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ISOPERIMETRIC SETS AND p-CHEEGER SETS

ARE IN BIJECTION

MARCO CAROCCIA AND GIORGIO SARACCO

Abstract. Given an open, bounded, planar set Ω, we consider its p-

Cheeger sets and its isoperimetric sets. We study the set-valued map

V : [1/2,+∞) → P((0, |Ω|]) associating to each p the set of volumes

of p-Cheeger sets. We show that whenever Ω satisfies some geomet-

ric structural assumptions (convex sets are encompassed), the map is

injective, and continuous in terms of Γ-convergence. Moreover, when

restricted to (1/2, 1) such a map is univalued and is in bijection with its

image. As a consequence of our analysis we derive some fine boundary

regularity result.

1. Introduction

Let Ω be an open, bounded subset of R2, and let p ≥ 1/2. We define the

p-Cheeger constant of Ω as follows

H(p) := inf

{
P (F )

|F |p
: F ⊂ Ω , |F | > 0

}
, (1.1)

where |F | stands for the standard Lebesgue measure of the Borel set F

and P (F ) for its distributional perimeter, and we refer to [29] for an in-

troduction to the theory of sets of finite perimeter. We shall denote by Ep

any set attaining the infimum in (1.1) and call it a p-Cheeger set, refer to

Definition 2.3.

On the one hand, the choice p = 1 corresponds to the classic Cheeger

problem widely studied in literature. For a general overview we refer the

reader to the surveys [24, 30]. The problem is by now well-understood in

dimension 2, where a formula to compute H(1) and a geometric charac-

terization of minimizers is available in a wide generality. We refer to [21]

for convex sets, to [23, 26] for strips, and to [25, 27] for the most general
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statement. In dimension 2, additional properties have been proved when

Ω enjoys a rotational symmetry [7], and we also mention that a complete

characterization of the Blaschke–Santaló diagram for the triplet Cheeger

constant, perimeter and area of Ω has been recently obtained in [17], and

for more general triplets in [18]. Finally, some stability results in the planar

case are available in [11].

The Cheeger problem can be stated in general dimension N , but finer

characterizations are missing. We here only mention [1, 2] that establish

uniqueness and convexity of the minimizer whenever Ω is convex, and [5]

that proves rotational symmetry of minimizers whenever Ω is a set of rev-

olution, and [9] for some finer regularity results. Explicit characterization

of minimizers is available for few sets, we refer to [22], and remark that the

unique minimizer is unknown even for the unit cube.

Determining the constant H(1) and the minimizers is a problem that

attracted a lot of attention because it is related to many others, the most

known being the Cheeger’s inequality, through which H(1) provides a bound

from below to the first eigenvalue of the Dirichlet p-Laplacian, and we refer

to the foundational paper [13] (originally stated in a Riemannian framework)

and to more recent improved estimates [16, 31]. The constant also appears

in other spectral problems, see, e.g., [4, 8, 10]. We also refer to [15] for the

extension of these spectral properties in the very general context of abstract

measure spaces.

On the other hand, for p = 1/2 the functional is scaling invariant, and it

reduces to determining the cases of equality in the isoperimetric inequality.

Hence, in this latter case, the only minimizers are all and only the balls

contained in Ω. For this topic, we refer to the beautiful survey [19].

Up to our knowledge, problem (1.1) has been first studied in the range

(1/2, 1] in [3] again in relation to spectral inequalities, and some quantitative

inequalities have been later proved in [14]. We also refer to the recent

paper [32] for a more geometric point of view. In this range of exponents

the perimeter plays a stronger role and moving towards 1/2 minimizers try to

be as round as possible. Nevertheless, nothing prevents one from considering

exponents beyond 1, and the basic results of [32] still hold.

In this paper, we are interested in the following geometric point of view.

Fixed Ω ⊂ R2, we consider the isoperimetric problem

I(V ) := inf {P (F ) : F ⊂ Ω, |F | = V } .

The characterization of sets attaining I(V ) has been first fully carried out

in [34] in the planar, convex setting, and later on extended in [28] to a more

general class. We also mention [20, Cor. 2.12] where a first partial result,
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namely, the convexity of sets E attaining I(V ), in the planar, convex case

has been proved for anisotropic perimeters.

It is rather easy to see that any p-Cheeger set Ep attains I(|Ep|). If

Ω is not a ball, denoting with R the inradius of Ω, one easily proves that

|Ep| > πR2, whenever p > 1/2. It is reasonable to ask if, given any volume

V ∈ (πR2, |Ω|), one can find an exponent p > 1/2 such that there exists a

p-Cheeger set Ep with such a volume.

