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ABSTRACT. In this paper we study the asymptotics of singularly perturbed phase-transition
functionals of the form

1
T (u) = / fk (xz U, Ekvu) dz,
€k JA
where u € [0, 1] is a phase-field variable, € > 0 a singular-perturbation parameter; i.e., £, — 0,
as k — +oo, and the integrands fj are such that, for every x and every k, fi(z,-,0) is a double

well potential with zeros at 0 and 1. We prove that the functionals % I'-converge (up to
subsequences) to a surface functional of the form

Foo(u) = / foo(@, vu) dx™ 1 ,
SuNA

where u € BV (A;{0,1}) and fw is characterised by the double limit of suitably scaled minimi-
sation problems. Afterwards we extend our analysis to the setting of stochastic homogenisation
and prove a I'-convergence result for stationary random integrands.
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1. INTRODUCTION

The classical theory of phase transition is based on the assumption that at the equilibrium two
immiscible fluids in a container will separate to create a sharp interface with minimal area. Alter-
natively Cahn and Hilliard in [19] (see also [35]) proposed a model which describes the transition
as a continuous phenomenon concentrated on a thin layer, where a fine mixture of the two fluids
is allowed. The connection between the classical theory of phase transition and the Cahn-Hilliard
model was conjectured by Gurtin in [28] and rigorously derived, via I'-convergence, by Modica in
[29], by generalising a previous result together with Mortola [30] (see also [34], and [2]).

The model considered in [29] [30] is formalised as follows. Representing by A C R™, open
bounded set with Lipschitz boundary, the container of the two fluids, and by u: A — [0, 1] the
density of the second fluid, the associated Modica-Mortola functionals are given by

Mk(u)Z/A(Vvsiw—i-si_HVuP) dz. (1.1)

Here €, \( 0, as k — +0o0, is an elliptic regularisation parameter which corresponds to the charac-
teristic length-scale of a phase transition. Moreover, p > 1 and W: R — [0,400) is a double well
potential vanishing at 0 and 1. Clearly the functionals in are finite in W1?(A). Note that
if (up) C WHP(A), 0 < uy < 1, is a sequence satisfying sup,, My (ug) < +00o, then from the first
term we may deduce that u; — w in measure with u(z) € {0,1} a.e. € A (which corresponds to
a separation of the two phases). Actually the condition 0 < ug < 1 implies that uj converges to u
strongly in L'(A). On the other hand the second term penalizes spatial inhomogeneities of uy or
1
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equivalently the occurrence of too many transition regions. According to this, in [29] it was shown
that the functionals in ([1.1)) T'-converge to the functional

M1 (S), (1.2)

where now u € BV (A;{0,1}) (the space of functions with bounded variation taking values in {0, 1}
a.e.). Here S, denotes the set of discontinuity points of u, while the constant ¢, > 0 represents the
optimal cost to make a transition between 0 and 1. The quantity in can be interpreted as the
surface tension between the two fluids. We stress also that this result is stable under the volume
constraint [, udx =m with 0 < m < L™"(A) (that is if we fix the volume of the second fluid).

Starting from the result in [30] phase-field models have been extended in several directions in-
cluding, among others, multi-phase models that describe the behaviour of an arbitrary number
of immiscible fluids [10] (see also [34, 27]), models for heterogeneous fluids that can also un-
dergo a temperature change [I3], anisotropic models [I1}, 2], second order singular perturbations
[20, 26| 21], and models that allow to analyse the interaction between singular perturbation and
homogenisation [0, 12, 22| 23] BI]. These last variants are those which are closest in the spirit to
the present work.

Drawing some inspiration from [9], in the present paper, we aim first at deriving I'-convergence
and integral representation results for a general class of phase-transition functionals that in some
sense unify several of the variants mentioned above. Second, we will apply the abstract I'-
convergence result to obtain a stochastic homogenisation result for a sequence of phase-field func-
tionals with random stationary integrands. Precisely, in the first part we perform a I'-convergence
analysis, as k — 400, of a family of singularly perturbed phase-transition functionals of the form

Fr(u) = i/Afk(a:,u,skVu) dx, (1.3)

where €, \, 0 and u: A — [0,1]. We assume that the integrands fi: R™ x [0,1] x R™ — [0, +00)
belong to a suitable class of functions denoted by F (see Section for its definition). This in
particular ensures that for every k € N and every z € R™

cr (W(u) +[€°) < filw,u,§) < co (W(u) +[€]7), (1.4)

for every u € [0,1] and £ € R™, and for some 0 < ¢; < ¢2 < +00. As a consequence fi(z,-,0) is
a double well potential that vanishes at 0 and 1. In addition the functional .%}, is bounded from
above and from below by the Modica-Mortola functional in .

Our first main result is contained in Theorem [3.I] which asserts the following: if the integrands f
belong to F, then (up to subsequences) the functionals % I'-converge to a surface-type functional
of the form

Foo(u) =/S L oo, 1) dH™ T, (1.5)

where u € BV (4;{0,1}) and v, denotes an orientation for S,. Moreover fo, is characterised by a
cell formula given by

1
foo(z,v) =limsup lim inf — fe(y,u, e Vu) da, (1.6)
p—0 k—+o00 Ek QZ (z)

where Q) (z) is a cube centred at z with side-length p with one face orthogonal to v, and the
infimum is taken over all u € W'P(Q%(x)), 0 < u < 1, such that u = @ _, near 9Q%(x). Here

I, €k
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a} ., is a suitable regularisation (see Section for the precise definition) of the jump function %
defined as

u

l/()i Lif (Z/—x)'l/ZO,
0 i (y—x) v <0.

Notice that the presence of “regularised” boundary conditions is related to the fact that u belongs
to WHP(A) while % jumps on the hyperplane {(z —y) - v = 0}.

Due to the generality of our model the proof of Theorem relies on an abstract approach
known as localisation method (cf. for instance [24]). This argument consists of the following main
steps: we first localise the functionals % by introducing the dependence on the domain of inte-
gration; then, by means of a fundamental estimate, we show that, up to subsequence, the I'-limit
exists and admits a surface-integral representation. Eventually we identify the surface energy den-
sity with the cell formula in .

In the second part of the paper we are concerned with the case of stochastic homogenisation.
We namely consider functionals of type (1.3) which depend also on a variable w belonging to the
set of events ) of a probability space (2,7, P). This dependence follows by choosing integrands

fx of type
felw,z,u, &) = f <w, Exk,u,§> . (1.7)

Here f is a stationary random variable such that f(w,-,-, ) € F and in addition is lower semicon-
tinuous in the variable £ for every w € Q (see Section [7} [(F'1)H(F'3))). Our second main result is
contained in Theoremwhich states that if fj, are as in (1.7]), then, almost surely, the functionals
Z1. T-converge to a surface functional of type ([1.5) whose integrand is homogeneous in the space
variable and is given by a cell formula.

The proof of Theorem is achieved by resorting on the abstract I'-convergence result Theorem
as follows. From Theorem we first deduce a homogenisation result (cf. Theorem in
the deterministic setting without requiring any spatial periodicity of the integrands but instead as-
suming the existence and spatial homogeneity of the limit of a certain cell formula. Afterwards we
show that in the above stochastic setting, almost surely this limit indeed exists and is homogeneous
almost surely. This second step involves the combination of the subadditive ergodic Theorem (see
e.g. [1L 25]) with a specific analysis for regularised surface functionals in the spirit of [3] [I§].

Eventually to complete our analysis we show that if we restrict to the periodic setting, namely
if fi are of the form f (é, u, &) with f periodic in the space variable, then the corresponding ho-
mogenisation result Theorem [B.1] can be deduced without requiring any lower semicontinuity of f
in the variable £ (i.e., without assuming .

We notice that our stochastic/periodic homogenisation results (Theorem and Theorem [8.1])
cover in particular the cases considered in [31], 23] and the critical regime in [6]. As a final remark
it would be interesting to fully characterise the I'-limit for integrands of type when the
oscillation parameter ¢ is replaced by a second scale parameter o N\, 0. We expect a different
behaviour for the two regimes ¢, < J and € > 6. However this type of analysis goes beyond the
purpose of the present paper. A similar analysis was performed in [6l 22 23] in the deterministic
setting (see also [7, [§] for the corresponding analysis for Ambrosio-Tortorelli type functionals).

Outline of the paper. This paper is organised as follows. In Section [2| we collect the notation
adopted throughout the paper and introduce the functionals we will consider. In Section [3| we
state the first main result of the paper, that is, the I'-convergence and integral representation
result (Theorem [3.1)). We also give a homogenisation result without any periodicity assumptions
(Theorem . Sections contain the proof of Theorem . In particular, in Section W| we
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implement the localisation method and prove a compactness and integral representation result for
the I-limit of .%) (Theorem [4.2); in Section |5| we characterise the surface integrand (Proposition
; eventually in Section [6| we prove that the limit surface integrand satisfies some properties
(Proposition . In Section [7| we state and prove our second main result, namely a stochastic
homogenisation result for stationary random integrands (Theorem . In Section [8 we prove a
periodic homogenisation result (Theorem. Eventually in the Appendix we prove some technical
lemmas which are used in Sections [[[Rl

2. SETTING OF THE PROBLEM AND PRELIMINARIES

In this section we collect some notation and we introduce the family of functionals we will consider.

