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ABSTRACT. This thesis is devoted to the study of the theory of rectifi-
ability of sets and measures in the non smooth context of Carnot groups.
The focus is on the study of the notion of &-rectifiability and its relation
with other notions of rectifiability in Carnot groups.

A P-rectifiable measure of integer dimension h in a Carnot group is a
Radon measure with positive lower and finite upper h-densities almost
everywhere such that the tangent measures are almost everywhere Haar
measures of homogeneous subgroups of the Carnot group of homogeneous
dimension h.

The results discussed in this thesis have been obtained in the papers [25,
31//33].

In Chapter [1] we shall revise the basic notions of Measure Theory, and
we shall introduce Carnot groups with a special focus on the notions of
rectifiability, intrinsic regular functions, and submanifolds.

In Chapter 2| we summarize part of the results obtained in collaboration
with A. Merlo in [31,33]. We prove that in arbitrary Carnot groups 4-
rectifiable measures of dimension h with a unique complemented tangent
almost everywhere have h-density. We also characterize &-rectifiable mea-
sures with complemented tangents by means of a covering property with
intrinsically differentiable graphs in Carnot groups. These results comple-
ment and extend in several directions the study by Mattila—Serapioni—Serra
Cassano in the Heisenberg groups H"™.

In Chapter 3| we give the proof of a Marstrand—Mattila type rectifiability
criterion in Carnot groups for Z-rectifiable measures with tangents that
admit at least one normal complementary subgroup. This result extends
to the Carnot setting the Marstrand—Mattila rectifiability criterion in Eu-
clidean spaces. We exploit such a criterion to derive as a consequence the
Preiss’s Theorem for one-dimensional Radon measures in the first Heisen-
berg group H! endowed with the Kordnyi norm. The results in Chapter
have been obtained in collaboration with A. Merlo in [32].

In Chapter [4| we present the results obtained with E. Le Donne in [25].
In some Carnot group of homogeneous dimension 13 we construct an an-
alytic hypersurface, which is also a Cfj-hypersurface, that is purely unrec-
tifiable with respect to Carnot groups of homogeneous dimension 12. This
gives an example of a Cfj-hypersurface that is not Pauls rectifiable. As a
consequence Franchi-Serapioni-Serra Cassano’s notion of Cj-rectifiability
differs from Pauls’s notion of rectifiability in arbitrary Carnot groups. We
further present a proof of the fact that in H", with n > 2, every Euclidean
C*°-hypersurface can be almost everywhere covered by bi-Lipschitz images
of subsets of codimension-one subgroups of H".
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Introduction

This thesis is about Geometric Measure Theory in Carnot groups, with a particular
focus on the theory of rectifiability of sets and measures. The results discussed in this
manuscript are obtained in collaboration with my PhD advisor Le Donne, and my colleague
Merlo [25,31-33|.

In my PhD studies I obtained several other results that will be discussed in the last
section of this introduction. Among them I would like to mention a line of research devoted
to the study of the isoperimetric problem in spaces with curvature bounded from below that
I have been pursuing with several coauthors in [20,24,34-36].

The aim of this introduction is to sketch the birth, the development, and the main
achievements of the theory of rectifiability: starting from the classical Euclidean setting,
passing through the arbitrary metric setting, and finally specializing in Carnot groups. After
that, I will discuss the main contributions I gave to the topic of rectifiability in Carnot groups.

The presentation is inspired to the classical references [89,102,174] for the Euclidean
part. For the development of the theory in metric spaces I shall refer to the introductions of
the fundamental papers that I am going to discuss below, while for the discussion related to
Carnot groups I shall mainly refer to [145,208|.

Since it is virtually impossible to catch in few pages the huge developments of the theory
of rectifiability, I will cut some topics off from the discussion. Nevertheless, for a more
informative and general treatment, the reader is referred to the very nice and recent survey
by Mattila [177].

Rectifiability in Euclidean spaces

At the beginning of 1900, the fundamental works of Lebesgue, Carathéodory, and Haus-
dorff introduced the generalizations of the notions of length and area in Euclidean spaces:
in fact, the m-dimensional Hausdorff measure H™ is an outer measure which generalizes the
notion of m-dimensional area.

After that, the birth of the theory of rectifiability dates back to three fundamental works
of Besicovitch between 1920 and 1940 [55-57].

Besicovitch was mainly concerned with the study of one-dimensional objects in RZ:
namely, he aimed at studying the geometry of Borel sets E C R? such that H!(E) < +oc.
His remarkable works revealed that a lot could be said for such sets: e.g., they split in a
regular part, on which the one-density of the Hausdorff measure H' is H'-almost everywhere
equal to one, and an ¢rregular part, which we would call - with the modern language - the
purely unrectifiable part. Moreover, on the regular part, the set is infinitesimally linear #1-
almost everywhere: this amounts to saying that it has H'-almost everywhere a well defined
one-dimensional tangent space. Finally, the regular part of the set E can be H!-almost
everywhere covered by Lipschitz curves.
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In [103], Federer generalized many of the ideas and results of Besicovitch for k-dimensional
sets in R™. Anyway one of the main results Besicovitch proved had been left open: is it true
that a Borel set E C R" such that H*(E) < +oo and the density of H¥_E is one almost
everywhere has a well defined tangent k-plane #*-almost everywhere? Further, is it true
that, under the same hypotheses, F is covered H*-almost everywhere by countably many
Lipschitz images of subsets of R* in R™?

Let us now introduce some terminology. Given a Radon measure ¢ on R", and given
k > 0, we define the lower and upper k-densities of ¢ at x € R™, respectively, as

K s OB (@) . o ¢(Br(z))
(1) 6* (¢a ':E) T hgl_}lélf T‘k ) @ (¢7 l’) T hI:l_f(l)lp Tk ’
where B, (z) is the closed Euclidean ball of radius r > 0 and center x € R™. We say that ¢
has k-density at x if
0 < ©%(¢,2) = 0" (¢, 2) < +o0,

and we denote by ©%(¢, ) the k-density of ¢ at x.

We shall say that a Borel set E C R" is (¢, k)-rectifiable, with k € N, if there exist
countably many f; : U; C R¥ — R” such that

+o0
(2) ¢ <E\ U ﬁ(m)) = 0.
i=1

The query that had been left open by Federer was settled first in the case k = 2 and
n = 3 by Marstrand [171], and then for every k, and n by Mattila [179]. In particular, as a
result of the work by Mattila [179] the following equivalence holds for Borel sets E, provided
one chooses the correct multiplicative constant in the definition of the Hausdorff measure:
(3)
E C R" is (H*, k)-rectifiable if and only if ©F(H*_E,z) = 1 for H*-almost every = € E.

One fundamental step in order to prove the previous equivalence is the following so-called
Marstrand—Mattila rectifiability criterion, that we shall state for arbitrary Radon measures.
In the following statement we denote by Tang (¢, z) the set of k-tangent measures to ¢ at x,
for which we refer the reader to Definition We recall that a Radon measure ¢ on R" is
said to be k-rectifiable, with k € N, if ¢ < H* and R™ is (¢, k)-rectifiable. For the following
statement, see [174, Theorem 16.7].

Proposition 0.1 (Marstrand—Mattila rectifiability criterion). Let ¢ be a Radon measure on
R™, and let k be a natural number such that 0 < k < n. Then ¢ is k-rectifiable if and only if
for ¢-almost every x € R™ one has

(i) 0 < ©f(¢,z) < OF*(¢,x) < +o0,

(ii) Tang(¢,z) € {AHFLV : X >0, and V is a k-dimensional vector subspace of R"}.

The latter proposition can be interpreted in the following way: in Euclidean spaces, the
global k-rectifiability property - by means of covering with Lipschitz images of subsets of R*
- for a measure ¢ arises as a consequence of the infinitesimal (flat) structure of the measure,
and vice-versa.

After the foundational contributions described above, there was still one open question in
order to complete the picture of the rectifiability in Euclidean spaces. Namely, is the proper
analogue of true for arbitrary Radon measures, and not just for sets? The answer is
affirmative, and it is due to the breakthrough contribution by Preiss in [202].

Theorem 0.2 (Preiss’s Theorem). Let ¢ be a Radon measure on R™, and let k > 0. Assume
that ¢ has k-density positive and finite for ¢-almost all © € R™. Hence k is an integer, and
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@ is k-rectifiable. Vice-versa if ¢ is k-rectifiable with k € N, hence ¢ has k-density positive
and finite for ¢p-almost all x € R™.

The assertion of k being an integer in the previous theorem is due to Marstrand [172],
while the consequence of ¢ being k-rectifiable is due to Preiss [202]. Actually, in [202] Preiss
proved something stronger. He proved that, for every couple of integers k < n, there exists
a constant ¢(k,n) < 1 such that whenever ¢ is a Radon measure on R” for which

Ok (¢,

OF*(¢, z)
for ¢-almost every x € R", hence ¢ is k-rectifiable. Finally, the last part of Theorem is
an easy consequence of the locality and the area formula.

The theory of rectifiability gained a lot of fortune because it soon showed to be the correct
language to study some classical problems. We refer here just to one famous example. In
1954 and 1955 De Giorgi, motivated by earlier results by Caccioppoli, published a couple of
papers [87,88] in which he studied the structure of finite perimeter sets in R™. He showed
that given a set of finite perimeter £ C R™, the perimeter measure |Dxg| is the restriction of
the Hausdorff measure H" ! to the so-called reduced boundary, which is a measure-theoretic
notion of boundary smaller than the topological boundary. Moreover, De Giorgi proved that
the reduced boundary is (|Dxgl|,n — 1)-rectifiable. Such a fundamental structure result for
codimension-one objects in R™ led to the development of Federer—Fleming’s theory of currents
that is one of the cornerstones of Geometric Measure Theory [104]. For more on the subject
one can read [177, Sections 13-14].

Analysis and rectifiability on metric measure spaces

Let (X, d) be a complete metric space, and let ¢ be a Radon measure on X. The definitions
of lower and upper densities make sense in this metric setting, and also the notion of (¢, k)-
rectifiability if one takes X-valued Lipschitz maps instead of R"-valued Lipschitz maps.
So it makes sense to study the notion of rectifiability even in the metric setting. This study
fits into the broader framework of the study of analysis in metric spaces, for which we refer
to [121,123-125| for some landmark contributions.

One of the first influential papers for the study of the theory of rectifiability in the metric
setting was Kirchheim’s paper [138]. In that paper, he shows both a Rademacher-type
theorem and an area formula for Lipschitz maps f : R" — (X, || - ||), where (X, -||) is a
Banach space. A remarkable consequence of his study is that whenever (X, d) is a complete
metric space that is (H",n)-rectifiable, then ©"(H", x) = 1 for H"-almost every z € X,
namely one implication of holds in the general metric setting.

A related study in the metric setting is in the paper by Preiss and Tiser [203], in which
they improve a previous result by Besicovitch [55]. In fact, Besicovitch shows that if a Borel
E C R? is such that HY(E) < +oo and OL(H!LE,z) > 3/4 for H!-almost every z € E,
then E is (H!, 1)-rectifiable. Preiss and Tiger extend Besicovitch’s result to arbitrary metric
spaces and they slightly improve the constant 3/4 by substituting it with (2 + v/46)/12. As
a result, remarkably, on the one hand the equivalence in holds in the arbitrary metric
setting in the case K = 1. On the other hand, it is conjectured that the best constant in
Besicovitch’s result is 1/2 in the arbitrary metric setting, but nowadays the conjecture is still
open. It’s worth to point out that it is also not known if the equivalence in holds for
k > 1 in the general metric setting.

Later, a further impulse to the study of rectifiability in the metric setting was given by
the work of Ambrosio and Kirchheim [14], where the authors study (#¥, k)-rectifiable sets
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in arbitrary metric spaces. They prove another variant of Rademacher theorem for Banach-
valued Lipschitz maps defined on subsets of R™, and they prove area and coarea formulae
for Lipschitz maps defined on rectifiable sets with values in arbitrary metric spaces. As
the authors explicitly say in the paper, one of the motivations for such a study was the
development of the theory of currents in metric spaces [13], which is one of the landmark
contributions of modern Geometric Measure Theory.

The paper [14] has been fundamental also for the development of the theory of rectifi-
ability in Carnot groups, as we will specify below. Indeed, in [14] the authors prove that
the first Heisenberg group H! with a sub-Riemannian distance is purely k-unrectifiable with
k = 2,3,4. Notice that the the topological dimension of H' is 3, and its metric dimension is
4.

In addition to the previously described results, one of the main contributions to the study
of Lipschitz functions in metric spaces is Cheeger’s paper [70], see also the contribution of
Keith [135]. In these papers, the authors propose and study the notion of Lipschitz differ-
entiability space: namely, a metric measure space (X,d, ) with countably many Lipschitz
charts with values in Euclidean spaces such that every real-valued Lipschitz function on X
is p-almost everywhere differentiable with respect to every chart. One of the main results
is that every metric measure space that is doubling and supports a Poincaré inequality is
a Lipschitz differentiable space, and the dimension of the range of the Lipschitz charts is
bounded from above by a constant only depending on the doubling and Poincaré constants.
For a partial converse to the previous theorem see [100] and references therein.

One of the remarkable contributions to the study of Lipschitz differentiability spaces was
lately given by Bate in [44]. In that paper Bate proves that a metric measure space (X, d, i)
is a Lipschitz differentiable space if and only if it can be written as a countable union of
Borel sets X = UU; such that each i U; possesses a finite collection of (universal) Alberti
representations.

The notion of Alberti representation originated in the seminal work [5], where Alberti
proved the Rank-One property for the singular part of the derivative of vector-valued BV
functions defined on an open subset of a Euclidean space conjectured by De Giorgi and
Ambrosio [18]. Alberti proved that given an arbitrary Radon measure p on a k-dimensional
plane V in R™ that is singular with respect to H#*LV, one can associate to it a natural bundle
E(u,-) whose fibers have dimension at most 1. The fiber E(u,x) of this bundle consists of
the vectors v € R¥ such that vy is tangent in an appropriate sense to the derivative of a BV
function on V. Moreover, the restriction of y to the set where the dimension of E(u,-) is 1
can be written as f[ pedt, where gy := HF¥1LS;, and Sy is (HF~!, k — 1)-rectifiable in V.

In the language of [4], which collects several other finer results about the theory of rectifi-
ability in R™, the previous result means that on the set where the fiber is one-dimensional, u
is (k —1)-representable: namely, it can be written as the integral of measures that are (k—1)-
rectifiable. Another interesting contribution that originated from these ideas is the result by
Alberti-Marchese in [6]. In that paper the authors associate to every Radon measure p on
R™ (the unique minimal) bundle V' (i, -) such that every real-valued Lipschitz function on R”
is differentiable along V' (u, x) for p-almost every x € R™. In the language of [4], an Alberti
representation in the sense used by Bate in [44] is roughly speaking a 1-representation of the
measure.

In [47] Bate—Li exploited the result by Bate in [44] to characterize the (1", n)-rectifiability
of a metric space. More precisely, they show that a metric measure space (X, d, p) is (H", n)-
rectifiable if and only if it can be u-almost everywhere decomposed in the countable union
of Borel sets U;, with good n-density properties with respect to u, such that, equivalently,
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either (U;, d, ) is an n-Lipschitz differentiable space, or each u_U; has n independent Alberti
representations with respect to some Lipschitz chart ¢; : X — R”™.

Moreover, very recently Bate in [46] gives a remarkable generalization of Marstrand—
Mattila rectifiability criterion (cf. Proposition for sets in arbitrary metric spaces. In the
metric setting we have no homogeneous structure on the space so one has to use the pointed
measured Gromov—Hausdorff convergence to give a meaning to item (ii) in Proposition
We stress that in this case the flat models are finite-dimensional Banach spaces. The proof
of [46] uses a former result by Bate [45], in which he proves an appropriate metric analogue
of Besicovitch—Federer Projection Theorem.

We stress that every generalization of Marstrand—Mattila criterion, or Preiss’s Theorem,
is hardly won outside the Euclidean setting, since the classical proofs of these results heavily
use the Euclidean structure.

One of the first Preiss-type results outside the Euclidean setting in this direction has
been given by Lorent in [159] where he proved that locally 2-uniform measures in ¢3 are
rectifiable. Moreover, recently Merlo proved the intrinsic codimension-one Preiss’s Theorem
in the Heisenberg groups H" endowed with the Kordnyi norm, see [180,181]. In the setting
of the Heisenberg groups H", the notion of rectifiability for which the results in [180,181]
hold is not the one discussed above, but another one tailored for Carnot groups proposed by
Franchi—Serapioni—Serra Cassano, and which we will extensively discuss below.

In a parallel direction, Miranda defined the notion of BV function on metric measure
spaces, see [183]. Hence one can say that a Borel set E in a metric measure space (X, d, u) is
a set of finite perimeter if the characteristic function xg is a BV function in (X, d, 11). Miranda
[183] and Ambrosio [7,8] started the study of fine properties of sets of finite perimeter in the
general metric setting. Among other results, Ambrosio [8] proved that in a doubling metric
measure space supporting a Poincaré inequality the perimeter measure |Dxg| of a (locally)
finite perimeter set E is asymptotically doubling, it is supported on (a precise subset of)
the essential boundary of E, which is defined as the set of the points that have neither
p-density 0 nor 1 with respect to E, and it is absolutely continuous with respect to the
codimension-one measure H", which is constructed like the Hausdorff measure but using
the Gauge ((B,(z)) := u(Byr(z))/diam(B,(x)). As an interesting contribution to the topic,
we stress that recently Lahti [142] generalized Federer’s characterization of sets of finite
perimeter in the setting of doubling metric measure spaces supporting a Poincaré inequality.
Namely, he proves that a set E is of finite perimeter if and only if (a precise subset of) the
essential boundary has H"-finite measure.

One cannot hope for a general rectifiability result for the essential boundary of a finite
perimeter set in arbitrary metric measure spaces. Nevertheless, when some additional struc-
ture is available on the space, one can hope to prove rectifiability results. In a series of
three papers [10,65,66] Ambrosio-Bruée-Semola and Brue—Pasqualetto-Semola succeeded in
showing that in an RCD(K, N) space of essential dimension n - which is roughly speaking a
metric-measure generalization of a Riemannian manifold with geometric dimension n, with
Ricci curvature bounded from below by K, and analytic dimension bounded above by N -
the perimeter measure |Dxpg| of every set of finite perimeter E is concentrated on the re-
duced boundary, which is a subset of the essential boundary, and the reduced boundary is
(H"1, n — 1)-rectifiable.

Carnot groups

Due to the multitude of applications, sub-Riemannian geometry has attracted a lot of
attention in the mathematical community in the recent years. Simplifying a bit, a sub-
Riemannian manifold is a generalization of Riemannian manifold for which the metric is
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induced by a smooth scalar product defined only on a sub-bundle of the tangent bundle.
For a more general definition one can consult [2]. According to a fundamental result due to
Mitchell [185], see also the contributions of Bellaiche [52], Jean [129], and Gromov [120], the
infinitesimal model of a sub-Riemannian manifold, namely the class of its Gromov-Hausdorff
tangents, is represented by the class of (quotients of) Carnot groups, that we now introduce.

For surveys on Carnot groups we refer the reader to [145,208]. Carnot groups are
connected and simply connected Lie groups G whose Lie algebra g admits a stratification,
namely a decomposition into non trivial complementary linear subspaces V1, ..., V, such that

(4) g:‘/l@@vﬁa [‘/]7‘/1]:‘/]+17 fOI'jzl,...7I€—]., [fo:‘/l]:{o}’

where [V}, V1] denotes the subspace of g generated by the commutators [X,Y] with X € V;
and Y € V3. The number « is called the step of the stratification. A distinguished subclass
of Carnot groups is the one of Heisenberg groups {H"},cn: they are Carnot groups whose
Lie algebras h™ can be endowed with a 2-step stratification as follows:

hnzvl@%a

where V7 1= span{Xy,..., X,,Y1,...,Y,}, Vo :=span{Z}, and the only non trivial commu-
tators are [X;,Y;] = Z for every i = 1,...,n. For a survey on Heisenberg groups see [206].
Carnot groups have been studied from very different point of views such as Differential Ge-
ometry [69], they naturally emerge in Harmonic analysis and studying subelliptic Differential
Equations [61,106-108,205], and they have been used for models in Neuroimaging [83].

One can endow a Carnot group with a geodesic left-invariant distance that admits di-
lations. A natural class of such distances is given by the so-called Carnot—Carathéodory
distances. Roughly speaking every such a distance is constructed by taking the length dis-
tance associated to the length functional on curves that is the integral of a norm on Vi
(extended left-invariantly) of the derivative of the curve. The only paths admitted are the
ones that tangentially follow the left-invariant bundle generated by Vi. Even the fact that
such a distance is finite is non trivial, it is a result due to Chow and Rashevskii, and it heavily
relies on the fact that V) generates by brackets the Lie algebra. Such a bracket generation
condition had already appeared in a very influential work by Hérmander in 1967 [126] as a
sufficient condition to prove hypoellipticity of differential operators.

From the geometric viewpoint, Carnot groups represent a different world with respect to
the Euclidean one since their Hausdorff dimension is strictly greater than their topological
dimension, unless they are Abelian. Anyway, Carnot groups are natural objects to consider
not only because they arise as infinitesimal models in sub-Riemannian geometry, but also
because they naturally appear as asymptotic cones of connected nilpotent Lie groups, see
Pansu’s work [199], they appear as boundaries at infinity of rank-one symmetric spaces [64],
and their homogeneous structure allows to study harmonic analysis on them [106].

Carnot groups also play a prominent and natural role in Metric Geometry: Le Donne
showed that Carnot groups (equipped with Carnot—Carathéodory distances) can be axiomat-
ically characterized as the only metric spaces that are locally compact, geodesic, homogeneous
with respect to at least one dilation, and isometrically homogeneous, see [144]. Moreover, if
a doubling geodesic metric measure space has almost everywhere a unique pointed Gromov—
Hausdorff tangent, such a tangent is almost everywhere isometric to a Carnot group, see
[143).

Several additional subjects have been studied in the framework of sub-Riemannian man-
ifolds and Carnot groups: e.g., the Bernstein problem [209], the isoperimetric problem
[69,157], the study of different notions of curvature [3,42,48]|, the relation between the
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heat flow and the entropy [17], the study of complete stable surfaces [127], and the list is far
from being complete. For further references we refer to the survey [208].

Carnot groups also appear in several landmark contributions in geometry and analysis
in the last three decades. In [200] Pansu proved a Rademacher-type theorem for Lipschitz
maps between Carnot groups, and he uses it to show that quasi-isometries of the quaternionic
Heisenberg groups are at finite distance from isometries.

In [72,73] Cheeger and Kleiner show that the first Heisenberg group with an arbitrary
left-invariant homogeneous distance cannot be bi-Lipschitz embedded in L'. This result
has both a theoretical and an applied interest. From the theoretical point of view, in [75]
Cheeger and Kleiner, following the study started by Cheeger in [70], had showed that a
Rademacher-type theorem for maps between PI spaces (i.e., doubling spaces that admit a
Poincaré inequality) and Banach spaces with the Radon-Nikodym Property (RNP) holds. A
Banach space has the RNP if every Lipschitz curve in it is almost everywhere differentiable.
Such a property holds for L? spaces with p > 1, and it does not for L' as the map ¢ — X[0,]
shows. The result of [75] immediately gives non-embeddability theorems in Banach spaces
with the RNP, from which L' is cut away. Thus, from one hand, [72,73] complement the
study started in [75]. For generalizations of the results in [72,73] to arbitrary nilpotent
Lie groups we refer the reader to the very recent [99]. It is worth noticing that the results
in [73] have also motivated an interesting line of research whose aim is to study monotone
sets and horizontally affine functions in arbitrary Carnot groups, see the contributions of
[148,189,190].

From the applied point of view, the results in [72,73] gave a counterexample to the so-
called Goemans-Linial conjecture in computer science. The fact that H' would have given a
counterexample to such a conjecture was suggested by Lee and Naor [155]. Another example
had previously been given by Khot and Vishnoi [137]. Goemans-Linial conjecture stated
that every metric space (X, d) such that (X,/d) is isometric to a subset of a Hilbert space
could be bi-Lipschitz embedded in L'. The positive solution to such a conjecture would have
given the possibility of writing an algorithm that approximates within a constant factor and
in polynomial time an NP-hard computable quantity. For recent advances on related topics,
one can read Naor—Young remarkable papers [193,194].

Rectifiability on Carnot groups. The study of Geometric Measure Theory and rec-
tifiability in Carnot groups was pioneered by the works of Ambrosio—Kirchheim [14], and
Franchi-Serapioni-Serra Cassano [111].

As anticipated above, in [14] the authors proved that the first Heisenberg group H' is
purely k-unrectifiable for k = 2,3,4. This means that, for every k = 2, 3,4, every Lipschitz
map f: U C RF — H! is such that H*(f(U)) = 0. This result was generalized by Magnani
in [162] where he proved that a Carnot group is purely k-unrectifiable if and only if there
do not exist sub-algebras of dimension k in Vj. These negative results showed that the
classical notion of rectifiability, where the models are Lipschitz images of subsets of R¥, is
not feasible in Carnot groups. In fact, for example, H' has metric dimension 4 but it is purely
4-unrectifiable according to the latter notion of rectifiability, and one would avoid this for
any reasonable notion of rectifiability tailored for Carnot groups.

In [111], in the setting of the Heisenberg groups H", the authors propose a notion of
codimension-one rectifiability where the models with which you cover a set are hypersurfaces
that are locally defined as zero-level sets of functions that are continuously differentiable
only along horizontal directions, and with non vanishing horizontal gradients. Such intrinsic
hypersurfaces are called Cj-hypersurfaces. By using the latter notion of rectifiability, the
authors proved the rectifiability of the reduced boundary of sets with locally finite perimeter
in the Heisenberg groups H". The positive result in [111] led a lot of authors in the last two
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decades to study different notions of rectifiability in Carnot groups, modelled on different
classes of sets.

In [113] the authors study the notion of C-hypersurface in arbitrary Carnot groups, and
they prove an implicit function theorem for such hypersurfaces, see also [81] for a general-
ization in Carnot—Carathéodory spaces. Then, in [112] the authors generalize the result of
[111] to all the Carnot groups of step 2. The proof closely follows De Giorgi’s scheme and it is
essentially divided in two parts: first, one proves that all the blow-ups at almost every point
of the boundary are monotone in one horizontal direction v of the algebra while being invari-
ant along v+; second, one proves that such sets, called constant horizontal normal sets, are
halfspaces in exponential coordinates. Then the conclusion is classical. The first step is true
in every Carnot group, while the second is false. This does not mean that the rectifiability
of the reduced boundary of sets of finite perimeter is false in some Carnot group. Indeed, as
of today, the Cjj-rectifiability problem for sets of finite perimeter in arbitrary Carnot groups
is still open.

A lot of research has been done in order to push the previous strategy to give more
information on the Cj-rectifiability problem for finite perimeter sets in arbitrary Carnot
groups. In [15] the authors prove that in arbitrary Carnot groups at almost every point
of the reduced boundary of a sets of finite perimeter one has at least one vertical halfspace
as a blow-up. In [170] Marchi defines a special class of Carnot groups, the Carnot groups
of type x, which strictly generalizes the class of step-2 Carnot groups, in which constant
horizontal normal sets are vertical halfspaces, and thus the Cjj-rectifiability of the boundary
of sets of finite perimeter holds. Recently, Le Donne-Moisala [147] strictly extends the class
of Carnot groups of type *, introducing the Carnot groups of type ¢. In [147] they prove
that constant horizontal normal sets in Carnot groups of type ¢ are vertical halfspaces and
moreover they characterize all the step-3 Carnot groups for which constant horizontal normal
sets are vertical halfspaces. It is worth mentioning that recently Don-Le Donne—Moisala—
Vittone obtained a weak rectifiability result for the boundary of sets of finite perimeter in
arbitrary Carnot groups [95|. Moreover, a fine study of constant horizontal normal sets in
the Engel group and in the free Carnot group of rank 2 and step 3 is in [53,54].

Going beyond the codimension one, the notion of Cfj-submanifold has been studied in
[115] in the setting of Heisenberg groups, then generalized by Magnani [168,169] in arbitrary
Carnot groups, and recently also studied by Julia—Nicolussi Golo—Vittone [132], where area
and co-area formulae are proved within the class of rectifiable sets defined by using Cf-
submanifolds. For an area formula for Cfj-submanifolds in H", we mention also the recent
contribution by Corni-Magnani [85]. Moreover, area and coarea formulae for Euclidean
regular submanifolds in Carnot groups have been studied, e.g., in [165,167].

For the comparison between Euclidean regularity and intrinsic regularity of hypersurfaces
in Carnot groups, an important contribution was given by Balogh [39]. He proved that the
set of characteristic points of a C' Euclidean hypersurface in the Heisenberg groups H" is
negligible with respect to the intrinsic codimension-one measure, and he constructed C1®
Euclidean examples for which the characteristic set has positive Fuclidean codimension-one
measure. Such results were generalized by Magnani [168] in arbitrary codimensions and
Carnot groups. We mention also the example by Kirchheim—Serra Cassano [139]: they prove
the existence of a fractal Cll{—hypersurface in H' that has Euclidean Hausdorff dimension
2.5. For further comparisons between the Euclidean and the sub-Riemannian dimension of
submanifolds in Carnot groups we refer the reader to [41].

Another notion of rectifiability in the setting of Carnot groups is the intrinsically Lips-
chitz rectifiability, modelled on the notion of intrinsically Lipschitz graph that has been first
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proposed in [114] by Franchi-Serapioni-Serra Cassano, and then studied in [110] by Franchi-
Serapioni. An intrinsically Lipschitz graph in a Carnot group G is the graph of a function
p:UCW — L, where G =W - LL is a splitting of the group with homogeneous complemen-
tary subgroups, such that at every point the graph satisfies an intrinsic cone property. Some
very deep recent advances on the study of the latter notion have been obtained by Naor—
Young in [194], where the authors introduce the notion of foliated corona decomposition of
an intrinsically Lipschitz graph in the first Heisenberg group H'.

The relation between the notion of intrinsically Lipschitz rectifiability and the notion of
Cll{—rectiﬁability, i.e., the one modelled on C’é—submanifolds, has been initially investigated
in [109,116]. Such a study is tightly linked to a Rademacher-type theorem for intrinsically
Lipschitz functions. Roughly speaking a function between homogeneous complementary sub-
groups in a Carnot group is said to be intrinsically differentiable at a point if the graph of such
a function has a unique homogeneous complemented subgroup as a blow-up at that point,
in the local Hausdorff topology. In [116] the authors prove a Rademacher-type theorem for
intrinsically Lipschitz functions with one-dimensional target in the Heisenberg groups, i.e.,
they prove that such functions are intrinsically differentiable almost everywhere. In [109]
the authors generalize this result to Carnot groups of type x. What they prove in general
is the following: in every Carnot group in which De Giorgi’s Cfj-rectifiability theorem holds
for boundaries of sets of finite perimeter, a Rademacher theorem for intrinsically Lipschitz
functions with one-dimensional target holds. As a consequence, the intrinsically Lipschitz
rectifiability and the Cfj-rectifiability are the same notion, in codimension one, in groups of
type * and also in the more general framework of groups with semigenerated Lie algebras,
among which one can find the groups of type ¢, according to the recent study in [147]. It is
nowadays an open problem to understand whether in codimension one Cﬁ—rectiﬁabﬂity and
intrinsically Lipschitz rectifiability are the same notion in arbitrary Carnot groups.

In arbitrary Carnot groups, the Rademacher theorem for intrinsically Lipschitz functions
in higher codimensions is a challenging problem. When the target of an intrinsically Lipschitz
function is normal, Rademacher theorem for intrinsically Lipschitz functions holds as an im-
mediate consequence of Pansu’s theorem, see [29]. In higher codimensions in the Heisenberg
groups, Rademacher theorem holds as proved in the recent remarkable work by Vittone [213],
in which he also exploits the theory of currents. In general, Rademacher theorem is false,
as the counterexample of [134] shows. It is worth to point out also the recent Rademacher
theorem for Lipschitz functions defined on C%I—submanifolds with low codimension in the
Heisenberg groups, see [133].

A study related to the one discussed above is that of the notion of uniformly intrinsically
differentiable functions, which, roughly speaking, are the functions that parametrize C’Il{—
submanifolds. This study was initiated by Ambrosio—Serra Cassano—Vittone in the Heisen-
berg groups in codimension one [16], and later pursued by other authors, see, e.g., [37,93].
For more details we refer the reader to Section and to Section 4] of Chapter

The problem of linking the Cjj-rectifiability and the intrinsically Lipschitz rectifiability
with the infinitesimal notion of having flat blow-ups was raised for the first time in the work
by Mattila—Serapioni—Serra Cassano [178] in the setting of Heisenberg groups H". From the
results in [178] one deduces that in H" the natural infinitesimal notion of rectifiable measure
- namely the one given in terms of the existence of flat tangent measures almost everywhere -
agrees with the one given in terms of intrinsically Lipschitz graphs in low dimensions, and with
the one given in terms of Cfj-submanifolds in low codimensions. Eventually, it took about
ten years to conclude that a Rademacher theorem for intrinsically Lipschitz functions in low
codimensions holds in H", see the above discussed work by Vittone [213]. As a consequence,
at least in H", the natural infinitesimal definition of rectifiability always agrees with the one



xviii INTRODUCTION

given in terms of coverings with intrinsically Lipschitz graphs, or equivalently with intrinsic
almost everywhere differentiable intrinsic graphs. An analysis similar to the one of [178] has
been pursued by Idu-Magnani-Maiale in [128] in the setting of homogeneous groups and for
measures with horizontal tangents.

Other notions of rectifiability modelled on Lipschitz images of (homogeneous subgroups
of) Carnot groups have been proposed by Pauls and Cole-Pauls in [84,201]. We refer the
reader to Chapter [4] for more details about these definitions. An interesting open question
asks whether in H' the notion of rectifiability by means of C}ll—hypersurfaces is equivalent
to the one of Cole-Pauls given in [84]. In [60] Bigolin—Vittone prove that there is a Cfi-
hypersurface in H' and a neighborhood of it that cannot be bi-Lipschitz parametrized with
an open set of the vertical plane in H!. In [92] Di Donato-Fissler-Orponen show that
Cll{—hypersurfaces with an Hoélder regular intrinsic normal in H" can be almost everywhere
covered by bi-Lipschitz images of subsets of the vertical plane. In H' the same result can be
strengthened to the class of intrinsically Lipschitz graphs with an extra Holder regularity on
the vertical coordinate.

The relationship between the above discussed notions of rectifiability and density prop-
erties have been recently investigated in the remarkable works by Merlo [180,181]. In [181],
Merlo proved that in H"™ endowed with the Kordnyi norm, if a Radon measure has positive
and finite (2n + 1)-density almost everywhere, then all the tangent measures are flat, i.e.,
they are Haar measures restricted to codimension-one homogeneous subgroups in H”. Hence,
in [180] Merlo proved a Marstrand—Mattila rectifiability criterion in codimension one for
arbitrary Carnot groups that coupled with the result in [181] gives Preiss’s Cfj-rectifiability
theorem in codimension one in all the Heisenberg groups endowed with the Kordnyi norm.
This is a rather remarkable result in high dimensions because Preiss’s proof [202] very deeply
relies on the Euclidean structure of R™.

Main contributions

The relationship between the notion of Cll{—rectiﬁability, intrinsically Lipschitz rectifia-
bility, and Pauls’s rectifiability has been poorly understood. Moreover, a study of the recti-
fiability of sets and measures privileging the infinitesimal point of view was only performed
by Mattila—Serapioni—Serra Cassano in [178] in the setting of Heisenberg groups, and by
Idu-Magnani—-Maiale [128] for homogeneous groups (but only for horizontal rectifiable sets).
An analogous study is missing in arbitrary Carnot groups. The aim of this thesis is to give
contributions in better understanding such topics.

As discussed above while depicting the Euclidean theory of rectifiability, in the Euclidean
setting the notion of rectifiable set, and more in general that of rectifiable measure, can
be given in two equivalent ways. Either one could prescribe the infinitesimal behaviour of
the measure by saying that it has flat tangent measures almost everywhere, i.e., Hausdorff
measures on vector subspaces of dimension k£ € N; or, following a global approach, one could
say that the measure is absolutely continuous with respect to the Hausdorff k-dimensional
measure, and that it is supported on a countable union of k-dimensional Lipschitz graphs,
compare with Proposition

One of the big efforts in the study of the theory of rectifiability in Carnot groups, as
discussed above, is trying to understand what is the correct class of building blocks to consider
in order to give a satisfactory global definition of rectifiable set, or measure. As said above,
several building blocks have been considered in the literature: Cfj-submanifolds, intrinsically
Lipschitz graphs, and (bi)-Lipschitz images of subsets of homogeneous groups.

Privileging the infinitesimal viewpoint, a notion that makes sense in arbitrary Carnot
groups has been proposed in [180] by Merlo, namely the notion of Z-rectifiable measure,
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which we soon introduce. We recall that a subgroup V of G is said to be homogeneous if it
is closed under the action of the natural family of dilations {d)}x~0 on G, see Section 2| of
Chapter [1| for details. In the discussion below, every Carnot group G shall be endowed with
a left-invariant homogeneous (with respect to dy) distance d.

We recall that, given the stratification in , the homogeneous dimension of G is the
number > ¢ ;idimV;. The homogeneous dimension of a Carnot group, or of any homoge-
neous subgroup of it, is also the Hausdorff dimension with respect to every left-invariant
homogeneous distance.

Definition 0.3 (Z-rectifiable measures). Let G be a Carnot group of homogeneous dimen-
sion (). Fix a natural number 1 < h < ). A Radon measure ¢ on G is said to be &, -rectifiable
(or P-rectifiable of dimension h) if for ¢-almost every x € G we have

(i) 0 < ©L(¢,z) < O"*(¢,x) < +o0,
(ii) Tanp(¢,x) € {AH " V(z) : A > 0}, where V(z) is a homogeneous subgroup of G of
homogeneous dimension A,

where ©"(¢, z) and ©"*(¢, x) are, respectively, the lower and the upper h-density of ¢ at z,
i.e., the obvious analogues of (1.4)), Tany (¢, z) is the set of h-tangent measures to ¢ at z, see
Definition and H" is the Hausdorff measure of dimension .

As we shall notice, not only one could consider the study of &?-rectifiability reversed
with respect to previous studies in the literature but it also has a twofold advantage. On
the one hand the definition of &-rectifiable measure is natural and intrinsic with respect to
the (homogeneous) structure of Carnot groups and it is equivalent to the usual one in the
Fuclidean setting; on the other hand we do not have to handle the problem of distinguishing,
in the definition, between the low-dimensional and the low-codimensional rectifiability.

In Chapter 2] we study structure results for ?-rectifiable measures in arbitrary Carnot
groups. In particular we prove the following results in arbitrary Carnot groups:

e The support of every &p-rectifiable measure can be covered by sets with the cone
property with arbitrarily small opening. Notice that such sets can be also taken such
that they have Hausdorff tangents everywhere, compare with Proposition The
cones of the covering have an axis that is a homogeneous subgroup of homogeneous
dimension h, see Theorem

e The support of every & -rectifiable measure with tangents that are complemented
almost everywhere can be covered by sets that are simultaneously intrinsically Lips-
chitz graphs with arbitrarily small Lipschitz constant, and intrinsically differentiable
graphs almost everywhere, see Theorem

e Every &)-rectifiable measure with tangents that are complemented almost every-
where has h-density almost everywhere, see Theorem [2.12}

e The measures H" T, for some I' C G with 0 < H"(T') < +o0, are ,-rectifiable
with tangents that are complemented almost everywhere if and only if either Preiss’s
tangent cone is supported on the same complemented homogeneous subgroup of ho-
mogeneous dimension i (which might depend on the point) almost everywhere; or
I' is H"-almost everywhere covered by graphs that are h-dimensional and intrinsi-
cally differentiable almost everywhere with complemented Hausdorff tangents, see
Theorem

Moreover, we prove that whenever H" T, for some I' C G with 0 < H"(I") <
400, is Pj-rectifiable with tangents that are complemented almost everywhere,
then the density of the centered Hausdorff measure C*.T is 1 for H" I'-almost every
x € G, see Theorem
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For a detailed discussion of the previous statements we refer the reader to the introduc-
tions of the sections of Chapter[2l All in all, from the previous results, we could conclude that,
in Carnot groups, the correct building blocks to consider in order to give a global definition
of rectifiability that agrees with the infinitesimal one seem to be intrinsically differentiable
graphs. In a work in collaboration with Merlo [33], we also provide an area formula for such
building blocks. We are not including such a contribution in this thesis, but for a survey we
refer the reader to Section We stress that, due to the existence of intrinsically Lipschitz
graphs that are nowhere intrinsically differentiable, see [134], one cannot give a geometric
area formula for arbitrary intrinsically Lipschitz graphs, and in general the result in The-
orem is false if one substitutes intrinsically differentiable with intrinsically Lipschitz.

In Chapter 3| we prove a Marstrand—Mattila rectifiability criterion for &?-rectifiable mea-
sures whose tangents admit at least one normal complementary subgroup, see Theorem (3.1
This result provides a generalization of the classical Marstrand—Mattila rectifiability criterion
in Euclidean spaces, see Proposition in the setting of Carnot groups. One nice conse-
quence of such a result is the proof of the one-dimensional Preiss’s Theorem for measures in
the first Heisenberg group H' endowed with the Kordnyi norm, see Theorem Moreover,
joining Rademacher theorem for intrinsically Lipschitz functions with normal targets, the
result in Theorem and Marstrand—Mattila rectifiability criterion in Theorem we
derive a rather complete characterization of rectifiability for measures H".T", for some I' C G
with 0 < H"(I") < 400, in the co-normal case in arbitrary Carnot groups, see Corollary .

Finally, in Chapter |4| we provide an example of an analytic and non-characteristic hy-
persurface S in a Carnot group of homogeneous dimension 13 such that the image of every
Lipschitz function from a subset of a Carnot group of homogeneous dimension 12 into S is
H12-negligible, see Theorem Such an example implies that the notion of Pauls’s rectifi-
ability might not be equivalent to the notion of C’Il{—rectiﬁability in arbitrary Carnot groups.
In the setting of the Heisenberg groups H", with n > 2, we show that we cannot have such
an example. In particular, we show that every C'*°-hypersurface in H”, with n > 2, is almost
everywhere covered by bi-Lipschitz images of subsets of codimension-one subgroups of H"”
that, being isomorphic to H* ! x R, are Carnot groups, see Theorem 4.2

Let us finish this section by taking a look for one moment at the big picture. On the one
hand, the problem of understanding the link between all the different notions of rectifiability
presented above in the utmost level of generality - e.g., when the tangents are possibly not
complemented - in arbitrary Carnot groups seems out of reach as of today. On the other hand,
the various definitions of &-rectifiability are rather natural in the setting of Carnot groups
since they rely on the idea that a good definition of rectifiability selects sets or measures with
flat models. In this direction, the results in Chapter [2|and Chapter [3|are a systematic study
of the notion of &-rectifiability, trying to understand how to connect, in the most general
scenario, the infinitesimal approach to rectifiability with the global one - i.e., the one given by
covering with the correct class of building blocks. The result in Chapter [4| aims to highlight
how, in arbitrary Carnot groups, the global definition of rectifiability is very sensitive to the
choice of different building blocks, and requires special attention and studies.

Based on these results, one could speculate that the notion of Z-rectifiability gives the
possibility to establish a robust theory of rectifiability of sets and measures in arbitrary
Carnot groups; finally, in a different direction, and due to possible pathological behaviours,
further studies of fine properties of intrinsic Lipschitz graphs - also in specific Carnot groups
- and of the notion of Carnot rectifiability a la Pauls are still needed.
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Other contributions

In this section I will list the other contributions I gave during my PhD studies.

0.1. Polynomial functions on Lie groups. In this subsection I shall discuss my con-
tribution to the study of polynomial maps on Lie groups. The reference for the discussion
below is my work with Le Donne [26].

Let G be a Lie group with Lie algebra g, seen as left-invariant vector fields on G. We fix
a left-Haar measure p on G. Let S C g be a subset that is Lie bracket generating, i.e., the
only sub-algebra of g that contains S' is g.

We say that a distribution f on G is S-polynomial if for all X € S there exists k € N such
that the iterated derivative X*f is zero in the sense of distributions on G. We say that a
distribution f is S-polynomial with degree at most k if for every X € S we have that X*f is
zero in the sense of distributions on G. For basic definitions and properties of distributions on
Lie groups we refer the reader to the account given in [26, Section 2] and references therein.

In [26, Theorem 1.1] we show that every S-polynomial distribution on G, with a Lie
generating S, is represented by an analytic function. Moreover, the vector space of S-
polynomial distributions with degree at most £k € N on each connected component of G
is finite-dimensional. It is then natural to ask if an S-polynomial distribution on G is a poly-
nomial in some sense. A notion of polynomial map between arbitrary groups that showed to
be versatile has been studied, with a special attention toward the nilpotent case, in [156]. In
the case we deal with, i.e., the case of maps f : G — R, Leibman’s definition in [156] can be
generalized for distributions. Let us define the operator D, acting on distributions f on G
as follows

Dgf ::foRg_fa
where R, stands for the right translation by g € G and f o R, is defined in the obvious way

via duality. We say that a distribution f on G is polynomial d¢ la Leibman with degree at most
d e Nif

(5) g1y, 9d41 € G = Dy, --- Dy, f =0, in the sense of distributions on G.

In [26, Item (1) of Theorem 1.2] we prove that the latter notion of being polynomial,
which is “discrete” in spirit, is equivalent to the following “differential” definition. We say
that a distribution f on G is polynomial (in the differential sense) with degree at most d € N
if

(6) X1,...,Xgr1 €g= X1 Xgr1f =0, in the sense of distributions on G.

Moreover, in [26, Item (4) of Theorem 1.2] we show that every polynomial function on a
connected Lie group passes to the maximal nilpotent Lie quotient, see the introduction of
[26] for the terminology.

Hence polynomial maps always factor via a nilpotent group. This motivates us to focus
the attention on polynomial maps on nilpotent Lie groups. When G is a connected nilpotent
Lie group exp : g — G is an analytic and surjective map, and thus one could also give another
definition of “polynomial”, namely a map f : G — R is polynomial in exponential chart if
foexp:g— Ris a polynomial. In case G is a connected and nilpotent Lie group, we show
that the property of being S-polynomial propagates to the entire Lie algebra. Namely, we
prove that an S-polynomial distribution on G is represented by a polynomial in exponential
chart, and thus in particular it is g-polynomial of some degree k € N, see [26, Remark 4.10].
Thus, one of our results in the setting of connected nilpotent Lie groups is the following.
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Theorem 0.4. Let G be a connected nilpotent Lie group, let f be a distribution on G, and let
S be a Lie generating subset of g. If f is S-polynomial, then it is represented by a function
that is polynomial in exponential chart.

We stress that if G is not nilpotent, being S-polynomial for a Lie generating S may not
imply being g-polynomial, or even being polynomial in exponential chart, see [26, Appendix
A] for such a counterexample in the group of affine orientation-preserving maps Aff(R)*. For
non-nilpotent groups we do not know either if being g-polynomial implies being polynomial,
or even if being g-polynomial passes to the maximal nilpotent Lie quotient.

With the previous result we can prove that on a connected nilpotent Lie group G the
different notions of being polynomial that we discussed above are equivalent and in particular
they are equivalent to being S-polynomial for any Lie generating S.

Theorem 0.5. Let G be a connected nilpotent Lie group, and let f be a distribution on G.
Then the following are equivalent

(1) f is an S-polynomial distribution for some Lie generating S C g,

(2) f is an S-polynomial distribution for all S C g,

(3) f is represented by a function that is polynomial in exponential chart,
(4) [ is a polynomial distribution (in the differential sense), see (6).

(5) f is a polynomial distribution a la Leibman, see (5)).

0.2. Isoperimetric problem on spaces with curvature bounded from below. In
this subsection I shall discuss my contributions to the study of the isoperimetric problem
on spaces with curvature bounded from below. The references for the discussion below are
my works [20,24,34-36]. These results are the outcome of several collaborations of myself
together with Brue, Fogagnolo, Nardulli, Pasqualetto, Pozzetta, and Semola.

The isoperimetric problem can be formulated on every ambient space possessing notions
of volume measure m and perimeter Per on (some subclass of) its subsets. Among sets having
assigned positive volume, the problem deals with finding those having least perimeter. Among
the most basic questions in the context of the isoperimetric problem, one would naturally
ask whether there exist minimizers, called isoperimetric regions (or isoperimetric sets), but
also what goes wrong in the minimization process in case such minimizers do not exist. The
value of the infimum of the perimeter among sets of a given volume V is called isoperimetric
profile at V', and denoted by I(V').

A natural class of spaces where to set the isoperimetric problem is given by metric measure
spaces (X,d,m). Indeed, the nonnegative Radon measure m plays the role of a volume
functional, and, together with a distance d, it is possible to give a definition of perimeter Per,
see [183]. The smooth and more classical counterpart of these spaces is given by Riemannian
manifolds. If (M,g) is a Riemannian manifold of dimension N, the natural Riemannian
distance and the N-dimensional Hausdorff measure H” yield the structure of metric measure
space, and the corresponding definition of perimeter recovers the classical well-known notion a
la Caccioppoli-De Giorgi. In fact, the theory of BV functions and of the perimeter functional
on metric measure spaces has been blossoming in the last decades [7,8,11,183,184].

The most natural way to approach the existence problem is to argue by direct method,
that is, by studying the behaviour of a minimizing sequence of sets F; of fixed volume V' whose
perimeter is converging to the isoperimetric profile at volume V. It is therefore understood
that, by usual precompactness and lower semicontinuity, the problem of existence is non
trivial only in case the ambient is noncompact (actually, with infinite measure). Already
in the smooth ambient, the development of an effective theory of a direct method for the
isoperimetric problem is a difficult task. Studying the problem in Euclidean solid cones, in
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[204] the authors identified a general mass splitting phenomenon of a minimizing sequence
for the problem, where the sequence decomposes into two components, one converging in the
space and the other diverging at infinity. Combining this approach with a concentration-
compactness argument, in [195] the author performed a better description of the possible
mass lost at infinity for the problem on Riemannian manifolds satisfying some asymptotic
hypotheses on their ends. The theory has then been successfully applied to get existence
theorems in [187], further generalized in [192].

As the examples in [24] point out, already in smooth Riemannian manifolds, the isoperi-
metric problem becomes trivial, i.e., the isoperimetric profile vanishes, unless it is assumed a
lower bound on the Ricci curvature and a positive lower bound on the volume of unit balls. In
fact, as one of the two hypotheses is not satisfied, one can find examples where a description
of the behaviour of minimizing sequences is actually compromised, see [24]. Therefore, it be-
comes natural to consider the isoperimetric problem on RCD(K, N) metric measure spaces,
which are spaces encoding synthetic notions of Ricci curvature bounded below by K € R and
dimension bounded above by N € (0, +oc]. We are not going to give an account on the huge
development of the RCD theory in the last years, and we refer the reader to the survey by
Ambrosio in [9] and [207].

Moreover, we shall address only the case of RCD (K, N) spaces of the form (X, d, H"), i.e.,
endowed with the N-dimensional Hausdorff measure. We will call such spaces N-dimensional
RCD(K, N) spaces. The case of arbitrary volume measures m appears to be more involved
and related to a better understanding of the properties of the density of m with respect to
the Hausdorff measure of the essential dimension of the space. We stress that the class of N-
dimensional RCD(K, N) spaces, that has been recently introduced and studied in the works
[21,67,90,140], is the non-smooth generalization of the class of non collapsed Ricci limit
spaces [71].

It is remarkable to notice that the development of a theory on such nonsmooth spaces
already is a mecessary consequence also of the approach by direct method of the isoperimetric
problem on perfectly smooth Riemannian manifolds, see the introduction of my work with
Fogagnolo and Pozzetta [24]. Indeed, nonsmooth RCD(K, N) spaces (X,d,H") arise as
limits in the pointed Gromov—Hausdorff sense of smooth manifolds M with Ricci and volume
of unit balls bounded below along sequences of points diverging on M.

Capitalizing on the methods developed in [24,35,195|, we are able to give a description
of the behaviour of perimeter minimizing sequences for the isoperimetric problem on RCD
spaces as follows. The following result is in my work with Nardulli and Pozzetta in [34].
It generalizes a previous result of myself with Fogagnolo and Pozzetta [24], by using as a
tool the results I obtained with Pasqualetto and Pozzetta [35]. For the notion of pmGH
convergence and L'-strong convergence, as well as for the notation, we refer the reader to
[34, Section 2] and references therein.

Theorem 0.6 (Asymptotic mass decomposition). Let K < 0 and N > 2. Let (X,d, HY) be
a noncompact RCD(K, N) space. Assume there exists vg > 0 such that HY (By(z)) > vy for
every x € X. Let V > 0. For every minimizing (for the perimeter) sequence of bounded sets
Q;, € X of volume V', up to passing to a subsequence, there exist a mondecreasing bounded
sequence {N;}ien C N, disjoint finite perimeter sets Qf,Q‘ij C €y, and points p;;, with
1 <j < N; for any i, such that the following claims hold

e lim; d(p; ;,pi¢) = lim; d(p;;,0) = +o0, for any j # ¢ < N and any o € X, where
N :=1lim; N; < +00;

e Q¢ converges to Q C X in the sense of finite perimeter sets, HY(Q§) —; HN (),
and Per(QS) —; Per(Q). Moreover Q is an isoperimetric region in X ;
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e for every 0 < j < N, (X,d,HN,pi,j) converges in the pmGH sense to a pointed
RCD(K, N) space (Xj,dj,HN,pj). Moreover there are isoperimetric regions Z; C
X, such that Qg{j —i Z; in L'-strong and Per(ng) —; Per(Z;);

e it holds that

N N
(7) Ix(V) =Per(Q) + Y _ Per(Z;), V=m1NQ)+> HY(Z)).
j=1 Jj=1

The previous Theorem states a general behaviour for minimizing sequences of the
isoperimetric problem. Roughly speaking, the mass of a sequence splits into at most finitely
many pieces and it is totally recovered by finitely many isoperimetric regions sitting in spaces
possibly “located at infinity” with respect the original ambient space. Notice that Theo-
rem [0.6]is not an existence theorem, nor it is a nonexistence result, instead it is a general tool
for treating the problem by direct method. With such theorem it is then possible to recover
the main existence and nonexistence results previously proved in [20,24,187], and, actually,
to suitably extend those to the nonsmooth RCD setting.

We exploited the previous asymptotic mass decomposition result in Theorem to prove
genuinely new - even on noncompact smooth Riemannian manifold - existence results for the
isoperimetric problem, and new sharp differential inequalities for the isoperimetric profile.
We refer the reader to the introductions of [20,36] for a detailed account on the results - and
their consequences - that we are going to discuss below.

We stress that almost all of the results obtained in the paper [36] I wrote together
with Pasqualetto, Pozzetta, and Semola, are new even for smooth, non compact manifolds
with lower Ricci curvature bounds and for Alexandrov spaces with lower sectional curvature
bounds. They answer several open questions in [38,50,154,182,196].

On simply connected model spaces with constant sectional curvature K/(N —1) € R and
dimension N > 2 the isoperimetric profile I y solves the following second order differential
equation on its domain

, (Thew)”
Ik = K 4 N
(8) kNIK N t oy 1
N
Equivalently, setting ¢ n 1= Iy, we have
KN z=x
(9) — VN = mwkﬁv :

Combining the existence of isoperimetric regions for any volume, the regularity theory in
Geometric Measure Theory, and the second variation formula

d? / 9 9
10 —=|y=oPer(E};) = H~* — ||[II]|* — Ric(v, v) ) dPer,
(10 o per(E) = [ (12~ u1? - Ric(v.0)

where t — E; denotes the parallel deformation of E via equidistant sets, v and II denote a
choice of the unit normal to JF and its second fundamental form, respectively, and Ric(v, v)
indicates the Ricci curvature of M in the direction of v; in [49-51,191,197] it was proved
that the isoperimetric profile of a smooth, compact, N-dimensional Riemannian manifold
with Ric > K verifies the inequality > in and @ in a weak sense.

In [36] we obtain the following far reaching extension to the setting of RCD(K, N) metric
measure spaces (X,d, HV) with a uniform lower bound on the volume of unit balls, without
any assumption on the existence of isoperimetric regions. We stress again that the classical
argument to show Theorem in the compact setting uses in a crucial way the existence of
isoperimetric regions for every volume, that we do not have at disposal in the present setting.
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Indeed, for the proof of Theorem|[0.7} one key tool will be the previously discussed asymptotic
mass decomposition theorem in Theorem
Theorem 0.7. Let K € R, and N > 2. Let (X,d,HY) be an RCD(K, N) space. Assume
that there exists vo > 0 such that HY (By(x)) > vg for every v € X.

Let I : (0,HN(X)) — (0,00) be the isoperimetric profile of X. Then the following holds.

(1) the inequality

T 2
~I"l > K + 157 ) holds in the viscosity sense on (0, H™ (X)),

(2) if = [T then
o > KN ¢¥

N -1
In particular, the above holds for non compact smooth Riemannian manifolds with Ricci
curvature bounded from below and volume of unit balls uniformly bounded away from zero,
without further restrictions on their geometry at infinity. The proof combines the generalized
existence of isoperimetric regions (cf. Theorem , the interpretation of the differential
inequalities in the viscosity sense and the forthcoming Laplacian comparison Theorem to
estimate first and second variation of the area via equidistant sets in the non smooth setting,

in an original way.

holds in the wviscosity sense on (0, H™ (X)).

The other key tool that we develop to prove Theorem is a sharp bound on the Lapla-
cian of the signed distance function from isoperimetric regions inside RCD(K, N) metric
measure spaces (X,d, HV). It is the isoperimetric analogue of the result in [188] for perime-
ter minimizers.

For every k, A € R, let us introduce the comparison functions

(11) spA(r) 1= cosg(r) — Asing(r),

where

(12) cosj +kcosy =0, cosg(0)=1, cosi(0)=0,
and

(13) sinj +ksing =0, sing(0) =0, sing(0) =1.

Theorem 0.8. Let (X,d,H") be an RCD(K, N) metric measure space for some K € R and

N > 2, and let E C X be an isoperimetric region. Then, denoting by f the signed distance
function from E, there exists ¢ € R such that

(14)
sk o o(=f) Sk o of
> —(N — N-DN-1 < B R S S ol
Af>—(N 1)5L Y on E, and Af < (N 1)8L7L0f on X\ E.
N-1'N—-1 N1 T N1

The bounds in are understood in the sense of distributions, and we always consider
open representatives for isoperimetric regions, which is possible due to one of the main results
of my work with Pasqualetto and Pozzetta [35]. The bounds above are sharp, since equalities
are attained in the model spaces with constant sectional curvature.

Notice that the distance function might not be globally smooth even when (X,d) is
isometric to a smooth Riemannian manifold and £ C X has smooth boundary, in which case
is equivalent to the requirement that 0F has constant mean curvature equal to c. Hence
we decided to call any ¢ € R such that holds a mean curvature barrier for E.

In [36] we derive several consequences of Theorem |0.7]and Theorem |0.8 among which:
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e a sharp and rigid isoperimetric inequality for RCD(0, N) spaces (X,d,H") with
Euclidean volume growth, see [36, Theorem 1.3]. The rigidity part improves the
previous results obtained in [1,38,63,105|;

e uniform lower bounds, semi-concavity and Lipschitz properties of the isoperimetric
profile in a fixed range of volumes, only depending on the lower Ricci curvature
bound, the dimension and a lower bound on the volume of unit balls;

e the strict subadditivity of the isoperimetric profile for small volumes (only depending
on K, N and the uniform lower bound on the volume of unit balls). This implies
in turn that isoperimetric regions with small volume are connected. Moreover, in
the asymptotic mass decomposition, minimizing sequences for small volumes do not
split: either they converge to an isoperimetric region, or they drift off to exactly one
isoperimetric region in a pointed limit at infinity. All the previous conclusions hold
for every volume when K = 0;

e uniform, scale invariant diameter estimates for isoperimetric regions of small volume,
without further assumptions, and for any volume when K = 0 and (X, d, H") has
Euclidean volume growth. This answers a question in [196];

e uniform density estimates and uniform almost minimality properties for isoperimet-
ric sets. They allow to bootstrap L'-convergence to Gromov-Hausdorff convergence
and convergence of the perimeters for sequences of isoperimetric sets, and to prove
the stability of mean curvature barriers, compare with [136];

e the exact asymptotic behaviour of the isoperimetric profile for small volumes and,
when K = 0, for large volumes, see [36, Theorem 1.4 and Theorem 1.5]. This
extends some results in [158] that hold for unbounded convex bodies to the much
more general setting of RCD(K, N) spaces (X,d, HY).

We also stress that the application of Theorem gives raise to new existence results in
spaces with curvature bounded from below. For the following statement in the smooth case,
we refer the reader to [20, Theorem 1.3] while the exact result stated below is in [36, Item (1)
of Theorem 1.4]. For some comments on this statement we refer the reader to the introduction
of my work with Brue, Fogagnolo, and Pozzetta [20], where we developed all the machineries

to prove Theorem

Theorem 0.9. Let (X,d) be an Alexandrov space of dimension N € N with non negative
curvature. Suppose that (X,d, HV) satisfies

L HY (B ()

—+ wntN =: AVR(X, d,HN) >0,
T o0 N

where x € X, and wy s the volume of the unit ball in RN . Then there exists Vi > 0 such
that for every V> Vy there exists an isoperimetric region of volume V.

0.3. Other results. In this final subsection I will sketch the statements of other results
I obtained during my studies.

0.3.1. Carnot—Carathéodory structures and their limits. In this subsection I will state
the main result obtained in [27], together with Le Donne, and Nicolussi Golo, about the
convergence of distances associated to converging Carnot—Carathéodory structures.