We recall that for p = 1 the class of Cheeger sets is closed with respect

to countable unions and intersections, and this allows to define maximal

and minimal Cheeger sets, refer to [12, Sect. 2]. An alternate definition of

maximal and of minimal Cheeger sets can be given in terms of their volumes,

refer to [28, Def. 3.5]. There, the authors define

m(Ω) := inf{ |E1| : E1 is a 1-Cheeger set of Ω }, (1.2)

M(Ω) := sup{ |E1| : E1 is a 1-Cheeger set of Ω }, (1.3)

and define, resp., a minimal, resp., maximal, 1-Cheeger set as a 1-Cheeger

set attaining m(Ω), resp., M(Ω). Such sets exist, and we refer, e.g., to [28,

Prop. 3.6]. In general one has

πR2 ≤ m(Ω) ≤ M(Ω) ≤ |Ω| (1.4)

being the second and third inequalities trivial, and the first one a straightfor-

ward consequence of the isoperimetric inequality and the scaling properties

of the ratio P (E)/|E|. If Ω is a ball, all inequalities in (1.4) are actually

equalities; otherwise the first one is strict. If Ω is convex the second in-

equality is an equality [1] but there are also nonconvex sets for which one

has equality, refer for instance to [27, Thm. 2.3]. Finally, there are several

sets for which the last inequality is an equality, refer to [33].

Our main result is that for a quite general class of planar sets Ω, refer to

Definition 2.4, there exists a strictly increasing, continuous function (hence,

a bijection)

V : (1/2, 1) → (πR2,m(Ω)),

such that a set E attains H(p) if and only if it attains I(V(p)). The analog

cannot be fully established in the supercritical regime p > 1, since we are

unable to prove that the volume of a p-Cheeger set is uniquely detemined

by the exponent p. In this case, we can only show that it remains defined as

a multivalued map from p > 1 to the power set of the interval (M(Ω), |Ω|],
and that such a map is injective and has a particular continuity property.

This result is in the same spirit of [28], where for the same class of sets

the authors consider the problem of characterizing the sets attaining

F (κ) := inf
{
P (A)− κ|A| : A ⊂ Ω, |A| ≥ πR2

}
.
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The parameter κ geometrically represents the curvature of ∂E ∩ Ω, where

E is any set attaining F (κ). They prove that there exists a continuous

increasing map

K : (πR2, |Ω|) → (R−1, κ̄),

such that a set E attains I(V ) if and only if it attains F (K(V )), where

κ̄ := inf
{
κ > R−1 : Ω minimizes F (κ)

}
.

Visually, as the volume V increases, isoperimetric sets “invade” Ω and they

are found by “cutting” Ω’s corners with arcs of larger curvature K(V ). Under

some additional geometric assumption on the set Ω, the map K is strictly

increasing, refer to [28, Cor. 4.3 (ii)], and thus it defines a bijection. We

also remark that the image of the map K of the interval (πR2,m(Ω)) is the

interval (R−1, H(1)), hence the composition

K ◦V : (1/2, 1) → (R−1, H(1))

is an increasing, continuous function, and under some additional hypothe-

ses a bijection. Analogously, in the supercritical regime p > 1, one has a

multivalued map into the power set of the interval κ > H(1).

As a consequence of the fact that any set E attaining either H(p) or I(V )

also attains F (κ) for a suitable κ, by adapting the strategy of [9], we prove

a fine regularity result on the contact set ∂E ∩ ∂Ω, yielding a lower bound

on its Hausdorff dimension.

1.1. Organization of the paper. The paper is organized as follows. In

Section 2, we set some notation, and state the main results of our paper. In

Section 3, we recall some known results and prove some preliminary lemmas

needed in the proof of our main Theorem 2.5, whose proof is contained in

Section 4. Finally, in Section 5 we exploit our main result to prove Corol-

lary 2.7, that establishes some fine regularity results on the free boundary

of sets attaining either H(p) or I(V ) or F (κ).

2. Notation and main results

Given an open, bounded set Ω ⊂ R2 we are interested in the following

three functionals of geometric flavor.

Definition 2.1 (Prescribed curvature sets). Let Ω ⊂ R2 be open, and

bounded, and let R be its inradius. Given κ ≥ R−1, we say that a set

E ⊆ Ω is a set of prescribed curvature κ of Ω if it attains the infimum

F (κ) := inf
{
P (A)− κ|A| : A ⊂ Ω, |A| ≥ πR2

}
. (2.1)
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Definition 2.2 (Isoperimetric sets). Let Ω ⊂ R2 be open, and bounded,

and let R be its inradius. Given V ≥ πR2, we say that a set E ⊆ Ω is an

isoperimetric set of volume V of Ω if it attains the infimum

I(V ) := inf{P (F ) : F ⊂ Ω , |F | = V }. (2.2)

Definition 2.3 (p-Cheeger sets). Let Ω ⊂ R2 be open, and bounded. Given

p ≥ 1/2, we say that a set E ⊆ Ω is a p-Cheeger set of Ω if it attains the

infimum

H(p) := inf

{
P (F )

|F |p
: F ⊂ Ω , |F | > 0

}
. (2.3)

The sets we are interested in are those with no necks of any radius, a

concept first introduced in [25, Def. 1.2]. The precise definition is as follows.

Definition 2.4 (Sets with no necks of any radius). Let Ω ⊂ R2 be a Jor-

dan domain, that is, the open region bounded by a Jordan curve. Assume

that the 2-dimensional Lebesgue measure of ∂Ω is zero, that is, the curve

delimiting Ω is not space-filling. Denoting with R the inradius of Ω, we say

that Ω has no necks of radius r ≤ R, if it has the following property:

• given any two balls Br(x0), Br(x1) ⊂ Ω, there exists a continuous curve

γ : [0, 1] → R2 such that

γ(0) = x0, γ(1) = x1, Br(γ(t)) ⊂ Ω, ∀t ∈ [0, 1].

