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Abstract

A simple model of cleavage in brittle crystals consists of a layer of mate-
rial containing N atomic planes separating in accordance with an interplanar
potential under the action of an opening displacement § prescribed on the
boundary of the layer. The problem addressed in this work concerns the
characterization of the constrained minima of the energy Fx of the layer as
a function of 4 as N becomes large. These minima determine the effective
or macroscopic law of the crystal. The main results presented in this com-
munication are: i) The computation of the I'-limit Fy of Ey as N — +o0;
ii) The characterization of the minimum values of Ej as a function of the
opening displacement; iii) A proof of the uniform convergence of the val-
ues of En for the case of nearest-neighbor interactiond; iv) A proof of the
uniform convergence of the derivatives of En (the tractions) in the same
case. The scaling on which the present I'-convergence analysis is based has
the effect of separating the bulk and surface contributions to the energy. It
differs crucially from other scalings employed in the past in that it renders
both contributions of the same order.

1 Introduction

A simple model of cleavage in brittle crystals consists of a layer of material con-
taining N atomic planes separating in accordance with an interplanar potential
under the action of an opening displacement prescribed on the boundary of the
layer. Let 0, represent the opening displacement of the jth interatomic plane in
the layer, § = Zjvzl d; the prescribed total or macroscopic opening displacement,
and En(01,...,0n) the total energy per unit
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area of the layer as computed from the interplanar potential. Then, a cen-
tral question is to characterize the constrained minima of Fy as a function
of 6 as N becomes large. This minimization process determines the effective
or macroscopic cohesive law of the crystal.

Nguyen and Ortiz [10] and Hayes et al. [9] have investigated this prob-
lem using formal asymptotics, renormalization group techniques and first-
principles calculations. Their work shows that the energy minimizers con-
verge to a universal form independent of the interplanar potential when a
certain scaling of the variables is introduced. The choice of scaling differs
from the conventional scaling of bulk elasticity, and is instead tailored to
the physics of cohesive behavior, which involves relations between energy
per unit area and opening displacement. A striking demonstration of uni-
versality of the macroscopic cohesive law may be found in the recent work of
Hayes et al. [9], who have computed the macroscopic cohesive law for three
disparate materials: aluminum (a metal); alumina (Al;Og, a ceramic); and
silicon (a semi-conductor) using density functional theory. When the en-
ergy and opening displacement are scaled appropriately with respect to N,
all energy-displacement curves collapse onto a single universal curve. The
work of Hayes et al. [9] also points to the importance of allowing for surface
relaxation at newly created surfaces, an effect which is not within the scope
of the nearest-neighbor analysis of Nguyen and Ortiz [10].

In the present communication we investigate the macroscopic limit N —
oo of a layer of interatomic planes by means of I'-convergence. We consider
a general class of interaction potentials with a range encompassing an arbi-
trary number of neighbors. The main results presented in this communica-
tion are:

i) The computation of Ey = I'-limy_, - En upon a suitable normalization
that scales the macroscopic opening displacements and sets the absolute
minimum of the energies at 0.

ii) The characterization of the minimum values of Ej for each scaled macro-
scopic opening displacement, which are determined to be of the form:
min{ad?, 3}, for § > 0, where o and /3 are constants.

iii) A proof of uniform convergence of the minima of the sequence Fy, as
functions of 4, for the case of nearest-neighbor interactions.

iv) A proof of uniform convergence of the tractions for the case of nearest-
neighbor interactions.

The rescaled macroscopic cohesive law min{ad?, 3} for 6 > 0 is precisely
of the universal form identified by Nguyen and Ortiz [10] and Hayes et al.
[9], even for interactions involving an arbitrary number of neighbors. In
particular, the macroscopic behavior depends only on the constants « and
(. The constant « is related to the curvature, or stiffness, of the well of the
interplanar potentials, whereas the constant § is twice the relaxed surface
energy.

Useful intuition into the analysis and results of this article may be built
from the following simple example. In the nearest-neighbor case, planes in-
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Fig. 1. Example of an interplanar potential of the Lennard-Jones type, which dis-
plays only one inflexion point separating convex and concave regions. For this sim-

ple case, a straightforward analysis proofs the uniform convergence of Py (v NJ¢)
and its derivative with respect to § to the universal form min{ad?, 8}, for § > 0,

and its derivative, respectively. A sketch of Py (v N9) for a particular value of N
is shown in the top figure. Also shown is a graphical representation of the solution

of equation (1.1). Given a value of §/v/N , the values of 7 and 63 are determined
by finding the horizontal line that leaves the point(s) in the dashed curve at a
distance 5/\/N from the § = 0 axis.

teract through a single interplanar potential ¢(d;), where d; is the separation
between the two neighboring planes. Suppose, that ¢(d;) attains a minimum
value of 0 at §; = 0, and that ¢(J;) consists of convex and concave parts
separated by a single inflection point, cf Figure 1. The total energy of the
system in this case is: En(01,...,0n) = >, ¢(d;). For given N and 4, the
equilibrium configuration of the system is that which minimizes the total
energy En subject to the constraint ) . d; = 0. The value of the energy at
equilibrium, i. e., the effective energy of the layer, is, therefore,

Py (0) = min{zN: B(0:) : Y 6 = 5}.

As N — 400, a scaling of the macroscopic opening displacement with N
must be introduced in order for the functions Py (d) to possess meaning-
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ful asymptotic behavior. The renormalization group approach of Nguyen
and Ortiz [10] suggests that the correct scaling is to consider the sequence
Pn(V/NJ) for a fixed . With this scaling, the sequence of functions Py ()
converge uniformly, Theorem 1. In the case of a convex/concave potential
such as shown in Figure 1, a study of local minima of the energy (cf, e. g.,
[4,11,10]) shows that two cases need only be considered: a) all opening dis-
placements d; fall in the convex region of the interatomic potential, and
hence are equal; and b) one single opening displacement falls in the con-
cave region. Configurations of the first type correspond to an intact layer,
whereas configurations of the second type correspond to a fractured layer.
Accounting for cases (a) and (b), the scaled effective energy may be recast
in the form

0
VN

where 52V (9) satisfy the following equilibrium equations and the boundary
conditions

Py(VN8) = min{ No(—= ), (N = 1) 6(oY () + 6(65'(9)) },

{ ¢'(01(9)) = ¢'(65°(d)),  67Y(3) < 63'(9) (1.1)
(N —1)6N(8) + 6 (5) =VN§ ' '

A schematic of this system is shown in Figure 1. The functions §}¥(§) are
then defined for § € [§y, +00), d1V is increasing, 62 decreasing and Jy —
0 when N — +oc. Therefore, the function ¢n () = (N — 1)¢(0N(6)) +
(05 (8)) is concave and converges to 3 = ¢(+oo) uniformly on (w, +o00) for
all w > 0, whereas ¢y (5) = Né(6/v/N) converges locally uniformly on R to
the quadratic approximation aé? of ¢ at 0. We thus conclude that PN(\/N 0)
converges to min{ad?, 8} uniformly on (w,+00) for all w. In addition, its
derivative converges away from the point /3/«. If ¢ does not have a simple
convex/concave form, it is not possible to use the equilibrium equations
as above. However, similar conclusions hold for very general potentials, as
shown in Section 3. There, we use properties of the renormalization group in
order to “sandwich” Py between auxiliary upper and lower potentials. Using
the ordering and monotonicity properties of the renormalization group we
then show that the bounding potentials converge to the same universal
limit as in he convex/concave case, and to establish the behavior of the
derivatives.

