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BOUNDARY
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ABSTRACT. We consider a region © C R? where a mass f is transported to the boundary and
the aim is to find an optimal free transport region E that minimizes the total cost outside E
of this transport problem plus a penalization term on E. First, we study the regularity of the
transport density o in this transport problem to the boundary. Then, we show existence of an
optimal set E for this shape optimization problem and, we prove regularity on this optimal
set F in the case where the penalization term on F is given by the perimeter (or the fractional
perimeter) of E.

1. INTRODUCTION

In this paper, we study a shape optimization problem where the functional to be minimized
will be given by the total cost outside a free transport set E of a transport problem to the
boundary. More precisely, we will consider a shape optimization problem of the form:

(1.1) min{j(E)—i—P(E) L EC Q}

where J(F) represents the total work outside E of transporting a mass to the boundary, while
P(E) is some penalization on E. In order to describe this functional 7, we need to introduce
first some well known facts, terminology and notations concerning the transport problem to
the boundary. Let f be a nonnegative Borel measure on a compact domain 2 C R? and assume
that we want to transport this mass f to the boundary 0 paying a transport cost |x — y|
for each unit of mass that moves from a point x to a destination y € 902 plus an additional
boundary cost g(y) at the exit point y, where g is a given continuous function on 9€2. In other
words, we consider

(1.2)
min {/ |z — y| dy +/ gd[(IL,)x~] : v € MT(Qx Q), (ILy) gy = f, spt[(I1y) 4] C 8(2} ,
QxQ a0

where MT(Q x Q) is the set of nonnegative Borel measures on 2 x , II,, and II, are the two
canonical projections of {2 x 2 onto 2. We note that this transport problem with boundary
cost ¢ has been already considered in [18, 15, 16]. While in [14, 7], the authors studied the
same problem but the boundary 92 was assumed to be a free Dirichlet region, which means
a region where transportation is free (i.e. g =0).

From now on, we assume that ¢ is 1—Lipschitz on 9€2. Then, one can show that Problem
(1.2) has a dual formulation which is the following (see [18, 15]):

(1.3) sup{/udf s u € Lipy(R2), u=g on 8Q}.
Q

We note that ¢ is assumed to be 1—Lip over 9 since if this is not the case, then clearly there
will be no admissible function u for Problem (1.3) (i.e., a 1—Lip function u on Q with u =g
on 012).
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In fact, it is easy to see that we have the following inequality sup (1.3) < min (1.2). Indeed,
if v is a transport plan in Problem (1.2) and u is admissible in the dual problem (1.3), then
one has

/Qudfé /QXQ[I:E—?/HU(@/)] dy Z/Qm[lw—yHg(y)] dvz/lex—y!dwr/mgd[(ﬂy)#v]-

From the duality sup (1.3) = min (1.2), we see that if «y is an optimal transport plan in Problem
(1.2) and u is a Kantorovich potential (i.e. a maximizer) in Problem (1.3), then we must have

(1.4) u(z) —u(y) = |z —y| for v—ae. (z,y).
Since w is 1-Lip on 2, then u must be linear on the line segment [z,y] for y—a.e. (z,y).
In the sequel, any maximal line segment [z,y] that satisfies the equality (1.4) will be called
a transport ray. In other words, the optimal transport plan v moves the mass f onto the
boundary through these transport rays. In fact, one can show that u is differentiable in the
interior of any transport ray [z,y| and Vu will be given by the opposite unit direction of the
transport ray [z,y] (i.e., Vu(z) = é:g‘ for all z €]x,y[). Thanks to this fact, we infer that
two different transport rays cannot intersect at an interior point of at least one of them.

For this transport problem, one can see that v = (Id,T)xf, where T is a Borel selector

function of the following multivalued map (notice that T has a closed graph):
T(z) := argmin{|z — y| + g(y) : y € 0N}, for all z € Q,
is an optimal transport plan for Problem (1.2) while the Kantorovich potential is given by

w(z) = min{|z —y| + g(y) : y € 9Q}, for all z € Q.

This follows from the fact that sup (1.3) < min (1.2), v and u are admissible in Problems (1.2)
& (1.3) respectively and, we have the following:

/Qudf:/g[‘x—T(l‘”—|—g(T(x))]df($):/

o — yldy + / gd[(IL,) 7).
QAxN o0

Moreover, if 4/ is an optimal transport plan for Problem (1.2) then we have y € T(x), for
v —a.e. (x,y), since

| lle=sl+o@iarz [ flo-T@)+o@@)er = [ [lo-yl+owldr
QxQ QxQ QxQ

On the other hand, it is not difficult to see that if g is A—Lip with A < 1 then T(:L‘) is a
singleton at every point z where the Kantorovich potential u is differentiable. This follows
immediately from the fact that if {y, 4/} C T'(x), then we have Vu(z) = Ii:Z\ = % so that
lg(y) — 9| = ||z — ¥'| — |z — y|| = |y — ¥/|, which is a contradiction as soon as y # y'. But,
u is Lipschitz and so, the set of points where u is not differentiable is negligible. Therefore,
v = ({d,T)xf will be the unique optimal transport plan for Problem (1.2) provided that
f e LYQ).

In the theory of optimal transport with distance cost, it is classical to associate with an
optimal transport plan - a nonnegative measure o on € (called transport density) which
represents the amount of transport taking place in each region of 2. This measure ¢ is defined
as follows:

1
(1.5) <o, >= / / e((1 —t)x + ty)|z — y|dtdvy(x,y), for all ¢ € C(Q).
QxQ Jo
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The LP summability of this transport density o was already studied in [11, 12, 13, 19]. In
particular, the authors prove that o € LP(Q2) as soon as f € LP(Q) and p < 2. While in [15],
the author has improved this LP result on o for all p € [1, 00|, under the assumptions that
f € LP(Q), Q satisfies a uniform exterior ball condition (see [15, Definition 3.1]) and, g is a
A—Lip (with A < 1) and semi-concave function on 9€2. However, the higher order regularity
of this transport density o is still an open question (but, we will give in Section 2 a partial
answer)!

This transport density o has also applications to some shape optimization problems (see,
for instance, [4]). In addition, this o arises in the following minimal flow formulation (or the
so-called Beckmann problem):

(1.6) min{/g|v|+/(mgdy s v € LNQ,R?), v € MT(5Q), V-v:f—y}.

More precisely, consider the flow v := —oVu. First, it is easy to check that V-v = f —Tyf
in Q. Indeed, for every p € C*(Q), one has

1
—/Qw.dvz/m/o Vo V(1 = )z + ty)|z — y|dt dy(, )

1
= [ vela-tertg) -y dtdyien) = [ el e drtey) = [ edlf-Tys)
QxQ J0 QxQ Q
Moreover, using that |[Vu| =1 o — a.e., we get

/Q|v+/mgd[T#f]:a(Q)—i—/mgd[T#f] :/QXQ]:U—y]dv(:v,y)—i—/mgd[(l'[y)#q/].

Hence, min (1.6) < min (1.2). On the other hand, let v € L'(Q, R?) be such that V-v = f —v,
where v € M1 (99Q), and u be a smooth 1 — Lip function on  with u = g on 9Q. Then, we

have
/|U|+/ QdVZ—/Vu-vdx+/ gduz/udf.
Q o0N Q o0N Q

This implies that min (1.6) > sup (1.3). Hence, the flow v (with the boundary measure v =
Ty f) solves Problem (1.6) and, we have
min (1.6) = sup (1.3) = min (1.2).