We say that Ω has no necks of any radius if the above property holds for

all r ≤ R.

We remark that any convex set, and more generally any star-shaped set,

is a set with no necks of any radius, but there are many sets that enjoy such

a property, whose boundary can be quite wild, e.g., Koch snowflakes. We

can now state our main theorem that holds for the sets just introduced.

Theorem 2.5. Let Ω ⊂ R2 be a set with no necks of any radius, let R be

its inradius, and assume that Ω is not a ball. Being P(A) the power set of

A, define the multivalued map

V : [1/2,+∞) → P((0, |Ω|]),

by setting

V(p) := {V : there exists a p-Cheeger set Ep of Ω with |Ep| = V }. (2.4)

The following hold true:

1) a set E is a p-Cheeger set if and only if it is an isoperimetric set of

volume |E| = V ∈ V(p);
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2) V is injective, and continuous in the following sense: if pi → p, and

Vpi ∈ V(pi), then, up to subsequences, Vpi → V , with V ∈ V(p);

3) one has

(i) V(1/2) = (0, πR2];

(ii) the restriction of V to the interval (1/2, 1) is univalued, and

in particular, it is a strictly increasing, continuous function,

inducing a bijection

V : (1/2, 1) → (πR2,m(Ω));

(iii) V(1) = [m(Ω),M(Ω)];

(iv) if p > 1, then V(p) ⊆ (M(Ω), |Ω|];

where m(Ω) and M(Ω) have been, respectively, defined in (1.2) and (1.3).

Remark 2.6. If Ω is a ball, one has πR2 = m(Ω) = M(Ω) = |Ω|, and

the above theorem reads as follows. Any set with volume V < πR2 is

isoperimetric if and only if it is a 1/2-Cheeger set, while the whole Ω is a

p-Cheeger set for any p ≥ 1/2. Hence, V maps 1/2 in the interval (0, πR2],

and any p > 1/2 in the singleton πR2.

As a consequence of Theorem 2.5 and of [28] establishing a connection

between isoperimetric sets and sets with prescribed curvature, which we sum

up in Theorem 3.3, we can prove the following corollary.

Corollary 2.7. Let α ∈ (0, 1] and Ω ⊂ R2 be a set with no necks of any

radius with C1,α boundary and let R be its inradius. Assume that Ω is not

a ball and that E ⊆ Ω attains

a) either F (κ) for κ > 1/R,

b) or F (κ) for κ = 1/R and E is not a ball,

c) or I(V ) for V > πR2,

d) or H(p) for p > 1/2.

Then, around any x ∈ ∂E ∩ ∂Ω the set E has boundary of class C1,α, and

Hα(∂E ∩ ∂Ω) > 0,

where Hα stands for the α-dimensional Hausdorff measure.

To prove this result we show how one can adapt the techniques and the

strategy adopted in [9] for sets attaining F (H(1)) to those attaining F (κ)

for a general curvature κ ≥ R−1.
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Remark 2.8. The equality in case c) would immediately imply that E is an

inball of Ω, while the equality in case d) that E is a ball contained in Ω.

While this would imply the regularity of ∂E, it would not be enough to infer

anything on Hα(∂E ∩ ∂Ω).

Remark 2.9. If Ω were a ball, then for any κ ≥ 1/R (resp., for any p > 1/2)

the only set attaining F (κ) (resp., H(p)) would be Ω itself. Thus, the

conclusion Hα(∂E ∩∂Ω) > 0 trivially follows. We also notice that assuming

c) the statement would be emptily true, since V is chosen greater than πR2.

Remark 2.10. It is reasonable to think that an analog of Theorem 2.5 and

of Corollary 2.7 might hold in higher dimension, at least for convex Ω, by

replacing the exponent 1/2 with the isoperimetric one (N − 1)/N. On the

one hand point 1) of Theorem 2.5 holds true with the same proof (and

without any geometric assumptions on Ω). The proofs of the remaining

points heavily rely on the results of [28], which extensively use the fact that

the only curves with constant curvature are union of arcs of circle with the

given curvature. On the other hand, the regularity result of Corollary 2.7

holds for a higher dimensional Ω for sets attaining F (κ), with κ ≥ (N − 1)/R,

and, thanks to [2, Sect. 4], for sets attaining I(V ) with V ≥ m(Ω) when Ω is

convex and C1,1-regular. The Hausdorff dimension to be considered though

should be N − 2 + α, refer to [9].

3. Tools

Proposition 3.1. Let Ω be a bounded, open set in R2. For all p ≥ 1/2, there

exist p-Cheeger sets Ep, and the boundaries ∂Ep ∩ Ω are union of arcs of

circles of curvature

κEp = pH(p)|Ep|p−1. (3.1)

Moreover, for p > 1/2, the volume of any p-Cheeger set is at least πR2, where

R is the inradius of Ω.

Proof. In the range 1/2 ≤ p ≤ 1, existence is proved in [32, Thm. 3.2], while

the relation (3.1) on the curvature in [32, Thm. 2.2(4)]. The same exact

proofs work in the range p > 1, since they only rely on the Direct Method

and a first order expansion.