In [27] we dealt with the following general problem. Let M be a smooth manifold endowed
with a family of vector fields and a continuously varying norm on the tangent spaces. Let us
consider the length distance associated to the trajectories that infinitesimally follow such a
family. What are the weakest notion of convergence and the most general assumptions on the
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family of vector fields and the norm that ensure the uniform convergence of the associated
length distances?

Such a question is natural while studying metric geometry. For example, a better under-
standing of such a question gives an effective way of approximating sub-Finsler distances with
Finsler distances, compare with [152,153]. Moreover, a remarkable situation in which the
convergence of the distances associated to converging sub-Finsler structures emerges is while
studying asymptotic or tangent cones of sub-Finsler structures, see the celebrated works of
Mitchell and Bellaiche [52,185] (and the account in [129]), and the work of Pansu [199].

Let us fix from now on a finite-dimensional real Banach space E, and a smooth manifold
M. A Lipschitz-vector-field structure £ : M — E* @ TM on M modelled by E is a Lipschitz
choice, for every point p € M, of a linear map between E and T),M. We say that a sequence
of Lipschitz-vector-field structures {f,, }nen converges to a Lipschitz-vector-field structure £,
if, on every compact subset of M, {f, }nen is an equi-Lipschitz family that converges to f
uniformly.

Let £ be a Lipschitz-vector-field structure on M modelled by E. We say that N : M xE —
R is a continuously varying norm on M x E if N is continuous, and N(p,-) is a norm on
E for every p € M. Attached to a couple (£, N) there is a natural notion of energy and
length associated to every u € L*(]0,1]; E), which we will sometimes call control, see [27].
Taking the infimum of the energy (or equivalently of the length) of all the controls associated
to the curves that connect two points, one defines the Carnot-Carathéodory distance d s n)
associated to (£, V), see |27, Definition 1.2] for details.

In [27] we aim at understanding which kind of convergence is expected from the sequence
of distances {d(¢, n,)}nen When we have that the sequence {(£f,, Np)}nen converges. The
key hypothesis in order to have the local uniform convergence of the distances is a kind of
essential non-holonomicity of the limit vector-field structure fo,. We refer to [27, Definition
1.3] for the precise notion of essential non-holonomicity, and we just sketch its definition here.
First of all we introduce the notion of essentially open map. We say that a continuous map
f: M — N between two topological manifolds of the same dimension k is essentially open at
p € M at scale U if U is a neighborhood of p homeomorphic to the k-dimensional Euclidean
ball, with OU homeomorphic to the sphere S¥=!, and there exists V a neighborhood of f(p)
homeomorphic to the k-dimensional Euclidean ball, such that f(0U) C V'\ f(p) and the map
f:0U — V' \ f(p) induces a nonconstant map between the (k — 1)-homology groups. Then,
a set F of Lipschitz vector fields on a smooth manifold M of dimension m is essentially non-
holonomic at a point p € M whenever there exists a sequence of points p, € M that converges
to p such that p, is connected to p with the concatenation, starting at p, of line flows of m
vector fields in F for times (¢1,...,%,), and moreover such concatenation is essentially open
around (t1,...,ty). We stress that one can prove that the latter notion is weaker than the
bracket-generating condition in the case the vector fields are smooth.

We are now ready to give the main theorem of our paper [27], see [27, Theorem 1.4].
For some applications, i.e., a sub-Finsler Mitchell’s Theorem, and a convergence result for
distances on Lie groups, we refer the reader to [27, Theorem 1.5], and to [27, Theorem 1.6],
respectively.

Theorem 0.10. Let M be a smooth manifold, and let E be a finite-dimensional real Banach
space. Let T be an essentially non-holonomic Lipschitz-vector-field structure modelled by E,
and let N : M x E — [0, +00) be a continuously varying norm. Then the following hold.

(1) if M is connected, then d(fﬁ) (p,q) < oo for every p,q € M;
(2) d(f X induces the manifold topology on M ;
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(8) Let {f,}nen be a sequence of Lipschitz-vector-field structures on M modelled by E,
and let {Ny,}nen be a sequence of continuously varying norms on M x E. Let us
assume that £, — T in the sense of Lipschitz-vector-field structures described above,
and N,, — N uniformly on compact subsets of M x E.

Then d, N,y = d(fﬁ) locally uniformly on M, i.e., every o € M has a neigh-
borhood U such that ds, n,) — d(fﬁ) uniformly on U x U as n — +o0.

(4) If in the hypotheses of item (3) we additionally have that d(fﬁ) s a boundedly

compact (or equivalently complete) distance, we conclude that

nk{{‘m ds, N,y = Az 5y

uniformly on compact subsets of M x M. Moreover, for every x € M, we have
(M,de, N,y z) = (M, d(f N),x) in the pointed Gromov—Hausdorff topology as n —
+00.

0.3.2. Unextendable intrinsically Lipschitz graphs. In this subsection I will state the main
result obtained in [30] together with Merlo about the existence, in some Carnot groups, of
positive-measured intrinsically Lipschitz curves that cannot be extended to entire intrinsically
Lipschitz curves.

Questions about Lipschitz Extension Properties, LEP from now on, that are classical in
Geometric Measure Theory, can be asked also for intrinsically Lipschitz graphs in Carnot
groups. For example, is it true that every intrinsically Lipschitz map ¢ : U C W — V,
where W,V are complementary subgroups of a Carnot group, can be extended to an entire
intrinsically Lipschitz map ¢ : W — V? The answer is positive when the subgroup V
is horizontal, i.e., contained in the first layer of the stratification of the Carnot group, cf.
[213, Theorem 1.5], and [116, Theorem 4.25].

Hence, we have the validity of the LEP for low-codimensional intrinsically Lipschitz
graphs in arbitrary Carnot groups. Moreover, in the recent [94], the authors prove that
every ¢ : U C W — V, where W,V are complementary subgroups of the n-th Heisenberg
group H"”, and W is horizontal, can be extended to an entire intrinsically Lipschitz map
¢ : W —V, cf. [94, Theorem 1.2].

In [30] we show that the previous example is special. Namely, we provide a negative
answer to the validity of the LEP for intrinsically Lipschitz maps defined on subsets of hori-
zontal subgroups of a Carnot group. It is the first example in which the LEP of intrinsically
Lipschitz graphs is known to fail on Carnot groups. We recall that with Fy 3 we denote the
free Carnot group of rank 2 and step 3, and with V; we denote its horizontal layer. Up to a
choice of an adapted basis # := (X1, X2, X3, X4, X;5) of the Lie algebra, we identify [y 3 with
R® through the exponential map. We endow the Lie algebra of F2 3 with an auxiliary inner
product that makes & an orthonormal basis, and we fix an arbitrary left-invariant homoge-
neous distance on [F 3. The Hausdorff measures on I3 3 are computed with respect to such a
distance. Finally, for every e € V| we denote DM(e) := {exp(te) : t € R}, and V(e) := exp(e™).
Hence the main result of our paper [30] reads as follows.

Theorem 0.11. Let Fo 3 be the free Carnot group of rank 2 and step 3, and let Vi be the
first layer of a stratification of its Lie algebra. For any e € Vi there exists a compact set
K CN(e), and an intrinsically Lipschitz function ¢ : K — V(e) such that the following two
conditions hold.

(i) H'(graph(y)) > 0, where graph(p) := {a - ¢(a) : a € K},

(ii) for any intrinsically Lipschitz map @ : Q@ — V(e), where Q2 is an open subset of N(e),

we have
H' (graph(p) N graph(g)) = 0.
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As a consequence, there exists no intrinsically Lipschitz map ¢ : M(e) — V(e) such that
Yl =

0.3.3. Volume bounds for the quantitative singular strata in noncollapsed RCD spaces. In
this subsection I will state the main result obtained in [21] together with Brue and Semola
about volume bounds for the quantitative singular strata in noncollapsed RCD spaces.

Building upon [90], it is possible to prove that any tangent cone to an N-dimensional
RCD(K, N) space (X,d,H") is a metric cone. Letting then R C X be the set of those points
where the tangent cone is the N-dimensional Euclidean space, following [71] it is possible to
introduce a stratification

S'C...cSV1=85=X\R,

of the singular set S, where, for any k = 0,...,N — 1, S* is the set of those points where
no tangent cone splits a factor R¥+1. Adapting the arguments of [71], in [90] the Hausdorff
dimension estimate dimy S* < k was obtained.

In [74] a quantitative and effective counterpart of the above mentioned stratification of
the singular set was introduced letting, for any £k =0,..., N — 1 and for any r,n > 0, S,’;’r be
the set of those points x € X where the scale invariant Gromov-Hausdorff distance between
the ball By(x) and any ball of the same radius centered at the tip of a metric cone splitting a
factor R¥*1 is bigger than 7 for any r < s < 1. In particular for any > 0 and any 0 < r < 1,
we define the k-effective stratum 87’;77“ by

87’;7,, = {y|dGH(BS(y),BS ((0,2%)) > ns for all R¥1 x C(Z) andallr < s < 1},

where Bj ((0,2*)) denotes the ball in R¥! x C(Z) centered at (0, z*) with radius s. We
recall that C(Z) denotes the metric cone with basis the metric space Z. Hence we prove the
following theorem, which can be found in our paper [21, Theorem 2.4]. The following theorem
has been used as a key tool in [186], where the boundary of N-dimensional RCD(K, N) spaces
is studied, see also [67]. We recall that vk n(7) denotes the volume of the ball of radius r in
the simply connected model of constant sectional curvature K/(N — 1) and dimension N.

Theorem 0.12. Given K € R, N € [2,+00), an integer k € [0, N), and v,n > 0, there exists

a constant ¢(K, N,v,n) > 0 such that if (X,d,H") is an RCD(K, N) metric measure space
satisfying

HN (Bi(2))
15 ) sy VreX,
then, for all x € X and 0 < r < 1/2, it holds
(16) HY (S, 0 Bija(2)) < (K Ny, m)r=H 0,

0.3.4. Area formula for intrinsically differentiable graphs in Carnot groups. In this sub-
section I will state one of the main results obtained in [33] together with Merlo. It is an
area formula for (almost everywhere) intrinsically differentiable graphs in arbitrary Carnot
groups. The other results of [33] are described in Chapter In [33] one may also find
rectifiability results for level sets of Lipschitz functions between Carnot groups, but I will
skip the treatment of such results in this thesis. For the terminology used in this subsection
we refer the reader to Chapter

We start introducing the notion of area factor with respect to a splitting of a Carnot
group, and then we give the statement of the theorem.
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Lemma 0.13 ([109, Proposition 3.1.5]). Let V,L be two homogeneous complementary sub-
groups in G. Let P be a homogeneous subgroup that is a complementary subgroup of .. Then
there exists a map op : V — L such that P = ®p(V) :=V - pp(V).

Definition 0.14 (Area factor, [132, Lemma 3.2]). Let V,L be two homogeneous comple-
mentary subgroups of a Carnot group G. Let P be a homogeneous subgroup that is a
complementary subgroup of L. Take ¢p : V — L as in Lemma and let ®p : v — v-pp(v)
be its graph map. Then the centered area factor of P with respect to the splitting V- LL is the
unique 0 < A(P) < 400 such that

(17) CMP = A(P)(®p).(C V).

Theorem 0.15. Let V, 1L be two homogeneous complementary subgroups of a Carnot group G,
and let h be the homogeneous dimension of V. Let I' be the graph of an intrinsically Lipschitz
map ¢ : A CV — L, with A Borel. Let us assume I' is an intrinsically differentiable graph
at S"-almost every x € T and let us assume that the Hausdorff tangent V(x) of T' at x is
complemented by L at S"-almost every x € T. Then, for every Borel function ¢ : T —
[0, 4+00), the following area formula holds

(18) /F pdCh T = /A (a- p(a) A(V(a - p(a)))dCheV,

where C is the centered Hausdorff measure, V(a - p(a)) is the Hausdorff tangent of T at the
point a - p(a) € T', and A(-) is the centered area factor defined with respect to the splitting
G =V -L, see Definition 0.1

Let us remark that extends and strengthens the area formula of [132, Theorem 1.1].
Let us stress that when a Rademacher theorem is available, one can remove the hypothesis
about the intrinsic differentiability in Theorem Nevertheless, as it will be discussed in
Chapter [2| a Rademacher theorem might not hold in arbitrary Carnot groups, see [134].

Let us point out that in the literature one can find many more analytic area formulae
in Carnot groups, i.e., in which the area element is expressed in terms of properly defined
intrinsic derivatives of the map . This is the case of [85, Theorem 1.1 and Theorem 1.2] for
low-codimensional Cfj-submanifolds in Heisenberg groups (cf. also [114, Theorem 2]), which
has been extended to intrinsically Lipschitz low-codimensional surfaces in [213, Theorem 1.3]
(cf. also [82, Theorem 1.6]); and of [23, Proposition 1.8] for one-codimensional Cjj-graphs in
arbitrary Carnot groups. The latter formulae could be derived from Theorem explicitly
writing the area element in terms of the intrinsic derivatives of the parametrization map .
Other geometric area formulae for Euclidean C' or C'*!-submanifolds in Carnot groups have
been investigated, e.g., in [165-167].

0.3.5. Analytic characterizations of intrinsically C' hypersurfaces in Carnot groups of
step 2. In this subsection I will state the main results obtained in [22}23] together with Di
Donato, Don, and Le Donne about the characterization of intrinsically C'' regular submani-
folds through analytic properties of the graphing function in groups of step 2.

We focus our attention on codimension-one intrinsic graphs. Other results in the arbitrary
co-horizontal case are in the works [23,141]. A codimension-one intrinsic graph I' inside a
Carnot group G comes with a couple of homogeneous and complementary subgroups W and IL
with L one-dimensional, and amap ¢: U CW — Lsuchthat ' ={x € G: 2 = w-p(w),w €
U}. It turns out that the regularity of the graph I' is strictly related to the regularity of ¢
and its intrinsic gradient V¥, see Section |4, However, one can define some different notions
of regularity that rely on some ¢-dependent operators D{j, with W € Lie(W). We recall
that given two homogeneous complementary subgroups W and L in a Carnot group G, and
a continuous function ¢: U C W — L defined on an open set U of W, we define, for every
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W € Lie(W), the continuous projected vector field Dy, by defining its action on smooth
functions as follows

(19) (D§)(f) =W, ., (] o P),

for all w € U and all f € C°°(W), where Py is the projection on W relative to the splitting
G=W-.L.

If an adapted basis of the Lie algebra (Xi,...,X,) is fixed and is such that L =
exp(span{X;}) and W := exp(span{Xs,...,X,}), then we denote by D¥ the vector-valued
operator (D%, ,...,D% ) = (Dg,...,Df,), where m is the rank of G, i.e., the dimension
of the first layer of the stratification of G. The regularity of I is related to the validity of
the equation D¥p = w in an open subset U C W, for some w: U — R™!, which can be

understood in different ways. We briefly present some of them here.

Distributional sense. Since L is one-dimensional, one can see that D%y is a well-
defined distribution. Thus we could interpret the equality D¥p = w in the distribu-
tional sense.

Broad* sense. For every j = 2,...,m and every point a € U, there exists a C' inte-
gral curve of D§j starting from a for which the Fundamental Theorem of Calculus
with derivative w holds, see [23] for details.

Broad sense. For every j = 2,...,m and every point a € U, all the integral curves
of D}'}j starting from a are such that the Fundamental Theorem of Calculus with

derivative w holds, see [23] for details.
Approzimate sense. For every a € U, there exist 6 > 0 and a family {¢p. €
C*(Bs(a)) : € € (0,1)} such that ¢. — ¢ and nggog — w; uniformly on Bj(a)
as € goes to zero, for every j =2,...,m.
In the two works [23] and [22], When G has step 2 we prove the following theorem,
see |23, Theorem 6.17], and [22, Theorem 4.2]. For the relevant definitions in the following
statement that we did not explain above, we refer the reader to Section |4 of Chapter

Theorem 0.16. Let G be a Carnot group of step 2 and rank m, and let W and L be two
homogeneous complementary subgroups of G, with L. horizontal and one-dimensional. Let
U C W be an open set, and let p: U — 1L be a continuous function. Then the following
conditions are equivalent.

(a) graph(yp) is a Cf-hypersurface with tangents complemented by LL;
(b) ¢ is uniformly intrinsically differentiable on U;
(¢) ¢ is intrinsically differentiable on U and its intrinsic gradient is continuous;
(d) there exists w € C(U;R™™Y) such that, for every a € U, there exist § > 0 and a
family of functions {p. € C*(Bs(a)) : € € (0,1)} such that
lim o =, and  lim D p. =wj in L®(Bs(a)),
for every j =2,...,m;
(e) there exists w € C(U;R™™1) such that D¥p = w holds in the broad sense on U;
(f) there exists w € C(U;R™™1) such that D¥yp = w holds in the broad* sense on U.
(g) there exists w € C(U;R™™1) such that D¥p = w holds in the distributional sense U.

Moreover if any of the previous holds, w is the intrinsic gradient of p.

The previous Theorem is the complete generalization to the case of step-2 Carnot
groups of all the results scattered in [16},58,59] where the authors study the same problem
in the Heisenberg groups, and of [93] where partial results are obtained in the case of step-2
Carnot groups.
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0.3.6. The Rank-One Theorem in RCD spaces. In this subsection I will state the main
result obtained in [19] together with Brena and Pasqualetto, which is the Rank-One Theorem
in finite dimensional RCD spaces.

Let © be an open subset of R?, and let v € BV(€;R¥). By using the Lebesgue-Radon-
Nikodym Theorem one can write the distributional derivative of u as

Du = D% + D?u,

where D%y is the absolutely continuous part of Du with respect to the Lebesgue measure £,
and D®u is the singular part of Du. We denote with Du/|Du| the matrix-valued Lebesgue—
Radon—Nikodym density of Du with respect to the total variation |Dul.

In 1988 Ambrosio and De Giorgi [18], motivated by the study of some functionals coming
from the Mathematical Physics, conjectured the following:

Rank-One property: For every u € BV(Q;R*) the matrix Du/|Du| has rank-one
| Du|*-almost everywhere.

In 1993 Alberti [5] solved in the affirmative the previous conjecture.

Let (X,d,m) be a metric measure space. The definition of BV function on (X,d, m) by
Miranda and Ambrosio can easily be adapted to give a meaning of the total variation |DF| of
an arbitrary F' € BV,.(X,d, m)k, while in the general metric measure setting a good notion
for the Lebesgue-Radon-Nikodym derivative DF/|DF| is missing.

In the setting of RCD metric measure spaces, the study of calculus has been blossoming
very fast in the last decade. In particular, very recently in [91] the authors propose and
study the notion of L°(Cap)-normed L°(Cap)-module, and the notion of capacitary tangent
module Locap(T X), where Cap denotes the usual 2-Capacity.

A fundamental contribution of [65], building on [91], is the fact that, in the setting of
RCD(K, N) spaces, for an arbitrary set of finite perimeter E with finite mass, one can give
a meaning to the unit normal vg = Dxg/|DxE| as an element of the capacitary tangent
module L¢, (TX) such that the Gauss-Green formula holds, see [65, Theorem 2.4]. The
Gauss—Green formula has been then successfully employed, together with the former work
by Ambrosio-Brue-Semola [10], to obtain the (n — 1)-rectifiability of the essential boundary
of any set of locally finite perimeter in an RCD space of essential dimension n, see [65,66].

The Gauss—Green formula in [65, Theorem 2.4] has been generalized by Brena-Gigli
in [62] for vector-valued BV functions. We give below the statement of the Gauss-Green
formula in [62], where the density vp = DF/|DF)| is implicitly defined.

Theorem 0.17 (|62, Theorem 3.13)). Let k > 1 be a natural number, let K € R, and let
N > 1. Let (X,d,m) be an RCD(K, N) space, and let F € BV(X,d,m)*. Then there exists
a unique Vg € Locap(TX)k, up to |DF|-almost everywhere equality, such that |vp| =1 |DF]|-
almost everywhere, and

k
Z /X Fjdiv(vj)dm = — /X mpr|(v) - vrd|DF|,  for every test vector field v = (v1,...,v).
j=1

For the notion of divergence of a vector field, the notion of test vector fields, the notion of
the projection 7| pp| and of the norm |[-| in Locap(TX )k, we refer the reader to the preliminary
section of [19].

The previous Theorem tells us that in the setting of RCD(K, N) spaces we can give
a precise meaning to DF/|DF| for an arbitrary vector-valued BV function F'. Hence it is
meaningful to ask if DF/|DF| is a rank-one matrix |DF|*-almost everywhere, where |DF'|*
is the singular part of the total variation |DF|. Before giving the main result we clarify this
last sentence by means of a definition.
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Definition 0.18. Let k£ > 1 be a natural number, let K € R, and let N > 1. Let (X,d,m)
be an RCD(K, N) space, let v € L%ap(TX)k, and let ;4 < Cap be a Radon measure. We say
that

Rk(v) =1 p-almost everywhere,

if there exist w € L%ap(TX) and Ai,...,\; € L9(Cap) such that for every i = 1,...,k,
Vi = A\jw p-almost everywhere.

Theorem 0.19 (Rank-One Theorem for RCD(K, N) spaces). Let k > 1 be a natural number,
let K € R, and let N > 1. Let (X,d,m) be an RCD(K, N) space, and let F € BV(X,d, m)".
Then

Rk(vp) =1 |DF|*-almost everywhere,
in the sense of Deﬁm’tion where vg is defined in Theorem and |DF|® is the singular
part of the total variation |DF|.

The proof of Theorem [0.19|closely follows the one in the Euclidean setting by Massaccesi—
Vittone [173], whose strategy has been used by Don—Massaccesi—Vittone to prove the Rank-
One property in some Carnot groups [96]. As far as we know, apart from the result of
Don-Massaccesi—Vittone [96] that holds for a special class of Carnot groups, Theorem
is one of the first instances of the validity of the Rank-One Theorem in a large class of metric
measure spaces.






CHAPTER 1

Preliminaries

In this first chapter we discuss preliminary results and notation of this thesis.

In Section (1| we discuss general facts of Measure Theory. In particular in Section we
define the Hausdorff measures, in Section we discuss general definitions and facts about
Radon measures, and finally in Section we briefly discuss the notion and some results
regarding Vitali relations.

In Section [2| we discuss general facts and notation in Carnot groups. In particular, in
Section we set the basic definitions about Carnot groups and, among other things, we
give the definitions of homogeneous subgroups, and left-invariant homogeneous distances and
norms. In Section we introduce and discuss the properties of the Grassmannian of a
Carnot group, which is the set of homogeneous subgroups of a Carnot group. We prove that
the Grassmannian is compact, and then we discuss basic properties of the Haar measures
of homogeneous subgroups of a Carnot group. In Section we introduce and study the
splitting projections on complementary subgroups of a Carnot group, and the notions of cones
over homogeneous subgroups of a Carnot group.

In Section [3|we discuss the definitions of rectifiable measures in Carnot groups. In partic-
ular in Section we give the notion of tangent measures to a Radon measure, we consider
the class of flat measures on a Carnot group, which are by definition Haar measures on ho-
mogeneous subgroups, and we give the definition of &?-rectifiable measure. In Section we
define a couple of functionals that in some sense quantify the distance of a Radon measure
from being flat, and we discuss some of their properties. Finally, in Section we prove the
measurability of the map that associates to a point in the support of a Radon measure its
flat tangent when this tangent is assumed to be unique pointwise almost everywhere.

In Section [4| we introduce several classes of intrinsic regular functions and submanifolds
in Carnot groups. In particular, in Section we introduce and discuss the notion of intrin-
sically Lipschitz function. In Section we introduce the notion of intrinsically differentiable
function and graph, uniformly intrinsically differentiable function, and we explore what hap-
pens when the target of the function is a horizontal subgroup. In Section we introduce
the notion of Cfj-function between Carnot groups, we give the area formula for Lipschitz
functions between Carnot groups, we discuss the definition of intrinsically C'! rectifiable sets,
and we discuss the relation of such a definition with the one of &-rectifiability. Finally we
briefly discuss the class of co-horizontal intrinsically C' submanifolds.

1. Measure Theory

In this section we introduce the general notation and the basic facts of Measure Theory
we are going to exploit in this thesis. Standard references for the material that we are going
to discuss are [12,102,174].

Let (X, d) be a metric space. We let B(x,r) :={z € X : d(z,z) < r} be the open metric
ball relative to the distance d centred at x and with radius » > 0. The closed ball will be
denoted with B(z,r) := {z € X : d(z,2) < r}. Moreover, for a subset £ C X and r > 0,
we denote with B(E,r) := {z € X : dist(z, E) < r} the closed r-tubular neighborhood of E

1



2 1. PRELIMINARIES

and with B(E,r) := {z € X : dist(z, E) < r} the open r-tubular neighborhood of E, where
dist(z, F) := infyepd(z,z). If A C X, we denote with diamA the diameter of A, i.e., the

quantity sup(; ,ycaxa d(z,y).

1.1. Hausdorff measures. In this subsection we introduce the Hausdorff measures.

Definition 1.1 (Hausdorff Measures). Let (X,d) be a metric space. We define the h-
dimensional spherical Hausdorff measure relative to d as

Sh(A) —suplnf{Zr tAC Uﬁ(xj,rj), Tj SCS},
j=1

6>0

for every A C X. We define the h-dimensional Hausdorff measure relative to d as

H(A) —suplnf{ZQ (diamE;)" : A C UEj,diamEjS(S},
>0 ~
7j=1

for every A C X. We define the h-dimensional centered Hausdorff measure relative to d as

C*(A) = sup C(E),

for every A C X, where

Cé‘( —suplnf{Zr EC UE(l’j,"f’j)a r; €L, fr’jgé},
>0 i
7j=1

for every E C X. We stress that C" is an outer measure, and thus it defines a Borel
regular measure, see [97, Proposition 4.1], and that the measures S, H", C" are all equivalent
measures, see [102, Section 2.10.2] and [97, Proposition 4.2].

Definition 1.2 (Hausdorff distance). Let (X, d) be a metric space. For every couple of sets
A, B C X, we define the Hausdorff distance of A from B as

dp (A, B) := max { sup dist(z, B), sup dist(A, y)},
€A yeDB

where

dist(z, A) := inf d
18 (1’7 ) yHEl (l‘»y),
for every z € X and A C X.

1.2. Densities of Radon measures. In this subsection we discuss general facts about
Radon measures. For basic references on Measure Theory in this setting we refer the reader
to [12, Chapter 1].

Definition 1.3 (Weak convergence of measures). Let (X, d) be a locally compact separable
space. Given a family {¢;};cny of Radon measures on X, we say that ¢; weakly converges to
a Radon measure ¢, and we write ¢; — ¢, if

/qubz — /fdd), for every f € C.(X),

where C.(X) denotes the space of compactly supported functions on X.

Definition 1.4 (Lower and upper densities). If ¢ is a Radon measure on a locally compact
separable metric space (X,d), and h > 0, we define

62((257 x) := lim inf M, and @h’*(¢7 m) := lim sup M

r—0 rh r—0 rh ’
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and we say that ©"(¢, z) and ©"*(¢, x) are the lower and upper h-density of ¢ at the point
x € X, respectively. Furthermore, we say that the measure ¢ has h-density if

0<0p,z)=0"(¢,z) < 0, for ¢-almost every x € X.

Definition 1.5 (Asymptotically doubling measure). If ¢ is a Radon measure on a locally
compact separable metric space (X, d), we say that ¢ is asymptotically doubling if

B(x,2
lim sup M < 400, for ¢-almost every z € X.
r—0 d)(B(.CL‘, T))

Remark 1.6. Let ¢ be a Radon measure on a locally compact separable metric space (X, d).
Suppose there exists h > 0 with 0 < O"(¢,2) < ©™*(¢,2) < oo for ¢-almost every z € X.
Hence it is readily seen that ¢ is asymptotically doubling.

In the following proposition we recall that the upper and lower densities are natural under
restriction to Borel subsets. We will subsequently obtain a refined version of the following
proposition in the setting of Carnot groups, see Proposition [1.55

Proposition 1.7. Suppose ¢ is a Radon measure on a locally compact separable metric space
(X,d). Suppose there exists h > 0 with 0 < O"(¢,x) < O"*(p,2) < 0o for ¢-almost every
x € X. Then, for every Borel set B C X and for ¢-almost every r € B we have

O'¢.B,x) = O"(p,2),  and O (¢.B,x) = O"*($,x).

Proof. This is a direct consequence of Lebesgue Differentiation Theorem of [125, page 77],
that can be applied since (X,d, ¢) is a Vitali metric measure space due to [125, Theorem
3.4.3]. O

Let us introduce a useful split of the support of a Radon measure ¢ on a locally compact
separable metric space (X, d).
Definition 1.8 (Support of a measure). Let ¢ be a Radon measure on a locally compact
separable metric space (X, d). Hence the support of ¢ is
supp(¢) :={x € X : ¢(U) > 0for every neighborhood U of z}.

We say that ¢ is supported on a Borel set A if ¢(X \ A) = 0.

Definition 1.9 (The sets E(1,7)). Let ¢ be a Radon measure on a locally compact separable
metric space (X,d), and let us suppose that ¢ is supported on a compact set K. For every
9,7 € N we define

(1.1) Ex(¥,7) = {zx c K : 97" < ¢(B(z,r)) <" for every 0 < r < 1/~}.
In the following, we will always write E(1, ), underlying the dependence on the compact set
K.

Proposition 1.10. Let ¢ be a Radon measure on a locally compact separable metric space
(X,d), and let us suppose that ¢ is supported on a compact set K. For every ¥,y € N, the
set E(¥,7) defined in Definition is compact.

Proof. This can be obtained arguing verbatim as in [180, Proposition 1.14]. O

Proposition 1.11. Let ¢ be a Radon measure supported on the compact set K of a locally
compact separable metric space (X,d). Assume there exists h > 0 such that 0 < O"(¢,z) <
O"* (¢, x) < 0o for p-almost every x € X. Then ¢(X \ Uy ~en E(9,7)) = 0.

Proof. Let w € K \ Uy, E(9J,7) and note that this implies that either O (¢,x) = 0 or
OM*(¢,x) = co. Since 0 < OF(p,z) < OM*(p,x) < oo for ¢-almost every z € X, this
concludes the proof. O
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1.3. Vitali relations. In this subsection we recall the notion and some basic facts about
Vitali relations associated to a Borel measure. Our main reference is [102].

Definition 1.12 (¢-Vitali relation). Let (X, d) be a metric space with a Borel measure ¢ on
it and let B(X) be the family of Borel sets of X. We say that S C X x B(X) is a covering
relation if

S={(x,B):z € B}.
Furthermore for every Z C X we let
(1.2) S(Z):={B: (z,B) € S for some z € Z}.
Finally a covering S is said to be fine at x € X if
inf{diam(B) : (z,B) € S} = 0.
By a ¢-Vitali relation we mean a covering relation S that is fine at every point of X and such

that the following condition holds

If C' is a subset of S and Z is a subset of X such that C is fine at each point of Z,
then C(Z) has a countable disjoint subfamily covering ¢-almost all of Z.

If 6 is a nonnegative function on S(X), for every B € S(X) we define its §-enlargement as
(1.3) B:=|J{B' €S(X): B'NB#0and§B')<55B)}.

We recall the following general result due to Federer: it contains a criterion to show that
a fine covering relation is a ¢-Vitali relation, and a Lebesgue theorem for ¢-Vitali relations.
Proposition 1.13 ([102, Theorem 2.8.17, Corollary 2.9.9 and Theorem 2.9.11]). Let X be
a metric space, and let ¢ be a Borel reqular measure on X that is finite on bounded sets. Let
S be a covering relation such that S(X) is a family of bounded closed sets, S is fine at each
point of X, and let § be a nonnegative function on S(X) such that

61_i>1[(1)1+ sup {5(3) + zgg i (x,B) € S, diamB < 5} < o0,

for ¢-almost every x € X. Then S is a ¢-Vitali relation.
Moreover, if S is a ¢-Vitali relation on X, and f is a ¢-measurable real-valued function
with fK |f|lde < 400 on every bounded ¢-measurable K, we have

[51f(z) = f(z)|de(z) . )
#(B) : (z,B) € S, diamB < 5} =0,

for ¢-almost every x € X. In addition, given A C X, if we define

e—0t

lim sup {

P:= {a:EXzslir&inf{qb(f(;)A) :(xz,B) € S, diamB <€} = 1},

then P is ¢-measurable and ¢(A\ P) = 0.

2. Carnot Groups

In this section we briefly introduce some notation on Carnot groups that we will exten-
sively use throughout the thesis. Basic references on Carnot groups are [61,145].
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2.1. General definitions and notation. In this subsection we set the basic definitions
and notation about Carnot groups.

A stratifiable group G of step « is a connected and simply connected Lie group whose Lie
algebra g admits a stratification g=V; & Vo @ --- @ V. Wesay that V1 & Vo @ --- @ V, is
a stratification of gif g=V, & Vo & --- & V,, as vector spaces, and moreover

Vi,Vi] = Viq1, foreveryi=1,...,k—1, (V1,Vi] = {0}, and V, # {0},
where [A, B] := span{[a,b] : a € A,b € B}. We call V; the horizontal layer of G. We
denote by n the topological dimension of g, by n; the dimension of V; for every j =1,... k.

Furthermore, we define m; : g — V; to be the projection maps on the i-th stratum. We will
often shorten the notation to v; := mv. A Carnot group G, or stratified group, is a stratifiable
group G on which we fix a stratification. The identity element of G will be denoted by e, or
also by 0 when we are identifying G with R™ by means of exponential coordinates, which we
are now going to introduce.

For a Carnot group G, the exponential map exp : g — G is a global diffeomorphism from

g to G. Hence, if we choose a basis { X1, ..., X, } of g, every p € G can be written in a unique
way as
(1.4) p=exp(p1 X1+ +pXpn).

This means that we can identify p € G with the n-tuple (p1,...,p,) € R™ and the group
G itself with R™ endowed with the group operation - determined by the Baker-Campbell-
Hausdorff formula. When we say that (Xi,...,X,) is an adapted basis of g we mean that
{X1,...,X,} is a basis of g, and {X1+ZZ;11 e ,an+zj—1n‘} is a basis of V} for every

i=1 "7
j = 1,...,k (where, by convention, >9_,n; := 0). For every p € G, we define the left
translation 7, : G — G as the map

q— Tpq:=p-q.
The stratification of g carries with it a natural family of dilations d : g — g, that are Lie
algebra automorphisms of g and are defined by

Sa(v1, ..., ve) i= (g, ANvg, ..., A¥u,), for every A € R\ 0.
1

We will also denote with ) the automorphism on G defined as exp ody o exp™".

As already remarked above, the group operation - is determined by the Baker-Campbell-
Hausdorff formula, and, in exponential coordinates, it has the form (see [112, Proposition
2.1])

p-q=p+q+ 2(p,q), forall pqgeR"
where 2 = (21,...,2,) : R" x R” — R", and the 2;’s have the following properties. For
every i = 1,...k and every p,q € G we have
(1) 2i(0ap, 0xq) = X' 2i(p q),

(i) 21 =0 and Z;(p,q) = Zi(p1,---,pi-1,q1,-- -, ¢i-1)-

Thus, we can represent the product - as

(15) p-g=@1+aq,p2+a@+22p1,q1), P+ @+ ZLu(P1,- s Pe1, Q15+ -5 Q1))

We recall that a sub-algebra h of g is said to be homogeneous if it is dy-invariant for every
A > 0. We recall that, given any sub-algebra h C g, h = Wy & --- d Wy, is a grading of b if
(Wi, W;] € Wiy for every 1 <14, j < k, where we mean that W, := {0} for every £ > k. The
stratification of the Lie algebra g naturally induces a grading on each of its homogeneous Lie
sub-algebras b, i.e.,

(1.6) h=Vinhd...®V.NhH.
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Definition 1.14 (Homogeneous subgroups). A subgroup V of G is said to be homogeneous
if it is a Lie subgroup of G that is invariant under the dilations §,. Given V a homogeneous
subgroup of G we denote with Lie(V) its Lie algebra.

We recall the following basic terminology: a horizontal subgroup of a Carnot group G is
a homogeneous subgroup of it that is contained in exp(V1); a Carnot subgroup W = exp(h)
of a Carnot group G is a homogeneous subgroup of it such that the first layer V4 N of the
grading of h inherited from the stratification of g is the first layer of a stratification of h.

Homogeneous Lie subgroups of G are in bijective correspondence through exp with the
homogeneous Lie sub-algebras of g. For every Lie algebra ) with grading h = W1 &...d W,,
we define its homogeneous dimension as

dimpom (h) := > i - dim(W5).
=1

Thanks to (1.6) we infer that, if h is a homogeneous Lie sub-algebra of g, we have dimpem () :=
>or i-dim(hNV;). We introduce now the class of homogeneous and left-invariant distances.

Definition 1.15 (Homogeneous left-invariant distance). A metric d : G x G — R is said to
be homogeneous and left-invariant if for every x,y € G we have

(i) d(drx,dzy) = Ad(z,y) for every XA > 0,

(ii) d(1px, 1y) = d(x,y) for every z € G.

We remark that two homogeneous left-invariant distances on a Carnot group are always
bi-Lipschitz equivalent, and moreover they induce the manifold topology on G, see [149].
It is well-known that the Hausdorff dimension (for a definition of Hausdorff dimension see
for instance [174, Definition 4.8]) of a graded Lie group G with respect to an arbitrary left-
invariant homogeneous distance coincides with the homogeneous dimension of its Lie algebra.
For a reference for the latter statement, see [149, Theorem 4.4].

We recall that a homogeneous norm || - || on G is a function || - || : G — [0, +00) such that
llz|| = [|==!|| for every = € G; ||6xz|| = A||z|| for every A > 0 and = € G; ||z - y|| < ||lz| + ||y
for every x,y € G; and ||z|| = 0 if and only if x = e. Given an arbitrary homogeneous norm
|| - || on G, the homogeneous left-invariant distance d induced by || - || is defined as follows

d(z,y) =[]z~ - y].

Vice-versa, given a homogeneous left-invariant distance d, it induces a homogeneous norm
through the equality ||z|| := d(z,e) for every x € G, where e is the identity element of G.

We introduce now a distinguished homogeneous norm on G.

Definition 1.16 (Box metric). Let G be a Carnot group. Let B := {X1,...,X,} be a basis
of g, and, for every ¢ = 1..., k&, let us identify each vector space V; with a vector subspace
of R™ by means of the exponential map and the coordinates associated to B. We will denote
with | - | the standard Euclidean norms on such vector subspaces. Then there exist ea, ... &,
depending on the group G such that, if we define

lgll := max{|g1, e2]ga|/%, .. . enlga| /") forall g € G,

then ||-]| is a homogeneous norm on G that induces a left-invariant homogeneous distance.
We refer to [112, Section 5] for a proof of this fact.

There is a distinguished class of left-invariant homogeneous distances on Carnot groups,
known as Carnot-Carathéodory distances. If we fix a norm || - ||; on the first stratum V; of
the Lie algebra g of G, we can extend it left-invariantly to the horizontal bundle

(1.7) Vi(x) := (12)« V1,
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for x € G, where 7, is the left translation by x, and V; is seen as a subspace of T.G = g. We
say that an absolutely continuous curve « : [0,1] — G is horizontal if

7' () € Vi((¢)), for almost every t € [0, 1].
We define

1
(1.8) Al (2, y) ::inf{/ V@) hdt: v0) =z, v(1)=y, =~ horizontal}.
0

The Chow-Rashevskii theorem states that this distance is finite. It is clearly homogeneous
and left-invariant.

2.2. Intrinsic Grassmannian in Carnot groups. In this subsection we introduce the
Grassmannian in Carnot groups and we discuss some of its basic properties. This treatment
is mainly taken from the work [28], that has been subsequently divided in the two works
[31,32].

Let us recall the definition of the Euclidean Grassmannian, along with some of its prop-
erties.

Definition 1.17 (Euclidean Grassmannian). Let k,n be natural numbers such that k£ < n.
We let Gr(n, k) be the set of the k-vector subspaces of R". We endow Gr(n,k) with the
following distance

deu(V1,V2) = direw (Vi N Ben(0,1), V2 N Beu(0,1)) .

where Bey (0, 1) is the (closed) Euclidean unit ball, and dp ey is the Hausdorff distance between
sets induced by the Euclidean distance on R".

Remark 1.18 (Euclidean Grassmannian and convergence). Let &k, n be natural numbers such
that £ < n. It is well-known that the metric space (Gr(n, k), dey) is compact. Moreover, the
following hold

(i) if V,, — V, then for every v € V there exist v, € V,, such that v, — v;
(i) if V, — V and there is a sequence v, € V;, such that v, — v, then v € V.

We now give the definition of the intrinsic Grassmannian on Carnot groups and introduce
the class of complemented homogeneous subgroups.

Definition 1.19 (Intrinsic Grassmannian on Carnot groups). Let h, @ be natural numbers
such that 1 < h < ). Let G be a Carnot group of homogeneous dimension ). We define
Gr(h) to be the family of homogeneous subgroups V of G that have homogeneous dimension
h.

Let us recall that if V is a homogeneous subgroup of G, any other homogeneous subgroup
LL such that

V-L=G and VNL = {e},

is said to be a complementary subgroup of V in G. We say that a homogeneous subgroup V
is complemented if it admits at least one homogeneous complementary subgroup. Finally, we
let

(i) Gre(h) to be the subfamily of those V € Gr(h) that have a complementary subgroup,
and we will refer to Gr.(h) as the h-dimensional complemented Grassmannian,

(ii) Gra(h) to be the subfamily of those V € Gr.(h) having at least one normal com-
plementary subgroup, and we will refer to Gr4(h) as the h-dimensional co-normal
Grassmannian.

Let us introduce the stratification vector of a homogeneous subgroup, and the notion of
s-co-normal Grassmannian.
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Definition 1.20 (Stratification vector). Let h, @ be natural numbers such that 1 < h < Q.
Let G be a Carnot group of homogeneous dimension Q). For every V € Gr(h) we denote with
s(V) the vector

s(V) := (dim(V; Nexp }(V)),...,dim(Vi Nexp 1(V))),

that with abuse of language we call the stratification, or the stratification vector, of V. Fur-
thermore, we define

S(h) :={s(V) e N":V e Gr(h)}.
We remark that the cardinality of &(h) is bounded by [[i;(dimV; + 1) for every h €
{1,...,Q}.

Definition 1.21 (s-co-normal Grassmannian). For every s € &(h) we let
Gri(h) :={V € Gra(h) : s(V) = s},
and we will refer to Gr(h) as the s-co-normal Grassmannian.

We now prove that the Grassmannian introduced above is compact. Notice that, since
the homogeneous subgroups of a Carnot group G are in bijective correspondence with the
homogeneous sub-algebras of g, and since the Grassmannian of vector subspaces of g has a
natural compact topology, the core of the following proposition is to prove that the subset
of homogeneous sub-algebras is closed in this topology. Anyway, we are going to explicitly
provide a distance dg on Gr(h), and we will directly prove that (Gr(h),dg) is a compact
metric space. We will not prove it explicitly, but we stress that the topology induced by dg
on the Grassmannian of vector subspaces of g is the usual topology on the Grassmannian.

Proposition 1.22 (Compactness of the Grassmannian). Let h,Q be natural numbers such
that 1 < h < Q. Let G be a Carnot group of homogeneous dimension ), endowed with a
left-invariant homogeneous distance d. Let Ble, 1) be the closed ball, in the distance d, of
center e and radius 1. The function

dG(Wl,Wg) = dH,(G(Wl N E(e, 1), Ws N E(e, 1)),

where W1, Wy € Gr(h), and dy g is the Hausdorff distance associated to d, is a distance on
Gr(h). Moreover (Gr(h),dg) is a compact metric space.

Proof. The fact that dg is a distance comes from well-known properties of the Hausdorff
distance. Let us consider a sequence {W;};en € Gr(h), with exp™ (W;) = W;1 & & W,
where Wj,; := V; Nexp }(W;) for every j € N and 1 < i < k. By extracting a (non re-
labelled) subsequence we can suppose that there exist {k;};=1 ., natural numbers such that
the topological dimension is dim W} ; = k; for all j € N, and for all 1 < ¢ < k. In particular the
topological dimension of exp™! (W;) is constant. Exploiting the compactness of the Euclidean
Grassmannian, see Remark we get that up to a (non re-labelled) subsequence,

(19) Wjﬂ' — Wi7 i.e. deu(Wj,iy Wl) — 0 for every 1< < K,

where the convergence is meant in the Euclidean Grassmannian Gr(dim V;, k;). As a conse-
quence

(1.10) Wiy =W1®---@W;y > W=W1 & ---®&W,, ie, dea(W;W)—0,

where the convergence is meant in the Euclidean Grassmannian Gr(n,» i, k;,). The pre-
vious equality is a consequence of and the following observation: if V and W are two
orthogonal (according to the standard scalar product) linear subspaces such that R” = VW,
and A, B are vector subspaces of V', and C, D are vector subspaces of W, then

dey(A® C,B® D) < dew(A, B) 4+ dew(C, D),
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where the direct sums above are orthogonal too. Let us notice that, from (1.10) it follows
that

(1.11) dpen(W; N B(0,1), W N B(0,1)) — 0,

where we stress that B(0,1) C g is the preimage by means of exp of the closed unit ball, in
the homogeneous left-invariant metric d, centered at e. The proof of can be reached
by contradiction exploiting and the fact that B(0,1) is compact. We leave the routine
details to the reader.

In order to conclude the proof, we need to show that

(1.12) dpc(W; N B(0,1),W N B(0,1)) — 0,

where, with a little abuse of notation, we denote with dp g the Hausdorff distance on g
induced by pulling back d with the exponential map exp. Indeed, on the compact set B(0, 1),
one has d < C’d(lﬂ/lN for some constant C' > 0, see for instance [208, Proposition 2.15]. This
means that for subsets contained in B(0,1) one has dy g < Cd}q/;u. This last inequality with

(1.11) gives (1.12). Finally from (1.12) we get, by the very definition of dg,
de(W;, W) — 0,

where W := exp W. If we show that W is a homogeneous subgroup of homogeneous dimension
h we are done. The homogeneity comes from the fact that W admits a stratification ,
while the homogeneous dimension is fixed because it depends on the dimensions of W; that
are all equal to k;. Let us prove W is a subgroup. First of all W is inverse-closed, because
W =exp W, and W is a vector space. Now take a,b € W. By the first point of Remark
we find a,,b, € W, such that a,, — a, and b, — b. Then, by continuity of the product,
an - by, — a-b, and ap - b, € W,. Then from the second point of Remark we get that
a-beW. O

In the following proposition we prove that if the distance between two elements of the
intrinsic Grassmannian is sufficiently small, then they have the same stratification vector.

Proposition 1.23. Let Q be a natural number. Let G be a Carnot group of homogeneous
dimension QQ, endowed with a left-invariant homogeneous distance d. There exists a constant
hg > 0, depending only on G, such that if W,V € Gr(h) for some1 < h < Q, and dg(V,W) <
he, then s(V) = s(W).

Proof. Let us fix 1 < h < . Let us suppose by contradiction that there exist V; and W;
in Gr(h) such that, for every ¢ € N, the stratification vector of V; is different from W, and
such that dg(V;, W;) — 0. Up to extract two (non re-labelled) subsequences we can assume
that the V;’s have the same stratification vector for every ¢ € N, as well as the W;’s. Then,
by compactness, see the proof of Proposition we can assume up to passing to a (non
re-labelled) subsequence that W; — W where W has the same stratification of the W,’s,
and V; — V where V has the same stratification of the V,;’s. Since dg(V;, W;) — 0 we get
that dg(V,W) = 0 and then V = W but this is a contradiction since they have different
stratification vectors. This proves the existence of a constant i that depends both on G
and h. However, taking the minimum over 1 < h < @ of such A’s, the dependence on h is
eliminated. O

In the following proposition we explicitly characterize the Haar measures on elements of
the Grassmannian introduced above.

Proposition 1.24. Let h,Q be natural numbers such that 1 < h < Q. Let G be a Carnot
group of homogeneous dimension Q, endowed with a left-invariant homogeneous distance d.
Suppose V € Gr(h) is a homogeneous subgroup of topological dimension p.
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Let us identify G with R™ by means of the exponential map, and a choice of a basis
{X1,.... X} of g. Let HE,LV be the p-dimensional Euclidean (on G = R") Hausdorff
measure restricted to V. Then S".V, H".V, C".V and HE,V are Haar measures of V.
Furthermore, every Haar measure A of V is h-homogeneous in the sense that

N0,.(E)) = r"\(E), for every Borel set E C'V.

Proof. First, one can show by an explicit computation that the Lebesgue measure Lf re-
stricted to the vector space exp (V) is a Haar measure. Indeed, this last assertion comes
from the fact that for every v € V the map p — v - p has unitary Jacobian determinant when
seen as a map from V to V, see [110, Lemma 2.20]. Thus since when seen V as immersed in
R™ we have that the Lebesgue measure of V coincides with HZ,LV, we conclude that HE,LV
is a Haar measure of V as well. Moreover, the Hausdorff, the spherical Hausdorff, and the
centered Hausdorfl measures introduced in Definition on V, are non-zero, locally finite,
and invariant under left-translations and thus they are Haar measures of V.

The last part of the proposition comes from the fact that the property is obvious by
definition for the spherical Hausdorff measure, and the fact that all the Haar measures are
the same up to a constant. ]

In the following proposition we explore some relations on various Haar measures on the
elements of the Grassmannian. The following proposition holds for the distance d induced
by the norm introduced in Definition [1.16]

Proposition 1.25. Let G be a Carnot group of homogeneous dimension () endowed with the
homogeneous norm || - || introduced in Definition|1.16 Let 1 < h < Q, and W € Gr(h) be a
homogeneous subgroup of homogeneous dimension h and of topological dimension p. Then

(i) there exists a constant Cy = Cr(s(W)) such that for every p € W and every r > 0
we have

(1.13) He, (Blp,r) NW) = G,

where, for the precise definition of H, we refer to the statement of Proposition|1.24)
(ii) there exists a constant B(W) such that CP.W = B(W)HEL,LW,
(iii) B(W) = HL.LW(B(0,1))~! and in particular (W) only depends on s(W).

Proof. Thanks to Proposition we have
HLu(B(p,m) NW) = HL,(B(0,r) NW) = HL,(6,(B(0,1) N'W)) = r"HZ,(B(0,1) "W).

Furthermore, if V is another homogeneous subgroup such that s(W) = s(V), we can find a
linear map T that acts as an orthogonal transformation on each of the V;’s and that maps W
bijectively to V. Since we are endowing G with the box metric, see Definition we get

that T(B(0,1) N W) = B(0,1) N V. Since T is an orthogonal transformation itself, it is an
isometry of R™ and this implies that

HE(B(0,1) "W) = HE,(T(B(0,1) "W)) = HE,(B(0,1) N'V),

and thus item (i) is proved.

Concerning item (ii), thanks to Proposition we have that both C".W and H£,.W
are Haar measures of W. This implies that there must exist a constant S(W) such that
BWYHEL LW = Ch W.

Finally, in order to prove item (iii), we prove the following. For every left-invariant
homogeneous distance d on G and every homogeneous subgroup W C G of homogeneous
dimension h, we have that

(1.14) CMWNB(0,1) =1,
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where C" is the centered Hausdorff measure relative to the distance d and B(0, 1) is the closed
ball relative to the distance d.

Indeed, let us fix an ¢ > 0, let us take A € W N B(0,1) such that C2(A) > C"(W N
B(0,1)) — &, 6 > 0 and a covering of A with closed balls B; := {B(x;,7;)}ien centred on
A CW and with radii r; < § such that

Zrzh <CHA) +e.
iEN
This implies that
Ch(B(0,1) N W) (C"(B(0,1) N W) +¢) > C"(B(0,1) NW)(CL(A) +¢)
> Zch(E(o, 1) NW)rh = ZCh(E(mi,n) NW) > ch(A)
ieN iEN
> Cl(A) > " (WnB(0,1)) —e,

where the first inequality is true since C*(B(0,1) N W) > C"(A) > Cl(A), and the third
equality is true since ; € W and C"LW is a Haar measure on W. Thanks to the arbitrariness
of & we finally infer that C"(W N B(0,1)) > 1.

On the other hand, thanks to [117, item (ii) of Theorem 2.13 and Remark 2.14], we have
that, calling B; := {x € WN B(0,1) : @"*(C".W,z) > t} for every t > 0, we infer that
C"(By) > tC"(By) for every t > 0. Thus, for every ¢ > 1 we conclude C"*(B;) = 0 and hence
for C" W-almost every x € W N B(0,1) we have that ©"*(C".W,x) < 1. For one of such
r € WnN B(0,1) we can write

C"(B(z,r) NW)
rh

Cc"(B(0,1) N W) = limsup = oM (Cchiw,z) <1,

r—0

where the first equality comes from Proposition m Thus C"(W N B(0,1)) = 1 and this
concludes the proof of the first part of (iii) thanks to item (ii). The fact that (W) depends
only on s(W) follows from item (i) O

Remark 1.26. The above proposition can be proved verbatim whenever the distance is a
multiradial distance, see [165, Definition 8.5].

Remark 1.27. We stress here for future references that in the proof of item (iii) of Proposi-
tion see , we proved that whenever G is endowed with an arbitrary left-invariant
homogeneous distance d, then for every homogeneous subgroup W C G of homogeneous
dimension h, we have that

(1.15) CMWNB(0,1) =1.
In the next proposition we prove that uniform measures supported on homogeneous sub-

groups of Carnot groups are Haar measures.

Proposition 1.28. Suppose that i is a Borel reqular measure on G supported on a homoge-
neous subgroup V € Gr(h), such that 0 € supp (), and assume that there exists a constant
C > 0 such that for every z € supp (1) and every s > 0 we have

w(B(z,5)) = Cs".
Then u is a Haar measure of the subgroup V.

Proof. Without loss of generality we can assume C' = 1. Thanks to [117, Theorem 3.1] we
thus infer that p = Ch_supp(p). Moreover, for every = € supp (u), thanks to Remark
we have that p(B(z,7)) = C".V(B(z,r)) for every r > 0. If by contradiction supp(u) # V,
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then there would exist a p € V and a 79 > 0 such that B(p,rg) Nsupp(u) = 0. This however
is impossible since we would have

CoV(B(0,2(]lpll + ro))) = Ch(B(O 2(|[pl + o)) N supp(r)) +C*(B(p,70) V)

(1.16)
(B(0, 2([[pl| + 70))),

where we have used p = C"Lsupp(u). The last inequality is a contradiction with what we
found above, since by assumption 0 € supp(u). O

Let us now exploit Remark [1.27|to prove next proposition that will be useful in Chapter [3|
Let || || be a homogeneous norm on G. A function ¢ : G — R is said to be radially symmetric
with respect to || - || if there is a function g : [0,00) — R, called profile function such that
() = g(ll=[)-

Proposition 1.29. Let G be a Carnot group of homogeneous dimension @, and let h €
{1,...,Q}. Let ¢ : G — R be a continuous radially symmetric function with respect to a
homogeneous norm || - || on G, and let g be its profile function. Let V € Gr(h). Then the

following holds
/(pdChl_V: h/sh_lg(s)ds.

Proof. 1t suffices to prove the proposition for positive simple functions, since the general result
follows by Beppo Levi’s convergence theorem. Thus suppose V has toi ological dimension p

and let p(z) == SN, aiXF(o, T_)( ) and note that thanks to Remark for every V € Gr(h)

we have that C".V(B(0,7;)) = !, and then

/()dCh\_V ZalChn_V (0,77)) Zaz

=1
N i
= hZai/ s"lds = h /Zaz X[on] s)ds —h/sh_lg(s)ds.
i=1 0

0

The following proposition is a consequence of the choice of the norm in Definition [1.16]
since it is based on Proposition [1.25]

Proposition 1.30. Let G be a Carnot group endowed with the box mnorm defined in Def-
inition . Let h € {1,...,Q} and suppose that {V;}ien is a sequence of homogeneous
subgroups in Gr(h) converging in the Grassmannian metric dg to some V € Gr(h). Then,
chv; —chov.

Proof. First of all notice that Proposition [1.23]implies that there exists a iy € N such that for
every ¢ > ig we have that V; and V have the same stratification and thus the same topological
dimension p. Since the V;’s have the same stratification if ¢ > ig, Proposition[1.25[(iii) implies
that 5(V;) = B(V) for every i > ig. Thus, for every continuous function f with compact
support, thanks to Proposition we have

i—00

lim [ fdchov; — / fdchiv = lim B(V ( / fdHP, L V; — / fdHP, w)

where the last identity comes from the fact that HZ . V; — HE, V. O
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2.3. Splitting projections and cones over homogeneous subgroups. In this sub-
section we introduce and discuss the splitting projections on complementary subgroups, and
different notions of cones over homogeneous subgroups in Carnot groups. The basic references
for this subsection are [28,110].

We now introduce the projections related to a splitting G = V - L of the group. From
now on let h, Q) be natural numbers such that 1 < h < Q. Let G be a Carnot group of
homogeneous dimension ) with an arbitrary homogeneous norm | - || that induces a left-
invariant homogeneous distance d.

Definition 1.31 (Projections related to a splitting). For every V € Gr.(h) with a homoge-

neous complementary subgroup LL, we can find two unique elements gy := PV(Q) c V and
gL = PL(g) € L such that

9="y(g9) PL(g9) = gv - gL
We will refer to Py(g) and PL(g) as the splitting projections, or simply projections, of g onto
V and L, respectively.
We recall here below a very useful fact on splitting projections.

Proposition 1.32. Let us fir V € Gr.(h) and L two complementary homogeneous subgroups
of G.

Then, for every x € G the map ¥V : V — V defined as V(z) := Py(xz) is invertible and
it has unitary Jacobian. As a consequence S"(Py(&)) = S"(Py(xPy(£))) = S (Py(xE)) for
every x € G and £ C G Borel.

Proof. The first part is a direct consequence of [110, Proof of Lemma 2.20]. For the second
part it is sufficient to use the first part and the fact that for every x,y € G we have Py(xy) =
PV(acPVy). O

We collect below two useful propositions on the splitting projections.

Proposition 1.33 (Proposition 2.12 and Corollary 2.15 of [110]). Let ||- || be a homogeneous
norm on G that induces a homogeneous left-invariant distance d, and let V and IL be two
complementary subgroups. Then there exists a constant 0 < K < 1 such that for every g € G
we have

K[[PL(g)|l < dist(g, V) < [|PL(g)l],
K([[PL(9)] + [P ()l]) < llgll < [[PL(9)]l + [Py (9]

Let us define Co(V,L) to be the supremum of all the constants K such that inequalities in
are satisfied, and let C3(V,L) be the supremum of all the constants K such that the
first inequality in is satisfied. Notice that Cg(V,L) < (s(V,L).

Proposition 1.34. Let h,Q be natural numbers such that 1 < h < Q. Let G be a Carnot
group of homogeneous dimension Q. For every V € Gr.(h) with complementary subgroup L
there is a constant Cy(V,LL) > 0 such that for every p € G and every r > 0 we have

S".V(Py(B(p,r))) = Ga(V,L)r".

Furthermore, for every Borel set A C G for which S"(A) < oo, we have

(1.17)

(1.18) ShLV(Py(A)) < 209(V,L)S™(A).

Proof. The existence of such Cg(V,L) is yielded by [110, Lemma 2.20].
Suppose {B(zi,7i)}ien is a countable covering of A with closed balls for which > ;o7 <
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25"(A). Then
S(Py(A)) < 8"(Py (U Blai,rs))) < Ga(V, L) vl < 2G(V, L)S"(A).

i€N ieN
g

We now prove a proposition that will be useful in the Chapter

Proposition 1.35. Let W € Gr.(h) and assume L is one of the complementary subgroups
of W. Any other homogeneous subgroup V € Gr(h) on which Py is injective, and satisfying
the identity s(V) = s(W), is in Gr.(h) and admits L as a complementary subgroup.

Proof. Let Py be the projection related to the splitting G = W - .. The hypothesis s(V) =
(W) implies that V and W have the same topological dimension. If by contradiction there
exists a 0 £ y € LNV, then
Pu(y) = 0 = Py (0).

This however is not possible since we assumed that Py is injective on V. The fact that
LNV = {0} together with the fact that §(V) = §(W) and that W and L are complementary
subgroups, imply that (LNV;) + (VNV;) =V, for every i = 1,..., k. This, jointly with the
fact that L NV = {0}, implies that L. and V are complementary subgroups in G due to the
triangular structure of the product - on G, see . For an alternative proof of the fact that
L and V are complementary subgroups, see also [132, Lemma 2.7]. O

Given W € Gr(h), and a > 0, we now introduce the intrinsic cone Cyy(«) and the notion
of Cy(«)-set, and prove some of their properties.
Definition 1.36 (Intrinsic cone). For every a > 0 and W € Gr(h), we define the cone Cyy(cv)
as

Cw(a) :=={w € G : dist(w, W) < a|w]|}.
Definition 1.37 (Cw(«)-set). Given W € Gr(h), and a > 0, we say that a set £ C G is a
Cyy ()-set if
ECp-Cw(a), for every p € E.
Remark 1.38 (Equivalent intrinsic cones). Let us observe that if V € Gr.(h), L is a com-
plementary subgroup of V, and o < Cg(V, L), then
a
P, .

e (0L
Indeed, let us take an element w in the complement of the set in the right-hand-side above.
Thanks to the fact that ||w|| < || PL(w)|| + ||Py(w)| < Gg(V,L)a™t||PL(w)]|, and to Proposi-
tion we have

(1.20) dist(w, V) = G| PL(w)|| > aflw].
Therefore, every such w is contained in the complement of the left-hand-side of (1.19)), and

thus we get the sought conclusion. Moreover, for every V € Gr.(h) and every of its comple-
mentary subgroup L, let us show that for every a > 0

(1.21) Cvi(a) = {w € G ||PL(w)|| < ol Py(w)]} € Cv(Cy'a).

