
Pu(E) — Pu(B,) =r /S <( + u(a)) e ™) an

2
:r"_l/ (1 +u(z)" ! < 1+ (llv;u|)2 - 1> ewr(+u(@)) gam=1
Snfl u

+ ot / (14 u(z))* tewr(tu@) _ gwlr) gyn=t.— pr=1(1 4 [,)
gn—l

Using the hypothesis ||u|/j1,.00 < € we can control the term I; by
1
L > <2 —~ C’e) ev(r) |V ul2dH L,
S§n—1

for some constant C' > 0 uniformly bounded for r € [rq,r2]. To estimate I2, by a second
order Taylor expansion we have

(1 + u(z))"Lewr(+u(@)) _ gw(r)
ew(r)

=(n-1+ru'(r))u

+%((n —1)(n—2)+2(n — )rw' (r) + r2w" (r) + r*w' (r)?)u® + o(u?).

From this equality and the estimate on I; we get

(3.4)
Pu(E) — Pu(By)

rn—1lew(r)

> (; - Cs) / \Voul2dH" 4+ (n— 1+ rw’(r))/ udH"
S§n—1

S§n—1

* %((” = 1)(n—2) +2(n = 1)rw/(r) + r*w"(r) + r?w'(r)* - C) / wdH
sn—1

for a constant C' uniformly bounded for r € [rq,r2]. Since |E|, = |By|w we have

1 1
/ (1 + ’U,(ﬂf))n/ tn—lew(rt(1+u(x)) dt dan—l _ / / tn—lew(rt) dt dan—l
Sn—1 0 Sn=1.J0

which in turn gives

1
/ ¢! / ((1+u(x))”ew<”<1+“<$>>) —ew“”t)) A" dt = 0.
0 S§n—1
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By a second order Taylor expansion of the functions (1 4 -)” and e®*("*(1*+)) | using again
the smallness assumption on u, we get

(3.5)
1
m%+mm/ uﬁ#lﬁz—Qmm_D%+%MWH%wW%m/ u? " dt
Snfl Snfl
- CE/ u? dH" 1,
S§n—1
where

1 1 1
an = / e dt b, = / "' (rt)e dt, e, = / " (1) e dt
0 0 0
and
1
%:/ﬂ“mewWﬁ
0
Integrating by parts we have the following identities
by =€) —nan, 1 (cn + dn) = 1w’ (r)e”™) — (n+1)(e*") = nay,),

which in turn imply that (3.5) can be rewritten as

_ / 2
UdHn_l > — <(n 1 —i—2rw (T)) _ CE) / ’U,2 dHn_l,
S§n—1

(3.6) (n—l+mﬂ@»/

S§n—1

where again C' depends only on ry, 5.
Note that if [g,—; udH"™' > 0 then (3.1) follows at once from (3.4) with ¢ = 1,
provided ¢ is small enough. Assume instead that

(3.7) / wdH" ' < 0.
Sn—l

Collecting all the previous inequalities we have

Py(E) — Py(B) _ (1 2
rnflew(r) = 5 —Ce HVUHLQ(gn_l)
1
+3 (1 —n+r*w"(r) — Ce) ||u||%2(snf1)-

For ke Nand i€ {1,...,G(n,k)} let Y} ; be the spherical harmonics of order &, i.e., the
restrictions to S*~! of the homogeneous harmonic polynomials of degree k, normalized

(3.8)

so that ||Yyl|z2gn-1) = 1. Note that {Yi;}reni<(nk) forms an orthonormal system for
L?(S™1) and that for every k, i

—Agn—lykﬂ' = k‘(k +n— Q)Ykﬂ',
where Agn-1 is the Laplace-Beltrami operator on S*~!. Hence, we may represent u with
respect to this orthonormal system as

o0 G(niﬂ

u:Z Z ay,iYri, where ak7i:/ uYy i dH™ 1,

k=0 i=1 sn-t
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thus getting

G(n,k) G(n,k)
[ullfz@n1y =Y > ap; and [[Voulpege-y =Y Y k(k+n—2)aj,.
E>0 i=1 E>1 i=1

Note that condition (3.6), together with (3.7), implies that
a1 < Cellull7zgn-1y.