2.1. Notation. We start by listing the notation we will adopt throughout the paper.

(a)
(b)

(m)

n > 2 is a fixed positive integer;

S li={v=(v1,...,v) ER": ¥+ 4+ 12 =1} and /S\Z;l ={vesS" !t ) >0},
where i(v) := max{i € {1,...,n}: v; #0};

L™ and and H"~! denote the Lebesgue measure and the (n — 1)-dimensional Hausdorff
measure on R™, respectively;

for every A C R™ let x4 denote the characteristic function of the set A;

A denotes the collection of all open and bounded subsets of R™ with Lipschitz boundary.
If A,Be€ Aby A CC B we mean that A is relatively compact in B;

@ denotes the open unit cube in R™ with sides parallel to the coordinate axes, centred
at the origin; for x € R™ and r > 0 we set Q,(z) := rQ + xz. Moreover, @’ denotes the
open unit cube in R"~! with sides parallel to the coordinate axes, centred at the origin,
for every r > 0 we set Q). := r@Q’;

for every v € S"! let R, denote an orthogonal (n x n)-matrix such that R,e, = v; we
also assume that R_,Q = R,Q for every v € S~} R, € Q™" if v € S 1 NQ", and that
the restrictions of the map v — R, to gl_l are continuous. For an explicit example of a
map v — R, satisfying all these properties we refer the reader, e.g., to [I7, Example A.1];
for z € R", 7 > 0, and v € S"" 1, we define Q%(z) := R, Q,(x).

for z € R™ and v € S"~! we denote with u% the piecewise constant function taking values
0,1 and jumping across the hyperplane IT” (z) := {y € R": (y — z) - v = 0}; i.e.,

V() = 1 if (y—2z)-v>0,
Y7V i (y—=z)-v<0;

let u € CY(R) with 0 < u < 1, be a one-dimensional function such that
u(t) = X(O’+OO)(t) for |t| > 1;

for z € R™ and v € S"! we set

forx € R®, v € S" ! and ¢ > 0 we set

Uy o (y) =u(ily —2) v).

We notice that in particular, @ _(y) = vl in {y: [(y — =) - v| > €}, and @l ; = u};
for a given topological space X, B(X) denotes the Borel o- algebra on X. If X = R%, with
d €N, d > 1 we simply write B¢ in place of B(R?). For d = 1 we write B.
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For A € A welet BV (A) be the space of functions with bounded variation (see for instance [5] for a
detailed exposition of the subject). We recall that if u € BV (A), then its distributional derivative
Du is an R™- valued Radon measure on A. We denote by |Du|(A) its total variation.

Moreover a set E C R™ is a set of finite perimeter in A, or a Caccioppoli set, if xg € BV (A)
and we let

Pa(E) :=[Dxel(A),
be the perimeter of E in A. The family of sets with finite perimeter can be identified with the space

BV (4;{0,1}), namely, the space of functions in BV (A) taking values in {0, 1} almost everywhere.
Indeed if uw € BV(A;{0,1}) then v = xg where E = {z € A: u(z) =1} and

Du(B) = / vy dH™ T
BNS,

for every B € B", where S, is the set of approximate discontinuity points of u which, up to H" -
negligible sets, coincides with the part of the reduced boundary of F that lies in A, while v, is the
external normal to S,,. Moreover

Pa(E) = |Du|(A) = H" 1 (S, N A).

Throughout the paper C denotes a strictly positive constant which may vary from line to line
and within the same expression.

2.2. Setting of the problem. Let p > 1, let ¢y, co be given constants such that 0 < ¢; < ¢p <
+o0. Let W: R — [0, +00) be a double-well potential, that is a continuous function vanishing only
at 0 and 1. We denote by F := F(W,p,c1,ca) the collection of all functions f: R® x R x R” —
[0,400), f = f(x,u,), satisfying the following conditions:

(f1) (measurability) f is Borel measurable on R™ x R x R";
(f2) (continuity in u) the function f(x,-, ) is continuous for every € R™ and every £ € R™;
(f3) (lower bound) for every x € R™, every u € R, and every £ € R"

1 (W(u) + [€[P) < fla,u,8);
(f4) (upper bound) for every z € R™, every u € R, and every £ € R"
fa,u, &) < ea(W(u) + [€F).

For k € Nlet (f;) C F and let (gx) C (0, 1] be a decreasing sequence of real numbers converging to
zero, as k — +00. We consider the sequence of singularly perturbed phase-transitions functionals
Fr: L (R™) x A — [0, +o0] defined by

1
;/fk(x,u,akVu)dx ifueWh?(A),0<u <1,
kJa

Fr(u, A) = (2.1)

+o00 otherwise .

It is convenient to introduce some further notation. For A € A, x € R" and v € S"~! we consider

the following minimisation problem

my, (4 A) = inf{F(u, A): v € o (uy ., ,A)}, (2.2)

where
o, A ={ueWP(A), 0<u<l: u= Y, near OA }. (2.3)

T,EE)
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In (2.2) by “u = u ., near A” we mean that the boundary datum is attained in a neighbourhood
of GA. Note that, if we choose A = Q¥ (z) for some z € R, v € S"~! and p > 0 then (2.2) is well
defined for p > 2¢;. Therefore, for every 2 € R™ and every v € S"~! we can set

1
fla,v) = lir’?jgp e my,(a; ., Q,(2)), (2.4)
[ (x,v) := limsup T limsup my (@, ., Q) (7)) . (2.5)

p—0 Pn k—+o00
Remark 2.1. (a) From|(f3)|and|(f4)| together with the assumptions on W we have that
f(z,u,&) =0 if and only if (u,&) € {(0,0),(1,0)}, (2.6)

for every & € R™. As a consequence by ((f2)) f(z,-,0) is a double-well potential vanishing
at 0 and 1 for every x € R™. Moreover the functionals

1

— | flz,u,exVu)de,

Ek A

decrease under the transformation v — min{max{u,0},1}. Thus it is not restrictive to
define ., to be finite when u € W1P(A) satisfies the bounds 0 < u < 1 and the T-
convergence for functionals .% that are finite when u € W1P(A) readily follows from

Theorem [3.11
(b) Assumptions imply that for every A € A and every u € W1P(A) with 0 <u < 1
it holds
cle(u,A) < ﬁk(u, A) < csz(u, A) ; (2.7)
where
M (u, A) ::/ (VVE(U) +€£1|Vu|p) dz, (2.8)
A k

is the Modica-Mortola functional.

(¢) From the assumption that .%}, is finite when u € WP(A), 0 < u < 1, together with the
bound in and the result in [29] we easily deduce the following compactness property:
Let (ux) C WHP(A) be a sequence satisfying sup;, F(ug, A) < +0o. Then uy converges
strongly in L'(A) to some u € BV (A, {0,1}).

If the function W satisfies the following coercivity condition:

W(u) = o(|ul) VueR,

with ¢: [0, +00) — [0, +00) such that lim; 4 ¢(t)/t = +00, then the same compactness
property holds if we define % to be finite when u € W1P(A) (cf. [29]).

(d) Let A € A be such that A = A’ x I with A’ C R"~! open and bounded and I C R open
interval. Let v € S*! and set A, := R, A, with R, as in For every k € N we have

My (ay ., , A /,/ )+ W (@)[P) dtdy’ = C. L HA), (2.9)

where
Cu ::/]R(W(u(t))—i—|u’(t)\p) olt:/_1 (W (u(t)) + W (£)[P) dt < +oo.

In particular from |(f4) and (2.9) we deduce

my (@2, A,) < Ty, , Ay) < csCuL 1 (A)). (2.10)



PHASE-TRANSITION FUNCTIONALS 7

3. STATEMENTS OF THE MAIN RESULTS

In this section we collect some of the results of this paper. We start by stating our first main result
(Theorem 7 that is a I'-convergence and an integral representation result. Next we provide a
homogenisation result without periodicity assumptions (Theorem [3.3]). The latter, in particular,
will be crucial to obtain our second main result in the stochastic setting (see Section [7).

3.1. T-convergence. The following result shows that, up to subsequences, the functionals .
I'-converge to a surface integral functional. Furthermore, the surface energy density can be char-
acterised as a double limit of a suitable minimisation problem.

Theorem 3.1 (T-convergence). Let (fr) C F and let F) be the functionals as in (2.1). Then
there exists a subsequence k; such that for every A € A the functionals Fy, (-, A) T'-converge in
LY(A) to Zoo(-, A) with Foo: L (R™) x A — [0, +00] given by

/ foo(, ) dH™ Y if u € BV(A;{0,1}),
S.NA

400 otherwise ,

Foolu, A) :=

where fo: R™ x S"=1 — [0,+00) is a Borel function. Moreover for every x € R"™ and every
v € S"! there hold
foola,v) = f(z,v) = f(z,v),
and
C1Cp < foo(xay) < C2Cp ,

with f', f defined as in (2.4) and (2.5) with k replaced by k;, and ¢, := p(p—l)l'%p fol W(t)pp;1 dt.

For the reader’s convenience we divide the proof of Theorem in three parts which can be
found in Sections [ 5} and [6] respectively. Precisely, in Section [f] we show that there is a sequence
(kj), with k; — 400 as j — o0, such that for every A € A the corresponding functionals
Zk,; (-, A) T'-converge to a functional which is finite in BV (A;{0,1}) and is of the form

/ Fla, ) dHr
S.NA

for some Borel function f (see T heorem. In Sectionwe identify f by showing that it is equal
both to f’ and f” which in particular are shown to coincide along the I'-convergent subsequence
(see Proposition . Eventually in Section |§| we prove that the function f’ (respectively f”) is
Borel measurable and satisfies c1¢, < f'(z,v) < coc, (vespectively cic, < f(z,v) < cac,) for
every r € R" and every v € S"~! (see Proposition .

By Theorem and the Urysohn property of T'-convergence |24, Proposition 8.3] we can deduce
the following useful property.

Corollary 3.2. Let (fi) C F and let F}, be the functionals as in (2.1). Let f', f” be as in (2.4)
and (2.5), respectively. Assume that

f(z,v) = f"(z,v) = foolz,v), for everyx € R" and every v € S"71,
for some Borel function foo: R™ x S"™1 — [0,+00). Then, for every A € A the functionals
Zk(, A) T-converge in L' (A) to Foo(-, A) with Foo: L (R™) x A — [0, +00] given by

loc

/ foo(@,vy) dH™ 1 if u € BV(A;{0,1}),
SuNA

+00 otherwise.