In Section 4, the results for nearest-neighbor interactions are extended
to a class of minimum problems of the general form

N
Pn(VNY) = min{z G651, Oigrc—1) 1 Y0 =0, i1 6, N—periodic},
i=1 i

where we allow interactions between K + 1 neighboring planes. The prop-
erties that we require of the partial potentials ¢ are:

i) The existence of a unique ground state, together with the existence of
second derivatives at that state.
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ii) The validity of a Cauchy-Born hypothesis close to the ground state,
namely, that for macroscopic opening displacements close to the ground
state uniform interplanar separation is energetically favorable.

iii) An impenetrability property.

iv) Growth conditions at +o00 that allow for detachments of planes.

v) The property that when two neighboring planes are completely detached
the interactions of the remaining planes are decoupled.

For instance, these assumptions are satisfied by the superposition

K

G(01,02, -, 6k) = Y ($n(61) 4+ + 6n(0n))

n=1

of K convex/concave potentials. The asymptotic form of Py is as in the
nearest-neighbor case, but the determination of the constant (3 requires the
computation of the optimal energy of boundary layers that abut to pairs of
detached planes. These boundary layers do not arise for nearest-neighbor
interactions, and render the analysis of the general case comparatively much
more challenging. The proof relies on I'-convergence techniques recently
developed for the passage from discrete to continuous variational problems.
The I'-limit result uses separation-of-scale arguments due to Chambolle
[7] and Braides, Dal Maso and Garroni [4], and combines them with the
analysis of internal boundary layers. It bears emphasis that whereas other
scalings proposed in the past (Charlotte and Truskinovsky [8], Braides and
Cicalese [3]) separate the bulk and surface contributions to the energy, for
the scaling employed here both contributions have the same order.

2. Problem definition and assumptions

We consider K partial interatomic potentials ¢, : R" — (—o0, +o0]
(1 <n < K) such that, for each n:

i) ¢, is a C? function in its domain {z € R : ¢,,(z) < +o0}
ii) We have:
o dim @u(ty, ... ty) = Fo0. (2.1)
inf t;——o0
This condition may be regarded as requiring impenetrability property. In
particular we may have ¢, (t1,...,t,) = +oo if t; <0 for some i.
iii) for all n and 0 < j < n there exist functions 1 such that

¢n(t17 N ,tn) = w%ﬁl(tl, . ,tjfl) + "Ll)zij(tijl, N ,tn) + 0(1) (22)

as t; — oo, uniformly in ¢1,...,t—1,¢j41,...,¢, if all ¢; are equi-
bounded from below. This condition asserts that, when two planes de-
tach completely, the interactions between the remaining planes are un-
coupled. We assume that ¢0 = 0 for definiteness and that for j > 1
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) R — (—o00, +00] themselves satisfy conditions (i)—(iii). The condi-
tion that 90 = 0 can be regarded as a normalization assumption that
implies that
inftIiILnJroo Gn(ts, ... tn) = 0; (2.3)

i. e., the interaction energy between n planes is 0 when they are com-
pletely detached.

iv) min¢, < 0. In view of (2.3), this condition implies that the complete
detachment of all planes is not an absolute minimum for the energy.

Remark 1. (a) Since we consider energies of the form

K N
DN bnl05,05510 -1 0j0n1) (2.4)

n=1j=1

in conditions (i)—(iii) above we are free to regroup some of the energy den-
sities without changing the double sum in (2.4). Consider, by way of exam-
ple, the case K = 2: for any s € (0,1) we may set ¢y(t;) = s¢y(t;) and
(bg(tl, tz) = ¢2(t1, tg) + (1 — 5)(¢1 (tl) + ¢1£t2)). Clearly the energy in (24)
remains unchanged if we replace all ¢,, by ¢,,. In particular, this shows that
in (iii) we may only require that each ¢ be bounded from below, instead
of (2.1), since we may always add to it (and, correspondingly, to ¢,,) a term
of the form s;(¢1(t1) + ...+ ¢1(t5)).

(b) If ¢ (ty,... tn) = dn(t1 +...+1t,) then conditions (ii) and (iii) may
be replaced by

lim ¢, (s) = +oo, and lim ¢n(s) =0,
S— — 00 s——+o00
respectively.

(¢) Conditions (i)—(iii) can be weakened somewhat without essential
modification of the main conclusions of this work. In particular, condition
(i) is necessary on a neighborhood of the ground state only; in (ii) we may
require that the growth condition be satisfied for ¢; only; whereas in (iii)
we may require that each 10 be a (possibly different) constant. However,
these extensions will not be pursued here in the interest of simplicity.

We consider minimum problems of the form

K N
PN((S) = min{ZZqﬁn(&j,(Sﬁ_l, .. -76j+n—1) :

n=1 j=1
N
j + 0; N-periodic, Z(Sj = 5} (2.5)
j=1

and analyze the behavior of Py(d) for N large and ¢ close to the ground
state. In order to make the latter statement precise, we introduce certain
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comparison interplanar potentials that will also be used in the proofs of the
theorems. To this end, we notice that Py (d) can be equivalently written as

N K K-n+l1
—mln{zz Z K n+1 (5i+j7~-~76i+j+n71>:

i=1n=1 j=1

N
Jj +— 0; N-periodic, Zéj = 5} (2.6)

j=1

We define the lower-bound comparison potential as:

K K—n+1 K
mf{zl Z —n+1 o (55, ...76j+n1):;61-:K5}.

(2.7)
In this formula all interactions of K consecutive planes are minimized at
fixed total mean displacement ¢ and without additional constraints such as
periodicity. Note the normalization factor K —n+1 that counts the number
of n-interaction between K + 1 neighboring planes.
We now append the following assumptions:

v) Ezistence of a uniform ground state: There exists a unique Oy, such
that
m(sin &_(8) = DP_(0min) =: Pumin; (2.8)

vi) Uniform Cauchy-Born hypothesis near the ground state: There exist 1 >
0 and C' > 0 such that

K K—-n+1 K K
> Z T n+1 Gn(85y . 0m 1) Z 5., 0)+C > (5;-0)?
n=1 n=1 j=1

(2.9)
whenever Zle 0, = K6 and 25:1 [0r, — 0] + |0 — Smin] <.

vii) Non-degeneracy at the ground state:

n 2
(p/i(émin) = Z Z 0 (bn <6min7 .o aémin) > O; (2'1())

viii) Non-degeneracy at +oo:

liminf @_ Pin- 2.11
(SH_I}-&BO (0) > Pumin ( )

Remark 2. From the hypotheses above we have that, for |§ — dmin| < 7,

K
= ¢u(d,...,0), (2.12)

corresponding to the uniform state §; = ¢ for all i. This equality does not
hold for ¢ far from the ground state, as may be verified explicitly, e. g., for
Lennard-Jones potentials.
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Remark 3. For K = 1 (nearest-neighbor interactions) the hypotheses above
reduce to requirements on the sole energy density ¢;. For K = 2 and
$2(01,02) = ¢2(01 + d2) assumptions (v) and (vi) are satisfied if there exists
Omin Such that

(bl (6min) + ¢2(2§min) = min (ba (21'?))

where )
$(6) = ¢2(20) + 3 mtin{¢1 (t) +¢1(20 — 1)}, (2.14)
and the unique minimizer of the latter minimum problem for § = d;, is

t = Omin- It may readily be checked that commonly used potentials, such as
the Lennard-Jones and Morse potentials, satisfy these assumptions.

