ISOPERIMETRIC SETS AND p-CHEEGER SETS
ARE IN BIJECTION

MARCO CAROCCIA AND GIORGIO SARACCO

ABSTRACT. Given an open, bounded, planar set €2, we consider its p-
Cheeger sets and its isoperimetric sets. We study the set-valued map
U : [L2,+00) — P((0,]]]) associating to each p the set of volumes
of p-Cheeger sets. We show that whenever ) satisfies some geomet-
ric structural assumptions (convex sets are encompassed), the map is
injective, and continuous in terms of I'-convergence. Moreover, when
restricted to (1/2,1) such a map is univalued and is in bijection with its
image. As a consequence of our analysis we derive some fine boundary
regularity result.

1. INTRODUCTION

Let © be an open, bounded subset of R%, and let p > 1/2. We define the
p-Cheeger constant of € as follows

H(p) := inf{ Téi))

where |E| stands for the standard Lebesgue measure of the Borel set E

:ECQ,\E\>0}, (1.1)

and P(FE) for its distributional perimeter, and we refer to [27] for an in-
troduction to the theory of sets of finite perimeter. We shall denote by F,
any set attaining the infimum in (1.1) and call it a p-Cheeger set, refer to
Definition 2.3.

On the one hand, the choice p = 1 corresponds to the classic Cheeger
problem widely studied in literature. For a general overview we refer the
reader to the surveys [22, 28]. The problem is by now well-understood in
dimension 2, where a formula to compute H(1) and a geometric charac-
terization of minimizers is available in a wide generality. We refer to [19]
for convex sets, to [21, 24] for strips, and to [23, 25] for the most general
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statement. In dimension 2, additional properties have been proved when
Q) enjoys a rotational symmetry [6], and we also mention that a complete
characterization of the Blaschke—Santalé diagram for the triplet Cheeger
constant, perimeter and area of {2 has been recently obtained in [15], and
for more general triplets in [17]. Finally, some stability results in the planar
case are available in [10].

The Cheeger problem can be stated in general dimension N, but finer
characterizations are missing. We here only mention [1, 2] that establish
uniqueness and convexity of the minimizer whenever  is convex, and [5]
that proves rotational symmetry of minimizers whenever €2 is a set of rev-
olution, and [8] for some finer regularity results. Explicit characterization
of minimizers is available for few sets, we refer to [20], and remark that the
unique minimizer is unknown even for the unit cube.

Determining the constant H (1) and the minimizers is a problem that
attracted a lot of attention because it is related to many others, the most
known being the Cheeger’s inequality, through which H (1) provides a bound
from below to the first eigenvalue of the Dirichlet p-Laplacian, and we refer
to the foundational paper [12] (originally stated in a Riemannian framework)
and to more recent improved estimates [16, 29]. The constant also appears
in other spectral problems, see, e.g., [4, 7, 9]. We also refer to [14] for the
extension of these spectral properties in the very general context of abstract
measure spaces.

On the other hand, for p = 1/2 the functional is scaling invariant, and it
reduces to determining the cases of equality in the isoperimetric inequality.
Hence, in this latter case, it is trivial that all minimizers are all the balls
contained in €. For this topic, we refer to the beautiful survey [18].

Up to our knowledge, problem (1.1) has been first studied in the range
(1/2,1] in [3] again in relation to spectral inequalities, and some quantitative
inequalities have been later proved in [13]. We also refer to the recent [30]
for a more geometric point of view. In this range of exponents the perimeter
plays a stronger role and moving towards 1/2 minimizers try to be as round
as possible. Nevertheless, nothing prevents one from considering exponents
beyond 1, and the basic results of [30] still hold.

In this paper, we are interested in the following geometric point of view.
Fixed Q C R?, we consider the isoperimetric problem

I(V):=inf{P(E): ECQ, |E|=V}.

Denoting with R the inradius of €, it is rather easy to see that any p-Cheeger
set E, is a minimizer of I(|Ep|). In particular, provided that €2 is not a ball,
whenever p > 1/2, one has |E,| > 7R?. It is reasonable to ask if, given any
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volume V € (7R?%|Q]), one can find an exponent p > 1/2 such that there
exists a p-Cheeger set E, with such a volume.