Thus, we are left to show the bound on the volume, and this easily follows

by computing the ratio for balls. Indeed, for any ball Br of radius r, one

has
P (Br)

|Br|p
= 2π1−pr1−2p, (3.2)

which is strictly decreasing in r, for p > 1/2, while for p = 1/2 it would be

constant. For any volume V < πR2, we let r = r(V ) < R be the radius of
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any ball with volume V . Then, for any set F of volume V , by using the

isoperimetric inequality, and (3.2) we have

P (F )

V p
≥ P (Br)

V p
>

P (BR)

|BR|p
≥ H(p),

which implies that such a set cannot be a minimizer. □

Lemma 3.2. Let Ω be a bounded, open set in R2, let R be the inradius of

Ω, and let κ > 0 be fixed. Then F (κ) defined in (2.1) is strictly decreasing

as a function of κ, and it switches sign at H(1).

Proof. First, for any fixed κ the infimum is finite, since it is bounded from

below by −κ|Ω|. Second, by the Direct Method, it is easy to see that the

infimum is attained by some set Eκ, with positive volume. Let now κ1 > κ2,

and let Eκi be sets achieving the respective minima. Then,

F (κ1) = P (Eκ1)− κ1|Eκ1 | ≤ P (Eκ2)− κ1|Eκ2 |
< P (Eκ2)− κ2|Eκ2 | = F (κ2).

We are left to show that F (κ) has as unique zero H(1). Clearly, there is at

most one, since we have proved that F (κ) is strictly decreasing. The fact

that F (H(1)) = 0 is immediate by the definition of 1-Cheeger constant and

the bound on the volume of minimizers provided by Proposition 3.1. □

The next theorem recollects results from [28], and it establishes a duality

between the task of finding isoperimetric sets in Ω (in a given range of

volumes) and finding minimizers of the prescribed curvature functional (in

a given range of curvatures), under the assumption that Ω has no necks of

any radius, following Definition 2.4.

Theorem 3.3. Let Ω ⊂ R2 be a set with no necks of any radius, and let

R denote the inradius of Ω. There is a continuous function K : V 7→ K(V )

from [πR2, |Ω|) to [1/R,+∞) with the following properties:

(i) a set EV of volume V is isoperimetric if and only if it is a solution

to the K(V )-prescribed curvature problem, i.e., if it attains (2.1), or

equivalently if it minimizes

FK(V )[E] := P (E)− K(V )|E|, (3.3)

among all subsets of Ω with |E| ≥ πR2;

(ii) given an isoperimetric set EV of volume V , the set ∂EV ∩ Ω has

constant curvature, and it is equal to K(V );

(iii) given V2 > V1, and two isoperimetric sets EVi of these volumes, one

has K(V2) ≥ K(V1), that is, the map is increasing. Moreover, if the

strict inequality K(V2) > K(V1) holds, one has EV1 ⊊ EV2;
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(iv) V < m(Ω) if and only if K(V ) < H(1), V > M(Ω) if and only

if K(V ) > H(1), while V ∈ [m(Ω),M(Ω)] if and only if K(V ) =

H(1), where m(Ω) and M(Ω) have been, respectively, defined in (1.2)

and (1.3).

For point (i) we refer to [28, Thm. 2.4]. The continuity of the map is

not explicitly stated but this is shown in the proof of the same theorem.

Point (ii) follows from point (i) and [28, Prop. 3.2 (i)]. For point (iii) we

refer to [28, Cor. 3.12]. Point (iv) follows from point (i), point (iii) and

the structure granted by [28, Thm. 2.3] of minimizers of the prescribed

curvature functional Fκ defined in (3.3). We remark that under slightly

stronger conditions on Ω, the monotonicity of point (iii) improves to a strict

monotonicity, hence the function K becomes a bijection on its image, refer

to [28, Cor. 4.3 (ii)].

Lemma 3.4. Let Ω be an open, bounded set in R2, and let p ≥ 1/2. Any

p-Cheeger set Ep is an isoperimetric set in Ω for its own volume, that is,

P (Ep) = inf{P (F ) : F ⊂ Ω , |F | = |Ep| }.

Proof. Let Ep be a p-Cheeger set. By definition of p-Cheeger constant, for

any other set F ⊂ Ω one has

H(p) =
P (Ep)

|Ep|p
≤ P (F )

|F |p
.

In particular, for all competitors F such that |F | = |Ep| = V one has

P (Ep)

V p
≤ P (F )

V p
,

that is, P (Ep) ≤ P (F ) for all F ⊂ Ω with its same volume. This means

that Ep is isoperimetric for its own volume. □

Lemma 3.5. Let Ω ⊂ R2 be a set with no necks of any radius, and denote

by R the inradius of Ω. Given any measurable subset E ⊂ Ω, we denote by

κE the curvature of ∂E ∩ Ω. The following hold:

(i) if p ∈ (1/2, 1), for any p-Cheeger set Ep one has

max{ pH(1), R−1 } ≤ κEp < H(1);

(ii) if p = 1, for any 1-Cheeger set E1 one has κE1 = H(1);

(iii) if p > 1, for any p-Cheeger set Ep one has κEp ≥ pH(1).

