CVGMT Preprint Server - http://cvgmt.sns.it/papers/alibragel98/

FREE-DISCONTINUITY PROBLEMS GENERATED BY SINGULAR PERTURBATION

Roberto ALICANDRO, Andrea BRAIDES and Maria Stella GELLI

SISSA, via Beirut 4, 34013 Trieste, Italy

Synopsis We show that some free discontinuity problems can be obtained as a limit of non-convex local functionals with a singular perturbation of higher order

e-mail: alicandr@sissa.it braides@sissa.it gelli@sissa.it

1. Introduction

The approximation by smooth functionals of functionals with volume and surface energies defined in spaces of discontinuous functions has been an object of recent research, also in view of its possible applications to computer vision (see e.g. [34], [33]) or fracture mechanics (see [ ]).

Earlier approximations by elliptic functionals have been obtained by Modica and Mortola for the perimeter functional [32] and by Ambrosio and Tortorelli for the Mumford-Shah functional in computer vision [11]. Recently, non-local approximations have been proposed by Braides and Dal Maso [17] and by De Giorgi (see Gobbino [30]). As a particular case of more general results, we have for example that, given g ∈ L^∞(Ω) (Ω ⊂ IR^n open bounded set) the families of functionals 1 ε ∫ Ω arctan ( ε − ∫ B_ε(x)∩Ω |∇u|^2dy ) dx + ∫ Ω |u − g|^2 dx, (1.1) defined in H^1(Ω), and 1 ε^{n+1} ∫ Ω ∫ Ω arctan ( (u(x) − u(y))2 ε ) e^{−|x−y|2/ε}dy dx + ∫ Ω |u − g|^2 dx, (1.2) defined in L^1(Ω), both approach as ε → 0+ in the sense of De Giorgi’s Γ-convergence the n-dimensional version of the Mumford-Shah functional α ∫ Ω |∇u|^2 dx + βH^{n−1}(S(u) ∩ Ω) + ∫ Ω |u − g|^2 dx (1.3) defined in the De Giorgi-Ambrosio’s SBV (Ω) space of special functions of bounded variation (α, β are suitable constants; here S(u) denotes the set of essential discontinuity points of u, and H^{n−1} is the n − 1-dimensional Hausdorff measure). The methods proposed in [17] and [30] are suitable also for the approximation of more general surface energies, whose densities may depend also on the traces u^± of u and on the local orientation of S(u) (see [ ], [ ]).

In this paper we present a simple one-dimensional study to show that similar “nonlocality effects” can be obtained by a singular perturbation with higher derivatives of families of local integral functionals. As an example of application we can treat a “perturbed local version” of the family in (1.1), whose limit is trivial when not perturbed. The Γ-limit as ε → 0+ of 1 ε ∫ (a,b) arctan(ε|u^′|^2) dx + ε^3 ∫ (a,b) |u^{′′}|^2 dx + ∫ (a,b) |u − g|^2 dx, (1.4)

(u ∈ H^2(a, b)) turns out to be a functional of the form ∫ (a,b) |u^′|^2 dx + c ∑ t∈S(u) √ |u^+ − u^−| + ∫ (a,b) |u − g|^2 dx, (1.5)

with c explicitly computable. The main result of the paper is Theorem 3.1, where a characterization is given of Γ-limits of functionals of the form (1.4) with more general integrands. Note that the functional in (1.4) are trivially lower semicontinuous and coercive, so that this approximation provides approximate solutions to minimum problems involving functionals of the form (1.5) alternative to other ones obtained by discretization or stronger non-locality. An explicit example is also given of a family converging to the Mumford-Shah functional in Section 5.

Finally, we remark that our approach has some contact points with recent results regarding singular perturbations with a well at infinity by Bouchitté, Dubs and Seppecher [14], and that it is close in spirit to the analysis of Ericksen’s bar by Truskinovsky and Zanzotto [35]. Further physical insight can be found in [ ], [ ], [ ], [ ], and [ ].

2. Notation and preliminaries

The notation A(IR) stands for the family of all bounded open subsets of IR; L_1 denotes the Lebesgue measure on IR, # stands for the counting measure, and δ_t is the Dirac mass at t. We use equivalently the notation ∫ K g d# and ∑ t∈K g(t), if K is finite or countable, and g is a positive function. The letter c denotes a positive constant, when it is not necessary to specify its value.

Definition 2.1. Let I be a bounded open subset of IR. We recall that the space SBV (I) is defined as the space of functions u ∈ L^1(I) whose distributional derivative Du can be written as Du = f L_1 + ∑ t∈S(u) atδt for some f ∈ L 1(IR), a (finite or countable) set S(u) ⊂ IR and a sequence of real numbers (a_t)_{t∈S(u)} with ∑ t |a_t| < +∞. We set ‖u‖_{BV (I)} = ∫ I |u| dt + ∫ I |f| dt + ∑ t |a_t|. It is easy to see that for such functions the left hand-side and right hand-side approximate limits u^−(t), u^+(t) exist at every point, that in the notation above S(u) = {t ∈ IR : u^−(t) ≠ u^+(t)}, and that a_t = u^+(t) − u^−(t). Moreover f = u^′ , the approximate derivative of u, a.e.

The definition above describes a particular case of a SBV -functions space as introduced by De Giorgi and Ambrosio [25]. In this space the following compactness result holds (see [5], [2]).