We recall that for p = 1 the class of Cheeger sets is closed with respect
to countable unions and intersections, and this allows to define mazrimal
and minimal Cheeger sets, refer to [11, Sect. 2]. An alternate definition of
maximal and of minimal Cheeger sets can be given in terms of their volumes,
refer to [26, Def. 3.5]. There, the authors define

m(§2) := inf{ |E1| : Ej is a 1-Cheeger set of 2}, (1.2)
M(Q) :=sup{ |E1| : E; is a 1-Cheeger set of Q }, (1.3)

and define, resp., a minimal, resp., maximal, 1-Cheeger set as a 1-Cheeger
set attaining m(Q2), resp., M(€2). Such sets exist, and we refer, e.g., to [26,
Prop. 3.6]. In general one has

TR <m(Q) < M(Q) < |9 (1.4)

being the second and third inequalities trivial, and the first one a straightfor-
ward consequence of the isoperimetric inequality and the scaling properties
of the ratio P(E)/|E|. If € is a ball, all inequalities in (1.4) are actually
equalities; otherwise the first one is strict. If €2 is convex the second inequal-
ity is an equality [1] but there are also non convex sets for which one has
equality, refer for instance to [25, Thm. 2.3]. Finally, there are several sets
for which the last inequality is an equality, refer to [31].

Our main result is that for a quite general class of planar sets {2, refer to
Definition 2.4, there exists a strictly increasing, continuous function (hence,
a bijection)

U (1/2,1) — (7R%,m(Q)),
such that a set E attains H(p) if and only if it attains (0 (p)). The analog
cannot be fully established in the supercritical regime p > 1, since we are
unable to prove that the volume of a p-Cheeger set is uniquely detemined
by the exponent p. In this case, we can only show that it remains defined
a multivalued map from p > 1 to the power set of the interval (M (), |€]],
and that such a map is injective and has a sort of continuity property.

This result is in the same spirit of [26], where for the same class of sets
the authors proved there exists a continuous increasing map

R:(nR*,1Q[) = (R, k),
such that a set E attains I(V) if and only if it attains F(R(V)), being
F(k):==inf { P(E) —k|E| : ECQ, |BE| >7R*},

and
K = inf { k> R™' : Q minimizes F(r) } .
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Moreover, under some additional geometric assumption on the set 2, the
map £ is strictly increasing, refer to [26, Cor. 4.3 (ii)], and thus it defines
a bijection. We also remark, that the image of the map K of the interval
(rR%,m(Q)) is the interval (R, H(1)), hence the composition

Ko (14,1) — (R, H(1))

is an increasing, continuous function, and under some additional hypothe-
ses a bijection. Analogously, in the supercritical regime p > 1, one has a
multivalued map into the power set of the interval k > H(1).

As a consequence of the fact that any set E attaining either H (p) or I(V)
also attains F'(k) for a suitable k, by adapting the strategy of [8], we prove
a fine regularity result on the contact set dF N 912, yielding a lower bound
on its Hausdorff dimension.

1.1. Organization of the paper. The paper is organized as follows. In
Section 2 we set some notation, and state the main results of our paper. In
Section 3 we recall some known results and prove some preliminary lemmas
needed in the proof of our main Theorem 2.5, whose proof is contained in
Section 4. Finally, in Section 5 we exploit our main result to prove Corol-
lary 2.6, that establishes some fine regularity results on the free boundary
of sets attaining either H(p) or I(V') or F(k).

2. NOTATION AND MAIN RESULTS

Given an open, bounded set @ C R? we are interested in the following
three functionals of geometric flavor.