Thanks to [19, Chapter 4], one can also show that this flow v (with the measure Tl f) is the
unique minimizer for Problem (1.6). In addition, the pair (o, u) is the unique solution for the
following Monge-Kantorovich system:

—V-[oVu] = f in Q,
(1.7) U=y f)n 09,

|Vu| <1 in Q,

|Vu| =1 o — a.e.

We note that this system (1.7) describes the growth of a sandpile on a bounded table, with a
wall on the boundary of height g, under the action of a vertical source here modeled by f (see
[7, 10]).

In Section 2, we will study the regularity of the transport density o in (1.5). More precisely,
we will show continuity and Lipschitz regularity on o, under some assumptions on the data
f, g and Q.
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Finally, the shape optimization problem that we will consider in Section 3 consists in finding
a free transport region E that minimizes the total transportation cost outside E, which is given
by the quantity o(2\ E) (where o always denotes the transport density in Problem (1.2)), plus
a penalization term P(FE) on E, among all subsets E C 2. To be more precise, we minimize

(1.8) min {U(Q\E) Y PE) : EC Q}

In fact, two cases of penalizations will be studied in Section 3: the simplest case is when the
penalization P(FE) involves the perimeter of E; in this situation an optimal region E is shown
to exist and a second order regularity on E will be proved thanks to the regularity of the
transport density o that we will prove in Section 2. The second case which is more delicate
is when P(F) is given by the “fractional” perimeter of E; here we also prove existence of an
optimal region E but the difficulty appears when proving regularity on E. We will be able to
prove only a first order regularity on FE.

2. REGULARITY OF THE TRANSPORT DENSITY IN THE TRANSPORT PROBLEM TO THE
BOUNDARY

In this section, we study the higher order regularity of the transport density ¢ in Problem
(1.2) (or equivalently, in the system (1.7)). The continuity of this transport density o was
already studied in [7] but in the particular case when g = 0. More precisely, the authors
show that o is continuous on € as soon as f € C(£2) and 99 is of class C2. We recall that
the nonhomogeneous case (i.e. g # 0) has been already considered in several works (see, for
instance, [18, 10]) but there are no results concerning the regularity of the transport density
o in this case, apart the LP estimates proved in [15]. In the present paper, we will extend the
continuity result of [7] on o to the case of a general A—Lip (with A < 1) function g on 9.
Moreover, we will study the Lipschitz regularity of this transport density o.

First of all, we need to prove some regularity on the transport map 7" and the Kantorovich
potential u (see Section 1). In the sequel, we will denote by ¥ the set of points where T is not
a singleton (or equivalently, where u is not differentiable). Throughout this section, we will
assume that g is A—Lip with A < 1. Let us start by the following:

Lemma 2.1. Assume that 2 has boundary of class C? and g € C*(0Q). Then, for every

x € ), we have

z—T(z) o)) = .

T HT@) = d(T@)
and

1= 0yg(T(x))* = K(z)d(x) > 0
with

d(x) = |e - T()],

K(x) = /1~ 0g(T(x))* s(T(2)) — 85g(T(x)) — Ong(T(2))x(T (),

where the vector n := n(T(x)) denotes the unit interior normal vector to 9 at T(x) while
t := t(T'(x)) is the corresponding tangent vector (the rotation with angle —% of the normal
vector n) and k(T(x)) denotes the curvature of the boundary at T(x). Moreover, if x & X,
then one has

1 — 0yg(T(2))?* — K(x)d(x) > 0.
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Proof. Fix x € Q and let a(s) be a parametrization of 9Q around T'(x) with |o/(s)] = 1. We
define

u(s) = [z —a(s)| + g(a(s)).
Then, we have

w(s) = 2= | gone))-al(s)

7 a(s)

and
o [ ) (@-a@)e@-aE)aE)] . [r-a)] o
= e ae) 7~ a(s)P S P o]

+Vg(a(s)) - a”(s) + D?g(a(s)) &/ (s) - &/ (s).

Let s* be such that «a(s*) = T'(z), so s* is a minimizer of u(s). Then, the proof follows
immediately thanks to the fact that u/(s*) = 0 and u”(s*) > 0. On the other hand, we
note that for all z € Q and y € T(z), we have T(z) = {y} for every z €]z, y], since one has
2=yl +9(y) =z —yl—|z—2[+9(y) < |z —y|— |z —2]+9() <|z—y[+g(y), for all
y' #y € 00 (using that g is A—Lip with A < 1, we recall that if z, y and 3’ are aligned then
|z —yl+g(y) < |z — 9| +9(¢')). Thanks to this fact, we see that if z ¢ 3 then there will be a

point zg ¢ ¥ such that x €]xg, T(x0)[. In particular, we have T'(z) = T'(xo). Yet, one has
1 — 8vg(T(x0))* — K (0)d(x0) > 0.

But, it is clear that we have d(x¢) = d(x) + |z — xo| and K(z¢) = K(x). Hence, we get
1—8vg(T(2))* — K(2)d(z) > K(2)|z — 20|.

Consequently, we infer that

(2.1) 1 — 0yg(T(2))? — K(x)d(x) > max{K (z)|z — xo|,1 — A2 — K(2)d(z)} > 0. O

Now, we are ready to prove regularity on the transport map 7" and the Kantorovich potential
u. First, we note that T is clearly continuous on Q\>. Moreover, we have the following:

Proposition 2.2. Assume 0Q is C? and g € C?(0Q). Then, the map T is C' on Q\X and,
we have

1 — 8,g(T(x))? t®t_&mﬂ@)l—&wﬂ@f

(2.2) DT (z) = 1 — 89(T(x))* — K(x)d(z) 1 - 0hg(T(x))* — K(x)d(x)

t®n.

Moreover, u is C% on Q\Y with
—K(x)

2u xTr) =
(2.3) D%u(x) 1 —8yg(T(2))* — K(z)d(x)

e(r) ® e(x),

where, for every x € Q\X, e(x) denotes the orthogonal vector to Vu(z) given by

e(z) == \/1 = 0pg(T(2))* t(T(x)) — Oeg(T(x)) n(T(x)).
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Proof. Fix mg € Q\X. Let a(s), s € (—¢,¢), be the unit parametrization of 9 around
T(zg9) = a(0) with o/(s) = t(a(s)). For every z in a small neighbourhood of g, let s :=
s(z) € (—e,¢e) be such that T(x) = a(s(x)). Recalling the estimates in the proof of Lemma
2.1, we have

(2.4) —(@=al9) 95) L Goa(s)) - ol(s) = 0.

|z —a(s)]

Differentiating (2.4) with respect to z, we get
Vs —a(s) N (x — a(s)) - d(s)

|z —a(s)| |z — a(s)]?

(I = Vas @ o'(s))(z — a(s))] [z — a(s)] - OW(S)VIS

|z — a(s)]

+[Vg(a(s)) - " (s)]Vas + [D?g(als))a’(s) - o/ ()] Vs = 0.

Hence, we have

Vs = 0eg(T(2))? Vs — d(z)\/1 = 0eg(T(x))* &(T(2))Vas + d(x) Ong(T())x(T(x)) Vs

+d(2) 9 g(T(2))Vas = t(T(x)) = dbg(T(2))[0eg(T(2)6(T(x)) + \/ 1 = deg(T (x))*n(T (x))].