Observe that if 1 — n + r2w”(r) > 0 the conclusion holds with ¢ = 1/4 and ¢ sufficiently
small. Otherwise,

G(n,k)
HVTUH%Q(sn—l) = Z Z k(k+n— Q)Gi,z‘ > (n— 1)”“”%2(871—1) - 05||U||%2(sn—1)‘
E>1 i=1

Employing the latter in (3.8) we infer
1
P,(E) — Py(B) > an—lew“) (r*w”(r) — Ce) |V rul| g2gn-1y
which concludes the proof of (3.1) taking e small enough. O

Note that a suitable modification of the above proof, see for instance the proof of [22,
Th. 3.1] immediately yields that if w”(r) = 0 then (3.1) still holds under the assumption
that the barycenter of E is at the origin. However, if this condition is not satisfied and
w”(r) = 0, then not only (3.1), but even (1.1) is not longer true, see Proposition 1.2.

In order to prove this, given r > 0, for any £ > 0 we denote by p(¢) the unique positive
number such that

| Br|w = |Bg(a)(5el)‘w-
Since w is of class C?, it is easily checked that p € C?(0, c0).

Proof of Proposition 1.2. To simplify the notation we assume, without loss of generality,
that 7 =1 and set B = By. For € > 0 let p = p(e) such that

(3.9) |Blw = [Bp(e) (€€1) |-
Clearly, p(0) = 1. Differentiating (3.9) with respect to € we get

d d
= __|B - = n w(|p(e)z+eei)
0= 1B cento = 12 (e [ e o

(3.10)  =np(e)" Lp(e) / gwllp@wteat)) g
B

ple)x +eceq

/
Lo T +e1 ) da.
lp(e)x + eeq] ple)e 81> o

+ p(e)” /B evlpEzreeil) /(| p(e)a + ael|)<
By symmetry

w(lah ! (1N EL g — 0
e w €T T = U.
/B ()24

Therefore, evaluating (3.10) at € = 0, we get

9 (018l + [ e Dlafu (el dr) =0
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which implies p’(0) = 0. Differentiating (3.10) again with respect to € and evaluating the
second derivative at € = 0 we also get

2
7 (nlBl+ [ Dt (ol)dr ) + [ e Lol do
B B ||

22 o/ (Jz]) 22
+/ e ZLy (|2 dx—i—/ w(lal) LD x—/ ) Ly (|2]) da: = 0.
pC e A f T e e (D

Thus after some simplifications
/
/1(0) — _l B )

B
n mmw+ﬂ; ) oo (|])

(3.11)

A similar calculation shows that d% (Pw (Be) (861))) =0 and

e=0

5 (PulBy(eer))

e=0
11 / 1 2 " !
= Pu(B) [#"(0)(n — 1 +w'(1)) + 5(w (1) +w"(1) + (n = De'(1)) ]
From this equation, using (3.11), we get, recalling that w”(1) = 0,

2
iz PeBroeen)| = (w0 + (= )u'()

‘ (i) :;/2 o)t (1 a2 =Dy 4
B2y e (w0 e + nm‘)d.
n maw+ég'ﬂumum>

Observe that by divergence theorem

!
" 1 /ew(|x>w(f’f|)d$:/ (e (1)) div
R < e i () e
= w'(1)Py(B) —/ D (w(|z]) + w”(|2])) da
B
and similarly
/ wi(la) |xw(|m|)dx—/ div(ze”(=)) dz — n| Bl = Pu(B1) — 1| Blu.
B B

= 0. Thus
e=0

Py (B (ge1)) = Py(B) + o(e?) and the conclusion follows. O

Plugging these identities in (3.12) we have that % (Pu (B (ge1)))

4. PRELIMINARY LEMMAS

We start this section by recalling the result of [12] on the uniqueness of balls as
isoperimetric sets for the log-convex isoperimetric inequality. We recall this result for the
reader’s convenience.



SOME WEIGHTED ISOPERIMETRIC INEQUALITIES IN QUANTITATIVE FORM 9

Theorem 4.1. If w is a convex even function of class C® with w(r) > w(0) for r > 0 the
only isoperimetric regions are balls centered at the origin.

Next lemma shows the continuity of P, (:) at B, with respect to the convergence in
measure.

Lemma 4.2. Let r > 0 such that w(r) > w(0). Given ¢ > 0 there exists 6 > 0 such
that for every set of finite perimeter E with |E|, = |Bylw, if Pw(E) — Py(By) < 6 then
|[EAB |y < €.