Remark 4. From the assumptions above it follows, upon changing the value
of C, that for n small enough

K K-—n+1
Z Z K—TL+1 (5 5]-1—71 1 m1n>cz n — m1n 215)
n=1 j=1

whenever 25:1 |05, — Omin| < 1. To verify this inequality we use an argument
by contradiction. Note that by (vi), the formula above holds for } 4, =
K 8min; hence to contradict it, with fixed N € N, we suppose that J* exist
with > 68 = K% # K6min and 6% — Sppin, such that (C as in (vi))

K K-n+l

C K
Z Z fra—— n+1 D08, 08 y) — NZ:: — Oumin)?

By using the triangular inequality and (v) we get
K K—n+1

k k _ .
nzl Z _n+1 (5 "‘76j+n71) @mln
< 2y (0% —6")* + E(5’“ — Omin)?
n=1 N
K K—-n+1
2C .
- (Z Z K_n+1 (5 ""5j+n 1) gZ)rnin>
2KC ,
T(é - 5m1n) ,
and hence
D (5k) —-d_ (5min)
K K—-n+1
k k
<Z Z _n+1 (5 "'a5j+n71)_¢min
n=1 j=1
2KC ,
< _ .
= N — 20(5 6m1n) 5

which contradicts condition (vii) in view of the arbitrariness of N.
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3. Renormalization group (RG) and nearest—neighbor
interactions

In this section, we start by analyzing here the case of nearest—neighbor
interactions, K = 1, with the aid of a Renormalization Group (RG) itera-
tion. The appeal of this approach is that it establishes a stronger conver-
gence, namely, uniform convergence, of the effective energy than obtained
from I'-converge. In addition, the RG approach establishes the convergence
of the derivatives of the energy, or tractions.

For the nearest—neighbor case hypotheses (i)—(viii) simplify to assump-
tions on the sole interplanar potential ¢;. In particular, (vi) is automatically
satisfied, and the remaining assumptions reduce to:

i) ¢1 is a C? function in its domain {¢; < +oo}.
——00
——+00
iv) There exists a unique minimizer d,;, of ¢1 and min ¢, < 0.
V) Omin is an interior point of {¢1 < +o0} and ¢} (dmin) > 0.

11
t
t

)
)
iii)
)
)

In the interest of simplicity, in addition to these hypotheses in this section
we suppose that {z € R:¢1(J) # +oo} is connected. In particular, this
assumption implies that, if ¢;(6) = +oo for some & < dpin, then ¢1(5) =
+o0o for all 6 < 6. Moreover, we note that by Taylor’s theorem and the
preceding assumptions there exists C' > 0 and 7 > 0 such that

$1(6) > ¢1(Smin) + C(6 = Omin)?, (3.1)

whenever | § — dpmin |< 7.

3.1. Renormalization group transformation

The renormalization group transformation R is defined on an interpla-
nar potential through a two—step process, namely relaxation and renormal-
ization. The relaxation of an interplanar potential ¢, is given by another
interplanar potential ¢; defined as

$1(8) = inf[¢1(3) + ¢1(d —0)], (3.2)

d€ER

The interplanar potential R¢; then follows by renormalization, i. e.,
(R$1)(8) = ¢1(V20). (3.3)

Evidently, R is well-defined for all functions bounded from below, and, in
particular, for all interplanar potentials. For 2 + 1 atomic planes, prob-
lem (2.5) can be equivalently stated in terms of the renormalization group
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transformation as

Py (6) = min{%zl R(bl(éj):%nzl d; = 5/\/5}
- min{% R261(3)): QZ 6 = 0/V22}

min{Rn_1¢1(51) + R 1 (02): 61 4 62 = 6/ v 2"_1}
= R"¢1(5/V2"). (3.4)

For purposes of the present analysis, it is simpler to redefine ¢; such that 0 is
its absolute minimum point and @i, = 0, i. e., we define a function ¥*(§) =
d)l((s + 5min) — ®min. Then, lims_, 4 o ¢1(5) = —@Ppnin and lims_, 7/)1(5) =
+00.

The following remark summarizes the properties of interplanar poten-
tials that are preserved under recursive application of the renormalization
group transformation.

Remark 5. (a) Let ¢ : R — (—o00,+00] be an interplanar potential such
that

1. 4 is a C° function in its domain, which contains 0 in its interior.
2. 1 has a unique minimum at 0, ¥(0) = 0.
3. 9 satisfies

5EI_HOO¢(6) = +00, 625-[1001/)(6) = —Pnin (35)
e 4)

Then Ri has these properties as well. It is straightforward to verify that
Ry is a CY function and that

5 hrll R'l/}((;) = —Puin, P hEn R1/)(5) = +00. (37)

It is also clear that Ry (0) > 0, that Ry(§) = 0 if and only if 6 = 0, and
that § = 0 is in the interior of the domain of Rv. Therefore, there remains
to prove only that equation (3.6) holds for Riy. To verify this property, note
that for € > 0 there exists £ > 0 such that

(C — )62 < 1p(d) < (C +¢)6?, (3.8)

whenever || < 2¢, and, therefore,

(C —e) [32 - 5)2] <@+ —08) < (C+e) |5+ (6 - 5)2] . (3.9)
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whenever [d], |§| < £. Note also that for |§| small enough

¥(d) = glné [1(8) + (5 —9)] . (3.10)

Since inequality (3.9) holds when |§| < &, it also holds for the corresponding
minima. Then, in conjunction with (3.10) we obtain
C—e .. () C+e
— < <
ST S T

(3.11)

which holds for all € > 0, and (3.6) follows after renormalization.
(b) We note, for subsequent reference, that hypotheses (i)-(vii) imply
that for all e > 0

inf ¢!(8) > 0. (3.12)

|8]|>e

(c) Since 9! is C?, and (1) (0) > 0, we have that

lim ¢ (9)

§—0 02

=C, (3.13)

where 0 < C' < +00, whence we conclude that 1! satisfies hypotheses 1-3
in part (a) of this remark.

We proceed to establish a monotonicity property of R. Consider two
interplanar potentials 17 and s, not necessarily continuous, such that
¥1(6) < 92(0) for all § € R. Then, (R1)(0) < (Ryp2)(d) for all 6 € R.
The property follows directly by noting, for all § € R,

Y1(0) 4+ ¥1(6 — 8) < a(8) + ¥a(6 — 6). (3.14)

Therefore, 11 (0) < 15(8) and (Ryy1)(8) < (Rip2)(6), for any & € R.

Next, we prove a property of the derivative of Ry to be used subse-
quently to prove the convergence of tractions.