Thanks to Lemma 2.1 and the fact that T is continuous on O\Y, this implies that z + s(z)
is C' on Q\X and, we have

G 1-Og@@P o Ke(T@)y1- dg(T ()

= n(T(x)).
1 - 0,g(T(x))* — K(x)d(x) 1 - 0hg(T(x))? — K(x)d(x) )

Consequently, writing DT (z) = o/(s) ® Vs we get (2.2). On the other hand, one has

23 Vul) = T = eI @) + 1 - () (T @)

Hence, we get

D2u(z) = L= dz(g(x) G T(;”()x)f’ Vd(z) _ - (195) I — DT(2) — Vu(z) @ Vd(x)).
Yet,
Vd(z) = Vu(z) — [DT(2)]'Vg(T ().
Then, we get

D?u(z) = d(lgc)[j — DT (z) — Vu(z) ® Vu(z) + Vu(z) ® [DT(2)]'Vg(T(x))).

By (2.5), we have
Vu(z) ® Vu(zx)

= 0hg(T(x))?t @t + [1 — Fg(T(x))*In @ n + dg(T(z))\/1 — 0g(T(x))’ t @ n+n @t
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Recalling (2.2), we have

x))? — O z))?
(DT(2)]' V(T () = 8eg(T(x))[1 — Beg(T(x))?] . Beg(T(2))2\/1 — Beg(T(x)) |

1= 0g(T(@)’ — K(@)d(z)  1-0g(T(@))’ — K(x)d(x)

Hence,
Vau(z) @ [DT (2)]'Vg(T (x))
_ 0ug(T(2))*[1 — 0eg(T(x))?) R 0,9 (T (2))?[1 — g (T (x))?) nen
11— 0g(T(x))” — K(z)d(x) 1 — 0yg(T(2))* — K(z)d()
N Oeg(T ()1 — 0eg(T(2))*]\/ 1 — Deg(T(x))? not 0eg(T(x))3\/1 = Deg(T(x))? ton
1 - 0g(T(2))” — K(z)d(z) 1—0g(T(2))” — K(z)d(z) '
Consequently, we get that
D*u(z) =1t @t + ot ®n+n®@t]+ f3n@n,
where
5 _ =l 0(T(@) K () _ Dg(T(@)y/1 = 0g(T(x))* K ()
L 1= ag(T@) - K@d) T 1-0g(T@)? - K(@)d(z)
and

—0ig(T(2))* K (x)

B 0g(T(@)) - K@)

Finally, we infer that
—K(z)
1 - 8e9(T(x))* - K (z)d(x)

D?u(x) = e(r) ® e(x),

where

e(x) = \/1 = 3gg(T(2))* t(T (2)) = Beg(T (2)) n(T (z)). O

Thanks to Proposition 2.2, one can characterize the closure of the singular set 3. More
precisely, we have the following:

Lemma 2.3. Under the assumptions that 02 is C? and g € C?(09), we have ¥ C Q. In
addition, one has

T=YU{z e\ : 1-8yg(T () — K(z)d(z) = 0}.
Moreover, for all x € Q and y € f(a:), the transport ray [z,y] does mot intersect ¥ at an
interior point (i.e., we have Jz,y[NYX =0).

Proof. Fix z € ¥ and let {y,2} C T(z). Then, we have z = y + [u(z) — g(y)|Vu(y) =
z + [u(z) — g(2)]Vu(z). Hence,
y =2 = [u(@) = gW)][Vu(z) = Vu(y)] + [9(y) = 9(2)]Vu(2).
Then,
|y = z[ < Clz —ylly — 2| + Aly — 2|.



8 S. DWEIK

['his implies that
| B —A
x — _—
=70

On the other hand, we have

[z —yl+9(y) <[z —p(@)] + g(p(x)),

where p(z) is a projection point of x on the boundary. Thanks to the fact that g is A—Lip
with A < 1, we get

1+ A
. —yl < — .
(2.6) v =yl < 7 o — p(@)]
Consequently,
(1-N)?
d Q) > —
@90 2 Gy

where d(-,0Q) denotes the distance to the boundary. Therefore, 3 C Q. For the second
statement: thanks to Lemma 2.1, we clearly have

SU{z e O\Y : 1—0g(T(2))? — K(x)d(z) =0} C .

Now, fix a point € X\X. Let (xn)n C X be a sequence of points converging to z. For
every n € N, let {yn,zn} C T(z,). Then, we have z, = y, + [u(xn) — g(yn)|Vu(y,) =
zn + [u(zy) — 9(2n)|Vu(zy,) and so,

Yn — Zn

|yn - Zn‘

+lun) — glop)) =T SO I ) o

Then, passing to the limit when n — oo, we get
t -+ d(2) D?*u(T (2))t — 8eg(T (2))Vu(T (x)) = 0,

where we recall that t denotes the tangent vector to 92 at T'(z). Thanks to (2.5), (2.3) and
the fact that d(7T'(z)) = 0, this implies that

- %[e(az) ® e(2)]t — Opg(T(x))[0eg(T (x))t + \/1 — Beg(T(x))* n] = 0.

e(x) -t =1/1— deg(T(x))>.
Hence, we have

- % [1— 9eg(T(2))*]t — Beg(T(x))\/1 — deg(T(z))? n] — Oeg(T () t

~— ~—

Yet,

—0vg(T(x))\/1 — eg(T(x))*n = 0.
Then, we get
1= g(T(0)? ~ Kot ~ by (T ()1~ Oug (7)) | - % +1fn=o.
This yields that
1 — 0:9(T(x))* — K(x)d(z) = 0.
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Fix z € Q, y € T(z) and z €]z,y[. We recall that ]z, y[NX = @ and so, z ¢ X. If z € %, then
we must have

(2.7) 1—0vg(T(2))* = K(2)d(z) = 0.

Yet, we have T'(z) =y, d(x) = |x — 2| + d(z) and K(z) = K(z). Then, by Lemma 2.1, we get
that
0<1—0dg(y)? — K(x)d(z) = —K(x)|z — =|.
Consequently, this implies that K () < 0. But, this is in contradiction with (2.7) since we get
1—8u9(T(2))* — K(2)d(z) > 1— A2 > 0.
This concludes the proof. [
Similarly to [7], let us denote by 7(x) the distance from a point = along the transport ray

containing z to the closure of the singular set Y, i.e. the map 7 is defined as follows (we
assume that 7 is extended by 0 on X):

7(z) =min{t > 0 : z +tVu(z) € X}, for all z € Q\X.

In fact, this map 7 will play an important role in the proof of regularity of the transport
density o. Notice that, thanks to Lemma 2.1, we have

1—8u9(T(2))* — K(z)7(x) >0, for all =€ Q.
First, we see that we have the following:

Lemma 2.4. Assume that 02 is C? and g € C*(0S)). Then, T is continuous on 2.

Proof. Fix x € Q and let (z,), be a sequence of points in Q\¥ converging to z. For every
n, let t, > 0 be such that 7(x,) = t,. Up to a subsequence, t, — t* > 0, d(z,) — d > 0
and Vu(z,) — p with |p| = 1. In particular, we have x,, + t,Vu(z,) € ¥ — z +t*p € ¥ and
Ty — d(zn)Vu(z,) € T(xy + t,Vu(z,)) = = — dp € T(x + t*p). Thanks to Lemma 2.3, this
implies that 7(z) = ¢* and so, 7(z,,) = 7(z). O

We are ready to prove continuity on the transport density o.