Definition 2.1. [Prescribed curvature sets] Let @ C R? be open, and
bounded, and let R be its inradius. Given x > R™!, we say that a set
E C Qis a set of prescribed curvature x of Q if it attains the infimum

F(k) :==inf { P(A) — k|A| : ACQ,|A| >7R*}. (2.1)

Definition 2.2. [[soperimetric sets] Let @ C R? be open, and bounded,
and let R be its inradius. Given V > mR?, we say that a set £ C Qis a
isoperimetric set of volume V of Q if it attains the infimum

I(V):=inf{P(F) : FCQ,|F|=V). (2.2)

Definition 2.3. [p-Cheeger sets] Let 2 C R? be open, and bounded. Given
p > 1/2, we say that a set E C Q is a p-Cheeger set of Q if it attains the
infimum

P(F)
|E'[P

H(p) ::inf{ :FCQ,|F\>O}. (2.3)
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The sets we are interested in are those with no necks of any radius, a
concept first introduced in [23, Def. 1.2]. The precise definition is as follows.

Definition 2.4 (Sets with no necks of any radius). Let  C R? be a Jor-
dan domain, that is, the open region bounded by a Jordan curve. Assume
that the 2-dimensional Lebesgue measure of 0f) is zero, that is, the curve
delimiting €2 is not space-filling. Denoting with R the inradius of €2, we say
that Q has no necks of radius r < R, if one has the following property:

e given any two balls B, (x¢), Br(z1) C 2, there exists a continuous curve
7 :[0,1] — R? such that

Y(0) =z,  y(1)=z1,  B.(y(t) CQ,Vte[L,2].

We say that 2 has no necks of any radius if the above property holds for
all r < R.

We remark that any convex set is a set with no necks of any radius, but
there are many sets that enjoy such a property, whose boundary can be
quite wild, e.g., Koch snowflakes. We can now state our main theorem, that
holds for the sets just introduced.

Theorem 2.5. Let Q C R? be a set with no necks of any radius, and let R
be its inradius. Being P(A) the power set of A, define the multivalued map

T - [1/2,4+00) = P((0, [2]])
by setting
V(p) :={V : there exists a p-Cheeger set E, of Q with |E,| =V }. (2.4)
The following hold true:

1) a set E is a p-Cheeger set if and only if it an isoperimetric set of
volume |E| =V € U(p);

2) U is injective, and continuous in the following sense: if p; — p, and
Vp, € U(ps), then, up to subsequences, V,, =V, with V- € B(p);

3) one has
(i) B(1/2) = (0, 7R?];

(ii) the restriction of U to the interval (1/2,1) is univalued, and
i particular, it is a strictly increasing, continuous function,
mducing a bijection

U (1f2,1) — (mR?, m(Q));
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(iv) if p > 1, then V(p) € (M(),[Q];

where m(§2) and M (2) have been respectively defined in (1.2) and (1.3).

As a consequence of Theorem 2.5 and of [26] establishing a connection
between isoperimetric sets and sets with prescribed curvature, which we sum
up in Theorem 3.3, we can prove the following corollary.

Corollary 2.6. Let a € (0,1] and Q C R? be a set with no necks of any
radius with C boundary and let R be its inradius. Assume that Q is not
a ball and that E C Q attains

a) either F(k) for k > 1/R,

)
b) or F(k) for k =1/rR and E is not a ball,
c) or I(V) for V> nR?,

)

d) or H(p) for p > 1/2.
Then, around any x € OE N 0N the set E has boundary of class C, and
HYOENOIN) >0

where HY stands for the a-dimensional Hausdorff measure.

Remark 2.7. The equality in case ¢) would immediately imply that F is an
inball of 2, while the equality in case d) that E is a ball contained in €.

To prove this result we show how one can adapt the techniques and the
strategy adopted in [8] for sets attaining F'(H (1)) to those attaining F'(k)
for a general curvature xk > R™1.

3. TooLs

Proposition 3.1. Let Q2 be a bounded, open set in R?. For all p > 1/2, there
exist p-Cheeger sets E,, and the boundaries 0E, N §) are union of arcs of
circles of curvature

kg, = pH(p)|EplP . (3.1)

Moreover, for p > 1/2, the volume of any p-Cheeger set is at least wR%, where
R is the inradius of ().