Theorem 2.2. Let I be a bounded open subset of IR, let (u_j ) be a sequence in SBV (I) such that sup ‖u_j ‖_{BV (I)} < +∞. If there exists an increasing concave function φ : (0, +∞) → (0, +∞) with lim_{s→0+} φ(s)/s = +∞, such that

sup_j (∫ I |u^′_j |^2 dt + ∫ S(u_j ) φ(|u^+_j − u^−_j |)d# ) < +∞ ,

then, up to subsequences, u_j converges to some u ∈ SBV (I) in L^1(I), ∫ S(u) φ(|u^+ − u^−|)d# ≤ lim inf_j ∫ S(u) φ(|u^+_j − u^−_j |)d# ,

and u^′_j ⇀ u^′ weakly in L^2(I).

Definition 2.3. A family (F_ε)_{ε>0} of functionals F_ε : L^1(I) → [0, +∞] is said to Γconverge to a functional F : L^1(I) → [0, +∞] (with respect to the L^1(I)-convergence) if for every u ∈ L^1(I) and for every sequence (ε_j ) of positive numbers decreasing to 0, the following two conditions hold:

(i) (lower semicontinuity inequality) for all sequences (u_j ) converging to u in L^1(I) we have F (u) ≤ lim inf_j F_{εj} (u_j );

(ii) (existence of a recovery sequence) there exists a sequence (u_j ) converging to u in L^1(I) such that F (u) ≥ lim sup_j F_{εj} (u_j ). If we define the lower and upper Γ-limits by

F^{′′}(u) = Γ- lim sup_{ε→0+} F_ε(u) = inf{lim sup_{ε→0} F_ε(u_ε) : u_ε → u},

F^′(u) = Γ- lim inf_{ε→0+} F_ε(u) = inf{lim inf_{ε→0} F_ε(u_ε) : u_ε → u},

respectively then the conditions above are equivalent to F^′(u) = F^{′′}(u) = F (u) at all u. Note that the functions F^′ and F^{′′} are lower semicontinuous with respect to the L^1(I)-convergence. We refer to [24] for an exposition of the main properties of Γconvergence, and to [17] for the relevance of such an approximation in the framework of free discontinuity problems.

We will use the following simple lemma.

Lemma 2.4. Let K ⊂ IR be a (finite or) countable set and let λ : A(IR) → [0, +∞) be an increasing set function, which is superadditive on disjoint open sets; i.e., λ(A ∪ B) ≥ λ(A) + λ(B) if A ∩ B = Ø. Let J be a set of indices and let λ(I) ≥ c_j ∫ I ϕ(t) dt + d_j ∫ K∩I ψ(t) d#(t) (2.1)

for all j ∈ J and I ∈ A(IR), where c_j , d_j are non-negative real numbers, and ϕ, ψ are positive Borel functions. Then λ(I) ≥ c ∫ I ϕ(t) dt + d ∫ K∩I ψ(t) d#(t) (2.2)

for all I ∈ A(IR), where c = sup_j c_j , d = sup_j d_j .

Proof. Fixed ε > 0 let {t_1, . . . , t_n} ⊆ K be such that ∑_N i=1 ψ(t_i) ≥ ∫ K ψ d# − ε, and let B_ε be an open set such that t_i ∈ B_ε for all i = 1, . . . , N , and ∫ B_ε ϕ dt < ε. Set A_ε = IR \ B_ε . Then for all j ∈ J λ(I ∩ A_ε) ≥ c_j ( ∫ I ϕ dt − ε), λ(I ∩ B_ε) ≥ d_j ( ∫ I ψd# − ε), so that λ(I ∩ A_ε) ≥ c( ∫ I ϕ dt − ε), λ(I ∩ B_ε) ≥ d( ∫ I ψd# − ε) by the arbitrariness of j . The conclusion follows from the inequalityλ(I) ≥ λ(I ∩ A_ε) + λ(I ∩ B_ε) and the arbitrariness of ε.

3. The main result

The main result of the paper is the following computation of a Γ-limit. Applications to the convergence of minimum problems are given in Section 4.

Theorem 3.1. Let f : [0, +∞) → [0, +∞) be a lower semicontinuous increasing function, such that α, β ∈ IR exist with

α = lim_{t→0+} f(t) t , β = lim_{t→+∞} f(t) . (3.1)

Let I be a bounded open subset of IR, and let F_ε : L^1(I) → [0, +∞] be defined by

F_ε(u) = { 1 ε ∫ I f(ε|u^′|^2) dt + ε^3 ∫ I |u^{′′}|^2 dt if u ∈ H^2(I) +∞ otherwise.

(3.2)

Then, there exists the Γ-limit Γ-lim_{ε→0+} F_ε(u) = F (u) with respect to the L^1(I)- convergence, where

F (u) = α ∫ I |u^′|^2 dx + m(β) ∫ S(u) √ |u^+ − u^−|d# if u ∈ SBV (I) +∞ otherwise,

(3.3)

and m(β) = β^{34} ( 2 √ 3/2 + √ 2/3 ) . The proof of Theorem 3.1 will be obtained as a consequence of some simpler propositions which deal with lower and upper Γ-limits separately. Before stating and proving them, we define a “localized version” of our functionals, which highlights their behaviour as set functions, by setting

F_ε(u, I) = { 1 ε ∫ I f(ε|u^′|^2) dt + ε^3 ∫ I |u^{′′}|^2 dt if u ∈ H^2(I) +∞ otherwise,

(3.4)

and

F (u, I) = α ∫ I |u^′|^2 dx + m(β) ∫ I∩S(u) √ |u^+ − u^−|d# if u ∈ SBV (I) +∞ otherwise,

(3.5)

for all u ∈ L^1_{loc}(IR) and I ⊆ IR bounded open set.