Foolu, A) ==
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3.2. Homogenisation. In this subsection we prove a general homogenisation theorem without
assuming any spatial periodicity of the integrands fi. This theorem will be employed to prove the
stochastic homogenisation result Theorem

We need to introduce some further notation. We fix f € F, A € A, u € WIP(A), z € R",
v € S"1 and let @¥ be as in (with & = z). Then we set

F(u, A) ::/Af(x,u,Vu)dx; (3.1)

and
m(a’, A) == inf{ff(u,A): ue (@, A)} : (3.2)

F2)

where o7 (u}, A) is as in (2.3), with u} _, replaced by u7 (that is, z = z and &5, = 1).
When the integrands f; in the definition of %, are of type

x
filwu.€) = f(=ug) (3.3)
€k
we can deduce the following homogenisation result.

Theorem 3.3 (Deterministic homogenisation). Let f € F and let m(ua%,, Q% (rx)) be as in (3.2)
with z = rz and A = Q%(rz). Assume that for every x € R", v € S"~! the following limit
hm m(“?“z? Q’r‘ (TCU)) = fhom(y) , (34)

r——+oo rn—1

exists and is independent of x. Then, for every A € A the functionals F (-, A) defined in (2.1))
with fi as in (3.3)) T-converge in L'(A) to the functional From (-, A), with From: L, (R™) x A —
[0, +00] given by

/ From(va) dH™™ ifu € BV(A:{0,1}),u € {0,1} a.c.
SuNA

Fhom (U, A) :=
400 otherwise .
Proof. Let f', f” be as in ([2.4)), ([2.5), respectively. By Corollary [3.2it suffices to show that
fhom(V) :f’(mﬂ/) :f/,(xﬂ/), (35)

for every x € R™ and v € S*~1.

Let z € R", v € S 1, k € N and p > 2¢; be fixed and let u € o (aY

up € Wl’p(Q”L(%)) as ug(y) := u(ery). Then clearly u, € & (u% ,Q% (£
€k €k €k

€

e @Q4(x)). Define

: P
)) and a change of

€k
variables gives

Filw @) =g [ flou V) da,
QY% (&)
€k
Hence by setting r, := é we get
1 p" !
mk(ﬂ;,skaZ(x)) = 62 m(ﬂ%,Q% (%)) = 1 m(ﬂ:k% ) Qrk (rk%)) .
k

Finally using (3.4)) with 2/p in place of & we obtain

e Q@) o mEs O G
k—+oo pn—1 k—+oo et hom />

and therefore f'(z,v) = f"(x,v) = fuom(v), for every z € R®, v € S*~1. O
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4. I'-CONVERGENCE AND INTEGRAL REPRESENTATION

In this section we prove that, up to subsequences, the functionals %) I'-converge to a surface
integral functional. In order to do that we apply the so called localisation method of I'-convergence.
In particular we closely follow the theory described in [24, Chapters 14-18] and [16] Chapters 10,
11], for this reason we discuss here only the main adaptations to our case.

We start by proving a preliminary result, namely we show that the functionals % satisfy a
fundamental estimate, uniformly in k similarly to [6, Lemma 3.2].

Proposition 4.1 (Fundamental estimate). Let % be as in (2.1). Then there exist K > 0 de-
pending only on c1,ca,p and W and functions wy: L (R™)? x A3 — [0, 4+00) (depending only on

loc

k) such that for every A, A', B € A with A CC A’ the following hold:
(i) For every u € WHP(A"), v € WHP(B), 0 < u,v < 1, there exists w € WHP(A U B) with
0 <w <1 such that

w=u aein A and w=v aein B\A,
and
Fr(w, AUB) < (1 + Keg)(Fr(u, A") + Fr(v, B)) + wi(u,v, A, A', B);
(ii) For every u € WhP(A"), v € WHP(B) 0 < wu,v <1 and every S C (A’ \ A) N B with
u(z) =v(z) € {0,1} ae in S;
we have
wi(u,v, A, A", B) < KL (A \A)NB\S);

(iii) For every (uy), (vy) C Li (R™) having the same limit as k — oo in L*((A’\ A) N B) and

loc

satisfying
sup (g\k(uka A/) + jk(?}k, B)) < +o00,
keN
it holds
klim w (ug, vg, A, A", B) = 0. (4.1)
—00

Proof. Let A, A, B € A with A CcC A’ be fixed.

Step 1: we show Let d := dist(A;R™ \ A’), Ny, := |2¢; "] (here |a] denotes the integer part
of a), and let Ay,..., AN, +1 € A with

ACCA; CC...CCAp, 41 CCA,

and J
AR\ i) = 0 k
For each i = 1,..., Ny let ¢; be a smooth cut-off function between A; and A;1; such that
2(Ng +2)
= ; < ——M~,
M = max [[Voille < ——
Let u and v be as in the statement. For i = 1,..., Ny we define w’ € W1P(A U B) as follows
w' = piu+ (1 —@;)v. (4.2)

By setting S; := (A;11 \ 4;) N B we obtain
Fr(w', AU B) < Z(u, A;) + Fr(v, B\ Aip1) + Fr(w', S;)

| (4.3)
< fk(u, Al> + ﬁk(v, B) + Fr(w', Sl) .
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Now from |(f4)| we deduce
Fp(w', 8;) < Cz/

SiN

(W(w) + s§‘1|vuﬂ‘|p) da. (4.4)
B €k

Moreover a convexity argument gives

Vil < 22070 (|Vul? + [Vol? + | Vi u — o)

4.5
< 220D (IVul? + [Vol? + MPJu— of?) . )
From (4.4)), (4.5) and |(f3)| we obtain
. 22(p=1 ¢,
Fr(w',S;) < Ci(yk(u, Si) + Fr(v, Sz))
! (4.6)

_ W (w'
+22(p71)02M,f€£ 1/ |u—v|pdm+02/ (w)dx
S; s;  Ck

Now summing up in (4.3)) over all i, by averaging we find an index i* € {1,..., Ni} such that
1 1
Fp(w” ,AUB) < — Y Z(w', AU B) < Zy(u, A') + Fi(v,B) + — > Fp(w',S;). (4.7
k(W' )_Nk; k(W ) < Fi(u, A') + Fi(v, )+Nk; k(w',5:).  (4.7)

By (4.6) we have

1 M Sk W (wh)
— N 7w, S) < — | Fu(u, A + Fi(v, B Mpp—l/ —vlPd /7d
Nk; (W', z)_Nk< i (u, A) + Py (v, B) + MPeb S|u v x—|—; o x|,

(4.8)
with M := max{%,?(p’l)@,@} and S := (A’ \ A) N B. Using that 2=% < N}, < % we

€k -

have

M 1 P
<M d —MPP'<oe? ([ —41) <C.
A p—— €k, an N, LR Csk<gk+ ) <C
This together with (4.7)) and (4.8]) give
Fr(w” ,AUB) < (1+ ]\//.fsk) (Fr(u, A" + Fr(v, B)) + wi(u,v, A, A’, B)

where

Ny
wi(u,v, A, A", B) :=C </ lu — vP dz + Z/ W (w") dx) ) (4.9)
S i=1"5i

for some positive constant C' > 0 independent of k.

Step 2: we show Assume that 0 < u,v < 1 are such that

u(z) =v(z) € {0,1} ae. in SCS.
Then clearly [ |u— [P dz = 0 and
W(w')=0 aein S;NS.
Moreover, since 0 < w’ < 1 for all i = 1, ..., Ny, by the continuity of W
W(w;) <M ae. in  S;\ S, Vi=1,..,N.
Hence readily implies
wi(u,v, A, A, B) < C(2P + M)L™(S\ S),

and by setting K := max{ﬂ, C(27 + M)} we deduce
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Step 3: we show ((iii)l Let (ug), (vg) C L. (R™), 0 < ug, v, < 1, be two sequences converging
to w in L'(S) and such that

sup (Zk(ug, A') + Fr(vx, B)) < C'.
keN

Since 0 < ug, v, < 1 we immediately deduce that uy, and vy converge to w also in LP(S).
Thus (4.1]) follows if we show that

with w! defined as in ([£.2]) with uj and vy in place of u and v respectively. Let

w,i ifxeS;,i=1,... Ny,
Wk = .
w otherwise ;

then clearly wj, converges to w in LP(S), moreover since W is continuous

Ny,
0 < lim Z/ W(w)de < lim [ W(wg)dz = lim [ W(ug)dz < lim ,C =0.
— Js;

k—o0 P k—oo Jg k—oo Jg k—o0

With the help of Proposition we can now prove the following I'-convergence result.

Theorem 4.2. Let Fy be as in (2.1). Then there exist a subsequence (Fy;) of (Fx) and a
functional Foo: Lig (R™) x A — [0,+00] such that for every A € A the functionals Fy, (-, A)

loc

[-converge in L*(A) to Fuo(-, A). Moreover, F, is given by

flz,v)dH™™ Y ifue BV(A), ve{0,1}ae. in A,
PP S LY (4), ve {0,1)

400 otherwise,,

with f: R™ x S*~1 = [0, 4+00) defined as
f(m, v) := lim sup

p—0

for every x € R™ and v € S"~1, where for A € A and u € BV (A,{0,1})
m(a, A) = inf{F(u, A): w € BV(A4;{0,1}), u =@ near A} .

m(uy, Q) (), (4.10)

n—1

Proof. The proof is rather standard, thus here we only sketch it and refer to [24] for more details.
By [24, Theorem 16.9] there exists a subsequence (k;), with k; — 400 as j — +o0, such that the
inner regular envelopes of the I'-lower limit and of the I'-upper limit coincide. More precisely for
every u € Li _(R™) and every A € A

loc
sup F'(u, A = sup F'u, A" = Fo(u, A), (4.11)
A'CCAA’eA A'CCA,A’eA

with #/, Z": Ll (R™) x A — [0, +00] defined as
F'(A) = I‘—]liminf Fi,(+,A) and F'(-,A):=T-limsup Fy, (-, A).
j—> 1T 00 X

kj~>+oo

Now by recalling Remark [2.1][(6)] and [30, Theorem 1] we can find a constant C' > 0 such that

1
GH T SuNA) < F/(u,A) < F(u,A) < CHMH(Su N A), (412)
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for every A € A and every u € BV (A;{0,1}) and
F'(u,A) = F"(u, A) = +o0 if u ¢ BV(A;{0,1}). (4.13)
In particular, (4.12) together with [24, Proposition 18.6] and Proposition imply that
Foo(u, A) = F'(u, A) = F"(u, A) if ue BV(A;{0,1}),
while (4.11)) and (4.13) yield
Foo(u, A) = F'(u, A) = F"(u, A) = 400 if u ¢ BV (4;{0,1}).
Hence, o (-, A) coincides with the I-limit of .y, (-, A) on L*(R™), for every A € A.