Proof. In the range 1/2 < p < 1, existence is proved in [30, Thm. 3.2], while
the relation (3.1) on the curvature in [30, Thm. 2.2(4)]. The same exact
proofs work in the range p > 1, since they only rely on the Direct Method
and a first order expansion.
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Thus, we are left to show the bound on the volume, and this easily follows
by computing the ratio for balls. Indeed, for any ball B, of radius r, one

has
P(B,)

B,
which is strictly decreasing in r, for p > 1/2, while for p = 1/2 it would be

= ol Pyl (3.2)

constant. For any volume V < 7R2?, we let r = 7(V) < R be the radius of
any ball with volume V. Then, for any set F' of volume V, by using the
isoperimetric inequality, and (3.2) we have
P(F P(B P(B
( ) > ( 7“) ( R) ZH(P),
Ve Ve ’ BR’p

which implies that such a set cannot be a minimizer. O

Lemma 3.2. Let Q be a bounded, open set in R?, let R be the inradius of
Q, and let kK > 0 be fized. Then F(k) defined in (2.1) is strictly decreasing
as a function of k, and it switches sign at H(1).

Proof. First, for any fixed s the infimum is finite, since it is bounded from
below by —k|€|. Second, by the Direct Method, it is easy to see that the
infimum is attained by some set F,, with positive volume. Let now k1 > ko,
and let E,, be sets achieving the respective minima. Then,

F(Hl) = P(Em) - ’%1|El€1| < P(Eﬂz) - ’{1|EI€2|
< P(Ey,) — ko|Ey,| = F(k2).

We are left to show that F'(k) has as unique zero H(1). Clearly, there is at
most one, since we have proved that F'(k) is strictly decreasing. The fact
that F'(H(1)) = 0 is immediate by the definition of 1-Cheeger constant and
the bound on the volume of minimizers provided by Proposition 3.1. O

The next theorem recollects results from [26], and it establishes a duality
between the task of finding isoperimetric sets in  (in a given range of
volumes) and finding minimizers of the prescribed curvature functional (in
a given range of curvatures), under the assumption that  has no necks of
any radius, following Definition 2.4.

Theorem 3.3. Let Q C R? be a set with no necks of any radius, and let
R denote the inradius of Q2. There is a continuous function & : V +— K(V)
from [wR2,||) to [1/R, +00) with the following properties:

(i) a set Ey of volume V is isoperimetric if and only if it is a solution
to the R(V')-prescribed curvature problem, i.e., if it attains (2.1), or
equivalently if it minimizes

Faw)[E] == P(E) — &(V)|E], (3-3)
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among all subsets of Q with |E| > mR?;

(ii) given an isoperimetric set Ey for volume V, the set OEy N has

constant curvature, and it is equal to R(V');

(iii) given Vo > Vi, and two isoperimetric sets Ey; of these volumes, one
has 8(Va) > R(V1), that is, the map is increasing. Moreover, if the
strict inequality R(V2) > R(V1) holds, one has Ey, C Evy,;

=

(iv) V. < m(2) if and only if R(V) < H(1), V. > M(Q) if and only
if R(V) > H(1), while V. € [m(2), M(Q)] if and only if R(V) =
H(1), where m(Q2) and M(S2) have been respectively defined in (1.2)
and (1.3).

For point (i) we refer to [26, Thm. 2.4]. The continuity of the map is not
explicitly stated but this is shown in the proof of the same theorem. Point (ii)
follows from point (i) and [26, Prop. 3.2 (i)]. For point (iii) we refer to [26,
Cor. 3.12]. Point (iv) follows from point (i), point (iii) and the structure
of minimizers of the prescribed curvature functional, F,, defined in (3.3),
granted by [26, Thm. 2.3]. We remark that under slightly stronger conditions
on €2, the monotonicity of point (iii) improves to a strict monotonicity, hence
the function 8 becomes a bijection on its image, refer to [26, Cor. 4.3 (ii)].

Lemma 3.4. Let Q2 be an open, bounded set in R?, and let p > 1/2. Any
p-Cheeger set E, is an isoperimetric set in §2 for its own volume, that is,

P(E,) = inf{ P(F) : F C Q,|F|=|E,|}.