Prop051t10n 2.5. Assume 0Q is C?, g € C?(09) wzth Vgl < XA <1 and, f is continuous
in Q. Then, the transport density o is continuous in Q. In addition, o € C(Q) as soon as

fec).

Proof. Recalling the definition of the transport density o (see (1.5)): for all ¢ € C(Q), we
have

1
<o, >= /Q/o (1 =t)x +tT(x))|z —T(x)|f(z) dt dz.

Yet, we know that > meets each transport ray at exactly one point and so, thanks to [18,
Chapter 3|, X is negligible. Hence, taking a change of variable y = (1 — t)x + ¢t T'(x) on Q\3,

we get that
y — T (y) -1
dy dt
<o,p>= //Qt 1—t ( T )T dydt,

Q= [(1—t)Id+tT)(NE) and Jy(y) = det[(1 — t)Id + tDT(x)].

where
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This implies that

1 —
o(y) = /0 f(;y)t f(y 1 t_Tt(y)>XQt(y) %(y)_l dt, for a.e. y € Q.

Yet, it is easy to see that y € ; if and only if 0 <¢ <1 — %. Hence, we get that

- ]
o(y) :/0 e d(y) f(y tT(y))jt(y)_l dt, for a.e. y € Q.

1-t¢ 1-1¢

Let us compute the Jacobian J;(y). Without loss of generality, one can assume that T'(x) =
(0,0) and t(T'(z)) =< 1,0 >. Hence, by (2.2), we have

Ti(y) = det[(1 — t)Id + tDT ()]

_ 1—0sg(T (x))? —0vg(T(x))\/1-0kg(T(z))*
= det [1 t+t1—8tg(0T(x))2—K(:v)d(ac) t 1—-8vg(T (la:)) K(z)d(z) ]

—«1_w(1_t+t L= Og(T(x))* 1 - Ohg(T(y))? )

1—&Mﬂ@f—K@M@J_%L%KL%+H—&ﬂﬂwf—K@W”

1—t
:u_ﬂcr%m—mmﬂwﬁ (- Ol
(1= (1= 2g(T()?) ~ Kw)dy)

For all y € O\, we get that

_ [ dy) (y—tTw) (= 81— dg(T()) - K(y)d(y)
“”‘A - vf< t>a—wa—a¢ﬂwﬁ—u—wK@aw

). Then, using the fact that 7(T(y)) — d(y) = 7(y), we infer that

dt.

Sets:%(so,t:

s+§(y)

B 7(y) B K(y)
(2.8) oly) = /0 fly + sVu(y)) [1 1= 09(T(y))? - K(y)d(y)] -

Now, fix y € O\ and let (y,), be a sequence of points in Q\X converging to y. Thanks to
Lemmas 2.1 & 2.4, we see that o(y,) — o(y). Hence, o is continuous on 2\X. On the other
hand, we have

o) < 1l 1+ 7)™ LT |y,

Consequently, o is continuous on ¥ as well (¢ = 0 on X). This concludes the proof that the
transport density o is continuous on 2. [

Moreover, one can prove Lipschitz regularity on the transport density ¢ as soon as we show
that 7 is Lipschitz. We note that the Lipschitz regularity of 7 was already proved in [7,
Theorem 2.12] but in the particular case g = 0. In the next proposition, we will extend this
result to the case of a general (A—Lip with A < 1) function g on 99 and so, the steps of the
proof here will follow those in the proof of [7, Theorem 2.12].

Proposition 2.6. Assume that 02 is C%', g € C*1(00Q) and, f is locally Lipschitz in Q.

Then, the transport density o is locally Lipschitz in (ol\i Moreover, o is locally Lipschitz in
O\X as soon as f € Lip(Q).
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Proof. First, we prove that 7 is locally Lipschitz on Q\X. We claim that there is a uniform
constant C' depending only on A, diam(Q), ||%||oc, ||VE||sos ||D?g]lee and ||D3g||o such that
for every x € 09, there is a neighbourhood V' (x) C 9 of x such that

(2.9) 7(y) < 7(x) + Cly — x|, for all y € V(z).

Fix z € Q. Assume that 1—0yg(z)*— K (2)7(z) = 0. From (2.6), we have 7(z) < (H)\?)(?w
2

and then, K(z) > 20=N°  Hence, there is a small € > 0 such that K(y) >

(1-1)?
y € 02N B(x,e), and so we have

_1-dg)? _1-dyw)? | - dwy) (K (@) ~ K@)

, for all

"W TR K(x) K(0)K ()
@) - 0w | [ Bu()I(K () - K()) .
=71(x)+ K@) K@K @) < 7(x)+ Clz —yl,

where the constant C' depends only on A, diam(€2), ||D?g|loc, [|D39lcos ||%]lee and |[|V&||oo-
Now, assume that 1 — dgg(z)? — K(2)7(x) > 0 (we note that this case is more delicate). Set
T = x + 7(x)Vu(z). Let us denote by DT u(z) the superdifferential of u at Z. We note that
u is locally semi-concave in Q and so, we have DT u(z) = co[D*u(z)] (the convex hull of the
set of limiting gradients D*u(Z)). Set ez = Vu(z) and e; = R_z 3. We claim that there is
a Lipschitz arc 8 : [—0,d] — X (for some ¢ > 0) such that 5(0) = z, |f'| = 1 and §'(0) = nq,
where n; is a unit normal vector to [p1, es], for some vector p; € D*u(z), with n; -e; > 0. For
this aim, we start by proving that es is isolated in the set of limiting gradients D*u(Z). Assume
that this is not the case, then there will be a sequence {p,} C D*u(z) such that ez = limy, py,.
But, it is not difficult to see that, for every n € N, there is a point z, € T(;ﬁ) such that
pn = Vu(zy). In particular, we have z = z + [u(z) — g(2)|Vu(z) = z, + [w(ZT) — g(xn) | Vu(xy,)
and so,

(@) — glan)) LE) ZVul@) _ g(@n) Z9(@) G

|n — 2] |20 — x|

Tp — T

|2y — |

Passing to the limit when n — oo and using the fact that z,, — x, we infer that
t(z) + 7(z)D?u(x) t(x) — dpg(z)Vu(z) = 0.

Hence,

() %[ew ® e()]t(x) — Beg(@)Pg(@)t(x) + \/1 — Beg(e)? n()] = 0.
This implies that

1= et = K(a)r(@)lts) = Do)y 1 = oo | = 120 1 o) =0

which contradicts the fact that 1 — dyg(z)? — K(x)7(z) > 0. Assume that dim(DVu(z)) = 1.
Then, there is a vector py # es € D*u(z) such that DT u(Z) = [p1,e2]. Let ny be a unit
normal vector to [p1,es] such that nj - e; > 0. Thanks to [1, Lemma 4.5], there exists a
Lipschitz arc 8 : [—4, 6] — X such that (0) = z, || = 1 and '(0) = n;. Now, assume that
dim(Dtu(z)) = 2. As eq is isolated in D*u(Z), then there exist two vectors p; # ps € D*u(z)
such that the segments [p1, ea] and [pa, e2] are contained in DT u(Z). Let ny and ny be the
outward unit normal vectors to D" u(Z) exposing the faces [p1, e2] and [pa, es], respectively. Tt
is easy to see that there exist two numbers A1, A2 > 0 such that es = A\in1 + Aons. Hence,
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we either have ny - e; > 0 or ny - e; > 0 (without loss of generality, assume that n; - e; > 0).
Again by [1, Lemma 4.5], we know that there is a Lipschitz arc 8 : [-,d] — ¥ such that
B(0) =z, |#| =1 and 5'(0) = ny. So, the claim is proved.