Indeed, if w is an element in the left-hand-side above, we can readily see thanks to Proposi-

tion that

(1.19) Cy(a) C {w €G:[|AL(w)]| <

dist(w, V) < [|PL(w)]| < o[ Py(w)]| < aGg™|Jw].
All in all we have proved that if V € Gr.(h), L is one of its complementary subgroups,
and a < we have

CvL(Gae) € Cv(a) € CyL(a/(Gy—a)),
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thus showing that, for a small ¢, the cones Cy(a) and Cy () are equivalent.
Let us now prove the following lemma about the comparison of cones.
Lemma 1.39. For every W1, Wy € Gr(h), ¢ >0, and a > 0, if dg(W1,Wy) < €/4, then

OWl (Oé) - CW2 (Oé + 5)'

Proof. We prove that every z € Cyy, («) is contained in the cone Cyy,(a + €). Thanks to the
triangle inequality we infer

dist(z, Wq) < d(z,b) + in%, d(b,w), for every b € Wj.
weW2

Thus, choosing b* € W in such a way that d(z, b*) = dist(z, W), and evaluating the previous
inequality at b* we get

(1.22) dist(z, Ws) < dist(z, Wy) + dist(b*, Wa) < a|2| + dist(b*, W),

where in the second inequality we used z € Cyy, ().

Let us notice that, given W an arbitrary homogeneous subgroup of G, p € G an arbitrary
point such that p* € W is one of the points at minimum distance from W to p, then the
following inequality holds

(1.23) %1l < 2[|pll-

Indeed,
"]l = llpll < [1(p") =" - pll = dist(p, W) < [Ipll = [Ip*[| < 2[lp]|-

Now, by homogeneity, since b* € W is one of the points at minimum distance from W;
of z, we get that J;/,(b*) is one of the points at minimum distance from W of &/, (2).
Thus, since ||d1 /), (2)]| = 1, from (1.23) we get that ||d1 . (b*)]| < 2. Finally we obtain

dist(b*, Wy) = [|z]|dist (&1 /. (b7), W2) = || z]|dist (dy . (b"), Wa N B(0,4)) <
(1.24) < ||z]|ldg (W1 N B(0,4), Wy N B(0,4))
= 4|z||dg (W1 N B(0,1), Wy N B(0,1)) < ¢||2]],
where the first equality follows from the homogeneity of the distance, and the second is a
consequence of the fact that [|6; ., (0*)] < 2, and thus, from (1.23), every point at minimum

distance of 1/ (b*) from W2 has norm bounded above by 4; the third inequality comes from
the definition of Hausdorff distance, the fourth equality is true by homogeneity and the last

inequality comes from the hypothesis dg(Wq, W) < €/4. Joining (1.22), and (1.24) we get
z € Cyy,(a + ), that was what we wanted. O

We now prove that if two homogeneous subgroups are complementary one to the other,
then there is a cone around each of them that does not intersect the other.

Lemma 1.40. Let V € Gre(h), and let L be a complementary subgroup of V. Let g1 :=
agp(V,L) := 0g(V,L)/2 > 0. Hence

L N Cy(an) = {0}.

Proof. Let us suppose the statement is false. Thus there exists 0 # v € L N Cy(gy). From
Proposition and from the very definition of the cone Cy(g) we have

Ga(V, Lol < dist(v, V) < gf|v]] = Ga(V, L)[[v]|/2,
which is a contradiction with the fact that v # 0. O
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Remark 1.41. Let V € Gr.(h) and let L be a complementary subgroup of V. Let us notice
that if there exists & > 0 such that LN Cy(«) = {0}, then J5(V,L) > «. Indeed, it is enough
to prove that o PL(g)|| < dist(g, V) for every g € G. If g € V the latter in equality is trivially
verified. Hence suppose by contradiction that there exists g ¢ V such that «|PL(g)| >
dist(g, V). Since dist(g, V) = dist(PL(g), V) we conclude that Pp(g) € LN Cy(a) = {0}, that
is a contradiction since g ¢ V.

We now prove that the subset of the elements of the Grassmannian that admit a comple-
mentary homogeneous subgroup is open.
Proposition 1.42. The family of the complemented subgroups Gr.(h) is an open subset of
Gr(h).
Proof. Fix a W € Gr.(h), let L be one complementary subgroup of W and set

e < min{gg(V,L), Aig},

where hig is defined in Proposition Then, if W' € Gr(h) is such that dg(W, W) < ¢/4,
Lemma implies that W’ C Cw() and in particular

LNW CLNCw(e) ={0}.

Moreover, since € < hg, from Proposition we get that W’ has the same stratification of
W and thus the same topological dimension. This, jointly with the previous equality and the
Grassmann formula, means that (W NV;)+ (LNV;) =V, for every i = 1,..., k. This, jointly
with the fact that L N W’ = {0}, implies that L. and W' are complementary subgroups in G
due to the triangular structure of the product - on G, see . For an alternative proof of
the fact that L and W are complementary subgroups, see also [132, Lemma 2.7]. O

The following two lemmas will play a fundamental role in the proof of the existence of
density result in Chapter

Lemma 1.43. Let V € Gr.(h) and L be one of its complementary subgroups. For every
0<a<OyV,L)/2, let

(1.25) c(a) == a/(0gy(V,L) — a).
Then we have
(1.26) B(0,1)NV C Py(B(0,1) N Cy(a)) € B(0,1/(1 —¢(a))) NV.

Proof. The first inclusion comes directly from the definition of projections and cones. Con-
cerning the second, if v € B(0,1) N Cy(«), thanks to Proposition we have

(1.27) Ga(V, L)[[ PL(v)]| < dist(v, V) < afjol| < a([[PL(v) + [|Pv(v)]])-
This implies in particular that || Pp(v)| < ¢(a)||Py(v)| and thus
1> [Py (v)PL(o)l| = [[Py(v)[| = [[PL(0) ]| = (1 = ()| Py (v)]-
This concludes the proof of the lemma. ]

Lemma 1.44. Let V € Gr.(h) and L be one of its complementary subgroups. Suppose T' is
a Cy(a)-set with a < Og(V,1L)/2, and let

1 —c(a)

(1.28) €)= 1oy

where ¢(c) is defined in (1.25). Then
S"(Py(B(z,r)NT)) > S" (Pv(E(.%', C(a)r) NaCy(a)) N PV(F)>, for every x € T.
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The same inequality above holds if we substitute S™ with any other Haar measure on V, see
Proposition [1.24], because all of them are equal up to a constant.

Proof. First of all, let us note that we have

(1.29) S"(Py(B(x,r)NT)) =S" (PV(E(O, )N xill“)),

where the last equality is true since S™(Py(€)) = S*(Py(z71E)) for every Borel £ C G, see
Proposition We wish now to prove the following inclusion

(1.30) Py(B(0,&(a)r) N Cy(a)) N Py(z~'T) C Py(B(0,r) Nz~ 'T).

Indeed, fix an element y of Py(B(0,¢(a)r) N Cy(a)) N Py(x~'T'). Thanks to our choice of y
there are a w; € 7 !T and a we € B(0,&(a)r) N Cy(a) such that

Py(w1) =y = Py(w2).

Furthermore, since I' is a Cy(«)-set, we infer that w; € Cy(a) and thus with the same
computations as in (1.27) we obtain that || P (w1)|| < ¢(a)||Py(w1)|| and thus

(1.31) Jwi]l < (1 + ¢())[[ Py (wi)]] < (14 c(a)lly]-
Furthermore, since by assumption ws € B(0, €(a)r) N Cy(a), Lemma yields
(1.32) [yl = [Py (w2)[| < &()r/(1 = ¢(a)) = /(1 + c(a)).

The bounds (1.31) and (1.32) together imply that ||w|| < r, and thus wy € B(0,7) Nz~ 'T

and this concludes the proof of the inclusion (1.30). Finally (1.29)), (1.30) imply
(1.33) SMPy(B(z,r)NT)) > S" (PV(E(O, ¢(a)r) N Cy(a)) N PV(ac_lf)).

Furthermore, for every Borel subset £ of G we have Py(z€) = Py(zPy(E)), since for every
g € € we have the following simple equality Py(zg) = Py(xPyg). Therefore, by using the
latter observation and Proposition we get, denoting with ¥ the map ¥ (v) = Py(z~'v)
for every v € V, that

S"(Py(B(0,€(a)r) N Cv(a)) N Py(27'T))

" (Py(z~' Py(B(x, €(a)r) N 2Cy(a))) N Py (2~ Py(T)))
"((Py(B(z, €(a)r) N aCy(a))) N (Py(I)))
=sh (PV(E(:C, ¢(a)r) N zCy(a)) N pV(r)).

Joining together (1.33) and (1.34)) gives the sought conclusion. O

We conclude this subsection with a more detailed study of the co-normal Grassmannian.
These results will turn out to be fundamental when approaching the Marstrand—Mattila
rectifiability criterion in Chapter

Proposition 1.45. Let 3 := gg(V,L) := (g(V,L)/2 > 0. For every s € S(h) the function
¢: Gry(h) — R defined as

(1.34)

(1.35) e(V) :=sup{ag(V,L) : L is a normal complementary subgroup of V},
is lower semicontinuous. Moreover the following conclusion holds

if 4 C Grg(h) is compact with respect to the distance dg on the Grassmannian, then
there exists a ¢y > 0 such that ¢(V) > ey for every V.€ 4 C Gri(h).



18 1. PRELIMINARIES

Proof. Let us prove that the function e is lower semicontinuous. Since gg(V,L) = Cg(V,L)/2,
see Lemma [1.40} it is enough to prove the proposition with 2¢(V) instead of ¢(V), and with
(3(V,L) instead of gg(V,L). Let us fix V € Gri(h) and 0 < ¢ < ¢(V), and denote with L
one of the normal complementary subgroups of V for which Cg(V,L) > 2¢(V) —e. For every
W € Gr(h) thanks to Lemma we have

(1.36) Cw(C3(V, L) — 4dg(V, W) —¢) € Cy(Gg(V, L) — ),

whenever dg(V, W) is small enough. Therefore if dg(V, W) is sufficiently small, the latter
inclusion and the same proof as in Lemma imply that LONW C LN Cy((g(V,L) —¢) =
{0}. Since LN'W = {0}, L and V are complementary subgroups and V and W have the
same stratification vector, and thus the same topological dimension, we have that L is a
complementary subgroup of W for the same argument used in the proof of Proposition [1.35]
Thus, taking into account we get that L N Cyw((z(V,L) — 4dg(V,W) —¢) = {0} and
thus, from Remark|[1.41] we get that Gg(W, L) > (g(V, L) —4dg(V, W) —e whenever dg(V, W)
is sufficiently small. This implies that

2e(W) > Og(W,L) > Og(V,L) — 4dg(V,W) — e > 2¢(V) — 4d(V.W) — 2¢,
whenever dg(V, W) is small enough, and thus

liminf e(W) > ¢(V) — e,
dg (W,V)=0

from which the lower semicontinuity follows due to the arbitrariness of €. The last conclusion
follows since ¥ C Gr% (h) is compact and e is lower semicontinuous. O

Remark 1.46. We observe that in proof of the previous proposition we did not use the
fact that L is normal, but we stated the proposition in this specific case since we are
going to use this formulation in this work. The same proof works in the more general
case when V € Grq(h) with a fixed stratification vector s, and ¢(V) = sup{gg(V,L) :
L is a complementary subgroup of V}.

Proposition 1.47. Let C > 0 and V € Gr4(h) be such that ¢(V) > C. Then there exists a
normal complementary subgroup I of V such that

(1.37) Bl < (A +2/O)lgll,  and  [[PL(g)l < (2/C)llgll,  forallg €G,
where we recall that Py and Pp, are the projections relative to the splitting G =V - L.

Proof. Thanks to the definition of ¢(V), see , there exists a normal complementary
subgroup L of V such that gp(V,L) > C/2. Thus, arguing as in Lemma we get LN
Cy(C/2) = {0}. This implies, arguing as in Remark that for every g € G we have

(1.38) CllPL(9)ll/2 < dist(PL(g), V) = dist(g, V) < [|g|.
Furthermore, thanks to the triangle inequality we have

lgll = [[Pv ()l = IPL(g)]l = [[Pv(9)]] — (2/C)lgll,
thus concluding the proof of the proposition. O

Proposition 1.48. Let s € G(h). Let C > 0 and V € Gri(h) be such that ¢(V) > C. Let L
be a normal complementary subgroup of V as in the statement of Proposition [1.47. Then the
projection Py : G — V related to the splitting G = V-L is a (1+2/C)-Lipschitz homogeneous
homomorphism.

Proof. Thanks to the fact that L is normal, we have that for every z,y € G the following
equality holds

Py(zy) = Py(zvaryvyL) = Py(zvyy - vy aiyy - yi) = Py(z)Py(y).
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Since Py is always an homogeneous map, we infer that Py is a homogeneous homomorphism.
Moreover, from Proposition we have that

1Py (g)ll < (1+2/C)llgll,

for every g € G. Hence from the fact that Py is a homomorphism we have

1Py ()~ Py ()]l = 1 Pv(a ™ y)ll < (1+2/C) |27yl
for every x,y € G and thus Py is (1 + 2/C)-Lipschitz. O

Remark 1.49. Notice that in the proof of the above proposition we proved that whenever
LL is normal, then Py is a homogeneous homomorphism.

Definition 1.50 (Cylinder). Let V,IL be two complementary subgroups of G. For every
u € G, and r > 0 we define
T(u,r) = Py (Py(B(u,))).
In the following proposition we study the structure of cylinders 7'(-,-) when L is normal.
Proposition 1.51. Let s € S(h). Let C > 0 and V € Gry(h) be such that ¢(V) > C. Let L

be a normal complementary subgroup of V as in Proposition [1.47. Thus, for every u € G we
have T'(u,r) = Py(u)6,T(0,1). Furthermore, we have

T(u,r) C PV(u)(STPQl(P(O, (1+2/C))NV) = PQl(E(PV(u), (14+2/C)r)NV).
Finally, for every h € L. we have B(uh,r) C T (u,r).

Proof. First of all, we note that thanks to Proposition we have that w € Py(B(u,r)) if
and only if there exists a v € B(0,1) such that w = Py(u)d,Py(v). Therefore, given u € G
and 7 > 0, we have that y € T'(u,r) if and only if y = Py(u)d, Py(v)h for some v € B(0,1)
and h € L. Thus we conclude that T'(u,r) = Py(u)d,1(0,1) for every u € G and r > 0.

Secondly, thanks to Proposition We infer that Py(B(0,1)) C VN B(0,(1+2/C)) and
thus combining such inclusion with the first part of the proposition we deduce that

T(u,r) C Py(u)s, Py (B(0, (1+2/C)) NV) = Py (B(Py(w), (1 +2/C)r) N V),

where the last equality is true since Py is a homogeneous homomorphism. Finally, thanks to
the first part of the proposition, for every u € V and every h € I we have

B(uh,r) C T(uh,r) =T(u,r),

and this concludes the proof of the proposition. O

3. Rectifiable measures in Carnot groups

In this section we are going to introduce and discuss the notion of &-rectifiable measure
in Carnot groups. This definition was first given in the work [180], and later extensively
studied in the papers [28,33]. Hence, the main references for this section are [28,33,180].

We recall that throughout this section G will be a fixed Carnot group of homogeneous
dimension ) endowed with an arbitrary left-invariant homogeneous distance d, and 1 < h <

Q.

3.1. P-rectifiable measures. On a Carnot group we have a natural family of dilations,
see Section |2, Hence, we can define the notion of tangent measures to an arbitrary Radon
measure. This notion mimics the classical one in the Euclidean setting, see [89,202].
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Definition 1.52 (Tangent measures). Let ¢ be a Radon measure on G. For every z € G and
every 7 > 0 we define the measure

Ty rd(E) = ¢(x - 6,(E)), for every Borel set E.

Furthermore, we define Tan(¢, z), the tangent measures to ¢ at x, to be the collection of
the non-null Radon measures v for which there is a sequence {r;};en, with 7, — 0, and a
sequence {¢; }ien, with ¢; > 0, such that

CiTm,”(ﬁ — V.

Moreover, we define Tany (¢, x), the h-tangent measures to ¢ at x, to be the collection of
Radon measures v for which there is a sequence {r;};cn, with r; — 0, such that

—h
v Tyr @ — .

Remark 1.53. (Zero as a tangent measure) We remark that in our definition, the zero
measure could be an element of Tany, (¢, ) as in [89], while in [202] and [178] this is excluded
by definition.

Lemma 1.54. Assume ¢ is a Radon measure on G and suppose that, for a sequence r; — 0,
r;th’mgf) — v. Then, for every z € supp (v) there exists a sequence y; € supp (¢) such that
61/7”1‘ (xilyi) - Z.

Proof. A simple argument by contradiction yields the claim. The proof follows verbatim as
its Euclidean analogue, see for instance [89, Proof of proposition 3.4]. O

Let ¢ be a Radon measure on G. We stress that whenever the h-lower density of ¢ is
strictly positive, and the h-upper density of ¢ is finite ¢-almost everywhere, the set Tany (¢, z)
is nonempty for ¢-almost every x € G. More in general, if ¢ is asymptotically doubling,
the set Tan(¢, x) is nonempty for ¢-almost every x € G. The latter two observations are
consequences of the argument in [174, Theorem 14.3], see also [202, Theorem 2.5], together
with [12, Theorem 1.59]. We briefly recall here the fact that the tangents are local and that
the density is natural with respect to restrictions to Borel sets.

Proposition 1.55. Let ¢ be an asymptotically doubling Radon measure on G. Then

(i) for every Borel set B C G the measure ¢pLB is an asymptotically doubling measure,
and we have that for every h > 0, the following equalities hold for ¢-almost every
r€B

Ol(¢.B,z) = O, x),  and  O" (4B, x) = O"*(¢,x),
(ii) for every non-negative p € L*(¢), and for ¢-almost every x € G, we have
Tan(p¢, z) = p(z)Tan(¢, z).
More precisely, for ¢-almost every x € G the following holds
if i — 0 is such that c¢(B(z, ri))_sz,nqﬁ — b,
then co(B(z,11)) o (p6) = pla)v.

(iii) Suppose there exists h > 0 with 0 < OF (¢, z) < OM* (¢, 2) < 0o for ¢-almost every
x € G. Then, for every non-negative p € L*(¢), and for ¢-almost every x € G, we
have Tany(po,x) = p(x)Tany (¢, z). More precisely, for ¢-almost every x € G the
following holds

(1.39)

(1.40) if r; — 0 is such that r;hTw,mgb — v then r;th,ri(pgb) — p(x)v.
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Proof. The item (i) is a direct consequence of Lebesgue Differentiation Theorem of [125,
page 77|, that can be applied since (G, d, ¢) is a Vitali metric measure space due to [125,
Theorem 3.4.3].

Let us pass to the item (ii). Notice that, since ¢ is asymptotically doubling, hence for
¢-almost every = € G, and every v € Tan(¢, x), there exists ¢ > 0 such that

cp(B(x,7:)) Tprip — v.
The latter assertion is a consequence of the very same argument in [174, Remark 14.4(3)].
Now the proof of item (ii) can be concluded arguing verbatim as in [89, Proposition 3.12]
and exploiting that ¢ is asymptotically doubling. Indeed, the proof in [89] only relies on the
Lebesgue Differentiation Theorem [125, page 77], which is true because (G, d, ¢) is a Vitali
metric measure space due to [125, Theorem 3.4.3]. The proof of item (iii) is analogous to
the proof of item (ii). O

Before going on, we state here a useful proposition about the structure of Radon measures
with positive h-lower density, and finite h-upper density almost everywhere.

Proposition 1.56 (See [180, Proposition 1.17 and Corollary 1.18]). Let ¢ be a Radon mea-
sure supported on a compact set of a Carnot group G. Assume there exists h > 0 such that
0 < O!(g,z) < OM(¢,2) < o0 for ¢-almost every x € G.

For every ¥,v € N we have that ¢_E (9, ) is mutually absolutely continuous with respect
to S"LE(V,7), where E(0,7) is defined in Definition .

We now introduce the notion of flat measures on a Carnot group.
Definition 1.57 (Flat measures). For every h € {1,...,Q} we let M(h) to be the family of
flat h-dimensional measures in G, i.e.,

M(h) := {AS".W : for some A >0 and W € Gr(h)}.

Furthermore, if G is a subset of the h-dimensional Grassmannian Gr(h), we let M(h, G) to
be the set

(1.41) M(h,G) == {AS" W : for some X\ >0 and W € G}.
We stress that in the previous definitions we can use any of the Haar measures on W, see
Proposition since they are the same up to a constant.

The following definition has been proposed in [180]. The study of the notions given in
Definition and Definition is at the core of Chapter [2|and Chapter 3] of this thesis.
Definition 1.58 (&), and &} -rectifiable measures). Let h € {1,...,Q}. A Radon measure
¢ on G is said to be a P -rectifiable measure if for ¢-almost every z € G we have

(i) 0 < ©l(¢,z) < O"*(¢,x) < +o0,
(ii) there exists a V(x) € Gr(h) such that Tan(¢,z) C {\S".V(z): A > 0}.
Furthermore, we say that ¢ is &7} -rectifiable if is replaced with the weaker

(ii)* Tanp(¢,z) C {ASMLV: X >0and V € Gr(h)}.

Remark 1.59. (About A = 0 in Definition [1.58) It is readily noticed that, since in Defini-
tion we are asking ©7 (¢, x) > 0 for ¢-almost every z, we can not have the zero measure
as a tangent measure. As a consequence, a posteriori, we have that in item (ii) and item (ii)*
above we can restrict to A > 0. We will tacitly work in this restriction from now on.

On the contrary, if we only know that for ¢-almost every x € G we have

(1.42) 0™ (¢, ) < 400, and Tang (¢, z) € {IAS"LV(z) : A > 0},

for some V(z) € Gr(h), hence ©"(¢, z) > 0 for ¢-almost every = € G, and the same property
holds with the item (ii)* above. Indeed, if at some x for which (1.42) holds we have ©%(¢,z) =
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0, then there exists ; — 0 such that r; "¢(B(x,7;)) = 0. Since ©"*(¢,2) < +o0, up
to subsequences (see [12, Theorem 1.60]), we have 7; "Ty .. — AS".V(z), for some \ >
0. Hence, by applying [12, Proposition 1.62(b)] we conclude that r; "7, . ¢(B(0,1)) —
AS" .V (z)(B(0,1)) > 0, that is a contradiction.

Remark 1.60 (About the rectifiability of Hausdorff measures). We observe that if I' is a
Borel set in G with 0 < S™(T") < +o0, ST is P,-rectifiable if and only if C".T" (or H".T")
is Py -rectifiable. This is because S", H",C" are equivalent measures (see Definition , the
Pp-rectifiability implies being asymptotically doubling, and then we can transfer the property
of being & -rectifiable from one measure to the other by using Lebesgue-Radon—Nikodym
theorem (see [125] page 82]) and the locality of tangents in Proposition [1.55]

Let us briefly comment on why one should be interested in the study of the notion of
P-rectifiability. The definition of &?-rectifiable measure is natural in the setting of Carnot
groups. Indeed, we have on G a family of dilations {0 }x~0, see Section |2 that we can use to
give a good definition of blow-up of a measure. Hence we ask, for a measure to be rectifiable,
that the tangents are flat. The natural class of flat spaces, i.e., the analogous of vector
subspaces of the Euclidean space, seems to be the class of homogeneous subgroups of G, see
Definition [1.57| This latter assertion is suggested also from the result in [175, Theorem 3.2]
according to which on every locally compact group GG endowed with dilations and isometric
left translations, if a Radon measure p has a unique (up to multiplicative constants) tangent
p-almost everywhere then this tangent is u-almost everywhere (up to multiplicative constants)
the left Haar measure of a closed dilation-invariant subgroup of G. As a consequence, in the
definition of &7),-rectifiable measure we can equivalently substitute item (ii) of Definition [1.58|
with the weaker requirement

(ii)" Tany (¢, z) C {Avz : A > 0}, where v, is a Radon measure on G.

Moreover, we stress that if a metric group is locally compact, isometrically homogeneous and
admits one dilation, as it is for the class of metric group studied in [175], and moreover
the distance is geodesic, then it is a sub-Finsler Carnot group, see [144, Theorem 1.1], and
[86, Theorem D] for a generalization and related studies.

We are now going to define different subclasses of &7}, and &} -rectifiable measures. More
precisely we give the following definition.
Definition 1.61 (Subclasses of &7, and Z;-rectifiable measures). Let h € {1,...,Q}. In
the following we denote by Z7; the family of those Z)-rectifiable measures such that for
¢-almost every x € G we have

Tany (¢, ) € M(h, Gr.(h)),

namely at ¢-almost every point the tangent measures are supported on complemented ho-
mogeneous subgroups. Furthermore, the family of those &} -rectifiable measures ¢ such that
for ¢-almost every x € G we have
(i) Tanp(¢,z) C M(h, Gre(h)) is denoted by 2,
(ii) Tanp(¢, ) C M(h, Gra(h)) is denoted by L@;’ﬂ,
(iii) Tanp(¢,2) C M(h, Gre(h)), for some s € G(h), is denoted by F; ="
We have the following simple lemma.
Lemma 1.62. Let h € {1,...,Q} and assume ¢ is a Radon measure on G. If {ri}ien is an
infinitesimal sequence such that ri_hsz.(b — XC'LV for some A >0 and V € Gr(h) then
lim ¢(B(x,r))/rl = A

1—00
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Proof. Since C".V(z)(0B(0,1)) = 0, see e.g., [132, Lemma 3.5], thanks to Remark and
to [12, Proposition 1.62(b)] we have

- T:E T P ) 1 . B )
A= ACMV(2)(B(0, 1)) = lim 2@ BOD) gy, B r0)
1—00 T, 1—>00 r;
and this concludes the proof. O

The above lemma has the following immediate consequence.

Corollary 1.63. Let h € {1,...,Q} and assume ¢ is a P} -rectifiable measure. Then for
p-almost every x € G we have

Tang (¢, z) € {INC'LW : X € [0 (¢, ), 0" (¢, )] and W € Gr(h)}.
We prove the following compactness result that will be of crucial importance in the proof

of the co-normal Marstrand-Mattila rectifiability criterion in Chapter

Proposition 1.64. Let h € {1,...,Q} and assume ¢ is a P} -rectifiable measure. Then, for
¢-almost all x € G the set Tany (¢, x) is weak™ compact.

Proof. Since the statement of the proposition does not depend on the choice of the left-
invariant homogeneous distance on G, we assume that G is endowed with the left-invariant
homogeneous distance induced by the box norm in Definition [1.16]

Let 2 € G be such that 0 < ©(¢,2) < ©"*(¢,x) < co and Tany (¢, z) C M(h). We now
prove that for every sequence {\;C" V;} ey C Tany(¢, x), there are a A > 0 and V € Gr(h)
such that, up to non-relabelled subsequences we have

)\jChI_Vj — )\Chl_V.

Indeed, thanks to Corollary we have that \; € [0"(¢, x), 0"*(¢, x)] for every j € N and
thus we can assume without loss of generality that

Aj = A€ [0L(g,2), 0" (¢, 7)),

up to a non-relabelled subsequence. Furthermore, thanks to Proposition there exists a
V € Gr(h) such that V; — V with respect to the Grassmannian metric dg. Thus, thanks to
Proposition and a simple computation that we omit, we conclude that

)\jChI_Vj — )\Chl_V.

Since we assumed {\;C".V;} C Tany(¢,z) then, for every j € N there is an infinitesimal
sequence {7¢(j)}sen such that

Té(j)ith,rg(j)d) — )\jChI_Vj.

Thus, the forthcoming Lemma implies that limp_, F071(rg(j)*thM(j)d), \ChoV;) =0,
and in particular for every j € N there exists an ¢; € N such that defined v; := ry; (j) we have
that t; — 0, and

Fo 1 (65" Ty 6, AiCMLV) < 1/

Since lim sup,_, tj_hijqﬁ(E(O, 7)) < ©"* (¢, 2)r" for every r > 0, thanks to [12, Corollary
1.60], we can assume without loss of generality that there exists a Radon measure v such
that t;th,tqu) — v. On the other hand, by definition we have that v € Tan(¢, x) and thus
by hypothesis on ¢ there is a 7 > 0 and a W € Gr(h) such that v = nC".W. This implies
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that for every j € N we have
Fo(nC" W, AC".V) < Fo i (nC" W, ;" Ty o 0) + Fou (v T, 0, A;C"LV;)
+ Fo1(\Ch v, ACh)
< Foa(nC" W, e " Ty o ) + 1/ + Foa (A€M V;, ACMLY).
The arbitrariness of j and Lemma implies that Fy1(nC" W, A\C".V) = 0 and since flat

measures are cones, we conclude that nC*" W = AC"_V. This shows that A\C".V € Tany,(¢, x)
and then the proof is concluded. ]

2. Quantifying the distance of a Radon measure from flat measures. In this
subsection we are going to define functionals that in some sense tell how far is a measure
from being h-flat around a point x € G and at a certain scale r > 0.

We first introduce now a way to estimate how far two measures are, cf. [202, 1.9(2)].

Definition 1.65 (Definition of F). Given ¢ and ¢ two Radon measures on G, and given
K C G a compact set, we define

(1.43) Fi(o.0) i=suw{| [ a0~ [ sav|: £ e Livt ()}
where Lip] (K) is the set of nonnegative 1-Lipschitz functions supported on K. We also write
F, , for FE(W,).

Remark 1.66. With few computations that we omit, it is easy to see that F,.(¢,¢) =
rFo1(Tyr¢, Ty r1p). Furthermore, FK enjoys the triangle inequality. Indeed if ¢1, @2, ¢3 are
Radon measures and f € L1p1 (K), then

| [ sdon - | qu>2]< [ sdor~ [ sas|+| [ sass~ [ s

< Fi(¢1, ¢3) + Fr (92, #3)-

The arbitrariness of f lets us conclude that Fr (o1, ¢2) < Fr(¢1,¢3) + Fr(Ps3, P2).

Let us introduce a Gauge for Radon measures on Carnot groups, cf. [202, 1.9(1)].
Definition 1.67 (Definition of F}.). For a given Radon measure ¢ on G and for r > 0, let us
define F,(¢) := [ dist(z, B(0,7)°)d¢(z).

Lemma 1.68. For every Radon measure ¢ on G and every r > 0 we have that F.(¢) =
Fo(0,0).

Proof. It is immediate to see that Fy ,(¢,0) > F,.(¢) for every r > 0. In order to prove the
vice-versa, note that for every f € Lip; (B(0,7)) we have that flas,r) = 0. Thanks to this

observation, for every y € B(0,r) if we let x € 9B(0,7) be a point of minimal distance of y
from B(0,r)¢ we have

fy) =1f(y) — f(2)| < d(y, =) = dist(y, B(0,7) ),
and this finally shows that Fp,(¢,0) = Fy(¢), concluding the proof of the lemma. O
In the following proposition we show a distance that metrizes the weak* convergence of
Radon measures.

Proposition 1.69. Let M be the set of Radon measures on G. The function defined on
M x M as

D(6) = 3 277 min{1, Fo(o )},

p=0



3. RECTIFIABLE MEASURES IN CARNOT GROUPS 25

is a distance, and (M, D) is a separable metric space. The topology induced by D on M
coincides with the weak* topology.
Moreover, let us assume {¢;}ien s a sequence of Radon measures such that

lim sup ¢;(B(0, 7)) < oo,

1—00
for everyr > 0. Then {¢;}ien has a converging subsequence with respect to the weak* topology.

Proof. The result is stated in [202, Proposition 1.12] in the Euclidean case, but the proof
works verbatim for Radon measures on Carnot groups. U

Proposition 1.70. The function Fyi(-,-) is a metric on B(h) = {¢p € M(h) : F1(yv) =1}
and (B(h), Fo1) is a compact metric space.

Proof. First of all, we note that for every p,v € B(h) we have that Fy1(p,v) = 0 if and only
if 4 = v and this is an immediate consequence of the fact that p and v are cones. Symmetry
follows directly from the definition, and the triangle inequality follows from Remark
We are left to show that (B(h), Fy 1) is a compact metric space. Let ¥; be a sequence in
% (h) and note that since C"_V(B(0,1)) = 1 for every V € Gr(h), because of Remark we
deduce that ¥; = (h + 1)C"_V; for some V; € Gr(h), due to Proposition m Thus, we can
find a (non-relabeled) subsequence of the homogeneous subgroups V; that converges to some
V € Gr(h) in the Hausdorff metric thanks to the compactness of the Grassmannian Gr(h),
see Proposition Hence, by Proposition we infer that ¥; — (h 4+ 1)C".V € B(h)
and therefore the compactness follows. O

We are now ready to define a functional that in some sense tells us how far is a measure
from being h-flat. The following definition is inspired by [202, 2.1(3)].

Definition 1.71 (Definition of d, ;). For every z € G, every h € {1,...,Q} and every r > 0
we define the functional

_ . Fypr(o, 0S" " V)
(1.44) dg (0, M(R)) := égg’ )
VeGr(h)

Furthermore, if G is a subset of the h-dimensional Grassmannian Gr(h), we also define

. Frr(o, 0Sh 2V
dz,r(¢79ﬁ(ha G)) = @12%’ : T( rh+1 )

VeG

Remark 1.72. It is a routine computation to prove that, whenever h € N and r > 0 are fixed,
the function « — dy (¢, M(h, G)) is a continuous function. The proof can be reached as in
[180, Item (ii) of Proposition 2.2]. Moreover, from the invariance property in Remark
and Proposition if in we use the measure C"LzV instead of S"LzV we obtain the

same definition.

Let us now prove the following criterion of flatness of h-tangents. We first need an
auxiliary lemma that is inspired by [202, Proposition 1.11]. The reader might find a complete
proof in [180, Proposition 1.10]. Here, we omit it.

Lemma 1.73. Let {u;} be a sequence of Radon measures on G. Let u be a Radon measure
on G. The following are equivalent

(1) pi = p;
(2) Fr(ui,p) — 0, for every K C G compact.
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Proposition 1.74. Let ¢ be a Radon measure on G. Further, let G be a subfamily of Gr(h)
and let M(h,G) be the set defined in (1.41). If at a point x € G for which item (i) in
Definition[1.58 holds we have Tany (¢, z) C M(h,G), then for every k > 0 we have

}E}% dz kr (6, M(R, G)) = 0.

Proof. Let us fix z € G a point for which Tanp(¢,z) C MM(h,G) and let us assume by
contradiction that there exist k > 0 and r; — 0 such that, for some € > 0, we have
(145) dx,kri (¢a m(hv G)) > €.
Since ¢ and x satisfy the hypotheses in item (i) in Definition we can use [12, Proposition
1.62(b)] and then, up to subsequences, there are ©* > 0 and V* € G such that
(1.46) Ty — ©*SMLV™.
Thus,
da o, (6, M1, G)) = do (17 " T 0, MR, G)) < K" R (17 " T 6, ©°S"LVY) = 0,

(2

where the first equality follows from the first part of Remark and the last convergence
follows from (1.46), and Lemma [1.73] This is in contradiction with (1.45). O

The following proposition is an adaptation of [202, 4.4(4)] and it will be crucial in the
proof of Marstrand—Mattila’s rectifiability criterion in Chapter
Proposition 1.75. Let h € {1,...,Q}, and 9,y € N. Let ¢ be a Radon measure supported
on a compact set of G, and let G C Gr(h). Assume there exists an x € E(V,7) (cf. Defini-
tion , a o€ (0,270 +0yY=1) and a 0 < t < 1/(2v) such that

dut(6,M(, Q) < ",
Then, there is a V € G such that
(i) whenever y,z € B(x,t/2) NV and ot < r,s <t/2 we have

¢(B(y,r) NB(aV,0%1)) = (1 - 2" V90)(r/s)"¢(B(z, 5));

(ii) furthermore, let us assume the homogeneous subgroup V yielded by item (i) above
admits a complementary normal subgroup I, and denote by Py the splitting projec-
tion on V according to this splitting. Then, for every k > 0 with ok < 2710hg=1 f
we define Ty (0,t/4k) := Py (Py(B(0,t/4k))) we have

O(B(w,£/4) N 2Ty (0,1/48)) < (1 -+ 4o(2Kh + 1))C" (Py (B(0, 1))k "6 (Bx,t/4)).
Proof. First of all, we notice that by the definition of d (¢, M (h,G)) there exist V € G and

A > 0 such that
F%t(ﬁi)) )\Ch\_QSV) < oht3h+1

Proof of (i). The key of the proof of item (i) is to show that for every w € B(z,t/2) N2V,
every T € (0,t/2] and every p € (0,7] we have
(1.47) $(B(w, 7)) < ACM(aV)(B(w, + p)) + " 3" /p,
(1.48) A (V) (B(w, T — p)) < ¢(B(w,7) N B(xV, p)) + "3t /p.
Before proving that (1.47) and (1.48) together imply the claim, we need to give a lower bound

for A. Since z € E(¢,~), with the choice w = z, 7 = t/4, and p := 0%t we have, from (1.47),
that the following inequality holds

971 (t/4)" < ¢(B(x,t/4)) < XC'(@V)(Bla, (1/4 + o2)t)) + ohH1th

1.49
(1.49) = \(1/4 + o*)"th 4 o"F1h,
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where the last equality comes from Remark Since we know that o < 1/(2190+19) we
infer that o"*! < 1/(8"9), and then from (1.49) we infer

(1.50) 97 < XN1/44 0P + 0" and in particular A > 971273,
where we exploited the fact that 1/4 + o < 1, the fact that o"*1 < 1/(8"9) and the fact

that 4= — 8h > 8",

Let us now prove that (1.47) and (1.48) imply the claim. Since by hypothesis 7, s > ot
with the choice p = o2t we have P < r,s. Furthermore since ot < r,s < t/2 and y,z €

B(z,t/2) N xV, the bounds ( and (1.48) imply

¢(Bly,r) N B(xV,p)) _ A" (@V)(B(y,r — p)) — o H3t" 1 /p
oBs) ATV (Blrs  p)) + I

B h)\(l—UQt/r) — h+1(t/r)h
N sh A1+ azt/s) + ol tl(t/s)h
"
(1+

1-— ol (it /r)h > Lh)\(l —o)h—o
- sh)\ 1+ ) +0h+1(t/3) sh X1 +o) 40’

where the equality in the second line comes from Remark and we are using ot/r < 1,
and ot/s < 1. Since 2ho < 1, we have that (1 + )" < 14 2ho, that can be easily proved by
induction on h. This together with and Bernoulli’s inequality (1 — )" > 1 — oh allows
us to finally infer that

6(B(y,r) N BV, p)
o(B(z5))

where the last inequality comes from the fact that o < 1/2190+1Dy  from and some
easy algebraic computations that we omit. An easy way to verlfy the last mequahty is to show
that (1—ao)/(14 Bo) > 1—70, where & := (Av+1)/X, B := (2hA+1)/X and 7 := 210(h+ 1)y,
and observe that the latter inequality is implied by the fact that &+ 3 — 7 <0.

Therefore, we are left to prove (1.47) and (1.48). In order to prove (1.47), we let g(z) :=
min{1,dist(z,G \ B(w, T+ p))/p} and note that

h
>
- h1+(2h)\—|—1)0/)\ - sh

$(Bw.) < [ 9(2)d0() < [ 9N (@V)(2) + Lin(g) Faal6, AC"(aV)
< XM (@) (B(w, T+ p) + 0" .
On the other hand, to prove we let
h(z) = min{1, dist(z, G \ (B(w,7) N BV, )))/p},
and then

A (2V)(B(w, T — p)) < /h(z)d)\Chl_(an)(z)

< / B(=)dé(2) + Lip(h) Fui(9, AC"(aV))
< ¢(B(w,7) N B(xV, p)) + o341 /p.
Proof of (ii): In this proof let us fix 7 := t/4 and define the function
¢(2) := min{1, dist(z, G \ B(B(z,7) N zT(0,7/k), p))/p},
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where 0 < p < 7. With this definition we have the following chain of inequalities
(1.51)

¢(B(z,7) NxT(0,7/k)) /e Ydo(z /z )AAC ' L(2V)(2) + Lip(€) Fy +(6, ACML (2V))

< XCM(@V)(B(z, 7 + p) N 2T(0,7/k + p)) + A Lah 37051
< ACHV(Py(B(0,1)))(r/k + p)l + 4h 1 gh 3041

where the third inequality above comes from the fact that, according to the proof of Propo-
sition the projection Py is a homomorphism, and then the following chain of equalities
holds

Py(B(T(0,7/k), p)) = Py(T(0,7/k)B(0, p))
= Py(B(0,t/k))Py(B(0,p)) = Py(B(0,7/k + p)).

Putting together when specialized to the case w = x and 7 = t/4, with and
Remark we infer that
O(Bla,7) NaT(0,7/k)) _ ACMV(Py(B(0, 1))(r/k + p)l + 4+ oM7)

¢(§(x77_)) - )\( )h Qh+15h+3 h+1/p
Since 02 < 1 we choose p := 0?7 and note that since ok < 2719%9~1 the previous inequality
yields

(1.52)

(1.53)

¢(B(z,7) NaT(0,7/k)) _ AC"(Py(B(0,1)))(1/k + 0®)" + 4"H1oH
&(B(z, 1)) - A1 — g2)h — 4htlght]
< (1+40(2kh 4 1))C"(Py(B(0,1)))k ",
where we omit the straightforward computations that lead to the last inequality but we stress
that we need C"(Py(B(0,1))) > 1, that in turns comes from the fact that Py(B(0, 1))

B(0,1)NV and C"(B(0,1)NV) = 1, due to Remark|1.27; and also the bound on A in
The last inequality concludes the proposition. D

Now we are going to define an analogous version of the quantity defined in Definition[1.71]
This next definition will be useful while dealing with measures for which we only know that
they are asymptotically doubling. The following definition is inspired by [202, 2.1(3)].

Definition 1.76 (Definition of d, ). For every z € G, every h € {1,...,Q} and every r > 0
we define the functional

3 . Tm Td) h
1.54 dyr (P, M(D)) := t Fo1|=2——,(h+1)C" .V |.
(154 A6 = inf Foy <F1<Tx,r S5 et )
Furthermore, if G is a subset of the h-dimensional Grassmannian Gr(h), we also define
(1.55) @ (6, (R, G)) 1= inf For [ —222C (h 4 1)chv
| PR vee M\ R(Ta9) '

Remark 1.77 (About the definition of d, ). For every Radon measure ¢ on G and every
r > 0 it is immediate to see that Fy(Tp,¢) = r~'F,.(¢). Moreover, thanks to the first part of
Remark by few simple computations we get

Ty r ¢ h _—(h+1) Trn9 h
(1.56) F071 (F (Tx,r(ﬁ)’ (h + 1)C LV) =r Foﬂn T_(h+1)Fr(Tm,1¢)’ (h + 1)C LV |,

for all » > 0 and V € Gr(h). Hence, since F;((h +1)C".V) = 1 as a consequence of Proposi-
tion and Remark we notice that the definition in (1.55) agrees with the definition
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given in [202, 2.1(3)]. Namely, d (¢, M(h, Q) = d(Tu1¢, M(h, G)) = di(Ty ¢, M(h, G)),
where d, is the analogue in the Carnot setting of the functional defined in [202, 2.1(3)] in
the Euclidean setting.

For the sake of completeness, and for some benefits toward subsequent calculations, let
us give here the precise analogue, in the setting of Carnot groups, of the definition of the
function d that Preiss gave in the Euclidean setting. Let € be an arbitrary cone of Radon
measures on G without the origin, that means 0 ¢ ¢ and p € ¢ implies ATy, p € € for every
A, v > 0. Then, for every r > 0 and Radon measure ¢ we define

(1.57) d,(¢,€) = inf {FO,T (Ei’d)),q/}) L €C, Fo(y) = 1} .

By the explicit expression and the continuity of F.(-) with respect to the weak* convergence,
one easily verifies that for every r > 0 the following implication holds

compare [202, 2.1(6)]. Moreover, due to a slight modification of (1.56), we have, for every
r > 0 and every Radon measure ¢,

(1'59) Er (¢7 %) = a1 (To,r<f>= cg)

We now adapt some classical results contained in [202] to our context. The aim will be to
prove that when a Radon measure on G has a tangent at a point that is a cone (of measures)
with compact basis, then the measure is asymptotically doubling at the point. The following
proposition is the analogue of [202, Propostion 2.2].

Proposition 1.78. Assume that T is a non-empty cone of Radon measures on G, i.e., for
every v € T and every \,n > 0 we have nTp v € T, and moreover 0 ¢ T. Then, the
following are equivalent
(i) the set B(T) :={v €T : Fi(v) = 1} is weak™® compact,
(ii) for every sequence {v;}ieny C T such that lim; o F1(v;) = 0, we have v; — 0,
(iii) there is a q € (0,00) such that v(B(0,2r)) < qu(B(0,r)) for every r > 0 and every
veT.

Proof. Let us first prove that (i)=-(ii). Let v; be a sequence in 7 and let us assume that
lim; o F1(v;) = 0. We note that v; — 0 if and only if Fy;(v4,0) = Fi(v;) —; 0 for every
t > 0. This means that if v; does not converge to 0, we infer that there are a t > 1 and an
£ > 0 such that, up to passing to subsequences, we have F;(v;) > ¢ for every i € N. We can
assume without loss of generality that F(v;) > 0 for every I. Let us define

ri ==sup{r € [1,{] : F(v;) < Fi(v;) +1/i}.
It is immediate to see that up to further subsequences Fy(To,,vi) = r; 1Fri(w) > (0 and that
. Ft/m (To,m’/i) . Fy(vi) . N1
o Mooy~ A ()~ (F1() + 1/6) 7 = oo

Thanks to the fact that T is a cone, we know that Fy(Tp,,v;) " Tovi € B(T) and thus
there must exists a converging (non-relabeled) subsequence of r; and a v € B(T) such that
Fi(To, Vi)_lT(),m v; — v. This however implies that

Fyyri(Tor,vi) Fy(Torvi) 1
fry 1 L 7 vt < 1 s e 77 prd 1 3 )T . - prd
T B TR @) = R R T~ o A Tor) o) = F0),

that is a contradiction with the fact that v is a Radon measure.
Secondly, let us show that (ii)=-(iii). Since 7 is a cone, it suffices to prove that there

exists g € (0, 4+00) such that v(B(0,2)) < qv(B(0,1)) for every v € T. Indeed, we thus would
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get that for every v € T and r > 0 we have v(B(0,2r)) = Ty ,v(B(0,2)) < ¢Tp,v(B(0,1)) =
qu(B(0,7)). Suppose by contradiction that there exists a sequence of measures v; € T such
that v;(B(0,2)) > iv;(B(0,1)). Note now that since T is a cone, the measures v;(B(0,2)) " tv;
are still in 7 and lim; o Fy(3(B(0,2))"!r;) = 0. Thanks to (ii) this shows in particular
that

(1.60) vi(B(0,2)) 'y — 0

However, since F3(v;(B(0,2))y;) > 1 for every i € N, this is a contradiction with (1.60),
according to which one should have
lim F3(v;(B(0,2)) ') = F3(0) =0,
1— 00
since F3 is a weak™ continuous operator on Radon measures.
Finally, let us prove the implication (iii)=(i). Let {v;}ien be a sequence in B(7) and
note that for every i € N we have

vi(B(0,1/2)) < 2F1 (1) = 2,

and thus thanks to (iii) we infer that for every r > 0 we have v;(B(0,r)) is uniformly
bounded above independently on ¢ € N. Finally, Proposition and the weak* continuity
of F} conclude the proof. O

Remark 1.79. Let us notice that if 7 is a non-empty cone of Radon measures such that
B(T) is weak™ compact, for every A > 1 there is 7 > 1 such that F,.(¢p) < AF,.(y) for
every r > 0 and ¢ € T. The proof follows verbatim from the five lines in [202, (1)=(5) of
Proposition 2.2].

Proposition 1.80. For every Radon measure ¢ on G and ¢-almost every x € G the set
Tan(¢, x) is either empty or a cone. Moreover, if ¢ is a Radon measure on G such that the
set B(p,x) == {v € Tan(¢,x) : F1(v) = 1} is non-empty and weak™ compact for ¢-almost
every x € G, then ¢ is asymptotically doubling.

Proof. In order to prove the first part of the statement, let © € supp (¢) be a point where
Tan(¢, x) is non-empty, choose a v € Tan(¢, x) and assume that r; — 0 and ¢; are two
sequences such that

CiTx,rigb — V.
To conclude the proof of the claim we need to show that for every , A > 0 we have nTy \v €
Tan(¢, z) and to do this, we just note that
nciTexe;® = NTox(CiTe ) — nToAv.

This shows that nTp v € Tan(¢, ) and thus Tan(¢,x) is a cone.

Fix a point x € G where the set B(¢,z) is a compact cone and thanks to Proposi-
tion [1.78[iii) we infer there exists a ¢ > 0 such that v(B(0,2r)) < qu(B(0,r)) for every
v € Tan(¢, z) and every r > 0. Let 0 := inf{dist(z, B(0,1/2)¢) : z € B(0,1/4)} > 0. We now
claim that
(1.61) limsup Fi (Ty2r¢) / Fi (T, ) < 2071

r—0

Indeed, if by contradiction r; is an infinitesimal sequence such that

Fi(Typr,0) > 207 2 F1(Ty ,0),
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then for every v € B(¢, z) we have

Fo1(Te2r; @/ F1(Tr2r; @) v) > Fo1/2(Te 2@/ F1 (T 2r,0)5 V)
(1.62) > Fip(v) = Fiyo(Teor, @)/ F1 (To2r, d),

where the last inequality comes from Remark and Lemma [1.68] Furthermore, we also
have for every v € B(¢, x) that

Fijp(v) _ ov(B(0,1/4)) _ 0
1.63 Fipv) = > — > —.
(1.63) 1/2(v) Fi(v) = 2v(B(0,1)) ~ 2¢
Thanks to the absurd hypothesis and the fact that for every s > 0 we have Fy(Ty,¢) =
sFy(Ty rs¢), we infer that

(1.64) Fio(Tr2,9) ) Fi (Ta2r,0) = Fi(T i, 0) /2F1 (T2, 6) < 0/44%.
Putting (1.62), (1.63) and (1.64) together, we conclude that
(1.65) Fo1(Tyor,0)Fi(Thor¢),v) >0/4¢> > min{o /44, 1/2} =: ¢,

for every v € B(¢,z). Let us now denote, for simplicity, 7 := Tan(¢,z). By taking
into account the definition of d; in (1.57), we get from the previous computations that
d1(Ty2r, ¢, T ) > € for every i. Let us fix v € Tan(¢, x), and take ¢; > 0 and s; — 0 such that

¢;Ty,s,¢ — v. Let us note that (1.57) and (1.58) imply that
limdy (Ty5,6, 7) = lim dy(¢;Ty 5,0, 7) = di(v, T) = 0.
1—0 1—00

Thanks to the above chain of identities, for ¢ sufficiently large, we denote by ¢; the smallest
number among those £ € [0, s;] with the property that di (7% ¢, 7) < € for every £ <n < s;.
Since dy (Ty2r;¢, 7 ) > € we conclude that ¢; > 0 for i sufficiently large and dy (T 4,6, 7) = ¢
by the minimality of ¢; and the continuity of the map 1+ dy (1,0, 7).

If, up to subsequences, ¢;/s; —; t > 0, we conclude that, thanks to ,

El(T()’tV, 9) = iiiglooal(TLtsigf), 9) Z g,

where the last inequality is true since ts; is arbitrarily near to ¢; for i large enough, and
dy(Ty e, ¢, ) > €. The previous inequality gives a contradiction since Tp v € 7 and hence
we should have dy (T v, 7) = 0. Thus, ¢;/s; — 0. This means that for every r > 1, taking
into account (1.59), we have

(1.66) limsup d,(Tyr, ¢, 7) = limsup dy (Ty re, ¢, T) < &,

i—+400 1—400

since ¢; < rl; < s; for i sufficiently large. Since ¢ < 1, we have that A := 2/(1 +¢) > 1,
and hence, by Remark there exists 7 > 1 such that Fy,. () < AF.(¢) for every ¢ € T
and for every r > 0, since .7 has a compact basis. Hence, taking into account with 77
instead of r, we get that, whenever » > 1 and ¢ is sufficiently big, there exists ¥ € .7 with

F..(¢) =1 and
Tx,&‘b
For (Faqsﬁ”) <ef2

As a consequence, whenever r > 1 and 14 is sufficiently big, by the triangle inequality for F
(cf. Proposition [1.70) and by the fact that Fr,(-) > F,(-), we get that

(T b)) > Fo () —e/2> AN E, () —e/2 > 1/2.

FTT (Tw,&- (b)
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Hence, iterating, we have shown that there exists 7 > 1 such that that for every r» > 1 and
every p € N,

lim sup 7F7pr (Tet,#)
i—+00 FT‘ (Tx,ﬁi Qb)

By the arbitrariness of p € N and r > 1, this implies that we are in a position to apply

L. Te.e, .
Proposition [1.69| to the sequence W%, which then converges, up to subsequences, to

b€ 7 with Fi(#) = 1. But then, by (1.58),
81(57 9) = hm El (TCE,&;(ZS? g) 2 €,

1——+00

< +00

that is a contradiction since d1(7,.7) = 0. Hence we finally have proven (1.61).

Hence, from (1.61), we deduce

. ¢(B(x,2r)) .. 2F (T 4r0) 2 4
limsup ————— <limsup —————————~ < 160 ,
0l (B(wr) — a0t 27 TR (Tyrd) 1
whence the conclusion. OJ

Let us now prove a simple consequence of the previous proposition.

Proposition 1.81. Let ¢ be a Radon measure on G such that for ¢-almost every x € G we
have Tan(¢, ) = {AS".V(x),\ > 0} for some homogeneous subgroup V(zx) of homogeneous
dimension h € N. Then, for ¢-almost every v € G, the measure Ty ,¢/F(Ty,r¢) weak™
converges to (h+1)C".V(z) as r — 0.

Proof. For ¢-almost every x € G we have that B(¢,z) = {(h + 1)C"_V(z)}, taking into
account Proposition and Remark Hence B(¢, x) is clearly compact for ¢-almost
every © € G, and then ¢ is asymptotically doubling, due to Proposition [1.80 Hence for
every sequence r; — 0 we can extract a subsequence in ¢ such that T ,,¢/F1 (T r,¢) weak™
converges to some v € Tan(¢,x), due to the fact that ¢ is asymptotically doubling and
thus the hypothesis of Proposition is verified. Since Fj(v) = 1 by continuity of Fi, we
conclude that v = (h + 1)C"_V(z). Thus, being the sequence r; arbitrary, we obtain the
thesis. O

The following proposition, which is inspired by [202, 4.4(4)], will be of crucial importance
in the proof of some results in Chapter

Proposition 1.82. Let 0 < o < 1/5, ¢ be a Radon measure on G, h € {1,...,Q}, and
d, (0, M(h,{V})) < ot then

6(B(y,5) N B(yV, 0%/ (h+1))) > (1 — 50)(s/r)'6(B(z,7),
whenever z,y € zVNB(z, (1—-0)t), ot <r < (1—0)t—||z7 12|, and ot < s < (1—0)t—||z7y].
Proof. The definition of d, ¢(-, M(h, {V})) implies that
Fo1(Teud/ Fi(T.40), (h+1)CPLV) < o4

Up to redefining ¢ we can assume without loss of generality that z = 0, t = 1 and that
Fi(¢) = 1. Thus, let q := 0?/(h+1), z € Vand r > 0 as in the hypothesis of the proposition.
Define

g(w) := min{1, dist(w, G \ Bz, +q))/q}.
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Notice that B(xz,r) € B(0,1), and thanks to the assumptions on ¢ we infer that, calling
Lip(g) the Lipschitz constant of the function g,

(1.67)
¢(B(z,r)) < / (w)do(w) < (h+1)/g(w)dChLV(w)+Lip(g)Fo,1(¢, (h + 1)C" LV (w))

< (h+1C"VB(x,r+q)+ " /g= (h+ 1)(r + )" + " /q,

where in the last equality we are exploiting Remark With the same argument used
above, cf. (1.48), for every y and s > 0 as in the hypothesis of the proposition one can also
show that

(1.68)  (h+1)(s— )" = (h+ DC"V(B(y,s — q)) < ¢(B(y,s) N B(V.q) + 0" /q.

Thus, putting together (1.67) and (1.68) we infer that

h ht2

6(B(y.5) 1 B(V.q) _ (h+1)(s — )" —o"*/g ()h h+1>) %
6B(a,r) T (A D+t +o" g Ay )"+
h+1) rh

2 (s)h 1—h/(h+1)o —o?

r) 142h/(h+1)o + o2

»

()
¢

) 1—7—;2 (1 _50)(r> ’

where in the third inequality above we are using that ¢ < r and ¢ < s; in the fourth
inequality we are using that (1 — o/(h + 1))» > 1 — h/(h + 1)o by Bernoulli inequality,
and (1 4+ o/(h 4+ 1))" < 1+ 2h/(h + 1)o, which can be easily verified by induction since
2ho/(h+1) < 1. O

v

3.3. Measurability of the map "points to tangents". In this subsection we state
and prove three measurability results that will play a crucial role in Chapter Roughly
speaking, we prove that when a measure has unique tangents (or unique approximate tan-
gents), the map that associates a point z € G to its tangent (or approximate tangent) is
measurable. The reference for this subsection is the work [33].

Lemma 1.83. Let ¢ be a Radon measure on G such that, for ¢-almost every x € G, there
exists T(¢, x) € Gr(h) such that

Tan(¢, z) = {\C " 7(¢, ) : X > 0}.
Then the map x — 7(¢, ) is ¢p-measurable as a map from G to Gr(h).

Proof. First of all, from Proposition we get that ¢ is asymptotically doubling. We let
{Vy¢}ien be a countable dense set in Gr(h), which exists thanks to the compactness of the
Grassmannian, see Proposition Furthermore, for every r € (0,1) N Q every € > 0, and
every £ € N we define the function

frie(@) = @(B(x,r)) " ({w € Bla,r) : dist(z " w, ;) > ella w|]})
=: ¢(B(z, 7)) Lo(I(z,r,¢,¢)),

when ¢(B(z,7)) > 0 and we set it to be +oo if ¢(B(z,r)) = 0. We claim that the functions
free are upper semicontinuous. Let {zi}ieny be a sequence of points converging to some
z € G. If ¢(B(xz,r)) = 0 the upper semicontinuity on the sequence {z;};en is trivially
verified by definition of f, ;.. So let us assume without loss of generality that ¢(B(z,r)) > 0.
Since xz; — x and ¢ is a Radon measure we have, by Fatou’s Lemma, that ¢(B(x,r)) <
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liminf; , o &(B(z;, 7)), and then we can assume without loss of generality that ¢(B(x;,r)) >
0 for every i.

Since the sets I(x;,7,¢,¢) are contained in B(x,2) provided i is sufficiently big, we infer
thanks to Fatou’s Lemma that

hm sup fr,€,€ (xz> = hm sSup ¢(B($Za T))il /Xl(xi,r,f,s) (Z)d(b(z)
i—+00 1—+00

(1.69)
< $(B(z,r)"! / i $up X0, ) (2)d6(2).

1—+00

Furthermore, since x; — = and the sets I(z;,r,¢,e) and I(z,r,{,c) are closed, we have

hm SUp Xr1(z;,re,e) = Xlim sup; 4 oo I(xi,7,0,€) < XI(z,rle)s
1—+00

where the first equality is true in general. Then, from (1.69), we infer that
lim sup fr,é,s(xi) < ¢(B(.Z’,?"))_1 /hm SUpP X1(z;,r,6.€) (Z)d¢(z)

71— 00 1—+00
< $(B(z,r)"! / Xiomte) (2)A0(2) = Froe(a),

and this concludes the proof that f,,. is upper semicontinuous. This shows that for every
¢ € N and ¢ > 0, the function

fé,a = lim inf fr,ﬁ,aa
reQn(0,1),r—0

is ¢-measurable. Hence also ﬁa ‘= SUPzcg tae foe is ¢-measurable. As a consequence, since
Tan(¢, z) = {\C"_7(¢,x) : A > 0} for ¢-almost every = € G, we infer that the set

(1.70)

By.:={reG: fvg’e(a:) =0} N{x € G : there exists 7(¢,2)} = {z € G : 7(¢,z) C Cy,(¢)},

is ¢-measurable as well.
Let us now prove that

(1.71) B@,z—: = {.’L‘ €G: T(¢a x) - CV[(E)}7

Let us show the inclusion C in (1.71). If ﬁe(x) =0, then f,=(z) =0 for every € > ¢, £ € Q.
Hence, we first get that there exist r; — 0 such that f, s =(x) —; 0. Since ¢ is asymptotically

doubling, thanks to Proposition we deduce that ¢(B(z,r;)) Ty, ¢ converges, up to
subsequences, to some tangent measure v € Tan(¢, ), and then from the hypothesis we have
v = ACh.7(¢, x), for some A > 0.

Thanks to [89, Proposition 2.7], we infer that for every & > ¢ the following holds

(1.72)
v({w € B(0,1) : dist(w, V) > &||w||})

< liminf (B(z, 1) o, 6w € B(0,1) : dist(w, V) > E|lwl]})
1—00
= liminf ¢(B(z, 7)) Lo({w € B(z,r;) : dist(z ™ w, V) > &|lz" w||}) = 0,
1—00
where the last identity comes from the fact that f, Ag(m) —; 0. This shows in particular that

7(¢,2) C{w € G : dist(w, Vy) < &ljw]|} = Cy, (&),

and thus, taking € — € we get the sought first inclusion in (1.71).
For the other inclusion, if 7(¢,z) C Cy,(¢), we get that 7(¢,z) C {w € G : dist(w, Vy) <
E|lwl||} for every € > . Moreover, as a consequence of a routine argument (cf. [174, Remark
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14.4(3)]) we get that there exists an infinitesimal sequence r; — 0, and a A > 0, such that
¢(B(x, 7)) Ty r, — AChLT(¢, 7). Hence, using [89, Proposition 2.7], we get that for every
€ > ¢ the following inequalities hold

(1.73)

fzyg(x) = rlé%i;gfof“[’g(x) < ligci)glf fn’&g(a:)

= liminf p(B(x,7:)) ' ¢({w € Blx, 1) : dist(2™'w, Vo) > Ela™ w]]})
< limsup (B(z,7:)) T r,0({w € B(0,1) : dist(w, V) > &l|lwl|})

< )\Ch\_T(QZ),CL’)({w € B(0,1) : dist(w, V,) > &|lw]|}) = 0,

where the last inequality is true since 7(¢,z) C Cy,(¢) holds. Hence we have finally proved

the claim (1.71)).