Proof. First, by the Direct Method and the boundedness of €, for any choice
of V € [0,|Q]] there exist minimizers of

inf{ P(F) : FCQ,|F|=V}. (3.4)

Second, let E), be a p-Cheeger set. Then, by definition of p-Cheeger constant,
for any other set F' one has

 P(B) _ P(F)
H) =g = Trp-

In particular, for all competitors F' such that |F| = |Ep| = V one has
P(E,) _ P(F)
ve — vyr’
that is, P(E,) < P(F) for all F C Q with its same volume. Since there

exist isoperimetric sets for any volume V' < ||, the set E, needs to be a
minimizer of (3.4) for V = |E,|. O
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Lemma 3.5. Let Q C R? be a set with no necks of any radius, and denote
by R the inradius of 2. Given any measurable subset E C ), we denote by
kg the curvature of OE N ). The following hold:

(i) if p € (1/2,1), for any p-Cheeger set E, one has
max{pH (1), R™'} < kg, < H(1);

(ii) if p =1, for any p-Cheeger set E, one has kg, = H(1);

(iii) if p > 1, for any p-Cheeger set E, one has kg, > pH(1).

Proof. Let p > 1/2 be fixed and E, a p-Cheeger set of 2. Point (ii) immedi-
ately follows from (3.1), so let us focus on p # 1.

First, by the equality on the curvature (3.1) we have, for any p,
P(Ep)

FREPT =yt (). @5)

— pH (D) E.1P~1 = — p P/
K’Ep b (p)’ p’ p |Ep| -

Hence, point (iii) immediately follows from the above inequality.

We are left with proving point (i). By Lemma 3.4, E,, is an isoperimetric
set for its own volume, which, by Proposition 3.1, is at least mR?. Therefore
by Theorem 3.3, we have that £, minimizes P(F)—rg,|F| among all subsets
of Q with |F| > mR?, that is,

F(KEP) = P(Ep) — HEp|Ep| (3.6)

holds. Moreover, Theorem 3.3 grants the second lower bound on the curva-
ture kg, = R(|E,|) > R™'. This, paired with (3.5), yields

max{ pH(1),R™'} < KE, -

Finally, using (3.6), that p < 1, the information on the curvature (3.1), we
have the inequality

F(”Ep) = P(Ep) - ﬁEp|Ep|

KE
> P(EBy) = = HBy| = P(Ey) — HR) Bl =0,

where the last equality follows from the minimality of E, with respect to

H(p). This paired with Lemma 3.2 implies that kg, < H(1). O

Remark 3.6. We remark that for point (i) to hold, it would be enough for
Q to have no necks of radius r for all r € (H(1)~!, R], while for point (iii)
for all r € (0, H(1)~!), by using a finer version of Theorem 3.3, refer to [26,
Thm. 2.3].

The following result is crucial in proving the continuity of the map U, in
terms of I'-convergence.
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Theorem 3.7. Let Q C R? be an open, bounded set and denote by R its
inradius. For any fized p > 1/2, and any measurable set E C Q with volume
|E| > mR?, define the p-Rayleigh quotient

P(E)

[EP

Rp[E] =

Given p > 1.2 and {p;}; a sequence with p; > 1/2 converging to p, the
functionals Ry, I'-converge to Ry, in the LllOC topology.

Proof. The I'-liminf inequality. Let E be fixed, with |E| > 7R?, and let E;
be any sequence of sets converging to E in L{ , with |E;| > 7R?. We need
to show that

loc»

Ry[E] < liminf R, [F}].
J
This is easily verified: the perimeter is lower semicontinuous with respect to
such topology, thus P(F) < liminf; P(E;) and the L] _ convergence implies,

together with the bounds on |E;| € [vR?,|Q|] that
| E51P7 = [EP| <|[Ej[P — |Ej°| + || Ej[P — B
<IOP |5 = 1| + ]|l ~ [BP] 0
and the claim follows.