Let «: [—¢,e] — dQ be such that a(0) = 2 and o/ (0) = t(z) = /1 — deg(z)? 1+ g(x) e2.
One can see that, for every s € [0,¢] (resp. s € [—¢,0]), there exists a value t(s) € [0, d] (resp.
t(s) € [-4,0]) such that a(s) € T(B(t(s))). In particular, we have

(2.10) [B(t(s)) — a(s)] - Rz Vu(a(s)) = 0.

Yet,

(2.11) B(t(s)) — a(s) = T(x)ez + t(s)'(0) — s t(x) + o(s) + o(t(s)).
Moreover,

Vu(a(s)) = es + D*u(z)(a(s) — x) + o(s).
From (2.3), one has

2 _ —K(z)
Du(x) = I Oy (e e1 ®ey.
Hence, we get
Vu(a(s)) = ey — &)2[61 -st(x)]er + o(s) = ea — K(z) ser + o(s).
1= 0(@) 1 dig()’
Then,
(2.12) RzVu(a(s)) = —e1 — &5 ez +o(s).
1 — dgg(x)?
Consequently, by (2.11) & (2.12), we get
[B(t(s))—a(s)] Rz Vu(a(s)) = [r(z)ea+t(s)B'(0)—s t(z)+o(s)+o(t(s))]- [61 e 262+0(5)}
1 — Opg(x)
_ 1=l - K(“;)T(“’) s [8(0) - exli(s) — %[5’(0) ealst(s) + ofs) + oft(s)).
1 — deg(x) 1— Opg(x)

Thanks to (2.10), this yields that the right hand term in the last equality is 0. And so, this

implies that

_ 1 8y(2)* — K(2)7(2)
1 — Oeg(w)* [5'(0) - e1]

Now, let y € 9 be a point in the neighbourhood of = and s € [—¢, €] be such that y = a(s).
Then, we have

7(y) = 1B(t(s)) — als)| = [r(x)ez + 1(s)B'(0) — s t(x) + o(s)] - [62 -

t(s)

s+ o(s).

s K(x)
1— 3tg(x)2
[1— deg(2)* = K(z)7(2)][8'(0) - 2]

1— dyg(x)” [B(0) - 1]

1— 0yg(z)?® — K(z)7(x)
VI=X2[3(0) - eq]

e1 + 0(3)}

— () +(3)[8'(0)-ca] — Brg(a) s +o(s) = 7(x) + [ _atg(@] ot o(s)

(2.13) <7(zx)+ { +)\]s+0(8).
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Notice that

_ 1—p- _
(214) ,8/(0) e1=ng-e] = M ey = p1-€2 _ ‘pl €2| )
ez — p1| Ip1 — e2| 2
Let ' € T(Z) be such that Vu(z') = p;. So, we have 2’ := Z — [u(Z) — g(«')]p1. Then, one has
(2.15) o' — = —[u(@) — g(2')]p1 + [u(Z) — g(x)]ez

= [u(®) = g()]le2 — p1] + [9(2) = g(@)]pr = 7(2)[e2 — p1] + [9() — g(2)]p1.

On the other hand, recalling Proposition 2.2, we have
|Vu(z') — Vu(z) — D*u(x)[z’ — z]| < Cla’ — x|

Therefore,

(2.16)

pl—e2+1_§f;2x)2 1861 <T(=T)[62—p1]+[9($/)—9(1’)]1?1> < Clr(@)les—pr]+lo(2)—g(@)]p1 2
We have

e @ e <T(:v)[e2 —pi] + [9(2) - g(fﬂ)]m) = —7(@)[ex - prler + [9(z') — g(@)][e1 - prles

= [-7(z) + 9(z") — g()][e1 - prer.

Yet,
_ _ lp1 — 62\2
p1 —e2 = [e1 - piler + ([e2 - p1] — 1)e2 = [e1 - p1]er — g e
Then,
— eol?
10 e1(r(@)fer = ] + o) — 9ol ) = [=7(0) + 9(a!) = 9o |1 - e+ P52,

Hence, by (2.16), we get

K(x) , Ip1 — e2|2 / .
Ty A {pl_eﬁze?} < Ol (@) ea—p] +lg(a') — g (@) ]pa >
Then,

L= dg(@)’ ~ K@)r(@), _ |K@)r@) [p—eal K@ o0 el
1 — Beg(z)? Ipr=e2| 1= Oug(z)? 2 1_atg(x)ﬂg( )—g( )||:|p1 o+ }

< Cllp1 — e +|g(a’) — g(x)]?].
Recalling (2.15), we have

A
l9(2) = g(2)| < Ma’ — 2| < T 7(@)lp1 = eal.
Consequently,
1—8vg(x)? — K(z)7(z)
1 — Ogg(x)”

Ip1 — ea| < Clp1 — e

By (2.14), this yields that
1 — deg()” — K(x)7(x)
B'(0) - ex
where C' is a uniform constant depending only on \, diam(Q), ||&||eo, ||VEl|0o, ||[D%g||ce and
|D3g||co- Recalling (2.13), this concludes the proof of our claim (2.9). Now, fix z € Q\X.

<C,



14 S. DWEIK

Then, for all y in the neighbourhood of x such that T'(y) € V(T'(x)) (we recall that 7" is
continuous on 2\X), we have

T(y)—7(x) = 7(T(y)) —7(T(x))+d(z)—d(y) < C|T(y)=T(x)[+u(z) —u(y)+9(T(y)) —9(T(x))

C
2.17 < — |z —yl,
(2:17) - dist(:r,Z)| vl
where we used the bound ||[DT|[1ec(B(z,e)) < ﬁ@, which follows immediately from the

estimate (2.1) as well as the proposition 2.2. Thanks to [9, Theorem 7.3, (2.17) implies that
the map 7 is locally Lipschitz on Q\X. Finally, recalling (2.8), we have

K(z)
1= 0u9(T(2)" - K(2)d()

oz) = /0 " e Vu(a) [1 s ]ds, for all @ € O\

Hence, one has

Vo(z) = f(z + 7(2)Vu(z)) {1 Tl g(T(g)(:’)_ K(I)d(x)] Vr(z)
7(x) T
+/0 [T + sD*u(2)|Vf(z + sVu(z)) {1 - 81 — g(T(f)—)g )7 K(x)d(x)]ds
. /T“” “flzt swx)){ VE(2) K (@)[V[09(T(2))’] + VIK (2)d xm} n
0 1 - 0yg(T(x))* — K(x)d(x) (1= 0eg(T(x))* — K (x)d(x))?