In order to prove that the map = — 7(¢, x) is ¢-measurable, it suffices to check that the
for every open €2 C Gr(h) we have that 77(Q) is ¢-measurable. To show this we note that,
thanks to Lemma [1.39] there is a sequence of radii 7 > 0 such that

Q= |J {WeGrh):WC Cy,(r)}

keN
VieeQ

This implies that, up to ¢-null sets, 771(Q) = Uyen Bi.ry,, Which thanks to the above discus-
sion is a ¢-measurable set. O

Lemma 1.84. Let ¢ be a Py -rectifiable measure. Denote with 7(¢,x) the unique element of
Gr(h), that exists ¢-almost everywhere by definition, for which

Tany,(¢,z) C {NC " 7(p,2) : A > 0.
Then the map x — 7(¢, x) is ¢p-measurable as a map from G to Gr(h).
Proof. From a routine argument (cf. [174, Remark 14.4(3)]), we get that

Tan(¢, x) = {AC"7 (¢, 2)},
for ¢-almost every x € G. Hence we can apply Lemma to conclude the proof. O

The proof of the following lemma follows as the ones above. We omit the details. Notice
that the following statement could be also obtained arguing as in [178, Proposition 3.9], after
having noticed that, since 27" < @"*(S"_E,z) < 1 for S"_E-almost every z € G due to
(102} 2.10.19(1) and 2.10.19(5)], the condition (1.74) is equivalent to asking that V(z) is an
approximate tangent plane to E at x in the sense of [178, Equation (3.2)].

Lemma 1.85. Let E C G be a Borel set of positive and finite S"-measure, and suppose that
for S"-almost every x € E there exists V(x) € Gr(h) for which for every 0 < e < 1 and every
0 < B < 1 there exists a p(x,e,3) > 0 such that

(1.74) SME(B(z,r) \ 20y ) (B)) < eSM"E(B(z,r)),

or every 0 < r < p(x,e,). Then the map = — V(z) from E to Gr(h) is S"_E-measurable.
f Y p(z,e,B) p

Remark 1.86. The results in Lemma [1.83] Lemma and Lemma are readily true
also when we allow 7(¢,z) (or V(x)) to be in some Borel subset of Gr(h).
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4. Intrinsic regular functions and submanifolds

In this section we discuss the various notions of intrinsic regular functions and submani-
folds in Carnot groups. We will fix h, @ natural numbers such that 1 < h < Q. Let G be a
Carnot group of homogeneous dimension ) equipped with a homogeneous norm || - | which
induces a left-invariant homogeneous distance d.

4.1. Intrinsically Lipschitz functions and graphs. In this subsection we discuss
the definition of intrinsically Lipschitz function. The following Definition of intrinsically
Lipschitz function is equivalent to the classical one in [110, Definition 11] because the cones in
[110, Definition 11] and the cones Cy(«) are equivalent whenever V admits a complementary

subgroup, see Remark

Definition 1.87 (Intrinsically Lipschitz functions). Let W € Gr.(h), assume L is a comple-
mentary subgroup of W, and let £ C W. Let a > 0. A function f : EF — L is said to be an
a-intrinsically Lipschitz function if graph(f) := {v- f(v) : v € E} is a Cy(«)-set. A function
f+ E — L is said to be an intrinsically Lipschitz function if there exists o > 0 such that f
is an a-intrinsically Lipschitz function.

Remark 1.88. Let us fix V,L two complementary subgroups of G. Let us recall, from
Remark that if we define

Cyp(a) :={weG: [|[PL(w)| < ol Py(w)]},
then, for every a < (g(V, L), the following inclusions hold

CvL(Cza) C Cy(a) C CyL(a/(Gg— ).

Thus, in Definition we can equivalently use the cones Cy, instead of the cones Cy to
give the notion of intrinsically Lipschitz function.

Proposition 1.89. Let us fit W € Gr.(h) with complementary subgroup L. IfT' C G is a
Cyw()-set for some a < g(W,1L), then the map Py : T' — W is injective. As a consequence
T is the intrinsic graph of an intrinsically Lipschitz map defined on Py(T).

Proof. Suppose by contradiction that Py : I' — W is not injective. Then, there exist p # ¢
with p,q € T such that Py(p) = Pyw(q). Thus p~!- ¢ € L. Moreover, since I is a Cyy(«)-set,
we have that p~1 - ¢ € Cy(a). Eventually we get

pl.geln Cw(a) C LN Cw(gn(W,L)),

where the last inclusion follows since o < g(W,L). The above inclusion, jointly with
Lemma gives that p~! - ¢ = 0 and this is a contradiction. Concerning the last part
of the statement, let us notice that the map Py, o ((PW)|F)71 is well-defined from Pyw(T) to L
and its intrinsic graph is T’ by definition. Moreover, since I' is a Cy(«)-set, the latter map is
intrinsically Lipschitz by Definition [1.87] O

Let us now end this section with the definition of the intrinsic translation of a function.

Definition 1.90 (Intrinsic graph of a function). Let W,IL be complementary subgroups of
G. Let ¢ : U CW — L, we denote

O(U) := graph(p) = {P(w) ==w - p(w) :w € U}.

Definition 1.91 (Intrinsic translation of a function). Let W, L be complementary subgroups
of G. Given a function ¢: U C W — L, we define, for every ¢q € G,

Uyi={a € W:Py(g ' a) e U},
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and p,: Uy €W — L by setting
_ -1 _
(1.75) pqla) = (Pulg™"-a))" - p(Pwlg™" - a)).

4.2. Intrinsically differentiable functions and graphs. In this subsection we discuss
the notion of intrinsically differentiable function and graph, see [109, Definition 3.2.1]. From
now on let V and L be two fixed complementary subgroups in a Carnot group G endowed
with a homogeneous norm || - || that induces a left-invariant homogeneous distance d.

The notion of intrinsic differentiability was first given in [114, Definition 4.4] and then
first studied in [16], see [16, Definition 1.1]. In this last reference the notion of intrinsic
differentiability is given in terms of the graph distance. We here give a slightly different
definition of intrinsic differentiability that is indeed equivalent to the one in [16], by [208,
Proposition 4.76], when V is a normal subgroup.

Definition 1.92 (Intrinsically linear function). The map ¢ : V — L is said to be intrinsically
linear if graph(¢) is a homogeneous subgroup of G.

Definition 1.93 (Intrinsically differentiable function). Let ¢: U C V — L be a function
with U Borel in V. Fix a density point ag € D(U) of U, let pg := ¢(ag)~! - ay ' and denote
with ¢p,: Upy € V — L the shifted function introduced in Definition We say that ¢
is intrinsically differentiable at ag if there is an intrinsically linear map d¥¢,,: V — L such
that

142 ©ay (0) ™" - 0o (D)
b—e, beUp, |||

(1.76) =0.

The function d¥¢,, is called the intrinsic differential of ¢ at ag. We say that ¢ is intrinsically
differentiable if it is intrinsically differentiable at every point ag € U. We also denote by
ID(U, W; L) the set of intrinsically differentiable functions ¢: U C W — L.

Definition 1.94 (Intrinsically differentiable graph). Let ¢ : K C V — L be a continuous
function with K compact in V. Let ag € K. We say that graph(y) is an intrinsically
differentiable graph at ag - ¢(ap) if there exists a homogeneous subgroup V(ag) such that for
every compact set K’ C G, the following holds

(1.77) Jim dir (5x((a0 - ¢(ao)) ™! - graph(p)) N K, V(ao) N K') =0,

where dp ¢ is the Hausdorff distance between closed subsets of G.
When we want to stress that the homogeneous dimension of V is h, we sometimes refer
to graph(y) as an h-dimensional intrinsically differentiable graph at ag - p(ag).

Let us fix ¢ : U CV — L with U open. Whenever the intrinsic differential introduced
in Definition exists, it is unique: see [109, Theorem 3.2.8]. In [109] the authors prove
the following result: a function ¢ : U C V — L, with U open, is intrinsically differentiable
at ag if and only if graph(y) is an intrinsically differentiable graph at ag - ¢(ag) with the
tangent V(ag) complemented by L, see Definition and moreover V(ag) = graph(d¥pa,).
If we have ¢ : U CV — L with U compact and with positive Haar measure in V, the above
equivalence still holds at density points of U. We do not give a proof of this last assertion
since it follows by routine modifications of the argument in [109], and moreover we do not
need it in this thesis.

Let us now give the definition of uniformly intrinsically differentiable map between com-
plementary subgroups.

Definition 1.95 (Uniformly intrinsic differentiability). Let ¢: U C W — L be a function
with U open. For a point ag € U, let pg := @(ag) " - ao_l and denote by ¢, Upy €W — L
the shifted function defined in Definition
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We say that o is uniformly intrinsically differentiable at ag if, setting p, = @(a)~! - a™*
for every a € U, we have

(1.78)
4 -1,
- (Sup { 19500 20O ., ¢ 172 Blao.r).b € U 0 Blanr).a b}) 0.

Il

We say that ¢ is uniformly intrinsically differentiable on U if it is uniformly intrinsically
differentiable at every ap € U. We finally denote by UID(U,W;L) the set of uniformly
intrinsically differentiable functions ¢p: U C W — L.

Let us now discuss more in detail the case in which we have a splitting G = W - L, where
LL is a horizontal homogeneous subgroup.

Proposition 1.96 ([93, Proposition 3.4]). Let W and L be two complementary subgroups of
a Carnot group G with I horizontal and k-dimensional, and let £: W — 1L be an intrinsically
linear function. Then £ only depends on the horizontal components of the elements in W,
namely on Wy = W NV, where Vi = exp(V1). In particular, if my, denotes the projection
from G to Vy, i.e., the map exp omy, oexp !, one has

l(a) = {(my,a), Va € W.

As a consequence, exp ! of o XD o, Lie(W) N V; — Lie(LL) is linear, and there exists a
constant C == C(¢) > 0 such that

(1.79) 1¢(a)|| < C||my,all, Va €¢ W.

Let us now describe how to represent the intrinsic gradient of a function in coordinates,
when L is horizontal.

Definition 1.97 (Intrinsic gradient). Let W and IL be two complementary subgroups of a
Carnot group G with L horizontal and k-dimensional, let U C W be open, and let p: U — LL
be intrinsically differentiable at ag € U. By Proposition the map exp ! o(d%p,,) ©
€XP|, oy, 18 linear and thus there exists a linear map V¥p,, € Lin(Lie(W) N V;; Lie(L))
such that

d%pq, (exp W) = exp (V¥ pq, (W), VW € Lie(W) N V;.
Remark 1.98 (Intrinsic gradient in exponential coordinates). Assume (Xi,...,X,) is an
adapted basis of the Lie algebra g such that

L =span{Xy,..., X}, W = span{Xy11,...,Xn},

and identify W and L with R * and R*, respectively, through exponential coordinates
associated to {X71,..., X, }. Then, by Definition with a little abuse of notation, we get
a k x (n1 — k) matrix V¥¢,, such that, in coordinates, one has

d%pa,(a) = (V%pao(akﬂ, a0, ,O) , Va = (agy1,...,an) € W=R"F,

4.3. Intrinsically C'! functions, submanifolds and rectifiability. In this subsection
we recall the definition of intrinsically C' function between Carnot groups. Moreover, we give
the definitions of intrinsically C'' submanifolds and rectifiable sets.

A notion of intrinsically C* regular submanifold, Cfj-submanifold from now on, was firstly
introduced and studied in [111] in the setting of Heisenberg groups, and then in [112] in
arbitrary Carnot groups G. Initially, the authors only took hypersurfaces into account.
A first step toward a general definition of Cfj-submanifolds in arbitrary codimensions was
done in [115, Definition 3.1, Definition 3.2] in the setting of Heisenberg groups H™. Then
a general notion of (G,M)-regular submanifold, where G and M are Carnot groups, was
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proposed by Magnani in [168, Definition 3.5]. According to the latter definition, a (G, M)-
regular submanifold is locally the zero-level set of an M-valued Cll{—function defined on an open
subset of G and whose intrinsic Pansu differential df is surjective. For more general definition
of Cfj-submanifold, we refer the reader to [168, Definition 3.1], [169, Definition 10.2] and to
[132, Section 2.5].

Below, we present the approach to Cjj-rectifiability presented in [132]. In [132] the
authors give the following definitions of Clli—submanifold of a Carnot group and rectifiable
sets. We first recall the definition of C’%I—function along with the area formula for Lipschitz
functions between Carnot groups, which will be useful later on.

Before starting, we recall the definition of Carnot homomorphism. We call a Lie group
homomorphism ¢ : G — H between two Carnot groups a Carnot homomorphism if

wody=0d)0¢, VA > 0.

Definition 1.99 (Differentiability and Cf-function). Let G and G’ be two Carnot groups
endowed with left-invariant homogeneous distances d and d’, respectively. Let U C G be
Borel and let f: U — G’. Let z € U be a point of density one for U in G. We say that f is
Pansu differentiable at x € U if there exists a Carnot homomorphism df, : G — G’ such that

i ST @) f W), dfe(27" - y))

= 0.
y—a d(x,y)

Moreover we say that f is of class Cf; in U if the map z + df, is well-defined and continuous
from U to the space of Carnot homomorphisms from G to G'.

We shall recall the area formula for Lipschitz maps in Carnot groups which is due to
Magnani. First we recall Rademacher theorem in this setting, which is due to Pansu. The
following statement is in Magnani’s work [160, Theorem 3.9].

Theorem 1.100. Let G and H be two Carnot groups. Let us call QQ the homogeneous dimen-
sion of G. Then every Lipschitz map f : A C (G,dg) — (H, dy), where A is a measurable set,
is differentiable H%-a.e., i.e., for H?-a.e. point x of A, there exists a Carnot homomorphism
dfy : G — H such that

(1.80) i @) W), dfe (@ 1Y)

=0.
yEA y—x dg(z,y)

Remark 1.101. We discuss here how df, is defined. From [160, Step 1 and Step 2 of
Theorem 3.9], and [160, Equation (3) in Step 1 of Theorem 3.9], it follows that

df(2) == _ lm &y, (f(x)_lf(;vétz))

261 2€ A, t—0

does exist for every = in a HP-full measure set A, C A, and every z in a countable dense
subset of G. Then, from [160, Step 2 of Theorem 3.9], for € A,, the map df, can be
extended to all z € G, by density.

Definition 1.102 (Jacobian of a Lipschitz map). Given any Lipschitz map f : A C (G, dg) —
(H, dp) we can define the Jacobian

_ HO(df,(B(0,1)))
Toldfe) = —35m0.1)

at every differentiability point = of f.
The following result is proved in [160, Theorem 4.4].
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Theorem 1.103. Given any Lipschitz map f : A C (G,dg) — (H, dy), where A is a mea-
surable set, we have

[ Taldr)iC@) = [ 47 ) 0 ).

Let us now pass to the definition of Cjj-submanifold and to the definition of intrinsically
C! rectifiability.
Definition 1.104 (Cj}-submanifold). Given a Carnot group G, we say that ¥ C G is a C}-

submanifold of G if there exists a Carnot group G’ such that for every p € ¥ there exists an
open neighborhood 2 of p and a function f € Cll{(Q; G’) such that

(1.81) ENQ={geQ: f(g) =0},

and df, : G — G’ is surjective with Ker(df,) complemented. In this case we say that ¥ is a
CL(G,G')-submanifold. When G’ = R, we say that X is a Cfj-hypersurface.

Definition 1.105 ((G,G')-rectifiable set). Given two arbitrary Carnot groups G and G’ of
homogeneous dimensions @ and @', respectively, we say that X C G is a (G, G’)-rectifiable
set if there exist countably many subsets 3; of G that are Cf;(G, G’)-submanifolds, such that

+oo
HO (2\ U 2Z-> = 0.
i=1
The definition of rectifiability in Definition is based on the assumption that the
good class with which we are choosing to cover our rectifiable set is the class of intrinsically
C' submanifolds. This approach has been taken to its utmost level of generality through the
works [132,163]/164).
We stress here that the notion of Z-rectifiability is strictly weaker than the notion in
Definition [1.105| Indeed, the following result holds. This result is taken from [28, Proposi-
tion 1.2], and we will not present the proof here.

Proposition 1.106. Let us fir G and G’ two arbitrary Carnot groups of homogeneous dimen-
sions Q and Q' respectively. Let us take ¥ C G a (G, G’)-rectifiable set. Then S99 Y isa
Pq-q -rectifiable measure with complemented tangents, namely a &¢,_ o -rectifiable measure.

Moreover, there exist a Carnot group G, a Borel set ¥ C G, and 1 < h < Q such that S".X
is a Pp-rectifiable measure but, for every Carnot group G', ¥ is not (G, G')-rectifiable.

Remark 1.107. We remark that the proof of Proposition in [28] is heavily based on
the results in [132, Lemma 3.4 & Corollary 3.6]. The two latter results in the reference are
consequences of the area formula [132, Theorem 1.1]. As a consequence the approach in
[132] is, in some sense, reversed with respect to our approach to rectifiability. The authors in
[132] deal with the category of Cf;(G,G’)-regular submanifolds and prove the area formula
relying on [132, Proposition 2.2], that ultimately tells that a Borel regular measure p with
positive and finite Federer’s density 6 with respect to the spherical Hausdorff measure S”
admits the representation y = S". Then with this area formula they are able to prove the
results that led to the proof of the above Proposition

We stress that in the paper [33], together with A. Merlo, we proved an area formula
for intrinsically differentiable graphs, see [33, Theorem 1.3], that extends the result of [132,
Theorem 1.1].

Remark 1.108 (Z-rectifiability and (G,G’)-rectifiable sets). From Definition and
Definition it follows that the tangent subgroup W at almost every point of a (G,G’)-
rectifiable set is normal and complemented. Moreover, from [132, Lemma 2.14, (iv)], every
complementary subgroup of W must be a Carnot subgroup of G that in addition is isomorphic
to G’. This results in a lack of generality of this approach to rectifiability. Let us give here an
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example where the previous phenomenon becomes clear. If we take L an horizontal subgroup
in the first Heisenberg group H', on the one hand S'LL is &2 -rectifiable, on the other hand
L is not (H!, G')-rectifiable for every Carnot group G’ since L is not normal.

Let us stress that the second part of Proposition is not surprising. Indeed, the
approach to rectifiability through intrinsically C'!' submanifolds described above and used in
[132] is selecting rectifiable sets whose tangents are complemented normal subgroups of G,
see [132] Section 2.5] for a more detailed discussion. This can be easily understood if one
thinks that the parametrizing class of objects is given by Cfj-regular submanifolds ¥ with
complemented tangents Ker(df,) at p € ¥, which are complemented (and normal) subgroups.

In some sense we could say that the approach of [132] is covering, in the utmost generality
known up to now, the case of low-codimensional rectifiable sets in a Carnot group G. It
has been clear since the works [115,178| that, already in the Heisenberg groups H™, one
should approach the low-dimensional rectifiability in a different way with respect to the low-
codimensional one. Indeed, in the low-dimensional case in H", the authors in [115,178]
choose as a parametrizing class of objects the images of C’Ili—regular (or Lipschitz-regular)
functions from subsets of R? to H", with 1 < d < n, see [115, Definition 3.1 & Definition
3.2], and [178| Definition 2.10 and Definition 3.13].

The bridge between the definition of &-rectifiability and the ones discussed in the above
paragraphs is done in [178] in the setting of Heisenberg groups, and in [128] in arbitrary
homogeneous groups but only in the case of horizontal tangents. Let us stress that the result in
[178, (1)< (iv) of Theorem 3.15] shows that in the Heisenberg groups the &7-rectifiability with
tangents that are vertical subgroups is equivalent to the rectifiability given in terms of C}-
regular submanifolds. Moreover [178, (i)< (iv) of Theorem 3.14] shows that in the Heisenberg
groups the H-rectifiability with tangents that are horizontal subgroups is equivalent to the
rectifiability given in terms of Lipschitz-regular images.

Moreover, very recently, in [128, Theorem 1.1], the authors prove a generalization of [178,
Theorem 3.14] in arbitrary homogeneous groups. Namely they prove that in a homogeneous
group the k-rectifiability of a set in the sense of Federer can be characterized with the fact that
the tangent measures to the set are horizontal subgroups, or equivalently with the fact that
there exists an approximate tangent plane that is a horizontal subgroup almost everywhere. In
our setting this implies that the P-rectifiability with tangents that are horizontal subgroups
is equivalent to the rectifiability given in terms of Lipschitz-regular images, which is Federer’s
one. For results similar to the ones of [33,128,178| but in the different setting of the parabolic
R™ and in all the codimensions, we point out the recent [176].

One natural question to ask after the negative result in Proposition is whether the
notion of P-rectifiability and the notion of (G,G’)-rectifiability do coincide in some cases.
In (33, Corollary 5.3] we show that this is the case in the co-horizontal setting, namely we
prove the following result. Here, we omit the proof, which is based on the slicing result in
[33, Proposition 5.1], which is itself ultimately based on the rectifiability result presented in
Proposition [2.37]

Proposition 1.109. Let G be a Carnot group of homogeneous dimension ), and let 1 < h <
Q be a natural number. Let T' C G be a Borel set such that 0 < S*(I') < 4-00. The following
are equivalent

1. SMT isa D5 -rectifiable measure, and at S .T'-almost every x € G the support of
every tangent measure is complemented by a horizontal subgroup.
2. T is Cf(G, RO~ -rectifiable.
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Thus the following question becomes natural. A positive answer to the following question
would imply that, whenever they can agree, the notions of #-rectifiable set and the notion
of intrinsically C! rectifiable set in the sense Definition [1.104/ do agree.

Question 1. Let ¢ be a &-rectifiable measure on G such that at ¢-almost every point
the support of every tangent measure is the Haar measure of a given normal complemented
subgroup. Understand whether G can be covered ¢-almost everywhere with the countable
union of Cf(G, G')-submanifolds (where G’ need not to be unique), see Definition

Let us now discuss, with more details, the case of co-horizontal submanifolds in a Carnot
group.
Definition 1.110 (Vw, VL). Let W and L be two complementary subgroups of a Carnot
group G, with L horizontal and k-dimensional and let f € C}(U; R*). Consider an adapted
basis (Xi,...,X,) of the Lie algebra g such that L. = exp(span{Xj,..., Xx}) and
W = exp(span{Xxi1,...,Xn}). Then, we define Vi f and Vw f by setting

X XM Xepr S o X fW
VLf = : : , Vwf= : :
X f® xR Xppr f® o X f®

In particular, one has that, in exponential coordinates, Vi f = (VLf | Vw/f), where Vy is
the intrinsic differential, see Definition in coordinates.

We recall the notion of co-horizontal C-submanifold of arbitrary codimension, see [141,
Definition 3.3.4]. We stress that we changed the terminology with respect to [141, Defini-
tion 3.3.4]. What the author calls co-Abelian submanifold, for us is a co-horizontal subman-
ifold. This is a particular case of Definition when G’ = R*.

Definition 1.111 (co-horizontal Cfj-submanifold). Let G be a Carnot group of rank m and
let 1 <k <m. We say that ¥ C G is a co-horizontal Cfj-submanifold of codimension k if,
for every p € X, there exist a neighborhood U of p and a map f € C}(U;R¥) such that

(1.82) YNU={gecU: f(g) =0},

and the Pansu-differential df,: G — R* of f is surjective.

We say that X is a codimension k co-horizontal Cﬁ-submam’fold with complemented tan-
gents if, in addition, given a representation around p as in , the homogeneous subgroup
Ker(df,) admits a horizontal complement (of dimension k). In this case, we call Ker(df,) the
homogeneous tangent space to % at p. This homogeneous subgroup at p is independent of the
choice of f, see [169, Theorem 1.7].

A first natural question one could try to answer is whether it is possible to (locally) write
a Clli—submanifold as an intrinsic graph of a function. The answer to the previous question
is affirmative for Cfj-hypersurfaces. Moreover the graphing function is intrinsically Lipschitz
according to Definition m (actually it is UID, see the forthcoming discussion), while it
is in general neither Euclidean Lipschitz nor Lipschitz with respect to any sub-Riemannian
distance, see [114, Example 3.3 and Proposition 3.4].

A more general implicit function theorem was proved by Magnani in [169, Theorem 1.4].
This theorem holds for arbitrary (G, M)-regular submanifolds with the additional property
that Ker(df;) has a complementary subgroup in G, where z is the point around which we
want to parametrize the submanifold. From [169, Eq. (1.8)] it follows, also in this case, that
the parametrization is intrinsically Lipschitz. The validity of the implicit function theorem
leads the way to a very general definition of (G, M)-regular sets for G, where M is just a
homogeneous group, given in [169, Definition 10.2], compare with the above Deﬁnition
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We will not deal with objects at this level of generality, but we refer the interested reader
to [169, Sections 10,11,12]. As already pointed out above, the class of intrinsic regular
submanifolds is also studied in [132], where area and coarea formulae are proved. For an
alternative proof of the implicit function theorem, one can also see [132, Section 2.5].

Coming back to the co-horizontal case, we remark that, if ¥ C G is a co-horizontal C%I—
submanifold with complemented tangents, then one can use the implicit function theorem,
see [113, Theorem 2.1] for the one-codimensional case, and see [169, Theorem 1.4] for the
more general statement, to locally represent the submanifold as a graph of a function ¢: U C
W = Ker(df,) — L, with W and L complementary subgroups.

A finer study on the regularity of the parametrizing function of a C’Il{—submanifold has been
initiated in [16] in the setting of Heisenberg groups H", for the class of Cf-hypersurfaces.
For this study in arbitrary CC-spaces, see also [81]. In [16], with this aim, the authors
introduced the notion of uniform intrinsic differentiability that we gave in Definition [1.95]

Building upon an implicit function theorem, the authors in [16] prove that in H" the
graphing map ¢ for a C’%I—hypersurface is UID. The idea behind this implication is the follow-
ing: a function f € C’%I not only has continuous derivatives, but also its horizontal gradient
Vuf uniformly approximates f at first order, see [169, Theorem 1.2], and [132, Proposi-
tion 2.4]. This notion is sometimes referred to as strict differentiability. This fact has a
strong analogy with the Euclidean setting. Indeed, in the Euclidean framework, a function f
with continuous partial derivatives is Fréchet-differentiable, and the proof relies on a use of a
mean value inequality, that is exactly what one finds in [169, Theorem 1.2], and [16, Lemma
4.2]. We stress that [16, Lemma 4.2] is an instance of the stratified mean value theorem that
can be found in [106]. Finally, the uniform differentiability of f translates into the uniform
intrinsic differentiability of (.

The fact that the graphing function is UID was proved in the case of co-horizontal C’%{—
submanifolds in H" in [37], and more in general for co-horizontal Cfj-submanifolds with
complemented tangents in every Carnot group, in [93]. The converse implication, i.e., the
fact that the graph of a UID function is a C’Il{—submanifold, was firstly shown to be true
in [16,37] in the setting of H", and lately generalized in [93] for arbitrary Carnot groups
G to functions with horizontal target, see the forthcoming Proposition for a precise
statement. Notice that the lack of generality in the statement, namely, the fact that one
restricts the target to be horizontal, is due to the fact that a generalized version of Whitney’s
extension theorem, beyond the case in which the target is horizontal, is still not known to be
true.

The following proposition follows from [93, Theorem 4.1 and Theorem 4.6] and relates
level sets of R¥-valued C{-functions, and ultimately co-horizontal Cfj-submanifolds with com-
plemented tangents, with uniformly intrinsically differentiable functions.

Proposition 1.112 (|93, Theorem 4.1 and Theorem 4.6]). Let W and L be two complemen-
tary subgroups of a Carnot group G, with I horizontal and k-dimensional, take U C W open
and ¢ € UID(U,W;LL). Then, for every a € U, there exist a neighborhood V' of a-¢(a) in G,
and f € C(V;R¥), such that

graph(p)(U) NV = @(U) NV ={g e V: f(g) = 0},

and, for every g € V, the Pansu differential (dfy), : L — Rk s bijective. As a conse-
quence graph(y) is a co-horizontal C’Il{-submam'fold of codimension k, with tangents comple-
mented by L. Moreover, if (X1,...,X,) is an adapted basis of the Lie algebra g such that
L = exp(span{Xy,..., Xx}) and W = exp(span{Xxi1,...,Xp}), then det VL f # 0 and, in
exponential coordinates, one has

(1.83) Vep(a) = — (VLf(®(a)) " Vwf(®(a)), VaeU.
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For the definition of V¥¢, Vw and Vi, we refer to Definition and Definition [1.110.

On the other hand, if 1 <k < m and X is a codimension k co-horizontal C%I—submanifold
with complemented tangents, then, for every p € X, there exist two complementary subgroups
W and L of G with L horizontal and k-dimensional, a neighborhood V. C G of p and ¢ €
UID(U,W; L), with U = Pw(V'), such that

YNV = graph(yp).

Remark 1.113. Notice that, in the setting of Proposition [1.112] in the case £ = 1, up to
possibly changing basis, one may assume X;f # 0 on V, and, in coordinates, formula (1.83)

reads as
X X
(1.84) V¥p(a) = — (ini o Xu{

Remark 1.114 (Tangent subgroups to Cf-submanifolds). From the previous Proposi-
tion it directly follows that every co-horizontal C’Il{—submanifold with complemented
tangents has Hausdorff tangent everywhere, and moreover such Hausdorff tangent is the ho-
mogeneous tangent space as defined in Definition For a proof of this property in a
more general context one can see [169, Theorem 1.7], or [132, Lemma 2.14, point (iii)]. This
convergence is moreover locally uniform: we will not use this information, but this comes
from [141, Theorem 3.1.1].

Remark 1.115 (Hausdorff dimension of a co-horizontal submanifold). Let ¥ be a co-
horizontal C’é—submanifold of codimension k£ with complemented tangents in a Carnot group
of homogeneous dimension () endowed with an arbitrary left-invariant homogeneous distance.
Hence the Hausdorff dimension of 3 is ) — k. This comes from the implicit function theo-
rem (see e.g., [96, Theorem A.5], and [169, Theorem 1.4]), that allows to locally write the
hypersurface as the graph of an intrinsically Lipschitz function. Thus, the local estimate of
the Hausdorff measure of the graph of an intrinsically Lipschitz function in [109, Theorem
2.3.7] gives the sought conclusion.

) 0®(a), VacU



CHAPTER 2

Fine Structure of #-rectifiable measures

In this chapter we are going to study the fine structure properties of #-rectifiable mea-
sures. The content of this chapter is a selection of the results obtained in [31-33] together
with A. Merlo. I stress that the two papers [31,32] are two companion papers derived from
[28] that is available on arXiv as version 2 in the submission history of the file [31].

In this chapter, if not otherwise specified, G will be a fixed Carnot group of homogeneous
dimension ) endowed with a homogeneous norm || - || that induces a homogeneous left-
invariant distance d. Moreover, h will be a natural number in the set {1,...,Q}.

In Section [1) we first prove that the support of an arbitrary &2-rectifiable measure on
a Carnot group can be covered ¢-almost everywhere with sets with the cone property with
arbitrarily small opening. In the case the tangents of the measure are complemented ¢-
almost everywhere, we show that the support of ¢ can be covered ¢-almost everywhere with
intrinsically Lipschitz graphs with arbitrarily small Lipschitz constants.

In Section [2| we exploit the results in Section [1] to prove that an arbitrary &2,-rectifiable
measure ¢ with complemented tangents has h-density ¢-almost everywhere.

In Section |3| we slightly improve the results in Section |1] and we prove that the support of
a Pp-rectifiable measure ¢ with complemented tangents can be covered ¢-almost everywhere
with intrinsically Lipschitz graphs with arbitrarily small Lipschitz constant that in addition
are intrinsically differentiable graphs almost everywhere.

Finally, in Section we give equivalent properties for a measure S*.T", where I C G, and
0 < SMI") < +00, to be a P-rectifiable measure with complemented tangents, and we prove
that the h-density of the centered Hausdorff measure C*.T" is 1 S*.T-almost everywhere.

1. Covering the support of Z-rectifiable measures with sets with the cone
property

In this section we aim at proving the next two theorems, that are two of the main results
contained in [28]. In the first result we prove that the support of a Z),-rectifiable measure ¢,
see Definition[1.58] can be covered ¢-almost all by sets with the cone property with arbitrarily
small opening.

Theorem 2.1. Let G be a Carnot group of homogeneous dimension @ endowed with an ar-
bitrary left-invariant homogeneous distance. Let h € {1,...,Q}, and let ¢ be a Py -rectifiable
measure on G.

Then G can be covered ¢-almost everywhere with countably many compact sets with the
cone property with arbitrarily small opening. In other words for every a > 0 we have

+o0
s(e\Ur) -0,
i=1
where I'; are compact Cy,(a)-sets, where V; are homogeneous subgroups of G of homogeneous

dimension h.

45
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If we ask that the tangents are complemented subgroups, we can improve the previous
result. In particular we can take the I';’s to be intrinsically Lipschitz graphs. For the definition
of intrinsically Lipschitz function, we refer the reader to Definition [1.87

Theorem 2.2. Let G be a Carnot group of homogeneous dimension Q endowed with an ar-
bitrary left-invariant homogeneous distance. Let h € {1,...,Q}, and let ¢ be a P} -rectifiable
measure on G, i.e., a Pp-rectifiable measure with tangents that are complemented almost
everywhere.

Then G can be covered ¢-almost everywhere with countably many compact graphs of in-
trinsically Lipschitz functions with arbitrarily small Lipschitz constant. In other words for
every a > 0 we have

¢<G\§Fi) =0,

where T'; = graph(y;) are compact sets, with p; : A; C V; — L; being an intrinsically o-
Lipschitz function between a compact subset A; of V;, which is a homogeneous subgroup of G
of homogeneous dimension h, and LL;, which is a subgroup complementary to V;.

1.1. Proof. In this subsection section we prove Theorem [2.1] and Theorem Let us
recall that for an arbitrary Radon measure ¢ on G supported on a compact set, and for
J,v € N, we can define F(¥,~) as in Definition Moreover, as 1,y vary, the sets E(9,7)
cover ¢-almost all of G. In this subsection ¢ will be an arbitrary Radon measure supported
on a compact set K C G, and 9,y will be arbitrary natural numbers.

The first step in order to prove Theorem is to observe the following general property,
that can be made quantitative at arbitrary points = € E(1J,): if the measure St xV, with
V € Gr(h), is sufficiently near to ¢ in a precise measure theoretic sense at the scale r around
x, then in some ball of center x and with radius comparable with r, the points in the set
E(9,~) are not too distant from V. Roughly speaking, if we denote with F} , the functional
that measures the distance between measures on the ball B(x,r), see Definition we
prove that the following implication holds

if there exist ©,d > 0 such that Fy (¢, @S" 2V) < 6"+t
then E(9,7) N B(z,r) C B(xzV,w(d)r) where w is continuous and w(0) = 0.

(2.1)

For the precise statement of the implication in , see Proposition Let us remark that
when ¢ is a &), -rectifiable measure, then for ¢-almost every x € G the bound on Fj , in the
premise of is satisfied with V(z) € Gr(h), and for arbitrarily small 6 > 0, whenever
r < ro(x,d). Thus for P-rectifiable measures we deduce that the estimate in the conclusion
of holds for arbitrarily small §, and with r < ro(z,d). This latter estimate easily implies,
by a very general geometric argument, that E(9,7)NB(z,r) C 2Cy(4) () for arbitrarily small
a and for all » < ro(z, ). For the latter assertion we refer the reader to Proposition The
proof of Theorem is thus concluded by joining together the previous observations and by
the general cone-rectifiability criterion in Proposition

In order to prove Theorem we follow the path of the proof of Theorem which
we discussed above, but we have to pay attention to one technical detail. We have to split
the subset of the Grassmannian Gr(h) made by the homogeneous subgroups V that admit at
least one complementary subgroup LL into countable subsets according to the value of gg(V, L).
Indeed, if we work in an arbitrary Carnot group G and one of its homogeneous subgroups
V admits a complementary subgroup . we already proved that there exists a constant gy :=
gr(V, L) such that every Cy(gp)-set is the intrinsic graph of a function f: A CV — L, see
Proposition [1.89] Then, in order to prove Theorem we have to change the argument of
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Theorem by paying attention to the fact that we want to control the opening of the final
Cy, (a;)-sets with a; < gp(V;,1L;). This is what we do in the forthcoming Theorem we
prove a refinement of Theorem in which we further ask that the opening of the cones is
controlled above also by some a priori defined function F(V,LL). Let us now start with some
preliminary definitions and results.

Definition 2.3. Let us fix x € G, r > 0 and ¢ a Radon measure on G. We define Il5(z,r) to
be the subset of homogeneous subgroups V € Gr(h) for which there exists a © > 0 such that
(2.2) Fyr(6,08" xV) < 2577+,

Definition 2.4. For every 9 € N we define dg = dg(h,9) := 912~ (4+5),

In the following proposition we prove that if ¢ is sufficiently d,,-near to M (h), see
Definition for the definition of d,,, then E(¢,v) is at a controlled distance from a
homogeneous subgroup V.

Proposition 2.5. Let z € E(9,7), fizx § < g, where dg is defined in Definition [2.4, and set

0 <r <1/y. Then for every V € ls(z,r), see Definition|2.3, we have

(2.3) ap V) o g ) g1/ s oy (9, )1/ 04D,
weE(W,7)NB(x,r/4) r

Proof. Let V be any element of Ils(x,r) and suppose © > 0 is such that

’ / fdp —© / fdS" xV

Since the function g(w) := min{dist(w, B(x,r)¢), dist(w,xV)} belongs to Lip] (B(z,7)), we
deduce that

< 267", for every f € Lip] (B(z,r)).

200"+ > /g(w)dqzb(w) —@/g(w)dSthV
:/g(w)d¢(w) > /B( s min{r/2, dist(w, zV) }dp(w).

Suppose that y is a point in B(x,r/4) N E(Y,) furthest from 2V and let D := dist(y, zV).
If D > r/8, this would imply that

257“h+1 > / min{?‘/Q, diSt(w, ZL‘V)}dCZ)(w)
B(z,r/2)

T = rhtl
> i 2, dist V) }d > —o(B 16)) > ——
2 [ w2, dist w2V o) 2 feoBr/16) 2 o

where the last inequality follows from the definition of E(1J, ). The previous inequality would
imply 6 > 9~12-(4"+5) which is not possible since § < dg = 9127415 gee Definition
This implies that D < r/8 and as a consequence, we have

207"+ > / min{r/2, dist(w, zV) }dp(w)

B(z,r/2)
(2.4) B .
Z/ min{r/2, dist(w, V) }do(w) > D¢(B(y,D/2)) 5 g1 (D) + |
B(y,D/2) 2 9

where the second inequality comes from the fact that B(y, D/2) C B(x,7/2). This implies
thanks to (2.4), that
sup dist(w, 2V) D 11/ (1) g1/ (1) g1 /+1) Z g, g1/ D)
weE(Y,7)NB(z,r/4) r r
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0

Remark 2.6. Notice that a priori IIs(x, r) in the statement of Proposition may be empty.
Nevertheless it is easy to notice, by using the definitions, that if d, (¢, 0) < 0 then II5(z, )
is nonempty.

In the following proposition we show that if we are at a point = € E (¢, ) for which the
h-tangents are flat, then locally around z the set E (1, ) enjoys an appropriate cone property
with arbitrarily small opening.

Proposition 2.7. For every a > 0 and every x € E(¥,7) for which
Tany (¢, ) € {IAS "LV (z) : A > 0},
for some V(z) € Gr(h), there exists a p(a,x) > 0 such that whenever 0 < r < p we have
E(0,7) N B(z,1) € 2Cy ) (a).

Proof. Let us fix a > 0. Let us fix z € E(J,7) and V(x) € Gr(h) such that Tany (¢, x) C
{A\S"_.V(x) : A > 0}. Thus, by using Proposition we conclude that

F$T' h
lim inf == (¢, 057 aV(z))
r—0©>0 rh+1

=0.

From the previous equality it follows that for every £ > 0 there exists 1/v > ro(e) > 0 such
that

(25) o For (@, 08" xV(z)) <er"™,  whenever 0 <r < ro(e).
>

Now we aim at proving that, for € > 0 small enough, E(0,~v) N B(x,70(¢)/4) C 2Cy () (). In
order to prove this we notice that (2.5) and Proposition [2.5/imply that, for e > 0 sufficiently
small, the following inequality holds

(2.6) sup dist(p, zV(z)) < (h,ﬁ)sl/(h+1)r, whenever 0 < r < ry(e).
pGE(ﬁ,'y)ﬂE(z,r/Al)

Indeed, from (2.5)) it follows that V(z) € II.(z,r) for every 0 < r < rg, see Definition
so that it suffices to choose ¢ < dg = 912~ (#+5)  see Definition in order to apply

Proposition and conclude .

Now let us take ¢ < dg so small that the inequality 8Q5(h, 0)el/ (1) < a holds. We
finally prove E(,v) N B(w,70(¢)/4) € 2Cy(y)(a). Indeed, let p € E(J,7) N B(z,7o(c)/4),
and k > 3 be such that r027% < ||z~1 - p|| < 792 %1, Since p € E(9,7) N B(x, (ro27%+3)/4),
from (2.6) we get

dist(p, 2V (x)) < C(h, 9)e"/ " Drg27H43 < 8C5(h, 9)/ V|27 - p|| < afla™" - p],
thus showing the claim. O

We now prove a cone-type rectifiability criterion that will be useful in combination with
the previous results in order to split the support of a &7, or a & -rectifiable measures with

sets that have the cone property. We will need the following estimate on the norm of the
conjugate in a Carnot group.

Lemma 2.8. There exists a constant Cg > 1 such that for every x,y € B(0,£) we have
ly™ -2 - yll < (e, )|/,

where Kk 1s the step of the group.

Proof. This follows immediately from [110, Lemma 3.12]. O
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Proposition 2.9 (Cone-rectifiability criterion). Suppose that E is a closed subset of G for
which there exists a countable family F C Gr(h) and a function o : F — (0,1) such that for
every x € E there exist p(z) > 0, and V(x) € F for which

(2.7) B(z,r) N E C 2Cy () (a(V(z))),
whenever 0 < r < p(x). Then, there are countably many compact Cy,(3p;)-sets I'; such that
VieZ, a(V;) < Bi <2a(V;), and
(2.8) E=JT.

1€EN
Proof. Let us split F in the following way. Let 4,5,k € N, and let G(3, j, k) be the subset of
those x € EN B(0, k) for which

B(z,r)NE C zCy,(a(Vy)),

for every 0 < r < 1/j. Then, from the hypothesis, it follows E = U; j renG (4, j, k). Since E is
closed, it is not difficult to see that G(i,j, k) is closed too. Let us fix i, 7,k € N, some f3; < 1
with a(V;) < B;i < 2a(V;), and let us prove that G(i,7, k) can be covered with countably
many compact Cy, (3/;)-sets. Since 4, j,k € N are fixed from now on we assume without loss
of generality that G(i, j, k) = E so that we can drop the indeces.

Let us take {g/} a dense subset of E, and let us define the closed tubular neighbourhood
of q/V

(2.9) S(0) := B(qV,2""j "Cg(14k,G)~"B"),

where we recall that x is the step of the group, and where (g is defined in (2.8)). We will now
prove that S(¢) N E is a Cy(303)-set, or equivalently that for every p € S(¢) N E we have

(2.10) S()NECp-Cy(38).

If ¢ € S(¢) N EN B(p,1/(24)), the inclusion (2.10) holds thanks to our assumptions on E.
If on the other hand ¢ € S(¢/) N E \ B(p,1/(37)), let p*,¢* € V be such that dist(p, ¢/V) =
1(p*)~"g; 'pll, and dist(q, g¢V) = [|(¢*)""q; 'ql|- Let us prove that [lg*|| < 4k and [[p*|| < 4k.
This is due to the fact that

lg" | = llgell = llall < 11(g") " g7 'qll = dist(g, qeV) <1,

where the last inequality follows from the definition of S (€), see (2.9). From the previous
inequality it follows that ||¢*|| < 2k + 1, since ¢,q¢ € B(0,k). A similar computation proves
the bound for ||p*|| and this implies that

Ip g+ () @l < llp |+ Nlgell + 2llp*] + Nl < 14k.

The application of Lemma and the fact that (¢*)~!p* and p~lqup* are in B(0,14k), due
to the previous inequality, imply that

dist(p~'¢, V) < l(¢") "o - p7 el = I(¢") "0 07" 4™ (0%) ' (6F) gyt -l
< @) ' p et - (0F) N+ N (g) g
< C(14k, G)|lp qep™||/* + dist(q, ¢V)
= (g(14k, G)dist(p, ng)l/N + dist(q, ¢/ V).

Finally, thanks to (2.9) and we infer

B 14k, G) + 1
o Gallak,
dist(p~ ¢, V) < 2j (14K, G)

(2.11)

B < B <38|p~ 14l
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thus showing (2.10) in the remaining case. In conclusion we have proved that for every

i,7,k, 0 € N, the sets G(3, j, k) N S(¢) are Cy,(30;)-sets. This concludes the proof since
%,3,k,0EN

and on the other hand every G(i, j, k)NS(¢) is a bounded and closed, thus compact, Cy, (35;)-

set. The fact that the sets G(3,j,k) N S(¢) are contained in E follows by definition, thus
concluding the proof of the equality. O

In the following, with the symbol Sub(h), we denote the subset of Gr.(h) x Gr.(Q — h)
defined by
(2.12)
{(V,L) : V€ Gre(h) and L is a hom. subgroup that is a complementary subgroup of V},

we fix a function F : Sub(h) — (0, 1), and for every £ € N with ¢ > 2 let us define
Gr¥(n,t) := {V € Gr.(h) : 3L compl. subgroup of V s.t. 1/¢ < F(V,L) < 1/({ —1)}.

Observe that GrY (h, ) is separable for every ¢ € N, since Gr¥ (h, ¢) C Gr(h) and (Gr(h),dg)
is a compact metric space, see Proposition For every £ > 2, let

(2.13) D¢ = {Vistien,
be a countable dense subset of Gr¥ (h, £) and
(2.14)

for all # € N, choose a compl. subgroup L;, of V;¢s.t. 1/ <F(V;,,L; ) <1/(£—1).

Let us now prove Theorem In order to do this, we will prove the following more
detailed result, from which Theorem [2.2| will follow as a corollary.

Theorem 2.10. Let F : Sub(h) — (0,1) be a function where Sub(h) is defined in (2.12)),

and for every £ € N define Dy as in 1D Set F :={V; ¢}iven, and choose L; ¢ as in (2.14).
Furthermore, let 3 : N — (0,1) and define B(V; ) B(L) for every i, € N. For the ease of
notation we rename % = {Vi}ren. Then the followmg holds.

Let ¢ be a &} - rectzﬁable measure. There are countably many compact sets I'y, that are
Cvy, (min{F(Vy, L), B(Vi)})-sets for some Vi, € F, and such that

¢(G\ L_J rk) — 0.

Proof. Let us notice that without loss of generality, by restricting the measure on balls with
integer radius, we can suppose that ¢ has a compact support. Fix 9,7 € N and let E(9,7)
be the set introduced in Definition with respect to ¢. Furthermore, for every £,i,j € N,
we let
(2.15)

Fy(i, j) == A{z € E(V,7) : B(z,r) N E(Y,7)

C zCy,, (6™t min{F(V; 4, L; ), B(V;()}) for every 0 < r < 1/j}.

It is not hard to prove, since E(1,7) is compact, see Proposition that for every £,1, j
the sets Fy(i,j) are compact. We claim that

(2.16) o(E@,\ U Fili.j)=0.
£,,7€N

Indeed, let w € E(¥,7) be such that Tany(¢,w) C {AS"LV(w) : A > 0} for some V(w) €
Grc(h); the complement of the set of such w’s is ¢-null since ¢ is F-rectifiable. Let £(w) € N
be the smallest natural number for which there exists I complementary subgroup of V(w)
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with 1/4(w) < F(V(w),L) < 1/(¢(w) —1). Then by definition we have V(w) € GrF (h, {(w)).
By density of the family %y, in GrF (h,£(w)) there exists a homogeneous subgroup View) €
Di(w) such that
d(V; gy, V(w)) < 307  min{1/€(w), B(V; gu)) }:
for this last observation to hold it is important that 8 only depends on ¢(w), as it is true by
construction. The previous inequality, jointly with Lemma imply that
(2.17)
Oy (30~  min{1/£(w), B(Vi g(u))}) © O,y (67" min{1/6(w), B(V; gu))})
C Cv, 4y (6 min{F(V; g0y, L gw) ) BViseu)) }):
where the last inclusion follows from the fact that by definition of the family %, it holds

F(V; o(w)s Ligw)) > 1/€(w). Thanks to Proposition we can find a p(w) > 0 such that for
every 0 < r < p(w) we have

(2.18) B(w,r) N EW,v) C wCy () (30*1 min{1/¢(w), ,B(Vi’g(w))}).

In particular, putting together (2.17) and (2.18) we infer that for ¢-almost every w € E(9,7)
there are an ¢ = i(w) > 0, an ¢(w) € N and a p(w) > 0 such that whenever 0 < r < p(w) we
have

B(U}, T) N E(’l9, 7) - wCVM(w) (6_1 min{F(Vi,é(w) ) Li,@(w))a B(Vz,f(w))})
This concludes the proof of .

Now, if we fix £,i,j € N, we can apply Proposition to the set Fy(i,7). It suffices to
take the family .# in the statement of Proposition to be the singleton {V;,} and the
function « in the statement of Propositionto be a(V; ) := 6"t min{F(V, 4, L; ), B(Vi0)}.
As a consequence we can write each Fy(i,7) as the union of countably many compact
Cv, ,(min{F(V;,1L; ), (Vi) })-sets. Thus the same holds ¢-almost everywhere for £ (9, ),
allowing 7, /, j to vary in N, since holds. Finally, since we have

¢(G \ Uﬁ,’yENE(ﬂa ’7)) = Oa
due to Proposition we can cover ¢-almost all of G with compact
Cvy, ,(min{F(V; 4, 1L; r), B(Vi ) })-sets for i, £ that vary in N, concluding the proof of the propo-
sition. 0

Proof of Theorem[2.2. Let us define F(V,L) := g(V,L), and let us take 5 : N — (0,1) to be
the constant function 5(n) = min{1, a} > 0. Hence an application of Theorem together
with Proposition gives the sought conclusion. O

Finally, let us state the following theorem, which is a more detailed version of Theorem|2.1

Theorem 2.11. There exists a countable subfamily .# = {Vi}ren of Gr(h) such that the
following holds. Let ¢ be a P-rectifiable measure. For every 0 < < 1 there are countably
many compact sets 'y, that are Cy, (5)-sets for some Vy, € F, and such that

¢>(G \ UO rk) - 0.
k=1

Proof. The proof is similar to the one of Theorem [2.10. It suffices to choose, as a family
Z, an arbitrary countable dense subset of Gr(h) and then one can argue as in the proof
of Theorem without the technical effort of introducing the parameter ¢. We skip the
details. g

Proof of Theorem[2.1]. Tt is an immediate consequence of Theorem [2.11] O
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2. Existence of the density of #-rectifiable measures when the tangents are
complemented

In this section we prove that arbitrary &7/ -rectifiable measures have density almost ev-
erywhere, which is one of the main results of [28].

Theorem 2.12 (Existence of the density). Let G be a Carnot group of homogeneous dimen-
sion Q endowed with an arbitrary left-invariant homogeneous distance. Let h € {1,...,Q},
and let ¢ be a &5 -rectifiable, i.e., a P -rectifiable measure with tangents that are comple-
mented almost everywhere, see Definition[1.58

Then, for ¢-almost every x € G we have

0 < liminf M = lim sup

r—0 rh r—0

¢(B(z,1))

< +00.
rh

Moreover, for ¢-almost every x € G we have
r M — OMe, 2)CV (), as r goes to 0,

where the map T , is defined in Definition the convergence is understood in the duality
with the continuous functions with compact support on G, @h(gﬁ,x) is the h-density, and
C'.V(x) is the h-dimensional centered Hausdorff measure, restricted to the tangent V(x), see

Definition [1.1.

A way of reading the previous theorem is the following: we prove that whenever a Radon
measure on a Carnot group has strictly positive h-lower density and finite h-upper density, and
at almost every point all the blow-up measures are supported on the entire same (depending
on the point) h-dimensional homogeneous complemented subgroup, then the measure has
h-density.

In Euclidean spaces the proof of Theorem|[2.12]is an almost immediate consequence of the
fact that projections on linear spaces are 1-Lipschitz in conjunction with the area formula.
In our context we do not have at our disposal the Lipschitz property of projections. Instead,
we have at our disposal an area formula for &p-rectifiable measures with complemented
tangents, which is obtained as a consequence of the rectifiability results we obtain in [28,33],
see [33, Theorem 4.6]. So the proof of Theorem require new ideas.

In order to obtain Theorem first of all one reduces to the case of the surface measure
on an intrinsically Lipschitz graph with very small Lipschitz constant thanks to the structure
result Theorem proved above. Secondly, one needs to show that the surface measures
of the tangents and their push-forward on the graph are mutually absolutely continuous.
For this last point to hold it will be crucial on the one hand that a &7-rectifiable measure
with complemented tangents can be covered almost everywhere with intrinsic graphs, see
Theorem and on the other hand that asymptotically doubling intrinsically Lipschitz
graphs have big projections on their bases, see Proposition below. Third, one exploits
the fact that the density exists for the surface measures on the tangents to infer its existence
for the original measure.

We further notice that Theorem extends the implication in [178, (iv)=-(ii) of The-
orem 3.15] to the setting of P -rectifiable measures whose tangents are complemented in
arbitrary Carnot groups. Indeed, in [178, (iv)=-(ii) of Theorem 3.15] the authors prove that
if n+1 < h < 2n, and ST is a P),-rectifiable measure with tangents that are vertical
subgroups in the Heisenberg group H", then the h-density of S"LT" exists almost everywhere
and the tangent is unique almost everywhere. The analogous property in H", but with &7,-
rectifiable measures with tangents that are horizontal subgroups is obtained in [178, (iv)=-(ii)
of Theorem 3.14], and in arbitrary homogeneous groups in the recent [128, (iii)=-(ii) of
Theorem 1.1]. However, in the special horizontal case treated in [178, Theorem 3.14] and
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[128, Theorem 1.1] the authors do not assume ©"(S".T",z) > 0 since it comes from the
existence of an approximate tangent, see [178, Theorem 3.10], while the authors in [128]
are able to overcome this issue by adapting [102, Lemma 3.3.6] in [128, Theorem 4.4]. For
further discussions on this see the forthcoming Remark

2.1. Proof. Throughout this subsection we assume that V € Gr.(h) and that V.-L = G.
In this subsection whenever we deal with Cy(«)-sets we are always assuming that o <
g(V,L), where gy is defined in Lemma [1.40,

This subsection is devoted to the proof of Theorem that is obtained through three
different steps. Let I' be a compact Cy(gn(V,L)) set, and recall that by Proposition [1.89]
we can write I' = graph(p) with ¢ : Py(I') — L. Let us denote ®(v) := v - ¢(v) for every
v € Py(T") to be the graph map of ¢.

We first show that if we assume that S".T" is asymptotically doubling, then the push-
forward measure (®),(S"LV) is mutually absolutely continuous with respect to SP.T', see
Proposition We remark that in the Euclidean case the analogous statement holds true
even without the asymptotically doubling assumption: this is true because in the Euclidean
case every Lipschitz graph T' over a S"-positive measured subset of a vector subspace of
dimension h is such that S*.T" is asymptotically doubling, since I is a differentiable graph
almost everywhere. We also stress that every intrinsically Lipschitz graph over a open sub-
set of a h-dimensional homogeneous subgroups has strictly positive lower h-density almost
everywhere, see [110, Theorem 3.9)].

As a second step in order to obtain the proof of Theorem we prove the following
statement that can be made quantitative: if V € Gr.(h), T' is a compact Cy(«)-set with «
sufficiently small, and S".T is a Z,-rectifiable measure with complemented tangents, i.e., a
Pp-rectifiable measure, then we can give an explicit lower bound on the ratio of the lower and
upper h-densities of S".T". We refer the reader to Proposition for a more precise state-
ment. This result is obtained through a blow-up analysis and a careful use of the mutually
absolute continuity property that we discussed above, and which is contained in Proposi-
tion We stress that in order to differentiate in the proof of Proposition [2.21] we need to
use proper S"_Py(T') and S"_V-Vitali relations, see Proposition w[, and Proposition @L
respectively.

As a last step of the proof of Theorem we first use the result in Proposition in
order to prove that Theoremholds true for measures of the type S"LT, see Theorem
Then we conclude the proof for arbitrary measures by reducing ourselves to the sets E(1,7).

We start this chapter with some preliminary results.

Lemma 2.13. There exists a constant K > 1 such that for every w € B(0,1/(5K)), every
y € 9B(0,1) N Cy(an(V,L)), and every z € B(y,1/(5K)), we have w™'z & L.

Proof. By contradiction let us assume that we can find sequences {wy}, {y,} € 0B(0,1) N
Cy(an) and 2, € B(yn,1/n) such that w, converges to 0 and w,, 'z, € L. By compactness
without loss of generality we can assume that the sequence y,, converges to some y € 9B(0,1)N
Cy(gm). Furthermore, by construction we also have that z, must converge to y. This implies
that w,, 1z, converges to y and since by hypothesis w,, 'z, € L, thanks to the fact that L is
closed we infer that y € .. This however is a contradiction since y has unit norm and at the
same time we should have y € Cy(g) NL = {0} by Lemma [1.40]| O

Let us denote with A := A(V,L) > 1 the infimum of all the constant K > 1 such that
Lemma holds.

Proposition 2.14. Let o < g7(V, L) and suppose T is a compact Cy(«)-set. For every xz € T
let p(x) to be the supremum of all the numbers £ > 0 satisfying the following condition. For
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every y € B(z, ) NT we have
Py(B(x,7)) N Py(B(y,s)) =0 for every r,s < d(z,y)/(5A),
where A = A(V,L) is the constant yielded by Lemma [2.15, Then, the function x — p(x) is

positive everywhere on I', and it is upper semicontinuous.

Proof. Let x € T and suppose by contradiction that there is a sequence of points {y; }ieny CT'
converging to x and

(2.19) Py(B(x,7;)) N Py(B(yi,s:)) # 0,
for some r;, s; < d(z,y;)/(5A). We note that (2.19) is equivalent to assuming that there are

2i € B(x,r;) and w; € B(y;,s;) such that
(2.20) Pv(wi) = Pv(zz)

Identity (2.20) implies in particular that for every i € N we have w; 'z; € L and let us denote
pi := d(z,y;). Thanks to the assumptions on y;, z; and w; we have that
(1) d(0,61/,, (7 y;)) = 1 and thus we can assume without loss of generality that there
exists a y € 9B(0,1) such that

lim 61/p (fL‘ yz) =Y

1—00
(2) d(0,6y/,,(x712)) < 1/(5A) and thus up to passing to a non-relabelled subsequence
we can assume that there exists a z € B(0,1/5A) such that

-1
S b 710) = =

(3) d(61/p, (7 i), 01p, (7 w;)) < 1/(5A) and thus, up to passing to a non re-labelled
subsequence, we can suppose that there exists a w € B(y,1/5A) such that
1
zliglo 01/p, (27 w;) = w.

Since T' is supposed to be a Cy(a)-set, we have that for every i € N the point 2~y
is contained in the cone Cy(«) and, since Cy(«) is closed, we infer that y € Cy(«). Since
we assumed o < gg(V,L), we have y € 9B(0,1) N Cy(gn(V,L)). Since &, (') and
01/, (x~tw;) converge to z and w, respectively, we have

~1 “1,y_, —1
Zlgrolo 01/p, (Wi 2i) = llim 61/ p, (Wi x)él/p (7 z) =w "z

Furthermore since w; 'z; € L for every i € N, we infer that w™'z € L since L is closed.
Applying Lemma to y,z,w we see that the fact that w=lz € L, 2 € B(0,1/(54)) and
w € B(y,1/(5A)) results in a contradiction. This concludes the proof of the first part of the
proposition.

In order to show that p is upper semicontinuous we fix an « € I' and we assume by
contradiction that there exists a sequence {z;};cny C I' converging to = such that
(2.21) limsup p(z;) > (1 4+ 7)p(x),

1—00

for some 7 > 0. Fix an y € B(z, (1 + 7/2)p(x)) NT and assume s,r < d(z,y)/(5A). Thus,
thanks to (2.21) and the fact that the x; converge to z, we infer that there exists a ig € N
such that, up to non re-labelled subsequences, for every i > iy we have p(x;) > (1 + 7)p(x),
d(xz;,z) < Tp(x)/4 and s,r + d(zi,x) < d(z;,y)/(5A). Therefore, for every i > ip we have

y € B(w;, (14 37/4)p(x)) C B(xs, p(x;)), and s, 7+ d(xi,x) < d(xi,y)/(BA).
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This however, thanks to the definition of p(z;), implies that
Py(B(x,7)) N Py(B(y, s)) € Py(B(wi,r + d(wi, x))) N Py(B(y, s)) = 0.

Summing up, we have proved that for every y € B(z, (1 + 7/2)p(x)) N T whenever r,s <
d(z,y)/5A we have

PV(§($7 T)) N PV(E(y7 S)) = @7
and this contradicts the maximality of p(x). This concludes the proof. O

Corollary 2.15. Let us fir a < g(V,L) and suppose that T" is a compact Cy(«)-set. Let
us fir x € I' and choose p(x) > 0 as in the statement of Proposition |2.14. Then there is a
0 < r(x) < 1/2 such that the following holds

if 0 <r <r(x) and y € T are such that Py(B(x,2r)) N Py(B(y,10r)) # 0,
then y € B(x, p(x)) and d(x,y) < 50Ar,
where A = A(V,L) is the constant yielded by Lemma [2.15.