Remark 3.2. For all c > 0 let

m(c, z) = min_{η>0} min { 2cη + ∫_η −η |v^{′′}|^2 dt : v ∈ H^2(−η, η), v(±η) = ± z 2 , v^′(±η) = 0 } ;

then m(c, z) = c^{34} ( 2 √ 3/2 + √ 2/3 )√ z = m(c) √ z . It suffices to notice that the solution to the inner minimum problem is the third order polynomial satisfying the given boundary conditions.

Proposition 3.3. Let f(t) = min{at, b} and let (u_ε) be a bounded family in L^1(I) satisfying sup_{ε>0} F_ε(u_ε) < +∞. Then there exists a family (v_ε) in SBV (I) such that lim_{ε→0+} ‖u_ε − v_ε‖_L1_{(I)} = 0, a ∫ I |v^′_ε|^2 dt = 1 ε ∫ I f(ε|u^′_ε|^2) dt , (3.6) ∫ S(v_ε) √ |v^+_ε − v^−_ε | d# ≤ C m(b) , (3.7)

and for every sequence of positive numbers (ε_j ) converging to 0 there exists a subsequence (not relabeled) and a function u ∈ SBV (I) such that v_{εj} → u in L^1(I),

v^′_{εj} ⇀ u^′ weakly in L^2(I) , (3.8) ∫ I∩S(u) √ |u^+ − u^−| d# ≤ lim inf_j ∫ I∩S(v_{εj} ) √ |v^+ε_j − v^−ε_j | d# . (3.9)

Proof. Set D_ε = {t ∈ I : ε|u^′_ε|^2 > b/a}. Since D_ε is open, we can write D_ε = ⋃ k∈N I^k_ε as the union of disjoint open intervals I^k_ε = (a^k_ε , b^k_ε ). It is not restrictive to suppose that [a^k_ε , b^k_ε ] ⊂ I for all k . Note that 1 ε |D_ε|b ≤ F_ε(u_ε) ≤ C , independently of ε. Consider the family (v_ε) defined by

v_ε(t) = { u_ε(t) if t ∈ I \ D_ε u_ε(a^k_ε ) + u^′_ε(a^k_ε )(t − a^k_ε ) if t ∈ I^k_ε .

(3.10)

As |v^′_ε|^2 = b/εa on D_ε , we have a ∫ I |v^′_ε|^2 dt = a ∫ I\D_ε |u^′_ε|^2 dt + b ε |D_ε| = 1 ε ∫ I f(ε|u^′_ε|^2) dt ≤ C ; i.e., (3.6).

Note that v_ε − u_ε → 0 in L^1(I). In fact, if t ∈ I^k_ε we get, using Hölder’s inequality, |v_ε(t) − u_ε(t)| = ∫_t a^k_ε |v^′_ε − u^′_ε| ds ≤ ∫_t a^k_ε ∫_s a^k_ε |u^{′′}_ε (τ)| dτ ds ≤ (∫ I^k_ε |u^{′′}_ε |^2 )_{1/2} ∫ t a^k_ε √ s − a^k_ε ds = 2 3 (∫ I^k_ε |u^{′′}_ε |^2 )_{1/2} (t − a^k_ε )^{3/2} ;

hence, ∫ I^k_ε |v_ε − u_ε| dt ≤ 4 15 (∫ I^k_ε |u^{′′}_ε |^2 )_{1/2} |I^k_ε |^{5/2}. We obtain eventually

‖u_ε − v_ε‖_L1_{(I)} = ∫ D_ε |v_ε − u_ε| dt ≤ 4 15 ∑ k∈N (∫ I^k_ε |u^{′′}_ε |^2 )_{1/2} |I^k_ε |^{5/2}

≤ 4 15 (∫ D_ε |u^{′′}_ε |^2 )_{1/2}( ∑ k∈N |I^k_ε |^5 )_{1/2} ≤ 4 15 √ C ε^{3/2} |D_ε|^{5/2} ≤ 4 C^3 15 b^{5/2} ε ;

in particular (v_ε) is bounded in L^1(I).

The functions v_ε are discontinuous only at the points b^k_ε . Set

z^k_ε = |v^+_ε (b^k_ε ) − v^−_ε (b^k_ε )| , w_ε = u_ε − v_ε .

Since u^{′′}_ε = w^{′′}_ε on I^k_ε , we have 1 ε ∫ I^k_ε f(ε|u^′_ε|^2) dt + ε^3 ∫ I^k_ε |u^{′′}_ε |^2 dt = b ε |I^k_ε | + ε^3 ∫ I^k_ε |w^{′′}_ε |^2 dt ≥ min { b ε |I^k_ε | + ε^3 ∫ I^k_ε |φ^{′′}|^2 dt : φ ∈ H^2(I^k_ε ), φ(a^k_ε ) = 0, φ(b^k_ε ) = z^k_ε ,

φ^′(a^k_ε ) = φ^′(b^k_ε ) = 0 } (3.11)

≥ min_{η>0} min { 2ηb + ∫ I^k_ε |ψ^{′′}|^2 dt : ψ ∈ H^2(−η, η), ψ(±η) = ± z^k_ε 2 , ψ^′(±η) = 0 }

= m(b) √ z^k_ε ;

the last equality being shown in Remark 3.2. Hence, ∑ k∈N √ |v^+_ε (b^k_ε ) − v^−_ε (b^k_ε )| ≤ C m(b) . (3.12)

By (3.6) and (3.12) we get that v_ε ∈ SBV (I) and sup_{ε>0} ‖v_ε‖_{BV (I)} < +∞; moreover, S(v_ε) = (b^k_ε )_k , (3.7) holds, and

sup_{ε>0} ( ∫ I |v^′_ε|^2 dt + ∫ I∩S(v_ε) √ |v^+_ε − v^−_ε | d# ) < +∞ . Applying Theorem 2.2 to the sequence (v_{εj} ) we obtain the existence of u ∈ SBV (I) such that, up to passing to a subsequence, v_{εj} → u in L^1(I) and (3.8) and (3.9) hold.