The T-limsup inequality. Let E be fixed, with |E| > 7R2. We need to

find a sequence of sets F; converging to £ in Lloc such that

Ry[E] > limsup R, [Ej] .
J
Whether P(E) = +oo or not, the constant sequence E; = E clearly does
the trick and satisfies the I'-lim sup inequality. O

Lemma 3.8. Let Q C R? be a set with no necks of any radius, and let R be
its inradius. For any fized p > 1/2 we have the following

V(1/2) = (0,7 R;

1

B(1) = [m(2), M(Q)];

(iii

(i)

(i) if p € (1/2,1), then BV(p) C (rR%,m(N));
)
)

(iv) if p> 1, then if B(p) € (M(Q), 9],
where m(2) and M(Q) have been respectively defined in (1.2) and (1.3).

P(B)
V1Bl

equivalent to the standard Euclidean isoperimetric problem, for which each
admissible ball B C € is a solution.

is scale invariant and is

Proof. Assertion (i) follows by recalling that
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For each p any p-Cheeger set is isoperimetric for its own volume thanks
to Lemma 3.4. Thus assertions (ii)—(iv) are a consequence of Lemma 3.5
paired with assertion (i) and (iv) of Theorem 3.3. O

Proposition 3.9. Let Q C R? be a set with no necks of any radius. Then
the restriction of B to (1/2,1) is univalued.

Proof. Let p € (1/2,1) be fixed and let E; and Eg be two p-Cheeger sets, and
denote by V; their volumes. Assume by contradiction, and up to relabeling,
that Vo > V4. By (3.1) we know that the product KE;;Vil_p is constant.
More precisely, we have

kg Vi " = pH(p).

In particular, since p < 1 and since we assumed Vo > Vi, we infer the
strict inequality on the curvatures Kpl > Kg2. By Lemma 3.4 the sets
E;, are isoperimetric for their own volumes, which we recall to be at least
7R?, where R is the inradius of €, by Proposition 3.1, thus we can apply
Theorem 3.3 (ii) which immediately gives a contradiction, since it implies
the opposite inequality B2 > Kl O

Lemma 3.10. Let Q C R? be a set with no necks of any radius. The map
0 is injective.

Proof. Let p1 and p2 be in [1/2, +00), and assume that B(p1) N V(p2) # 0.
Let then V' € U(p1) N YV(p2) and let E; and Es be, resp., a p;-Cheeger
set and a pg-Cheeger set. with |Eq| = |E| = V. By Lemma 3.4 they are
isoperimetric for their own volumes, and since they have the same volume
they necessarily have the same perimeters, that is, P(E;) = P(E2). More-
over, by Theorem 3.3 (ii) the sets 0E; N and 9FE N also have the same
curvature, that is, kg, = Kg,.

Thus using (3.1), one has the equality
prH(pr)VP ! = poH(p2) VP2,

and explicitly writing H (p;) as the p;-Rayleigh ratio of Ej;, one obtains

P(Ey)  P(Es)
b1 % =pP2 v

Since P(Ey) = P(E,), it follows that p; = ps, hence the claim. O

4. PROOF OF THEOREM 2.5

Proof of Theorem 2.5. We prove each point separately.
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Proof of Assertion 1): fix p > 1. If E, is a p-Cheeger set then
it is isoperimetric for its own volume thanks to Lemma 3.4 and the defini-
tion (2.4) of ¥. Conversely, fixed an isoperimetric set F' of volume V' € U(p),
there exists a p-Cheeger set E}, with |E| = V. By Lemma 3.4 we also have
that P(E},) = P(F'). Thus, since |Ep| =V then E, must be a p-Cheeger as
well.

Proof of Assertion 2): the stated continuity of the multivalued map
comes from Theorem 3.7 while the injectivity comes from Lemma 3.10.

Proof of Assertion 3): Points (i), (iii) and (iv) are consequences
of Lemma 3.8. We only need to prove point (ii). Proposition 3.9 and
Lemma 3.10 imply that 20 is univalued and injective. We are left to prove
continuity, monotonicity and that the function is onto.

Continuity: the continuity of U in the open interval (1/2,1) is a straight-

1

forward consequence of the I'-convergence proved in Theorem 3.7 in the L;__

topology, coupled with the injectivity of Lemma 3.10.