(2.22)

Proof. Let us first prove that there exists a constant k£ such that whenever y € I' is such that
d(z,y) > p(x) then d(Py(x), Py(y)) > k. Indeed if it is not the case, we have a sequence
{yi}ien C T such that d(z,y;) > p(z) for every ¢ € N and d(Py(z), Py(y;)) — 0 as i — +oc.
Since I' is compact we can suppose, up to passing to a non re-labelled subsequence, that
y; — y € I'. Moreover since d(z,y;) > p(x) and d(Py(x), Py(y;)) — 0 we conclude that
d(x,y) > p(z), and hence = # y, and moreover Py(x) = Py(y). Then y~!-z € LNCy(a) that
is a contradiction with Lemma because y # = and a < g7. Let us denote a := a(a, )
the supremum of all the constants & for which the previous property holds.

Since Py is uniformly continuous on the closed tubular neighborhood B(T', 1), there exists
a constant 0 < ¢ < 1/10 depending on & = @(a, x) such that for every y € I' and every r < c,
we have

(2.23) Py(Bly, 10r)) € B(Py(y), @/10).

Let us denote 7(x) the supremum of all the constants 0 < ¢ < 1/10 for which holds.
Let us show the first part of the statement. It is sufficient to prove that if r < r(z) and
y € T is such that d(z,y) > p(z), then Py(B(x,2r)) N Py(B(y,10r)) = 0. Indeed if d(z,y) >
p(x) then d(Py(x), Py(y)) > &. Moreover, from we deduce that Py(B(z,107)) C

B(Py(x),a/10) and Py(B(y,10r)) € B(Py(y),a/10). Since d(Py(z), Py(y)) > & we conclude

that B(Py(x),a/10) N B(Py(y),a/10) = () and then also Py(B(x,10r)) N Py(B(y,10r)) = 0,

from which the sought conclusion follows. In order to prove d(z,y) < 50Ar, once we have
T

y € B(z, p(x)), the conclusion follows thanks to Proposition O

Lemma 2.16. Fiz some N € N and assume that F is a family of closed balls of G with
uniformly bounded radii. Then we can find a countable disjoint subfamily 4 of F such that
(i) if B, B' € 4 then 5N B and 5" B’ are disjoint,
(i) Upes B € Upey 5" ' B.

We recall that with AB we denote the ball with the same center as B and the radius multiplied
by A.

Proof. If N = 0, there is nothing to prove, since it is the classical 5-Vitali’s covering Lemma.
Let us assume by inductive hypothesis that the claim holds for N = k and let us prove
that it holds for k + 1. Let %, be the family of balls satisfying (i) and (ii) for N = k, and

apply the 5-Vitali’s covering Lemma to the family of balls .# := {5**'B : B € 4,}. We
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obtain a countable subfamily & of .Z such that if 5¥71B, 51 B’ € & then 51 B and 51 B’
are disjoint, and that satisfies | Be FBC U B€§25B . Therefore, if we define

gk—&—l = {B €Y 5k+lB S {2},
point (i) directly follows and thanks to the inductive hypothesis we have

U Bg U 5k+lBg U 5k+2B,
Be7 BeY, B€f¢k+1

proving the second point of the statement. ]

Proposition 2.17. Let o < gy(V, L) and suppose T is a compact Cy(a)-set with 0 < SM(I") <
400, such that

(2.24) eMsh.r,z) >0,

for S"-almost every x € T. Then, there exists a constant C7 > 0 depending on V, L, such
that for S™-almost every x € T' there exists an R := R(x) > 0 such that for every 0 < £ < R
we have

(2.25) S"(Py(T' N B(z,0))) > CrOM(S".T, z)2¢".

In the same hypotheses above, if instead of having (2.24) we have

. ShLF(P(x, 2r))
lim sup — 0,
r—0  SMI(B(z,r))

for Sh-almost every x € T, then, there exists a constant Cg := Cg(h,V,L) > 0 such that for
S"-almost every x € T there exists an infinitesimal sequence {£;(x)}ien such that for every
1 € N we have

(2.26) SMPy(T' N B(z,4;(x)))) > Ogli(z)"

Proof. Let us start with the proof of the first part of the statement. First of all, let us
recall that two homogeneous left-invariant distances are always bi-Lipschitz equivalent on G.
Therefore if d. is a Carnot-Carathéodory distance on G, which is in particular geodesic, see
(145, Section 3.3|, there exists a constant £(d,d.) > 1 such that

£(d, do) " de(w,y) < d(x,y) < £(d, dc)dc(z,y) for every z,y € G.

We claim that if for every 9,y € N for which S"(E(+,v)) > 0 we have that for S"-almost
every w € E(9,) there exists a R(w) > 0 such that

_ V, L)
2.27 S"(Py(T N B(w, 1)) > Ga(V,
whenever 0 < ¢ < R(w), then the proposition is proved. We recall that A(V,L) is defined
after Lemma The latter claim is due to the following reasoning. First of all, thanks to
(102, Proposition 2.10.19(5)], we know that ©"*(S".T",z) < 1. Secondly, if we set, for every
keN, Ty ={wel:1/(k+1) < OMS".T,w) < 1/k}, we have that

(2.28) Sh (r\ U rk) =0.

keN
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We observe now that if S*(T',) > 0, then S”-almost every w € I'y belongs to some E(k+1,7)
provided -y is big enough, or in other words

(2.29) Sh (Fk\ U B+ 1,7)) =0.

vEN

If our claim (2.27) holds true, whenever S"(E(k+1,v)) > 0, we have that for S" E(k+1,7)-
almost every w there exists R(w) such that whenever 0 < ¢ < R(w) the following chain of
inequalities holds

) 7 Ca(V, L)¢"
S"(Py(T' N B(w, £)) = < 53R AR (d, d,)2" (k + 1)2
(2.30) o GV GV, L)ON(SMT, )t

= 25.53hARg(d,d,)2hE2 = 25.53hARL(d, d.)2"
= Qr@M(ShLT, w)2e".

Identities (2.28) and (2.29) together with (2.30) imply that our claim suffices to prove the
proposition. Therefore, in the following we will assume that ¢, € N are fixed and such that

Sh(E(9,7)) > 0, and we want to prove (2.27).
Let N € N be the unique natural number for which 5¥=2 < Ag(d,d.)? < 5V~! and

for every k € N and 0 < § < 1/2 we define the following sets, where p(z) is defined in
Proposition [2.14]

Ay (k) :={z € E(9,7) : p(z) > 1/k},
. S"(B(x,7) N Ay (k)
Zaql) = € Ao k) Jiy G R =1,
min{¥~!, v~ k=1 5}
1000AL(d, d.)? }

For every 9,y € N the sets Ay (k) are Borel since thanks to Proposition the function
p is upper semicontinuous. Before going on we observe that S". E(3,7)(Ag (k) \ D~ (k) =
0. This comes from the fact that the points of %y (k) are exactly the points of density
one of Ay (k) with respect to the measure S'_E(9,7), that is asymptotically doubling at
SMLE(19,~)-almost every point because it has positive lower density and finite upper density

at S"LE(19,~)-almost every point, see Propositionm Moreover, observe that from Propo-

sitionwe have S"(E(9,v) \U{2 Ay~ (k)) = 0. Let us apply Lemma to N and Zs(k),
and thus we infer that there exists a subfamily ¥5(k) such that

() for every B, B’ € 95(k) we have that 5NBN5NVB =,
(/3) UBEf(;(k) B - UBE%;(k) 5N+1B.

The point (a) above implies in particular that whenever B(z,r), B(y,s) € ¥95(k) we have
d(x,y) > £(d,d.) 25" (r + s), since d is £(d, d.)-Lipschitz equivalent to the geodesic distance
d., and thanks to the choice of N we deduce that
d(z,y)

5A
Throughout the rest of the proof we fix a w € %y (k) and a

0 < R(w) < min{d~1, 71 k71}/8,

Fs5(k) ::{B(m,r) tx € Dy (k) and r <

r+s<

such that
ShLF(E(w, )
12

X _
S" Dy (k) (B(w, 1)) > %7 for every 0 < £ < R(w).

(2.31) > nd

1
20 ° ST (B(w, £))
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For the ease of notation we continue the proof fixing the radius ¢ = R(w) = R. We stress that
the forthcoming estimates are verified, mutatis mutandis, also for every 0 < £ < R. The first
inequality above comes from the definition of E(¥,~), see Definition while the second is
true, up to choose a sufficiently small R(w), because S .TI'-almost every point of Py .~(k) has
density one with respect to the asymptotically doubling measure S"_T". Let us stress that if
we prove our initial claim for such w and R(w) we are done since 8" I'-every point of Zy (k)
satisfies (2.31), S" E(9,7)(Ag (k) \ Do~ (k)) =0, and SM(E(9,7) \ U5 Ag~(k)) = 0.

Let us notice that the definition of .%5(k) implies that there must exist a ball B € ¥5(k)
such that w € 5¥+*1B. We now prove that for every couple of closed balls B(x,7), B(y, s) €
¢5(k) such that B(w, R) intersects both B(z,5V*1r) and B(y,5Vs), we have

(2.32) Py(B(z,r)) N Py(B(y,s)) = 0.
Indeed, suppose that p € B(z,5V*'r) N B(w, R) and note that
d(z,w) < d(z,p) + d(p,w) < R+ 517

< (A4 o min{d 1,71 k1)
= \8 " 10004£(d, d.)? 4 ’

where the last inequality comes from the choice of N. The bound (2.33) shows in particular
that

(2.33)

min{¥~", 7! k')
2

where the last inequality comes from the fact that by construction z is supposed to be in
P9 (k). Thanks to the fact that r + s < d(z,y)/5A4 and y € B(x, p(x)) N E(Y,7) we have

that Proposition implies that (2.32)) holds.

In order to proceed with the conclusion of the proof, let us define
Fs(w,R) :={B € Zs(k) : 5N+p N B(w, R) N Dy (k) # 0},
Gs(w, R) :={B € Ys(k) : 5" ' BN B(w, R) N Dy~ (k) # 0},
Thanks to our choice of R, see (2.31)), and the definition of ¥5(w, R) we have
R — —
o < S'(B(w, R) < 25" 7y () (Blw, R)) < 25%%,7(1{)( U 5N+13>.
Be%s(w,R)

d(z,y) < d(z,w) +d(w,y) <

< p(z),

Let 9(w, R) = {B(i,ri)}ien and recall that z; € Py (k) and that 5N+lp, < 1/y. This
implies, thanks to Proposition that

3%%,@)( U 5N+1B)§2195h(N+1)ZTZh
BeYs(w,R) ieN
= 205" VDGV, L) S0 S Py (Bl )
i€EN

ieEN
§2§5h(N“)(V,L)1Sh(PV( U B)),
BeZs(w,R)

where the first inequality comes from the subadditivity and the upper estimate that we have
in the definition of E(¥,7), see Definition while identity in the third line above comes
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from (2.32). Summing up, for every § > 0 we have

Cg(V,L)R"

h
3. pivngz =9 (PV( U B>)'

BeZ5(w,R)

We now prove that the projection under Py of the closure of Ugc 7, (w,r) B converges in the

Hausdorff sense to Py(Zyg (k) N B(w, R)) as § goes to 0. Since the set Upe gz, r) B is a
covering of %y (k) N B(w, R) we have that

(2.34) PyH(k)NBw,R)e |J) B
BeZs(w,R)

On the other hand, since by definition the balls of .%#5(w, R) have radii smaller than /4 and
center in %y (k), we also have

(2.35) U BeB(@,(k)nBw,R),5"%).
BeZs(w,R)

Putting together (2.34) and (2.35), we infer that the closure of Upegz,(u,r) B converges in
the Hausdorff metric to the closure of B(w, R) N %y (k). Furthermore, since Py restricted
to the ball B(w, R + 1) is uniformly continuous, we infer that

~o( U B) < (2000w )

Thanks to the upper semicontinuity of the Lebesgue measure with respect to the Hausdorff
convergence we eventually infer that

( \ 7L)lzh ] h(l (E
A hmsupS \Y% U ))
h(N+1)92 — z R

8 . 5h( )9 6—0 BeZs(w,R)

< SM(Py(Z9.,(k) N B(w, R))) < S"(Py(E(0,7) N B(w, R))),

where the last inequality above comes from the fact that by construction %y (k) C E(¢,7)
and the compactness of E(¢,7). Finally, since = 275573 A= g(d, d.) " Qg(V, L), we
infer

h 5 Ga(V,L)R" _ 4CQzR"

thus showing the claim (2.27) and then the proof.

Let us prove the second part of the statement. Let us assume for the ease of notation that
the distance d is geodesic. If not, as done in the first part of the proof, one has to properly
change the constants in the proof. We will just sketch the proof, that is an adaptation of the
proof above. Let N € N be the unique natural number for which 572 < A < 5¥~1 where
A is defined after Lemma Notice that, since 27" < ©"*(Sh.T',z) < 1 for S".T-almost
every z € G (cf. [102, 2.10.19(1) and 2.10.19(5)]), hence, for S"_.T-almost every = € G there
exists an infinitesimal sequence {¢;(x)};cn such that

1 SMT N Bz, ti(x
—— ( m&(g(c)h @) _ o,

(2.36)
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Thus, for every k € N and 0 < § < 1/2 we define the following sets

A(k) :={z € T': p(z) > 1/k},
. SMB(z,r) N Ak
20) i={ € A8 : Iy S(h(](_?(m,)r) A (r))) =1}
min{k~!, 5} 1 S'T(B(x, 5V 1))

Z, ={B : < <92
Fs5(k) { (z,7) v € D(k), r< 10004 and ohtl = (5N+1p)h = }’

where p(x) is the number defined in Proposition[2.14] First of all notice that, thanks to (2.36),
ZFs(k) is a fine covering of S".T-almost all Z(k). Furthermore, for every k the sets A(k) are
Borel since thanks to Proposition the function p is upper semicontinuous and, since
by assumption SPLT" is asymptotically doubling, we also know that S*.T'(A(k) \ 2(k)) = 0.
Finally, from Proposition we infer that S"(I'\ U A(k)) = 0. Let us apply Lemma
to N and .#5(k) and we obtain the disjoint subfamily ¥s(k) of .%5(k) such that

(o) for every B, B’ € 95(k) we have that 58BN 5N B’ = (),
(8) Upez;sy B S Upeg,) 5™ ' B.

Throughout the rest of the proof we fix a w € Z(k) such that there exists a sequence
{0;(w) }ien satisfying (2.36)), £;(w) < min{k~!,45}/8, and

(2.37)

for every i € N,

where the inequality follows from the fact that S” T'-almost every point of Z(k) has density
one with respect to the asymptotically doubling measure S”.T". Notice that, according to the
previous discussion, the previous choice on w is made in a set of full S* . -measure, so that if
we prove the estimate with such a w we are done. For the ease of notation we continue
the proof fixing the radius ¢;(w) = R. We stress that the forthcoming estimates are verified
also for every ¢;(w). As done in the first part of the proof above, one can prove that for every
couple of closed balls B(z,r), B(y, s) € 9s5(k) such that B(w, R) intersects both B(z, 5V *1r)
and B(y, 5V *1s), we have

(2.38) Py(B(z,7)) N Py(B(y,s)) = 0.
In order to proceed with the conclusion of the proof, let us define

Fs(w,R) :={B € Zs(k) : 5N ' BN B(w,R) N 2(k) # 0},
“s(w, R) :=={B € 9(k) : 5N "'BnB(w,R) N 2(k) # 0},

Thanks to our choice of R, see (2.37)), and the definition of ¥5(w, R) we have

h
;ﬁ < 8" T(B(w, R)) < 258" 2(k)(B(w, R)) < QShL@(k)( U 5N+1B>‘
BeYs(w,R)
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Let 95(w, R) := {B(z;,7i) }ien and recall that z; € 2(k). This implies, thanks to Proposi-

tion [1.34] that
S’l@(k)( U 5N+1B> <2.5WNFDRN"ph

Bes(w,R) ieN
= 2. 5NV, L)L S S (Py(B(xi, 1))
i€N
= 2. 5WVHDhgyv, L)~ 18" <pv< U B(xi, n)))

€N
< 2. 5WHDhgy(y L)1 St (PV( U B)),
BeZs(w,R)

where the first inequality comes from the subadditivity of the measure and the upper estimate
that we have in the definition of .%5(k); while the first identity of the second line above comes
from (2.38)). Summing up, for every § > 0 we have

Ga(V,.L)R" _
5(N+1)hoh+3 — =S U B) )
BeZs(w,R)
Arguing as above, we get the Hausdorff convergence
PV( U B> o Py <@(k:) N B(w,R)>.
BeZs(w,R)

Thanks to the upper semicontinuity of the Lebesgue measure with respect to the Hausdorff
convergence we eventually infer that

Cg(V,L)R" . h( (

—————— < limsupS" | Py U B
N+1)hoh

5(NHhoh+3 6—0 BeZs(w,R)

< 8"(Py(2(k) N B(w, R))) < 8"(Py(I' N B(w, R))),

(2.39)

where the last inequality above comes from the compactness of I" and the fact that 2(k) C
T. O

Proposition 2.18. Let us fix a < gq(V,L), and suppose I' is a compact Cy(«)-set with
0 < S"(T) < +oc such that
ST (B(x,2r))

lim su — < 00,
o Sh T (B(z, 1)

for S"-almost every x € I'. Let us set ¢ : Py(I') — L the map whose graph is T', see
Proposmon and set ® : Py(T') — G to be the graph map of . Let us define P, ShLV
to be the measure on T such that for every measurable A C T' we have ®,.S".V(A) =
SV (@71 (A)) = SMLV(Py(A)). Then ®.S".V is mutually absolutely continuous with respect
to SM.T.

Proof. The fact that ®,S"_V is absolutely continuous with respect to S"LT is an immediate
consequence of Proposition Vice-versa, suppose by contradiction that there exists a
compact subset C' of ' of positive S"-measure such that

(2.40) 0=,8".V(C) =S"Py(C)).
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Since S".C' is asymptotically doubling by Proposition and C has positive and finite
Sh-measure, we infer thanks to the second part of Propos1t10n 7/that the set C mubt have
a projection of positive S"-measure. This however comes in contradlcuon with ( O

In the following propositions we are going to introduce two fine coverings of &(F) and
V, respectively, that will be used in the proof of Proposition to differentiate with respect
to the measure S Py(T").
Proposition 2.19. Let o < gq(V,L) and suppose that T' is a compact Cy(«)-set with 0 <
SMT) < +oo such that

ersh.T,x) >0,

for Sh-almost every x € T'. As in the statement of Proposition let us denote with
¢ : Py(I') = G the graph map of ¢ : Py(I') — L whose intrinsic graph is T'. Then the
covering relation

S1:={ (2 Py(B(®(2),r) D)) : 2 € Py(I') and 0 < r < min{1, R(®(2)} },

is a S"_Py(T)- Vitali relation, where R(®(z)) is defined as in the first part of Pmposition
for S"_Py(T')-almost every z € V, and it is +co on the remaining S"_Py(T)-null set (cf.
Pmposition where the first part of Proposition does not hold.

Proof. First of all, it is readily noticed that S; is a fine covering of Py (T") sine Py is continuous.
Let us prove that Sy is a S"L Py(T)-Vitali relation in (Py(I'), d) with the distance d induced
form G. For x € Py(T) and r > 0, define G(x,r) := Py(B(®(x),r) NT). Notice that an
arbitrary element of Sy (Py(T)), see (1.2), is of the form G(z,r) for some z € Py(T') and some
0 < r < min{l, R(®(z))}. Let 6(G(z,r)) := r and note that the d-enlargement, see (1.3), of
G(z,r) is
(2.41)
G(z,r) == J{G(y,s) : y € Py(I), 0 < s <min{l, R(®(y))},
G(y,s) NG(x,r) # 0 and §(G(y, s)) < 56(G(z,r))}
(y,s)
)

= U{G y,s):y € Py(T), 0 <s <min{l, R(®(y))}, G(y,s) NG(x,r) %0, s < 5r}.

Whenever G(z, r)NG(y, s) # () we have that d(®(z), ®(y)) < r+s: indeed, since Py is injective
on I', see Proposition 1 89 we have Py(B(®(z),r)NT)NPy(B(®(y),s)NT) # ( if and only if
B(®(z),7)NB(®(y),s)NT # 0. In particular, since s < 5r we have B(®(y), s) € B(®(x), 12r),
and thus G(z,r) C G(x,12r) for every = € Py(I") and 0 < r < min{1, R(®(z))}.

Finally, thanks to Proposition and Proposition for S"-almost every x € Py(T)

we have

. SM(G(w,7)) | : -
%13(1) sup {5(G(ZL‘ r)) + m 10 <r <min{l, R(®(x))}, diam(G(z,7)) < f}
- ShG(x,12r)) . S"(Py(B(®(x),12r)))
22 St s e = L B S (B, )
(12r)"S"(Py(B(0, 1))) 12"8"(Py(B(0,1)))
< 1—|—hmsup ‘.@h(Shl_FV@( )2r =1+ O.@Q(S’X_F,CI)( )2’

where we explicitly mentioned the set over which we take the supremum only in the first
line for the ease of notation, and where the first inequality in the third line follows from
the fact that S*(Py(€)) = S"(Py(x€)) for every x € G and every Borel set £ C G, see

Proposition Thanks to (2.42)) we can apply the first part of Proposition and thus
we infer that Sy is a S"_Py(I')-Vitali relation. O
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Proposition 2.20. Let a < g7(V, L) and let T be a compact Cy(a)-set with 0 < S*(T) < +oo.
As in the statement of Pmposition let us denote with ® : Py(I') — G the graph map of
¢ : Py(T') — L whose intrinsic graph is T. Then for S"-almost every w € Py(T) we have

. SM(Py(B(®(w),r) N ®(w)Cy(a)) N Py(T))
28 S P B, ) @)
Proof. For every w € V\ Py(T") we let

p(w) := inf{r > 0: B(w,r) N Py(B(T,r/")) # 0}.

It is immediate to see that p(w) < dist(w, Py(T")) and that p(w) = 0 if and only if w € Py(T).
Throughout the rest of the proof we let S be the fine covering of V given by the couples
(w, G(w,r)) for which

(o) if w € V\ Py(T) then 7 € (0, min{p(w)/2,1}) and G(w,r) := B(w,r) NV,

(B) if we Py(I") then r € (0,1) and G(w, ) := Py(B(®(w),r) N ®(w)Cy(a)).
Furthermore, for every w € V we define the function § on S(V), see (1.2), as
(2.44) §(G(w,r)) =1

If we prove that S is a S"_V-Vitali relation, the second part of Proposition directly
implies that (2.43) holds. If for S"-almost every w € V we prove that

(2.45)

lim sup {5(G(w, r)) +

< 00,

h(A h(A
S(GWJ%}S1+hmmm5(GWJD
§=0 (w,G(w,r)) €S, diam(G(w,r)) <& £€—0

where we explicitly mentioned the set over which we take the supremum only the first time
for the ease of notation, and where é(w,r is the d-enlargement of G(w,r), see ; thus,
thanks to the first part of Proposition we would immediately infer that S is a S V-
Vitali relation. In order to prove that holds, we need to get a better understanding of
the geometric structure of the J-enlargement of G(w,r).

If w e V\ Py(T"), we note that there must exist an 0 < r(w) < min{p(w)/2,1} such that
for every 0 < r < r(w) we have

B(w,r)N Py(B(T,5r)) = 0.
Indeed, if this is not the case there would exist a sequence r; | 0 and a sequence {z; };en such
that

2 € B(w,r;) N Py(B(T,5r;)).
Since Py(T) is compact and Py is continuous on the closed tubular neighborhood B(T', 1), up
to passing to a non re-labelled subsequence we have that the z;’s converge to some z € Py(TI")

and on the other hand by construction the z;’s converge to w which is not contained in Py(T),
and this is a contradiction. This implies that if 0 < r < r(w), we have

(2.46)
Glw,r) = U{G(y, s):yeV,s>0,(y,G(y,9)) €S, Gy,s) NG(w,r) # 0, and s < 5r}

C|U{By.s)NV:B(y,s)NB(w,r)NV #0 and s < 5r} C B(w,11r) NV,

where in the inclusion we are using the fact that if y were in Py(I'), and s < 5r, then G(y, 5) C
Py(B(T,s)) C Py(B(T,5r)) which would be in contradiction with G(y, s)NG(w, r) # 0, since
we chose 0 < 7 < r(w). Summing up, if w € V\ Py(T) the bound (2.45) immediately follows

thanks to (2.46) and the homogeneity of Sh.
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If on the other hand w € Py(I") the situation is more complicated. If y € V'\ Py(I") and
s < br are such that

(2.47) G(y,s) N Py(B(®(w),r)) = B(y,s) N Py(B(2(w),r)) # 0,

since by construction of the covering S we also assumed that 0 < s < p(y)/2, we infer that we
must have r > s'/% for (2.47) to be satisfied. This allows us to infer that, for every w € Py(T)
and 0 < r < 1, we have
(2.48)

r) = U{G(y,s) yeV,s>0, (y,G(y,8)) €S, Gly,s) NG(w,r) # 0, and s < 5r}

C (P (B(D(y), 5)) 1y € Py(T), Py(B(D(y),s)) N Py(B(®(w),)) # 0, and s < 5r}u

UUB(y, )NV i y € V\ Py(D), Bly, )N Pu(B(®(w), ) £ 0, s < min{5r, p(y)/2}}

C Py (B(D(y), 5)) sy € Py(T), Py(B(D(y),s)) N Py(B(®(w),)) # 0, and 5 < 5r}u
U (B(Py(B(®(w),)),3r") N V),

where in the last inclusion we are using the observation right after (2.47) according to which
s < r*. We now study independently each of the two terms of the union of the last two lines
above. Let us first note that if w,y € Py(I'), s < 5r and

Py(B(2(y), s)) N Py(B(®(w), 1)) # 0,

then Py(B(®(y),10r)) N Py(B(®(w),2r)) # (. This observation and Corollary imply
that if 0 < r < r(w) is sufficiently small we have d(®(w), ®(y)) < 50Ar, where the constant

A = A(V,L) is yielded by Lemma In particular we deduce that for every 0 < r < r(w)
sufficiently small

H{Pv(B(®(y),s)) :y € Py(T'), Py(B(®(y),s)) N Py(B(®(w),r)) # 0, and s < 5r}
C Py(B(®(w),50(A + 1)r)).

In order to study the term in the last line of , we prove the following claim: for
every 0 < r < 1, every z € Py(B(®(w),r)), and every A € B(0,3r") NV we have zA €
Py(B(®(w),C(T)r)), where C(T') is a constant depending only on TI'. Indeed, since I is
compact and Py, is continuous, there exists a constant K’ := K'(I') such that whenever
0<r<1,and z € Py(B(®(w),r)), there exsits an ¢ € L such that z¢ € B(®(w),r) and
€| < K'. Thus there exists a constant K := K(I') > 0 such that whenever 0 < r < 1,
z € Py(B(®(w),r)), and A € B(0,3r®) NV, there exists ¢ € L with 2 € B(®(w),r) and
IIA] + ||| < K. Thus we can estimate

d(D(w), 2AL) < d(D(w), 2) + d(2L, 2AL) < r + Og(K, G)| A" < C(D)r,

where the second inequality in the last equation comes from Lemma Thus zA €
Py(B(®(w),C(I")r)), and the claim is proved. Summing up, we have proved that when-
ever w € Py(I") and 0 < r < r(w) is sufficiently small we have

G(w,r) C Py(B(®(w),50(A + 1)r)) U Py(B(®(w), C(T)r)),

and thus (2.45) immediately follows by the latter inclusion, the homogeneity of Sh.V, and
the fact that S"(Py(z&)) = S"(Py(E€)) for every 2 € G and £ a Borel subset of G, see
Proposition [1.32] This concludes the proof of the proposition. O

We are now ready to prove the main step that will be needed for the proof of Theorem|2.12]
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Proposition 2.21. Let us fix o < gg(V,L). Suppose T' is a compact Cy(a)-set with 0 <
SM(T) < +oo, and such that S".T is P -rectifiable. For S"-almost every x € I we have

h(ch T
(2.49) (1= P14 cle)) " < GG <,

where ¢(c) is defined in Lemma|1.435,

Proof. Let us preliminarily observe that since S"LV and C"_V are both Haar measures on V,
they coincide up to a constant. Since for S"-almost every z € T we have O (S".T',z) > 0,
the upper bound is trivial. Let us proceed with the lower bound. Thanks to Proposition
and the Radon-Nikodym Theorem, see [125, page 82], there exists p € L' (®,C"_V) such that

(i) p(x) > 0 for ®,C " V-almost every z € T,
(ii) S'.T = pd.ChLV.
We stress that the following reasoning holds for S" . T'-almost every x € T'. Let {r;};en be an

infinitesimal sequence such that r; "7}, S".T' — AC".V(z) for some A > 0. First of all, we
immediately see that Corollary implies that A € [@F(S".T, z), 8"*(S".I",z)] and that

JroBaronr) P(@(1))dC"V (y)

i—00 m - i—00 ShLF(E(:L‘, 7“@))
_ p(x) I C'".V(Py(B(z,r;) NT))
1—00 T’h ’

where the last identity comes from Proposition that allows us to differentiate by using

the second part of Proposition and Lemma Thanks to Lemma Remark

and the fact that I' is a Cy(a)-set, we have

h B 1 X « —
5 < Jim SRR DD ey (5(0.1) 0 Co )
(2:50) ch V(B(0,1)) Z
L , . _h
< (1 _ C(Oé))h - (1 - C(CM)) )

where in the second equality we used the homogeneity of C* and the fact that C*(Py(z&)) =
C"(Py(£)) for every x € G and & a Borel subset of G, see Proposition m On the other
hand, thanks to Lemma we have

(2.51)

ChI_V(PV(B(.’I,', T’i) N F))

—— = lim

pla) im0 »

> Tim C"(Py(B(x, ( )ri) NzCy(a)) N Py(T)) C*(Py(B(x, €(a)r;) NzCy(a)))
Timoe  CM(Py(B(z, &(a)r;) NaCy(a))) r

= &(a)"C"(Py(B(0,1) N Cy(@))) > €(a)l,

where the first identity in the last line comes from Proposition and the inequality comes

from Lemma Remark and €(a) is defined in (1.28). Putting together (2.50) and
(2.51), we have

(2.52) (1 —¢(a))” - A - 1
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Thanks to the definition of ©"(S".T", z) and ©"*(S".T", z) we can find two sequences {r; };en
and {s;};en such that

h (B . AN
O ST, z) = lim M, and O (Sh.I, z) = lim SMI(B(z, 1)

; ; 3
1—00 re 1—00 s

>
>

~
~

and without loss of generality, taking Lemma into account, we have that, up to passing
to subsequences,

7T ST — OMSIT 2)Ch LV (z), 87T, ST — @M (ST, 2)C V().
The bounds (2.52) imply therefore that

(1 —c(a))" < OMSM.T, z) < 1
(2.53) (T+c(@) = plz)  ~ @A=cla)?
| (1-c)’ _ oM (Shla) _ 1
(1 +c(a) = p(z) =1 = c(a)

Finally the bounds in (2.53) yield
@h(Sh\_F x)
(1= (@) (1 <) ™ < GG <1,
and this concludes the proof. ([l

We prove now the existence of the density of &7} -rectifiable measures, see Theorem m
We first prove an algebraic lemma, then we prove the existence of the density for measures
of the type S".T", and then we conclude with the proof of the existence of the density for
arbitrary &;-rectifiable measures.

Lemma 2.22. Let us fir 0 < & < 1 a real number, £, h € N, and let f be the function defined
as follows

@
C—a
Then, there exists a = a(e,f,h) > 0 such that the following implication holds

if0<a<aand C>1/l, then a < C and (1 — f(a, )1+ f(a, O)) " > 1 —&.

f:{(a,C) € (0,400)* : aa < C} — (0, 400), fla,C) =

Proof. Let us choose 0 < € := (e, h) < 1 such that
(1-2)14+2)">1-¢, forall 0 <z <Ee.

Let us show that the sought constant a(e, ¢, h) can be chosen to be @ := £/(¢(1+¢)). Indeed,
if « <@ and C > 1/¢ we infer that o < C' and

a< f(lia < 1C_f’g’ and then f(a,C) = Cioz <E.
This implies that if « < @ and C' > 1/¢, then
(1= fa,ON*" (1 + f(a,C)) " > 1 ¢,
where the last inequality above comes from the choice of €. This concludes the proof. (Il

Theorem 2.23. Let I' be a compact subset of G with 0 < S"(I') < 400, and such that S".T
is a &5 -rectifiable measure. Then

0 < OMSII, 2) = OM* (ST, ) < +00, for S".T-almost every z € G.
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Proof. In the following, for every ¢ > 0, we will construct a measurable set A, C T" such that
SMT\ A.) =0 and

M (Sh.T, z
(2.54) 1-e< GM <1, foreveryx € A..
If (2.54) holds then we are free to choose e = 1/n for every n € N and then the density of
S'.T exists on the set ﬂ,fi’iAl /n, that has full S I-measure. So we are left to construct A.
as in (2.54). Let us define the function

F(V,L) :=gq(V,L), forall V& Gr.(h) with complement L.

Let us take the family .# := {V,};.°° C Gr.(h) and let us choose L; complementary subgroups
to V; as in the statement of Theorem[2.10l We remark that the choices of the family .# and of
the complementary subgroups depend on the function F previously defined, see the discussion
before Theorem Let us define

B:N— (07 1)a 6(6) = &(67& h)a
where a(e,l,h) is the constant in Lemma and with an abuse of notation let us lift 3
to a function on % as we did in the statement of Theorem From Theorem we

conclude that there exist countably many I';’s that are compact Cy, (min{gq(V;,L;), 8(V;)})-
sets contained in I' such that

(2.55) Sh (r \ u;ffFi) = 0.

Let us write, for the ease of notation, a; := min{gy(V;,L;), 5(V;)} for every i € N. Since
I'; CTand S".Tis 7 -rectifiable, we conclude, by exploiting the locality of tangents and the
Lebesgue Differentiation Theorem, see Proposition that the measures S".T'; are Pr-
rectifiable as well for every i € N. Thus, since o; < g7(V;,L;), we can apply Proposition m
and conclude that, for every ¢ € N, we have

"+ (Sh Ty, z)
1—c())?'(1 N h< 2 vt o
(1= c(aq))™ (1 +c(aq)) " < OF ST ) = &

where ¢(a;) = a;/(Cg(V;,L;) — ;). Since it holds that ©"*(S".T;, x) = ©"*(S'.T, x), and
O"SM.Ty, z) = OF(SM.T, z) for S .T;-almost every = € G, see Proposition for every
i € N we conclude that

for S".T;-almost every z € G,

h,* hl_ T
256) (1= o)1+ cfo)) " < Gt <,

Let us now fix ¢ € N and note there exists a unique ¢(i) € N such that
1/0(1) < gn(Vi, L;) < 1/(€(3) — 1).

Moreover, from the definition of 5 and .%# we see that 8(V;) = ((e, £(i), h). This allows us to
infer that

(1) a; < B(V;) = B(g,£(i), h), since a; := min{gq(V;, L;), B(V;)},
(2) Og(Vi,L;) > 1/£(i), since 1/€(i) < en(V;,L;) = Ga(V;,L;)/2, see Lemma [1.40]
Thus we can apply Lemma and conclude that

(1— (@)1 +c(a))™>1—e.
This shows, thanks to (2.56)), that for every i € N, we have

@h’*(ShLF, x)
B @Q(ShLF, SL‘)

for S".T;-almost every z € G.

1-— <1, for ShLFi—almost every x € G.
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Thus by taking into account (2.55) and the previous equation we conclude (2.54), that is the
sought claim. O

Remark 2.24. It is a classical result that if £ C R" is a h-rectifiable set, with 1 < h < n,
then ©"(S"_E,x) = 1 for S"-almost every point = € E, see [102, Theorem 3.2.19]. The
converse also holds as it is a special case of Preiss’s theorem [202].

We point out that as a consequence of the forthcoming Theorem we have that
whenever I' C G is a Borel set such that 0 < S*(T') < +o0, and S".T" is P¢-rectifiable, then
O"(Ch.T,z) = 1 for C"-almost every x € T

We thus ask the following two questions, the second one being a simplified version of the
analogue of Preiss’s theorem for sets on Carnot groups.

Question 2. Understand whether the following holds. Let I' € G be a Borel set such
that 0 < S"(T) < +oo, and ST is P¢-rectifiable. Then ©"(SM T, x) = 1 for S"-almost
every x € T'.

Question 3. Understand whether the following holds. Let I' C G be a Borel set such
that 0 < SM(I") < 400, and O"(CH.T',z) = 1 (or OH(SA.T, z) = 1) for S"-almost every z € T.
Then S" is &),-rectifiable.

Regarding the last question, very recently Julia—Merlo [131] proved that on every homo-
geneous group there is a homogeneous left-invariant distance such that if the measure H".T
has h-density one almost everywhere, than I' is Euclidean rectifiable.

Proof of Theorem [2.12. We stress that by restricting ouserlves on balls of integer radii, by
using Proposition we can assume that ¢ has compact support. Let us first recall that,

by Proposition we have

(2.57) ) (G\ U E(zsw)) =0.

9,veN

Let us fix ¥,y € N. From Lebesgue Differentiation Theorem and the locality of tangents,
see Proposition we deduce that ¢ being Z7;-rectifiable implies that gL E(1,7) is Z5-
rectifiable. From Propositionwe deduce that ¢ E (¥, ) is mutually absolutely continuous
with respect to ShLE(ﬁ, 7v), and thus, by Radon-Nikodym theorem, see [125, page 82|, there
exists a positive function p € LY(S"LE(¥,~)) such that ¢LE(J,7) = pS".E(9, 7). We stress
that we can apply Lebesgue-Radon—Nikodym theorem since ¢ E(19, ) is asymptotically dou-
bling because it has positive h-lower density and finite h-upper density almost everywhere.
By Lebesgue-Radon—Nikodym theorem, see [125, page 82], and the locality of tangents again,
we deduce that S E(1,7) is a Z¢-rectifiable measure, since ¢ FE(9,7) is a P-rectifiable
measure. Thus we can apply Theorem to S"LE(0,~) and obtain that for every 9,7y € N
we have that

0 < OMS" E®,7),2) = O (S"LE®,~), ) < +o00, for S"LE(Y,~)-a.e. z €G.

Since ¢LE(9,v) = pS"LE(¥9, ) we thus conclude from the previous equality and by Lebesgue—
Radon—Nikdoym theorem that for every 9, € N we have that

0 < OMpLE(0,7),x) = O"* (¢LE(W,7),z) < 400, for pLE(V),7)-a.e. x € G,

The previous equality, jointly with Proposition and together with (2.57)) allows us to
conclude the proof. The last piece of Theorem readily comes from the first part and
Lemma O
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3. Covering the support of #-rectifiable measures with intrinsically
differentiable graphs

In this section we aim at proving the next theorem, which is one of the main results
contained in [28]. Namely, we prove that the support of a &j-rectifiable measure ¢, see
Definition and Definition can be covered ¢-almost all by countably many compact
graphs that, in addition of being intrinsically Lipschitz with arbitrarily small Lipschitz con-
stant, are intrinsically differentiable almost everywhere. Namely, the following Theorem
is a refinement of Theorem

Roughly speaking we say that the graph of a function between complementary subgroups
¢ : U CV — L is intrinsically differentiable at ag - ¢(ag) if graph(¢) admits a homogeneous
subgroup as Hausdorff tangent at ag - ¢(ap), see Definition for details.

Theorem 2.25. Let G be a Carnot group of homogeneous dimension ) endowed with an ar-
bitrary left-invariant homogeneous distance. Let h € {1,...,Q}, and let ¢ be a P -rectifiable,
i.e., a Py-rectifiable measure with tangents that are complemented almost everywhere.

Then G can be covered ¢-almost everywhere with countably many compact graphs that
are simultaneously intrinsically Lipschitz with arbitrarily small constant, and intrinsically
differentiable almost everywhere. In other words, for every a > 0, we can write

+oo
¢<G\ ZL:Jl Fi) =0,

where T'; = graph(y;) are compact sets, with p; : A; C V; — L; being a function between a
compact subset A; of V;, which is a homogeneous subgroup of G of homogeneous dimension
h, and LL;, which is a subgroup complementary to V;; in addition graph(y;) is a Cy,(«)-set,
and it is an intrinsically differentiable graph at a - p;(a) for S"_A;-almost every a € V;, see
Definition [1.9.

Let us briefly remark that when a Rademacher-type theorem holds, i.e., if an intrinsically
Lipschitz function is intrinsically differentiable almost everywhere, the result in Theorem [2.25|
would simply be deduced as an immediate corollary of Theorem We remark that a
Rademacher-type theorem at such level of generality, i.e., between arbitrary complementary
subgroups of a Carnot group, is now known to be false, see the counterexample in [134]. On
the other hand, some positive results in particular cases have been provided in [29,109,116]
for intrinsically Lipschitz functions with one-dimensional target in groups in which De Giorgi
Cj-rectifiability for finite perimeter sets holds (cf. also [147]), and for functions with normal
targets in arbitrary Carnot groups. We stress that very recently in [213] the author proves
the Rademacher theorem at any codimension in the Heisenberg groups H".

3.1. Proof. In this subsection we provide the proof of Theorem The key step for
proving the rectifiability with intrinsically differentiable graphs is the following proposition.

Proposition 2.26 (Hausdorff convergence to tangents). Let ¢ be a Py -rectifiable measure.
Let K be a compact set such that ¢(K) > 0. Then for ¢-almost every point x € K there
exists V(x) € Gr(h) such that

51/r(x_1 -K) = V(z), as r goes to 0,
in the sense of Hausdorff convergence on compact sets.
First of all, by reducing the measure ¢ to have compact support, e.g., considering the
restriction to the balls with integer radii, and then by using Proposition we can assume
without loss of generality that K C E (¢, ) for some ¢,y € N. In order to prove the Hausdorff

convergence to the homogeneous subgroup V(z) we need to prove two different things: first,
around almost every point z of K, the points of the set K at decreasingly small scales lies
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ever closer to the points of zV(x), and this is exactly what comes from the implication ,
see Proposition Secondly, we have to prove the converse assertion with respect to the
previous one, i.e., that the points of xV(z) around x at decreasingly small scales are ever
closer to the points of K. For this latter assumption to hold we also need to add to the
condition in (2.1) the additional control Fy (oL K, 08" 2V) < §r*1 see Proposition m
As a consequence of Proposition we can prove Theorem [2.25| for measures of the form
S".T. Finally by the usual reductlon to E(¢,7), we can give the proof of Theorem |2.25| for
arbitrary measures.

Let us now start with the proof of Proposition and Theorem [2.25 Throughout
this subsection we let G to be a Carnot group of homogeneous dimension ) endowed with
an arbitrary left-invariant distance, and h an arbitrary natural number with 1 < A < Q.
Whenever ¢ is a Radon measure supported on a compact set we freely use the notation
E(¥,~) introduced in Definition for 9,y € N. We start with some useful definitions and
facts.

Definition 2.27. For 1 < h < @Q and ¥ € N, let us set
n(h) :=1/(h+1),

and then let us define the constant

(1 —p)h\"*
329 ’

@:@wm:(

Proposition 2.28. Let ¢ be a Radon measure supported on a compact subset of G and let K
be a Borel subset of supp(¢). Let ¥,y and 1 < h < Q be natural numbers. Let x € E(¢,7),
0<r<1/y,and 0 < < (g. Assume further that there exist © > 0 and V € Gr(h) such
that

(2.58) Fpr(6LK,0C" 2V) + Fy (¢, 0C " V) < 257",
Then for every w € B(x,r/2) N2V we have ¢(K N B(w, 5#27‘)) > 0, and thus in particular
K N B(w,d7+2r) # (.
Proof. From the hypothesis we have that Fj (¢, ©C" 2V) < 26r"*+1. Define
9(x) = min{dist(z, B0, 1)°), 1},

where 7 is defined in Definition From the very definition of the function g and the
choice of © above we deduce that

91 - n)hnr — Onrtl < 77r¢( (z, (1
< /7“9(51/r(l’_ @/ 51/T )dChLmV( ) < 257“h+1,

where in the first inequality we are using that z € E (9,7) and Remark and in the last
inequality we are using that rg(él/r(:v_l-)) € Lip] (B(x,r)). Simplifying and rearranging the
above chain of inequalities, we infer that

O>9 ' (1—nh—25/n > 20) 1 -n" = (20)7' (1 -1/(h+1)",
(A) (B)

- ))—nr@CthV( (z,7))

where (A) comes from the fact that § < Cg < ((1 —7)"n)/(449), see Definition and (B)
comes from the definition of 7, see Definition Since the function h + (1 —1/(h + 1))"

is decreasing and bounded below by e~ !, we deduce, from the previous inequality, that

© > 1/(29¢).
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We now claim that for every A with 6/("*2) < X < 1/2 and every w € oV N B(z,7/2)
we have ¢(B(w,A\r) N K) > 0. This will finish the proof. By contradiction assume there is
w € VN B(x,r/2) such that ¢(B(w, ) N K) = 0. This would imply that

(2.59)
On(1 — n)"AN L — @Arc LV (B(w, (1 — n)Ar))
< @/)\rg(dl/()\r) (w™12))dC " xV(2)

= @/)\rg(él/(,\T)(w_lz))dChL:EV(z) - /Arg(él/()\r)(w_lz))dgbn_K(z) < 207t

where the first equality comes from Remark and the last inequality comes from the
choice of © as in the statement, and the fact that
Arg (810 (w™")) € Lipy (B(w, Ar)) C Lipy (B(z, 7)),

because A < 1/2 and w € B(z,r/2). Thanks to (2.59), the choice of A, and the fact, proved
some line above, that 1/(4ed) < ©, we have that

h+1
§iiz n(1—n)"
1—n)" <ON*Hy(1 —n)" <26, and then ¢/ > 22
1og 1L —m)" < n(1—n)* <26, and then 2 T gog
which is a contradiction since § < Cg = ((n(1 — 1)")/(329))"*2, see Definition [2.27| O

Proof of Proposition|2.26, First of all, by reducing the measure ¢ to have compact support,
e.g., considering the restriction on the balls with integer radii, and then by using Proposi-
tion we can assume without loss of generality that K C E(¢,~) for some 9,y € N.
Since ¢ is a Pp-rectifiable measure, by using the locality of tangents with the density
p = Xk, see Proposition for ¢-almost every z € K we have that the following three
conditions hold
(i) Tang(¢,z) C {AS"LV(z) : A > 0}, where V() € Gr(h),
(i) 0 < O () < O (6,) < +o0,
(i) if 7 — O is such that there exists © > 0 with r; "T,,..6 — OCP_V(zx), then
T (GLK) — OCM V().
From now on let us fix a point € K for which the three conditions above hold. If we are able
to prove the convergence in the statement for such a point then the proof of the proposition
is concluded.
Thus, it suffices to show that for every k > 0 the following holds

(2.60) lim di (81 (z7 " K)NB(0,k),V(z) N B(0,k)) =0,

where dp g is the Hausdorff distance between closed subsets in G. For some compatibility
with the statements that we already proved, we are going to prove for k = 1/4. The
proof of for an arbitrary k > 0 can be achieved by changing accordingly the constants
in the statements of Proposition and Proposition that we are going to crucially use
in this proof. We leave this generalization to the reader, as it will be clear from this proof.

Let us fix ¢ < min{dg, (g}, where dg is defined in Definition|2.4/and (g in Definition
and let us show that there exist an 19 = r9(e) and a real function f; such that

(2:61) dug (910 (27" - K) N B(0,1/4),V(2) N B(0,1/4)) < fa(e),  forall 0 < 7 < ro(e),
where

(2.62) fi(e) == max{CGse" "V 4 fo(e), 3¢V 2 4 fa(e)},
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and where the constant is defined in Proposition and the functions fs, f3 will be

introduced in (2.68) and (2.70), respectively. By the definition of fi, fo, f3 it follows that
fi(e) — 0 as € — 0 and thus, if we prove (2.61)), we are done.

In order to reach the proof of (2.61) let us add an intermediate step. We claim that there
exists an 9 := ro(¢) < 1/~ such that the following holds
(2.63)
for 0 < 7 < 7o there is a © 1= O(r) s.t.Fy (oK, OC" V) + F, (¢, 0C " L2V) < 2er" 1,

The conclusion in (2.63) follows if we prove that

h h
(2.64) i g Per(GLK, 6C"aV) + Fy (6, OCH V)
r—00>0 7ah+1

We prove (2.64) by contradiction. If (2.64) was not true, there would exist an & and an

infinitesimal sequence {r;};cn such that

— 0.

(2.65) inf (Fx,m(@K, oc aV) + F,,. (¢, @cthV)) > &Pt for every i € N.

Thus, from items (i) and (ii) above, and from [12, Corollary 1.60], we conclude that, up to
a non re-labelled subsequence of r;, there exists a ©* > 0 such that we have r;” h! Zri® —
©*C".V(z) as r; — 0. Then by exploiting the item (iii) above we get also that

T (pLK) — ©*CMLV (2),

as r; — 0. These two conclusions immediately imply, by exploiting Remark and

Lemma that
lim 7, " (B, (00K, 0°CM V) + By (6,6C" V) 0,

i—4-00 i
which is a contradiction with (2.65). Thus, the conclusion in (2.63) holds. Let us continue

the proof of .

Taking into account the bound on & and (2.63) we can apply Proposition since
V(z) € I (z,r) for all 0 < r < rg, and Proposition to obtain, respectively, that for all
O<r<mr

sup dist(p, zV(z)) < sup dist(p, zV(x)) < 51/(h+1)’
(2.66) pEKNB(w,r/4) pEEW,7)NB(z,r/4)
and for every p € B(z,r/2) N2V (x) we have B(p, /"2y n K £ 0.

Let us proceed with the proof of . Fix 0 < r < rg and note that for every w € 51/7«(3:*1 .
K) N B(0,1/4) there exists a point p € K N B(x,r/4) such that w =: 61 /,.(z~"! - p). From the
first line of we get that dist(z—1-p, V(z)) < Ggre'/"*1) and thus there exists a v € V(z)
such that d(z~! - p,v) < Qgre'/("*1). This in particular means that d(w, 01/70) < Osel/(h+1)
and then, since w € B(0,1/4), we get also that 8 v € V(z) N B(0,1/4 + Oze/(Mt1). Thus,
we conclude that

(2.67) dist(w, V(z) N B(0,1/4 + Gge/"H1)) < Gge'/ M),
for all w € 0y ,.(z~' - K) N B(0,1/4). Define the following function

(2.68) fa(e) :== sup d(, Og—1)jy-11),
weV(2)n(B(0,1/4+Cset/ h+D)\B(0,1/4) )
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and notice that by compactness it is easy to see that fa(e) — 0 as € — 0. With the previous
definition of f, in hands, we can exploit (2.67) and conclude that

(2.69) sup dist(w, V(z) N B(0,1/4)) < G/ 4 fo(e).
wesy s (x—1-K)NB(0,1/4)

The latter estimate is the first piece of information we need to prove . Let us now
estimate dist(d;/,(z~ - K) N B(0,1/4),v) for every v € V(z) N B(0,1/4). If u € V(z) N
(B(0,1/4)\ B(0,1/4 — £%/(+2))) " then there exists a unique p = p(u) > 0 such that Opu(uyth €
V(x) N9B(0,1/4 — '/(+2)) Let us define

(2.70) fs(e) = sup d(t, 8,y (0y1),
weV(z)N (B(0,1/4)\B(0,1/4—e1/(h+2)))

and by compactness it is easy to see that f3(¢) — 0 as ¢ — 0. Let us now fix v € V(z) N
B(0,1/4). Then z-6,v € B(z,r/4)NzV(z) C B(z,r/2)NaV(x). We can use the second line
of (2.66)) to conclude that there exists w € B(x-d,v,e"/ P2 )N K. Thus @ = b1p(xtw) €
B(v, /2N 61/p(x71 - K). Now we have two cases

e if v was in B(0,1/4 — £'/("+2)) we would get @ € B(0,1/4) and then
(2.71) dist (3, (2" - K) N B(0,1/4),v) < ¥/ +2);

o if instead v € V(z) N (B(0,1/4) \ B(0,1/4 — e¥/("*2))) we denote v’ := §,,,yv the
point that we have defined above and then we still have z - §,v" € B(z,7/2) Nz V(z).
Thus we can again apply the second line of to deduce the existence of w' €
B(z - 6,0',et/ " 2)r) 0 K. Then we conclude @' := 6y ,.(z 1 - w') € B(v/, e/ n
81 /(7" K). Now we can estimate

d(w,w") = 1cl(w7 w') < 1(al(w, z-6v) +d(x- S,z 60") +d(x - 6,0, w'))
r r

(2.72)
< 26V 4 £o(e).
Moreover, since v/ € 9B(0,1/4 — e/+2) and @' € B(',e/"+?)) we get that
w' € B(0,1/4) N dy/(z7! - K). Then by the triangle inequality and (2.72) we
conclude that, in this second case,
(2.73) d(w',v) < 3V +2) 1 fa(e),
and then
(2.74) dist(8y/,(z" - K) N B(0,1/4),v) < 3"/ "2 1 fy(e).

By joining together the conclusion of the two cases, see (2.71) and (2.74), we conclude
that

(2.75) sup dist(8y,(z* - K) N B(0,1/4),v) < 3¢/ 1 fa(e).
vEV(x)NB(0,1/4)

The equations (2.69) and (2.75) imply (2.61) by the very definition of Hausdorff distance.
Thus the proof is concluded. O

We prove now that the support of a &} -rectifiable measure & h T, where T is compact and
0 < S"(I') < 400, can be written as the countable union of almost everywhere intrinsically
differentiable graphs.
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Theorem 2.29. For every 1 < h < Q, there exist a countable subfamily F = {V}2) of
Gre(h), and Ly complementary subgroups of Vi such that the following holds.

Let T be a compact subset of G such that 0 < S"(T') < +oc, and assume SM.T is a P§-
rectifiable measure. Then, for every a > 0, there are countably many compact I';’s that are
intrinsic graphs of functions @; : Py,(I';) — L;, and that satisfy the following three conditions:
T; are Cy,(a)-sets, T'; are intrinsically differentiable graphs at a-p;(a) for S"_ Py, (T;)-almost
every a € Py, (I';), and

SMI\U/STy) = 0.
Proof. First of all let
F(V,L) :=gg(V,L), for all (V,L) € Sub(h),

where Sub(h) is defined in (2.12). Given the above defined function F, we construct the
family . := {V; }/2 and choose Lj, complementary subgroups of Vy, as discussed above the
statement of Theorem Notice that this choice is dependent on the function F that we
chose above. We claim that the family for which the statement holds is .%.
Applying Theorem with B = min{1, a} to the measure S".T" we get countably many
compact sets I'; C I' that are Cy, (min{F(V;,L;), a, 1})-sets and such that
SMT\ ULy = 0.

1=

Since F(V;,L;) = gq(V;,L;), we conclude that each T'; is also the intrinsic graph of a function
@i : Py,(I';) = L, see Proposition The fact that I'; is a Cy, () is true by how we chose
B. Tt is left to show that, for every i € N, graph(y;) is an intrinsically differentiable graph at
a - p;i(a) for Sh Py (T;)-almost every a € Py, (T;).

Indeed, since S".T is Pr-rectifiable, we can apply Proposition and, for every i € N
for which S*(I';) > 0, we conclude that

(2.76)
51/T($_1 .T;) = V(z), asr goes to 0, for S"L.T-almost every = € G, where V(z) € Gr(h),

in the sense of Hausdorff convergence on compact sets. Moreover, thanks to Proposition [2.18]
and to Lebesgue Differentiation Theorem in Proposition we infer that (®;).S".V; is
mutually absolutely continuous with respect to S".T';, where ®; is the graph map of ;.
Furthermore, since every point x € I'; can be written as z = a - ¢;(a), with a € Py, (I';), we
conclude, from and the latter absolute continuity, that I'; = graph(y;) is an intrinsically
differentiable graph at a - ¢;(a) for S".Py(T;)-almost every a € Py, (T';), and this concludes
the proof. O

Proof of Theorem[2.25. By restricting on closed balls of integer radii we can assume without
loss of generality that ¢ has compact support. Let us fix 9,7 € N. We can infer this corollary
by working on ¢LE(¥, ), that is mutually absolutely continuous with respect to S"LE(¥J,7),
see Proposition[1.56] and by using the previous Theorem [2.29]together with Proposition|1.11]
The resulting strategy is identical to the one in the proof of Theorem so we omit the
details. O

4. Equivalent criteria for #-rectifiable sets with complemented tangents

In Theorem we showed that every &7/ -rectifiable measure can be covered almost
everywhere with compact graphs that are intrinsically differentiable almost everywhere. In
this section we prove that for measure of the form S".T" the latter is actually an equivalence.
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We first recall that, while Tany (¢, z) captures the behaviour of tangent measures obtained
rescaling with the h-th power of the scale, see Definition the Preiss’s tangent Tan(¢, z),
see Definition captures the behaviour of all the possible tangent measures, namely

Tan(¢, x) :={v: I{¢}, with ¢; > 0, and {r;} with r; —; 0 such that ¢;Ty ,,¢ —; v},

where the convergence of measures is meant in the duality with C.(G), see Definition
For the reader’s convenience we recall here that an intrinsic graph with respect to a splitting
G = V - L of the group is said to be intrinsically differentiable at one of its points if the
Hausdorff tangent at that point is a homogeneous subgroup, see Definition for a precise
definition.

For a generalization of the forthcoming Theorem in the broader setting of Radon
measures with finite h-upper density almost everywhere, see Remark [2.39]

Theorem 2.30. Let G be a Carnot group of homogeneous dimension QQ endowed with a homo-
geneous norm || - || that induces a left-invariant homogeneous distance d. Let h € {1,...,Q},
and Let T C G be a Borel set such that 0 < SM(T') < 400, where S" is the h-dimensional
spherical Hausdorff measure. Then the following are equivalent

(1) SM.T is a Py -rectifiable measure with complemented tangents, or, in other words,
a Pj-rectifiable measure, see Definition[1.61)
(2) For S".I'-almost every x € G we have

Tan(S". T, z) = {\S" V(z) :
A > 0,V(z)is a complemented hom. subgroup of G, dimpen,V(z) = h},

(8) There are countably many compact intrinsic graphs I'; that are h-dimensional intrin-
sically differentiable at S"-almost every x € Ty, that have complemented Hausdorff
tangents at S™-almost every x € T';, and such that

"I\ UEST) = 0.

Moreover, denoting with C" the centered Hausdorff measure of dimension h, see Defini-
tion if any of the previous holds, then O"(CM.T',z) = 1 exists for C".T-almost every
x€G and

T_h(Tw,r)*(Chl_F) — MV (x), asr — 0, for C".I-almost every z € G,

where the convergence of measures is meant in the duality with C.(G).

Finally, if any of the previous items holds, for every « there are countably many compact
intrinsic graphs T; that are h-dimensional intrinsically differentiable at S"-almost every = €
I';, that have complemented Hausdorff tangents at S"-almost every x € T, that are Cy,(a)-
sets for some homogeneous complemented subgroup V; of homogeneous dimension h, and such
that

SMI\UT;) = 0.

Let us observe that when a Rademacher theorem is available, we can equivalently con-
sider as the building blocks in item (3) of Theorem the class of intrinsically Lipschitz
graphs over subsets of homogeneous subgroups of homogeneous dimension h, without asking
anything a priori on the differentiability, compare e.g., with Corollary Let us recall that
a Rademacher theorem is proved in [109,116] in the setting of Carnot groups G of type «,
i.e., a class strictly larger than Carnot groups of step 2, and for maps ¢ : U C W — I, where
W and LL are complementary subgroups of G, with I horizontal and one-dimensional. More-
over, with the recent results of [147], the latter codimension-one Rademacher theorem can be
extended to the groups of type diamond introduced in [147]. Recently, by making use of the
theory of currents, the author of [213] has proved the Rademacher theorem for intrinsically
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Lipschitz maps between complementary subgroups of any dimension in the Heisenberg groups
H", while in [29] we proved the validity of a Rademacher theorem for co-normal intrinsically
Lipschitz graphs.

Nevertheless, Rademacher theorem is now known to be false in arbitrary Carnot groups
in a very strict sense, i.e., there exists an intrinsically Lipschitz graph in a Carnot group such
that at every point of it there exist infinitely many blow-ups and each of these blow-ups is not
a homogeneous subgroup, see [134, Theorem 1.1]. This latter result implies that in general
in item (3) of Theorem one cannot equivalently consider as building blocks of a locally
well-behaved definition of rectifiable sets the family of intrinsically Lipschitz graphs. So, in
some sense, the result of Theorem is sharp also in view of the negative result of [134].

Let us further notice that we do not consider in this work the relations between the
three items in Theorem and the existence of an approximate tangent in the sense of
[174, Definition 15.17] (cf. [178, Definition 3.7]), see also the discussion in Remark
All in all, taking into account that S"LT is Pp-rectifiable with co-horizontal tangents if and
only if I is Cé (G, R9~M)-rectifiable, see Definition and Proposition our result in
Theorem [2.30] extends and strengthens [178| (i)« (ii)<(iv)<(v) of Theorem 3.15]. Notice
also that in the previous chain of equivalences, we can also drop the assumption on the
lower density in [178] (iv),(v)]. Moreover, taking into account the Rademacher theorem of
[29] in the co-normal case, our result in Theorem extends [178, (i)<(ii)<(iv)<(v) of
Theorem 3.14] as well. We refer the reader also to the statement of Corollary Let us
recall, for the reader’s convenience, that [178, Theorem 3.15] deals with the characterization
of co-horizontal rectifiability in the Heisenberg groups H", while [178, Theorem 3.14] deals
with the characterization of horizontal rectifiability in the Heisenberg groups H".