Proposition 1. Let w = inf{z € R:¢)(z) < +oo}. If p € W (w, +00)
then Ry € WH*°(\/2w, +00). Furthermore, there exists a function y: R —
R such that

U(y(@)) + ¢(@ —y(@)) = P(z) = inf [Y(0) +¢(z —d)], (3.15)

d€R
for which the following identity holds
(RY) () = V2 ¢/ (y(V2)), (3.16)

for almost every x € (v/2w, +00).
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Proof. We begin by noting that, since lims__., 1 = 400, the y(x) sat-
isfying equation (3.15) exists for all x € R. Without loss of generality, we
assume y(z) < x —y(z) for all z, or y(x) < x/2. If z € (v2w, +00) we addi-
tionally have 1 (v/2x) < 2¢(z/v/2) < 400, and, consequently, w < y(v/2z)
and w < V2z — y(ﬂx)

Next we prove that Rt is absolutely continuous in every bounded inter-
val [a,b] € (V2(w +¢), +00), for all £ > 0. To this end, consider a collection
of non-overlapping intervals {[a;, b;]} of [a, b]. Then, for any [a;, b;] such that
0<bi—a;<e/ V2 there are two cases. One possibility is

0 < Ry(b;) — Ry(a;) < ¥(V2b; — y(V2a;)) — ¢¥(V2a; — y(v2a;))
< ||1//||L<>°(w,Jroo)\/5 (by — a;), (3.17)
since v/2b; — y(v/2a;) = v2(b; — a;) + (V2a; — y(v/2a;)) > w. Here we have

used the fact that ¢ € W1 (w, +00) is Lipschitz with Lipschitz constant
[19'[] oo (,+00)- The second case is

0> Ry(b;) — Rip(a;) > (V2b; — y(V20;)) — (V2a; — y(v/2b;))
Z 7H’¢)/HLOC(’U),+OO)\/§ (bz - 0,1'). (318)

In arriving at this inequality we have used the bound v/2a; — y(\/ibz) > w
To proof this bound, assume otherwise. Then,

V2a; —w < y(V2b;) < % — V2a; — % < w. (3.19)
But
V2a; — \/ —7 <\a} \bf> +€—%Zw+%, (3.20)

which contradicts (3.19). Then, from (3.17) and (3.18) we have
Y R(b:) = Rib(ai)] < 19l oy V2 Y (s — i), (3.21)

for ), (b;—a;) small enough. This proves that R is absolutely continuous in
every interval (v/2(w+¢), +00) for all € > 0, whence we conclude that (Ry)’
exists almost everywhere in (w, +00) and is the distributional derivative of
Ri). Finally, equation (3.16), which we prove next, allows us to conclude
that Ry € WH*(y/2w, +00). Begin by noting that

FIRY( + ) — Ro(a)
(022 = y(v/20)) + (y(v2x) + V2h) — R ()
(¥ ((v22) + V2R)) = (y(v20))] |

<

IN
S =
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for all A > 0 small enough, from where we conclude that
(Re)'(z) < V2 ¢/ (y(V22),) (3.22)

for almost every z > v/2w. Similarly, from
[Bip(x) — Rip(z — h)]
= [Ro() — 9 (VBr — y(v30) ~ b(y(VEr) - VER)]

1
h
>

for all A > 0 small enough we obtain
(RY)'(z) > V2 4/ (y(vV2x)), (3.23)

for almost every x > v/2w, and equation (3.16) follows. O

3.2. Coarse-graining of interplanar potentials

Successive coarse-grainings of the interplanar potentials may be achieved
by recursive application of R. More precisely, the transformation R™, n €
Ny, is defined inductively as R* = RoR" ! for n > 1, with R° being just the
identity. The n-th coarse-grained interplanar potential corresponding to an
initial interplanar potential v is defined as v,, = R™. It is clear that R
is well-defined. Specifically, we endeavor to characterize the limit of R™
as n — +oo, which defines the effective or macroscopic cohesive potential.

Theorem 1. Let ¢ be an interplanar potential, such that the hypotheses of
Remark 5 are satisfied. Then R™p = ™ — > uniformly in (z,+00), for
all z € R. Here,

oron | C8? if6 <0
¥=(0) = {min{052, B} if 6> 0, (3.24)
In terms of the minimum problem (2.5), we have
lim Pon (V276 + 20 min) — 2" P pin = ¥°(0) (3.25)

uniformly in (z,400).

Remark 6. For the sake of simplicity, in the proof we consider only inter-
planar potentials 1) with convex growth to —oo. Thus, we suppose that there
exists a convex function Yeonvex and dp < 0 such that Yeonvex(d) < ¥(0) for
all § < dg. It follows from the monotonicity of R that R™i has the same
property. In general, the theorem is valid for potentials that satisfy hypoth-
esis (ii), e. g., potentials with logarithmic growth to —oc.

Convergence of tractions. The uniform convergence of the interpla-
nar potentials stated in Theorem 1 also implies the strong convergence in
L™ of the renormalized traction, defined as the distributional derivative of
the interplanar potential.
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Theorem 2. Let t,(§) and t(0) denote the distributional derivatives of
R"™)(6) and 1*>°(0) respectively. Then

tn = too in L((z,2. — &) U (zc + &, +00)), (3.26)

where . = 7% for any z € R and any £ > 0. Additionally, t, — ts
in L>®(z,400), for any z € R.

Remark 7. (a) The failure to obtain uniform convergence close to x. is not
surprising, since the limit ¢, is discontinuous at that point.

(b) With reference to the minimum problem (2.5), let Ton be the distri-
butional derivative of Po» with respect to its argument, i. e.,

Ton(A) = Pi.(A). (3.27)
Then, from Theorem 2 we have that
V2" Ton (V27 + 2™ 0min) — too(0), (3.28)

in L®((z,2. — &) U (z. + €,+00)) for any z € R and any € > 0. Note that
the convergence is attained for a precisely scaled value of §.

Remark 8. In [10] potentials of the type

60(6) = {“’(5) if6 20 (3.29)

400 otherwise,

where (§) has a unique minimum at ¢(0) = 0, lims—, 400 ©(§) = —Pmin > 0,
and it is C? in [0, +00). All results and proofs proceed mutatis mutandis
in the general case. In this case we have that R"¢(6) — min{C6?, —Ppin }
uniformly in [0, 4+00), and R"¢¢(J) = +oo for § < 0. An analogous result
for the tractions holds as well.

Proof (Theorem 1).
1. Action of R on special potentials. Let © : R — (—o00,+00] be
an interplanar potential of the form

[ pl6) if 6 < o°
o(6) = {H 55 g, (3.30)

where ¢ : R +— (—00,400] is a convex function, continuous for all § > 0,
with a unique minimum at 6 = 0, ¢(0) = 0, 0 < H < +oo. Here §¢ > 0
denotes the only nonnegative solution of ¢(§¢) = H.Then,

n [ 2np(5/V2n) if 6 < 8¢
R"O(8) = {H if 6> o0, (3.31)

where 65 > 0 denotes the single nonnegative solution of 2"p(d¢/v/27) = H.
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To prove the previous statement, we compute first RO. We begin by
noting that since ¢ is convex we have

2g45/2)::ggg[w(é—-$)+-¢ﬁﬂ]. (3.32)
Then,
RO/V2) =min{ inf [p(8) +¢(3~ )], nf [H +6(5 )]}
_ {Ein{ng(é/Q), H +infs ;. 0(6 — 0)} ig ; ;gz (3.33)

Next, assume that 6 < 0. Then, if § > 6¢ we have § —§ < § — §¢ < 0, and
consequently ¢(§ — §) > (6 — 6°), since ¢(§) is decreasing when § < 0.
From here we conclude that H + ¢(5 — §) > ¢(0°) 4+ (6 — 6°) > 2p(5/2),
and therefore RO(6/v/2) = 2p(6/2) for § < 0. If 0 < & < +/26%, then
2p(6/2) < H, and RO(5/+/2) = 2(5/2). Finally, in the case v/256§ < § note
that the convexity of ¢ implies that

20(0°/2) < @(8°) +(0) = H = 20(87/V2) (3.34)

and, since ¢(d) is increasing for § > 0, we obtain that §¢ < V26§ < 6. In
this case, by choosing § = ¢ in (3.33) we it follows that RO(5/v/2) = H.
Summarizing,

RO(5) = {?(5/‘@ v S gi (3.35)

Formula (3.31) follows by recursively applying the last result. Consider next
the interplanar potential