Proof. Let p > 1/2 be fixed and Ep a p-Cheeger set of Ω. Point (ii) immedi-

ately follows from (3.1), so let us focus on p ̸= 1.
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First, by the equality on the curvature (3.1) we have, for any p,

κEp = pH(p)|Ep|p−1 = p
P (Ep)

|Ep|p
|Ep|p−1 = p

P (Ep)

|Ep|
≥ pH(1) . (3.4)

Hence, point (iii) immediately follows from the above inequality.

We are left with proving point (i). By Lemma 3.4, Ep is an isoperimetric

set for its own volume, which, by Proposition 3.1, is at least πR2. Therefore

by Theorem 3.3, we have that Ep minimizes P (F )−κEp |F | among all subsets

of Ω with |F | ≥ πR2, that is,

F (κEp) = P (Ep)− κEp |Ep| (3.5)

holds. Moreover, Theorem 3.3 grants the second lower bound on the curva-

ture κEp = K(|Ep|) ≥ R−1. This, paired with (3.4), yields

max{ pH(1), R−1 } ≤ κEp .

Finally, using (3.5), that p < 1, and the information on the curvature (3.1),

we have the inequality

F (κEp) = P (Ep)− κEp |Ep|

> P (Ep)−
κEp

p
|Ep| = P (Ep)−H(p)|Ep|p = 0,

where the last equality follows from the minimality of Ep with respect to

H(p). This paired with Lemma 3.2 implies that κEp < H(1). □

Remark 3.6. We remark that for point (i) to hold, it would be enough for

Ω to have no necks of radius r for all r ∈ (H(1)−1, R], while for point (iii)

for all r ∈ (0, H(1)−1), by using a finer version of Theorem 3.3, refer to [28,

Thm. 2.3].

The following result is crucial in proving the continuity of the map V, in

terms of Γ-convergence, for whose definition one can refer to [6].

Theorem 3.7. Let Ω ⊂ R2 be an open, bounded set and denote by R its

inradius. For any fixed p ≥ 1/2, and any measurable set E ⊂ Ω with volume

|E| ≥ πR2, define the p-Rayleigh quotient

Rp[E] =
P (E)

|E|p
.

Given p ≥ 1/2 and {pj}j a sequence with pj ≥ 1/2 converging to p, the

functionals Rpj Γ-converge to Rp in the L1
loc topology.

Proof. The Γ-lim inf inequality. Let E be fixed, with |E| ≥ πR2, and let Ej

be any sequence of sets converging to E in L1
loc, with |Ej | ≥ πR2. We need

to show that

Rp[E] ≤ lim inf
j

Rpj [Ej ] .



ISOPERIMETRIC AND p-CHEEGER SETS 11

This is easily verified: the perimeter is lower semicontinuous with respect to

such topology, thus P (E) ≤ lim infj P (Ej) and the L1
loc convergence implies,

together with |Ej | ∈ [πR2, |Ω|], that

||Ej |pj − |E|p| ≤ ||Ej |pj − |Ej |p|+ ||Ej |p − |E|p|

≤|Ω|p
∣∣|Ej |pj−p − 1

∣∣+ ||Ej |p − |E|p| → 0

and the claim follows.

The Γ-lim sup inequality. Let E be fixed, with |E| ≥ πR2. We need to

find a sequence of sets Ej converging to E in L1
loc such that

Rp[E] ≥ lim sup
j

Rpj [Ej ] .

Whether P (E) = +∞ or not, the constant sequence Ej = E clearly does

the trick and satisfies the Γ-lim sup inequality. □

Remark 3.8. One of the powerful consequences of Γ-convergence is that if

Epj is a sequence of minimizers of the functionals Rpj Γ-converging to Rp,

then any limit point (w.r.t. the considered topology) of the sequence is a

minimizer of Rp, refer to [6, Sect. 1.5]. Therefore, since for any q ≥ 1/2 any

minimizer of Rq is a q-Cheeger set, the above theorem implies the following.

Given any sequence pj with pj ≥ 1/2 converging to p, consider a sequence

Epj of minimizers of Rpj . By Γ-convergence, any of its limit points in L1
loc

is a minimizer of Rp, that is, it is a p-Cheeger set. In particular, since Epj

is a pj-Cheeger set, one has

P (Ej) ≤ 2 sup
j

hpj (Ω)|Ω|pj , ∀j.

Since pj is converging, it is bounded from above by some p̂, and also from be-

low by 1/2. Thus, the RHS of the above inequality is bounded independently

from j: choosing a ball Br ⊂ Ω as a competitor to hpj (Ω), one has

P (Ej) ≤ 4max{1, r1−2p̂}max{|Ω|
1
2 , |Ω|p̂}.

By standard compactness results on the perimeter, Epj converges in L1
loc to

a set of finite perimeter E ⊂ Ω. By Γ-convergence, E is a p-Cheeger set.