We now observe that the functional %, defined in (4.11]) satisfies the following properties: the
functional .Z (-, A) is L'(R™) lower semicontinuous [24, Propositions 6.7-6.8 and Remark 15.10]
and local [24] Remark 15.25 and Proposition 16.15], while the set function %, (u, +) is inner regular,
increasing and superadditive |24, Propositions 6.7, 16.12 and Remark 15.10]. Finally by means of
the fundamental estimate Proposition we can appeal to [24) Proposition 18.4] to deduce that
Foolu, ) is also a subadditive set function. This together with the measure-property criterion of
De Giorgi and Letta (see e.g., [24, Theorem 14.23]) imply that for every u € L _(R") the set
function .Z.(u, ) is the restriction to A of a Borel measure.

Thus we can invoke [4, Theorem 3.1] (see also [I4, Theorem 3]) and conclude that for every A € A
and u € BV (A;{0,1}) the I'-limit %, can be represented in an integral form as

Foo(u, A) :/ f(z,vy) dH 1,
S.NA

with f given by (#.10). O

5. IDENTIFICATION OF THE SURFACE INTEGRAND

In this section we identify the surface integrand f . Namely, we show that f coincides with both
f"and f”, defined as in (2.4 and (2.5 with respect to the I'-converging subsequence.

Proposition 5.1. Let (f.) C F ; let (k;) and f be as in Theorem |4.4 Then, it holds

fla,v) = f(z,v) = f'(x,v),

for every x € R™ and v € S*~1, where f' and f" are, respectively, as in [2.4) and [2.5)), with k
replaced by k;.

Proof. For notational simplicity, in what follows we still denote with &k the index of the subsequence
provided by Theorem [£.2]

By definition we have f’ < f”, hence to conclude we need to show that f < f’ and f > f”. We
divide the proof into two steps.

Step 1: In this step we show that f(z,v) < f'(x,v) for every 2 € R" and v € S*~*,
Let p > 0 and 7 > 0 be fixed, and for every k choose u, € </ (uj, ., , A) satisfying

Fi(ur, Q) (2)) < my(ay ., Qp(x)) +np" " (5.1)
< (e2Cu +m)p" (5.2)
Here the last inequality follows from (2.10]). Up to extracting a subsequence we may assume that

3 a7 v 13 4 a; v
Jm  Fi(ur, Q () = lim inf F, (ur, @ () -
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Then extend uy to a W,oP (R™)-function by setting

L U in Qu(x) )
k= {agﬂ_ in R\ Q).

From (5.2), (2.7) and [30, Lemma 4.1] there exists a subsequence (not relabelled) such that
wyp —u in LY (R"),

for some u € L} (R™R™) N BV( + {O 1}) such that v = u¥ in a neighbourhood of
9Q{(, 1, (). Hence by I'-convergence, , and (5.1)) we obtain

F oo (14, Q) (%)) < lim inf F, (wk, Q(1+n)p(5”))
S lim g\k (uka (7)) + C2011((1 =+ 77)7%1 - 1)Pn71
< hminf my (a ., Q4(x)) +np" "+ e2Cu(L+m)" 1 —1)p" .

Combining the above inequality with
m(ug, Q(V1+n)p($)) < Foo(u, Ql(/1+77)p(x))7
dividing by p"~! and passing to the limsup as p — 0 we infer
(L) ) < f(2,v) + 0+ eCu((L+0)" " = 1).
Eventually we conclude by sending n — 0.

Step 2: In this step we show that f(m v) > f"(x,v) for every x € R", v € S*"1 and p > 0.
We fix 7 > 0 and choose u € BV (Q}(); {0, 1}) with u = u}, near 8@”( ) and

Foo(u, Qp (7)) < M(u, Qp(x)) +1. (5:3)

We extend u to the whole R™ to the jump function «? in R™ \ Q) (z). By I'-convergence there
exists a sequence uy converging to u in LIOC(R") such that

hm Fr(u, Q) (7)) = Foo(u, Q) (7)) . (5.4)

k—+
We next properly modify the sequence wuy, in order to obtain a new sequence 4y, € <7 (uX e A). To
this end let 0 < p" < p’ < p be such that u = uj on Q}(z )\qu( x). Then we apply Propos1t10n
with A = Q7. (z), A" = Q) (v), B = Q) (z) \@:u (z) and u = ug, v = u} ., . In this way we get a
new sequence g C Wéf (R™) converging to u in LP(Q}(z)) such that

Uy =w, in Qp(z), U =1,,. in Q;(x)\@;(x),

and

lim sup Z (e, Qi (2)) < limsup (Fiug, Q@ (2)) + Fu(@ ., , Q) \ Qo ()

k—+o0 k—+o0

< Fuolu, Q”( )+ eCul™ QN Q) -

Here the second inequality follows from and - 2.10)) together with .
Recalhng that 4y is a test function for the definition of my(uy ., ,Q}(z)), combining (5.3

and (| we get

lim sup my, (@ ., , Q%(x)) < m(uf, Q4(x)) +n+C(p" " = (p")" ).

k— 400

(5.5)

We divide the above inequality by p™~! and conclude by passing to the limit first as p” — p,

second as 1 — 0 and eventually to the limsup as p — 0. ]
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6. PROPERTIES OF f', f

This section is devoted to prove some properties satisfied by the functions f’, and f” defined in
(2.4) and (2.5 respectively. To this purpose is convenient to characterise them in an alternative
way. Let us fix first some notation. For p,d,er > 0 with p > 6 > 2¢; we set

m (i ., , Q) (2)) == inf{Fy(u, Q) (2)): u € °(u) ., Qy(x))},
where
S (v v o , v . R . v —v
o (ua:,erp(x)) T {u € Wlp(Qp(x))7 0 S u S lIiu= ua:,ek m Qp(‘r) \ pré(x)} .
Moreover, let f7, f : R™ x "~ — [0, 4+-0c] be the functions defined as
! I C— O (-V v _ s S (v v
fp(xa V) T égf@; lklgirolf mk(uz,skan (CL’)) - }E}% lklgigf mk(ux,skap (SL’)) ) ( )
6.1

3 : O (= e . S5 /—
[y (x,v) = inf lgig) my (@, @, () = lim 1}1@&@ mj (ay ., , Q) ().

Next we prove the following technical Lemma.

Lemma 6.1. Let f,, f; be as in (6.1). Then the following hold:

(i) The restrictions of f,, f, to the sets R™ x g’jfl and R™ x S"1 are upper semicontinuous;
(i1) The functions p — (f}(x,v)—caCup" ") and p — (f}(z,v) —c2Cup™ ') are nonincreasing
on (0, +00);
(iii) For every x € R™ and every v € S"~1 there hold
1"

. 1 . 1
(o) = Timsup s fi () and. f"(a,v) = Tmsup o f (),

with f" and " as in (2.4) and (2.5)) respectively.
Proof. We prove the statement only for f,; and we show only for its restriction to the set

R™ x g’_ﬁ_l, the other cases can be treated arguing similarly.

Ste/]z 1: we show the validity of Let p >0, 2z € R", and v € §171 be fixed. Let (z;,v;) C
R™ x S*™" be a sequence converging to (z,v). We want to show that

limsup f,(z;,v;) < f(z,v). (6.2)

Jj—+oo
To this aim we notice that (6.1) implies the following: for fixed n > 0 there exists 6, > 0 such that
lim inf mf (i ., Q5 (#)) < fj(w,v) + 1, (6.3)

for every ¢ € (0,0,). Hence we can choose dy such that 36y € (0,0,) and p — 569 > 0, in particular
(6.3) holds true with & = 38y. For 2¢;, < p — 58 let also uy € a73% (a} .., Qp(x)) that satisfies

Fio(ur, Qp (@) < m® (ulf, Qp () + 1. (6.4)

In what follows we modify uy in order to obtain a new sequence Uy, € &°(uy) <, Q) (x;)) for j
large enough and any § € (0, dp) without essentially increasing the energy. We define

n
hij o= er + |z — x| + %MV—VJ‘\

and
By j = Ry((Q;,,%O \@pss) % (= B h/w‘)) tx.
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Since the map v — R, is continuous on S’}:l, there exists j = 7(dp) € N such that

Q:'isao (zj) C Qp_us5,(¥) C Q) _s5,(x) C Q:iao(xj)a
and
Ry.j C Q) _as, () \@;—360 (),
for every j > j. For later convenience we observe that

uny) = B, () = 8 0, (9) € {0,1) for ae. y € (@5, (2) \ Qs () \ R

Indeed we have

Uy ., =uy=uy =ug . in {(y—2)-v>e}N{ly—a;) v; >ex}.