+o0 ifd <0
0 ifd=0

01 (0: H,h,C) = | <5< (3.36)
h if ¢ <6,

where 0 < h < H, and ¢ > 0. By direct computation, it is straightforward
to verify that

RON(8; H, h,¢) = 0'(6; H, h,(/V?2), (3.37)
and, by recursion,
R™0Y(6; H, h,C) = 04(8; H,h,(/V27). (3.38)

2. Equivalent upper and lower potentials. Given the interplanar
potential ¥, we have that for all € > 0 and every w € R there exist N, € N
and interplanar potentials ¢ and ¥ such that

Yo <y <yS  VIER, (3.39)
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In addition, there exists a constant M such that
0<yY>® —R"W_ <eM (3.40)

and
0 < R"WH — 9> < eM, (3.41)

for all n > N, for all 6 € (w,+00). The proof of this statement is given
next.
3. Existence of upper potential ¢F. Choose ¢ > 0 such that

(C+e)8% > w(8) if |6 ]<C, (3.42)
and A > 0 such that
P(8) < —Prin + € Vo > A (3.43)
Let Yiax = maxsss,,, ¥(9); clearly Wi ax < +00. Set
+o0o ifd < —C
02(5) =S w(o) if —¢<d<( (3.44)
Unax if 0 > ¢,

where ¥(J) is a convex function that satisfies ¥(5) = (C + €)§? whenever
d < ¢/2, and ¥(¢) = Wpax. From the previous computation, for n large
enough we have that

+00 if 6 < —Cv2m
R"62(6) = (C+e)d? if —(¢V2n << CL% (3.45)
wmax lf 5 2 CI:I‘rE'
Define
¢ = min {6"(5; Yrnax, —Prmin + £, 1), 0°(6) } . (3.46)

Clearly ¢ < 1F. By the monotonicity of R we get
R"pF(6) < min {R"0"(0; Yrmax, —Pmin + €, A), R"6*(0) } , (3.47)

which for n large enough reduces to

+00 i< fC\/27"
Rt (6) < (C+e)d? if —(¢V2n<d< C{&I-a (3.48)
P +€ if 6>/,

whence (3.41) follows immediately.
4. Existence of lower potential ¢_ . Choose ¢ > 0 such that

(C —€)6* < (0) if |0 |<¢, (3.49)
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and A > 0 such that
Y(0) > —Ppin — € if 6 > A (3.50)
Next, consider the interplanar potential

() if 5 < A

wgw):{—@mm—sif§>k, (3:51)

where W¥(§) is a convex function such that ¥(8§) = (C — ¢)8? if |6] < ¢,
U(A) = =Py — &, and ¥(0) < 9(J) for all 6 € R. That such a function
exists follows from Remark 5, part (b), by choosing ¢ small enough and A
large enough. Note that - < 1. From the previous computation, for n
large enough we have

2" (5//27) if § < —¢V/2n
R (6) =4 (C—e)8® if —(V2n <8</ (3.52)

: / H
—émin—g 1f62 O—2>

whence (3.40) follows immediately. A schematic representation of the upper
and lower potentials is shown in Figure 2.

5. Convergence. Let ¢ > 0 and z € R. Because of (3.39) and the
monotonicity of R, we have

R". < R™ < R"7, (3.53)
for all n € N and for all § € (z,400). In particular, if n > N,
—eM < R™p- — ™ < R™p — > < R™pT — ™ < eM, (3.54)
whence it follows that

lim |R") —¢>|<eM  VY§> =z (3.55)
n—-+o0o

Since this holds for any € > 0, the uniform convergence in (z, +00) follows.
To prove (3.25) it suffices to note that

Rn¢1(5 + VvV 2n6min) = R”w(é) + 2" P in, (356)
which together with (3.4) gives the desired result. O

Proof (Theorem 2).

1. Asymptotic structure of minimizers. Let ¥)" = R™), and define
the function y, () such that |y, (z)| < |z — yn(x)| and
¢ (2) = Inf [p"(8) + 9" (z = 8)] = ¥ (yn(2)) + ¥" (& —yalz)), (3.57)
which is well-defined since lims_. _ o, 1™ (0) — +00, and ¥™ is continuous (it
may, however, not be uniquely defined). We seek to characterize the values
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Fig. 2. Schematic representation of the construction of upper and lower poten-
tials. A typical interplanar potential is shown in a solid line. Note the asymptotic
behavior as § — +oo and the possibility of having multiple inflexion points, local
minima and maxima. Possible choices of upper and lower potentials are shown in
dashed lines.

of y,(x). Let 29 < z < 0 be such that ¥*>°(z) > —Py, for all z < z,
which implies that ¥>°(z) > ¢¥>°(x) for z € (z,+00). For all € > 0 there
exists n. € N such that, for all n > n, [¢p"(z) — ¥°>°(z)| < € whenever z €
(g, +00) and Y™ (z) > > (z9) — € whenever x € (—o0,xp). The existence
of n. such that the last condition is satisfied is guaranteed by the shape of
the lower potential (3.51). Additionally, we take £ small enough such that
P (2) +e < P> (w0) —e.

We proceed to show that y,(z) > z¢ and & — y,(z) > o for all x > 2
and n > n.. Assume otherwise. Then, for some n > n.,

En(m) > > (zg) — €, (3.58)
But, by definition,
P(x) <YPn(r) <PP(2) 42 <PT(2) +e <YP(w0) —,  (3.59)

which contradicts the assumption. Next, consider the function ¢(y,z) =
Y2 (y) + ¥>=°(x — y), whose minimum for every z is attained at yoo(x),

where Y
T ife<V2zx

@) =42 B> ¢ 3.60

Yoo () {0 if 2 >V2 z, ( )
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is bi-valued at v/2 z, = % We have that for x > z and n > n.

O(yn(z), ) — 28 <" (yn(2)) + ¥" (2 — yn(x))
<P (Yoo (7)) + D" (2 = Yoo (7))
< DYoo (7), ) + 2e,

or, equivalently,

Let A = {(yoo(z),z) : € R}. Then, it is straightforward to verify that
there exists ¢1,co > 0 such that

1 da(y, @)’ Aea < 3y, @) — d(yoo (@), @), (3.62)

whenever |y| < |z — y|, where d4 is the Euclidean distance from a point
in R? to the set A. It follows from (3.61) and (3.62) that y,(7) — yeo(z)
uniformly in any set of the form (z,v2 x, —¢) U (v/2 z. + ¢, +00), for any
£ > 0, and by the arbitrariness of z, pointwise for all z € R\ {v/2 z.}.

2. Uniform convergence of tractions. We begin by considering the
behavior of (R™)'(z) in a neighborhood of x = 0. With reference to Re-
mark 5, part b, and hypotheses (i) and (vii), we can construct a continuous
function ©(x) as in equation (3.30), such that ©(z) = ¢(x) in an open
neighborhood of = 0 in which ¥ (x) > 0, and O(x) < ¥(x) for all z.
Then, for n > 0 small enough, equation (3.31) gives

R™p(z) < 2™ (\/an) e <\/”;7) = R"O(z) < R™(x), (3.63)

or

Ry(z) = 2™ <\/f”27> , (3.64)

for all x € (—n,n) and all n € N. Also, by Taylor’s theorem we have that

U'(z) = (C +&(x)) =, (3.65)

for all x € (—n,n), with lim,_,o&(z) — 0. Therefore,

(R0 (@) =V () = (C eV (300
whence it follows that
lim (R™))'(z) = Cu, (3.67)

n—-+o0o

uniformly in (—n, 7).
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In the more general case of = € (z,+00), we know from Proposition 1
that for n,m € N, m < n, and for almost all z € R

(R™) (x) = V2(R" ') (yn-1(V2 ) (3.68)
= V22 (R 29) (yn_2(V2 yn_1(V2 2)))

= V2 (R"Y) (B, (2)),

where 33 (z) = x and B(x) = yn_i(vV2 B, (z)), for all i < n.