Let us briefly comment on the proof of Theorem [2.30] For what concerns the implications
(1) = (2), and (1) = (3), the first is just a matter of routine argument, see [174, Remark
14.4(3)], and the second is a consequence of Theorem What one needs to show are the
implications (2) = (1), and (3) = (1), both of them non-trivial.

For what concerns the implication (2) = (1), we first use that the hypothesis of flat
Preiss’s tangents allows to conclude that I' is S -almost everywhere covered by countably
many graphs I'; of intrinsically Lipschitz functions defined on subsets of homogeneous sub-
groups of homogeneous dimension h, namely S h(I‘ \ szoffi) = 0, see Proposition Hence
we exploit the general fact, that dates back to Preiss’s paper (cf. [202, Corollary 2.7]), that
a measure with a compact-based tangent at a point is asymptotically doubling at that point.
Joining the latter two observations, we deduce that, for every i, the measure S*.T'; is asymp-
totically doubling, and then this enables us to prove that I'; has big projections on the plane
over which I'; is a graph, see Proposition [2.17| Finally, the big projections property of Propo-
sitionallows us to conclude that the h-lower density ©7 (S T, -) is positive S"LT'; almost
everywhere, see Proposition|2.33] Hence, the proof of the implication (2) = (1) is concluded
since we can argue, by exploiting Lebesgue Differentiation Theorem, that ©"(S" T, ) is pos-
itive S"T-almost everywhere, which was the non-trivial missing information to prove (1).
Let us stress that in (2) we are not requiring anything a priori on the positivity of the h-lower
density of S"LT", otherwise the implication (2) = (1) would have been trivial. Nevertheless,
we deduce the positivity of the h-lower density from the fact that the tangents are flat and
complemented as we discussed above.

The proof of the implication (3) = (1) relies on the fact that an arbitrary h-dimensional
(almost everywhere) intrinsically differentiable graph T' with complemented Hausdorff tan-
gents has the property that S".T" is Pp-rectifiable. This is exactly the content of Proposi-
tion[2.37. In order to prove the latter, we show that when we have an arbitrary h-dimensional
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(almost everywhere) intrinsically differentiable graph I' with complemented Hausdorff tan-
gents, at (S".T'-almost) every point we have that the graph T is, at arbitrarily small scales,
contained in a cone with arbitrarily small opening and with basis the Hausdorff tangent at
that point. This observation enables us to perform a covering argument and to show directly
that ©"(C".T,-) = 1 at C".T-almost every point. Then the fact that C*.T', and hence S".T,
is &} -rectifiable is reached by using a classical argument from the existence of density. Let
us notice that in Proposition it is essential to work with the centered Hausdorff measure
CM.T, since we consider coverings with balls centered on I'. The second part of the statement
in Theorem is a consequence of the fact that the h-density of C*.T is 1 as a consequence
of the previous reasoning, and the fact that C".V(B(0,1)) = 1 for every homogeneous sub-
group V of homogeneous dimension h, see Remark The last part of the statement in
Theorem is a direct consequence of Theorem [2.25]

4.1. Proof. Let us start with the proof of Theorem [2.30, In this subsection, we let G be
a Carnot group of homogeneous dimension () endowed with a homogeneous norm || - || that
induces a left-invariant homogeneous distance d. Let h € {1,...,Q}. We first prove that
if Preiss’s tangent Tan(¢, x) of a measure ¢ at x is the cone over a homogeneous subgroup,
then the support of the measure can be covered almost everywhere with sets with the cone
property with arbitrarily small opening.

Proposition 2.31. Suppose ¢ is a Radon measure on G such that, for ¢-almost every x € G,
we have Tan(¢, x) = {A\S".V(z) : A > 0} for some V(z) € Gr(h). Then, for every o € (0,1)
there exist {V;}ien C Gr(h), and a family of compact Cy,(a)-sets {T';}ien such that

(G \ Ujenly) = 0.

Proof. First of all, by Proposition the measure ¢ is asymptotically doubling. Up to
restricting ¢ to closed balls and by using the locality of tangents and Lebesgue Theorem in
Proposition we may assume that ¢ is supported on a compact set K and that it is
still asymptotically doubling. Let S be dense countable subset of (Gr(h),dg), that exists
thanks to Proposition Thanks to Proposition we infer that also the countable set
{(h+1)C" W : W € S} is dense in the metric space ({(h + 1)C".V:V € Gr(h)}, Fy1).

Let us now fix ¢ < 1/10, o < 1/100(¢/(3(1 +¢)))",V € S and let us denote

Ky:={z € K:Fyi((h+1)C".V,(h+1)C".V(z)) < a"*},

where V(z) € Gr(h) is such that Tan(¢,z) = {A\S".V(z), A\ > 0}. Since {(h + 1)C".W :
W € S} is dense in the metric space ({(h + 1)C".V : V € Gr(h)}, Fo1) we conclude that
K = UyesKy. By Lemma[1.83] one gets that Ky is ¢-measurable for every V € S. Thus by
Proposition we can assume without loss of generality that ¢ is asymptotically doubling
and supported on Ky for some V € S, which from now on we fix.

We now claim that for ¢-almost every x € G the following holds

(2.77) lim, Ay (0, M(R, {V})) = Fo1((h + 1)C"V, (h +1)Ch V().

Indeed, for ¢-almost every x € G the measure T ,¢/F1(Ty ,¢) converges to (h + HChV (z)
as r — 07, see Proposition and thus, from the definition of d, ,, we get that

(2.78) iy (6, M7, {V})) = Fo1 (Tur ) Fi (To ), (B + 1)CPLV),

from which we deduce the claim by using the previous convergence and the continuity
of Fy 1, see Lemma Moreover, the function x — d (¢, M(h, {V})) is continuous in z for
every v > 0. Indeed, by and the continuity of Fj 1, it is sufficent to see that, for every
r > 0, the map x — Ty ,¢/F1(Ty,r¢) is continuous from G to the space of Radon measures
equipped with the weak* convergence, which is clear again by the continuity of Fi(-) and by
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the continuity of the map z — T} ,¢, which is readily verified (see, e.g., the computations at
the end of [180, page 22]).

Hence, by using Severini-Egoroff Theorem, we can assume without loss of generality that
¢ is supported on a compact set E such that diam(E) < s and such that d (¢, M(h, {V})) <
o4 whenever x € E and r € (0,400(h+1)s). Let us now fix 7,7 € E and denote a := d(Z, 7)),
t:=2a(1+¢), 7:=a(l +e) and 5 := ae.

Let us apply Proposition first with the choices z =y=2=9,s=r=7,t =1t and
o as above, that yields

(2.79) ¢(B(y,7) N B(yV,o%t/(h+1))) > (1 - 50)¢(B(y, 7)),
and secondly with x =y =2=2,r=7r+a,s=3,t =3a(l +¢) and o, we get
(2.80)  ¢(B(F5) NB(FV, 02 -3a(1+¢)/(h+ 1)) = (1 - 50)(3/(F + a))"¢(B(E, 7 + a)).
Putting together (2.79) and (2.80), we conclude that
¢(B(y,7) \ B(yV, 2a0”(1 +¢)/(h+1))) = ¢(B(7,7))

— ¢(B(y,7) N B(yV,2a0*(1 +¢)/(h +1)))

h
< 500(B(5.7) < 500(B(E. 7 +a)) < 1o (D) o(B(2.9)

If by contradiction B(Z,ea) N B(yV,2a0?(1+¢)/(h+1))) = 0 then from (2.81) and the fact
that B(z,5) C B(y,7), we infer

(2.81)

50 (2(14+e)\" —

<% (FHY) eB@),

that is in contradiction thanks with the choice of o. Hence, for every z,y € E we have that
B(Z,ea) N B(yV,2a0?(1 +¢)/(h+1))) # 0 and thus d(z,7V) < a(e +20%(1 +¢)/(h+ 1)) =
d(Z,79)(e+20%(1+¢)/(h+1)). Hence, the compact set E is a Cy (e +202(1+¢)/(h+1))-set.
Since it is clear that, for every given a > 0, o and ¢ can be chosen small enough in order to
have ¢ + 202(1 +¢)/(h + 1) < a, the proof is thus concluded. O

¢(B(%,3))

In the case the tangents are complemented we can give the following improvement of the
latter Proposition.

Proposition 2.32. Let 1 < h < Q be a natural number. There exist {V;},en C Gre(h) and
L; complementary subgroups of V; such that the following holds.

Suppose ¢ is a Radon measure on G such that, for ¢-almost every x € G, we have
Tan(¢, x) = {AS".V(z) : A > 0} for some V(z) € Gre(h). Then, for every a € (0,1) there
exists a family of compact sets {T';}ien such that

¢(G \ Uienli) =0,
and, for every i € N, I'; is a compact intrinsically Lipschitz graph, which is also a Cy,(a)-set,
of a map ¢; + A; CV; = L;, where A; is compact.

Proof. The proof follows exactly the same lines as the proof of Proposition S0 we just
sketch it underlying the main differences. For every £ € N, with ¢ > 2, let us define

Gre(h,l) :={V € Gr.(h) : 3L compl. subgroup of V s.t. 1/¢ < gg(V,L) < 1/(¢ —1)}.

Observe that Proposition implies that Gr.(h,¢) is separable for every ¢ € N, since
Gre(h,f) C Gr(h) and (Gr(h),dg) is a compact metric space. Let

(2.82) Do = {Vistien,
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be a countable dense subset of Gr.(h, ) and
for all ¢ € N, choose a compl. subgroup L;, of V; ¢ s.t. 1/¢ < gq(Vi¢,Lig) <1/(¢—1).

Now, let S := {V;¢};sen, which is a dense countable subset of (Gr.(h),dg) thanks to the
definition given above. As in the above Proposition we infer that also the countable
set {(h +1)C".W : W € S} is dense in the metric space ({(h + 1)C".V : V € Gr.(h)}, Fy1).
Let us now fix, for every £ € N, ¢y < min{1/10,1/(2¢), «/2}, where « is as in the statement,
and o, < min{1/100(e¢/(3(1 + ¢¢)))", o)}, where o) is chosen small enough such that e, +
2(09)*(1 + ¢7)/(h+ 1) < min{e, 1/¢}. Moreover, for every V;, € Z;, let us denote

Ky,, ={z € K: Fy1((h+1)C".V;y, (h +1)C"V(2)) < o)},

where V(z) is the element of Gr.(h) for which Tan(¢, ) = {\S"_V(x), \ > 0}. Arguing as in
Proposition being K the compact set on which we can assume ¢ is supported without
loss of generality, we have K = Upen Uy, ,e9, Kv,,. Hence, we can assume without loss of
generality that ¢ is supported on Ky, , for some V;,. The computations in Proposition
can be repeated substituting o, with ¢ accordingly, allowing us to conclude that ¢-almost
every Ky, , can be covered by compact sets that are Cy, ,(e¢+2(0¢)*(1+¢¢)/(h+1)). By the
very choice of o this implies that the latter compact sets are Cy, ,(min{a, 1/£})-sets, and
since 1/¢ < g1(Vi¢,Li¢), we also conclude that they are graphs according to the splitting
G = Vi - L;, see Proposition [1.89} O

4.1.1. From flat tangents to & -rectifiability. In this subsection we first prove that, in an
arbitrary Carnot group, having flat (complemented) tangent measures a la Preiss implies
being P-rectifiable, see Theorem Then we will prove a rectifiable criterion, see Propo-
sition which will allow us to complete the proof of Theorem [2.30l Throughout this
subsection we assume that V € Gr.(h) and that V-L = G. We stress that in this subsection,
whenever we deal with Cy(«)-sets, we are always assuming that o < gg(V, L), if not otherwise
specified.

Let us begin with a proposition that roughly tells us the following. If I" is a compact
Cy(a)-set with a < gp(V,LL), and moreover we know that the measure S"LT" is asymptoti-
cally doubling, hence the lower h-density of S*.T" is positive almost everywhere, see Propo-
sition [2.33] The latter conclusion eventually leads to the following result: if a set has flat
complemented Preiss’s tangents, then it is Z-rectifiable with complemented tangents, see
Theorem We stress that the following Proposition gives as a consequence that the
hypotheses of the second part of Proposition imply the hypotheses of the first part of
Proposition[2.17| This is not trivial a priori: indeed, with the second part of Proposition|2.17}
one proves Proposition which is hence used as a fundamental tool in the proof of the
following Proposition [2.33]

Proposition 2.33. Let a < gy(V, L) and suppose T is a Cy(a)-set such that 0 < SMT') <
+00, and SM.T is asymptotically doubling. Then, OF(S".T,z) > 0 for S"-almost every
rel.

Proof. Assume by contradiction that there exists a compact set C' C I of positive S"-measure
such that ©(S".T', z) = 0 for every = € C. Since by Proposition the measures S".T" and
®,S"_V are mutually absolutely continuous, the set Py(C) must have positive S"-measure
as well. In particular we have thanks to Proposition [2.20, Lemma|[1.44] Proposition and
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Proposition that for S"-almost every = € C' we have
S"(Py(B (0 1) N Cv(e)))
S"(Py(B(x, €(a)r) N2Cy(a)) N Py(T)) 8" (Py(B(®(w), €(a)r) N @(w)Cy(a)))

~ S (B (B@(w), €a)r) N B(w)Cy(a) GORE
i SHPH(B( €(@)r) 0 2Cy(a)) 1 Po(T)
r—0 (€(a)r)h
S'V(Py(B(z,r) N F)) .. SMT(B(z,r)
< h£n_)10nf (Z:(a)r)h < 20(V,L) hgl_)l(r)lf NCODaE =0,

where €(a) is the constant introduced in Lemma The above computation is in contra-
diction with the fact that S"(Py(B(0,1) N Cy(a))) is positive thus concluding the proof of
the proposition. ]

Theorem 2.34. Let T' C G be compact such that 0 < SM(T') < +o0. Assume that for Sh.T -
almost every x € G we have Tan(S".T',z) = {A\S".V(z) : A > 0,}, where V(z) € Gre(h).
Then, ST is 5 -rectifiable.

Proof. We have that S"_T is asymptotically doubling, see Proposition Moreover, from
Proposition there exist {V;}ien C Gre(h), and {L;};cn, such that L; and V; are ho-
mogeneous complementary subgroups, with the property that for every a > 0 there exists a
family of compact sets {I';} such that I'; is a Cy,(min{a, gq(V;,L;)})-set, and

(2.83) SM(I\ UjenT) = 0.

Since SM_T is asymptotically doubling, then S".T'; is asymptotically doubling for every i € N,
see Proposition Hence, we can apply Proposition@ to conclude that ©" (S h Ty, x) >0
for every i € N and for S"-almost every = € T;. In addition, from the previous inequality
and [102] 2.10.19(5)], for every ¢ € N, we get that

(2.84) 0 < O STy, x) < OM*(S'.T;, ) < +00, for S"-almost every = € T;.

Moreover, since for S"-almost every = € T' we have Tan(S".T', z) = {\S".V(z) : A > 0} with
V(z) € Gre(h), we deduce that, for every i € N, the locality of tangents in Proposition [1.55|
ensures that for SP-almost every x € T; we have Tan(S".T;, ) = {A\S".V(z) : A > 0}.
From the previous equality, we conclude that for every i € N we have Tany(S".I';,z) C
{AS".V(x) : A > 0}. Hence, from the latter conclusion and we get that S".T; is a
Pr-rectifiable measure for every ¢ € N. Finally, from and Propositionwe conclude
that S".T is a P7-rectifiable measure. O

Remark 2.35. With the very same argument as in Theorem [2.34] we can show that whenever
¢ is a Radon measure on G such that ©"*(¢,x) < +oo at ¢-almost every z € G, and
Tan(¢, x) = {AS".V(z) : A > 0} with V(z) € Gr.(h) for ¢-almost every z € G, hence ¢ is
Pp-rectifiable.

4.1.2. From approzimate tangent planes to & -rectifiability. In this subsection we aim at
proving that whenever an approximate (complemented) h-dimensional tangent plane to a
set I" exists almost everywhere (in the sense of the forthcoming Proposition , then the
measure S".T" is Py-rectifiable. First, we need a crucial estimate on projections that will be
useful also later on.

Proposition 2.36. Let V.W € Gr.(h) be complemented by the same homogeneous subgroup
L. Then, there exists an increasing function A : (0, g(W,L)] — (0, +00), depending only on
V, W, and L, such that limg_,o A(B) = 0, and satisfying the following condition.
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For every o < gp(V,LL) and every Cy(a)-set T of finite and positive S"-measure if there
are anz €T, a B < Cg(W,L) and a p > 0 such that

(2.85) I'NB(x,7) C 2Cw(B), for all0 <r < p.
then
)Sh(PV(B(fCa r) ﬁ:fw(ﬂ)) nry(@)  S"(Py(B(, T)rf; aCw(8)NT)) ‘ < A(B),

for every 0 < r < (1 +a(0g(V,L) —a) ) 1qy(V,L)p =: o(p, a).

Proof. Let us fixan x € I', a 0 < f < (g(W, L) and a p where holds. We denote with
Py, PHY , respectively, the projections associated to the splitting G = V-1, and analogously for
the splitting G = W - L. For the sake of notation, for every fixed 0 < r < (14 a(Cg(V,L) —
a) )10V, L)p we let

A, = Py(B(x,r) NzCw(B)) N Py(T) and B, := Py(B(z,r) NzCw(B) NT).

Since the inclusion B, C A, is always verified, we want to estimate the measure of those w
containedgl A, \ B,. If y € A, there are w € T" such that Py(w) = y, and an ¢ € L such
that y¢ € B(z,r) NzCw(S). Let us notice that Proposition implies that || Py(z~1y)| =
| Py(z~tyl)|| < Og(V,L)~1r. Moreover, since I is a Cy(«)-set, we even get that, by exploiting
Remark
1A (2~ w)|| < a(Ga(V,L) — a) ! Py(z™ w)|| = a(CG(V, L) — o)~ | Py(z~'y)]|
< a(Gy(V,L) — o)~  Gy(V, L) r.

This implies in particular that
o~ w]| < | Py(z™ )| + 1B (@ w)l| = [|Py(a™ y)l| + || B (2 w))|

< (1+ a(GV,L) — o)~ )Gy (V. L)r.

Hence, from the choice of r, we infer that (1 + a(Cg(V,L) — o) 1)Qg(V,L)"1r < p and thus
we can use the hypothesis in 1’ applied to w to obtain that z~'w € Cyw(B). Thus, by
also exploiting Remark and the fact that 271yl € Cyw(B) we get that

1P (2~ y) )| < B(Ca(W,L) — )~ || Pw(z~ty)ll
15 (&= y) P (w)[| < B(C(W, L) = 8) | Pw ("),
where the last inequality comes from the fact that
Al (a7 w) = A (2 'y P (w)) = B (27 ) B (w).
Thanks to we deduce that
(2.89)
16~ P (w) | < [|1B] (@~ y)el| + | P (= y) P (w) || < 28(C(W, L) — )| P (2 1y) |
= 26(Gg(W, L) — 8)~ || Pw (" yl)|
< 28(Cg(W, L) — 8) ' Gg(W, L)~ 2™ y/|
< 28(Cg(W,L) — 8) ' Gg(W, L)'
This in particular implies that
lz ™ wl| = fla™ y B (w)l| < v+ (|67 P (w)

< (14 28(CGg(W,L) — 8) " Gg(W, L) )r =: f2(B)r.

(2.86)

(2.87)

(2.88)

(2.90)
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The above chain of inequalities, together with the hypothesis (2.85), allows us to conclude
that

Ar C Py(B(z, f2(8)r) N2Cw(B) NT).
Finally this allows us to infer

(2.91)
S"(Ay) — 8M(B,) < S"(Py(B(a, f2(8)r) NaCw(B) NT) \ Py(B(x,r) NaCw(8) NT))
= S"(Py(B(a, f2(8)r) \ B(z,7) N 2Cw(B) NT)),

where the last identity comes from the injectivity of Py when restricted to I', since a <
eq(V,L), see Proposition [1.89] Finally, Proposition implies

S"(Ar) = 8"(B,) < 8"(Py(B(z, f2(8)r) \ B(z,7) N aCyw(B)))
= S"(Py(B(0, f2(8)) \ B(0,1) N Cw(B)))r" = A(B)r".
The function A is easily seen to be increasing and thanks to the continuity from above of

the measure, the fact that limg_,o A(8) = 0 immediately follows too since fa(5) — 1 as
58— 0. O

(2.92)

Proposition 2.37. Let I' be a Borel set of C" positive and finite measure such that at C"-
almost every x € T' there exists V(x) € Gr.(h) for which for every 0 < < 1 there exists a
p(z, B) > 0 such that

(2.93) I' N B(x,p(x, B)) € 2Cy() (B)-

Then, the measure C* T is P%-rectifiable. In addition we have that ©O"(C".T,z) = 1 and
Tany, (C'.T,z) = {C".V(x)} for C".T-almost every z.

Proof. First of all we define the family of sets
F :={T' C G :T Borel, S".T is P{-rectifiable, O"(CM.T, z) = 1 for S".I-almost every x}.

By a classical argument, see for example [180, Proposition 1.22], we can write I" as I' = " uUT™
where I'" is a Borel set for which there are countable many X € % such that I C U,X
and I'* is a Borel set such that S*(I' N X) = 0 for every ¥ € .F

Let us prove that I'" € .%. For every k € N we define 3, := X, \ Ui<i<k—12i. Thanks to
Proposition the measure S 3, is still P} -rectifiable, the Y, are pairwise disjoint and
their union stlll contains I'". Again by Proposwlonﬂ we infer that for every k € N the
measure S" (35 NT7) is P¢-rectifiable and ©M(CPL (X, NT7), ) = 1 for S"L (X, NT7)-almost
every x and this finally implies that

oI, x) =1,

for §hLFr—almost every x. Applying Proposition to the measure S".T" and to the Borel
set 3, we infer that Tany (S".T", z) is unique and flat " T'"-almost everywhere on 3. Since
the 3, countably cover I'" this concludes the proof that S*.I'" is Py -rectifiable.

The above argument shows that we can assume by contradiction that I' is compact set
of positive and finite S"-measure and that

(2.94) SMI'N¥) =0 for every ¥ € .Z.
For every n > 0 we let
Grl(h Ve Gre(h) : inf dg(V,W) >nt C Gr.(h).
ré(h) = { re(h) WeGr(\Gre(h) o )—77} < Gre(h)

Thanks to Proposition it follows that Grl(h) is a closed, thus compact, subset of Gr(h).
Thanks to Lemma for every n > 0 the set I := {z € ' : (2.93)) holds at = and V(x) €
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Gr1(h)} is Sh-measurable. In addition to this, since V() belongs S"_T-almost everywhere
to Gr.(h), that is an open set in Gr(h), see Proposition we have

sh (r\ U rﬂ) = 0.
neQ+\{0}

In particular there exists an 79 > 0 such that S*(I") > 0. In the following we let F be a
compact subset of I'® such that

ShTm\ E) < Sh(1™)/2.
Note further that thanks to Remark we have that

m(ng) == min (V) > 0.
WeGrl(h)

Let 2 := {V,} en be a countable dense subset of Gr°(h) and

for all j € N we choose a compl. subgroup L; of V; s.t. g(V;,L;) > e(V;)/2 > m(no)/2.
From now on we let € be a fixed positive number in (0, m(ny)/10) such that
(2.95) 1 —3m(no)~"e(1 + 3m(no) *¢)/(m(no) — ) >0,

which we can do taking € small enough. The previous estimate will play a role later on. For
every p,q € N we define the set

(2.96) F(p,q):={x € E:B(z,1/q)NT C 2Cy,(¢/6)},
and we claim that
(2.97) Sh (E\ U F. q)) =0.

p,qEN

By density of the family & in Gr®(h) and since by construction for every z € I'™ we have
V(z) € Grlo(h), we deduce that there must exist a plane V,, € & such that dg(V,, V(z)) <
30~ 'e. This, jointly with Lemma implies that

(2.98) Cy()(307e) € Cy, (67 '¢).

Since by definition of T, (2.93) holds at every point z € E, we can find a p(z) > 0 such
that for every 0 < r < p(x) we have

(2.99) B(xz,r)NT C :L‘CV(:C)(3O_15).

In particular, putting together (2.98) and (2.99) we infer that for S' I'-almost every z € E
there are a p = p(z) > 0 and a p(z) > 0 such that whenever 0 < r < p(x) we have

B(z,r)NT C 2Cy, (67 '¢),

and this concludes the proof of . Thanks to Proposition and Proposition we
get that there are countably many V; € Gr{°(h) complemented by some LL;, compact subsets
K; of V; and intrinsically Lipschitz functions ¢; : K; C V; — LL; such that

(1) for every z € K we have I'; = {wp;(w) : w € K;} C 2¢(2)Cy,(¢), and T'; C F

(2) S"(E\U;Ty) =0.
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Thanks to [97, Corollary 4.17] we know that ©™*(C'"_E, z) < 1 for C"_ E-almost every z and
now we wish to prove that ©7(C"_E, z) > 1 for C"_E-almost every z.

Fix a j € N, and an x € T'; such that the conclusion in Proposition holds. Notice
that such a choice of x can be made in a set of Ch\_Fj—fU.H measure in I';. Suppose that ry, is
an infinitesimal sequence such that

oM.y, x) = lim r;"C".T;(B(z, ).
k—o0
Thanks to item (1) above and to Proposition one infers that for every k € N we get

(2.100)
‘Ch(PV]-(B(l‘ﬂ“k) NaCy,(e)) NPy, (L)  CM(Py;(B(z, ) N2Cy, () NT))
7"2 rk
where A; was introduced in the statement of Proposition and depends only on the split

V;-L; = G. In addition to this, for every j € N the definitions of gi(-, ) and of L; imply
that

(2.101) AoV, Lj) = 2am(Vy, 1y) > e(V;) = m(no),
and in turn this means that A;(e) can be estimated with

Aj(e) = C"(Py;(B(0, f2(¢)) \ B(0,1) N Cy; (¢)))
(2.102) — CM(Py,(B(0, 1+ 25(Ca(V}, Ly) — )" GV, L) ™) \ B(0,1) N T, (2)))

< C"(Py,(B(0,1+ 3m(n0) %) \ B(0,1) N Cy;, (¢))),

where the last inequality above comes from and the fact that € € (0,m(no)/10). From
, the invariance properties in Proposition the fact that x € I'; was chosen in such
a way that Proposition holds, and the homogeneity of C*LV, we infer that

_ ] CM"(Py.(B(x,r;) NzCy.(¢)) N Py, (T,

cin o otz BT
_ Ch(PVj (E(:C, k) N :L‘Cvj (e)n FJ’) ))
CM(Py,(B(z,r) N zCy,(¢)))

‘ < Aj(e),

B — .. CMPy,(B(z,r,) NxCy,(e) NT;)) '
= C" (P, (B0, 1) n Gy, (8)))<1 B liiglig Ch(Py,(B(z,ry) NaCly, (5)))] ) < 8406

This implies that, for every 0 < § < 1/100, up to passing to a non-relabelled subsequence in
k, we can assume without loss of generality that for every £k € N we have
P (Blam)nTy) Py (Bla ) NaCy, () Ty)
rrCh(Py,;(B(0,1) N Cy,(e))) Ch(Py,(B(x, ) N2Cy;(€)))
3 5+ A,(2)
~ CM(Py,(B(0,1) N Cv,(e))
Now, let us fix a k € N sufficiently large such that |C".T; ( (x, rk))/rk —eMCMTy,2)| <0,
and let F; C I'; be a Borel set such that |ICM(B(x, ) N ry) — Cl(B(z,ry) N F’)\ < 57’19

Finally, we choose a covering with balls {B(y¢, s¢) }een of Ty N B(x, ), with y, € T, such
that |Y ey st — CB(B(z, ) N )] < 6ri. This implies in particular that

IC"(B(x,rx) NT;) — Z sp| < |CM(B(x, ) NT;) — CH(B(z,ry) N )|
{eN

(2.103)

(2.104) _
+1> s — Cl(B(x,m) N I < 2077,
leN
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The above inequalities together imply in particular that for such a &£ € N we have
(2.105)
- 5+ Aj(e) __ C"®y,(Blz,m) NTy))
Ch(Py,(B(0,1) N Cy,(€))) ~ riCh(Py,(B(0,1) N Cy,(e)))
_ CM Py, (B, i) N 1)) + Ga(Vy, Ly)dri _ C" (P, (Uren By, se) N yeCy, (2))) + Gadr
reCM(Py,; (B(0,1) N Cv,(¢))) B reCM(Py; (B(0,1) N Cv,(e)))

<N sk _ M ,
K E% Ch(Py,(B(0,1) N Cy,(¢)))
where in the second inequality we used
(2.106)

C"(Py,(B(z,m) NT)) — C"(Py,(B(x,r) NTY})) = C*(Py,(B(w,r) NT; \ Blz,r) NTY))
< CuC"(B(x,m,) NT; \ Bz, 7¢) NT}) = Gy (C"(B(w,ri) NTy) = C"(B(x,m) NT)))
< G (C"(B(x,m) NTy) = G (Blw,74) NT}) ) < Cadr,

that is true taking into account Proposition the fact that Py, is injective on T';, see

Proposition and the fact that S < C" by definition. Hence putting together (2.104)
and (2.105) we deduce that, for k large enough,

(1+ )+ Aj(e) h o

1= <rh S s < Ch(B(x, ) NT;) /1l +26 < OM(CPLT, z) + 36,
G, (B0, DA Oy, @) = * 2 )nT;) /o (€hry,)
Thanks to the arbitrariness of §, this implies that for ChLFj—almost every x we have, by
making use of (2.102)
1— (e, j):=1— Ch(PVj (E(O 1+ 3m(no)~ ) \B<0, 1N CV]. (€)))
T n(Py,(B(0,1)N Cy,

(2.107) Ch(Py,(B(0,1) N Cv,(e)))

<i— Aj(e)
T CMPy(B(0,1) N Cy,(e)))

We now wish to get a bound from above of T(e, j) that does not depend on j. In order to do
this, we first of all let py(¢) := 14+3m(no) ~2e and p2(e) := 1—3m(no) tepi(e)/(m(ng) —e) > 0,
thanks to (2.95). We claim that the following inclusion holds

(2.108)
Py, (B(0,p1(2)) \ B(0,1) N Cy,(2)) € Py, (B(0, p1(e)) N Cv, (€)) \ Py, (B(0, p2(e)) N Cy, (€))-
By definition, if y € Py;(B(0,p1(¢)) \ B(0,1) N Cy,(¢)), there exists an ¢; € L; such that
yl1 € B(0,p1(e)) \ B(0,1) N Cy,(¢). Notice that if ¢ € L; is such that y¢ € Cy,(e), by
Proposition we have

m(no)[|€]] < Ga(Vy, Ly) [ £]] < dist(yl, V) < ellyll] < ellyll + ell€]l,
and then ||¢]] < el|y||/(m(no) —€). This implies that in order to prove that y does not belong
to Py, (B(0,p2(e)) N Cy;,(€)) we just need to show that y¢ & B(0, pa(e)) N Oy, (e) for every
¢ € B(0,¢|lyl|/(m(no) — €)) NL;. This however, follows from the following computation

Iyl
— s po(e),
mim) —¢ P2

<ehchr; z) <ol E, ).

lyell > llyeall = llertel > 1 -

where the last inequality comes from the fact that ||£; /|| < ||€ 1H +[14]] < 2el|yll/(m(no) —e),
and ||y|| < Gzn(V;,L;) " Hyli|| < m(no)~'p1(g). This proves and in turn the inequality
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(e, 5) < p1(e)” — pa(e)*, by homogeneity of C*. Furthermore, since on the right-hand side
of the previous inequality we have an expression independent on j we conclude that, by
exploiting (2.107), for C"-almost every x € I'; we have

L (p1(e)" = p2(e)") < ©U(C"LE, 2).

Thanks to the arbitrariness of j and to the fact that C"(E \ U,;I';) = 0, we deduce that the
previous inequality holds for C"-almost every 2 € E. Since € can be chosen arbitrarily small,
we conclude that ©"(C"_E,z) > 1, and then ©"(C"_E,z) = 1 for C"-almost every x € E.

Eventually, Lemma together with concludes that for C*-almost every z € E
and for every v € Tany,(C"LE, ) the support of v is contained in V(z). In addition to this,
from the existence of the density, the argument in [89, Proposition 3.4], and Propositionm7
we have that for C"_E-almost every * € G we have Tan,(C".E,r) = {C".V(x)}. This
concludes the proof of the fact that C"LE is " -rectifiable and this comes in contradiction
with the fact that E C I' has positive S”LI-measure by construction and (2.94). ([l

Let us now verify that an intrinsically differentiable graph satisfies the hypothesis of
Proposition [2.37]

Lemma 2.38. Let ¢ : A CV — L be a map such that T' := graph(p) is an intrinsically
differentiable graph at w € T' with tangent V(w). Then, for every [ there exists p = p(B)
such that

I'NB(w, p) € wCyu)(B).
Proof. We first claim that for every ¢ > 0 there exists rg := ro(¢) such that

(2.109) sup  dist(p, wV(w)) <er, for all 0 < r < rg.
pelNB(w,r)

Indeed, this follows just by taking K’ := B(0,1) in the definition (1.77) and by exploiting

the very definition of Hausdorff distance. B
Now let us take ¢ < /2. We claim that I' N B(w,9(¢)) € wCy(y) (). Indeed, let

p € I'N B(w,r(€)), and k > 1 be such that 7027% < [[w™! - p| < ro27**!. Since p €

I' N B(w, o2~ %), from (2.109) we get
dist(p, wV(w)) < erg2” ¥ < 2efw™" - pl| < Bllw ™" - pl,
thus showing the claim. O

We are now ready to give the proof of Theorem [2.30]

Proof of Theorem 2.30. We prove different implications in separate points.

1.=2. If ShLT is P} -rectifiable, then S™.T' is asymptoticall doubling. Hence, by a routine
argument (cf. [174, Remark 14.4(3)]) we get that, for S".T-almost every = € G,
every element in Tan(S".T", z) is a constant multiple of an element of Tany,(S".T', z),
which is by hypothesis of the form AS".V(z) with V(z) € Gr.(h), whence the
conclusion.

2.=1. It follows from Theorem by approximating the Borel set I' from within by
compact sets.

1.=3. It is a consequence of Theorem and the fact that the Hausdorff tangent at
Sh T;-almost ever z of T; is complemented since it coincides almost everywhere
with the subgroup on which it is supported the tangent measure.
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3.=1. Since, for every i € N, T'; is an intrinsically differentiable graph at S"LT;-almost every
point of it, by Lemma we conclude that the hypothesis of Proposition is
verified. Hence, for every i € N, S".T; is Py -rectifiable. Hence, since ST\
ULT;) = 0, by a routine argument involving the locality of tangents and the
Lebesgue Differentiation Theorem, see Proposition we conclude that S T is
Pp-rectifiable as well.

Let us show the second part of the statement. Let us assume item (3) holds. Since, for
every i € N, I'; is intrinsically differentiable, arguing as above we can apply Proposition [2.37]
and then conclude that ©"(C".T;,x) = 1 for C".T;-almost every z € G. Hence, from the
Lebesgue Differentiation Theorem in Proposition we conclude that, for every i € N,
O"(M.T,z) = 1 for C".T';-almost every x € G, and hence the same conclusion holds for
Ch.I-almost every z € G since C*(I'\ ULT;) = 0. The convergence in the second part of
the statement is a direct consequence of the fact that the density is 1 and Lemma [1.62| The
last part of the statement is an immediate consequence of Theorem [2.25] O

Remark 2.39. With the argument in the proof of Theorem [2.30] taking also into account
Remark we might prove the same equivalence as in Theorem but for Radon mea-
sures ¢ on G with ©™*(¢, ) < 400 at ¢-almost every = € G, instead of S".T". Clearly, the
density ©"(¢, z) might not be 1 ¢-almost everywhere.

We recall the definition of approximate tangent to a set. Let I' C G be a Borel set of
finite and positive S"-measure, and let V € Gr(h). We say that V is an approzimate tangent
plane of I' at x if

(1) we have ©"*(S".T', z) > 0;
(2) we have

h
g S LB\ Cole))
r—0 r

for every a > 0.

Remark 2.40. By properly adapting the argument in Proposition one might prove that
if ' C G is a Borel set with S" positive and finite measure, ©7(S".T", z) > 0 for S T'-almost
every z € G, and moreover I' has an approximate complemented tangent at S"_T-almost
every = € G, hence the measure S"LT is Py -rectifiable. This means that in the statement of
Theorem one can also add the item
o OFSM.T, z) > 0 for S .T-almost every = € G, and moreover I" has an approximate
complemented tangent at S".I-almost every z € G.

One thus might ask the following question.

Question 4. Is it possible to remove the hypothesis @ﬁ(ShLI‘, x) > 0 in the item above,
and still get the equivalence of Theorem [2.30/

In the special case of tangents that are complemented by at least one normal subgroup,
the answer to the previous question should be positive, by adapting the arguments of [178],
and [128], which deal with the co-horizontal case. Thus one could add the following item

e ' has an approximate tangent that is complemented by at least one normal subgroup,
at SPL.T-almost every z € G.

in the forthcoming Corollary






CHAPTER 3

Marstrand—Mattila rectifiability criterion for Z?-rectifiable
measures

In this chapter we prove a generalization of Marstrand—Mattila rectifiability criterion
in the setting of Carnot groups. For the classical Marstrand-Mattila rectifiability criterion
in R, we refer the reader to [174]. The content of this chapter comes from a work in
collaboration with A. Merlo [32].

In this introductory part we give the statement of the theorem, see the forthcoming
Theorem We also present a couple of corollaries that can be readily deduced from
it. Namely, the one-dimensional Preiss’s theorem in the first Heisenberg group H' endowed
with the Koranyi distance, see Theorem and an enhanced characterization of the -
rectifiability in the co-normal case, see Corollary

In Section [1] we give the complete proof of Theorem (3.1l First, in Section we show
that in a Carnot group of homogeneous dimension @), every Z7;-rectifiable measure (see
Definition , with 1 < h < @, is such that, at almost every point, the possible tangents,
even if different, share the same stratification vector. Moreover the function that associates
to each point the (unique) stratification vector of the tangents at that point is measurable,
see Proposition Finally, in Section we complete the technical part of the proof,
whose strategy follows the lines of Preiss’s work [202].

In this chapter we aim at proving the following, which is one of the main results of [28].

Theorem 3.1 (Co-normal Marstrand-Mattila rectifiability criterion). Let G be a Carnot
group of homogeneous dimension @ endowed with a homogeneous norm || - || that induces a
left-invariant homogeneous distance. Let h € {1,...,Q}, and let ¢ be a 3”;’§—rectiﬁable, i.e.,
a 5 -rectifiable measure with tangents that ¢-almost everywhere admit at least one normal
complementary subgroup (see Definition m)

Then ¢ is a P;-rectifiable measure, see Definition . Moreover, there are countably
many homogeneous Carnot subgroups V; of homogeneous dimension h, and Lipschitz maps
D, : A; CV; — G, where A;’s are compact, such that

o(G\ |J @i(4n) =0.
1€N

Notice that passing from a &?*-rectifiable measure to a &?-rectifiable measure is by far
non-trivial. Indeed, we recall that in the definition of ?*-rectifiability we just ask that the
tangents are flat, but not necessarily unique almost everywhere. On the contrary, in the
definition of &-rectifiability we also ask that, almost everywhere, the tangent is unique.

Let us notice that a converse of Theorem holds as well. Namely if ¢ is a Radon
measure on G with positive h-lower density and finite h-upper density ¢-almost everywhere,
and there are countably many homogeneous Carnot subgroups V; of homogeneous dimension
h, and Lipschitz maps ®; : A; CV; — G, where A;’s are compact, such that

6(G\ U @:(40) =0,
1€N
89
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hence ¢ is Zp-rectifiable (and a fortiori 27} -rectifiable). The proof is reached first by a
classical reduction to measures of the type S"L.T, and hence using the Rademacher theorem,
and the area formula, which hold for the maps ®;. The resulting reasoning is exactly the
same as in the last part of the proof of Theorem

Let us further notice that the conclusion of Theorem also implies that the support
of the measure ¢ is Pauls’s rectifiable, i.e., it is #"-almost everywhere covered by the count-
able union of Lipschitz images of subsets of Carnot groups of homogenous dimension h, see
Definition for additional information.

A Marstrand—Mattila rectifiability criterion for codimension-one rectifiable measures in
arbitrary Carnot groups has been proved by Merlo in [180]. The techniques used in [180] are
likely to be adapted to show the same result in the more general co-horizontal case. Apart
from these cases, and the result in Theorem we presently do not know if a Marstrand—
Mattila rectifiability criterion holds in the generality of &?*-rectifiable measures with comple-
mented tangents. We believe that such a result could be really challenging to prove because
of the lack of regularity of the projection maps onto complemented subgroups in the general
case.

Question 5. Determine whether a Marstrand—Mattila type rectifiability criterion holds
in the generality of &?*-rectifiable measures with complemented tangents.

We remark that we are able to prove Theorem because of the following two key
observations: whenever V admits a normal complementary subgroup L, then the projection
Py : G — V related to the splitting G = V- L is a Lipschitz homogeneous homomorphism, see
Proposition and moreover V is a Carnot subgroup, see [29, Remark 2.1]. This allows
us to adapt Preiss’s machinery in [202] not without some difficulties that are essentially due
to the fact that, on the contrary with respect to the Euclidean setting, we do not have a
canonical choice of a normal complementary subgroup of V when there is at least one. We
also stress that, for the Marstrand-Mattila rectifiability criterion, the assumption on the
strictly positive lower density is necessary already in the Euclidean case, see [202] 5.9].

The hypotheses of Theorem are satisfied whenever we have a &7} -rectifiable measure
with horizontal tangents. Hence, the previous Marstrand—Mattila rectifiability criterion can
be used to prove the following Preiss-type theorem for one-dimensional rectifiable measures
in H' endowed with the Koranyi norm. For the sake of clarity, let us recall that if we identify
H!' = R? = {(z,t) : * € R% ¢t € R} through exponential coordinates, then the Kordnyi norm
is ||(z,t)]| :== (J|z||2, + t2)"/*, where || - ||oy is the standard Euclidean norm.

Theorem 3.2 (One-dimensional Preiss’s theorem in H'). Let H' be the first Heisenberg group
endowed with the Kordnyi norm. Let ¢ be a Radon measure on H' such that the one-density
O (¢, x) exists positive and finite for ¢-almost every x € HI.

Then H' can be covered ¢-almost all with countably many images ®;(A;) of Lipschitz
functions ®; : A; C R — H', and moreover ¢ is absolutely continuous with respect to the
one-dimensional Hausdorff measure H'.

Proof of Theorem|[3.2. From the fact that the one-density exists at ¢-almost every z € H!
we deduce that at ¢-almost every = € H! the tangent measures are uniform measures. The
argument to obtain the latter assertion is classical, see [89, Proposition 3.4], or cf. [181,
Proposition 2.2]. Then from [80, Theorem 1.3] we get that the tangent measures, at ¢-
almost every x € H!, are S'_L, where L is a horizontal line. Finally from Theorem since
every horizontal line admits a normal complementary subgroup, we get the first part of the
sought conclusion. The absolute continuity is a consequence of Proposition O
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Let us notice that Theorem is one of the few cases in which Preiss’s theorem [202]
is nowadays known to hold beyond the Euclidean space. The characterization of the k-
rectifiability of a measure through the existence of the k-density in Euclidean spaces was
one of the great achievement of Geometric Measure Theory, see [202]|. Another Preiss’s type
result has been proved by A. Lorent [159] in £3_. Recently, Merlo has accomplished to prove
the analogue of Theorem for the three-density, which requires a deeper understanding of
three-uniform measures in the first Heisenberg group H!, see [180,181].

A result related to Theorem in the broad generality of metric spaces is contained
in [203]. Nevertheless we stress that here we prove Theorem in the general setting of
Radon measures and we ask no bound on the density, just its existence: namely, we prove
that whenever the one-density of a Radon measure exists on H! endowed with the Koranyi
norm, hence we have that it is one-rectifiable & la Federer. We remark that, even if we take
advantage of the fact that the classification of the one-uniform measures on H! was known
from [80], the result in Theorem is non-trivial by using our approach, since it requires
the Marstrand—Mattila rectifiability criterion in Theorem [3.1

We stress that very recently David Bate in [46] has proved a general Marstrand—Mattila
rectifiability criterion to deduce the rectifiability a la Federer of a set in a complete metric
space by means of the existence of possibly rotating tangents that are bi-Lipschitz to Eu-
clidean spaces. As kindly pointed out to the author of this thesis by Bate, this criterion will
give the one-rectifiability Preiss’s theorem in arbitrary complete metric spaces, see [43], thus
generalizing Theorem

Let us end this introductory part, by giving a complete picture of measures with density
in the first Heisenberg group H'. If in H' endowed with the Koranyi norm we have a Radon
measure ¢ such that there exists o > 0 for which the a-density ©%(¢, z) exists positive and
finite for ¢-almost every = € H' we first get that « is an integer, see [77, Theorem 1.1]. Thus
the only non-trivial cases are

e o = 1. In this case ¢ is H;-rectifiable, see Theorem Moreover we can cover
¢-almost all of H! with countably many images of Lipschitz maps from subsets of R
to H'.

Notice that we can improve the latter conclusion. Indeed, we can cover ¢-almost
all of H! with countably many images of Cjj-functions defined on open subsets of R
to H'. This last improvement comes from Pansu-Rademacher theorem for Lipschitz
maps between Carnot groups, see [200], and the Whitney exstension theorem proved
in [130, Theorem 6.5].

e « = 2. In this case ¢ is Py-rectifiable, see [180, Theorem 3.7]. This means that
the tangent measure is ¢-almost everywhere unique and it is a Haar measure of the
vertical line in H!.

e o = 3. In this case ¢ is Hs-rectifiable, see [181], and [180, Theorem 4]. Moreover
we can cover ¢-almost all of H! with countably many Cf-hypersurfaces, see [180,
Theorem 4].

As it is clear from the list above, an interesting line of investigation could be a finer study of
the structure of P5-rectifiable measures in H!.

We end this introductory part by stressing here the following immediate corollary of
Theorem Theorem and the main result in [29], which is a Rademacher theorem
for intrinsically Lipschitz functions with normal target. The following Corollary gives a
rather complete picture of the rectifiability in the co-normal case in arbitrary Carnot groups,
that in turn becomes very similar to the Euclidean one. Compare also with Remark
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Corollary 3.3. Let G be a Carnot group of homogeneous dimension Q) endowed with a homo-
geneous norm || - || that induces a left-invariant homogeneous distance d. Let h € {1,...,Q},
and let T C G be a Borel set such that 0 < S"(T') < +oo, where 8" is the h-dimensional
spherical Hausdorff measure. Then the following are equivalent
(1) S".T'isa Py -rectifiable measure with tangents complemented by at least one normal
subgroup, or, in other words, a @Z’ﬂ—rectiﬁable measure, see Deﬁm’tionm
(2) S'.T is a Py,-rectifiable measure with tangents complemented by at least one normal
subgroup,
(3) For S".T-almost every x € G we have

Tan(S".T, z) = {AS".V(z) : A > 0,V(x) is a homogeneous subgroup
of G that admits at least one normal compl. subgroup, dimpe,V(x) = h},

(4) There are countably many compact intrinsic graphs T'; that are h-dimensional in-
trinsically differentiable graphs at S™-almost every x € T; (see Deﬁm’tz’on , that
have Hausdorff tangents complemented by at least one normal subgroup at S"-almost
every x € I';, and such that

S"I\ U3 =0,

(5) There are countably many compact intrinsic graphs T'; that are graphs of intrinsically
Lipschitz functions p; : Uy C V; — L;, where IL; is a normal subgroup, V;,1L; are
homogeneous complementary subgroup, dimpemV; = h, and such that

SMI\ UfT) = 0.
Moreover, denoting with C* the centered Hausdorff measure of dimension h, see Defini-

tion if any of the previous holds, then OMCM.T,z) = 1 exists for C".T-almost every
x € G, the tangent V() is unique S™-almost everywhere, and

r M Ty ) (CPT) — CM'LV (), as r — 0, for C".T-almost every z € G,

where the convergence of measures is meant in the duality with C.(G).

1. Proof

This section is devoted to the proof of the following result, which is a restatement of the

main result in Theorem 3.1l From now on, if not otherwise specified, G will be a fixed Carnot
group of homogeneous dimension @ endowed with a homogeneous norm || - || that induces
a homogeneous left-invariant distance d. Moreover, h will be a natural number in the set
{1,...,Q}.
Theorem 3.4 (Co-normal Marstrand-Mattila rectifiability criterion). Let G be a Carnot
group of homogeneous dimension Q) endowed with a homogeneous norm || - || that induces
an arbitrary left-invariant homogeneous distance. Let h € {1,...,Q}, and let ¢ be a 9;:’5]-
rectifiable measure. Then there are countably many W; € Gra(h), that are in addition Carnot
subgroups, compact sets K; CW;, and Lipschitz functions f; : K; — G such that

o |G\ | fi(K) | =o0.
€N
As a consequence, ¢ is P -rectifiable.
We stress again, as done right after Theorem[3.1] that passing from a *-rectifiable mea-
sure to a P-rectifiable measure is by far non-trivial. We now briefly discuss the strategy of

the proof of Theorem which is ultimately an adaptation of Preiss’s technique in [202, Sec-
tion 4.4(4), Lemma 5.2, Theorem 5.3, and Corollary 5.4] in our setting, see Proposition [1.75]



1. PROOF 93

Proposition and Proposition respectively. In particular we show that whenever a
Radon measure satisfies precise structure conditions, see the hypotheses of Proposition
that are always verified whenever ¢ is &7} -rectifiable with tangents that admit at least one
normal complementary subgroup, see Proposition then it is possible to find a Lipschitz
function f : K C V — G, with a Carnot subgroup V € Grq(h), such that ¢(f(K)) > 0.
Then, by a classical measure theoretic argument, this implies that G can be covered ¢-almost
all with U;enfi(K;), where f; : K; C V; — G are Lipschitz functions, and V; are Carnot
subgroups in Gr4(h), see the first part of the proof of Theorem

The last part of Theorem is reached from the first part and the following key ob-
servation: if a homogeneous subgroup of a Carnot group admits a normal complementary
subgroup, then it is a Carnot subgroup, see [29, Remark 2.1]. Thus the maps f; are Lipschitz
maps between Carnot groups and we can apply Pansu—Rademacher theorem, see [200], Mag-
nani’s area formula, see [161], and a classical argument (compare with [178]) to conclude
that SP_fi(K;) is a P} -rectifiable measure, see the last part of the proof of Theorem
From this latter observation, the proof of Theorem is concluded.

Proof of Theorem|[3.1]. It is an immediate consequence of Theorem O

Memorandum: Throughout all this chapter we let G be a Carnot group of homogeneous
dimension @ equipped with the box norm introduced in Definition This does not result
in a loss of generality since our aim is to prove Theorem that is clearly independent on
the choice of the particular homogeneous norm ||-|| that induces a left-invariant homogeneous
distance on G, since all left-invariant homogeneous distances are bi-Lipschitz equivalent on
G. So, from now on, we may suppose that G is endowed with the left-invariant homogeneous
distance induced by the box norm introduced in Definition [1.16]

1.1. Rigidity of the stratification of &7;-rectifiable measures. In this section we
show that in a Carnot group of homogeneous dimension @, every &, -rectifiable measure,
with 1 < h < @, is such that, at almost every point, the possible tangents, even if different,
all share the same stratification vector.

We let ¢ : G — [0,1] be a positive, smooth, radially symmetric function with respect
to || - || (see the discussion before Proposition [1.29), supported in B(0,2), and such that
¢ =1 on B(0,1). We shall denote by g its profile function, that is defined right above the
statement of Proposition [1.29 Let us recall that s(-) denotes the stratification vector, see
Definition and &(h) denotes all the possible stratification vectors of the homogeneous
subgroups of homogeneous dimension h.

Proposition 3.5. For every h € {1,...,Q} there exists a constant I(¢,G,h) =1 > 0 such
that for every V € Gr(h) and every s € S(h) \ {s(V)}, we have

inf dist dac’

Welgr(h)/go(z) ist(z, W)dC" .V > 7,
s(W)=s

where the stratification vector s(-) was introduced in Definition[1.20,

Proof. Suppose by contradiction this is not the case. Thus there are two sequences {W,;} C
Gr(h) and {V;} C Gr(h) such that for every i € N we have s(W,) # s(V;) and

(3.1) / o(2)dist(z, Wi)dC"V; < 1/i.

Thanks to the pidgeonhole principle and the fact that &(h), see Definition is a finite
set we can assume up to passing to a non re-labelled subsequence that

E(Wl) =951 75 §59 = 5(Vi), for every ¢ € N.
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Furthermore, thanks to Proposition we can also assume, up to passing to a non re-
labelled subsequence, that
W; 2 W e Gr(h), and Vi 2 V e Gr(h).
G G

Furthermore, thanks to Proposition we also deduce that
s(W) =81 # 59 =5(V).

In order to conclude the proof of the proposition we first note for every U € Gr(h) and every
R >0, if 2 € B(0, R), then every element u € U for which dist(z, U) = d(u, 2) is contained in
B(0,2R). Hence, the same argument as in and allows us to conclude that for
every z € B(0,2) the following inequality holds

(3.2) dist(z, W;) > dist(z, W) — 8dg (W, W,), for all i € N.
Putting together (3.1) and (3.2) thanks to Proposition we infer
(3.3)

1/i > / o(z)dist(z, W;)dC" V; > / o(2)dist(z, W)dC" V; — 8dg (W, W,) / ©(2)dC" V;

= /cp(z)dist(z,W)dCh\_Vi —8dg(W,Wi)h/sh_lg(s)d.§.

Therefore, since p(z)dist(z, W) is a continuous function with compact support, thanks to
Proposition and sending 7 to +oo in the previous inequality we conclude

/ @(2)dist(z, W)dC" .V = 0.
In particular dist(z, W) = 0 for S"_V-almost every z € V, and since both Lie(V) and Lie(W)
are vector subspaces of Lie(G) we have V. C W. On the one hand this allows us to infer that
dim(V; NV) < dim(V; NW), for every i € {1,...,K},

and on the other hand, since s(V) # s(W), there must exist an ¢ € {1,...,x} such that
dim(V; NV) < dim(V, "W). This however contradicts the fact that W € Gr(h), indeed

h=dimpyen V="> i -dm(V;NV) <) i -dim(V; NW) = dimpem(W).
=1 =1

Proposition 3.6. Let s € &(h). For every Radon measure 1 we define

Z. = inf z)dist(z, W)d.

() = nt [ eledist(z, W)
5(W)=s

Then, the functional %5 on Radon measures is continuous with respect to the weak* topology

in the duality with the functions with compact support on G.

Proof. Let v; — 1 and note that for every V € Gr(h) for which s(V) = s, we have

(3.4) l}f‘rn o(z)dist(z, V)dy; = /@(z)dist(z,V)dw,

since ¢(z)dist(z, V) is a continuous function with compact support. Let us first prove that

Fs(¢) < liminf Fs ().
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Indeed, if by contradiction .%s(¢) > liminf;, %s(1;), up to passing to a non re-labelled
subsequence in ¢ that realizes the liminf and up to choosing a quasi-minimizer for %4(v),
we can find § > 0, and W; € Gr(h) with s(W;) = s such that

(3.5) Fs () > /cp(z)dist(z,Wi)dl/Ji + 0, for all i € N.

We can assume that W; — W € Gr(h), with s(W) = s, up to a non re-labelled subsequence,

see Proposition and Proposition [1.23| Thus since v¢; — 1) passing to the limit the right
hand side of (3.5)|" we obtain .Z(¢)) > [ ¢(2)dist(z, W)di, that is a contradiction with the

definition of .%;. The proof of the proposition is concluded if we prove that

Fo() > limsup Fu ().

1— 00

In order to prove the previous inequality let us fix € > 0 and V. € Gr(h) with §(V.) = s such
that

(3.6) / o(2)dist(z, Vo )dip — £ < Fo(1).
Putting together (3.4) and (3.6), we infer

limsup Fs(1)i) — e < lim sup/gp(z)dist(z,VE)dei —€

= /(p(z)dist(z,VE)dw —e < Z (V).
The arbitrariness of ¢ concludes the limsup inequality and the proof of the proposition. [

Definition 3.7. For every 7 C 9Mt(h), where we recall that 9t(h) is the set of h-flat measures,
we define s(7) to be the set

s(T) := {s(V) : there exists a non-null Haar measure of V in T}.
Namely we are considering all the possible stratification vectors of the homogeneous subgroups
that are the support of some element of 7.

In the following theorem we prove that whenever we have a ) -rectifiable measure, at
almost every point the tangents have the same stratification vector.
Theorem 3.8. Assume ¢ is a P} -rectifiable measure. Then, for ¢-almost every x € G the
set s(Tany (¢, x)) C &(h) is a singleton.

Remark 3.9. In the notation of the above proposition, since for ¢-almost every z € G we
have Tany (¢, z) C M(h), the set s(Tany (¢, z)) is well defined ¢-almost everywhere.

Proof. Suppose by contradiction there exists a point x € G where
(i) 0 < ©L(¢,z) < O"*(,x) < o0,
(i) Tany (¢, 2) C M(h),
(iii) there are V1,Vy € Gr(h) with s(V;) # s(V3) and A1, A2 > 0 such that
MCMLV, \CM LV, € Tany, (¢, z).

Assume that {r;};eny and {s;};en are two infinitesimal sequences such that r; < s; and for

which T T
7”’;i¢4A10hLV1, and Lf;‘é

T S;

— /\Qchl_Vg.

ISetting fi(2) := p(z)dist(z, W;) and f(z) := ¢(z)dist(z, W) we notice that f; — f uniformly on B(0, 2)
since W; — W. Thus | [ fdy — [ fids| < | [ fdy — [ fdpi|+| [ fdpsi — [ fidip;| and the limit is zero because

i — 1, sup,; ¥;(B(0,2)) < 400 and f; — f uniformly on B(0,2).
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Note that thanks to Lemma we have in particular that ©"(¢,z) < A, Ay < O"*(¢, z).
Throughout the rest of the proof we let s := 5(V;) and we define

o : Loy
flr) = Welgi(h)/go(z)dlst(z,W)d o
5(W)=s

Thanks to Proposition and Proposition 3.6/ we infer that the function f is continuous on
(0,00) and that
lim f(r;) =0 and lim f(s;) > I\ > 10" (¢, z).

1—00 1—00
Let us choose, for i sufficiently large, o; € [ry, s;] in such a way that f(0;) = 10%(¢,z)/2 and
f(r) < 36" (¢,z)/2 for every r € [r;,0;]. Up to passing to a non re-labelled subsequence,
since ¢ is &} -rectifiable, we can assume that J;thmgb — \3CMLV3 for some A3 > 0 and
some V3 € Gr(h). Thanks to Lemma we infer that ©7(¢,z) < A3 < O"*(¢, ) and
thanks to the continuity of the functional .%; in Proposition we conclude that

(3.8) 10M(p,x)/2 = lim f(0;) = lim Fy(0; " Th0,0) = A3-Fs(C"LV3).
1— 00 1—00
The chain of identities (3.8) together with the bounds on Az imply
(3.9) 0 < 10"(¢,2)/20M*(¢,x) < F(C'V3) < 1/2.
Since V3 € Gr(h), (3.9) on the one hand implies by means of Proposition 3.5] that s(V3) = s.

On the other hand, since .%,(C"_V3) > 0, we have that s(V3) # s, resulting in a contradiction.
U

Definition 3.10. Assume ¢ is a &) -rectifiable measure. Recall that s is the step of the
group G. For every z € G we define the map s(¢, z) € N” in the following way

s(¢,7) 1= {5 if Tanp(¢,z) C M(h) and s(Tany (¢, )) is the singleton {s},

0" otherwise,
where 0% denotes the s-tuple vector with 0 entries.

Remark 3.11. The map s(¢,-) is well defined and different from 0% ¢-almost everywhere
thanks to Theorem

Proposition 3.12. Assume ¢ is a &} -rectifiable measure. Then, the map x +— s(¢,x) is
¢-measurable, where on N* we consider the discrete topology.

Proof. Let hg be the constant introduced in Proposition Let us first prove that there
exists & := @(G) such that the following assertion holds
(3.10)

for every 1 < h < @ and for every V,W € Gr(h), if V C Cw(@), then dg(V,W) < Ag.

Indeed, if this was not the case, we can find an 1 < h < @ and sequences {V,;}, {W;} in Gr(h)
such that V; C Cy, (i) and for which dg(V;, W;) > hg, for all i € N. Thus, up to non
re-labelled subsequences, we can assume that V; — V and W; — W, for some V,W € Gr(h),
thanks to Proposition [1.22 Thanks to the aformentioned convergences and the fact that
V; C Cyw, (i71) for every i € N we deduce that V. C W and thus V = W since they both have
homogeneous dimension h. But this latter equality is readily seen to be in contradiction with
the fact that dg(V;, W;) > hg, for all i € N, since W; — W and V; — V.