On the other hand for y € (QZ_350+26k (x) \@:7350 (x)) \ Ry, ; it holds

((y =) v =|R)(y =) - en| > by > en,

and by applying the triangular inequality twice we have

((y — ;) - vj| > hyej — v — 5] = |y — z|[v — vy
n
> et (o ly— ol — ] 2 2.

where the last inequality is a consequence of Q) () C B ﬂp(x).
2
Next we apply Proposition [4.1] with

A= QY g5 (2), A= QY o5 (2), B:=Q (x,)\ Q) 55 (x;),
and u = ug, v := ﬂ;ﬁak Note that thanks to (6.5) the following hold
Ui —! v 4
AUB=Qp(zj), B\A =Q7(zj)\Q,_a5,(2),

and

(ANA)NB=A\A=QY_s,(2)\ Qpss, ()

In particular Proposition provides us with @y € WHP(Q,’ (z;)), 0 < Gy, < 1 with

U =, ae in Qg5 (x), U =04, ae in QY (z;)\ Q) o),
and such that
T (g, Q7 (z7)) < (1+ Key) (fk(uk, Q@) + Fr(ug ., , Qp (z;) \@:j_esao(xj)))

+ w (U, w5 A, A’ B).

Moreover from , property becomes
u(y) = uy ., (y) € {0,1}  for ae. yin ((A"\ A)NB)\ Ry ;-

Thus, applying Proposition with S = ((A"\ A) N B) \ Ry, yields
wr(ug, ugd ., A, A B) < KL"(Ry j) .
Now (12.10) together with (2.6) give
Fe(@ QY () \ Q) 55, (7)) < c2Cu L (Q; \@7550)) < Cop" 2,

while
ﬁn(RkJ) < C(Sopnizhk_’j .

15

(6.5)

(6.9)

(6.10)

(6.11)

(6.12)

(6.13)
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By (6.9) we have uy € &/%(ui) ., Qy’ (x;)) for any j > 7 and any § € (0,89). Hence gathering
©.4), (6.10), (6.11),(6.12), and (6.13) we get

mp (ay) ., Q (1)) < (1+ Cey) (mi™ (4 W,Q”( ))+77)+Cpn_250(1+hk,j)- (6.14)

Using (6.3) with 6 = 3dp and passing to the limit in first as £k — 400, then as 6 — 0, and
finally as j — +o0 gives

limsup f,(x;,v;) < f,(x,v) + 20+ Cdop" -2

Jj——+oo
since lim; limy, hy ; = 0. By letting dp — 0 (6.2) and then 1 — 0 we finally conclude.
Step 2: we show Let 0 < p<p/, x €R”, v e 8" ! be fixed. We show that
Fy (@) = e2Cu ()" < fr(,v) = caCulp)™ (6.15)

Let 7 > 0 be fixed and let 6, > 0 be such that (6.3) holds true for every ¢ € (0,6,). For fixed
§ €(0,68,) let also uy, € °(u $Ek,Q (x)) that satisfies

Frlun, Q) (x)) < mi(uy, Q) + 1. (6.16)
we now extend uy, Without relabelling it, to uy ., in Q) () \@;(x) so that it belongs to the class
(., , Q% (x)). Then and (2.10) yield

L%c(uk’QZf(m)) < Fieur, Qp(2)) + Fi (@ ., , (Qy (2) \ Q) (2))
< Fi(ur, Q) (z )) +eaCa((p)" = ()" 7).
Finally letting first k¥ — oo and then § — 0 from and (| - we get
fi(wv) < fio,0) + C2Cu(( )” L (o)) 4 2.
Eventually by sending 7 — 0 we deduce ([6.15]).

(6.17)

Step 3: we show One inequality follows immediately. Indeed as &/ ‘S(ﬂ;ygk,QZ(x)) C
o (uy ., ,Qy(x)) for every 0 € (0,p), we have

1
f/(z,v) < limsup
p—0 P

~folz,v).

It remains to prove the opposite inequality. For fixed p > 0, 2 € R®, and v € S*~! and for every
k € N such that ¢, € (0, 5) let uy, € o (uy ., ,Q(v)) satisfy

T (uk, @ () < my(uy ., Q) + p" (6.18)

Fix a > 0, let po := (1 + «)p, and extend ug, without relabelling it, to u; ., in Q) () \@Z(m) In
this way u, € @°(u% ., , QY. (x)) for any & € (0, ap) and similarly to (6.17) it holds

)

Fi(ur, QY () < Fro(uk, Q4 () + P (., (Q4, (2) \ @, (2)) (6.19)
< Fiuk, Q4 (x)) + c2Cu (1 4+ )1 = 1))p" 1. '

Now and - ) give

s s Yy v -1 -1
;I;f)m;of 0 @ty (2) < min (0, QY) 47+ xCul(1 )" 1)

Rescaling the above inequality by ((1 4+ «)p)"~! and passing to the limsup as p — 0 we infer

p (@, v) < f'@,v) + eCu((1+ )" = 1))

(1+a)"”

p—0

We finally conclude by the arbitrariness of a > 0. ]
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We now state the main result of this section:

Proposition 6.2. Let (fx) C F; then the functions f' and f" defined, respectively, as in (2.4)
and (2.5) are Borel measurable and satisfy the following: for every x € R™ and every v € S*~1 it
holds

ciep < fl(z,v) <eacy,  c1cp < f(w,0) < cacy, (6.20)
with

1
¢ = p(p — 1)7/ W) dt.
0

Proof. We prove the statement only for f’, as the proof for f” can be achieved in a similar way.

Step 1: we show that f’ is Borel measurable. Let p > 0 and let f; be the function defined in
(6.1). By Lemma we have that the function p — f)(z,v) — coCyp™ ™" is nonincreasing on
(0, +00), hence in particular

lim f//(:E?V)Zf/(va)Z lim f//(SC,l/),
p—p= " ’ o=t

for every o € R”, v € S*~1, and every p > 0. This together with Lemma imply that

. 1 . 1
fx,v)= 11r;1_s)(1)1p Ff;(fa v) = hr;l_s)(tle Ff;(% v)
pED

where D is any countable dense subset of (0, +00). Since by Lemma the function (z,v)
[, (x,v) is Borel measurable for every p > 0, and the limit on a countable set of Borel functions is
Borel we conclude.

Step 2: we show that f’ is bounded. For every z € R”, v € S"~!, and p > 0 we define the
minimisation problem

my, ,(z,v) := min {Mk(w QZ(:E)) u e .;z{(u;,anZ(x))},
where M, is defined as in (2.8). From Remark [2.1][(5)] we have
cimy p(7,v) < my(a; ., , Qp(2)) < comy p(,v).

Therefore to prove that f’ satisfies the bounds in (6.20)) it is enough to show that

li =c,p" L. 6.21
k_gfoomk,p(mw) Cpp (6.21)

By the homogeneity and rotation invariance of the Modica-Mortola functional there holds
m’%ﬂ(x? V) = mk,ﬂ(ov en)'

Let > 0 be arbitrary fixed. By the I'-convergence result in [30] we can find a sequence (uy) C

WtP(Q,(0)), 0 < uy, <1 such that uy converges to ug® in LP(Q,(0)) and

lim sup M (ur, Q,(0)) = (cp +n)p" "

k— 400
Up to suitably modifying wuy, (for example by using Proposition , we can assume that uy, = ug™
in {[yn| > e} so that in particular (uy) C &/ (4g", ,Q,(0)). In particular, by the arbitrariness of
n > 0 we deduce that

limsup my, ,(z,v) = limsupmy, ,(0,e,) < c,p™ *. (6.22)
k—4o00 k—4o00
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On the other hand by Fubini’s Theorem we have

U Qp / /p ( Jf xn)) +E£_1Vu(x',xn)|p) d]}n dq}l

» Bula (6.23)
[ () g
/ % 8$n
and by Young’s inequality
£ /
/2 (W(u(: ) +€k 8u Ou(a’, xn) ) dz,
e k
: (6.24)
D p=t | Qu(a’, x,,)
> p | T/
,(p_l ( u(@' an))) T oz, dz,, ,

for L lae. o' € Q’ Now if u € d((uo oy »(0)), then it coincides with ug" in a neighbourhood
of

9%Q,(0) == {(w’7xn) ER" ' xR:a' €Q), xn = :I:g}

Therefore, for L~ !-a.e. 2’ € Q/, the function u, () := u(2’, t) belongs to W'?(—£, £) and satisfies
Uy (—%5) =0, and u,/ (§) = 1, and a change of variable in (6.24)) yields

: W(u(@' @) | por|Oula’,z,)|” p \EL ! .
s A, > | — P D = . .
/_ ) ( e . dz, > (p L) 7 /O W) dt=c,. (6.25)

Thus, combining ([6.23]) with - we obtain
Mk(U»Qp(O)) > Cppn_la

for every u € o ((ug™, ,Q,(0)). Passing to the infimum on u and to the liminf as & — +o00 we get

P — i > n—1 )
lklg_;l_{g mk,p(xv V) lklg—&g mk,p(oa en) = Cpp ) (6 26)

for every p > 0. Eventually, gathering (6.22)) and (6.26)) we get (6.21]), and hence the thesis. |

We now have all the ingredients to prove the main result of this paper, namely, Theorem

Proof of Theorem[3.1] The proof follows by combining Theorem [£.2 Proposition [5.1 and Propo-
sition 0

7. STOCHASTIC HOMOGENISATION

In this section we derive a I'-convergence result for functionals of type %) when fj are random
integrands of the form

x
fk(waxauvg) = f(w7 avuag)a
where w belongs to the sample space Q of a complete probability space (Q, T, P).

In order to do that we need to recall some useful definitions.

Definition 7.1 (Group of P-preserving transformations). Let d € N, d > 1. A group of P-
preserving transformations on (Q, 7, P) is a family (7.),cz« of mappings 7,: Q — Q satisfying the
following properties:

(1) (measurability) 7, is 7T-measurable for every z € Z4;

(2) (invariance) P(7.(E)) = P(E), for every E € T and every z € Z;

(3) (group property) 7o = idg and 7,4 . = 7, o 7,s for every 2,2’ € Z4.
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If, in addition, every (7,),cz«-invariant set (i.e., every E € T with 7,(E) = E for every z € Z%)
has probability 0 or 1, then (7,),czq is called ergodic.