Proposition 3.4. If f(t) = min{at, b} then for all u ∈ L^1_{loc}(IR) we have

F (u, I) ≤ Γ- lim inf_{ε→0+} F_ε(u, I) ,

for all bounded open sets I ⊂ IR, where F_ε is defined in (3.4) and F in (3.5), with a, b in the place of α, β .

Proof. It is not restrictive to suppose that Γ-lim inf_{ε→0+} F_ε(u, I) < +∞. Let (ε_j ) be a sequence of positive numbers converging to 0 and let u_ε → u in L^1_{loc}(IR) be such that the limit lim_j F_{εj} (u_{εj} , I) exists and equals the Γ-lim inf_{ε→0+} F_ε(u, I). We can suppose then that C := sup_j F_{εj} (u_{εj} , I) < +∞.

Let v_ε be defined by (3.10). Note that v_ε → u in L^1_{loc}(IR). Fixed δ ∈ (0, 1), by (3.6) and (3.7) (applied with δb in the place of b) we obtain F_{εj} (u_{εj} , I) ≥ (1 − δ) 1 ε_j ∫ I f(ε_j|u^′_{εj} |^2) dt + δ 1 ε_j ∫ I f(ε_j|u^′_{εj} |^2) dt + ε_j^3 ∫ I |u^{′′}_{εj} |^2 dt ≥ (1 − δ)a ∫ I |v^′_{εj} |^2 dt + m(δb) ∫ I∩S(v_{εj} ) √ |v^+_{εj} − v^−_{εj} | d#.

By (3.8) and (3.9) we deduce that

lim inf

ε_j →0+ F_{εj} (u_{εj} , I) ≥ (1 − δ)a ∫ I |u^′|^2 dt + m(δb) ∫ I∩S(u) √ |u^+ − u^−| d# . After noting that the open set function λ(I) = Γ-lim inf_{ε→0+} F_ε(u, I) is superadditive on disjoint open sets, we can apply Lemma 2.4 with ϕ(t) = |u^′(t)|^2 , ψ(t) = √ |u^+(t) − u^−(t)|, K = S(u), J = (0, 1), c_j = (1 − j)a, d_j = m(jb), and obtain the thesis.

Proposition 3.5. Under the hypotheses of Theorem 3.1 we have

Γ- lim inf ε→0+ F_ε(u, I) ≥ F (u, I) for all u ∈ L^1_{loc}(IR), and for all bounded open sets I ⊂ IR.

Proof. For all s > 0 let ~f(s) = max{y : yt s ∧ y ≤ f(t) ∀ t > 0} .

Note that we have lim_{s→0+} ~f(s) s = α lim_{s→+∞} ~f(s) = β . ¿From Proposition 3.4 we have that Γ- lim inf_{ε→0+} F_ε(u, I) is finite only if F (u, I) is finite, and that

Γ- lim inf ε→0+ F_ε(u, I) ≥ ~f(s) s ∫ I |u^′|^2 dt + m( ~f(s)) ∫ I∩S(u) √ |u^+ − u^−|d#. The thesis again follows as above from Lemma 2.4 taking now J = (0, +∞), c_j = ~f(j)/j , and d_j = m( ~f(j)).

In the sequel u^′(t±) denote the right-hand side and left-hand side limits of u^′ at t

Proposition 3.6. Let u ∈ SBV (I) satisfy #(S(u)) < +∞, u ∈ H^2(I \ S(u)), and u^′(t±) = 0 on S(u). Then there exists a family (u_ε) converging to u in L^1(I) such that lim sup_{ε→0+} F_ε(u_ε) ≤ F (u).

Proof. Since the construction of u_ε will modify u only in a small neighbourhood of S(u), we can suppose that I = (−1, 1) and S(u) = {0}. Let z = u^+(0) − u^−(0), and let η and v be the minimizing pair in the definition of m(β, z). If we set v_ε(x) = v(x/ε) then we have v_ε(±εη) = ±z/2, v^′_ε(±εη) = 0, and F_ε(v_ε, (−εη, εη)) ≤ 2ηβ + ε^3 ∫_η −η |v^{′′}_ε |^2 dt = m(β, z). We define then

u_ε(x) = u^+(0) + u^−(0) 2 + v_ε(x) if x ∈ (−εη, εη) u(x + εη) if x ≤ −εη u(x − εη) if x ≥ εη, so that u_ε ∈ H^2(I), u_ε → u in L^1(I), and

F_ε(u_ε) ≤ 1 ε ∫ I f(ε|u^′|^2) dt + ε^3 ∫ I |u^{′′}|^2 dt + m(β, z). Note that f(ε|u^′|^2)/ε ≤ K|u^′|^2 for some constant K , and that f(ε|u^′|^2)/ε → α|u^′|^2 a.e. on I ; hence, after applying Lebesgue’s Dominated Convergence Theorem, we obtain

lim sup ε→0+ F_ε(u_ε) ≤ α ∫ I |u^′|^2 dt + m(β, z) = F (u), and the thesis.