The proof will be similar to the proof of Lemma so we will not give complete
details. Let {Vy},—; n be a finite a/3-dense set in Gr(h), where & is defined above. For
every r € (0,1)NQ and £ =1,..., N we define the functions on G

fro(x) = r_hgzb({w € B(z,r) : dist(z tw, V) > &||;1:_1w||}) =: r_hgb(l(:v,'r, 0)).
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We claim that the functions f,, are upper semicontinuous. Indeed, one can run the very

same argument starting with (1.69) in Lemma This implies that the function
fe:= liminf f,,,
reQ,r—0° "’

is ¢-measurable and as a consequence, since Tany(¢,x) C M(h) for ¢-almost every z € G,
we infer that the set

Biim {2 € G filz) =0} o € G : Tany(6,) C M(h)),

is ¢-measurable as well. If we prove that for ¢-almost every x € By there exists a non-
zero Haar measure v in Tany(¢,z) relative to a homogeneous subgroup V of G such that
dg(V,Vy) < hg, we infer that

(3.11) s(Tany (¢, z)) = {s(Vy)}, for ¢-almost every = € By,

and thus s(¢,z) = §(Vy) for ¢-almost every x € By. Indeed, if we are able to find such a
measure v relative to V, (3.11)) is an immediate consequence of the fact that if dg(V,V,) < hg,
Proposition implies that V and V, have the same stratification vector; and the fact that,
from Theorem ¢-almost everywhere the tangent subgroups have the same stratification.
In order to construct such a non-zero Haar measure v, we fix a point € By in the
¢-full-measure subset of By such that the following conditions hold
(i) 0 < O(¢,z) < O"*(¢,2) < o0,
(i) Tany(6,) C M(h),
and we let {7; };cn be an infinitesimal sequence of rational numbers such that lim;_, f, ¢(z) =
0.
Thanks to item (i) above and the compactness of measures, see [12, Proposition 1.59],
we can find a non re-labelled subsequence of r; such that

P Ty — v

Such a v belongs by definition to Tany (¢, ) and thus there is a A > 0 and a V € Gr(h) such
that v = AC"LV. Thanks to [89, Proposition 2.7], and arguing as in (1.72), we conclude in
particular that

V C{w € G : dist(w, Vy) < allw||} = Cy,(a),

and then, from (3.10) we conclude that dg(V,V,) < hg, that was what we wanted to prove.
An immediate consequence of (3.11) is that

(3.12) if ¢, me{l,...,N} and s(V,) # s(V,,) then ¢(B, N By,) = 0.

On the other hand, the B,’s cover ¢-almost all G. To prove this latter assertion, we note that
since ¢ is &} -rectifiable, for ¢-almost all € G there is an infinitesimal sequence r; — 0, a
A > 0and a Ve Gr(h) such that ;7 "T},..¢ — AC"LV. Since the set {V,: £ =1,..., N} is
a/3-dense in Gr(h), there must exist an £ € {1,..., N} such that

(3.13) V C{w e G : dist(w, Vy) < aljw||}.

This last inclusion follows since there exists ¢ such that dg(V,V,) < &/3 and the observation
that every point in dB(0,1) NV is such that every point at minimum distance of it from V/ is
in B(0,2) N'V,. The previous inclusion, jointly with [89, Proposition 2.7], and arguing with
, implies that fy(xz) = 0. This proves that z € B, and as a consequence that the By’s
cover ¢-almost all G.

We are ready to prove the measurability of the map = — s(¢, z). Fix an s € &(h) and let
D(s) :={z € G :s(p,z) = s} N U, By. Since by the previous step the By’s cover ¢-almost
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all G we know that {z € G : s(¢,x) = 5} \ U, By is ¢-null and thus it is ¢-measurable.
Furthermore, thanks to 1) and ( we know that up to ¢-null sets we have

U {Bg V@ _5}

s€S(h)

Since the sets By are ¢-measurable, this concludes the proof that {x € G : s(¢,z) = s} is
¢-measurable for every s € &(h), taking also into account that s(¢,-)~1(0) is ¢-null. O

1.2. Proof of Theorem This long and technical subsection is devoted to the core
of the proof of Theorem The main ingredient for the proof is Proposition which is
proved exploiting Proposition and Proposition together with Proposition

Definition 3.13. Let C > 0 be a real number. Through the rest of this subsection we let
010(0) =14+ 2/0,
and
C11(C) = (10(1 + 1))@+,
Remark 3.14. Let h € {1,...,Q}, and let s € &(h) be fixed, let C' > 0, and let V € G%(h)

with ¢(V) > C, where ¢ is defined in (1.35). Let L be a complementary subgroup of V and
P := Py the projection on V related to this splitting. Note that with the previous choices of

and (g, thanks to Proposition and Remark we have
2(1 + Co)"C"(P(B(0,1))) < Crp/2"*?,
since C"(P(B(0,1))) < C".V(B(0, Crg)) = Giy:

Proposition 3.15. Let h € {1,...,Q}, s € &(h), and let 4 be a subset of Gry(h) such that
there exists a constant C > 0 for which

e(V) > C forallVe9,

where we recall that ¢ was defined in (1.35). Further let v > 0, ¢ € (0, 5*h*5h],
r = (1 —¢/h)r, and p = 27"h~3 5h€2, where and are defined in terms of C
in Definition [3.13,

Let ¢ be a Radon measure and let z € supp (¢). We define Z(z,r1) to be the set of the
triplets (x,s,V) € B(z,Grr1) % (0,Gmr] x Gré(h) such that

(3.14) $(B(y, 1)) = (1 —)(t/ )" o(B(=, Gur)),

whenever y € B(x, Qrps)NaV and t € [us, Grps]. We moreover ask that we can find a compact
subset E of B(z,(qr1) such that z € E,

(3.15) ¢(B(z, Crr) \ B) < w1 Gl é(B(z, Orr)),

and such that for every x € E and every s € (0,(myr — d(x, z)] there is a V € Gry(h)
such that (z,s,V) € Z(z,r1). Furthermore we assume that there exists W € ¢4 such that
(2,7, W) € Z(z,r1), and let us fir L a normal complementary subgroup of W such that
Proposition[1.48 holds. Let us denote P := Py the projection on W related to the splitting
G=W-L.

Let us recall that with the notation T (u,r) we mean the cylinder with center v € G and
radius v > 0 related to the projection P = Py, see Definition . For everyu € P(B(z,71))
let s(u) € [0,7r] be the infimum of the numbers \ with the following property: for every
A< s <r we have

(1) ENT(u,s/4h) # 0, and B
(2) ¢(B(z, Grr) N T(u, Gigs)) < p"(s/Car)*¢(B(z, Grarr)).-
Finally, we define
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(@) A:={u€ P(B(z,m)) : s(u) =0},
(8)

Aq = {u € P(B(z,r1)) : s(u) >0, and qﬁ(E(Z,) N T (u, Gigs(u)))
e~ (s(w) /Crr)"6(B(2, Orr)) |

7

(7) Ag = {u € P(B(z,m1)) : s(u) > 0, and ¢((B(z,Cmr) \ E) N T(u,s(u)/4h)) >
“I(s(u)/4hCrr)é(B(=, Cirr)) }.

Then we have
(i) s(u) < Qghur for every u € P(B(z,71)),
(ii) The function u s s(u) is lower semicontinuous on P(B(z,71)) and as a consequence
A is compact,

(iii) P(B(z,m1)) € AUALU Ay, _

(iv) C"(P(B(z, )\ A) < BGHIC (P(B(0,1)))er”

(v) P(ENP7YA)) = A, S"(EN P~ (A)) > 0 and there is a constant € > 1 such that
¢ ISMENP T (A) < p(ENP I (A) <eSHENPT(A)).

Proof. We prove each point of the proposition in a separate paragraph. For the sake of
notation we write Z := Z(z,71), and without loss of generality we will always assume that z =
0, since Pyy is a homogeneous homomorphism, see Proposition and thus the statement
is left-invariant. Since it will be used here and there in the proof, we estimate ¢(B(0, Orr) \
B(0,Crr1))- Since (0,7, W) € Z, we infer that

¢(B(0, Grar1)) = (1 —e)(r1/r)"¢(B(0, Crr)).

This implies that

(3.16)
¢(B(0,Crar) \ B(0,Grr1)) = ¢(B(0, Crar)) — ¢(B(0, Cirarr))
< ¢(B(0, Grr)) (1 = (1 — &) (r1/r)")
= ¢(B(0, ‘-7"))(1 — (1=¢)(1 —¢/h)") < 26¢(B(0, ),

where in the last inequality we used that h +— (1 —/h)" is increasing.
Proof of (i): Let uw € P(B(0,71)) and let Grguhr < s < r. Then
¢(B(0, Cy) N T(u, Clrws)) < @(B(0, ) < ™" (s/Clrar)" ¢(B(0, Cy)),
where the last inequality comes from the fact that Gruhr < s. Defined v := ud,(u™!), we
immediately note that v € W and that, from Proposition [1.47, d(v,u) = pd(u,0) < Crour.
Furthermore, for every A € B(0, ur) we have
d(0,ud(u™)A) < pllull + Jull + |All < pClrgry + Crgrs + pr
< (ool + ) + 2p)r1 < G,

where in the inequality above we used the fact that ry > r/2, and > 2(Cg+ 1) >
(o1 + p) + 2u. Thus, on the one hand we have B(v, ur) € B(u, (1 + Jg)ur) and on the
other, thanks to (3.17), we deduce that

(3.18) B(v, pr) € B(0, Clrar),
Since (0,7, W) € Z, this implies thanks to the definition of Z and E that
(3.19) ¢(B(v, ur)) > (1 — &) "Gl ¢(B(0, Grr1)) > ¢(B(0, Grr) \ E).

(3.17)
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Furthermore, thanks to (3.18), (3.19) and the definition of T'(-,-), we also infer that
0 # ENB(v,ur) € ENB(u, (1 + G)ur) € ENT(u,s/4h),

where the last inclusion is true since (1 + Cra)ur < Crur/4 < s/(4h).
Proof of (ii): Let u € P(B(0,r;)) and let 0 < s < s(u). By definition of s(u), up to
eventually increasing s such that it still holds 0 < s < s(u), there are two cases. Either

(3.20) ¢(B(0, Grr) N T (u, Grgs)) > (1 + 7)™ (s/Crr)"¢(B(0, Grr)),

for some 7 > 0 or
(3.21) EnNT(u,s/4h) =

If v € P(B(0,r1)) is sufficiently close tou then s+C- d(u,v) < (1+7)s and 8+C- d(u,v)
r, since s(u) < r thanks to point (i). If ( ) holds, this 1mphes that

<3(§(2;(06'-F)QT?} Cro(s + G d(u,v)))) > ¢(B(0, Grr) N T(u, Ggs))

> (L+7)"u " (s/Grr)"¢(B(0, Q)

> 1"((s + g d(u, v)) /Crmr)" (B (0, Cirr)),
where the last inequality is true provided d(u,v) is suitably small. On the other hand, if

holds, then

(3.23) ENT(v, (s —4hd(u,v))/4h) C ENT(u,s/4h) = 0.

Taking into account (3.22)) and (3.23), this shows that
s(v) > min{s — 4hd(u,v), s + d(u, v)} = s — 4hd(u,v),

provided v is sufficiently close to w. This implies that liminf,_,, s(v) > s for every s < s(u)
for which at least one between (3.20) and (3.21)) holds. In particular, from the definition of
s(u), we deduce that there exists a sequence s; — s(u)~ such that at each s; at least one

between (3.20) and (3.21) holds. In conclusion we infer

h{}rl)llr}fs(v) > s(u).

Proof of (iii): Suppose that u € P(B(0,71)) \ (AU A;). Since u ¢ AU Ay, then s(u) > 0
and

(3.24) ¢(B(0, Grar) N T (u, Cligs(w)) < ™ (s(w)/Grr)"o(B(0, Grarr)).-

Thanks to the definition of s(u), for every 0 < s < s(u), up to eventually increasing s in such
a way that it still holds 0 < s < s(u), we have either

(3.25) ¢(B(0, Grr) N T (u, Gros)) > p~ " (s/Crr)"¢(B(0, Grir)),
(3.26) EnNnT(u,s/4h) =

Let us assume that (3.26) does not hold for some s < s(u). Then (3.26) does not hold for
any t such that s <t < s(u). Thus, in this case, we deduce the existence of t; < s(u) such
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that t; — s(u) for which holds. Thus we have
" (s(w) /)" $(B(0, Cnay)) = lim =" (t:/Crr) " (B (0, Cry))

< limsup ¢(B(0, Grr) N T'(u, Grat))
(327) 1—+00

< ¢(B(0, Chr) N T(u, Cros(u)))
< & (s(u)/Crr)"¢(B(0, G ).

that is a contradiction thanks to the choice of p and e. This proves that for every 0 < p < s(u)
we have F N T (u,v/4h) = () and thus

ENint(T(u, s(u)/4h)) = 0.
Let us now define the constants
s :=16hs(u) /e, and o = (2h — 1)e/32h°.

Thanks to item (i), from which s(u) < Grghpr, and from the very definition of p, we deduce
that

(3.28) 0 < s(u) <s=16hs(u)/e <r—ry, and w<o<l.
Thanks to the compactness of F and the definition of s(u) we have that
ENT(u,s(u)/4h) # 0.
Let us fix z € ENT(u,s(u)/4h) and assume V € Gr(h) to be such that (z,s,V) € Z. We
claim that
(3.29) | Pz y)|| > ollz ™y, for every y € zV.

Assume by contradiction that there is a y € xV such that ||z7'y|| = 1 and for which
|P(z='y)|| < o. Let us fix w € B(0,0s) and let ¢t € R be such that |[t| < Cs(u)/(4ho).
Then, we have

s (v)
4ho

Thanks to the choice of the constants and item (i), according to which s(u) < Cghur, we
infer that

(3.30) d(0, 26 (z " y)w) < d(0,z) + [t|||x " y|| + os < d(0, ) +

+o0s

(3.31) ljc(fw + 05 < Cros(u)(1 — 1/2h + 8h/((2h — 1)e))

< O~ "h™2e%r(1 — 1/2h + 8h/((2h — 1)¢)) < Ciger/h,
where in the first inequality above we are using the fact that > 1, and in the second we
are using the explicit expression p = 2*7h*3hz-:2 and the fact that h+1 < 1. Hence,
since z € B(0, (1) putting together (3.30) and (3.31) we infer that
(3.32) d(0, 26y (z ™ y)w) < Crory + Groer/h < Cloar,
where the second inequality comes from the definition of 1 and the fact that > (g As
a consequence of the previous computations we finally deduce that

B(xdi(z'y), 08) € B(0, Gr), for every [t| < (tos(u)/(4ho).
We now prove that for every |t| < Cs(u)/(4ho) and every w € B(0,0s), we have
(3.33) 0 (z 7 y)w € T(u, Gros(u)).
Indeed, thanks to Proposition we have that
P(zb(z ™ y)w) = P(2)8(P(z™1y)) P(w),




102 3. MARSTRAND-MATTILA RECTIFIABILITY CRITERION

and thus since x € T'(u, s(u)/4h) by means of Proposition we infer that

d(u, P(x)) < Cros(u)/4h.
Thanks to this, and together with the fact that || P(w)| < (igos due to Proposition we

can estimate
d(u, P(2)8(P(z~'y)) P(w)) < d(u, P(x)) + [t|[|P(z~"y)|| + (oo
_ Q) | Crosw) |

= ah 4h
< + Clo(1 ~ 57 )s(w) < Clos(u),

< 0- ( )
where in the second inequality of the last line we are using os = s(u)(1 —1/(2h)). Summing
up, the above computations yield that

(3.34)  B(zb(z y),05) € B(0,Qrr) N T(u, Grgs(u)),  for every [t| < Crgs(u)/(4ho).

Now we are in a position to write the following chain of inequalities

L s(u)/4ho
¢(B(0, Grr) N'T (u, Gros(u)) = (208)1/ o S(B(xde(z™'y), o)) dt
(3.35) > (205) 7 (s(u)/2h0) (1 — €)(os/rCn)" (B (0, Gr))

= (1 —¢)(1 = 1/2h)"16h%(2h — 1) "%~ (s(u) /Cirmr)"(B(0, Gar))
> e (s(u) /)" ¢(B(0, Gar)),

where the first inequality is true by applying Fubini theorem to the function F(t,z) :=
XB(0,05) (0:(y~'z)z~12) on the domain [—s(u)/(4ho), s(u)/(4ha)] x G, and by noticing that
when [t| < s(u)/(4ho) we have (3.34); the second inequality is true since € E and
then (z,s,V) € Z for some V € Gr(h); and the last inequality is true since (1 —¢)(1 —
1/(2h))"16h%(2h — 1)72 > 1. Since is a contradiction with the assumption u ¢ A; we
get that holds and thus P|y is injective, since it is also a homomorphism. Furthermore,
since V has the same stratification as W, Proposition implies that V- = G, where L is
the chosen normal complementary subgroup of W. Thanks to [109, Proposition 3.1.5], there
exists an intrinsically linear function ¢ : W — L such that V = graph(¢) and thus P|y is also
surjective. In particular we can find a w € 2V in such a way that P(w) = u and, by using

(3.29) and d(u, P(x)) < Cigs(u)/4h, that follows from Proposition and the fact that P

is a homogeneous homomorphism, we conclude that the following inequality holds

(336) folwn < 0_71||P(x)flp(w)H = g*ll‘P(flj)fluu < }jo(_U)

We now claim that the inclusion
(3.37) B(w, s(u)/4h) C (B(0, ) \ E) Nint(T (u, s(u)/4h)),

concludes the proof of item (iii). Indeed, we have (x,s,V) € Z, and since w € B(x, Ggs)NzV,
see (3.36), and we have pus < s(u)/4h < (ips, we infer, by approximation and using the
hypothesis, that

(3.38) $(B(w, s(u)/4h)) > (1 — &)(s(u)/4hGrr)"$(B(0, Grr)).-
Putting together (3.37) and (3.38) we deduce that
¢((B(0, Grr) \ E) Nint(T(u, s(u)/4h))) > (1 — £)(s(u) /4hCrr)"(B(0, Gy ))-
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and thus u € Ag, which proves item (iii). In order to prove the inclusion (3.37) we note that
since |lz7 w|| < Gigs(u)/(4ho), see (3.36)), we have thanks to the same computation we per-
formed in (3.30), (3.31), and (3.32), that B(w, s(u)/(4h)) C B(0,Orr). Furthermore, since
P(w) = u the inclusion (3.37) follows thanks to the fact that B(w, s(u)/4h) C T'(u, s(u)/4h),
see Proposition and the fact that int(7'(u, s(u)/4h)) N E = 0.

Proof of (iv): Let 7 > 1. Thanks to [102, Theorem 2.8.4], we deduce that there exists a
countable set D C A; such that the following two hold

(1) the family {B(w, Gigs(w)) "W : w € D} is a disjointed subfamily of

{B( w,s(w)) NW:we A},

(2) for every w € A; there exists a u € D such that B(w, Gigs(w))NB(u, Gigs(u)) W #
§ and s(w) < 7s(u).
Furthermore, if we define for every u € Ay the set

B(u, = J{B(w, w) MW :w € Ay,
B(u, S(U)) B(w, Gigs(w)) "W # 0, s(w) < 7s(u)},

we have, thanks to [102, Corollary 2.8.5], that

A1 € | Blu, Gys(u)nW C | B(w, Gigs(w

u€A weD

(3.39)

An easy computation based on the triangle inequality, which we omit, leads to the following
inclusion

(3.40) u, Gigs(u)) €W N B(u, (1 + 27) C’-s for every u € A;.
Since D C Al, and since T(u,s(u)) - C'-s ) N W) for every u € Aj, see

Proposition we conclude, by exploiting the fact that
{B(w, Giys(w)) "W : w € D},
is a disjointed family, the following inequality
$(B(0 Z;f (0, o) N T'(u, Crgs(w)) = ™ ZD "¢(B(0, Gr)).
u€ u€

where the last inequality above comes from the fact that D C A;. The above inequality can

be rewritten as ), cp s(u)h < rh. In particular, thanks to Remark and (3.40) we
infer that

h Ayp) < Z Ch(E(u, (1+ 27’)5(u)) NnwW

ueD

(1 + 27’)h Z s(u)h < (1 + 2T)h57“

ueD

(3.41)

With a similar argument we used to prove the existence of D, we can construct a countable
set D' C Ay such that the family {B(u, Cos(u )/4h)ﬂW u € D’} is disjointed and the famlly

{B(u, Qros(u)/4h) : u € D'}, constructed as in (3.39), covers Ay. In a similar way as in
we have B(u, Cros(uw)/(4h)) € WN B(u, (1 + 27')5(u)/4h) for every u € As. Moreover,
since

T(u, s(u)/4h) € P71 (B(u, Grgs(u)/4h) NW),
for every u € Ao, see Proposition we conclude by exploiting the fact that

{B(u, Gros(u)/(4h)) "W : w € D'},
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is a disjointed family, the following inequality

S(B(0,Crr) \ E) = > o((B(0, Gur) \ E) N T(u, s(u)/4h))

ueD’

>27'9(B(0,Gmr) Y (s(u)/4hCmr)",

ueD’!

where the last inequality holds since D’ C As. From the previous inequality, (3.16), and the
fact that 0 € F, we infer that

(3.42)

2¢(B(0, Orr) \ E)
g}s(u)/%)h < =SB0, O]
(3.43) < 5. 9B, Amr) \ B(O, C‘-’"l)) ¢(B(0, Cry) \ E)
B ¢(B(0, Crr))
< 9. 220(BO, Gwr)) +uh“0-¢>§ ) _ .
B ¢(B(0, Grr)) -

Consequently, we deduce that
CM"(Az) < > CM(W N B(u, (1 + 27)Crgs(u)/4h))
ueD’

= (1+27)"Gly Y (s(u)/4h)" < 10(1 + 27)" rh.
ueD’

Finally, putting together (3.41), , item (iii) of this proposition, and Remark we

conclude the following inequality
C"(P(B(0,r))\ A) < C"(P(B(0,7)) \ P(B(0,1))) + C"(A1) + C"(A2)
< CM(P(B(0,1)))r"(1 — (1 — g/h)") + GEAGI(1 + 27)er
+10(1 + 27) 0.0ggrh
< 50(1 + 27)"GC(P(B(0,1)))er

where in the last inequality we used that 1 < (g < (g, and that Ch( ( (0,1)) > 1 since
P(B(0,1)) 2 B(0,1)N'W and C*"(B(0,1) "W) = 1, thanks to Remark With the choice
T = 2, item (iv) follows.

Proof of (v): Let u € A and note that since s(u) = 0, for every s > 0 we have that

ENT(u,s/4h) # 0.

(3.44)

Since the sets ENT(u,s/4h) are compact we infer the following equality thanks to the finite
intersection property
0#EN () T(u,s/4h) = EN P! (u).
s>0

This implies that « € P(E N P~!(u)) for every u € A, and as a consequence A C P(E N
P~1(A)). Since the inclusion P(ENP~1(A)) C A is obvious we finally infer that A = P(E N
P~Y(A)). Moreover, thanks to item (iv) and to the choice of ¢ < 5*}“56’&3]’, we conclude
that S"(A) > 0 thanks to the fact that C*.W and S".W are equivalent, see Proposition
and thanks to the following chain of inequalities

c"(A) > C"(P(B(0,r))) — C"(P(B(0,r)) \ A)
> CM(P(B(0, 1)) — 53R (P(B(0,1))er” > %rh.
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Thanks to the fact that P is (ggrLipschitz, see Proposition we further infer that
0<8"(A) =8"(P(ENP'(A))) < GigS"(EN P(A)).

For every s sufficiently small and u € A, by definition of s(u) and A, we have the following
chain of inequalities

¢(B(z, Gros)) < &(B(0, Orgr) N T(u, Grgs)) < " (s/Gror) " ¢(B(0, Clar)),

whenever z € E N P~Y(u), where the first inequality comes from the fact that z € E C
B(0,C11rr1), and Proposition m Finally by [102, 2.10.17(2)] and the previous inequality
we infer

(3.45) o (ENPL(A) < h’m—hshL(E N P1(A)).

On the other hand, if we assume = € FE and s sufficiently small, we have (x,s,V) € Z for
some V € GrZ(h). This implies that, by using the very definition of Z, that

¢(B(x,s)) = (1 —e)(s/Crr)"¢(B(0, Crar)),
and thus by [102] 2.10.19(3)], we have

¢(B(0, Crr))

(3.46) SLE > (1 —¢) =S E.
(Crar)
Putting together (3.45) and (3.46), we conclude the proof of item (v). O

Proposition 3.16. Let ¢ be a @Z’ﬁ—mctiﬁable measure such that there exists an s € N for
which for ¢-almost every x € G we have

(3.47) Tany,(¢,2) € {AS"V: A >0 and Ve Gri(h)}.

Then, the set

(3.48) G (x) = {V € Gri(h) : there exists © > 0 such that 08"V € Tany (¢, z)},
is a compact subset of Gry(h) for all x € G for which holds, and the sets
(3.49) Yo ={x e G:e(V) e (C,0) for every Ve 4 (z)},

where ¢ is defined in (1.35)), are ¢-measurable for every C' > 0.

Proof. The fact that ¢(z) is compact is an immediate consequence of Proposition m,
the compactness of the Grassmannian in Proposition and the convergence result in
Proposition m For every A, k,r > 0 define the function My, (z,V) : G x Grg(h) — R as

Mo gr (2, V) 1= Fo (r T 9, X\C"LV),

where F{; is defined in Definition We claim that, for any choice of the parameters,
the function M j , is continuous when G x Gr (h) is endowed with respect to the topology
induced by the metric d + dg, where dg is the metric on the Grassmannian. Indeed, assume
{zi}ien € G and {V;} C Gr%(h) are two sequences converging to x € G and V € Gr(h)
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respectively. Thanks to the triangle inequality we have

lim sup| Mo (2, V) = Moy (i, Vi)| < limsup (| Moy (2, V) = My g (23, V)|

i—00 1—00
[ Mg (26, V) = Moy (25, Vi)
< limsup Fy i (r_thyT(;S, r_thi,rgZ)) + lim sup I7’07;€()\Ch|_V7 )\ChI_VZ')

1—00 1—00

< limsup r~ "V d(z, 2,)p(B(a, kr + d(z, z;)))
1—00

+ lim sup Fp x(AC"LV, A\C"LV;) = 0,
1—00

where the inequality in the fourth line comes from a simple computation that we omit and
the last identity comes from Proposition [1.30] This in particular implies that the function

v
M(z, V) := sup inf lim inf /‘/‘Mhi(x)
k>0 A>0 r—0 kh+1
ReQAEQ 7€Q

is Borel measurable.

We now claim that for ¢-almost every € G we have that V € ¢(z) if and only if
M(z,V) =0. Indeed if V € 4(z), there is a A > 0 and an infinitesimal sequence {r; };en such
that lim; oo Fop(r; "Tir 0, \C".V) = 0 for every k > 0, see Lemma However, by the
scaling properties of F', see Remark we can choose an another infinitesimal sequence
{si}ien € Q such that r;/s; — 1, and then lim; , Fojk(si_hTz’Sigb, AC'.V) = 0 for every
k > 0 as well, proving the first half of the claim. Vice-versa, if M(x,V) = 0, then for every
J € N there exists a A\; > 0, with A\; € Q, and an infinitesimal sequence {r;(j)} C Q such
that 1im; o0 Fo,1(ri(j) ™" Ty ()@ A;C"LV) < 1/4. Since 0 < O (¢, z) < ©™*(¢,2) < oo for
¢-almost every = € G, we can argue as in the last part of the proof of Proposition and
hence we can assume without loss of generality that A; converge to some non-zero A and
that, for every j € N, there exists i; € N such that r;,(j) is an infinitesimal sequence and
7i; (j )*thmij GHP — ACPLV. This eventually concludes the proof of the claim.

Furthermore, since ¢, by Proposition is lower semicontinuous on Gr%(h), we know
that for every C' > 0 the set G x {W € GrZ4(h) : ¢(W) < C} is closed in G x Gr(h) and in
particular, the set
M7H0) NG x {W € Gri(h) : (W) < C} = {(z,V) € G x Gr%(h) such that

M(z,V) =0 and ¢(V) < CY},
is Borel. Now, since the projection on the first component of the above set is an analytic set,

by the very definition of analytic sets, and since every analytic set is universally measurable,
see for example [98, Section 2.2.4], we get that the set

{x € G such that there exists V € Gr(h) with M(z,V) = 0 and ¢(V) < C},

(3.50)

is ¢-measurable. In particular its complement, that is 9c up to ¢-null sets - since M(z, V) =0
if and only if V € ¢(z) for ¢-almost every x € G - is ¢-measurable as well. O

Proposition 3.17. Let h € {1,...,Q}, s € &(h), and ¢ be a P, -rectifiable measure
supported on a compact set K and for which for ¢-almost every x € G we have

(3.51) Tany,(¢,2) C {AS"V:A>0 and Ve Gri(h)}.

Let us further assume that there exists a constant C > 0 such that ¢(G\9c) = 0, where Yc is
defined in l’ Throughout the rest of the statement and the proof we will always assume
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that and are the constants introduced in Definition[3.15 in terms of C. Furthermore,
let e € (0,57 100G and pu = 27 Th 3G 2.
Then, there are 9,7 € N, a ¢-positive compact subset E of E(0,7) (see Definition|1.9),
and a point z € ENYo such that
(i) There exists a p, > 0 for which ¢(B(z, Crp)\ E) < p" G ¢(B(z, Cmp)) for every
0<p<p
(ii) There exists an ro € (0, 5*10(h+5)3hfy*1] such that for every w € E and every
0 < p < Quro we can find a Vy, , € Gréy(h) such that ¢(Vy,,) > C, see (1.35), and
(1) Fyacmp(9, @Ch:wVw”o) < (4_119_11,u)(h+3) - (4Qgp)" Tt for some © > 0,
(2) whenever y € B(w,Urmp) N wVy,, and t € [up, Grp] we have ¢(B(y,t)) >
(1 — &)(t/Clrgp) " (Blw, Cirp)),
(3) There exists a normal complementary subgroup L., , of V., as in Proposi-

tion such that
(1 = )p(Blw, Grip) NwTi, (0, p)) < G (P(B(0,1)))¢(B(w, Cirip)),
where Ty, , is the cylinder related to the splitting G = Vy, , - Ly, p, see Defini-
tion and where P := Py, , denotes the projection relative to the splitting
G=Vy, Ly,
(iii) There exists an infinitesimal sequence {p;(z)}ien C (0, min{rg, p,}] such that for
every it € N, every w € E and every p € (0,Cmpi(z)] we have ¢(B(w,Gmp)) >
(1 = e)(p/pi(2))"d(B(z, Crpi(2)))-
Proof. For every positive a,b € R we define F(a,b) to be the set of those points in K for
which
b < ¢(B(z, 7)), for every r € (0,a).
One can prove, with the same argument used in the proof of Proposition see [180,

Proposition 1.14], that the sets F'(a,b) are compact. As a consequence, this implies that the
sets

Fla,b) = () F(Crza, (1 - £)) \ F(Crza/p.b).
p=1

are Borel. Since ¢ is &} -rectifiable, G can be covered ¢-almost all by countably many
sets F(a,b). Indeed, ¢(G \ Ua7b6Q+F(a, b)) = 0 since 0 < O"(¢,2) < +oo holds ¢-almost
everywhere. In particular thanks to Proposition we can find a,b € R and 9,7 € N
such that ¢(F(a,b) N E(J,v)) > 0. Since F(a,b) N E(J,) is measurable, there must exist
a ¢-positive compact subset of F(a,b) N E(d,~) that we denote with F. Notice that since
d(G\ 9) = 0 the set F'N Y is measurable and ¢-positive as well.

Let us denote by Gri“(h) the set {V € Gr%(h) such that ¢(V) > C}. Since by the
very definition of % we have Tany (¢, z) € M(h, GrsC (h)) for ¢-almost every z € F N %,
we infer that Proposition together with Severini-Egoroff theorem, that can be applied
since the functions x — dy g (¢, M(h, Grgc(h))) are continuous in x for every k,r > 0 - see
Remark - yield a ¢-positive compact subset £ of FFN%Y: and an rg < 5*10(’”5)}“7*1
such that
(3.52)

dx,4(¢,9ﬁ(h, Grgc(h))) < (4_119_1p)(h+4) for every x € E and every 0 < p < (qyro-

Let us fix z to be a density point of E with respect to ¢, and let us show that E and z satisfy
the requirements of the proposition. First, by construction E is ¢-positive and contained in
E(9,7). Second, since z is a density point of F, item (i) follows if we choose p, small enough.
Moreover, the bound directly implies item (ii.1). Let us prove the remaining items.
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Since E C E(9,7), 4CG%ro < 7/2 and 4_119_11,u < 2710040y Proposition |1.75(i)
implies that for every w € E and every 0 < p < (o - choosing o = 4_119_1,u and
t = 4C1p in Proposition - there exists a V,, , € Grﬁ’c(h) such that

¢(B(y,r) N B(wV, 47 G o2 > (1 — 2100 Dg=1aml ) (r/5) (B (v, 5)),
whenever y, v € B(w, 2C1gp) N wVw,p and 9" up < r,s < 2077p. Since
210(}1—‘,—1)4—11# é £,
with the choices s = and v = w, we finally infer

¢(B(y,r)) > (1 = &)(r/Crp)" ¢(B(w, Grrp))
for every up < r < and every y € B(w, Crp) N wVy, , and this proves item (ii.2). For
every w € E and every 0 < p < (jgro we choose one normal complementary subgroup L, ,
of Vy, , as in Proposition and we denote with P := Py,  the projection relative to this
splitting. Eventually, Proposition [1.75(ii), with the choice k := (i, implies that for every
0 < p < Utaro we have

(3.53)

¢(B(w, Grp) NwTy, ,(0,p)) < (1 + 2Cmh + 19~ Gy ) G " (P(B(0,1)))$(B(w, Grrp))
< (1+ )G ¢"(P(B(0,1)))¢(B(w, CGrip)),

where the last inequality comes from the fact that (2Cgh + 1)19_11 1 < e. Hence also item

(ii.3) is verified. In order to verify item (iii), note that since z € E' C F(a,b) on the one hand
then there is an infinitesimal sequence {p;(z)}ien such that

55 $BE () _,
(Clrzpi(2))"
On the other hand for every w € E, and every 0 < p < a we have
1 ¢(B(w,Cmp))
(3.55) R
Putting together (3.54) and (3.55) we finally infer that for every i € N, every w € E and
every p € (0,a) we have

¢(B(z, Gmpi(2)) . 1 $(B(w,Crp))
pi(2)" T l-e ph ’
concluding the proof of item (iii) and thus of the proposition. U

Let us now exploit Proposition Proposition and Proposition to show the
following result which is at the core of the proof of Theorem

Proposition 3.18. Assume ¢ is a @;’ﬂ-rectiﬁable measure supported on a compact set K.
Then, there exists a Carnot subgroup W € Gr4(h), a compact set K' CW, and a Lipschitz
function f: K' — G such that ¢(f(K')) > 0.

Proof. Theorem [3.8|implies that for ¢-almost every z € G the elements of Tany (¢, z) all share
the same stratification vector. Furthermore, thanks to Proposition for every s € &(h)
the set 7 := {x € K : s(¢,x) = s} is ¢-measurable. Thus, if we prove that for every s € &(h)
there exists a Lipschitz function as in the thesis of the proposition whose image has positive
oL T5-measure, the proposition is proved since the sets 7; cover ¢-almost all K and since
the locality of tangents hold, see Proposition [1.55| Thanks to this argument, we can assume
without loss of generality that there exists a s € G(h) such that for ¢-almost every x € K
we have s(¢, ) = s.
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Let us further reduce ourselves to the setting in which there exists a constant C' > 0 such

that ¢(G\ ¥c) = 0, where ¥ is defined in (3.49). Thanks to Proposition we know that
for ¢-almost every = € G the set ¥ (z) defined in is compact. Hence, taking item (i)
of Proposition into account, for ¢-almost every x € G there exists a constant C(x) > 0
such that ¢(V) > C(z) for every V € ¢(z). This readily implies that

P(G\ UnENgl/n) =0.

Hence, since ¢, /,, is ¢-measurable for every n € N, see Proposition we can reduce, with
the same argument used in the previous paragraph, to deal with the case in which there exists
C > 0 such that ¢(G \ %) = 0.

Let = (Oig(C) and := (O1(C) be defined as in Definition and let £ <
5_10(h+5)h, and i :=2""h™3 5h§Q. Let £ C K be the compact set and let z € ENYx be
a point yielded by Proposition With respect to €, i. Furthermore let € < e < 5_h_5h,
and p = 2""h" 3C-5h52 such that (1-28)2 > (1 —¢). We define

= p1(2), and r = (1—¢/h)r,

where p;(z) is the first term of the sequence {p;(z)}ien yielded by item (iii) of Proposi-
tion [3.17]

Let us check that the compact set E N B(z, (1) satisfies the hypothesis of Proposi-
tion with respect to the choiches e, p, 7. First of all, since r < p,, item (i) of Proposi-
tion [3.17 implies that holds since it < p. Secondly, since r < 79, item (ii.2) of Proposi-
tion implies that for every w € E and every 0 < p < there exists a V,, , € Gr4(h)
such that whenever y € B(w, Cry) N wVy, , and ¢ € [up, Cap] we have

$(B(y,1) = (1 — &)(t/Cmp)" d(B(w, Gmp))-
Furthermore, since r = p1(z), thanks to item (iii) of Proposition we finally infer that for
every w € I and every 0 < p < we have

¢(B(y, 1) = (1 - &)(t/Cap)"o(B(w, Grp)) > (1~ €)*(t/Crwr)"¢(B(z, Carr))
> (1 —&)(t/Cmr)"¢(B(=, Gur)),

whenever y € B(w, Orr) N wV,, , and ¢ € [up, Grap]. The above paragraph shows that the
hypotheses of Proposition are satisfied by z and E N B(z,Jrgr1) with the choices of
r,T1,€, 1 as above.

Throughout the rest of the proof, for the sake of readability, £ will stand for
E N B(z,011r1), and in order to conclude the argument we will need to use the other two
pieces of information yielded by Proposition Indeed, since r < (o, item (ii.3) of
Proposition implies that

(3.57) (1 —e)¢(2Ty. . (0,r) N B(z, Onr)) < C"(P )G ¢(B(z, Cr)),

where T is the cylinder related to the splitting G = Vz,r - L., and ]Lm is one normal
complementary subgroup of V., chosen as in item (ii.3) of Proposition Furthermore,
thanks to item (ii.1) of Proposition and the fact that » < rg we know that there exists
© > 0 such that

(3.58) Foachr (6,0C" 2V, ) < (47197 Gt )" - (40) .

The bound 8)) together with Proposition [2.5, that we can apply since 4 < v~ 1, and
1471y~ (" p)h*3 < 6g, where dg was mtroduced in Definition imply that
(3 59)

(3.56)

dist(w, 2V ;)
sup — =

21+1/(h+1)191/(h+1) 419~ C-N h+3 h+1 < 2C-M
weENB(z,q1ar) 4
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The above bound shows that the set E inside the ball B(z,Crr) is very squeezed around
the plane V.. From now on we should denote W := V., P := Py, , L = L,;, and
T(-,r) := Tyw(-,7). In order to simplify the notation, since all the statements are invariant
up to substituting ¢ with 7. 1¢, we can assume that z = 0. Let us recall once more that
¢(V.,) > C from item (ii) of Proposition [3.17]

Since it will turn out to be useful later on, we estimate the distance of the points w of
ENT(0,71) from 0. Thanks to Proposition [1.51] and the fact that w € T(0,71), we have
| Pw(w)|| < Crgri. On the other hand, (1.38) and (3.59) imply that

[ PL(w)] < Crodist(w, W) < 8Cigpur.

This in particular implies that

d(0,w) < [| Py (w)[| + [ PL(w)]| < Grory + 8Cmopr: < 2Cor,

showing that
(3.60) ENT(0,r1) € B(0,2Cmr ).

In the followmg A, Ay and Aj are the sets inside P(B(0,71)) constructed in the statement

of Proposition |3.15 with respect to the 0 and the plane W. Now, let A be the set of those
u € A for which there exists p(u) > 0 such that

(3.61) ¢(B(0, Grrr) N T(u, 5)) < 2(1 — &) (s/Clrwr)"C"(P(B(0, 1)))¢(B(0, Car ),

for all 0 < s < p(u). We claim that A is a Borel set. To prove this, we note that

A= |J {u € A: (3.61) holds for every 0 < s < 1/k} =: | J Ap.

keN keN

Let us show that Ak is a compact set for every k € N, and in order to do this, let us assume
{u;}ien is a sequence of points of Ap,. Since A, C A, and A is compact, we can suppose that,
up to a non re-labelled subsequence, u; converges to some u € A. Thus, we have that for
every 0 < s < 1/k the following chain of inequality holds

¢(B(0, Grrr) N T(u, 5)) < limsup ¢(B(0, Cirr) N T (us, s + d(u, u;)))

i—00

< 2(1 - )'c"(P(B(0,1)))(s/Cwr)" ¢ (B(0, Cirr) ).

This concludes the proof of the fact that ﬁk is compact and thus A is an F, set, and thus
Borel.

Let us notice that, since 1 < r, by a compactness argument one finds that there exists a
5 := 5(ry,7) such that whenever u € P(B(0,r1)), then P(B(u,3)) C P(B(0,7)). The family

B:={P(B(u,s)):uec A\ A, and s < 5 does not satisfy (3.61)}

is a fine cover of A\A by the very definition of A. Thus [102, 2.8.17] with a routine argument
implies that B is a 8" (A \ A)-Vitali relation (|102, 2.8.16]). Therefore, the set A\ A can
be covered S"-almost all by a sequence of disjointed projected balls { P(B(ug, sx))}xen such
that uy € A\ A and

¢(B(0, ) N T (uk, 1)) > 2(1 — &) 'C"(P(B(0, 1)) (si/Clrmr)" ¢ (B(0, G )

for every k € N. Note that since T(u, sx) = P~ (P(B(uy, s1,))), see Proposition |1.51] we get
that {T'(ug, k) tren is a disjointed family of cylinders. Moreover, from the very definition of
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5, since uy, € P(B(0,71)) and s < 3, we have that P(B(ug,sk)) € P(B(0,r)). This implies
that
o(T(0,7) N B(0,Grar)) = > ¢(B(0, ) N T'(ug, s1))

keN

> 2(1 - )'c"(P(B(0,1)))Cry'r " ¢(B(0, Gmr)) D si-

keN

(3.62)

Therefore, we have

Ch(AN A) =Y M(P(Blur, si))) < CM(P(B(0,1)) Y sf

keN keN

<2711 —¢)

< S (P(B(0, 1)

where the second inequality on the second line above follows from (3.57). Furthermore, from
the previous inequality and from item (iv) of Proposition we deduce that

C"(4) = C"(P(B(0,1))) — C"(P(B(0,r)) \ A) — C"(A\ A)
> CM(P(B(0,1)r" — 5" CfieC™ (P(B(0,1)))r" — C"(P(B(0,1))) -

> (1—1/25 —27/50)C"(P(B(0,1)))r" > 50"( (B(0,1)))r"

27 )
50"

Since A is measurable, we can find a compact set A C A and a § € (0,er/h) such that
C"(A) > 0 and (3.61) holds for every u € A and s € (0,4). This can be done by taking an

interior approximation with compact sets of A.
Thanks to item (v) of Proposition we know that

(3.63) AcA=PENP(A),

and thus for every u € A we can find a 2 € E such that P(z) = u. We claim that for every
x € E for which P(x) € A, every s < min{r/4,/(1 + (i)} and every w € V, s we have

(3.64) [1P(w)| > [fwll/2Cm:

Suppose by contradiction that there are an s < min{r/4,6/(1 4+ Cip)} and a w € V, 5 with
||lw|| = 1 such that ||P(w)|| < 1/20t This would imply that for every k =0,..., |Cm/4] —1
and every p € B(0,s/2) we have, by exploiting P(z) = u and that P is a homogeneous
homomorphism, that

d(P(wdaps(w)p), u) = d(dars (P(w)) P(p), 0) <[|d2ks(P(w))[| + [ P(p)]]
< 2ks||P(w)| + [|P(p)|| < ks/Cm+ Crgs < (14 Cg)s.

Since u € A C A C P(B(0,71)), and since P(z) = u, we conclude that € T(0,r;). Hence,
taking into account that r; < r, thanks to the inclusion l , we have

(3.66)  d(xdans(w)p,0) < ||zf| + 2ks + s < 2Cgr + (2k + 1)s < 20 + 3Gy /4 < O

Putting together (3.65) and (3.66), we infer that for every k =0, ..., |Cm/4] — 1 we have
E(x(s?ks(w)v 3/2) - T(uv (1 + )S) N E(Oa )

(3.65)
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Furthermore, since x € E, B(xdgs(w), s/2) are disjoint and contained in B(z, ), we have
by items (ii.2) and (iii) of Proposition that

» [Cy4)-1
o(B(O, ) N T(u, (1+Cr)s)) = Y ¢(Blads(w),5/2))
k=1

< (1 —s)( s/2

)" 6Bz, Cizs))

(3.67) B ° o
)2 s _
. a 8) Iy )h¢<3(o,)>
- 07 i) 0o

Since by assumption u € A C A and (14 Cro)s < 4, we infer thanks to (3.67) and the
definition of A that

(1 2P S (2 Y a(B(0. ) < 6(B(0. Oy) N Tas, 1+ i)

(3.68)

h
<2(1-e)"(1+ ()" (q )" eH(P(B(0,1)))6(B(0, ).
The chain of inequalities (3.68)) is however in contradiction with the choice of thanks to

Remark and thus the claim (3.64) is proved.

Since P restricted to E N P~!(A) is surjective on A as remarked after (3-63)), thanks to
the axiom of choice there exists a function f : A — E N P~'(A) such that P(f(u)) = u.
We claim that for ¢-almost every z € f(A) there exists a t(z) > 0 such that for every
y € f(A)NB(x,t(x)) we have

(3.69) 1P(2) " P)ll = [Pz~ y)ll > Gtz 'yl = Gt LF (P )~ F(Pw)II,

where the last identity comes from the fact that f is bijective on its image and thus the left
and right inverse must coinAcide. In order to prove the latter claim, assume by contradiction
that there exists an x € f(A) such that Tany, (¢, z) € M(h, Gry(h)) and a sequence {y; }ien C
f(A), with y; — x, such that
(3.70) 1Pz )|l < Gtllz ™ will, for every i € N.
Defined p; := ||z~ 'y;]|, thanks to the hypothesis on  and the definitions of y; and p; we can
assume without loss of generality that
(1) for every i € N we have p; < min{r/4,6/(1 + Cm)},
(2) the points g; := 61, (2 'y;) converge to some y € B(0, 1) such that || P(y)|| < ,
(3) p;th,pigb — AC"LV for some A > 0 and V € Gry(h).

Since C".V(dB(p,s)) = 0, see e.g., [132, Lemma 3.5], for every p € G and every s > 0,
thanks to [89, Proposition 2.7] we infer that

AC"V(B(y, p)) = lim To . 6(B(y. p))/p! = lima Ty, ¢(Blgi, p — d(gi, )/ ot
> lim &(B(yi, pip/2))/ o} = 97" (p/2)"

where we stress that in the second inequality in the second line we are using that there
exists ¢,v € N such that F C E(¢,7), since F is provided by Proposition The above
computation shows that the (contradiction) assumption implies that at = there is a flat
tangent measure whose support V contains an element y € 9B(0, 1) such that || P(y)|| < .
Let us prove that if
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(HC) there exists a suitably big i9p € N such that we can find a ¢;, € Va,p,, such that
d(yv qM)) < H,

then we achieve a contradiction with (3.64), and thus we prove the claim (3.69). Indeed, the

claim (HC) above would imply thanks to the definition of y, (3.64), Proposition and
Proposition that

(40m) ™" < (1 = w)/2Cmm < (yll = Iy~ gio 1) /2C < llaio /20
< 1P (aio) I < 1P+ 1Py~ aio) | < G + < 2G5,

which is a contradiction since > 109,

In this paragraph we prove the claim , which is sufficient to conclude the proof of
the claim (3.69). Let ©; be the positive numbers yielded by item (ii.1) of Proposition
with the choices p := p; around the point x, and notice that

T, .
lim sup F0,4()\Ch|_V,@iCh|_Vz7pi) < limsup F0,4( I”;;(b, )\ChLV)
, T, .
+ lim sup F0,4< W;; ¢ , @iChl_V%pi)
i—00 P;
. T, .
(3.71) = lim sup F074<%1¢, @iChLVx,pi)
i—00 P;
Fr a0mmpi (¢v @ich'—xvﬂzm)
= lim sup T

< (ﬁ—lu)(h—l-?))’
where the identity in the third line above comes from Lemma [1.73] the second identity from
the scaling property in Remark and the last inequality from item (ii.1) of Proposition

and some algebraic computations that we omit. Defined g(w) := (min{1,2 — |Jw|})+ by
Proposition for every V' € Gr(h) we have

/ gdCh V' = b / S min{1,2 — |s|})4ds

Yo > 2 —1
= h - 12— g)ds| ="~
(/Os +/18 ( s)s) W

Therefore, since supp (g) € B(0,40), thanks to (3.71) we infer that

(3.72)

) . A [ gdC".V —©; [ gdC" .V, ,,|
hgisogp])\ -0, = h?isolip T gdchv
F074()\Ch|_V, @iChLV$7pi)

ohtl — ]

(3.73) (h+ 1) (0 ) H3)

< limsup(h + 1) Shil ]

1—00

< 2(19_1M)(h+3)'

<

Let p € VN B(0,1) and £(w) := (pllp|| — lp~1w||)+. The function ¢ is a positive 1-Lipschitz
function whose support is contained in B(0, (14 u)||p||) and therefore, thanks to Remark
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we deduce that

(3.74)
lim inf A / O(w)dC" V., > A / ((w)dCh VY — lim sup )\‘ / {(w)dCh VY — / ((w)dC v, ,
1—00 1—00

> )\/f(w)dChLV —limsup|A — 6;] [ £(w)dC" .V, ,,

1—>00

— lim sup /E(w)d)\ChLV— /ﬁ(w)d@iChLVz,pi
1—00
>\ / £(w)dC" V —lim sup|\ — 6;| [ £(w)dC" .V, ,,
1—00

= limsup Fy 140 (AC" Y, O:C" Ve ).

1—00

Let us bound separately the two last terms in the last line above. Thanks to the triangle
inequality the points ¢; € V, ,, of minimal distance of p from V,, ,, are contained in B(0, 2||p||).
This, together Remark implies that

(3.75) /f(w)dChLVx,pi < pllpllC* Ve p, (Blai, (3 +2)llpl)) < (3 + 20)" | [pl|" .

On the other hand, thanks to Remark and the fact that C".V and ChLV% p; are invariant
under rescaling, we infer that

L+ p)llpll
40m
Putting together (3.71), (3.73)), (3.74), (3.75) and (3.76) we finally infer that

(3.77)
lim inf X / O(w)dC" V> A / O(w)dCM Y — 2007 ) B3 (3 4 2p) Y| p)| P H
71— 00
h+1
_ ((1 + M)HPH> (0~ L) B+
40m
> [ tw)dehoy - 07 ] 203+ 2 4 1),

h+1
(3.76) FO,(H#)p”(AchLV,@ichva,m):< ) Foaam(\C"V,0,CMV, ,.).

Finally, Lemma and the fact that = € E(¢,v) imply that A > 9!, This together with
a simple computation that we omit, based on Proposition shows that

(3.78) A/«@«ﬂyz&lmwm“vw+w.

Putting together (3.77) and (3.78) we eventually infer that

lim inf A / Ow)dCh V> 07 (M (B + 1) — 2202y (3 |1 L > )
1— 00

proving that for every p € B(0,1) NV we have B(p, u||p||) N Vg ,, # 0 provided i is chosen
suitably big. Thus the claim is proved taking p = y.

Let us conclude the proof of the proposition exploiting the claim that we have
proved. Defined B to be the set of full measure in f (fl) on which holds, we note that
since B(P(z),r) C P(B(z,r)), the implies the following one: for every u € P(B) there
exists a v(u) > 0 such that

(3.79) £ (w) " f(w)]| < Gigllu ], whenever w € AN B(u, t(u)).
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Furthermore, note that thanks to the proof of item (v) of Proposition and recalling that
f(A) C ENP~1(A), we deduce that S"_f(A) is mutually absolutely continuous with respect
to ¢ and by Proposition we finally infer that

§'(A\ P(B) = S"(P(f(4)\ B)) = 0
where the first equality above comes from the fact that f: A — f (fl) is bijective.

We now prove that if t(u) is chosen to be the biggest radius for which ( ) holds, then
the map u +— t(u) is upper semicontinuous on A. Indeed, assume {uz}zeN is a sequence in
A such that u; — u € A and limsup, , t(u;) = 79 > 0. If 79 = 0, then the inequality
lim sup;_, . t(u;) < t(u) is trivially satisfied. Thus, we can assume that ro > 0, and, without

loss of generality, also that the limsup is actually a lim. For every fixed 0 < s < rqy there
exists an ig € N such that

s+ d(u,u;) < v(ug) for every i > ig.

As a consequence B(u,s) € B(u;, t(u;)) and thus for every y € AN B(u,s) and i > ig we
have

(3.80)  IIF (T W < )T @l + ILf (wa) T F @) < Gipllug ull + Gllui yll-

Sending i to +oo, thanks to (3.80) we conclude that for every y € B(u,s) N A we have
| f(w)" f(y)|| < Gfllu'y|| and thus s < v(u). The arbitrariness of s concludes that v is
upper semicontinuous and thus for every j € N the sets

Lj={we A:t(w) >1/j},
are Borel. Furthermore, since t(u) > 0 everywhere on P(B), we infer that P(B) C UjenL;.
This, jointly with the fact that S"(A) > 0, and that S"(A\ P(B)) = 0 tells us that we can
find a j € N and compact subset A of L; such that S"(A) > 0 and diam(A) < 1/25.
Let us conclude the proof by showing that f is Lipschitz on A and that ¢(f(.A)) > 0.
The fact that f(A) is ¢-positive follows from Proposition [1.47] item (v) of Proposition
and the following computation

0< S"(A) = S"(P(f(A)) < CfpS" (/(A
On the other hand, for every u,v € .A we have d(u,v) < 1/2j and since u,v € L; then

1F ()~ F ()] < Crllu™" o]

This eventually concludes the proof of the proposition. O
Let us now conclude the chapter with the proof of Theorem

Proof of Theorem (3.4 If we prove the result for ¢.B(0, k) for every k € N, the general case
follows taking into account the locality of tangents and the Lebesgue Differentiation Theorem
in Proposition [1.55] Therefore, we can assume without loss of generality that ¢ is supported
on a compact set. Let us set

(3.81)
F = {Ujenfi(K;) + K; compact subset of W; € Gra(h), and f; : K; — G is Lipschitz}.

Let m = infpcz{od(G \ F)}. We claim that if m = 0 the proof of the proposition is
concluded. Indeed, if m = 0 we can take F,, € .# such that ¢(G \ F,) < 1/n and then
&(G \ UpenFy) = 0. Let us prove that m = 0. Indeeed, if by contradiction m > 0, we can
take, as before, F), € .Z such that 0 < ¢(G \ UpenF)) < m. Since F' := UpenF), is Borel,
we have, thanks to the locality of tangents and to the Lebesgue Differentiation Theorem in
Proposition that ¢LF” is a @Z’ﬁ—rectiﬁable measure with compact support. Thus we
can apply Proposition to conclude that there exists W € Gra(h), K a compact subset
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of W, and a Lipschitz function f : K — G such that ¢ F'(f(K)) > 0. Thus we get that
d(G\ (f(K)UF')) < m, that is a contradiction with the definition of m.

In order to prove the last part of the theorem, let us notice that, thanks to the locality of
tangents and to the Lebesgue Differentiation Theorem in Proposition we can reduce to
oLE(9,), thanks also to Proposition Moreover, taking into account that S™_E(4,)
is mutually absolutely continuous with respect to ¢ E(1,7), see Proposition we can
finally reduce to prove that S"_f(K) is a Py -rectifiable measure whenever K is a compact
subset of W € Grq(h) and f : K — G is a Lipschitz function. The fact that S"_f(K)
is a Z}-rectifiable measure follows from the following claim: if K is a compact subset of
W € Gra(h) and f : K — G is a Lipschitz function, then for S"_ f(K)-almost every z € G
we have that there exists W(z) € Gr(h) such that the following convergence of measures
holds

(3.82) M SMUF(K) — SPLW (), as r goes to 0.

Let us finally sketch the proof of (3.82). Since W € Gr4(h), i.e., it admits a normal comple-
mentary subgroup, we get that W is a Carnot subgroup of G, see [29, Remark 2.1]. Thus
we can apply Pansu-Rademacher theorem to f: K C W — G, see [161, Theorem 3.4.11], to
obtain that f is Pansu-differentiable S"-almost everywhere, with Pansu differential df, and
the area formula holds, see [161, Corollary 4.3.6]. The proof of with W(zx) := df (z)(W)
for S"_f(K)-almost every x is now just a routine task, building on [161, Proposition 4.3.1
and Proposition 4.3.3], and by using the area formula in [161, Corollary 4.3.6]. We do not
give all the details as the proof follows verbatim as in the argument contained in [178, pages
716-717], with the obvious substitutions taking into account that the authors in [178] only
deal with Heisenberg groups H" in the case W is horizontal. (]



CHAPTER 4

Pauls’s rectifiability and intrinsically C! rectifiability

In this chapter we are going to discuss the relationship between the intrinsically C*
rectifiability and Pauls’s rectifiability in Carnot groups. The content of this chapter comes
from a work in collaboration with my PhD advisor E. Le Donne [25].

In the following introductory part we introduce the definition of Pauls’s rectifiability and
we state the two theorems that we will prove throughout this chapter, namely Theorem
and Theorem

In Section|1| we introduce and discuss several notions of rectifiability which generalize the
notions proposed by Pauls and Cole-Pauls in [84,201]. In Sectionwe construct a Carnot al-
gebra of topological dimension 8 that has uncountably many pairwise non-isomorphic Carnot
sub-algebras of topological dimension 7. Hence, in Section |3| we exploit the construction in
Section [2| to build the example that proves Theorem Finally, in Section [4] we prove The-
orem [4.2| In particular in Section we introduce some notation on Carnot groups of step
2, and in Section we prove a length-comparison result for curves on intrinsically Lipschitz
graphs in Carnot groups of step 2. In Section we use the latter estimate to prove the
equivalence between the intrinsic and the induced distance on intrinsically Lipschitz graphs
in H", with n > 2. Finally, in Section we complete the proof of Theorem 4.2

At the beginning of 2000 S. Pauls proposed a notion of rectifiability in Carnot groups
that is different from the one discussed in Chapter 2 see [201, Definition 4.1]. According to
his definition, given a Carnot group G of homogeneous dimension @, a subset £ of another
Carnot group is G-rectifiable if it can be covered H%-a.e. by countably many Lipschitz images
of subsets of G. The relation between the notion of rectifiability of Pauls and the intrinsically
C! rectifiability firstly introduced by Franchi, Serapioni and Serra Cassano and taken to its
utmost level of generality in Definition is not so well understood nowadays. Notice
that in [84, Definition 3] the authors propose another definition of rectifiability in which they
allow G in the previous definition to be a homogeneous subgroup of a Carnot group.

One of the queries that has been left open is whether a k-dimensional C’Ili—submanifold in a
Carnot group is Lipschitz (or better bi-Lipschitz) parametrizable by subsets of k-dimensional
homogeneous subgroups of a Carnot group. One positive result in this direction has been
obtained in [84] in which the authors proved that every C'!-hypersurface in H' is N-rectifiable,
where N is a vertical plane in H', and the maps used for the parametrization could be even
defined on open sets. Then this result was improved by Bigolin and Vittone in [60] showing
that every non-characteristic point of a C'-hypersurface in H' admits a neighbourhood U and
a bi-Lipschitz chart between an open subset of N and U. In [60] the authors also provided
a partial negative answer to the query: they showed the existence of a C%I—hypersurface in
H' that has a point with no bi-Lipschitz map from an open subset of N and any of its
neighbourhoods.

Recently, using some ideas coming from the theory of quantitative differentiability, in
[92] the authors showed that every intrinsically C1 hypersurface, with a > 0, in the n-
th Heisenberg group H” is Lipschitz parametrizable with subsets of an arbitrary vertical
homogeneous subgroup, and actually it has big pieces of bi-Lipschitz images of an arbitrary

117
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vertical homogeneous subgroup, see [92, Theorem 1.6]. The intrinsically C'® condition
can be relaxed in the first Heisenberg group H' just asking for an intrinsically Lipschitz
condition together with some extra Holder regularity along the vertical direction, see [92,
Theorem 1.11]. Anyway, as far as we know nowadays the following question is still open, as
pointed out in [92].

Question 7. Determine whether a codimension-one intrinsically Lipschitz graph (or a
C’Il{—hypersurface) in H' is almost everywhere covered by (bi)-Lipschitz images of subsets
of codimension-one subgroups of H'. In the opposite direction determine whether a (bi)-
Lipschitz image of a subset of a codimension-one subgroup of H' is almost everywhere covered
by intrinsically Lipschitz hypersurfaces (or even better by Cg-hypersurfaces).

We stress that in the n-th Heisenberg group H", with n > 2, the second question above
has a positive answer. Indeed, as a consequence of the same reasoning in the final part of the
proof of Theorem we have that every Lipschitz image of a subset of a codimension-one
subgroup in H", with n > 2, is &7} -rectifiable. Hence an application of Theoremm together
with [180, Proposition B.11], implies that such a Lipschitz image can be covered almost
everywhere by Cjj-hupersurfaces. Another way of seeing this is to use [201, Theorem 4.3]
together with the criterion in [178, Theorem 3.15]. We stress that a more detailed study of
the so-called Rickman rugs, i.e., bi-Lipschitz images of codimension-one subgroups in H!, is
contained in [198]. We point out that some results about quantitative rectifiability in the
Heisenberg groups are contained also in [76,79]. See [101] or [177, Section 9.7] for a survey
on the subject.

We stress that recently, in a slightly different direction, Le Donne and Young in [151]
proved that a sub-Riemannian manifold with constant Gromov-Hausdorff tangents G, is
countably G-rectifiable, where G is a Carnot group. This result gives a possible way to
show that smooth hypersurfaces in Carnot groups - sufficiently smooth in order to carry a
sub-Riemannian structure - are G-rectifiable for some G. This is exactly what we do in the
second part of this chapter with smooth non-characteristic hypersurfaces in H" with n > 2.