Proof. Assume by contradiction that there exists ¢g > 0 such that for every k € N there
exists a set Fy with |Eg|l, = |Brlw = m and such that P,(Ey) — Py(B,) < %, but
|ExABy|yw > 9. Since w is increasing on R, for k sufficienlty large we have

O P(Ey) < Py(Ey) < 2Py(B,).

Hence {Ej}ren is a sequence of sets with equibounded perimeters and thus, up to a not

relabeled subsequence, we have that there exists a set F such that xg, — xg in L%OC(R”)

and

P, (B) < liminf Py(Ey) = Pu(B).

We claim that |E|, = m.
To this aim it is enough to show that given o > 0 there exists R > 0 such that
|Ex \ Brlw < o for all k. Indeed, if there exists kg such that |Ey, \ Br| > o then

(4.1) |Eg, \ Brlw = / H Y (B, N OBy dt > o.
R

Recall that, for a.e. ¢ > 0, Ey, N 0B; is a set of finite perimeter on the sphere such
that 0*E), N 0B, coincides up to a set of zero H" 2-measure with the reduced boundary
of Ej, N dB; relative to dBy, see for instance [9, Theorem 3.7]. If G C S"! is a set of
finite perimeter denote by Odsn—1G the boundary of G relative to S*~! and by 05,-1G the
corresponding reduced boundary relative to S*~!. Then, the isoperimetric inequality on
the sphere (see [4]) states that

(4.2) H"2(05n—1G) > H"%(Dgn-15p)

where S is the spherical cap with geodesic radius 6 such that H"71(Sp) = H""1(G). Since
H" () = (n — D)wn_1 /09 sin" 2 o dp, H" 2 (Ogn-155) = (n — 1)w,_1 sin" 24,

a straightforward computation shows that (4.2) implies that there exists ¢, > 0 such that

43)  H O C) > e (HTHG)) T whenever H'L(G) < %7—["‘1(8"‘1).

Since for R > 0 sufficiently large and for a.e. t > R we have

1 1 n—1/gn—1
ew(R) Pw(Ek()) < 57{ (S )7

(4.4) H" Y (Ey, NOB;) < P(Ep;R™\ By) <
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from (4.3), using the coarea formula, we get
e o n-2
Py (Ep,) > / H"2(0* By, NOBy) dt > ¢, / (H" By, N0By)) "1 ev ) at
R

R
. /°° HY(Ey, N OB,)

— eV gt
R H" Y Ey, NOBy)»—1

From this inequality, using (4.4) again and recalling (4.1) we conclude that

Po(Ey) > e\
w _CTZU o /N
o Py (E,)

n—1 w(R)
that is Py (Ey,) > co™n e n which is impossible if R is sufficiently large. This proves
the claim, hence by Theorem 4.1 E must coincide with a ball B,., which is a contradiction
since |ExABy|yw — 0. O

Next simple lemma is a useful tool in the proof of the main theorem.

Lemma 4.3. Let r > 0 such that w(r) > w(0), Ay > 0 and Ay > 2(42H + w/(2r)). Then
B, is the only minimizer of the functional defined for a measurable set E C R"™ as

JALAQ(E) = P’LU(E) + Al HE"LU - ’Br|w’ + AQ‘EABT|w
The same conclusion holds if Ao =0 and Ay > n — 14 rw'(r).

Proof. Let n : R — [0,1] be a smooth cut-off function such that n(t) = 1 for t € [%, ],

n(t) = 0 outside of the interval [%, 7] and ||n/(t)||r < 8/r. Consider the smooth vector
field X (z) = n(\az|)|‘£—‘ It is readily checked that || X ||z = 1 and ||div X ||~ < (dn+4)/r
By definition of reduced boundary we get

/ ewlal) ggm=1 2/ e TN (X vp) dH ! :/ div(e®*) X)) da
o E o E E

- <divX +w'(|:c\)<)|(’|x>> evlel) gy

T

while for the ball it holds
w(lzl) sayn—1 - i ST wa)
e dH" ™" = div X +w'(|z])——— | e dzx.
0B, X |z
Hence we find
Iarae (B) = Jay a0 (Br) = (Mg — || div X || oo (gny — lJw'(|2]) X || oo (me)) |EA By |w

dn + 4
> (AQ oyt w/(2r)> \EAB, .
r
Taking in mind the definition of Az we immediately get the desired result.