Let a := (ay,...,aq), b := (b,...,bq) € Z¢ with a; < b; for all i € {1,...,d}; we define the
d-dimensional interval
[a,b) ;== {2z € Z%: a; < a; <b; fori=1,...,d}
and we set
Ty :={[a,b): a,be Z?, a; < b fori=1,...,d}.

Definition 7.2 (Subadditive process). A discrete subadditive process with respect to a group
(72)2eza of P-preserving transformations on (€, 7, P) is a function p: Q x Zy — R satisfying the
following properties:
(1) (measurability) for every A € Z; the function w — p(w, A) is T-measurable;
(2) (covariance) for every w € , A € Iy, and z € Z? we have pu(w, A + z) = pu(7.(w), A);
(3) (subadditivity) for every A € T, and for every finite family (4;);er C Zq of pairwise disjoint
sets such that A = U;cr A;, we have

wlw, A) < Zu(w,Ai) for every w € 1
iel
(4) (boundedness) there exists ¢ > 0 such that 0 < p(w, A) < cL4(A) for every w € Q and
Aely.

Definition 7.3 (Stationarity). Let (7.),eczn be a group of P-preserving transformations on (2, T, P).

We say that f: @ x R" x R x R™ — [0, +00) is stationary with respect to (7,).ezn if
flw,z+z,u,8) = f(7:(w), 2, u,§)

for every w € Q, 2 € R", 2 € Z", u € [0,1] and £ € R™.

We consider random integrands f: X R™ x R x R™ — [0, 400) satisfying the following assump-
tions:

(F1) fis (T @ B ® B® B™)-measurable;
(F2) f(w, -, -, )€ F for every w €
(F'3) For every w € €, and every x € R™ the map £ — f(w,z,u,&) is lower semicontinuous.

For any f as above we define the sequence of random phase-field functionals Zy(w): LL (R™) x
A — [0, +0o0] given by
1
Fr(w)(u, A) := —/ f (w,w,u, EkVU> dx, (7.1)
€k JA €k
if ue Wh?(A), 0 <u <1 and extended to +oco otherwise. For w € Q, A € A we define
F(w)(u, A) := / flw,z,u, Vu) dz,
A
and
m,, (@, A) = inf{ﬁ"(w)(u,A): ue o (@, A)} : (7.2)

where o7 (4, A) is as in (2.3), with @l
A C R"™ with int A € A we set

m,(ay, A) :=m(ay,int A), and (ig,A): = (4g,int A).

. replaced by u; i.e., with e = 1. Moreover for every

Finally we are able to state the main result of this section.
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Theorem 7.4 (Stochastic homogenisation). Let f be a random integrand satisfying (F'3)
Assume also that f is stationary with respect to a group (7.),czn of P-preserving transformations
on (Q,T,P). For every w € Q let Fi(w) be as in and my, be as in (7.2)). Then there exists
€T, with P(Y) = 1 such that for every w € ', x € R*, v € S"~1 the limit

o, P QL) ml,Q210)
r—400 rn— r——+o0o rn—
exists and is independent of x. The function fhom: Q@ x S*~1 — [0,+00) is (T ® B(S"71))-
measurable.
Moreover, for every w € Q' and for every A € A the functionals F(w)(-, A) T-converge in
(R™) to the functional Fpom(w)(-, A) with From(w): Li (R™) x A — [0, +00] given by

loc

=: fhom(w, V) (7.3)

Ll

loc

/ From (@, ) dAH™Yif w € BV(A;{0,1})
Su.NA

+00 otherwise.

Fhom (W) (u, A) :=

If, in addition, (1,).ezn is ergodic, then fhom is independent of w and

1 —v v
- /Q m,, (5, Q%(0)) dP(w).

fhom(V) = TEIEOO n

thus, Fnom 1S deterministic.

Remark 7.5. The notion of stationarity given in Definition [7.3] generalises the notion of spatial pe-
riodicity. Therefore Theorem [7.4] applies also to the case of deterministic periodic homogenisation.
However we will show later (see Section [§)) that condition is not needed if we restrict to the
periodic setting.

The rest of the section is dedicated to prove Theorem [7.4]

7.1. Existence of the limit. The almost sure I'-convergence result in Theorem [7.4] readily follows
by Theorem if there exists a T-measurable set Q' C , with P(Q)') = 1, such that for every
w € Q' the limit in exists and is independent of z, and if fuom is (T®B(S"~1))-measurable. We
will prove that this is actually the case when the integrand f satisfies |(F'1)(F'3)|and is stationary
in the sense of Definition [7.3]

Since the boundary conditions given in the definition of my, (@, Q¥(rz)) depend on z, the proof
of the existence and xz-homogeneity of the limit in does not follow by a direct application
of the Subadditive Ergodic Theorem [I, Theorem 2.4]. For this reason we need to follow a more
technical argument, in the same way as in [3] [I8], 5], which can be divided into three main steps.
In the first step we prove that when 2 = 0 the minimisation problem defines a subadditive
process on Q x Z,,_; (see Proposition . In the second step we prove the almost sure existence
of the limit in when = = 0 (see Proposition [7.7)). Eventually in the third one we show that
the same holds for an arbitrary x € R™ (see Proposition .

For v € S"! we let R, be an orthogonal matrix as in Note that {R,e;:i=1,...,n—1}
is an orthonormal basis for IV, and R, € Q"*", if v € S* ' NQ". Let M, > 2 be an integer such
that M, R, € Z"*"; therefore M, R, (2',0) € II* N Z" for every 2’ € Z"~ 1.

Let [ € Z,_4; i.e., I = [a,b) with a,b € Z""L. For every v € S"~! and every I € Z,,_; we define
the n-dimensional interval I, as

1
I, == M,R,(I x [-c,c)) where c:= 3 ;_jnax l(bi —a;). (7.4)
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Eventually, for fixed v € S*~! N Q" we consider the function p,: Q x Z,,_1 — R given by

1 UV
py(w, I) == me(uo,l,,), (7.5)

where my, (@}, I,) is as in (7.2)) with z = 0 and A = I,,. Then the following result holds true.

Proposition 7.6. Let [ satisfy and assume that it is stationary with respect to a group
(7.)2ezn of P-preserving transformations on (Q, T, P). Letv € S*'NQ" and let p,: QxT,_1 — R
be as in , Then there exists a group of P-preserving transformations (72,) iezn-1 on (0, T, P)
such that w, is a subadditive process on (U, T, P) with respect to (14)1czn-1. Moreover, it holds

0 < piy(w,I) < caCu L™ (I, (7.6)
for P-a.e. w € Q and for every [ € T,,_1.

Proof. Let v € S"1 N Q" be fixed; below we show that there exists a group of P-preserving
transformations (7}),/¢zn—1 for which p, satisfies conditions of Definition

Step 1: measurability. The measurabilty can be achieved by suitably adapting the proof of [33]
Lemma C.1.], for this reason here we only sketch it. Let I € Z,,_; and let I, C R™ be as in .
For every n € N we let f™ be the Moreau-Yosida-regularisation of f with respect to the last two
variables, that is

frw,zu,8) = inf - {f(w,z,0,) +n|(v, () = (u, )]} -

(v,{)ERXR"™

It is known that f™ is n-Lipschitz in (u,&). Then arguing as in the proof of [33] Lemma C.1.] it
can be shown that the map " (w): W1P(I,) — [0, +00) given by

F(w)(u) ::/I M (w, z,u, Vu)dzx,

is well defined for every w € Q and that (w,u) — F™(w)(u) is T ® B(W'P(1,))-measurable. By
f™ 2 f pointwise so that in particular .%#"(w)(u) converges to .#(w)(u, I,,) pointwise. This
in turn implies that (w,u) — Z (w)(u, ) is T @ B(W1P(I,))-measurable as well. Now recall that
(Q, T, P) is a complete probability space, while the set

o, 1) ={ue WP(I,), 0 <u <1, u=auf near 9I,} C WHP(I,)

defines a separable metric space, when endowed with the distance induced by the W1 (I, )-norm.
Moreover from the map u — % (w)(u,I,) is lower semicontinuous and not constantly +oo
since from have F(w)(uf, I,) < +o0o. Hence we can apply [33, Lemma C.2.] to deduce
the T-measurability of w — my,(af, [,) and in particular of w — p, (w, I).

Step 2: covariance. Let 2/ € Z"~! be fixed and let I € Z,,_;. Note that (7.4) implies the
following equality
(I+2),=1+MR,(20)=1,+=z,,
where 2!, := M, R,(2',0) € Z" NII”. Therefore we have
1
po(w, I +2") = me(ag,l,, +2). (7.7)

v

Let u € & (uf, I, + =
we have u = af(-+ =

) and define @(z) := u(z + 2,,). Clearly u € o7(uf,I,). Indeed since 2, € 11",

!/
14
/) = uf near dI,. Further by a change of variables and using the stationarity
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of f we obtain the following

F(w)(u,int (I, + z,,)) :/ flw,z,u, Vu)dz :/ fw,z+ 2,,u,Va)dz
I+2 I

:/I [ (W), 2w, Vu) de = F (1., (w))(u,int 1) .

Let (70))zezn—1 := (7o) zrezn—1; then (77)).ezn-1 is well defined since z;, € Z™ and it defines a
group of P-preserving transformations on (€2, 7, P). In particular the equality above becomes
F(w)(u,int (I, + 2.,)) = Z (14 (w))(w,int 1,,) . (7.8)

Eventually, gathering (7.7) and (7.8), by the arbitrariness of u we infer
pv(w, I +2") = (2 (w), 1),
and the covariance of p,, with respect to (7),/¢zn-1 is shown.