Proposition 3.7. Let u ∈ SBV (I) satisfy #(S(u)) < +∞ and u^′ ∈ L^2(I). Then there exists a sequence (u_j ) in SBV (I) such that S(u_j ) ⊆ S(u), u_j ∈ H^2(I \ S(u)), u^′_j (t±) = 0 on S(u), u_j → u in L^1(I), and u^′_j → u^′ in L^2(I).

Proof. It is not restrictive to suppose I = (a, b). Let S(u) = {x_1, . . . , x_N }, with x_i < x_{i+1} , and set x_0 = a, x_{N+1} = b. For all j ∈ N, and i ∈ {0, 1, . . . , N}, let u^i_j be the solution to the minimum problem min {∫ xi+1 x_i |v^′|^2 dt + j ∫_{xi+1} x_i |u − v|^2 dt : v ∈ H^1(x_i, x_{i+1}) } .

Note that u^i_j is also a classical solution of the Euler equation v^{′′} = j(v − u) with the Neumann conditions v^′(x_i) = v^′(x_{i+1}) = 0. The function u_j defined by u_j = u^i_j on (x_i, x_{i+1}) satisfies the required conditions.

The following proposition concludes the proof of Theorem 3.1.

Proposition 3.8. We have Γ-lim sup_{ε→0+} F_ε(u_ε) ≤ F (u) for all u ∈ SBV (I).

Proof. We use the notation F^{′′} = Γ-lim sup_{ε→0+} F_ε , and we suppose without loss of generality that I = (a, b).

If u ∈ SBV (I) with #(S(u)) < +∞ and u^′ ∈ L^2(I), let (u_j ) be given by Proposition 3.7. By Proposition 3.6 we have that F^{′′}(u_j ) ≤ F (u_j) for all j , and that lim_j F (u_j ) = F (u). By the lower semicontinuity of F^{′′} we obtain then

F^{′′}(u) ≤ lim inf_j F^{′′}(u_j) ≤ lim inf_j F (u_j) = F (u). (3.13)

Let now u ∈ SBV (I) satisfy F (u) < +∞ and #(S(u)) = +∞. If S(u) = {x_1, x_2, . . .}, set z_i = u^+(x_i) − u^−(x_i), and

u_k = u − ∞∑ j=k+1 z_iχ_{(xi ,b)}.

We have u^′_k = u^′ , S(u_k) = {x_1, . . . , x_k}, u^+_k (x_i) − u^−_k (x_i) = z_i on S(u_k), and lim_k F (u_k) = F (u). By (3.13) we have F^{′′}(u_k) ≤ F (u_k). Using again the lower semicontinuity of F^{′′} we obtain the required inequality.

4. Some corollaries and generalizations

We first show that the Γ-limit in Theorem 3.1 is trivial if we replace the exponent 3 by a different one.

Corollary 4.1. Let f satisfy the hypotheses of Theorem 3.1 and let γ ∈ IR. Let I be a bounded open subset of IR, and let F^γ_ε : L^1(I) → [0, +∞] be defined by

F_ε(u) = { 1 ε ∫ I f(ε|u^′|^2) dt + ε^γ ∫ I |u^{′′}|^2 dt if u ∈ H^2(I) +∞ otherwise.

(4.1)

Then, there exists the Γ-limit Γ-lim_{ε→0+} F^γ_ε (u) = F^γ (u) with respect to the L^1(I)- convergence, where F^γ (u) = 0 for all u ∈ L^1(I) if γ > 3, F^γ = F as in Theorem 3.1 if γ = 3, and F^γ (u) = { α ∫ I |u^′|^2 dx if u ∈ H^1(I) +∞ otherwise,

(4.2)

if γ < 3.

Proof. The case γ = 3 is dealt with in Theorem 3.1. Fixed γ > 3, take ε_0 > 0; for all positive ε < ε_0 we have

F^γ_ε (u) ≤ ε^{γ−3}_0 ( 1 ε ∫ I ε^{3−γ}_0 f(ε|u^′|^2) dt + ε^3 ∫ I |u^{′′}|^2 dt ) . We can apply Theorem 3.1 with ε^{3−γ}_0 f in the place of f to obtain for all u ∈ SBV (I)

Γ- lim sup ε→0+ F^γ_ε (u) ≤ ε^{γ−3}_0 ( ε^{3−γ}_0 α ∫ I |u^′|^2 dt + ε^{3(3−γ)/4} 0 m(β) ∫ S(u) √ |u^+ − u^−| d# )

= α ∫ I |u^′|^2 dt + ε^{(γ−3)/4} 0 m(β) ∫ S(u) √ |u^+ − u^−| . Letting ε_0 → 0+ we have

Γ- lim sup ε→0+ F^γ_ε (u) ≤ α ∫ I |u^′|^2 dt for all u ∈ SBV (I); in particular for every piecewise constant function v we have Γlim sup_{ε→0+} F^γ_ε (v) = 0. By a density argument and by the lower semicontinuity of Γ-lim sup_{ε→0+} F^γ_ε we deduce (4.1).

Let now γ < 3. Arguing as above we deduce that

Γ- lim inf ε→0+ F^γ_ε (u) = +∞ if u ∈ L^1(I) \ SBV (I)

and for all ε_0 > 0

Γ- lim inf ε→0+ F^γ_ε (u) ≥ α ∫ I |u^′|^2 dt + ε^{(γ−3)/4} 0 m(β) ∫ S(u) √ |u^+ − u^−| if u ∈ SBV (I). Letting ε_0 → 0+ we have then that Γ- lim inf ε→0+ F^γ_ε (u) = +∞ if u ∈ L^1(I) \ H^1(I)

Γ- lim inf ε→0+ F^γ_ε (u) ≥ α ∫ I |u^′|^2 dt if u ∈ H^1(I) .