Lemma 3.9. Let Ω ⊂ R2 be a set with no necks of any radius, and let R be

its inradius. For any fixed p ≥ 1/2 we have the following

(i) V(1/2) = (0, πR2];

(ii) if p ∈ (1/2, 1), then V(p) ⊆ (πR2,m(Ω));

(iii) V(1) = [m(Ω),M(Ω)];

(iv) if p > 1, then V(p) ⊆ (M(Ω), |Ω|];

where m(Ω) and M(Ω) have been, respectively, defined in (1.2) and (1.3).
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Proof. Assertion (i) follows by recalling that P (E)√
|E|

is scale invariant and is

equivalent to the standard Euclidean isoperimetric problem, for which each

admissible ball B ⊂ Ω is a solution.

For each p any p-Cheeger set is isoperimetric for its own volume thanks

to Lemma 3.4. Thus assertions (ii)–(iv) are a consequence of Lemma 3.5

paired with assertions (i) and (iv) of Theorem 3.3. □

Proposition 3.10. Let Ω ⊂ R2 be a set with no necks of any radius. Then

the restriction of V to (1/2, 1) is univalued.

Proof. Let p ∈ (1/2, 1) be fixed and let E1
p and E2

p be two p-Cheeger sets, and

denote by Vi their volumes. Assume by contradiction, and up to relabeling,

that V2 > V1. By (3.1) we know that the product κEi
p
V 1−p
i is constant.

More precisely, we have

κEi
p
V 1−p
i = pH(p) .

In particular, since p < 1 and since we assumed V2 > V1, we infer the strict

inequality on the curvatures κE1
p
> κE2

p
. By Lemma 3.4 the sets Ei

p are

isoperimetric for their own volumes, and by Proposition 3.1 this is at least

πR2, where R is the inradius of Ω. Thus, we can apply Theorem 3.3 (ii)

which immediately gives a contradiction, since it implies the opposite in-

equality κE2
p
> κE1

p
. □

Lemma 3.11. Let Ω ⊂ R2 be a set with no necks of any radius. The map

V is injective.

Proof. Let p1 and p2 be in [1/2,+∞), and assume that V(p1) ∩V(p2) ̸= ∅.
Let then V ∈ V(p1) ∩ V(p2) and let E1 and E2 be, resp., a p1-Cheeger

set and a p2-Cheeger set with |E1| = |E2| = V . By Lemma 3.4 they are

isoperimetric for their own volumes, and since they have the same volume

they necessarily have the same perimeters, that is, P (E1) = P (E2). More-

over, by Theorem 3.3 (ii) the sets ∂E1 ∩Ω and ∂E2 ∩Ω also have the same

curvature, that is, κE1 = κE2 .

Thus using (3.1), one has the equality

p1H(p1)V
p1−1 = p2H(p2)V

p2−1,

and explicitly writing H(pi) as the pi-Rayleigh ratio of Ei, one obtains

p1
P (E1)

V
= p2

P (E2)

V
.

Since P (E1) = P (E2), it follows that p1 = p2, hence the claim. □
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4. Proof of Theorem 2.5

Proof of Theorem 2.5. We prove each point separately.

Proof of Assertion 1): fix p ≥ 1/2. If Ep is a p-Cheeger set then

it is isoperimetric for its own volume thanks to Lemma 3.4 and the defini-

tion (2.4) ofV. Conversely, fixed an isoperimetric set F of volume V ∈ V(p),

there exists a p-Cheeger set E′
p with |E′

p| = V . By Lemma 3.4 we also have

that P (E′
p) = P (F ). Thus, since |Ep| = V then Ep must be a p-Cheeger set

as well.

Proof of Assertion 2): on the one hand the stated continuity of the

multivalued map comes from Theorem 3.7 and Remark 3.8. On the other

hand, the injectivity comes from Lemma 3.11.

Proof of Assertion 3): Points (i), (iii) and (iv) are consequences

of Lemma 3.9. We only need to prove point (ii). Proposition 3.10 and

Lemma 3.11 imply that V is univalued and injective. We are left to prove

continuity, monotonicity and that the function is onto.

Continuity: the continuity of V in the open interval (1/2, 1) is a conse-

quence of the Γ-convergence proved in Theorem 3.7 in the L1
loc topology,

coupled with the injectivity of Lemma 3.11. Let {pj}j ⊂ (1/2, 1) be any

sequence converging to p ∈ (1/2, 1). By injectivity, V(pj) (resp., V(p)) is the

singleton Vpj (resp., Vp). We want to prove that Vpj converges to Vp.

Consider any subsequence Vpjk
. For each k, let Epjk

be a pjk -Cheeger

set, whose volume, by injectivity, is Vpjk
. By Remark 3.8 these sets, up to

taking a further subsequence pjkn , converge in L1
loc to a set E which is a

p-Cheeger set, and whose volume is uniquely determined by the injectivity

of V, that is, |E| = Vp. By the L1
loc convergence happening in the bounded

Ω, we have Vpjkn
→ Vp. Since from any subsequence of Vpj we can extract

a converging sub-subsequence to the same number Vp, the whole sequence

Vpj converges to the said number.

Monotonicity: since V is a continuous and injective function, it is also

strictly monotone. Thus, we only need to show that the function is increas-

ing, and to this aim it is sufficient to show that

lim
p→1−

V(p) > lim
p→ 1

2

+
V(p).