If A5 = 0 by the uniqueness result stated in Theorem 4.1 we immediately get that the
minimizers of Jj, A, are given by balls centered at the origin. On such balls the value of

the functional is given by

Inr e (Bg) = nwngnfle“’(g) + nwp A1

/T ewtn—1 dt) = f(o).
0
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By an elementary computation we get that under the assumption on A; the function f(p)
attains its unique minimum when o = r. ]

5. PROOF OF THEOREM 1.1

This section will be devoted to the proof of Theorem 1.1 which is achieved by a
contradiction argument which makes use of suitable energy functionals. One problem here
is to show the existence of minimizers for such functionals. This fact is achieved by showing
that there exists a minimizing sequence made up by equibouded sets.

To this aim we introduce the functions ®, ¥ : Ry — R, defined for s,t > 0 as

(5.1) B(s) = nwn /0 Tl ® g W) — o L(8).

Note that ¥ is well defined since @ is a strictly increasing function. Note also that W(t) is
equal to the radius r of the ball centered at the origin such that | B, |, = t. The following
lemma contains a few useful properties of ¥ whose elementary verification is left to the
reader.

Lemma 5.1. Let U be the function defined in (5.1). Then ¥ € C*°(0,00) and fort > 0 we
have

1
U'(t) =
(5.2) N O O

t < nw, U () e ),

Lemma 5.2. Let E C R" be a set of finite perimeter such that |E \ By|ly, < n < 1. There
exists Rp € [r,r+4¥(n)] such that

[E\ Bry|uw
P,(E) < P,(ENBg,) — ———=—.
w( ) — ’LU( RE) 2\11(77)
Proof. We argue by contradiction assumig that for any r < ¢ < r + 4¥(n) it holds
B\ Bilu
5.3 P,(ENDB;) > Py(E) — —————

Set v(t) = |E \ Bt|w. Then for a.e. t >0
V(t) = —e"OH"Y(ENIB,).
Since Py, (E) > P,(E N By;) + P,(E \ By) + 2v/(t), inequality (5.3) implies that

t
2 (1) + Pu(E\ By) < - 3} .
The weighted isoperimetric inequality hence gives

_ t)
20/ (1) + nw, U (v(#)) Ler (¥ ®) o )
(1) + neon ¥((1) T

We now use the second inequality in (5.2) to infer

v(t) n—1_w(¥(v(t)))
< nw,¥(v(t e ,
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which gives

ql(v(t))n—lew\ll(v(t)) < — 4

Wn,

V' (t) for all ¢ € [r,r +4¥(n)].

Integrating the latter inequality we get by a change of variable and using the first equality
in (5.2)

4 r+4%(n) v’(t)
) < =20 / o)1t U

4 o) 1
- / n—1,U(s) ds
nwn Jo(raw) Y(s)" e
= 4(¥(v(r)) — ¥(v(r+4%(n))),
which is impossible. O

We are now ready to state the following existence result.

Lemma 5.3. Let r > 0 such that w(r) > w(0), Ay > n—14rw'(r) and Ay > 0. There
exist 0 < ag < # such that for any « € [0, 1] the functional

2

+1
Inipo0(F) = Pu(F) + A [|Flw — [Brlw| + A2l |[FABy|w — o, FCR",

has always a minimizer E C Bg, where

(5.4) Ry =r+4Y(1).

Proof. Let Fj, a minimizing sequence such that

. aq a1
Iny Ao, (Fr) < Flél[g" Ihy oo (F) + 7 < Py(By) + A + 7

By the second part of Lemma 4.3 and from the previous inequality we have
Q@
Pu(B,) + M| |[FaABy|w — af < Ja, apal(F) < Pu(Br) + Asa + ?1
In turn this inequality implies that

1
|F \ Brlw < |FpABply < [ 24+ —— | a1.
hAs

Set n = (QAK;H)OQ < 1. Thus Lemma 5.2 implies that there exists ry, € [r, 7+ 4 (n)] such
that

[ F \ Bry, lw
P,(F,NB,,) < P,(F) — ————2—
Hence if we set G}, = F}, N B, we get
L\ B
Iyl <PuF) = LT Ay Gl = 1B bl + MallGh P~ o

1
<IN Ana(F) +<A - —
1,MA2 ( h) 1 2\11(?7)