Next, we analyze the asymptotic behavior of the sequence 57 (z) as
n — 4o00. Given ¢ > 0, and ¢ > 0 sufficiently small, there exists n¢ such
that

Brn—1(z)
\/ﬁ )
(3.69)
for all z € (2,2, — €), whenever 0 < m < n — n¢. Equation (3.69) is a
consequence of the uniform convergence of {y,(z)}. It follows by induction
on m after noticing that ¢ can be chosen small enough such that if 57,_,(x) €
(z,xzc—¢) then G} (x) € (2,2, —€), whenever 0 < m < n—n¢. By recursive
application of (3.69) and the triangular inequality it is straightforward to
verify that

C> |on-m(V2B3 1 () = 9oe(V2B3 1 ()| = | Bra() -

" T
) —

ﬁm( ) /2m

for all m such that 0 < m < n —n¢ and all ¢ € (z,2. — €), where

¢* = ¢v2/(v/2 —1). Similarly, if # > 2, + ¢, it follows from the uniform
convergence of {y,} that

‘ < (7, (3.70)

167 ()] < ¢, (3.71)
and by using (3.70)

B (@) < (14 1/vV2m=1)¢, (3.72)

for all m such that 1 < m < n —n¢. With 1 as in equation (3.67), choose ¢
such that 2¢* < n, and m > 1 such that z/v/2™ € (—n+ ¢*,n — ¢*) for all
x € (z,x. — €). Then for n large enough we have

[(R*=") (B (@) — CB,(2)] < CCF, (3.73)

for all z € (2,2, — ) U (x, + &, +00), where we have used equations (3.70)
and (3.72) and replaced n for n —m and x for 87 (x) in equation (3.67). In
particular, for z € (2,2, — ¢), it follows from equation (3.70) that

T

(R0 (83(@) =€

< 20¢*, (3.74)

or, equivalently by using equation (3.68)
[(R™) (z) — Cx| < V2m+20¢*. (3.75)
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Similarly, if x > z. 4+ ¢ we have from equations (3.68), (3.72) and (3.73)
that

[(R™p) ()] < 3v2mC(¢r. (3.76)

Therefore, it follows that the tractions converge uniformly in any set (z, 2. —
g) U (z. + &,+00), for all z € R, and for any € > 0. Finally, if 2 € (z. —
2¢, 2. + 2¢) we have from equation (3.62) that, for n large enough, either
187 (z) — x./V2] < ¢ or |B7(z)| < ¢. In either case, by using equations
(3.70) and (3.68) we conclude that the tractions are uniformly bounded in
(z,+00), for any z € R, whence the weak* convergence of the tractions in
the same interval follows. O

4. I'-limit of the energy functional

Under assumptions (i)-(viii) of Section 2, in this section we prove the
following:

Theorem 3. There exist constants a and [ such that for § >0
PN (Némin + VN §) = N&pi, + min{ad?, 5} + o(1). (4.1)

The constants @Pmin and o are simply given by

K 1 K n n 82¢n
Prin = Z ¢n(6min; ) 6min)7 a = 5 Z ZZ 8565] ((Smina SRR 6min)a
n=1 n=1i=1j=1 '
(4.2)

while 8 = 2B — K®pin, where B is the (free) boundary-layer energy

K K—-n
b= ian IIHD{Z(Z Z ﬁ(bn(éz#j, Cey 6i+j+n71) — @min)
he >0 n=1 j=0 n+
K—1n-—1 K—n —j
+>. D %1 om0 Gina)
n=1 j=0
K n-—1
+3° 5w, -, 0i21) 1 65 = Gumin foerR}, (4.3)

n=1 i=1

If K =1 (nearest-neighbor interactions) and ¢1 = ¢, then Prin = A(Omin),
@ = $¢" (min), and B =0 so that § = —Pryin.

The behavior of minimum problems may be turned into the computation
of a I'-limit on a metric (more precisely, metrizable) space. To this end, we
may identify each discrete function j +— ¢; with a function on the continuum.
One way to do this is simply by identifying it with the piecewise-constant
function ] )

1—1 ¢ < K2
N <t< N

5(t) = VN (6; — 6min) if
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In this way the domain of our energies may be interpreted as a subset
of L'(0,1) (more precisely, as a subset of L] (R) with a periodicity con-
straint). However, our energies are be coercive on these sets: minimizers
are not compact in L'(0,1). Therefore, we have to further view L'(0,1) as
a subset of the set of measures on M(][0,1]), where we eventually obtain
compactness and hence convergence of the minimum problem. Moreover, in
this framework that sequences o with an energy of the same order as that
of minimizers may converge to measures p whose singular part is composed
of a finite number of Dirac deltas.

In order to have a more direct connection with known results, we ad-
ditionally use an equivalent identification. Instead of identifying each {4;}
with a piecewise-constant function we interpret our energies as defined on
the space of piecewise-H' functions, i. e., functions © which are H' outside
a finite number of points of discontinuity. This discontinuity set is denoted
by S(u). The results thus obtained may readily be recast in the frame-
work of M([0,1]) by interpreting u as the derivative of u, and hence each
discontinuity of u as a Dirac mass of u.

The identification is obtained by making the following changes in nota-
tion. We set ey = +; and, for given {¢;} we define the function v : enZ — R
given by

up=u(0) =0,  wu; =u(jen) =u((j —1)en) + vVEn(0; = omin). (4.4)

Every such u is understood to represent a piecewise affine function with R
as domain given by

t ) 4 . e .
u(t) = (1 - +])uj + (— —]) Ujt1 if jey <t < (j+1)en, (4.5)
EN EN

so that the convergence of the discrete functions can be interpreted in terms
of that of the corresponding interpolations.

We introduce the space Ay (9) as the set of functions u : eyZ — R such

that w((¢ + N)en) = 0 + u(ien) (1-periodicity of u(t) — dt). We then have

PN(N6min + VN §) — NGy

K
= PN(Némin'i' VN&) _Nz¢n(6min7-~-a6min)
n=1

] =

= min{i

n

(¢n(6j7 6j+17 ceey §j+n71) - ¢n(6min7 o >6min)) :

Il
—
<.
Il
—

N
j +— 0; is N-periodic and Zéj = Ndmin + \/N(S}
j=1

i 33" (60 (VEw (L) 4 .

n=

=

—
<.
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U5 — U, —
\/{;N(HHE—HM) Jr(;min)
N

—®n(Omin, - - - ,5min)> RS AN(J)}.

Theorem 3 in turn follows as a consequence of the following I'-convergence
result for the functionals defined on Ay (d) by

K N
Ujp1 — Uy Ujtn — Ujgn—1
Ey(u)= Y23 enol (P B ) ()
n=1 j=1

where
1
(bg(zl,...,zn) = —((bn(\/ENzl +6mina-~-7\/gNZn +5min)
EN
_¢n(5mina IR 5min)) . (47)

Theorem 4. Let a and 3 be the constants defined above. Then the func-
tionals En I'-converge with respect to the L'-convergence to the functional
Ey defined on piecewise-H' functions such that u — dx is 1-periodic by

. a/o /2 dt + BA(S(u) N (0,1])  if ut > u— on S(u)

Ey (4.8)

+00 otherwise

Moreover, if 6 > 0 the minimum values above converge to the minimum

value
min Ey = min{aé?, 8}. (4.9)

Remark 9. ['-limits of functionals of the form (4.6) and their multidimen-
sional analogs when ¢/ depend on z; +- - -+2, have been extensively studied
in recent times (see e. g. [7,4-6,1]). The choice of notation in terms of dif-
ference quotients is made in order to facilitate usage of-and comparison
with—those results.