For the first term in Vo(z), we have

z+7(x)Vu(z —7(x K(z) T(x 1Kl iam T
@)V |1 = r(0) ;|| < 14 i) 9

Thanks to the smoothness of u on 2\ (see Proposition 2.2), one can bound the second term
of Vo (x) as follows:

e K ()
2 —_—
/0 [I + sD*u(x)|Vf(x + sVu(zx)) [1 81 e (T () K(a;)d(a;)} ds
" . K (x) 1 loo .
< C/o IV fl(x + sVu(z)) [1 81 - atg(T(x))2 - K(x)d(:ﬂ)}ds < IV flloo [1 + T2 dlam(Q)],

where K~ (x) := max{0, —K (x)}. To show the last inequality, we have to consider two cases:
K(x) >0 and K(x) <0. If K(z)> 0, we have

K () }

<1.
1 - 39(T(x))* = K(z)d(x)

0< [1—3

If K(z) <0, then one has
adod - (z) iam
1 — 8yg(T(x))* — K(m)d(m)] < [1 1= )\2d (Q)]

0< [1—5

In the same way, we bound the third term of Vo(z). Consequently, this implies that the
transport density o is locally Lipschitz in Q\X. O
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3. SHAPE OPTIMIZATION: EXISTENCE, PROPERTIES AND REGULARITY OF OPTIMAL SETS

In this section, we assume again that f € L'() represents the distribution of some mass
in the region  C R? that we want to export to the boundary, paying the transport cost plus
a boundary tax which will be given by a A—Lip function g on 992 with A < 1 (see Problem
(1.2)). Let o be the transport density in this transport problem; we recall that o({2) represents
the total transportation cost. Let us assume now that we may have a set £ C 2 where the
traffic inside E' is free of charge. Then, the aim of this section is to find an optimal region
E C Q) where the traffic may travel without paying any transport cost. However, since F is a
cost-free transportation region then a term P(E) will be added (due to roads improvement,
traffic devices, ...) to describe the cost of improving the set E, then penalizing too large free
traffic regions. In other words, we study the following shape optimization problem:

(3.1) min{c(Q\E) + P(E) : E C Q}.

In fact, one can also consider a more general version of Problem (3.1) by assuming that the
traffic cost in E is not completely free but still less than the traffic cost on Q\E. In other
words, we may study the following problem:

min {c(Q\E) +00(E)+ P(FE) : ECQ},

where 0 < 6 < 1. Or more generally, assume that H; and Hs are two continuous functions
with 0 < Hy < Hs, then one can consider instead

(3.2) min{ Hjy(x)do(z) —i—/ Hi(x)do(z)+ P(E) : EC Q} .
O\E E

For simplicity of exposition, we will consider Problem (3.1), but it is not difficult to check that
all the results in the next subsections hold true in the general case (3.2).

3.1. Penalization with the perimeter. In this subsection, we consider the simplest version
of Problem (3.1) where the penalization term P(FE) involves the perimeter of E. In this case,
an optimal region FE is shown to exist and some classical properties and regularity results on
FE will be established. Fix A > 0, then we consider the following problem:

(3.3) min {oc(Q\E) + A Per(E) : E C Q},
where Per(FE) denotes the perimeter of the set E in the sense of De Giorgi (see [3]).

Proposition 3.1. Assume that f € L'(2). Then, the shape optimization problem (3.3)
reaches a minimum.

Proof. Let {E,}nen C © be a minimizing sequence in Problem (3.3). It is clear that one can
assume that there is a uniform constant C' such that

o(Q\E,) + A Per(E,) < C, for every n € N.

As o > 0, the previous immediately gives a uniform bound on the perimeter of the sequence
{En}. Moreover, |E,| < [©]. This in turn implies that the sequence {1g, }nen weakly™
converges in BV () (and then, strongly converges in L'(Q)) to a function ¢, which has the
form ¢ = 1g for some measurable set £ C (). By using the latter, the lower semicontinuity of
the total variation of the distributional gradient of 1z, and the fact that ¢ € L'(Q) (see [19]),
we get

a(Q\E) + A Per(F) < limninf[a(Q\En) + A Per(E,)].

This concludes the proof of existence of an optimal set E for Problem (3.3). O
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Now, we introduce the notion of 2—convexity, which coincides by the way with the notion
of convexity provided that €2 is convex.

Definition 3.1. For a subset E C (), we define the Q01— convex hull of E as the union of all the
segments included in ) with both vertices in E. We say that E is QQ—convex if the 2—convex
hull of E is the set E itself.

Then, we have the following:

Proposition 3.2. Let E be an optimal set, then any connected component of E is {)—conver.
Moreover, any connected subset of E is contained in the Q—convex hull of some connected
subset of spt(o).

Proof. Assume without loss of generality that the set E is connected. Suppose that E is
not Q2—convex. Let E be the Q2—convex hull of E. Then, it is not difficult to see that

Per(E) < Per(FE). Hence, we get
o(O\E) + A Per(E) < o(Q\E) + A Per(E),

which is a contradiction since E minimizes Problem (3.3). The second statement follows in a
similar fashion. [

On the other hand, one can show that the map A — Ej\, where F, is an optimal set in
Problem (3.3), is monotone.

Proposition 3.3. Let Ay > Ay > 0 and Ep,, Ep, be two corresponding optimal sets, then we
have Ep, C Ej,.

Proof. From the optimality of Ej, and Ej, in Problem (3.3), we clearly have the following
inequalities:

a(Q\Ep,) + A1 Per(Ep,) < o(Q\(Ex, N Ep,)) + A Per(Ex, N Ey,)

and
O’(Q\EAQ) + Ay PGT(EAQ) < O'(Q\(EAl U EAz)) + Ao PeT(EAl U EAQ).

Using the inequality
Per(EUF)+ Per(ENF) < Per(E) 4 Per(F),

we get
o (@\B) — o(O\(By, 1 E)] < - [o(\(By, U BR,)) — o(@\By,)]
1 2

Hence,
1 1

<A2 - AI)U(EAI\EA?) <0.

Thanks to the fact that A; > Ag, this implies that o(Ex, \Ep,) = 0 and so, we have Epr, C Ej,
oc—a.e. [

Moreover, we have the following:

Proposition 3.4. Let E, F' be two optimal sets. Then, EUF and ENF are also optimal
sets. In particular, there exist two optimal sets Emax and Euni, such that for any optimal set
E, we have Enin C E C Erax.
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Proof. From the optimality of E and F in Problem (3.3), we have obviously the following
inequalities

(3.4) o(Q\E) +APer(E) <o(Q\(ENF))+APer(ENF)
and
(3.5) o(Q\F)+ APer(F) <o(Q\(EUF))+ APer(EUF).

Yet, we clearly have o(Q\(ENF)) + c(Q\(E U F)) = o(Q\E) + o(Q\F). Hence, taking the
sum of (3.4) & (3.5) yields that

Per(E) + Per(F) < Per(EUF)+ Per(ENF).

This implies that
Per(E) + Per(F) = Per(EUF) + Per(ENF).

Consequently, the two inequalities in (3.4) & (3.5) are in fact equalities and so, E U F' and
E N F minimize Problem (3.3). O

Now, let us study the regularity of optimal sets.

Proposition 3.5. Let E be an optimal set for Problem (3.3). Then, we have the following
statements: .

o Iff e LlOC(Q) with p > 2, then OE N is of class Ct. Moreover, OF is globally C' on § as
soon as f € LP(Q) with p > 2, Q satisfies a uniform exterior ball condition with a boundary
of class C' and, g is semi-concave.

e If f is continuous in (02, 0Q is C? and g € C?(09), then OF is C? in the interior of Q.
Moreover, O is globally C'' on Q provided that f € C(Q).

o If f is locally Lipschitz in SOZ, 90 € C*! and g € C*1(09Q), then IE\YT is C*! in Q.