Let us start by taking any sequence pj converging to 1/2. The uniform lower

bound |Epj | ≥ πR2, and the Γ-convergence of Theorem 3.7 give that

Epj

L1
loc−−→ E1/2, with |E1/2| ≥ πR2,
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where E1/2 is a 1/2-Cheeger set. Since all 1/2-Cheeger sets are balls contained

in Ω, we also have the opposite inequality |E1/2| ≤ πR2, thus

lim
p→ 1

2

+
V(p) = πR2.

A completely analogous argument works for the limit as p → 1−, taking

into account that |Ep| ≤ m(Ω) for all p < 1 thanks to Lemma 3.9, and that

m(Ω) ≤ |E1| for all 1-Cheeger sets by its own definition (1.2).

Surjectivity: the fact that the function is onto (πR2,m(Ω)) now imme-

diately follows. Indeed, since it is continuous and strictly monotonic, it is

a bijection with its own image. Thus, one would only need to show that

V((1/2, 1)) = (πR2,m(Ω)), but this is trivial from the continuity and the

evaluations of the limits

lim
p→ 1

2

+
V(p) = πR2, lim

p→1−
V(p) = m(Ω),

we performed in the previous step. □

4.1. On the case p > 1. It would be desirable to prove that V is univalued

also in the supercritical regime p > 1, and this would be enough to prove

that it would be one-to-one between exponents in (1, p̄), being

p̄ := inf{ p : |Ep| = |Ω| },

and volumes V ∈ (M(Ω), |Ω|], with the same exact proof we used for the

subcritical case p ∈ (1/2, 1). At the current stage, we are unable to exclude

V to be multivalued for p > 1. We do not have any counterexample to it

being univalued but we have some hints that it might not be in general.

In order to show it to be univalued, it would be enough to show that the

function K(V )V 1−p appearing in equation (3.1) is strictly monotonic. We

recall that the increasing function K(V ) is the derivative of I(V ), see [28,

Rem. 4.6]. Assuming I to be twice differentiable, we would be led to study

the sign of
I ′′(V )V + (1− p)I ′(V )

V p
. (4.1)

Since I is increasing, refer to [28, Thm. 2.3 and Thm. 2.4], and convex

for V ≥ πR2, refer to [28, Thm. 2.5 and Rem. 4.6], it is clear that in the

subcritical regime p < 1 the above quantity is always nonnegative. On the

contrary, in the supercritical regime p > 1, a competition between the two

terms ensues. In particular, one can cook up sets for which I ′′(V ) vanishes

for intervals of volume as large as one wishes, thus making (4.1) negative.

Indeed, given any Ω, it would be enough to glue a very thin and (as) long

(as one wishes) rectangle to ∂Ω\ (∂Ω∩∂E1), being E1 a maximal 1-Cheeger

set.
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5. A boundary regularity result

The approach implemented here connects three geometric variational

problems: p-Cheeger sets, sets of prescribed curvature κ, and isoperimetric

sets of volume V . As a consequence we can use this connection to deduce

general properties of solutions to these problems by analyzing the most con-

venient one. In this spirit, by studying the properties of p-Cheeger sets, we

provide a boundary regularity theorem also for minimizers of F (κ), and of

I(V ) in given range of κ and V . The proof follows the approach in [9]. Since

it is mostly a straightforward adaptation, we here only sketch it.

Before proving Corollary 2.7 we need to state and prove the following

lemma, which is a key tool in the strategy adopted in [9].

Lemma 5.1. Let Ω be a simply connected, open, bounded set in R2. Suppose

that, for κ > 1/R, there exists a ball B ⊆ Ω minimizing F (κ). Then Ω itself

is the ball B.

Proof. Since B ⊆ Ω attains F (κ), as defined in (2.1), then |B| ≥ πR2.

Being B a ball, we necessarily have that it is an inball of Ω, i.e., |B| = πR2.

Let us argue by contradiction. Up to a translation, we can assume that

∂B ∩ Ω ̸= ∅. Then, the curvature of the free boundary ∂B ∩ Ω ̸= ∅ must

be κ > 1/R, against the fact that the curvature of ∂B is 1
R . Therefore,

∂B ∩ Ω = ∅ and thus, since Ω is simply connected, B = Ω. □

Proof of Corollary 2.7. We split the proof in three steps. First, we prove

the C1,α regularity for sets satisfying a). Second, we prove the dimensional

lower bound on the contact surface, again for sets satisfying a) or b). These

two steps follow the strategy first used in [9]. Third, we exploit Theorem 2.5

to apply the first two steps for sets satisfying c), and d).

Step one: C1,α regularity of the boundary. Fix κ ∈ [1/R,+∞) and

let E be a set with prescribed curvature κ. Assume the contact surface

∂E ∩ ∂Ω to be nonempty, as otherwise there is nothing to prove, and fix x

in it. Without loss of generality, up to a translation and a rotation, we can

assume that x = 0 and that νE(x) = e2. Since Ω is a Jordan domain, so it

is E (see [28, Prop. 3.8 (ii)]), thus we can describe locally their boundaries

through continuous functions. In particular, let fE , fΩ be the functions

satisfying

E ∩ ([−r, r]× R) = {(x, y) ∈ R2 | − L ≤ y ≤ fE(x)}

Ω ∩ ([−r, r]× R) = {(x, y) ∈ R2 | − L ≤ y ≤ fΩ(x)}
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for suitable r, L. Let us consider the space of H1 functions on (−r, r) that

agree with fE on the boundary, and are bounded from above by fΩ, that is

C :=
{
w ∈ H1(−r, r) | w − fE ∈ H1

0 (−r, r), w ≤ fΩ in (−r, r)
}

and the prescribed curvature functional

G(w) :=

∫ r

−r

√
1 + (w′)2 dx− κ

∫ r

−r
w dx.