In the proof of this theorem we make repeated use of the following results
on the energies

N-1
Gy(u) =Y J/N(iu“;v_ uj), (4.10)
j=1

where )
_J(enarz®)Acx ifz2>0
Pz = { (enc1z®) Aeg if 2 <0,
with ¢; > 0 (see e.g. [2] Section 8.3):
1) Gy I-converge to

(4.11)

01/ |/ |2 dt 4 co#t{t € (S(u)) :uT >u"} +es#{t € (S(u)) s ut <u™}.
’ (4.12)
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2) The functionals Gy are equicoercive on bounded sets of L'(0,1).
Moreover, if (uy) is a bounded sequence in L'(0,1) and supy Gy (uy) <
+oo then, there exists a finite set S such that (upy) is precompact in
HY((0,1)\ 9).

3) If supy Gy (un) < o0 and 1 > 0 is fixed then the number of indices
7 such that

Yitr 74 N
EN \/gN

(4.13)

is equibounded.

The proof of Theorem 4 consists of four steps. First, we prove that the
sequence Ey is equicoercive, i. e., that from every sequence (uy) bounded
in L1(0,1) and with supy Ex(uy) < +00 we may extract a converging
subsequence. The proof follows by remarking that we may obtain a lower
bound of En with an energy of the form (4.10), for which this property
already holds. The second step is to provide a lower bound for the limit
energy. This step is in turn divided into two parts: First we locally minimize
the interaction of each group of K + 1 neighboring planes (with the proper
‘multiplicities’ giving the factor K — n + 1 in the definition of @_), thus
obtaining an estimate of the energy in terms of a sum of nearest-neighbor
energies with a proper scaling of &_ — @,,;,, as an energy density. The I'-
limit of this simpler energy is standard and provides a lower bound outside
S(u). A bound on the energy of a discontinuity between v~ and u™ is then
obtained by minimization among all discrete transitions between these two
values. In this step, hypothesis (iii) plays a crucial role in establishing that
the final energy necessary to create a discontinuity does not depend on
the values of u®. The third step consists of showing that these bounds are
optimal by exhibiting a recovery sequence for each piecewise-H' u. In this
step the hypothesis of the validity of the Cauchy-Born rule close to the
ground state is used to ensure that, away from jump points, we may take
recovery sequences simply as interpolations of the target function. Finally,
we obtain the convergence of minima by explicitly computing the values of
the minima of the I'-limit.

It is convenient to rewrite our energies taking into account the form in
(2.6) of problem Py (d). To this end we introduce the energy

K K—n+1

1
@(51,...,5]{) = Z Z m¢n(5],,5j+n_l) (414)
j=1

n=1

Note that X
o_(5) = min{@(él, e BR) 6= Ka},
=1

and in particular that @(dy,...,0k) > Pmin, the equality holding only for
01 =+ =0k = Omin- As in (2.6) the energy FEx can be rewritten as

N
En(u) = ZENWN(“Z“ Y. “”K*I} (4.15)
=1

EN EN
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1
WN(217' . -7ZK) = 7(¢(\/EN21 +5mina~ ) \/ENZK + 5min) - Qsmin) .

EN
(4.16)

Proof. Throughout the proof we identify (0,1) with the torus; i. e., the
points 0 and 1 are identified and jumps at 0 are taken into account in the
limit energies.

1. Coerciveness. We note that, from (vi) and Remark 4, it follows that
there exist constants K7, Ko > 0 such that

K K—-n+1

Z Z K-TL—i—l (5 "'76j+7l—1) mmZKlz mm /\KQ.

(4.17)
We then have

N
Ujp1 — Uy Uit K — UjrK—
j+1 j J+K j+K—1
EN(U): E N'I/N( - EEEE) - )
N N

EN

> ﬁ: i( (ua+n+1N Uj+n)2> A K2

By Remark 9(2) we then conclude that, given a sequence (uy) with
equibounded energy (supy En(uny) < 4+00), upon addition of a constant
the sequence is compact in L'(0,1), and, upon a finite set S C (0, 1] it is
also locally weakly compact in H((0,1) \ 9).

2. Lower bound. We have to prove the ‘liminf inequality’

Ep(u) < limNinfEN(uN) for all uy — w.

The lower bound needs to be proved only for sequences (uy) converging in
L' and with supy En(uxn) < +o0o. This implies that (we can assume that)
the sequence also converges locally weakly in H' away from the set S in the
sense of Step 1.

We begin by remarking that, from the growth conditions on ¢,, and the
hypotheses on @_, we have

%im inf @_(0) > Ppyin %im inf @_(0) = +o0. (4.18)
——+00 — — 00

We then infer (similarly to the the proof of the existence of lower potentials
in the previous section) that there exist constants Cy,Ca,C3 > 0 such that

Cl (5 - 5min)2 A CQ if ¢ Z 6min

D (5) - ¢min > gj((s - 5min) = {01(5 _ 5min)2 A 03 if § < 5min

(4.19)
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Moreover, note that

K n n
1 2oy,

sup{Cy : (4.19) holds} = 3 Z Z Z ng(émim oy Omin)  (4.20)
100

n=1i=1 j=1

by hypothesis (vii) and

sup{Cj3 : (4.19) holds for some C; and Cy} = +00 (4.21)
by (4.18).
We can then estimate
al i u;j u;j u;j u;
Bl = Soen 3o (M s = e
w(u) ; N;qb - -

(QL (§min +Ven - %}Kig;%) - gzsmin)

<
Il
—

M= 1M

1@(%) (4.22)

Let (ux) converge to u in L'. We then obtain

<.
I

1
limNinfEN(uN) > C’l/ |u'|* dt + Codt{t € S(u) : ut > u~}
0
+Cs#{t € S(u) 1 u™ <u”} (4.23)
by Remark 9(1). By using (4.20) and (4.21) we finally get

1
lim nf By (uy) > o / /P dt + Co S (u) (4.24)
0

and the constraint that u™ > u~ on S(u).

Next, we need to compute the contribution of the discontinuity. If we
optimize the constant Cy we find the value

sup{C5 : (4.19) holds for some C; and C3} = l(sim inf @_(0) — Ppin.

——+00

This estimate is sharp if K = 1; in general, this is only a lower bound,
and a finer analysis is needed to describe the optimal transition between v~
and u*. This is explained by the fact that the minimization process giving
&_(4) may be incompatible with the minimal configuration giving ®iy.

We now give a sharp estimate for the energy that concentrates at a
point ¢ € S(u). Without loss of generality we may suppose that ¢ = 0, and
that w := u*(0) — = (0) > 0. Note that there exist indices jy such that
enjn — 0 and

un((jn +1)en) —un(jnen)

Ven

lim = +o00, (4.25)
N
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otherwise u would be equibounded in H! of a neighborhood of 0 (to this
end, remark that if |uly|e < 7/\/En on some interval (=&, &) for some
1 > 0 then, following Step 1 we obtain ffg |u'y|? dt < C" En(uy) for some
constant C").