Proof. The first part of the first statement follows immediately from [17, Theorem 3.2] thanks
to the fact that the transport density o € L7 () (see [19, Theorem 4.20] and takes into
account that the target measure is supported on 99). Moreover, assume that JE is not C*
at some point x € JE N JNQ. Let (s,a(s)) be a parametrization of 0F around x. Thanks to
the Q—convexity of E (see Proposition 3.2) and the C! regularity of 9§, there exists a § > 0
such that we either have {(s,a(s)) : s € [-0,]\{0}} C Q, {(s,a(s)) : s € [-0,0[} C Q and
{(s,(s)) : s € [0,0]} C 09, or {(s,a(s)) : s €]0,0]} C Q and {(s,a(s)) : s € [-0,0]} C ON.
In all these three possibilities, one can always assume that after a rotation and translation of
axes, z = (0,0) and |&/(s)] > ¢ > 0, for a.e. s € (67,e"), where ¢~ €] —§,0[ and et €]0, [
are small enough such that a(s™) = a(e™); we set € := et — e~ > 0. If we denote by C the
part of dE between (T, a(e)) and (¢, (™)) and € the segment joining these two points,
then we see that C' C Q. Now, let £ be such that dE = (§E\C) UC. Hence, we have

Per(E) — Per(E —5—/ V1+a(s)?ds < (1—V1+@)e.

On the other hand, by [15], we have o € LP(2) as soon as f € LP(Q), Q satisfies a uniform
exterior ball condition and g is A—Lip (with A < 1) and semi-concave. Then, we have

ot 1

o@E)-r(@\B) = [ 7 SNl VB =il [ [ lae)-a(s)ds| " < Clloll e <
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where ¢ is the conjugate of p, i.e. % + % = 1. Consequently, we get

o(Q\E) + APer(E) — [0(Q\E) + APer(E)] < {Aa I+ @)+ Clloll sy ngl} N

But, this yields to a contradiction with the optimality of E provided that € > 0 is small
enough and p > 2.

For the second statement, let © € OF be a fixed point inside . Let (s,«a(s)) be a
parametrization of OF around z. Fix € > 0, then it is clear that o minimizes

mln{/_ /OV(S) o(s,1) dtds+A/_i\/1+’y’(s)2ds  4(e) = ale), 7(—e) :a(—e)}.

From the optimality conditions on « and thanks to the continuity of the transport density o
(see Proposition 2.5), we get that

a/(s) 1
1+ o/(s)?

This implies that the optimal region E has boundary of class C2 in the interior of £ and the
curvature k of OF is given by

(3.6) k=

Now, assume that x € dF N 02 and that 02 is the graph of a smooth function 8. Then, «
solves

mln{/s/ (s, ) dt ds + A 1+ 4/(s)2ds : 7(e) = ale), 7(—z) = a(—2), 725}.

The optimality conditions on « as well as the fact that o > 8 and § is C? yield that the
curvature k of OF satisfies

=12

g
— <k<—
Ielloe <k < 3,

where k denotes the curvature of 9€2. Finally, the last statement follows immediately from the
estimate (3.6) and the proposition 2.6. O

3.2. Penalization with the fractional perimeter. In this subsection, we consider another
version of Problem (3.1) which is somehow more complicated than the one considered in
Subsection 3.1, where the penalization term P(FE) will be given now by the fractional perimeter
of E (we note that this penalization was already used for the fractional Cheeger problem in
[5]). Fix s € (0, 1), then we consider the following problem:

(3.7) min {o(Q\E) + Pers(E) : E C Q},

where for every Borel set £ C R?, we define its s—perimeter as the W*! semi-norm of the
characteristic function of E:

1
Perg(E / / Lo Le(y )|d dy.
R2 JR? |33—Z/|2+S

We note that the s—perimeter of E is somehow an interpolation between the perimeter and
the Lebesgue measure of E. More precisely, we have the following inequality (see [5, Corollary
4.4)):

Perg(E) < C Per(E)* |B|'™*.

Proposition 3.6. Assume that f € L'(2). Then, the fractional shape optimization problem
(3.7) has a solution.
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Proof. Let {Ey,}nen C © be a minimizing sequence in Problem (3.7). It is clear that one can
assume that there is a constant C' such that

Perg(E,) < C, for every n € N.

Thanks to the fact that FE, C €, for all n € N, we infer that the W*! norm of 1g, is uniformly
bounded and so, up to a subsequence, {1z, },en converges strongly in L'(Q) to a function 1z,
for some measurable set £ C Q. By using the latter, the lower semicontinuity of the W*!
seminorm and the fact that o € L(2), we get that

o(Q\E) + Pers(E) < limninf[a(Q\En) + Pers(Ey)]. O

In order to study the regularity of optimal sets in Problem (3.7), we will follow the same
technique that is already used in [5] to prove regularity on the fractional Cheeger set. First,
we define

1
Ls(A,B) = / / 55 dzdy, for all Borel sets A, B C R2.
Alp |z —ylte

Then, for every E C R2, we set
Js(E,Q) := Ls(ENQ, E° + Ls(E\Q, E°N Q).

Notice that if E C €, then we have J5(E,Q) = Ly(E, E°) = 1 Pery(E). Now, we introduce
the notion of almost minimality for the functional Js (which extends the notion introduced by
Almgren for the perimeter; see [2]) as follows:

Definition 3.2. Let § > 0 and p : (0,0) — R a modulus of continuity. We say that a
measurable set E is (Js, p,0)—minimal in Q (or simply that E is almost s—minimal in )
if for all 9 € OE and any measurable set F such that FAE C B(xg,r) for some r <
min{d, d(zg,0N)}, we have

Jo(E,Q) < Jo(F, Q) + p(r)r?—*.

Moreover, we will say that E is a s—minimal set in Q if for any set F with F\Q = E\Q, we
have
Js(E,Q) < J(F,Q).

In order to prove regularity on the optimal regions of Problem (3.7), we will introduce some
results on the almost s—minimal sets that generalize those given in [6] where the authors
considered instead the s—minimal sets (i.e. p = 0). In fact, some of these results have already
been proven in [8] and so, we will omit some details. First, we start by the following:

Lemma 3.7. Assume G is a (Js, p,6)—minimal set in By := B(0,1) and 0 € 0G. For every
n € N, set Gy, :=nG. Then, Gy is (Js, pn,nd)-minimal in By with py(t) = p(L), for all n.
Moreover, G, — C in L} (R?) and, C is a s—minimal cone (i.e. tC = C for allt > 0) in
By, for ro < min{d, 1}.

Proof. First, it is easy to see that
Js(Gpn, By) = n*~* J4(G,By1), for all n € N.

Now, fix n € N. Let z, € G, and F, is a set such that F,AG, C B(z,,r), for some
r < min{nd,n — |z,|}. Set F := 1F, and 29 = 1a,. So, it is clear that FAG C B(xo,L).
Thus, we have

2—s
Jo(Gpn, B1) = n?* " J,(G,B1) < n?~* [JS(F, Bi)+ p(r) <’”> ] = Jo(Fp, By) 4 pp(r)r?75.

n n
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Hence, G,, is a (Js, pn,nd)—minimal set in By, for all n. Let us show that C' is s—minimal
in some neighborhood of the origin. Let F' be a set such that FAC C B,,, for some ry <
min{d, 1}. For every n € N, set

F, = [F N By ] U[Gp\By,)-
Since Gy, is (Js, pn,nd)—minimal in By (and so, in By, as By, C By), then we have
Js(Gny Bry) < Js(Fy Bry) + pu(ro)rg*.
Moreover, it is not difficult to check that
|Js(Fy Bry) — Js(F, Byy)| < Ls(Byy, (GRAC)\By,).
But, one can show that we have (see the proof of [6, Theorem 3.3]):

i Ly(Byy, (GnAC)\By,) = 0.