1

—Jrs o F) A+ As— —— ) [E\ By .
Al,Az,(h)+<1+ 2 2\1,(77))\}1\ W lw

Therefore, taking n, hence «aq, sufficiently small we have that G}, is a minimizing sequence
such that Gj, C Bpg,, where Ry = is as in (5.4). The conclusion then follows observing

) ‘Fh\BTh‘w +A2|GhAFh’w
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that the sets G}, have all equibounded perimeters and using the well known properties of
compactness and lower semicontinuity of the perimeter. ]

Lemma 5.4. Given A1, Ay > 0, there exists w > 0 such that if E C Bpg, is a minimizer of
JA1 Aoa With o > 0, then E is an w-minimizer of the perimeter in Bag,.

Proof. Let F be a set of finite perimeter with FAE CC B,(x) CC Bag,. If |B,(x)NE| =0
then (2.1) is trivially satisfied.

Hence we may assume without loss of generality that |B,(x)NE| > 0. Since FAE CC
B,(x) we have that P, (F;R"\ B,(z)) = Py(E,R"\ B,(z)). Moreover,

1Ff = |Blu| < ey, pm.
Similarly,
|[FABy |y — |EAB || < |[FAE], < e?CRo)y pn.

The above inequalities and the minimality of E yield

min " (") P(E; B,(x)) <P, (E; By(x)) < Py(F, By(z)) + Cop"

z€B,(x)

(5.5) ! w(|z]) n
< max e P(F,B,(x)) + Cop".

2€By(x)

for a constant Cy depending only on Ay, As,r,n. Observe now that there exists another
constant C' > 0, still indipendent of ', a1 and p, such that

(5.6) P(E,B,(x)) < Cp"*.

Indeed, if we first apply (5.5) with F replaced by E U By (x) with 0 < p" < p such that
H"Y(O*ENOB,y(x)) =0 and then let p’ 1 p, we get

min e“’“zDP(E;Bp(a:)) < nwpp™ ! max V(2D 4+ ¢
z€B,(x) z€B,(x)

which gives (5.6) since p < 2Ry. Observe also that there exists another constant, still
denoted by C' and depending only on Ry, such that

osc e < Cp.
z€B,(x)

The conclusion easily follows from this estimate using (5.5) and (5.6). O

Lemma 5.5. Let v > 0 such that w(r) > w(0), let A1, Ao satisfy the assumptions of
Lemma 4.3 and let €; — 0. Let F; be a sequence of equibounded minimizers of Jx, Aye, -
Then, up to a not relabeled subsequence, F; — B, in C® for all a < % Precisely, for all

i there exists 1 € CL%(S"_I) such that

1
OF; = {rz(1 +¢;(x)),z € S 1} with [illctio@gn—1y = 0 for any a € (0, 5)
Proof. By the minimality of F; we have

e?OP(F) < Py(F;) < Jay Ape,(F) < Pu(B,) + &.
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Since €; — 0 and the sets F; are equibounded, we get that there exists a bounded set of
finite perimeter F' such that up to a not relabelled subsequence |F;AF| — 0. Since for
any set E of finite weighted perimeter and for every i € N we have

JAl,A2,€i(Fl’) < JAl,AmEi(E)a

sending ¢ to infinity and using the semicontinuity of the weighted perimeter and the con-
tinuity of au,(-) with respect to the convergence in meausure we infer

JAl,A2(F) < JA1,A2(E)-

Hence, F' is a minimizer for the functional Ja, a, and thus from Lemma 4.3 F; — B, in
measure. The conclusion then follows from Lemma 5.4 and from Theorem 2.2.
O

Proof of the Main Theorem. In order to prove (1.1) it is enough to show that for any r > 0
such that w”(r) > 0 there exists 6 > 0 such that if |B,AE|, < and |E|y, = |By|y then

(5.7) Py(E) — Py(B,) > ¢1|B,AE|?,

where ¢; is a constant whose explicit value will be given later. Indeed, by Lemma 4.2
there exists o > 0 such that if |EAB,|, > ¢ then P,(E) — P,(B;) > o and thus we may
conclude that in this case

g
P,(E)— Py(B,) > ——|EAB,|>.