On the other hand, if u ∈ H^2(I) we have

Γ- lim sup ε→0+ F^γ_ε (u) ≤ lim sup_{ε→0+} F^γ_ε (u) = α ∫ I |u^′|^2 dt. By a density argument and by the lower semicontinuity of Γ-lim sup_{ε→0+} F^γ_ε we deduce (4.2).

Corollary 4.2. Let g ∈ L^2(I) and λ > 0 be fixed. Then for all ε > 0 there exists a minimum point u_ε for the problem min { 1 ε ∫ I f(ε|v^′|^2) dt + ε^3 ∫ I |v^{′′}|^2 dt + λ ∫ I |v − g|^2 dt : v ∈ H^2(I) } , (4.3)

and for every sequence (ε_j ) of positive numbers converging to 0 there exists a subsequence (not relabeled) such that u_{εj} converges in L^1(I) to a function u ∈ SBV (I), which minimizes min { α ∫ I |v^′|^2 + m(β) ∫ S(v) √ |v^+ − v^−| d# + λ ∫ I |v − g|^2 dt : v ∈ SBV (I) } . (4.4)

Moreover the minimum values (4.3) converge to (4.4).

Proof. The existence of minimum points for (4.3) is assured by an application of the direct methods of the calculus of variations. In fact the functional in (4.3) is coercive in H^2(I) and lower semicontinuous (see e.g. [31]). Note that the value in (4.3) is less than or equal to λ ∫ I |g|^2 dt. Hence, we have sup_{ε>0} F_ε(u_ε) < +∞ and sup_{ε>0} ‖u_ε‖_L2_{(I)} < +∞.

Hence by Proposition 3.3 from every sequence (ε_j ) of positive numbers converging to 0+ we can extract a further subsequence (not relabeled) such that u_{εj} converges in L^1(I) to some u ∈ SBV (I). The minimality of u and the convergence of minimum values are standard consequences of Γ-convergence.

Proposition 4.3. Let f satisfy the hypotheses of Theorem 3.1. Let I be a bounded open subset of IR, and let p > 1. Let F_ε : L^1(I) → [0, +∞] be defined by

F_ε(u) = { 1 ε ∫ I f(ε|u^′|^2) dt + ε^{2p−1} ∫ I |u^{′′}|^p dt if u ∈ W^{2,p}(I) +∞ otherwise.

(4.5)

Then, there exists the Γ-limit Γ-lim_{ε→0+} F_ε(u) = F (u) with respect to the L^1(I)- convergence, where

F (u) = α ∫ I |u^′|^2 dx + m_p(β) ∫ S(u) √ |u^+ − u^−|d# if u ∈ SBV (I) +∞ otherwise,

(4.6) and m_p(c) = min_{η>0} min { 2cη + ∫_η −η |v^{′′}|^p dt : v ∈ W^{2,p}(−η, η), v(±η) = ± 1 2 , v^′(±η) = 0 } (4.7) for all c > 0.

Proof. We argue as in the proof of Theorem 3.1, taking into account that

min_{η>0} min { 2cη + ∫_η −η |v^{′′}|^p dt : v ∈ W^{2,p}(−η, η), v(±η) = ± z 2 , v^′(±η) = 0 } = m_p(c) √ |z| , if z ∈ IR. This equality easily follows setting (for z ≠ 0) η = δ √ |z|, v(x) = z w(x/ √ |z|), with w a test function for the problem defining m_p(c).

5. An application: approximation of the Mumford-Shah functional

We show that it is possible to approximate the Mumford-Shah functional using a slight variation of Theorem 3.1. For all ε > 0 let a_ε ≥ 1 with

lim_{ε→0+} a_ε = +∞ and lim_{ε→0+} εa_ε = 0.

Fixed K > 0 set C_ε = K 4 1 √ ε a_ε , (5.1) and f_ε(z) = z if z ≤ 1 a_ε if 1 < z < (1 + C_ε)^2 0 if z ≥ (1 + C_ε)^2.

(5.2)

Theorem 5.1. Let I be a bounded open subset of IR. The functionals F_ε : L^1(I) → [0, +∞] given by

F_ε(u) = { 1 ε ∫ I f_ε(ε|u^′|^2) dt + ε^3 ∫ I |u^{′′}|^2 dt if u ∈ H^2(I) +∞ otherwise

(5.3)

Γ-converge in the L^1(I)-topology as ε → 0+ to the functional F : L^1(I) → [0, +∞] given by

F (u) = { ∫ I |u^′|^2 dt + K#(S(u)) if u ∈ SBV (I) +∞ otherwise.

(5.4)

Proof. We first prove the lower semicontinuity inequality. Let u_ε → u in L^1(I) with sup_{ε>0} F_ε(u_ε, I) < +∞, and let D_ε = {ε|u^′_ε|^2 > 1} = ⋃ k∈N I^k_ε , in the notation of Proposition 3.4. Again, it is not restrictive to suppose that I^k_ε ⊂ I for all k . Note that for all I^k_ε we have the estimate 1 4 √ ε (I^k_ε )^2 ≤ ∫ I^k_ε |u_ε| dx ≤ c, so that (I^k_ε )^2 ≤ C √ ε. We divide D_ε into two sets:

D^1_ε = ⋃ {I^k_ε : I^k_ε ⊂ D_ε : ε|u^′_ε|^2 < (1 + C_ε)^2 on I^k_ε }, D^2_ε = D_ε \ D^1_ε .