Step 3: subadditivity. Let w € Q, I € Z,,_1, and let {I,...,In} C Z,—1 be a finite family
of pairwise disjoint sets such that I = |J, I;. For n > 0 fixed and for every ¢ = 1,..., N we let
u; € WHP((I;),) be admissible for m,, (@, (I;),) such that

F(w)(ug, int (1;),) < my,(ag, (I;),) +1. (7.9)
We let

ag in I\ U;(Li)w

in this way u € WP(I,; R™) and u = @} near d1,. Hence in particular u € o/ (@}, I,) and

- {uz in (I;),,i=1,...,N,

F (w)(u,int I,,) Z )(wi, int (1;),) + F (w) (g, int (1, \U (7.10)

i=1

We observe that

N
F (w) (af,int (I, \ | J(Zi))) =0. (7.11)

i=1

Indeed, being M, > 2 and ¢ > % in (7.4) we have that {y € I,: |y - v| < 1} C J,(£;), and thus
ug = ug in I, \ U;(1;),. Now recalling (2.6) we derive (7.11). Putting together (7.9)-(7.11)) we

obtain
N

N
m,, (15, 1,) < F(w)(u,int I,) = > .F(w)(u;, int ( Z )+ N7,

i=1
and the subadditivity of p, follows by letting n — 0-
Step 4: boundedness. Let w € Q and I € Z,,_1. From ([7.4) and (2.10) we easily deduce

1

OSHV(WaI) = W

my, (af, I,) < caCu L™ ().
O

Proposition [7.6] is the key ingredient to prove that almost surely the limit defining fiom exists
when x = 0.
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Proposition 7.7 (Homogenised surface integrand for © = 0). Let f satisfy|(F'1 {(F'3 ) and assume
that it is stationary with respect to a group (7,).czn of P-preserving transformations on (Q, 7T, P).

For w € Q let my, be as in (7.2). Then there exist Q € T with P(Q) = 1 and a (T ® B(S*1))-
measurable function from : Q x S"1 — [0, +00) such that
L mu (g, Qu(0)

r—+4o0 rn—1

= fhom(w, V) (7.12)
for every w € Q and every v € S*~1. Moreover, Q and fhom are (72).czn-translation invariant;
ie., 7,(Q) = Q for every z € Z" and

Jnom (72 (w), V) = from (w, V), (7.13)

for every z € 7", for every w € fvl, and every v € S""L. Eventually, if (7.).ezn is ergodic then
fhom 18 independent of w and given by

fhom(¥) = lim 1

r—too rn—1

/Qmw(ﬁg, Q7 (0)) dP(w). (7.14)

Proof. We divide the proof into three steps.
Step 1: existence of the limit for v € S*™"1 NQ". In this step we show that there exists QeT

with P(Q2) = 1 such that the following holds: for every v € S*1 N Q" there is a T-measurable
function f,: Q — [0, +00) such that

. my(ag, Q7(0))
fl/(w) - ’I‘ETOO ’I"n_l

We fix v € S ! N Q". By Proposition we know that the map p, given in (7.5) is a

subadditive process on (2, T, P) with respect to some group of P-preserving transformations. This

allows us to apply the Subadditive Ergodic Theorem [I, Theorem 2.4] and deduce the following:

let I =[—1,1)""1, so that I, = 2M,Q"(0); then there exists a set Q, € T, with P(2,) = 1, and
a T-measurable function f,: Q@ — [0, 400) such that

f(w, 5 1) . my(ug, 2M,Q"(0))

@)= e = i T o (7.15)

, VweQ.

for every w € Q,,.

Let now (r;) be a sequence of strictly positive real numbers with r; — +00, as j — +oo0 and

define e 2M”<{2710\2VJ _ 1) and 7”? = 2M”Q2§\2VJ +2> '

For j sufficiently large r; > 4(1 4+ M, ), and thus r; > 4, moreover

J
Q- 45(0) cC @Y(0) €C @y 45(0) cC Q14 (0).

We then can apply Lemma H twice: the first time with =2 =0, r = r;, and r = r; and the

second one with xt =2 =0, r = r;r, and ¥ = r; and get the two following estimates

mw(agflgj (0)) . mw(aSL Q: (0)) L= 4 | (7.16)
T (ry )" "i

m,, (@, Q% (0) _ M5 QL (O) ity 4 1)
I r ' (7.17)
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Using that r;.“ —rj < 4M, and r; —r; < 4M,, thus thanks to (7.15)), passing to the limsup in
(7.16) and to the liminf in ((7.17) as j — 400 yield

m,, (ug, Q7 (0))

lim sup — < fulw) YweQ,, (7.18)
j—+oo Tj

and
. mu(ag, Q7 (0))
liminf ——————"— > fo(w) YweQ,. (7.19)
Jj—+o0 r.

J
From (7.18) and ([7.19) we have that for every w € Q, the limit along (r;) exists and satisfies

o my (@, Q1 (0)
AT e )

Q= ﬂ Q,,

vesnt—1nQnr

Eventually to conclude we define

which satisfies the desired properties.

Step 2: existence of the limit for v € S*~1\ Q™. In this step we prove that there is a (T ®
B(S™~'))-measurable function fhom : € x §*~1 — [0,400) such that holds for every w €
and every v € S"1,

Let f, f: QxS [0, 4+00] be given by

GV 14 O _ SV 14 0
f(w,v) :=liminf ., (45, Q7 (0)) ,  flw,v) :=limsup ., (45, 9y (0)) ))
= r—+o00 rn—1 oo rn—1
We first observe that §1‘1 N Q" is dense in §1—1_ Moreover in Step 1 we showed that f(w,v) =
Flw,v) = f,(w), for every w € Q and for every v € S"~! N Q". Therefore, in order to obtain
the same equality for every for every w € Q and every v € S"1, it is enough to show that the

restrictions of the functions v — f(w,v) and v — f(w, ) to the sets gl_l are continuous. Further
once we have that we can also deduce the following;:

w > f(w,v) is T-measurable in (NZ, for every v € S"71

together with

v f(w,v) is continuous in S, for every w € Q2

readily imply that the restriction of f to Q x gi_l is measurable with respect to the o-algebra
induced in Q x ST by T ® B(S"~!). Hence the claim follows by setting

Flw,v) if we,

~ 7.20
c2cp if we\Q. (7.20)

fhom(wa Z/) = {

We now prove that f(w, -) is continuous in gﬁfl. The other proofs are analogous and therefore
are left to the readers. Let v € gﬁ_l, (vj) C Sﬁ_l be such that v; — v, as j — +oo. Then, for
every o € (0,2) we find j, € N such that (A.7) holds true for every j > j,. Hence we can apply

12
Lemma with =0 and ¥ = v; and get

mw(ﬂS’GQl{{M)T(O)) - Carn71 < mw(a& Q:(O)) < mw(@5j7 l(/i_a)r(o)) + Carnilv
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where ¢, — 0, as a — 0. Now dividing the above inequality by r”~! and passing to the limsup as
r — +00 we get

14 a)" ! f(w, v;) < f(w,v) + ca, (7.21)

(1*04)”’17(60»%) f( V) = Ca- (7.22)

Eventually passing to the limsup as j — 400 in ) and to the liminf as j — +o0 in (7.22)), and
letting @ — 0 we have

limsup f(w,v;) < f(w,v) < liminf f(w,v;),
j—+oo J—+oo

and the proof of step 2 is achieved.

Step 8: (7.)zezn-translation invariance. In this step we show that Q and Jhom are (7),eczn-
translation invariant.
Let z € Z", w € Q, and v € S"~! be fixed. Let r > 4 and u € o/ (a4, Q%(0)) satisfying

F (w)(u, Q(0)) < my,(ug, Q7(0)) +1. (7.23)
Setting u(y) := u(y + 2), then since f is stationary there holds

Z (w)(u, Q7(0)) = F (72 (w)) (1, @ (—2)).
This together with (7.23) and the fact that u € o (a” ,, Q%(—z)) yield

(=
m_ ) (12, Q7 (=2)) < my,(ug, Q7(0)) + (7.24)

We choose r,7 such that 7 > r and

Q%,o(—2) CC QX(0) and dist(0, 11" (~z)) < —.

z

4
We next apply Lemma twice: once with x = —z and Z = 0 to the minimisation problem m,_(
and once with £ = z and z = 0 to the minimisation problem m, and get
my (w) (U’Ov Q (0)) < mr (w) (aizv QZ(fZ)) =+ L(|Z| + ‘T - F‘ + 1)(?/)7172 y (725)
and
m,, (g, Q¥(0)) < my,(a, Qy(2)) + L(|2| + |r — 7] + 1) (7)" 2. (7.26)

Hence, combining ([7.24]) with (7.25)) and (7.26]) we have
() (85, Q¢(0)) _ m, (@5, Q7(0)) +1  L(lel +Ir =7 +1)

- < _ , 7.27
rn—1 - pn—1 T ( )
and
ug, Q% ug, QY (0 1 L —-7r+1
me(T QH0) _ M0, QEO) 1 L+ =71 +1) 725)
We now take in ([7.27)) the limsup as ¥ — +oo and the limit as r — 400 and find
T (w 71/7 2(0

timsup @5 GO o0, (7.29)

=400 rr
Similarly we take in (7.28]) the limit as 77 — 400 and the liminf as r — +o00 and obtain

m,_ ) (uh, @5 (0
Jhom(w, V) < liminf Z(w)(ung ( )) (7.30)

r—+4o0 rn
Gathering (7.29) and (7.30) we deduce that 7.(w) € € and that
fhom(Tz<w)7 V) = fhom(wv V) )

for every z € Z, w € §~2, and v € S"~!. Notice also that thanks to the group properties of (7.).ezn
we also have that w € 7,(Q), for every z € Z".
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We conclude by observing that if (7,),ecz» is ergodic, then the independence of w of the function

of fhom follows by (7.13)) (cf. [I8, Corollary 6.3]) and ([7.14) follows by integrating (7.12)) on ) and
by using the Dominated Convergence Theorem, thanks to (7.6) (see also (7.5)). |

We conclude this section by establishing the last crucial result which extends Proposition [7.7
to the case of an arbitrary x € R™. More precisely, Proposition below states that the limit in
(7.12) exists when x = 0 is replaced by any x € R™ and that it is x-independent, and hence it
coincides with .