It is immediate to see that fE minimizes such a functional among functions

in C. By classical theory of obstacle problems we have then that fE ∈ C1.

Now, by arguing as in Step two and Step three of the proof of [9, Lem. 5.1]

we achieve fE ∈ C1,α.

Step two: Dimensional lower bound on the contact surface. Fix again

κ ∈ [1/R,+∞) and let E be a set with prescribed curvature κ, and, just

as before, assume that the contact surface is nonempty. By Step one we

have that around any x ∈ ∂E ∩ ∂Ω the set E has boundary of class C1,α.

Let Γ := ∂E ∩ ∂Ω, and assume by contradiction that Hα(∂E ∩ ∂Ω) = 0.

Then ∂E has constant curvature (equal to κ) on R2 \ Γ and Hα(Γ) = 0.

We thus invoke [9, Thm. 4.1] to conclude that ∂E has constant curvature

(equal to κ) on R2. Hence, E must be a ball. On the one hand, if κ = 1/R,

this immediately contradicts case b). On the other hand, in case a) when

κ > 1/R, we can use Lemma 5.1, finding that Ω is a ball, against our starting

hypothesis. Hence, in both cases a) and b) it must hold Hα(∂E ∩ ∂Ω) > 0.

Step three: Steps one and two above prove the validity of the thesis of

Corollary 2.7 for sets satisfying either a) or b). In the following, we reason

for sets E satisfying either c) or d) such that E ̸= Ω, as otherwise there is

nothing to prove.

The equivalence established by Assertion i) of Theorem 3.3 allows to

apply Steps one and two also to sets satisfying c). Finally, combining The-

orem 2.5 with Theorem 3.3, we can associate to each p-Cheeger set Ep with

p > 1/2 a curvature κEp ∈ [1/R,+∞) such that Ep attains F (κEp) implying

the validity of the boundary regularity in this case, settling point d). □

Remark 5.2. Points a) and b) are both needed in order to prove points c)

and d). Indeed, there are sets Ω for which the following occurs. There

exist an exponent p̂ > 1/2 and a volume V̂ > πR2, where as usual R is the

inradius of Ω, such that p-Cheeger sets E for p ∈ (1/2, p̂) and isoperimetric

sets E of volume V ∈ (πR2, V̂ ) have as curvature of ∂E ∩ Ω exactly 1/R,

and they are not balls since their volume is greater than the one of an

inball. In particular, this occurs whenever K−1(1/R) does not reduce to

the lone volume πR2. Equivalently, Ω does not have a unique inball, refer
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to [28, Thm. 2.3 (iii)], for instance whenever it is a rectangle (this example

is explicitly treated in [32, Sect. 3]).

Remark 5.3. We remark that the result is sharp, in the sense that one can

build sets Ω of class C1,α such that for some κ > 1/R, one has sets E ⊂ Ω

with prescribed curvature κ with

dimH(∂E ∩ ∂Ω) = α.

This can be seen using the criterion proved in [33], arguing as in [9, Sect. 6].

References

[1] F. Alter and V. Caselles. Uniqueness of the Cheeger set of a convex body. Nonlinear

Anal., 70(1):32–44, 2009. doi:10.1016/j.na.2007.11.032.

[2] F. Alter, V. Caselles, and A. Chambolle. A characterization of convex calibrable sets

in RN . Math. Ann., 332(2):329–366, 2005. doi:10.1007/s00208-004-0628-9.

[3] A. Avinyo. Isoperimetric constants and some lower bounds for the eigenvalues of the

p-Laplacian. Nonlinear Anal., 30(1):177–180, 1997. doi:10.1016/S0362-546X(96)

00229-5.

[4] V. Bobkov and E. Parini. On the higher Cheeger problem. J. Lond. Math. Soc. (2),

97(3):575–600, 2018. doi:10.1112/jlms.12119.

[5] V. Bobkov and E. Parini. On the Cheeger problem for rotationally invariant domains.

Manuscripta Math., 166(3–4):503–522, 2021. doi:10.1007/s00229-020-01260-9.

[6] A. Braides. Γ-convergence for beginners, volume 22 of Oxford Lecture Series in

Mathematics and its Applications. Oxford University Press, Oxford, 2002. doi:

10.1093/acprof:oso/9780198507840.001.0001.
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Sommarive 14, IT–38123 Povo-Trento

Email address: giorgio.saracco@unitn.it


	1. Introduction
	1.1. Organization of the paper

	2. Notation and main results
	3. Tools
	4. Proof of thm:main
	4.1. On the case p ge 1

	5. A boundary regularity result
	References