If I^k_ε ⊂ D^2_ε we have 1 ε ∫ I^k_ε f(ε|u^′_ε|^2) dt + ε^3 ∫ I^k_ε |u^{′′}_ε |^2 dt ≥ 2 min_{η>0} min { 1 ε ηa_ε + ε^3 ∫_η 0 |u^{′′}|^2 dt : u^′(0) = 0, u^′(η) = C_ε/ √ ε } (5.5)

It is easy to compute such a minimum remarking that it is equivalent to

min_{η>0} min { ηa_ε + ∫_η 0 |u^{′′}|^2 dt : u^′(0) = 0, u^′(η) = C_ε √ ε }

= min_{η>0} min { ηa_ε + ∫_η 0 |w^′|^2 dt : w(0) = 0, w(η) = C_ε √ ε } , and see, by our choice of C_ε , that the minimizing pair in (5.5) is η = εK 4a_ε , u(x) = √ a_ε 2ε^2 x^2 ,

(up to an additive constant for u) which gives 1 ε ∫ I^k_ε f(ε|u^′_ε|^2) dt + ε^3 ∫ I^k_ε |u^{′′}_ε |^2 dt ≥ K. This shows that #({k : I^k_ε ⊂ D^2_ε }) is equibounded. We can suppose that #({k : I^k_ε ⊂ D^2_ε }) = N , independent of ε. Since |I^k_ε | → 0 as ε → 0+, we can suppose also that D^2_ε shrinks to a finite set H . Of course, #(H) ≤ N .

For all t > 0 let I_t = {x ∈ I : dist (x, H) > t}. For j ∈ N, we define

f^j(s) = { s if s ≤ 1 j if s > 1

and F^j_ε as in (3.4) with f^j in the place of f ; then, for fixed t and j , we have, for ε small enough F_ε(u_ε, I_t) ≥ F^j_ε (u_ε, I_t). By applying Proposition 3.5 we get that u ∈ SBV (I_t) and lim inf ε→0+ F_ε(u_ε, I_t) ≥ ∫ I_t |u^′|^2 + m(j, 1) ∫ I_t∩S(u) √ |u^+ − u^−|d#. By the arbitrariness of j we have then that u ∈ H^1(I_t) for all t > 0, and

lim inf ε→0+ F_ε(u_ε, I_t) ≥ ∫ I_t |u^′|^2. (5.6)

By the arbitrariness of t we obtain that u ∈ SBV (I) and S(u) ⊂ H . On the other hand, we clearly have, fixed t

lim inf ε→0+ F_ε(u_ε, I \ I_t) ≥ lim inf_{ε→0+} F_ε(u_ε, D^2_ε ) ≥ KN ≥ K#(S(u)). (5.7)

By (5.6), (5.7), and the arbitrariness of t we get

lim inf ε→0+ F_ε(u_ε, I) ≥ ∫ I |u^′|^2 dt + K#(S(u)).

It suffices now to construct a recovery sequence in the case u ∈ SBV (−1, 1) with S(u) = {0}, u ∈ H^2((−1, 1) \ {0}) and u^′(0±) = 0. The general case follows from Propositions 3.7 and 3.8.

We suppose without loss of generality that u^+(0) > u^−(0). Let z = u^+(0) − u^−(0), and let η_ε = z √ ε 2(1 + C_ε) + (1 + C_ε) ε √ ε 2 √ a_ε .

For ε small enough the following function is well defined and belongs to H^2(−1, 1):

u_ε(x) = u(x + η_ε) if x ≤ −η_ε u^−(0) +^{√aε}_{2ε2} (x + η_ε)^2 if −η_ε < x < −η_ε +^{(1+Cε) ε√ε}√_{aε} u^−(0) +^{(1+Cε)2ε}_2^√_{aε} +^{1+Cε√}_ε (x + η_ε −^{(1+Cε) ε√ε√}_{aε} ) if |x| ≤ η_ε −^{(1+Cε) ε√ε√}_{aε} u^+(0) −^{√aε}_{2ε2} (x − η_ε)^2 if η_ε −^{(1+Cε) ε√ε}√_{aε} < x < η_ε u(x − η_ε) if x ≥ η_ε.

The function u_ε is obtained “filling the gap of u” with two minimizers for the minimum problem in (5.5) joined by a steep affine function, with slope (1 + C_ε)/ √ ε so that it gives no contribution to the integrals. A direct computation gives

lim sup ε→0+ F_ε(u_ε) = ∫ I |u^′|^2 dt + K = F (u), and the proof is concluded.

Corollary 5.2. Let g ∈ L^2(I), λ > 0, and let (ε_j ) be a sequence of positive numbers converging to 0. Then, for every sequence (u_j) of minimizers of the problems min { 1 ε_j ∫ I f_{εj} (ε_j |u^′|^2) dt + ε^3_j ∫ I |u^{′′}|^2 dt + λ ∫ I |u − g|^2 dt : u ∈ H^2(I) }

there exists a subsequence converging in L^1(I) to a minimizer of the problem min {∫ I |u^′|^2 dt + #(S(u)) + λ ∫ I |u − g|^2 dt : u ∈ SBV (I) } , and we have also convergence of the minimum values.

Proof. Since we have sup ‖u_j − g‖_L2_{(I)} < +∞ the sequence (u_j ) is bounded in L^1(I). Repeating the reasoning of the first part of the proof of Theorem 5.1 we get that up to subsequences u_j converges in L^1(I) to some u ∈ SBV (I). The minimality of u and the convergence of minimum values are standard consequences of Γ-convergence.