Monotonicity: since U is continuous and injective function, it is also
strictly monotone. Thus, we only need to show that the monotonicity is
increasing, and to this aim it is sufficient to show that

lim Y(p) > lim V(p).
p—1— p—>%+
Let us start by taking any sequence p; converging to /2. The uniform lower
bound |E,, | > mR?, and the I'-convergence of Theorem 3.7 give that
Lioe . 2
Epj — E1/2, with |E1/2| > TR?,
where E1j, is a 1/2-Cheeger set. Since all 1/2-Cheeger sets are balls contained
in 2, we also have the opposite inequality |Ei | < 7R?, thus
lim B(p) = mR%.
pi T
A completely analogous argument works for the limit as p — 17, taking
into account that |Epy| < m(2) for all p < 1 thanks to Lemma 3.8, and that
m () < |Ey| for all 1-Cheeger sets by its own definition (1.2).

Surjectivity: the fact that the function is onto (7R?,m(Q)) now imme-
diately follows. Indeed, since it is continuous and strictly monotonic, it is
a bijection with its own image. Thus, one would only need to show that
B((12,1)) = (7R%,m(Q)), but this is trivial from the continuity and the
evaluations of the limits

lim B(p) = TR, lim Y(p) = m(Q)

1+ —1-
p—3 p

we performed in the previous step. O
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4.1. On the case p > 1. It would be desirable to prove that 2 is univalued
also in the supercritical regime p > 1, and this would be enough to prove
that it would be one-to-one between exponents in (1, ), being

p:=inf{p : |Ey| =1|Q|},

and volumes V € (M (Q),|2|], with the same exact proof we used for the
subcritical case p € (1/2,1). At the current stage, we are unable to exclude
U to be multivalued for p > 1. We do not have any counterexample to it
being univalued but we have some hints that it might not be in general.

In order to show it to be univalued, it would be enough to show that the
function &(V)V1~P appearing in equation (3.1) is strictly monotonic. We
recall that the increasing function K(V') is the derivative of I(V), see [26,
Rem. 4.6]. Assuming I to be twice differentiable, we would be led to study
the sign of

I"(V)V + (1 —p)I'(V)

Vp
Since [ is increasing, refer to [26, Thm. 2.3 and Thm. 2.4], and convex
for V' > wR2, refer to [26, Thm. 2.5 and Rem. 4.6], it is clear that in the
subcritical regime p < 1 the above quantity is always nonnegative. On the

(4.1)

contrary, in the supercritical regime p > 1, a competition between the two
terms ensues. In particular, one can cook up sets for which I”(V') vanishes
for intervals of volume as large as one wish, thus making (4.1) negative.
Indeed, given any €, it would be enough to glue a very thin and (as) long
(as one wishes) rectangle to 9Q\ (02N OE}), being E; a maximal 1-Cheeger
set.

5. A BOUNDARY REGULARITY RESULT

The approach implemented here connects three geometric variational
problems: p-Cheeger sets, sets of prescribed curvature x, and isoperimetric
sets of volume V. As a consequence we can use this connection to deduce
general properties of solutions to these problems by analyzing the most con-
venient one. In this spirit, by studying the properties of p-Cheeger sets, we
provide a boundary regularity theorem also for minimizers of F'(k), and of
I(V) in given range of k and V. The proof follows the approach in [8]. Since
it is mostly a straightforward adapation, we here only sketch it.

Before proving Corollary 2.6 we need to state and prove the following
lemma, which is a key tool in the strategy adopted in [8].

Lemma 5.1. Let  be a simply connected, open, bounded set in R?. Suppose
that, for k > 1/R, there exists a ball B C Q minimizing F(k). Then Q itself
1s the ball B.
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Proof. Since B C Q attains F(k), as defined in (2.1), then |B| > mR?. Being
B a ball, we necessarily have that it is an inball of €2, i.e., |B| = 7R2. Let us
argue by contradiction, and assume that 9B N Q # (. Then, the curvature
of the free boundary 9B N # () must be k > 1/R, against the fact that the
curvature of 0B is %. Therefore, 0B N Q = () and thus, since  is simply

connected, B = (). O

Proof of Corollary 2.6. We split the proof in three steps. First, we prove
the O regularity for sets satisfying a). Second, we prove the dimensional
lower bound on the contact surface, again for sets satisfying a). These two
steps follow the strategy first used in [8]. Third, we exploit Theorem 2.5 to
apply the first two steps for sets satisfying b), and c).