In order to prove (5.7) we argue by contradiction assuming that there exists a sequence
E; such that |E;|y = |Br|w, |EiABy|w — 0 as i — oo and

Py (E;) < Py(B,) + c1| E;AB, 2,

We now set ¢; = |E;ABy|w. Let Ay > n— 1+ rw'(r) and Ay > 0 to be chosen. By
Lemma 5.3 we have that for ¢ sufficiently large the functional Jx, a,., has a minimizer
F; with F; C Bpr,, Ro = r +4V¥(1). Note that by Lemma 5.5, passing possibly to a
subsequence, we have that F; — B, in Cb* for all a € (0,1/2). By the minimality of F;
we have that for ¢ large

(5-8) JA17A275i(Fi) < JAl,Az,Ei(Ei) = PW(EZ') < Pw(BT) + 61512'

From this inequality, if Ao is chosen such that Ay > 4(4"7*‘1 + w'(2r)), by applying
Lemma 4.3 with Ay replaced by A2/2 and A; = 0, we have

Py(F;) 4+ Ao||[F,ABr |y — €| < Pu(By) + 16}
A
< Py(Fy) + gyF@ABAw +c1e?

from which it follows that for ¢ large

(5.9) BBy 2 5
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Assume now that Ay > 2(n — 1+ rw/(r)). By (5.8) and Lemma 4.3 with A; replaced by
A1/2 and Ag = 0 we have

Py(Fy) + M||Filw = |Brlwl < Pu(By) + ci€}
< Pu(F) + SV 1Bl — Bl + cré?
From this in particular we deduce that
(5.10) 1B — [Brlul < 20122
Denote by r; the radius such that | B, |, = |Fj|w. From the inequality above we have
|E;ABy|w < |FiABy|w + |BrAB|w < |FiAB |0 + 2¢167
and thus for ¢ large, using (5.9), we have
|FiABy|w < 2|F;ABy |-
In turn, this inequality together with (5.10) and (5.9) implies
Py(By) < Py(By,) + Clr — ri] < Py(By,) + Ceig; < Py(By,) + Cei|F,AB, |1,

i

which is a contradiction to (3.8) if we choose ¢; < ¢o/C, where cg is the constant provided
by Proposition 3.2.
O

6. NEGATIVE POWER WEIGHTS

Civen a measurable set E C R” and a € [0,1] we denote by E(® the set of points in
R™ where F has density equal to a, that is the set of points x € R™ such that

EnNB,
BN B@)] _

r—0 wpr™

Note that F(!) and E coincide up to a set of zero measure. If E C R” is a set of locally
finite perimeter and p € R we set

P,(E) = /aE P dH

As already mentioned in the introduction it is well known that for p > 0 the only isoperi-
metric sets with respect to the weight |z|P are balls centered at the origin and moreover
they are stable. On the contrary, when 1 —n < p < 0 there are no isoperimetric sets. We
recall also that if p < 1 — n the isoperimetric inequality

(6.1) P(B) > P,(B,)
where |E| = |B,| is true whenever E is an open set containing the origin (see for instance

[17]). The condition 0 € E is clearly necessary for (6.1) to holds since P,(B,(z)) — 0 as
|z| — 0o. Next theorem shows that a quantitative version of (6.1) is also true.

Theorem 6.1. Let n > 2 and p < —n — 1. There exists a constant ¢ > 0 such that if
r >0 and E is a set of finite perimeter with |E| = |B,| such that the origin belongs to the
interior of EV, then

P,(E) > P,(B,) + ¢|EAB,*.
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Proof. Since 0 € int(E(l)) that there exists ro > 0 such that F1) N B,, = By,,. Thus, we
note that

Py(E) — Py(B,) = / jafP dH" — / P dH !
O*E 0B,

> / 2P (v dHrt - / 2P (e g,y A
B || 9B, ||

:/ 2P, g dH"—l—/ 2P(-Z g ) dH L
*(E\Bry) || *(B,\Bry) |z|

By applying the divergence theorem to E'\ By, and B \ By, we get
Py(E)~ P(B,) > (n—1+p) / 2 da — / 2l de
E\By, Br\Br,

> (n—1+p) (/ 2! dw)
Br\Br

where 7 is such that |Br \ B,| = |E \ B;|. The conclusion then follows as in Lemma 6.1 in
[29]. O

As mentioned before inequality (6.1) does not hold if 0 ¢ R™ \ E(}). Thus in order to
get a complete picture it remains to analyze the case 0 € 9EM . To this aim we recall that
if F is a set of locally finite perimeter then