Again, it is not restrictive to suppose that jy = 0 for all N. By the
equiboundedness of Ey(uy) and the growth condition (ii) we have

i W (U + Ven) —un(jen)

N.j Ven

hence by (iii), if § < 0 and j + n > 1 then, upon setting

> —00;

v un((j+Den) —un(jen)

w. =
! Ve ’

we have

d)n(émin + w;'Va ey 6min + wﬁnfl) = 1/1% (6min + w;_\f’ ey 5min + wgl)

AP (G + w0, Gin + wﬁn_l) +o(1) (4.26)
uniformly as N — 400 by hypothesis (iii).

Fix M € N. Let S be a finite set such that uy — wu locally weakly in
H'((0,1)\ S) and |u'y| < 1/(M/en) for large enough N on each compact

set of (0,1)\ S (by Remark 9(3)). Fix n > 0 such that SN (—4n, 4n) = {0}.
Note that we have that

1
M\/EN ©

and that uy — w uniformly in (—3n, —n) and (7, 3n). Let

[uy| <

n (—3n,—n) and (7, 37), (4.27)

We can then write

Z en¥n (uN((j+1)€éngfUN(jeN) . uN((j+K)5N);1;N((j+K*1)€N))
JjeIN
=IN+ 1) + 1Y, (4.29)

where (wjv as above)

K
Iév = Z Z ((bn(émin+w§Va"'75min+w§\_]~_n_1)
n=1;<0j+n>1

=PI (Gmin + w0, Gmin + W)

711)1% (5min + w{\/, cee 75min + wj]‘\fknfl)) - Kgpmin;
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IIN = Z ENQ,N(uN((aﬂ)eN) unGen) | uN(GHE)eN)—un (G+K= 1)EN>>
EN EN
JETY, §>1
K—-1 n
K-n—j+1
+Y Y = n+1 bn (Gmin + 0N, i + w0, )
n=1 j=1
K n—1
AN (Bunin + w0l G + 0],
n=1 j=1
Iév - Z &N ZLDN(HN((JH)EN) “NOeN) uN((j+K)EN)7uN((]‘+K*1)5N))
EN ? EN
JEJIN, j<—K n=1
K—1n— 1 7n+]
+ Z Z K — n+1 (5min +w§j—n7' o 76min +w¥j—1)
n=1 j=0
K n-—1
+ZZ’¢)¥L(5WIU +w—]a Omin + W 1)
n=1 j=1
By (4.26) we have
lim 15" = — K Prin. (4.30)

Note the factor K that derives from the decomposition of the K terms

involving Wy labeled by j € {1 — K,...,0} into the three sums involving
the ¢ps.

We now compute the limit of 7{¥, that of I¥ being completely analogous.
Let vy : Z — R be the function defined by

un (jen) if - <j<jV+K
on(j) = § un(=jyen) ifj< -5y (4.31)
un(jlen) ifj> N+ K.
Upon setting
N _ N (U +1)en) —vn(jen)

Ven ’

we may write

geeey

:ZENLZ/N(’UN(j‘Fl)_UN(j) UN(j+K)—UN(j+K_1))

j>1 EN EN
iy +K . .
on(j+1) —on(j) on(j+ K)—on(j+ K —1)
Z ENWN( 5 e, . )
J=iN+1 N N

K—-1 n
K—-n—-j+1
+ZZ K—n+l (bn((smin+Z§V7...,5min+2ﬁ_n_1)

n=1 j=1



Effective cohesive behavior of layers of interatomic planes 29

K n—1

n=1 j=1

We can estimate

dn +K ‘ . ‘ .
on(G+1) —on()) v+ K)—oy(G+K—1)
Z ENWN( - gy - )
Pl N N
iN+K
< Z sup{@(zl + Omins - - s 2K + Omin) — Prmin : 2] < 1/M}
J=iN+1

< KSUp{@(Zl + 5Inin7 2K+ 5min> - gpmin : ‘Z‘]| < 1/M}

)

with lim,_,ow(z) = 0.
We now define the boundary-layer energy of the discrete system as

B = inf inf{Z(@n(zj F Gy - > 24K + Omin) — Prnin)

>0
K—-1n— 1 _n_]
+ZZK—R+1 n((smin+Zj7~~-a5min+zj+n71)
n=1 j=0
K n—1
50 (20 + Bunin -+ Zim1 + i) 1 25 = 0 j > R}.(4.33)
n=1i=1

We then obtain (taking z; = f%(vN(j +1)—wun(y)))
N

1
liminf 1Y > B - w(+7) 4.34
iminf 7 > w\77) (4.34)
and, by the arbitrariness of M and a symmetric argument,
lirr}vinflfv > B, limNianéV > B. (4.35)

Since the estimates concerning ' and S(u) may be decoupled, we may sum
up the previous inequalities to obtain

1
hn]lvinfEN(uN) >a [ [W|dt+ (2B — K $rin) #(S(u)) (4.36)
0
with the constraint u™ > u~ on S(u).

3. Upper bound. We have to prove the ‘limsup inequality’: that for every u
and for every r > 0 there exists a sequence (uy) (called a recovery sequence)
converging to u and such that

limsup Ey(un) < Ep(u) + r.
N
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First, note that it is sufficient to check this property for piecewise H'-
functions that are sufficiently smooth and locally constant on both sides of
S(u), by a density argument (see, e. g., [2] Section 1.7.1).

We confine our analysis to u € C?(0,1) with a discontinuity in 0 and
such that u = u™(0) on (0,7) and v = v~ (0)(= v~ (1)) < u*(0) on (—n,0].
Let M € N, R € N and let z: Z — R be such that z; = 0 for j > R, and

Z(Spn(zj + 5min7 ce e Zj4K + 6min) - gzsmin)

j=0
K—-1n—1 K—n _]
+ Z Z m ¢n(6min + Zjyenny 5min + Zj+7L_1)
n=1 j=0
K n—1 1
+ Z Z QML(ZO + 6min sy Zim1 Tt 6min) < B+ M (437)
n=1 =1

We then define uy as follows:
R . o
— ; . >
uN(jgN) _ fN(Zz 0 %i Zz:é) ZZ) +u(]EN) lf] >0 (438)
\[N(Zz— RZ— i —j z;) tu(jen) if j <O0.

Note that this definition makes sense since un(jen) = u(jen) for |j| > R.
It can be easily checked now that (uy) is a recovery sequence for u. In fact,
by the definition of (z;) we deduce that

ZENJ, un((G+1)en)—un(jen) UN((J'Jrl)EN)*uN(jEN)) < B+ ﬁ

EN o EN
l71<n/(2en)

while, using Taylor’s expansion of @ at (dmin, - - - , Omin) We obtain
S eniy un((j + Den) —un(jen) un((j +en) — UN(J'EN))
1317/ 2=x) N N
_ uw((j+ 1en) —u(jen) u((j+ 1)en) —u(jen)
= Z €NLPN( - sy - )
31>n/(2en) N N
< Z ( ( min T V€ ( (jEN) (1))7
l71>n/(2en)

Omin + \/7( (.751\7) (1))) - émin)
< Z aen|u (jen)|? + o(1) ga/ |u/|? dt + o(1).
1>/ (22 N) 0

4. Convergence of minimum problems. The convergence of minimum
problems now follows immediately from the I'-convergence of the function-
als. It remains to verify that

min{Ey(u) : u — 6t 1-periodic} = min{ad?,2B — KPpin}, (4.39)

if 6 > 0. This is a simple computation, minimizers being given by w(t) = dt
or u(t) =0 (in this case with S(u) = Z). O
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