REFERENCES

[1] E. Acerbi and A. Braides, Approximation of free-discontinuity problems by elliptic functionals via Γ-convergence, Preprint 1998.

[2] G. Alberti and C. Mantegazza, A note on the theory of SBV functions, Boll. Un.

Mat. It. 11 (1997), 375-382.

[3] R. Alicandro, A. Braides and M. S. Gelli, Free-discontinuity problems generated by singular perturbation, The Royal Society of Edinburgh, to appear.

[4] R. Alicandro, A. Braides and J. Shah, Approximation of non-convex functionals in GBV, Interfaces and Free Boundaries - modelling, analysis and computation, to appear.

[5] L. Ambrosio, A compactness theorem for a new class of functions of bounded variation, Boll. Un. Mat. Ital. 3-B (1989), 857-881.

[6] L. Ambrosio, Existence theory for a new class of variational problems, Arch. Rational Mech. Anal. 111 (1990), 291-322.

[7] L. Ambrosio, On the lower semicontinuity of quasi-convex integrals defined in SBV (Ω; IR^k), Nonlinear Anal. 23 (1994), 405-425.

[8] L. Ambrosio, A new proof of the SBV compactness theorem, Calc. Var. 3 (1995), 127-137.

[9] L. Ambrosio, N. Fusco and D. Pallara, Partial regularity of free-discontinuity sets II, Ann. Sc. Norm. Super. Pisa, Cl. Sci., IV. Ser. 24 (1997), 39-62.

[10] L. Ambrosio, N. Fusco and D. Pallara, Special Functions of Bounded Variation and Free Discontinuity Problems, Oxford University Press, Oxford, to appear.

[11] L. Ambrosio and V. M. Tortorelli, Approximation of functionals depending on jumps by elliptic functionals via Γ-convergence, Comm. Pure Appl. Math. 43 (1990), 999-1036.

[12] L. Ambrosio and V. M. Tortorelli, On the approximation of free-discontinuity problems, Boll. Un. Mat. Ital. 6-B (1992), 105-123.

[13] A. Bonnet, On the regularity of edges in image segmentation, Ann. Inst. H.

Poincaré Anal. Nonlin. 13 (1996), 485-528.

[14] G. Bouchitté, C. Dubs and P. Seppecher, Transitions de phases avec un potentiel dégénéré a l’infini, C. R. Acad. Sci. Paris 323 (1996), 1103-1108.

[15] A. Braides, Approximation of Free-discontinuity Problems, Lecture Notes in Mathematics, Springer Verlag, Berlin, 1998.

[16] A. Braides and V. Chiadò Piat, Integral representation results for functionals defined on SBV (Ω; IR^m), J. Math. Pures Appl. 75 (1996), 595-626.

[17] A. Braides and G. Dal Maso, Nonlocal approximation of the Mumford-Shah functional, Calc. Var. 5 (1997), 293-322.

[18] A. Braides and A. Defranceschi, Homogenization of Multiple Integrals, Oxford University Press, Oxford, 1998.

[19] A. Braides and A. Garroni, On the nonlocal approximation of free-discontinuity problems, Comm. Partial. Diff. Equations, to appear.

[20] H. Brezis Analyse fonctionelle, Masson, Paris, 1983.

[21] M. Carriero and A. Leaci, S^k -valued maps minimizing the L^p -norm of the gradient with free-discontinuities, Ann. Scuola Norm. Sup. Pisa ser. IV 18 (1991), 321- 352.

[22] G. Cortesani, Sequences of non-local functionals which approximate free discontinuity problems, Arch. Rational Mech. Anal., to appear.

[23] G. Cortesani and R. Toader, A density result in SBV with respect to non isotropic energies, Nonlinear Analysis, to appear [24] G. Dal Maso, An Introduction to Γ -convergence, Birkhäuser, Boston, 1993. [25] E. De Giorgi and L. Ambrosio, Un nuovo funzionale del calcolo delle variazioni, Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur. 82 (1988), 199-210.

[26] E. De Giorgi, M. Carriero, and A. Leaci, Existence theorem for a minimum problem with free discontinuity set, Arch. Rational Mech. Anal. 108 (1989), 195-218.

[27] E. De Giorgi and T. Franzoni, Su un tipo di convergenza variazionale, Atti Accad.

Naz. Lincei Rend. Cl. Sci. Mat. 58 (1975), 842-850.

[28] F. Dibos, Uniform rectifiability of image segmentations obtained by a variational method, J. Math. Pures Appl., to appear.

[29] M. Gobbino and M.G. Mora, Finite difference approximation of free discontinuity problems, Preprint 1998.

[30] M. Gobbino, Finite difference approximation of the Mumford-Shah functional, Comm. Pure Appl. Math. 51 (1998), 197-228.

[31] A.D. Ioffe, On the lower semicontinuity of integral functionals, SIAM J. Cont.

Optim. 15 (1977), 521-538 and 991-1000 [32] L. Modica and S. Mortola, Un esempio di Γ-convergenza, Boll. Un. Mat. It. 14-B (1977), 285-299.

[33] J. M. Morel and S. Solimini, Variational Models in Image Segmentation, Birkhäuser, Boston, 1995.

[34] D. Mumford and J. Shah, Optimal approximation by piecewise smooth functions and associated variational problems, Comm. Pure Appl. Math. 17 (1989), 577- 685.

[35] L. Truskinovsky and G. Zanzotto, Ericksen’s bar revisited: energy wiggles, J.

Mech. Phys. Solids 44 (1996), 1372-1408.