(6.2) O°E = 90EW |

The above inequality is well known to the experts, however for the reader’s convenience
we provide its simple proof. Recall that given any set of locally finite perimeter E the
reduced boundary 0*F is always contained in the topological boundary 0F and does not
change if one modifies F by a set of zero Lebesgue measure. Therefore

(6.3) OE =0*E0 c oW .
To show the opposite inclusion, let © ¢ 0*E. Then, there exists B,(z) such that 0*E N

B.(x) = (. Thus P(E;B.(x)) = H" 1(0*E N B.(x)) = 0. Then by the relative isoperi-
metric inequality in a ball we have

min{|E \ B,(z)|, |EN B, (z)|]}" " < c(n)P(E; By (z)) =0.

Therefore, if |E\ B,(z)| = 0 then B,(z) ¢ E® and so  belongs to the interior of E(),
If instead |E N B,(z)| = 0, then B,.(x) ¢ E©® and so z is in the interior of R* \ EM). In
both cases 2 ¢ OE(). Therefore, recalling (6.3) we get (6.2).

Lemma 6.2. Let p < —n+1 and E a set of finite perimeter. If 0 € 0*E then Py(E) = oco.

Proof. Assume by contradiction that P,(E) < co. Given a ball B, centered at 0 we would

have
PEBT S [ el an ! < B(E)
0*ENB,
and thus
P(E;B,) _ Py(F)
rn—1 — pn—1+p°




SOME WEIGHTED ISOPERIMETRIC INEQUALITIES IN QUANTITATIVE FORM 17

Since n — 1 4+ p < 0, from this inequality we get
P(E; B
hm ( ) 'I’)

r—0 rn—1

=0
thus 0 € 0*F which is a contradiction. O

It remains to examine the case 0 € JEM) \ §*E. Next example shows that in this case
the isoperimetric inequality may be false.

Example 6.3. Fix a > 1. Let {pp}nr=01

slyeeny

a dense sequence in Bi, with py # 0 for all h
and set

T ) ) 1

rp=— forallt=0,1,..., withO<r < —

2 29
to be chosen later. We now rearrange the elements of the sequence {py} as follows. First
we set qo = pp,, Where hg is the smallest integer such that |py,|* > 2%rp. Notice that this
is always possible since 2%rg < 1. Then, for all i« = 1,2,... we set ¢; = pp,, where h; is
the smallest integer different from hg, h1,..., h;—1 such that

(6.4) || = lpn,|* > 2%
Notice that since r; — 0 as ¢ — oo, all the elements of the sequence {py,} will be chosen

once and only once. Finally we set

o0

E= U By, (¢) -

=0

Then |E| < ). |By,(gi)| = 2w,r™. Therefore, if By is the ball centered at the origin such
that |E| = |Bg| we have

Py(Bp) > Py(B.1 ) = 2" "nwnr™ P

2ny
1 1
Observe now that if z € 0B,,(¢;) then |x| > |g;| —r; and by (6.4) |q;| —r; > 2rp —r; > 1.
Therefore for all ¢
p

_ 14
/ [P dH" 7 < nw,ry @
aBri (qz)
and thus

n—14p

o
Bp(E) < Z o5, (a) |x|P dH™ 1 < C(n, a,p)rn_Hg < nwp2 o TP < P,(Bg),
i=0 T q;

provided r is sufficiently small.
Let us now show that 0 € 9*E. Since B; ¢ EM UJEW it is enough to show that
0 € E© . To this end we estimate for 0 < o<r

ENB 1
(6.5) [ENBy| 1 >
wp " o"
{i: Br;(¢:)NB,#0}
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Note that if By, (g;) N B, # 0 then |g;| — r; < o and thus, recalling (6.4), r; < p*. Thus,
from (6.5) we have, denoting by |-| the integer part of a real number,

|[ENBy| 1 1 = 1
b DR > 5
Wn O Y : (2
{i: 2n >r/o*} i=1+|nlogy(r/e*)]
IR WY TR L
— on 2lnloga(r/e)] = gn gnlogy(r/e*) T gn
Then we conclude that
. |[EN B,
lim ——— =0,

r—0  wpo"

thus proving that 0 € 0*FE. Finally observe that, thanks to Remark 6.2 we have indeed
that 0 € 0*FE \ 0*E.
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