Step one: CY* regularity of the boundary. Fix k € [1/R,+o0) and
let E be a set with prescribed curvature k. Assume the contact surface
OF N Jf) to be nonempty, as otherwise there is nothing to prove, and fix =
in it. Without loss of generality, up to a translation and a rotation, we can
assume that x = 0 and that vg(z) = eg. Since Q is a Jordan domain, so it
is E (see [26, Prop. 3.8 (ii)]), thus we can describe locally their boundaries
through continuous functions. In particular, let fg, fo be the functions
satisfying

EN([-r,r] xR) ={(z,y) eR* | =L <y < fu(x)}
QN ([-r, 7] xR) = {(z,y) €R*| —L <y < fa(x)}

for suitable 7, L. Let us consider the space of H! functions on (—r,r) that
agree with fg on the boundary, and are bounded from above by fo, that is

C={weH (-rr)|w-frp e Hy(-n7r), w< foin (—rr)}

and the prescribed curvature functional
T '
G(w) := / V14 (w)?de — /1/ wdz.

- —Tr
It is immediate to see that fr minimizes such a functional among functions
in C. By classical theory of obstacle problems we have then that fg € C*.
Now, by arguing as in Step two and Step three of the proof of [8, Lem. 5.1]
we achieve fp € Ch.

Step two: Dimensional lower bound on the contact surface. Fix again
k € [1/R,+0o0) and let E be a set with prescribed curvature s, and, just
as before, assume that the contact surface is nonempty. By Step one we
have that around any = € 0F N 09 the set E has boundary of class C12.
Let T' := OFE N 99, and assume by contradiction that H*(OE N 9N) = 0.
Then OF has constant curvature (equal to x) on R?\ T' and H*(T') = 0.
We thus invoke [8, Thm. 4.1] to conclude that JF has constant curvature
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(equal to k) on R2. Hence, E must be a ball. On the one hand, if x = 1/,
this immediately contradicts case b). On the other hand, in case a) when
k > 1/r, we can use Lemma 5.1, finding that €2 is a ball, against our starting
hypothesis. Hence, in both cases a) and b) it must hold H*(OE N 9Q) > 0.

Step three: Steps one and two above prove the validity of the thesis of
Corollary 2.6 for sets satisfying either a) or b). In the following, we reason
for sets F satisfying either c¢) or d) such that E # 2, as otherwise there is
nothing to prove.

The equivalence established by Assertion i) of Theorem 3.3 allows to
apply Steps one and two also to sets satisfying c¢). Finally, combining The-
orem 2.5 with Theorem 3.3, we can associate to each p-Cheeger set I, with
p > 1/2 a curvature kg, € [I/R,+00) such that E, attains F(kg,) implying
the validity of the boundary regularity in this case, settling point d). O

Remark 5.2. Points a) and b) are both needed in order to prove points c)
and d). Indeed, there are sets Q for which the following occurs. There
exist an exponent p > 1/2 and a volume V> wR?, where as usual R is the
inradius of €2, such that p-Cheeger sets E for p € (1/2,p) and isoperimetric
sets E of volume V € (wR?,V) have as curvature of dE N Q exactly 1/r,
and they are not balls since their volume is greater than the one of an
inball. In particular, this occurs whenever £ !(1/r) does not reduce to
the lone volume 7R2. Equivalently, Q does not have a unique inball, refer
to [26, Thm. 2.3 (iii)], for instance whenever it is a rectangle (this example
is explicitly treated in [30, Sect. 3]).

Remark 5.3. We remark that the result is sharp, in the sense that one can
build sets Q of class Ch® such that for some x > 1/R, one has sets E C Q
with prescribed curvature k with

dimy (OF N 0N) = «a.

This can be seen using the criterion proved in [31], arguing as in [8, Sect. 6].
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