Hence, we get
limsup J4(Gp, Br,) < Js(F, By,).

n—oo
On the other hand, by [6, Proposition 3.1], Js(-, By,) is lower semicontinuous and, since G,, —
C in L} (R?), then we have

loc

Js(C, By,) < lirr_1>inf Js(Gn, Bry).

Consequently, we get

Js(C, By,) < Js(F, By,).
This yields that C' is s—minimal in B,,. In order to show that C' is a cone, we need a
monotonicity formula for (almost) s—minimal sets that generalize the classical one for minimal
sets. In fact, it is well known that if E is a minimal set in some neighborhood of 0 € OF, then
the functional

dp(r) = 7—[1(61;740 Br)

is monotone increasing (i.e. [¢r(r)]’ > 0) and, it is constant as soon as E is a cone. In [6,
Section 7] and [8, Section 7], the authors extend this monotonicity formula to the (almost)
s—minimal sets. Let E be a (Js,p,d)—minimal set in By with 0 € OE. So, we define the
extension g : R? x Ry +— R of the function ug := 1 — 1gc as the solution of

V-[z'7*Va) =0 in RZxR,,
U=ug on {z=0}.
Now, we introduce as in [6, 8] the functional ® g as follows (where B, := B, N {z > 0}):

Sy A Vgl

dp(r): 55 +(2 - s) /Orp(t)tls dt.

Then, one can show that ®g is monotone increasing in r (see [6, Theorem 8.1] or [8, Lemma
7.3]). Using [6, Proposition 9.1], since G,, — C in L}, (R?) then we have ®¢, (r) — ®¢(r), for
every r. Yet, it is easy to check that

(3.9) e, (r) = Do (2) _(2— %) /0 Ot 4 (2 5) /0 " (D) dt.

Passing to the limit in (3.8) when n — oo, we get the following:

Qc(r) = il_r)r[l) D (e), for all r.
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In other words, this means that ®¢ is constant. Consequently, by [6, Corollary 8.2], we infer
that C is a cone. O

Hence, we have the following (see also [6, Theorem 9.4] and [8, Theorem 7.4]):

Lemma 3.8. If the set G is (Js,p,0)—minimal in By and 0 € OG, then OG is C' in a
neighborhood of the origin.

Proof. Thanks to Lemma 3.7, we know that nG — C in L}, (R?) and C is a s—minimal cone.
But, by [20, Theorem 1], we infer that C' is a half-plane. This concludes the proof. O

Moreover, we get

Lemma 3.9. If E is (Js, p,0)—minimal in Q, then OF is C in the interior of Q.

Proof. Fix g € OFE N Q. Let ro > 0 be small enough so that B(zg,79) C Q. So, F is

(Js, p,0)—minimal in B(zg,79). Now, set G = E;—Oxo. Then, it is easy to see that G is

(Js, po, 0p)—minimal in By with py = p(ror) and dy = %, since we have

TG, By) = ——J.(E, Byy).

2—s5YS
To

Thanks to Lemma 3.8, dG is C! in a neighborhood of the origin. By scaling and translating
back, we infer that OE is C' in a neighborhood of . g

Finally, we are ready to state our regularity results.
Proposition 3.10. Let E be a minimizer for Problem (3.7). Assume that g is A—Lip with
A<1and feLl (Q) withp>2. Then, OENQ is CL.

loc

Proof. Thanks to Lemma 3.9, it is sufficient to prove that for every point g € OE N So), the set
E is (Js, p,0)—minimal in B(xg,r), for some 0 < rg < d(zg,d), § > 0 and, a modulus of
continuity p. For all x € 0F N B(x,79), 7 < 19 — | — 20| and, F such that EAF C B(z,r),
we have F' C  and then thanks to the minimality of E in Problem (3.7), we get that

mMm—éag%Mm—La

Hence,

Pers(E) < Pers(F)+/ 0—/ o
ENnB(z,r) FnB(z,r)

2
PeTS(F) + C||0||LP(B(zo,ro)) ra.

IN

This implies that E is (Js, p,d)—minimal in B(xo,70) with p(r) = Cl|o|[1r(B(z0,re)) rr (we
recall that o € L} () thanks to the fact that f belongs to L} () and the target measure is
concentrated on 9€; see [19]), since we have

Js(B,Q) < Jy(F,Q) +p(r)r*~®. O

Moreover, one can prove regularity on the optimal set E at points touching 02 provided
that 0f) is smooth.

Proposition 3.11. Let E be a minimizer for Problem (3.7). Assume that f € LP(Q) with
p > %, g is A—Lip with A < 1 and semi-concave, 9§ is C and ) satisfies a uniform exterior
ball condition. Then, OF is C' on .
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Proof. From Proposition 3.10, we know that OF N Qs O, Now, fix € 0OEN I and € > 0.
We show that E is (Js, p,0)—minimal in B(z,¢), for some 6 > 0 and a modulus of continuity
p. Let xg € OE N B(z,¢), r < d(xg,0B(x,¢)) and F be such that EAF C B(zo,r). We note
that F' is not necessarily contained in Q. But anyway, F' N is admissible in Problem (3.7)
and so, we have

Pery(E) — / o < Pers(FNQ) — / o.
E FNQ

Thanks to [15], we get that

Pery(E) < Pers(FﬁQ)-i-/ U—/ o
ENB(zo,r) FNQNB(zo,r)

< Perg(FOQ) +Cllo]|ri.

Yet, we have J(E,Q) = 2 Pery(E) and Ly(F NQ, (FNQ)°) = 2 Pery(F N Q). Hence, we get
that

(3.9) Jo(E,Q) < Lg(FNQ (FNQ)°)+ p(r)r?=,

where p(r) = C||o||p» r° ’. But, Js(F,Q) = Ls(FNQ,F¢) + Ls(F\Q, F°N Q). Hence, by
(3.9), we have

Jo(E,Q) < J(F, Q)+ Ls(FNQ,FUQ®) —Ly(FNQ,F°) — Lsy(F\Q,F°NQ) + p(r)er_S.
On the other hand, one has

Ly(FNQFUQ°) — Ly (FNQ,F°) — Ly(F\Q, F° N Q)
=L (FNQF)+ Ly (FNQ,FNQ°) — Ly(FNQ,F) — Ly(F\Q, F°N Q)

= Ly(FNQ,FNQ) — Ly(F\Q, F* N Q) < Ly(Q, Blao,r) N Q).

Yet, thanks to [8, Section 3] and the fact that 92 is C1®, we have the following estimate:

1
L Q,B o, T N Q°) = / / 7d$dy < CT2_S+Q.
( (@0,7) ) Q JB(zo,rnqe [T — |2 TS

This implies that
Jo(B,Q) < J(F,Q) +p(r)yr*—*

with p(r) = Cr? and 8 = min{a, s — %} Hence, E is (Js, p,§)—minimal in B(z,¢) and so, OF
is C! inside B(x,e). O

We conclude this paper by the following:

Remark 3.1. In fact, it seems difficult to prove higher regularity (for instance, C*) on an
optimal set E of Problem (3.7) and so, the second order regularity of optimal set E is still an
open question! On the other hand, it is not easy to go beyond C*' regularity on an optimal
region E for Problem (3.3), since this requires to show some smoothness on the transport
density o (and then, on the map 7) which seems to be tricky.
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