In this chapter we prove the following theorem, according to which in arbitrary Carnot
groups a smooth non-characteristic hypersurface, which is in particular a C{j-hypersurface,
might not be rectifiable according to Pauls’s definition. We recall that a point on a smooth
submanifold in a Carnot group is said to be non-caharacteristic if the horizontal bundle at
the point is not contained in the Euclidean tangent at the point, see Definition

Theorem 4.1. There exist a Carnot group G and an analytic non-characteristic hypersurface
S C G that is not Pauls Carnot rectifiable, see Definition 4.8

Pauls Carnot rectifiability is a generalization of Pauls rectifiability defined in [201, Defi-
nition 4.1] in which we allow countably many Carnot groups models, see Definition Our
result shows that even very regular objects, such as analytic non-characteristic hypersurfaces,
which for sure are intrinsically C'! rectifiable, may not be Pauls Carnot rectifiable.

In this chapter, we also show that such an example does not exist in the n-th Heisenberg
group H" with n > 2 (see Theorem and Remark for a more exhaustive statement).
We stress that the following Theorem could also be obtained as a consequence of the
main result of the paper [92], which appeared after our work [25], and which is indeed more
general. Anyway our proof is slightly different than the one in [92].

Theorem 4.2. Let S be a C*°-hypersurface in the n-th Heisenberg group H"™ with n > 2.
Then S is H" ! x R-rectifiable according to Pauls’s definition of rectifiability, even with bi-
Lipschitz maps.

Let us briefly comment on the proofs of the two theorems above. To prove Theorem [4.1
whose proof is in Section |3, we will show the existence of an analytic hypersurface S - of
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Hausdorff dimension 12 in a Carnot group of topological dimension 8 - that cannot be H!2-
a.e. covered by countably many Lipschitz images of subsets of Carnot groups of Hausdorff
dimension 12.

We will actually show a more general property for the set .S that we propose: for every
Carnot group G of Hausdorff dimension 12, every Lipschitz map f : U C G — S satisfies
H2(f(U)) = 0, see the proof of Theorem We will call this property purely Pauls Carnot
unrectifiability (Definition , which implies that S is not Pauls Carnot rectifiable, see
Remark The key property for the proof of the previous result is that every H'?-positive
subset of S has uncountably many points with pairwise non-isomorphic Carnot groups as
tangents, see the statement and the proof of Theorem and Theorem [4.31]

The idea to build such a hypersurface is the following: at first, in Proposition we
show the existence of a Carnot algebra g of dimension 8 that has uncountably many pairwise
non-isomorphic Carnot sub-algebras of dimension 7. This is done by exploiting the existence
of an uncountable family F of Carnot algebras of dimension 7 that are known to be pairwise
non-isomorphic, see [119]. Notice that 7 is the minimal dimension for which this fact holds.
Indeed, there are, up to isomorphisms, only finitely many Carnot algebras of dimension < 6,
see again [119]. Then we construct an example of a smooth non-characteristic hypersurface
S, see the proof of Theorem in the Carnot group whose Lie algebra is g, with the
property that the tangent spaces of S form an uncountable subfamily of F, and such that
every H!2-positive subset of S has uncountably many points with pairwise non-isomorphic
Carnot groups as tangents. Similar examples were previously constructed in [151,211].

Having in our hands the pathological example S, we prove our main result in Theorem 4.1
We do it via a blow up analysis and using the area formula for Lipschitz maps between Carnot
groups proved by Magnani in [160].

We point out that we also construct, in every Carnot group G, a smooth non-characteristic
hypersurface that has every subgroup of G of codimension-one as tangent, see Lemma

We also prove a variant of Theorem Namely, we show in Corollary that our
example S is not bi-Lipschitz homogeneous rectifiable, see Definition More precisely, it
is impossible to H!2?-a.e. cover S by countably many bi-Lipschitz images of subsets of metric
spaces of Hausdorff dimension 12 that have bi-Lipschitz equivalent tangents. Actually, again,
we prove more: we show that S is purely bi-Lipschitz homogeneous unrectifiable according to
Definition after having provided a general criterion for purely bi-Lipschitz homogeneous
unrectifiability (Lemma [4.7).

Notice that, from this last result, it follows that S is not rectifiable according to the
countable bi-Lipschitz variant of the definition given in [84, Definition 3], that is, the one
that allows the parametrizing spaces to be homogeneous subgroups of Carnot groups, see
also Remark Nevertheless, we are still not able to prove that our counterexample is not
rectifiable according to [84, Definition 3], see Remark

We remark here that, from how we are going to construct the example S, it follows that
every tangent to S is a Carnot group. Consequently, together with the previously discussed
results, we immediately deduce that S is also an example of metric space that cannot be
Lipschitz parametrized by countably many of its tangents, see Remark

To prove Theorem we will use (210, Theorem 1.1], [82, Proposition 3.8], and [151,
Theorem 2]. The proof is contained in Section

The idea is the following: first we show that every smooth non-characteristic hypersurface
S in H", with n > 2, carries a structure of polarized manifold (Proposition [4.45). Indeed,
we show that the intersection of the horizontal bundle of H"” with the tangent bundle of S
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is a step-2 bracket generating distribution (Proposition . This was already known from
[210, Theorem 1.1], but we give a different proof based on simple explicit computations.

Before going on, let us notice that Proposition is very likely to hold for C1! non-
characteristic hypersurfaces. The reason for which we stated it in the C*°-cathegory is merely
technical. Indeed, Proposition is stated for O non-characteristic hypersurfaces, but its
proof can be adapted to work in the C'! case. Moreover, in the proof of Proposition we
use the fundamental results in [185], and [52] (see also [129]), which require C*°-regularity,
but can be very likely adapted to C!'-regularity in our case. The serious difficult point seems
to pass from this C!-regularity to C’Il{, that would probably require a completely different
argument.

In order to conclude the proof we show that every sub-Riemannian structure on the
polarized manifolds S gives rise to a distance that is locally bi-Lipschitz equivalent to the
distance on S seen as subset of H" (Proposition[4.43). We will call these distances the intrinsic
distance and the induced distance, respectively. The equivalence is due to the general fact
that in H", with n > 2, the intrinsic distance and the induced distance on the graph of an
intrinsically Lipschitz function are equivalent (Proposition . This tells us also that in
Proposition we are merely using the fact that S is locally the graph of an intrinsically
Lipschitz function. The proof of Proposition [4.41]was suggested to us by Fassler and Orponen,
and it is reminiscent of the result already known from [82, Proposition 3.8].

Eventually we use the fundamental tool [151, Theorem 2] and the key fact that the tan-
gents to the hypersurface are all isomorphic to H"~! x R (Lemma . With these three
steps we conclude the proof of Theorem 4.2

1. Notions of rectifiability

In this section we are going to introduce the general notion of (F, u)-rectifiability, see
Definition and a specialization of it, namely the notion of bi-Lipschitz homogeneous
rectifiability, see Definition Finally, we are going to introduce and discuss the notion of
Pauls Carnot rectifiability, see Definition

Definition 4.3 ((F, u)-rectifiability). Given a family F of metric spaces we say that a metric
space (X, d), with an outer measure p on it, is (F, p)-rectifiable if there exist countably many
bi-Lipschitz embeddings f; : U; C (X;,d;) — (X, d) where (X;,d;) € F, i € N, and

p| X\ fiUi)] =o.
€N

We say that a metric space (X, d) is purely (F, u)-unrectifiable if for every (X', d’) € F and

every bi-Lipschitz embedding f : U C (X', d") — (X, d) it holds

u(f(U)) = 0.

In Definition we are going to specialize the notion of (F, u)-rectifiability by taking F
as the class of metric spaces that are locally compact, locally doubling and with bi-Lipschitz
equivalent tangents. In Remark we discuss further specializations of this notion.

Then we shall give the notion of Pauls Carnot rectifiability in Definition generalizing
the definition given in [201} Definition 4.1]. In Remark we briefly discuss some Lipschitz
variants of (F, u)-rectifiability, for specific families F.

We stress here that from now on every metric space (X,d) will be separable. We also
remark that if (X, d) is locally complete we can equivalently ask each set U; in Definition
to be closed. Indeed, in this case every bi-Lipschitz map f; : U; — (X, d) extends, locally to
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the closure U;, to a bi-Lipschitz map. We will freely use this last observation throughout the
chapter.

Remark 4.4. Having a look at Definition assuming we have p(X) > 0, which will be
always in our case, we see that one necessary condition for the (F, u)-rectifiability of (X, d)
is the existence of at least one bi-Lipschitz map f: U C (X', d') — (X, d), where (X', d') € F
and p(f(U)) > 0. So if a metric space (X,d), with an outer measure p on it such that
uw(X) > 0, is (F, p)-purely unrectifiable then it cannot be (F, u)-rectifiable.

Before giving Definition [4.5] first we recall two definitions. Given a separable metric space
(X,d) and a Borel regular measure 1 on X that is finite on bounded sets, we say that p is
locally doubling if for each a € X there exists R, > 0 and C, > 0 such that

0 < pu(B(z,2r)) < Cou(B(z,r)) < +00, Vx € B(a, R,), V0 <7 < R,.

In this case we say that (X,d, ) is a locally doubling metric measure space.

For a locally compact locally doubling metric measure space, as a consequence of the
Gromov compactness theorem, we know that for every z € X, the set of Gromov-Hausdorff
tangents Tan(X,d, z) is nonempty. Indeed, for every sequence of positive numbers A\; — 0,
up to subsequences it holds

(XA, ) = (Xoo, doc, Too),

in the pointed Gromov-Hausdorff convergence. For general definitions and theory about
(pointed) Gromov-Hausdorff convergence one can see [212, Chapter 27|, [68, Chapters 7, 8],
and [118]. We say that the metric space (X, dx) is bi-Lipschitz equivalent to the metric space
(Y, dy) if there exists a bijective map f : X — Y such that

1

661)((%’1,.%’2) < dy(f(wl), f(.%'g)) < Cdx(l‘l,ZCQ), for all x1,T9 € X.
Definition 4.5 (bi-Lipschitz homogeneous rectifiability). Let (X,d) be a metric space of
Hausdorff dimension k. Set T := {(Xj,d;)}icr to be the family of all the metric spaces
(X;,d;) such that:

o (X, di,'Hk) is a locally compact locally doubling metric measure space, with k£ =
dim H X s
e every two tangent spaces, at every two points of X;, are bi-Lipschitz equivalent.

We say that (X, d) is bi-Lipschitz homogeneous rectifiable if it is (T, H*)-rectifiable according
to Definition We say that (X, d) is purely bi-Lipschitz homogeneous unrectifiable if it is
purely (7x, H")-unrectifiable according to Definition

Remark 4.6. The family 7 defined in Definition is very rich. For example it contains
all homogeneous Lie groups G equipped with a left-invariant homogeneous distance dg, with
Hausdorff dimension k. Indeed, by homogeneity, every tangent space at every point of such
a group G is isometric to (G, dg), moreover (G, dg) is locally compact and k-Ahlfors-regular
(149, Theorem 4.4, (iii)], and then H* is a doubling measure on it. We remark here that
the larger class of self-similar metric Lie groups of Hausdorff dimension k, whose definition
is in [149], is still a subclass of T. Going beyond Lie groups, we remark that in 7 one has
all those Carnot-Carathéodory spaces whose nilpotentization is constantly equal to a fixed
Carnot group of homogeneous dimension k. This last statement is a consequence of Mitchell’s
theorem (see [185], [52], and [129]) and the bi-Lipschitz equivalence of left-invariant homo-
geneous distances on Carnot groups.

In the very rich class of homogeneous Lie groups we distinguish homogeneous subgroups
of homogeneous dimension k of arbitrary Carnot groups, with the restricted distance, and
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obviously also Carnot groups of homogeneous dimension k endowed with arbitrary homoge-
neous left-invariant distances. We can then give different notions of rectifiability for each of
these subfamilies of 7y,.

Notice that if we take the subfamily of 7; made of arbitrary homogeneous subgroups, of
dimension k, of Carnot groups endowed with arbitrary homogeneous left-invariant distances,
we obtain a notion of rectifiability that is a variation of [84, Definition 3| where we now allow
countably many homogeneous subgroups but we require bi-Lipschitz maps. Similarly, if we
only consider Carnot groups, we obtain a similar variation of [201, Definition 4.1].

We give next a criterion for purely bi-Lipschitz homogeneous unrectifiability.

Lemma 4.7. Let (X,d, Hk) be a locally compact locally doubling metric measure space, with
k= dimyg X. If every H*-positive measure subset of X contains two points that have two tan-
gent spaces that are not bi-Lipschitz equivalent, then (X, d) is purely bi-Lipschitz homogeneous

unrectifiable (according to Definition[4.5).

Proof. We prove that there is no bi-Lipschitz map f : U C (X',d) — (X,d), where
HE(f(U)) > 0 and (X',d') € Tp. As (X,d) is locally compact, we can restrict ourselves
to consider U to be closed.

If there exists such a map, first of all notice that H* (U) > 0 because f is bi-Lipschitz.
Now we can restrict ourselves to the set of the points of density one of U with respect to H,
say W, and W is a set of full H¥-measure in U as a consequence of Lebesgue Differentiation
Theorem [125, page 77] that can be applied due to [125, Theorem 3.4.3]. Then, by the fact
that f is bi-Lipschitz, the set f(W) has full H*-measure in f(U). The set Z of points in
f(W) of density one of f(U) with respect to H*, is still a set of full H*-measure in f(U)
because it is the intersection of two sets of full H*-measure in f(U). Then it holds H*(Z) > 0
since HE(f(U)) > 0.

By hypothesis there exist two points z,y € W and p = f(z),q = f(y) € Z with two non-
bi-Lipschitz tangent spaces T}, and T;. Because of the fact that we are dealing with points of
density one, we can say that Tan (U, d’, x) = Tan (X', d’', ) and Tan(f(U), d, p) = Tan(X, d, p)
and the same holds with y and ¢, see [143, Proposition 3.1]. Passing to the tangents in p and
x we get, as in [151, Section 5.2], some induced bi-Lipschitz map between T}, and one element
of Tan (X',d',z). In the same way we get a bi-Lipschitz map between T and one element
of Tan (X', d',y). By hypothesis each element of Tan (X’ d’,x) is bi-Lipschitz equivalent
to each element of Tan (X',d',y), so that T}, is bi-Lipschitz equivalent to 7}, which is a
contradiction. g

Let us point out that in Definition we require the parametrizing maps to be bi-
Lipschitz while for the classical definitions of rectifiability one may just ask for the maps
to be Lipschitz. We next give the Lipschitz counterpart of Definition for the family of
Carnot groups.

Definition 4.8 (Pauls Carnot rectifiability). Let (X, d) be a metric space of Hausdorff di-
mension k. We say that (X, d) is Pauls Carnot rectifiable if there exist countably many Carnot

groups G; of homogeneous dimension k enowed with homogeneous left-invariant distances d;,
and Lipschitz maps f; : U; C (G;, d;) — (X, d) such that

1 (X\ U fi(Ui)) = 0.
ieN

We say that (X, d) is purely Pauls Carnot unrectifiable if for every Carnot group G of homo-
geneous dimension k endowed with a left-invariant homogeneous distance dg, every Lipschitz
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map f:U C (G,dg) — (X, d) satisfies
HA(F(U) = 0.

Remark 4.9. The definition given in Definition [4.8]is a generalization of [201, Definition 4.1]
where it was considered only one Carnot group for the parametrization of X. The definition of
purely G-unrectifiability, with one Carnot group G, was already given in [162, Definition 3.1].
That is, given a Carnot group G of homogeneous dimension k, we say that a metric space
(X, d) is purely G-unrectifiable if every Lipschitz map f: U C G — X satisfies H*(f(U)) = 0.
Remark 4.10. In this paper we will not focus on the Lipschitz counterpart to Definition
Restricting to the subfamily of 7; made of homogeneous subgroups of Carnot groups, such
Lipschitz counterpart would lead to a variant of [84, Definition 3] allowing countably many
possibly different subgroups. We think there are pathological examples and more easy-to-ask
questions that we are not able to answer up to now.

For example Peano’s curve tells that the Euclidean plane R? can be Lipschitz rectified
with (R, Il - ||1/2). Notice that (R, || - ||1/2) is isometric to the vertical line in the Heisenberg
group.

Question 8. Forcing the topological dimension to be the same, we wonder whether there
exists a Lipschitz map

fuc (R 7) - o,
with HA(f(U)) > 0.

Remark 4.11. As in Remark if (X,d) has Hausdorff dimension k and H*(X) > 0, it
holds that if (X, d) is purely Pauls Carnot unrectifiable then it is not Pauls Carnot rectifiable.

2. A Carnot algebra with uncountably many non-isomorphic Carnot
sub-algebras

In this section we prove that there exists a Carnot algebra g of dimension 8 that has
uncountably many pairwise non-isomorphic Carnot sub-algebras of dimension 7. The Lie
algebra g is constructed in Definition and in Proposition we prove the claimed
result.

Definition 4.12. Given ;1 € R, we denote by g,, the Carnot algebra of step 3 and dimension
7 given by

gu=VioVieV,
where

V/} = Span{Xla X27X3}7 Vlf = Span{X47X57X6}7 V/? = span{X7},

with the following relations
[X17X2] - X47 [X1>X3} = _X61 [X27X3] = X57

(4-1) [X17X5] = — X7, [X2>X6} = uXr, [X3,X4] — (1 _ M)X%

where all the other commutators between two vectors of the basis {X7,..., X7} that are not
listed above are zero.

Remark 4.13. The family {g,},er in Definition contains a subfamily that consists of
uncountably many pairwise non-isomorphic Carnot algebras, which are called of type 147E,
see [119]. Indeed, if p1, 0 ¢ {0,1}, the Lie algebra g, is isomorphic to g,, if and only if
I(p1) = I(pg), where

(1 —p+p?)?

T = (= 1)2
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Our plan is to add a direction X in the first stratum of a specific Carnot algebra given
by Definition namely the one with g = 0. Then, we show the existence of uncountably
many pairwise non-isomorphic Carnot sub-algebras of dimension 7 in this new Carnot algebra
of dimension 8.

Definition 4.14. In this section we denote by g the Carnot algebra of step 3 and dimension
8 given by
g=Viaeviaevs
where
V1= span{Xo, X1, X0, X3}, V?:=span{Xy, X5, Xs}, V3 :=span{X;},
with the following bracket relations

(X1, Xo] = Xy, [X1,X3]=—Xg, [X1,X0]=—-X4, [Xo, X3]=X5;

4.2
2 XXy = —Xr, [Xa.Xi = Xr. [Xo, Xel = X7,

and all the other commutators between two elements of the basis {Xo, X1,..., X7} that are
not listed above are 0.

Remark 4.15. Let us show that the one defined in Definition is a Lie algebra. It suffices
to verify Jacobi identity on triples of pairwise different vectors of the basis. Since the step of
the stratification is equal to 3, it suffices to show the Jacobi identity on vectors in the first
stratum V!. Then, as we are extending go in Definition we just have to check the Jacobi
identity on the triples { X1, X2, Xo}, {X2, X3, Xo} and {X1, X3, Xo}. A simple computation
yields
(4.3)

(X1, [X2, Xol] + [Xa, [Xo, Xi]] + [Xo, [X1, Xo]] = 04 [ X2, Xa] + [Xo, X4] =0,

[X27 [X37X0” + [X?n [X07X2” + [XOa [X27X3” =0+0+ [X07X5] = 07

(X1, [X3, Xo]] + [X5, [Xo, X1]] + [Xo, [X1, X5]] = 0 + [X3, X4] — [Xo, Xe] = X7 — X7 =0,

which is what we wanted.
Now we are ready for the main proposition of this section.

Proposition 4.16. If g is the Carnot algebra of dimension 8 and step 3 in Definition
then there exist uncountably many Carnot sub-algebras of dimension 7 of g that are pairwise
non-isomorphic.

Proof. We present explicitly an uncountable family of Carnot sub-algebras of dimension 7
of g, indexed by A € R, that are isomorphic to gy in Definition if A\ # 1. Then by
Remark we get the conclusion.

Given A € R, with X # 1, let us define the following vector in V! C g,

Then {Xj,Ys, X3} are linearly independent vectors of V1. By explicit computations, using
the relations in (4.2), we have

[Xl,YQ] = (1 — )\)X4 = Y4,
(45) [X17X3] = _X67
[Y2, X3] = X5;
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[X1,Yy] =0,
(X1, X5] = — X7,
[X1, X6] =0,
[Y2,Yy] =0,

(4.6) [Y2, X5] =0,
[Ya2, Xg] = A X7,
[Xs,Ya] = (1 = M) X7,
(X3, X5] =0,
(X3, X6] =0,

and all the other commutators between two elements of the linearly independent vectors
{X1,Y2, X3,Yy, X5, X6, X7}, that are not listed above, vanish. Then in view of and
, if A\ # 1, the subspace to! := span{ X7y, Y, X3} generates a Carnot sub-algebra of step
3 and dimension 7 in g, that is isomorphic to gy in Definition O

3. Proof of the main results

In this section we construct the example that satisfies Theorem We build the hyper-
surface S in the Carnot group G whose Lie algebra g is as in Definition Before that, let
us discuss some notions related to hypersurfaces.

Definition 4.17 (Characteristic points). Let G be a Carnot group. Let S be a Euclidean
Cl-hypersurface in G = R". We say that « € S is a characteristic point of S if

(4.7) Vi(z) C TS,

where V(z) is the horizontal bundle at x, see , and 71,5 is the Euclidean tangent of .S,
i.e., the tangent space of S seen as submanifold of G = R™. We shall use the term Euclidean
in contrast with the intrinsic sub-Riemannian one.

We will say that a C''-hypersurface S is non-characteristic if it does not have characteristic
points as in (4.7).
Remark 4.18. We identify G with R™ by means of exponential coordinates as in (1.4)
associated to a basis {X1,...,X,} of g, and we call m the dimension of the first stratum of
the Lie algebra. If we take f € C1(G) we will denote with V f|, the full gradient of f at x,
i.e., the vector > 1" 1 (0y, f)(2)0y, |z, and with Vi f|, the horizontal gradient of f at x, i.e.,
the vector Y ;" (X, f)(x) Xz

If S is a Euclidean C'-hypersurface in G, for every point p € S there exist an open
neighbourhood U, of it and f € C1(U,) such that

(4.8) SNU, ={ze€U,: f(z) =0},

with Vf # 0 on SN U,. The Euclidean tangent space of S at an arbitrary point x € SN U,
is

(4.9) TS :={v: (v, Vflz)z = 0},

where (-, -); is the usual inner product, i.e., {9z, |x, Oz;|z)e = dij, and v = 3711 v;04,[». Then
x € U, is a characteristic point (4.7) if and only if (see (4.9)) it holds that X, f(z) = 0 for all
1=1,...,m.

Thus a Euclidean C'-hypersurface S in G with non-characteristic points is Cfj, because
we have the representation in (4.8) with (X1 f,..., X, f) # 0 on Up, see Definition|1.104] and
the coordinates representation in Definition|1.110
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Given a C’}ll—hypersurface S, a point p € S and a representative f around p as in , we
stress that the homogeneous tangent subgroup of S at p (see Deﬁnition Deﬁnition
for this notion, and Remark for properties), that we will also call tangent group, or the
intrinsic tangent of S at p, has the following representation in exponential coordinates

m
(4.10) 1,8 := {v €EG=R":> v X;f(p) :o}.
i=1
Let us recall that the set defined in (4.10) is the intrinsic tangent of S at p in the local
Hausdorff topology, compare with Remark [1.114
Now we give the definition of vertical surface. Loosely speaking, a vertical surface in a
Carnot group G is a C'-surface that depends only on the horizontal coordinates.

Definition 4.19. Let G be a Carnot group identified with R™ by means of exponential
coordinates associated to a basis {Xj,...,X,} of g. Let m be the dimension of the first
stratum of the Lie algebra. A wvertical surface V is

Vi={z e QxR"™: f(x1,...,2y) =0},

where f : @ C R™ — R, with © open, is a C'-function with Vf # 0 on the set {w €
Q: f(wi,...,wn) = 0}. Moreover, if f is linear we say that V is a wvertical subgroup of
codimension one.

Remark 4.20. An arbitrary vertical surface as in Definition |4.19]is a C'-hypersurface with no

characteristic points, i.e., points that satisfy (4.7). This is due to the fact that, if 1 <i <m,
in exponential coordinates we have

Xi = 0y, +1i(x),

where r;(x) is a polynomial combination of 9, ., 0z, see [112, Proposition 2.2], and

then, for all x € w,

i+10

Xif(z) = 0n, f(2),
as f depends only on the first m variables. Thus, from Remark a vertical surface is also
a C’Il{-hypersurface.

Before going on let us show that, in arbitrary Carnot groups, we always have a surface
that has every vertical subgroup of codimension one as tangent.
Lemma 4.21. Given a Carnot group G, there exists a vertical surface V such that for every
vertical subgroup W of codimension one in G there exists p € V' such that TZEV =W.

Proof. Let us consider
m
V= {xEGER”:Zx?:I},
i=1
where m is the rank of G. At an arbitrary point p = (1, ..., Tm, Tm+1 - - ., Tpn),we have that,

by Equation and Remark
T;V:{UEGZR”:Zvixizo},

i=1
and then, as every linear function f : R™ — R can be written as f(v) = Y./, vx; for a
vector (x1,...,Zy,) of norm 1, we get the desired conclusion. ]

Let us now pass to the proof of Theorem 4.1l First of all let us identify G with R® by
using exponential coordinates and the ordered basis (X, X1, ..., X7)

x = (xo, x1, T2, T3, T4, T5, T, T7) —

4.11
( ) — exp (aﬁoX() + 21 X1 + 29 Xo + 23X3 + x4 X4 + 25 X5 + 26 X6 + a:7X7) .
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In these coordinates we can express the left-invariant vector fields Xo(x), X (z), Xo(x), X3(z)
that extend Xy, X1, X9, X3, in this way, see [112, Proposition 2.2]:

Xo(z) = Ogy + ro(2),
X1(x) = Oy +11(2),
Xo(x) = Oy, + 12(2),
Xs3(z) = Ogy + r3(x),

(4.12)

where 7o (z), 71 (), r2(z), r3(x) are combinations, with polynomial coefficients of the coordi-
nates, of Oy,, Oz, Ozg, Oz,. Now we are ready to state and prove one of the main results of
this chapter.

Proposition 4.22. There exist a Carnot group G and an analytic non-characteristic hyper-
surface S C G with uncountably many pairwise non-isomorphic tangent groups.

Proof. Let us consider the Carnot algebra g in Definition and G := exp g identified with
R® by means of the exponential coordinates in (4.11). Let us consider the vertical surface

(4.13) S:{Z'EGZRSZf(I') = ;x§+x0:0}.

By Remark this is an analytic non-characteristic hypersurface. From easy computations
due to the particular form of X;’s in (4.12)) and from the expression of the tangent group in

(4.10), it follows that

Lle(TiS) = span{Xl,Xg - QE%XQ,X3,X4, X5,X6, X7},

and then Lie(7L9) is isomorphic to the Carnot algebra generated by 1! defined at the end of
the proof of Proposition where the \ there is now equal to —x3. Then, the Lie algebra
Lie(T1S) is isomorphic to 9 .2 defined in Definition Because of the fact that given

any A < 0 there is always a point in S satisfying A = —z5, Remark grants us that the
family {Lie(T.5)}.ecs contains uncountably many pairwise non-isomorphic Carnot algebras
and then the family {T1S},cs contains uncountably many pairwise non-isomorphic Carnot
groups. O

Remark 4.23. In particular, every S as in Proposition is not bi-Lipschitz equivalent to
an open set in a Carnot group. This follows from a blow-up argument and Pansu’s differ-
entiability theorem [200]. The argument will be made clear in the proof of the forthcoming
Theorem We stress that even for some sub-Riemannian manifolds the constancy of the
tangent may not give bi-Lipschitz local equivalence with the tangent Carnot group, see [150].

We are now ready to give the first negative result about rectifiability for a hypersurface
as in Proposition [4.22]

Theorem 4.24. There exist a Carnot group G and an analytic non-characteristic hypersur-
face S C G, of Hausdorff dimension 12, such that on every H'2-positive measure subset of
it there are two points with non-isomorphic tangents. Moreover, one can find such an S in
such a way that S is in addition purely bi-Lipschitz homogeneous unrectifiable according to

Definition [4.5.

Proof. Let us consider g the Carnot algebra in Definition Let us identify G := expg
with R® by means of the exponential coordinates in , and let us fix a left-invariant
homogeneous distance d on G. Let us consider S as in the proof of Proposition

We claim that

(4.14) HZ2(SN{za=A})=0, VAER.
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Indeed, we know that S N {xs = A} is the intersection of two Cf-hypersurfaces. Moreover
the tangent subgroup to S N {xg = A} at an arbitrary point z is

W:i={veG=R:23u2+v=0N{weG=R¥: =0} ={veG=R®: 05 =1y =0}

Since W is complemented by the horizontal subgroup H := {exp(tXo + sX2) : t,s € R}, we
can apply [96, Theorem A.5] to get that S N {x2 = A} is locally the graph of an intrinsically
Lipschitz function defined on W with values in H. Notice that H is a subgroup because
[Xo, X2] = 0. Since W has homogeneous and thus Hausdorff dimension 11 with respect to
the distance d, then by the estimate on the Hausdorff measure in [109, Theorem 2.3.7] we
get (4.14).

Now we claim that each subset U of S that satisfies %!2(U) > 0 has at least two points
with two non-bi-Lipschitz Gromov-Hausdorff tangents. Indeed, the equation tells us
that for each U C S with H'2(U) > 0, the coordinate function 2 takes on U uncountably
many values. This, according to the fact that 7.5 is a Carnot group isomorphic to the
one with Lie algebra g 42 (see the proof of Proposition , immediately tells that there
are in U at least two points with two non-isomorphic (because of Remark Carnot
groups as tangent. By Pansu’s version of Rademacher theorem, see Theorem two non-
isomorphic Carnot groups cannot be bi-Lipschitz equivalent, so the claim follows. Now the
proof is completed by using the criterion shown in Lemma d

From Remark [4.4) we have the following consequence to Theorem [4.24]

Corollary 4.25. There exist a Carnot group G and an analytic non-characteristic hypersur-
face S C G that is not bi-Lipschitz homogeneous rectifiable according to Definition [§.5)

Remark 4.26. Notice that from Corollary it follows that S is not rectifiable according
to the countable bi-Lipschitz variant of [84, Definition 3|, see Remark for details. We
notice here that we still are not able to prove that our counterexample is not rectifiable
according to [84, Definition 3], see Remark for further discussions. Nevertheless, in
the forthcoming proof of Theorem we show that the same S as in Theorem is not
rectifiable according to (201, Definition 4.1].

Hence, we are now ready for the proof of Theorem

Proof of Theorem [4.1. Let us take S and G as in the proof of Proposition [4.22] Let us fix
on G a homogeneous left-invariant distance d. Then from Remark we get that the
Hausdorff dimension of S is 12, because the homogeneous dimension of G is 13. We will
show there is no Lipschitz map f: U C G— (S,d), with G a Carnot group of homogeneous
dimension 12, and H'2(f(U)) > 0.

Suppose by contradiction there is such a map. We can assume U closed, because S is
complete By composing the map f with the inclusion i : S — G we get a Lipschitz map
f:UC G > G.

Let us call Uxp C U the set of points where f is non-differentiable, Uy C U the set
of differentiability points z of f for which df, : G > Gis injective and Un; C U the set of
differentiability points z of f for which d fm is not injective. We thus have U = Unp LU UUx1,
f(U) = f(Unp)US (Unu f(Unp) and we know, from Rademacher theorem, see Theorem
and the fact that f is Lipschitz, that HlQ(f(UND)) H2(Unp) = 0.

We claim that le(f(UI)) > 0. Indeed, the homogeneous dimension of G is 12. Thus, for
x € Uni, we get that d fx( ) is a homogeneous subgroup of G of homogeneous dimension at
most 11, see Lemma below. Then

H'2(dfz(B(0,1)))

12l = T, 1)

=0,
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and from Theorem [1.103| applied to f : Uy — G we get H'2(f(Un1)) = 0. Now we conclude
the proof of the claim:

H2(f(U1) = H2(F(U) + H2(F(Un1) + H(f(Unp))
> HZ(F(U)) > 0.

For every point z in U; there exists an injective Carnot homomorphism d f.: G — G. For
how it is constructed the differential df, (see Remark |1.101) we know that for w in a dense
subset €2 of G we have

df-(w) = Tim 6y ()7 F(20))

20:w€eU,t—0

From the very construction we thus get that d fz(w) is in the Hausdorff tangent of S at
f(2). Then from the discussion slightly before Definition [4.19 we get that df.(w ) takes values

in TJIC( )S for w € Q. Now taking into account that d fz is defined on all of G by density

(see Remark [1.101) and considering that T}(Z)
TI S, which is a Carnot subgroup of G of homogeneous dimension 12, thanks to the explicit

1)
expression of the tangent in the proof of Proposition [4.22 and [149, Theorem 4.4, (iii)].

Thus as G has homogeneous dimension 12 itself and d fz is injective, we get that df, is an
isomorphism and so G is isomorphic to T } (Z)S for every z € Uy.

In order to conclude, we notice that in the proof of Theorem we showed that on
every H'2-positive measure subset of S there are at least two non-isomorphic tangent spaces,
so that, because H'2(f(U7)) > 0 holds, we should have at least two non-isomorphic tan-
gent spaces on f (Ur). But we proved that all of them are isomorphic to @, thus we get a
contradiction.

Hence, we proved that there is no Lipschitz map f: U C G — (S,d), with G a Carnot
group of homogeneous dimension 12, and #'2(f(U)) > 0. From Remark [4.11]we thus get the
conclusion of the proof. O

S is closed, we get that df, takes values in

We shall prove the auxiliary Lemma that has been exploited in the proof of Theo-
rem Let us start with a remark.

Remark 4.27. Every Carnot homomorphism induces a linear map ¢, : g — b that is a Lie
algebra homomorphism such that ¢, o dy = &) o . From this property it easily follows that
for every 1 < i <, where £ is the step of the group G, we get ¢.(V;!) C Vih7 where Vf and
Vib are the i-th strata of g and b, respectively.

Lemma 4.28. Let ¢ : G — H be a Carnot homomorphism between two Carnot groups. If ¢
is not injective then the homogeneous dimension of G is strictly greater than the homogeneous
dimension on ¢(G).

Proof. By definition of Carnot homomorphism we get that Kery is a homogeneous subgroup
of G and ¢(G) is a homogeneous subgroup of H. If an element g € g is in V;? for some i, we
say that i is the degree of g and write degg = i. We take {ei,... e, e141,...,en} C ULV,
a basis of g, such that {e1,...,¢e;} is a basis of Kerg, and & is the step of the group G. Then
{@«(e141),--.,p«(en)} is a basis of the Lie algebra of ¢(G). By the fact that ¢, preserves
the stratification (see Remark [4.27)), we get

deg p.(e;) = dege;
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for each [ + 1 <4 < n. Then by [149, Theorem 4.4, (iii)] and the previous equation we get

dimpem (G) = Z deg p.(e;) = Z dege; < Zdeg e; = dimpom G.
i=l+1 i=l+1 i=1

where we used in the strict inequality that [ > 0 being ¢ not injective. g

Remark 4.29. The example of Theorem is actually a C’%I—hypersurface because it is
analytic and non-characteristic, see Remark Thus they are rectifiable in the sense of
Franchi, Serapioni and Serra Cassano (see also Definition but we proved they are not
in the sense of [201, Definition 4.1]. Indeed, the definition of Pauls Carnot rectifiability we
are adopting here is a generalization of [201, Definition 4.1], see Remark

Remark 4.30. We notice that every tangent group to S as in the proof of Theorem is a
Carnot group. So S is an example of a Euclidean non-characteristic hypersurface in a Carnot
group that cannot be Lipschitz parametrizable by countably many subsets of its intrinsic
tangents.

We state here as a theorem something we already proved in Theorem [4.24]

Theorem 4.31. There exists a locally compact and locally doubling metric measure space
(X,d,H"), where k is the Hausdorff dimension of X, that satisfies the following two proper-
ties:

(1) For each x € X, there exists (up to isometry) only one element in Tan(X,d,z) and
it is a Carnot group;

(2) For each U C X with H*(U) > 0 there exists an uncountable family {x;}ic; C U
of points such that the tangent spaces at these points are pairwise non-bi-Lipschitz
equivalent.

Proof. The example and the proof are exactly the same as in the proof of Theorem O

Remark 4.32. Another example (a sub-Riemannian manifold) that satisfies Theorem [4.31]
was presented in [151, Proposition 16].

4. Pauls rectifiability of C°°-hypersurfaces in Heisenberg groups

In this section we prove that C'°°-hypersurfaces in the n-th Heisenberg group H"”, with
n > 2, are rectifiable according to [84, Definition 3], see Theorem and Remark
for details. We start with a Lipschitz-type estimate, which more generally holds for Carnot
groups of step 2, see Proposition [4.38|

We remark here that, in order to prove the main result of this section, we will use
Proposition only for Heisenberg groups, but we prove it in the general case of Carnot
groups of step 2. We point out that the result in Proposition[4.41]requires the latter Lipschitz-
type estimate, plus a connectibility argument that makes that proof work only for H"™, with
n > 2. For arbitrary Carnot groups of step 2, the intrinsic distance d' in the statement of
Proposition might not even be finite.

Then in Section we show the equivalence of the intrinsic distance and the induced
distance for intrinsically Lipschitz graphs in Heisenberg groups. This statement has been
suggested to us by Féssler and Orponen, adapting an argument of [82]. After that, in
Section we prove that C°° non-characteristic hypersurfaces in H", with n > 2, carry a
sub-Riemannian structure, see Proposition and [210, Theorem 1.1]. Therefore, we show
that the sub-Riemannian distance is locally equivalent to the distance induced from H", see
Proposition [4.43, By means of [151, Theorem 2] we are able to conclude the result: see
Theorem
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4.1. Carnot Groups of step 2. In this subsection we recall the structure of step-2
groups in exponential coordinates. We stress here that sometimes we use Einstein notation:
we do not use the summand symbol ¥ and we remind that, in this case, we are tacitly
taking the sum over the repeated indices. Every Carnot group of step-2 arises as follows in
coordinates.

Let (le-l), ..., (B];) be n linearly independent skew-symmetric m x m matrices with j,1 =
1,...,m. Consider the homogeneous group (R" x R",-,d,), which turns out to be a Carnot
group, where the operation is

(xlv"wxmayl?"'ayn)'(ilv"'ajmngl’"'?g’n)::
(4.15) B ~ R R I R
xl+$17"'7xm+xm7y1+y1+§lexjxl7"'7yn+yn+ilex]‘wl )
and the dilations are

(4.16) A1y ey Ty Y1y -+, Yn) = (A2, .. .,)\xm,)\2y1, ... ,)\2yn),

for every A > 0. We shall endow the previous Carnot group with an arbitrary homogeneous
norm that induces a homogeneous left-invariant distance.

In the Carnot groups defined above we call X;, with j = 1,...,m, the left-invariant vector
fields that agrees with 0, at the origin. We call Yy, with k = 1,..., n, the left-invariant vector
fields that agrees with 0,, at the origin. It holds, by simple computations,

1
Xj = axj + 53]]?11“18%,
Yy, = ,,.

(4.17)

We shall consider the following two homogeneous subgroups

(4.18) L :={(x1,0,...,0)}, W= {(0,22,...,Zm, Y1, -, Yn)}

For what concerns this section, we say that f: U C W — L is L-intrinsically Lipschitz
in U, with L > 0, if

1
Cw,L <p, L) N graph(f) = {p}, for all p € graph(f),

where Cy 1L (p, %) is defined in (1.21).

In what follows ¢ : W — L will be an intrinsically L Lipschitz function and ¢ : R™*7~1 —
R is defined as

(4.19) 20,22, .oy Ty Y1y - - -5 Yn) = (0(T2, -« oy Ty Y1y o -y Yn ), 0, ..., 0).

Let us introduce the following family of vector fields. We stress that whenevery ¢ is C!, the
vector field D¥ applied to ¢ gives precisely the intrinsic gradient V¥¢ of ¢ in coordinates,
compare with Remark

Definition 4.33. Given ¢ and ¢ as in (4.19) we define, for j = 2,...,m, the vector fields on
W at z:=(0,22,...,Zm,Y1,...,Yn) &S

(4.20) D?|z := Xjlz + (@2, ., T, Y1, -, Yn) Bj1 iz

Definition 4.34. We will say that an absolutely continuous curve 4 : I — W is horizontal
for the family of vector fields {DY}j=2, m, if there exist (aa(t),...,am(t)) € LY (I;R™ 1)
such that

(4.21) ”N)//(t) = aj(t)D}DH(t), for a.e. tel.
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Then the @-length of 4 is defined as
(4.22) 0,(7) := / \/ag(s)Q + -+ am(s)?ds.
I
Remark 4.35. Notice that, due to the specific form of X, Y}, and DY in (4.17) and (4.20)

respectively, if
(423) ﬁ(t) = (Oa $2(t)7 s 7$m(t)7 Y1 (t)v s yn(t))a
then

(4.24) (o(7) = /I T3+ -+ i (s)2ds.

Remark 4.36. Using the notation in Section the Heisenberg group H" is obtained when
m =2n,n =1 and Bilj =1 if and only if i = j + n, otherwise it is zero.

4.2. Length comparison for Carnot groups of step 2. In this subsection we shall
exploit the notation introduced in Section We shall show that for Carnot groups of step
2, the length of the curve 7 - (%) measured with a left-invariant homogeneous distance d in
the group G is controlled from above by £,(¥) up to a multiplicative constant.

Remark 4.37. For the general theory of sub-Riemannian manifolds, including the Finsler
case, one can check [146, Chapter 3], or also [2]. We recall that in G we have two inter-
pretations for the length of an absolutely continuous curve. Indeed, as in every Carnot-
Carathéodory space, if the distance d on G is induced by a norm || - || on the horizontal
bundle V; of G, cf. , the length of an absolutely continuous curve v : I — G equals the
following values

(4.25) length(y) := sup {Z d(v(&ﬁm(&))} = / 17 ()| dt,
i=1 I

where the sup is over the partitions L} ;[s;, s;+1] of I.

The proof of the forthcoming proposition was pointed out to us by Féssler and Orponen
in the Heisenberg group and it is substantially contained in [82, Proposition 3.8]. We present
here a general proof for step-2 groups.

Proposition 4.38. Let G be a step-2 Carnot group with the choice of coordinates as in
Section and W and L as in (4.18). Assume G is endowed with a Carnot—Carathéodory
distance d coming from the choice of a norm ||-|| on the horizontal layer of the Lie algebra of

G. Let p: W — 1L be intrinsically L Lipschitz. Set ¢, D7, L, as in (4.19), , and (4.22),
length(y - (7)) < C - £y(7),
where C = C(G, L).
Moreover, if the L'-norm of the controls a;(t) of 4 as in Definition is bounded by

K, the projection on the first component of the curve s — @(%(s)) is L'-Lipschitz, with
L' =L'(L,K,G).

Proof. Set v : I — R™*"~1 to be the curve

Y(t) = (z2(t), - s zm(t), y1(t), .., yn(l)),
where we use the notation (4.23)). By the fact that 7 is horizontal with respect to {Df }i=2,..m
we get by easy computations that for each k=1,...,n

(4.26) yo(t) = 2 (t) (;Bj’?,m,(t) + cp(fy(t))B]’-“1> . forae tel,



4. PAULS RECTIFIABILITY OF C*-HYPERSURFACES IN HEISENBERG GROUPS 133

where we sum over j and [ from 2 to m. Now we consider the curve 4 between two intermediary
times ¢t < t; and we claim that

m

(4.27) > lwilts) = w0 < Crly (Ajewr)) »

=2

with C; = Ci(m). Indeed, this is a consequence of the fundamental theorem of calculus,

Cauchy-Schwarz and (4.24)).
Set ®((t)) := A(t) - p(5(t)). By the definition of length it suffices to show that for all
[t,t1] C I there exists a constant C' = C(L,G) such that

(4.28) d(®(3(t)), 2(3(t1)) < C - Lo(Flit1))-

By the fact that ¢ is intrinsically Lipschitz and [109, Proposition 2.3.4] one has that, setting
|| - || the homogeneous norm on G associated to d, there exists a constant Cp = Cy(L) such
that

(4.20) d(@(F()), (3(1)) < Co |mw (@(3(1) 7 - B(3(11)) -

Then we leave to the reader to verify the algebraic equality, which depends on the fact that
W is a normal subgroup,

(4.30) mw (D) (1)) = BGE) AT At - BF()).
By exploiting the formula for the group law, it holds

) AO) T A(t) - B((1) =

(4'31) = (O,l‘g(tl) — xg(t), Ce ,$m(t1) — xm(t), Ul(tl,t), . ,Un(tl,t)),
where for each k = 1,...,n we have
(4.32) an(t1,1) == (1) — yr(t) + Bl (v(1)) (25 (1) — (1)) — 1Bﬁ?z%j(?fl)ffffz(t),

2

where the sums on indices j and [ run from 2 to m.
Then by (4.31) and the fact that || - || is equivalent to any other homogeneous norm on
G, we have that

433)  1eG0) A0 A1) - eGO)] ~ 3 i) — ()] + 3 ot ).
1=2 k=1

Using (4.26) and that le?lxj(t)xl(t) = 0 by skew-symmetry of B¥ we can rewrite oy, (t1,t) as
follows

oultn, 1) = ( s y;<§>ds> + Bl () (;(0) — 2,(0)) — 3 By (1)t
(4.34) !

_ / (OB (€ — p(0) + 35O Bhar(6) — m(e) ) de.

Set

f(t1,t) = 52312 ] lp(v(€) — (v (1)))]-

It follows from (4.34), (4.27) and Cauchy-Schwarz inequality that
(4.35) ok (t1,8)] < Co (€o(Flpan) + F(t1,1) €o(Fliaay),
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where Cy = Cy(m, B) and B := max \B |. Now for each & € [t,t;] we get by the fact ¢ is
intrinsically Lipschitz, (4.30), (4.33), Q4.27D and (4.35) with ¢ instead of ¢1, that

(1) — p(y(E)] < L |mw (@((1) " - 2(3(€)))
= lpFEN -3 - (GO

(&
(4.36) N i i) — an Vi€, 1)
§C3< Flg) +\/f \/E '7|[t§])

where C3 = C3(m, B, L). Now passing to the supremum as £ € [t,¢;] in both sides of 1D
we get

£(11,8) < Ca (Bl + I 00 2ol )
from which there exists Cy = Cy(m, B, L) such that

(4.37) f(t1,1) < Caly () -

Finally by chaining (4.29), (4.30), (4.33), (4.27), (4.35)), and (4.37), we get (4.28) which was
what we wanted. For the second part of the lemma we just chain (4.36) and (4.37) with &
instead of t1, and use the fact that £,(7|[.¢) is bounded from above by C'(K,m)[§ —t| by the

definition of £, in (4.22). O

4.3. Equivalence of intrinsic distance and induced distance on intrinsically
Lipschitz graphs in the Heisenberg groups. In this subsection we shall prove that on
intrinsically Lipschitz codimension-one graphs on H", with n > 2, the intrinsic distance is
globally equivalent to the distance induced by H".

Definition 4.39. Given ¢ and ¢ as in (4.19) we define the intrinsic length distance on the
graph I" := graph(@) = {w - ¢(w) : w € W} C G as follows

(4.38) d" (z,y) := inf{length(v)|y : [0,1] = I',7(0) = z,4(1) =y, ~ horizontal}.

Remark 4.40. Up to a globally bi-Lipschitz change of distance, we can suppose to work
with a left-invariant homogeneous distance d on G coming from a scalar product g on the
horizontal bundle V;. Notice that if I" is a smooth submanifold of G and the horizontal
bundle V; intersects the tangent bundle of I' in a bracket generating distribution, then the
distance d''(z,y) is exactly the sub-Riemannian distance, let us call it diy(,y), associated

to the sub-Riemannian structure (F, ViNn1TT, g|(VmTP)x(VmTP))-
We now stress that in the specific case of the Heisenberg groups the distance d induced

from H” is bi-Lipschitz equivalent to d' defined in (4.38). The proof was suggested to us by
Féssler and Orponen.

Proposition 4.41. With the same assumptions and notation as in Proposition if G =
H" with n > 2, then

(4.39) d(z,y) ~d"(z,y), Vr,yel,

where d¥ is defined in (4.38) and d is the induced distance, restriction of the one in H". We
recall that with (4.39) we mean that there exists a constant C' > 1 such that Ctd(z,y) <
d"(z,y) < Cd(zx,y) for every x,y € T.
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Proof. First of all notice that, using the notation in (4.20) and taking into account Re-
mark if G = H", then Df|56 = Xj|z for all j = 2,...,2n and j # n + 1, while
DY |z = Xns1lz+e(@2, ..., 22n, y1)Y1|z. Wealso have [ X, X,,1 ;] =Y forevery j =1,...,n
and all the other commutators are zero. By definition of d" (4.38), exploiting the definition
of length (4.25) and the triangle inequality, we get

d(z,y) <d"(z,y), Va,yeTl.

Now we want to prove the opposite inequality up to a multiplicative constant. First of all,
by a left translation, we can assume x = 0 and y = w - ¢(w) for w € W. It holds that

(4.40) d(z,y) = d(0,y) = [[w- g(w)]la = Col|wl|a,
where || - ||¢ is the homogeneous norm associated to d and Cy = Cyp(W, L), see [109, Propo-
sition 2.2.2]. From now on, in this proof, we will set || - ||4 := | - ||-

We claim that we conclude the proof if we show that for each w € W there exists ¥ C W,
connecting 0 to w, horizontal for {Df}jzg,_,_72n+1, such that

(4.41) (7)) < Crllwl],
for some constant C independent on w. Indeed, if (4.41) holds, then from the first part of
Proposition and (4.40) we get that, setting ®(5) := 7 - ¢(7),

length(®(3)) < Cad(z, ),

where Cy is a constant independent on w, and ®(¥%) is a curve contained in I' connecting
x=0toy=w-p(w). Since the length of ®(7) is finite, we get that it is a horizontal curve
[146, Theorem 2.4.5] and then we get

dF(:Ea y) < CZd('Ia y)a

that finishes the proof.

Now we show the existence of 4, with the required properties, such that holds. We
concatenate two curves 41 and 49, horizontal for {Df}j:27.,,,2n+1, to reach
w = (0,x9,...,Zo,,y1) from 0. Due to the fact that ¢ is continuous, because of [109,
Theorem 2.3.6], Peano’s theorem [122, Theorem 1.1] ensures that there exists a local solution
to the continuous ODE

7(s) =¢(0,...,0,s,0,...,0,7(s)),
(4.42) {7‘(0) o

where s in the (n + 1)-th coordinate. Set
51() = (0., 0,5,0,...,0,7(s),

the curve with values in W C H", with s in the (n + 1)-th coordinate. By (4.42) it holds,
whenever 41 (s) is defined,

(4.43) T(8) = Dy als(s)-

We show that 7(s) is defined globally on R, arguing as in [78, (4.1) and after]. Indeed,
whenever 7(s) exists,

(4.44) ﬂﬁzf%@@:A%m@Ma

Notice that here there is a little abuse of notation: by @ (51(£)), that a priori has values in
L, we mean the projection of it on the first coordinate in H". By 1) and the second part
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of Proposition we have that s — @(51(s)) is L’-Lipschitz, with L’ = L(L). Then, by
(4.44) and the fact that ¢(0) = 0, because we are assuming = = 0, we have

1
(4.45) IT(s)] < 5L’sZ.

Thus, as every solution to l’ escapes every compact set [122, Theorem 2.1], we get from
(4.45) that 7(s) is globally defined. Then 7(s) is defined up to s = x,4+1 and by the previous
argument

1
(4.46) r@ni1)] < S L2 4

We notice that we can identify the arbitrary point (z2,...,Zn, Tnt2, ..., Ton, y1) With a point
in H"~!. Thus we can connect the point (0,...,0,7(z,41)), where we just removed the first
and the (n + 1)-th coordinate from 4 (zp+1), to the point (z2,...,Zn, Tnt2,- .., Ton, Y1), by
using a horizontal geodesic in H"~! with respect to the Carnot-Carathéodory distance dg in-
duced, on H" !, by the scalar product g that makes Xo,..., X,, X,12,..., X2, orthonormal.
We set 49 : I — W to be the lifting of this horizontal geodesic in H", where the (n + 1)-th
coordinate of 49 is constantly equal to z,11. We notice that it is horizontal with respect to
the family {D;D}jZQ’.”’njn+27._.’2n, because Df =X; forj=2,...,2n and j # n+ 1. Then we
have

&p(:}/g) = dg((O, .o ,O,T(l’n_H)), (:IZQ, ey Ty Tp425 -+ o s Jign,yl))

2n
<Cs |l — @)+ D Jal

(4.47) i=2,i#n+1
2n

< Cy (\mlm +> Iévz') < Cs|lwl,
i=2

where the first equality follows by the definition of £, and the fact that 49, restricted to
the copy of H*~! made of points with zero in the first coordinate and z,1 in the (n + 1)-th
coordinate, is a dg-geodesic; the second is true because every two homogeneous norms are
equivalent, the third one is true because of , and the last one again by the fact that
every two homogeneous norms are equivalent. Now we have

2n
(4.48) Co (lpanin)) = lnsal < 1V + 3 Jai] < Collull,

=2
where the first equality is true by the definition of ¢, and (4.43) and the third is true again
because of the equivalence of homogeneous norms. Now if we set ¥ := F1][g4,,,] * J2 the
concatenation of the two curves, we get that 4 is horizontal and connects 0 to w. Summing

(4.47) and (4.48) we get (4.41) with C := C5 + Cs, which was what was left to prove. O

4.4. Sub-Riemannian structure of a C*° non-characteristic hypersurface in the
Heisenberg groups. In this subsection we finally prove in four steps the main theorem in
Theorem

4.4.1. The restriction of the horizontal bundle is bracket generating. Now we are going
to prove that for non-characteristic C?-hypersurfaces (see Definition in H", with n > 2,
the intersection between the horizontal bundle of H" and the tangent bundle of S is bracket
generating. This result was already known and it is a consequence of a more general one [210,
Theorem 1.1]. Nevertheless we give here a simple proof by making explicit computations.
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Proposition 4.42. Consider in H", with n > 2, a C?-hypersurface S. If S has no charac-
teristic points, then the bundle

(4.49) x+— Dy :=Vi(x) NT,S,
gives a step-2 bracket generating distribution on the hypersurface S.

Proof. We refer, for the notation, to Section In particular, for the Heisenberg groups
H", see Remark We need to prove that

VzeS,  Dy+[D,D], =T.S.

Let us give the proof first for n = 2. We work locally around = € S so that we can assume
that there exists f € C2(H") such that

S={xeH": f(z) =0}.
We define locally the vector fields

Zy = —(Xof) X1 + (X1 )Xo — (Xaf) X3 + (X3) Xa,
Zy = —(X3f) X1 + (Xaf) X + (X1f) X5 — (X2.f) Xu,
Z3 = —(Xaf) X1 — (X3f) X2 + (X2 f) X3 + (X1 /) Xa.
We have that for each x € S, the linear space D, is a three-dimensional subspace of TS,

because x is a non-characteristic point (Definition [4.17). Then, because Z1|y, Za|; and Zs|,
are linearly independent and are in D,, we have

(4.50) D, = span{Zi|z, 22|z, Z3|z}, Vo € S.

Now by doing the computations exploiting the definition of Z;, and using that [X1, X3] =
(X2, X4] = Y7, we can show that

(21, Z2) = %1 — 2(X1 fXof + X3fXaf)V1,
(Z1, Z3] = %o + ((X1£)* + (X3£)% — (Xof)? — (Xuf)H)Y1,
[Z2, Z3] = %3 + 2(X1 fXuf — Xof X3f)V1,

where 1, %9, %3 are some combinations of X7, Xo, X3, X4 with function coefficients.
It is easy to check that it is not possible to have, at some point x € .5,

Xif(@)Xof (x) + Xsf () Xaf (z) =
(X10)% (@) + (X3f)*(2) — (X2f)*(2) — (Xaf)*(2)
Xif (@) Xaf(z) — Xof (2) X3/ (z) =

because otherwise X1 f(z) = Xaof(z) = Xsf(x) = X4f(x) = 0, which is impossible because
there are no characteristic points. Then, for every x € S, at least one among [Z1, Z3]|,
[Z1, Z3]|z, and [Za, Z3]|» has a component along Yi|,. Thus, as Xi|g, Xa|z, X3|z, X4|z and
Yi|, are linearly independent, this means that there exists at least one among [Z1, Z2|s,
[Z1, Z3]|z, and [Z2, Z3]|, which is not in D,. Then as [D, D], C TS, and it holds that there
exists an element in [D, D], which is not in D,, we get the conclusion.

If n > 2 we can argue exactly in the same way. Indeed, because there are no characteristic
points, for every x € S there exists ¢ with 1 < ¢ < 2n such that X;f(x) # 0 and one runs the
same computations substituting X7, X9, X3, Xy with X;, X;, X415, X1, with j # . [l

0,
0,
0,
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4.4.2. Local equivalence of the sub-Riemannian distance and the induced distance. Let
S be a smooth non-characteristic hypersurface in the Heisenberg group H”, n > 2. From
Proposition [4.42| we have a bracket generating distribution D in the Euclidean tangent bundle
TS of S. Hence S has the structure of sub-Riemannian manifold: we fix a scalar product g
on V1, the horizontal bundle of H", which induces a scalar product on D. This scalar product
defines a sub-Riemannian distance on S by taking the infimum of the length - measured with
the norm || - || associated to g - of all the horizontal - according to D - curves in S. We will
call this distance dint, the intrinsic distance on S. We can also equip S with the restriction
of the distance of H", which we will call induced distance, and with a little abuse of notation
we denote it by d.
Proposition 4.43. Let (H",d), with n > 2, be the Heisenberg group equipped with the sub-
Riemannian distance coming from a scalar product on the horizontal distribution. Let S be a

C™ non-characteristic hypersurface in H". For each p € S there exists an open neighbourhood
U, of p such that

(4.51) d(z,y) ~ dint(z,y) Va,y € Up.

We recall that with (4.51) we mean that there exist C > 1 such that C~1d(z,y) < dint(,y) <
Cd(z,y) for every x,y € Up.

Proof. By Remark Sis a C’Il{—hypersurface. Then, by the implicit function theorem,
we get that locally around p € S the hypersurface S is the graph I' of a globally defined
intrinsically Lipschitz function on the tangent group W := T1S. By changing coordinates if
necessary (see also Lemma [4.44)), we can assume W as in . Then by Proposition m
we get that d' ~ d and from Remark M we get that, in a neighbourhood of p, din = d',
so that we get the result. O

4.4.3. Tangents of C*° non-characteristic hypersurfaces. Now we know that a C°° non-
characteristic hypersurface in the Heisenberg groups H", n > 2, carries a sub-Riemannian
structure. With the aim of using the rectifiability result from [151, Theorem 2], we cal-
culate the possible tangents of S. We recall this well-known lemma, see for example [115,
Lemma 3.26].

Lemma 4.44. Every vertical subgroup of codimension one in H", n > 2, is isomorphic to
H" ! x R, which is a Carnot group.

Proposition 4.45. Let S be a C°°-hypersurface in H™, n > 2, with no characteristic points.
Let D be as in and g be a scalar product on the horizontal bundle V1 of H".

Then the triple (S, D, g|lpxp) is an equireqular sub-Riemannian manifold with Hausdorff
dimension 2n+ 1. At each point x € S we have that the Gromov-Hausdorff tangent is unique
and it is isometric the Carnot group H" ' x R endowed with some Carnot-Carathéodory
distance.

Proof. Because of the fact that S is non-characteristic it follows that D, has dimension 2n—1
at each point x € S. Also it is a direct consequence of Proposition that, for each x € S,
the linear space D, + [D, D], has dimension 2n. Then (S, D, g|pxp) is an equiregular sub-
Riemannian manifold with weights (2n—1, 1). Then the Hausdorff dimension of S with respect
to the sub-Riemannian distance diy is 2n+1, since diyt is equivalent to d, see Propositionm

By [52] (see also [129, Theorem 2.5], [129, page 25]) it follows, as we are in the equiregular
case, that the Gromov-Hausdorff tangent at every point x € S is isometric to the Carnot
group, endowed with some Carnot distance, that has Lie algebra

Vg := Dy ® (Dy + [D, D))/ Dx),



4. PAULS RECTIFIABILITY OF C*-HYPERSURFACES IN HEISENBERG GROUPS 139

with the bracket operation inherited by the brackets in the Heisenberg group. Then V, is
isomorphic to a vertical subgroup of H" of codimension one and thus it is isomorphic to
H"! x R by Lemma [4.44| 0

4.4.4. Carnot-rectifiability of C'*°-hypersurfaces. We conclude with the main result of this
section.

Theorem 4.46. Let (H",d), with n > 2, be the n-th Heisenberg group equipped with a left-
inwariant homogeneous distance d. If S is a C*°-hypersurface in H", then the metric space
(S,d) has Hausdorff dimension 2n + 1 and it is ({H" ! x R}, H2"+1)-rectifiable according to

the Definition 4.3

Proof. The fact that (S, d) has Hausdorff dimension 2n + 1 follows from Remark Let
us assume first that S has no characteristic points. In this case it directly follows from [151,
Theorem 2] and Proposition|4.45/that the metric space (S, dint) has Hausdorff dimension 2n+1
and it is ({H" ! xR}, H?lzjl)—rectiﬁable according to Definition Then by Proposition @
we obtain that (S,d) is ({H" ™' x R}, H3"™)-rectifiable.

In the general case, calling ¥ g the set of characteristic points, we know that H?"*1 (3g) =
0 by [40, Theorem 1.1] (see also [168, Theorem 2.16]). Moreover if x € S is a non-
characteristic point, there exists U, open subset of .S containing x such that U, is a smooth
non characteristic hypersurface. Then we can use the previous argument to conclude that
(Ug,d) is ({H* ! x R}, H?"*1)-rectifiable and by covering S \ ¥g with countably many U,’s
we get the conclusion. O

Remark 4.47. By Theorem it follows that every smooth hypersurface S in H", n >
2, is H"~! x R-rectifiable according to the bi-Lipschitz variant of Pauls’s definition [84,
Definition 3], see Remark for more details about this definition.
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