The proof of the following proposition can be obtained arguing exactly as in [I8, Theorem 6.1]
(see also [3, Theorem 5.5]), now appealing to Proposition Lemma and Lemma For
this reason we skip its proof here.

Proposition 7.8 (Homogenised surface integrand). Let f satisfy [(F1)}(F'3) and assume that it
is stationary with respect to a group (7;).ezn of P-preserving transformations on (0, T, P). For
w € Q let my, be as in (7.2)). Then there exists Q' € T with P(Y') =1 such that

L (i, QUr))
r——+o00 rn—1

= fhom(w, V) (7.31)

for every w € U, every x € R™, and every v € S, where fuom is given by (7.12)). In particular,
the limit in (7.31) is independent of x. Moreover, if (7,).czn is ergodic, then fnom s independent

of w and given by (7.14).

We conclude this section with the proof of Theorem [7.4]

Proof of Theorem[7.} The proof follows by Theorem [3.3] now invoking Proposition O

8. PERIODIC HOMOGENISATION

In this last section we prove a periodic homogenisation result without requiring any lower semi-
continuity on the integrand f (i.e., without assuming |(F'3)]).

A careful inspection of the proof of Theorem shows that condition |[(£3)|is used only once
in the proof of Proposition to establish the T-measurability of the map p, defined in (7.5]).
This suggests that in the periodic setting Theoremshould still be true if we drop condition |(#'3)|

Let f € F be such that for every u € R and every £ € R™ f(-,u,§) is Q-periodic. Let fj and
Z, be defined as in (3.3]) and (2.1)) accordingly. We now state and prove the following result.

Theorem 8.1 (Periodic homogenisation). Let f € F be such that for every u € R and every
EER™ f(-,u,§) is Q-periodic. Let m be as in (3.2). Then the limit

lim m(u'r‘a:ﬂ Qr (’I’l’)) = lim m(u07 Q'r (0))
r—400 rn—1 r—+o0 rn—1

=: fhom(V) (8.1)

exists and is independent of x. The function fuom: S*1 — [0, +00) is B(S*™1)-measurable.
Moreover, for every A € A, the functionals F(-, A), defined in (2.1 with fr as in (3.3), T'-

converge in L (R™) to the functional Phom(-s A) with Fpom: L (R™) x A — [0,+00] given
by

/ from (ve) dH™™ 1 ifu € BV(A;{0,1})
SuNA

+00 otherwise.

fhom(u, A) =
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Proof. From Theorem [3.3] it is sufficient to show that the limit in (8.1) exists and is independent
of x and that fhom is B(S"~!)-measurable. We divide the proof into a nuber of steps.

Step 1: existence of the limit for x = 0. In this step we show that for z = 0 and for every

v € S" ! the following limit in (8.1) exists. Let v € S"~! and let s > r > 0 be fixed. By

reasoning as in step 2 of the proof of Proposition [7.7] we can assume without loss of generality that
v € S" 1 NQ". Next we choose u, € o (uf,Q%(0)) such that

F (ur, Q7(0)) < m(ug, Q7(0)) + 1. (8.2)

In what follows we extend u, to Q%(0) to get a new function us € o (af, Q%(0)) without essentially
increasing the energy. For every z € Z"~! x {0} we set

2= (L&J + 1) M,R,z, Q.:=Q'(0)+ 2",

v

with R, as in and M, defined as in section and let
I, = {z e 2" x {0}: Q. C Qg(o)} :

Note that by definition of M, and R, we have z; € Z" NII, for every z € 771 x {0}. Moreover
a direct computation shows that

1 0! sn1
n—1 _ < 14 < . .
s (r—i—l 3) < #(L) < -1 (8.3)

Let us define N
ua(y) = u(y—zY) ifyeq.,zels,
W= ag(y) otherwise in Q%(0).
Clearly us € &7 (ug,Q%(0)). Furthermore a change of variable together with the the Q-periodicity
of f yield

F (us, QY(0)) < #(I)F (uy, Q4(0)) + Z (15, Q4(0) \ Uzer, Q) - (8.4)
Moreover by we may deduce that
ﬁ(ﬁg’ QZ(O) \ Uzer, @z) < C2c;’u(<97171 - #(Is)rnil) . (85)

Gathering together (8.3)-(8.5) we obtain

m (g, QC(0)) _ F(us, QL(0)) _ F(up, Q7(0)) nor(_1 Lyt
S S s < +02C'u<1—7" (g3 ) (8.6)

Finally combining with (8.2) and passing first to the limsup as s — +oo and then to the
liminf as r — +00 we get

(ug, @7(0))

lim sup w < lim inf m

_ _ 5
s—+oo s 1 r— 400 rn 1

and, being the converse inequality trivial, the proof of Step 1 is achieved.

Step 2: existence of the limit for every x. In this step we show that for every x € R™ the limit
in exists and is z-independent. Let = # 0, and let r > 4+/n be fixed. Let u, € o7 (uf, Q%(0))
be such that holds. Define z, := | (r + 3)x| (i.e., the vector whose componets are the integer
parts of the components of (r + 3)x) so that |(r + 3)z — z,| < v/n and moreover

QY s(z,) CC Q¥is((r+3)z), and dist((r+3)x,l'[”(xr))§£.
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The function ,(y) := u,(y — x,) belongs to <7 (u}, , QY (x,)). Moreover by @Q-periodicity of f and
(18.2) we have

m(uy , Q) (z,)) < F (tr, Q(xr)) = F (ur, @7(0)) < m(ug, Q7(0)) + 1. (8.7)
Next we invoke Lemma and get
mM(a(, 5, Qrys((r+3)z)) <m(ag , Q(z,)) + L(Vn+3+1)(r+3)"72. (8.8)
Combining with and rescaling by (r + 3)"~! we have
m(t(, ). QY y3((r+3)z)) - "=t m(af, Q%(0)) N C
(r+3)n—1 = (r+3)nt rn—1 r+3’

hence, up to replacing r 4+ 3 with r, passing to the limsup as r — +o0o we find

mi,. Q4re) o m(if.Qu0) | ml.Qu(0)

lim sup
T.n—l r—t0o rn—l r——4o0o Tn—l

r——4o00
In a similar way one can show that also
-V 14 O 14 1% 0 SV 14
lim m(uO’ Qr( )) — liminf m<u07 Qr( )) S liminf m(urw’ Qr (’I"f)) )
r—+oo rn—1 r—+4o0 rn—1 r—+oo rn—1

The above two inequalities conclude step 2.
Conclusions. From step 2 we deduce (8.1]). Moreover arguing as in the step 2 of the proof of
Proposition we may also deduce that fhom is B(S"!)-measurable.
O

Remark 8.2. We conclude this section by observing that our analysis in the stochastic/periodic
setting (and the corresponding results Theorem and Theorem covers, in particular, the
case of functionals considered in [31] 23] and the critical regime of [6].
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APPENDIX
In this last section we state and prove two technical lemmas which are used in Subsection [7-1]

For A€ A, z € R", and v € S" 1, in what follows m(u”, A) denotes the infimum value given
by (3.2).

Lemma A.1. Let f € F; letveS* !, 2,2 € R, and 7 > r > 4 be such that

(i) QY o(x) CC QYE), (i) dist(z,11"(z)) < 2.

Then there exists a constant L > 0 (independent of v, x,Z,r,7) such that

m(af, Q%(7)) < m(ay, Q) (x)) + Ll — 2| + |r — 7] +1)7" 2. (A1)



PHASE-TRANSITION FUNCTIONALS 29

Proof. Let v € S"7 1, > 0 be fixed and let v € o7 (1%, Q%(x)) with
F (u, Q) (x)) < m(ag, Q7 (x)) +17. (A.2)

Then u = @ a.e. in U, where U is a neighbourhood of 0Q¥(z). Let moreover § € (0,1) be such
that Q¥ (z) \@:_ﬂ (r) CU. Let £ € R™ and ¥ > r > 4 satisfy (i)-(ii). We set

R:_Ru((QQ\Q’T—/B) X <717 |(17255).y\ 1+ Kx;)"/')) +x+7@7;).yva

where R, be as in Let ¢ be a smooth cutoff between Q7_5(x) and Q%() and define

v

u:=pu+ (1 - )iz,

which clearly belongs to o7 (4%, Q%(Z)) and moreover it satisfies

(1, Q5()) < 7 (u,Q(x)) + F (4, Q¥(T) \ Q,_5()) - (A:3)
Notice that

u=pup+(1-p)uf i Q¥@)\ Q).

and in particular

G—u—ufe {01} ae in  (QUE)\QL_s@)\R.
This together with and imply

F(@ QU \ Q' y(@) < /R (W (@) + [Vil?) dy
< CL'(R)+C / (VasP + |Valr + Vol lag —ayp) dy (A9
R

< CLY(R) +CL QN Qr_p)

where the last two inequality follow by recalling that W is bounded on compact sets and by (2.10).
Now we observe that

LN QRN Qp) < Clr =T, (A.5)
while
LM(R) <CBr"2(|lz — T +1). (A.6)
Finally gathering , , , and we obtain
m(uf, Q¥(7)) < 7 (0, Q%(T)) < m(uy, Q) (x)) + L(lx — Z| + [r — 7] +1)7" 72 + 1,
for some L > 0 independent of x,x,r, 7, v, thus follows by the arbitrariness of n > 0. O

Lemma A.2. Let f € F; let a € (0,3) and v, € S"~* be such that
e

vn'
where R, and Ry are orthogonal (n x n)-matrices as in . Then there exists a constant ¢, > 0
(independent of v,V), with co, — 0 as a — 0, such that for every x € R™ and every r > 2 we have

l’l’l('ang Q%1+a)r(rm)) - Carn_l < m(ﬂﬁx, Q:(T.’L'))
1

S m(ﬂgm7 Q(;l—a)r(rx)) + COéTni .

(A7)

 Joax |Rye; — Rye;| + v — 7| <

(A.8)
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Proof. We show only that
m(ﬁgzv Q(;l—‘,-a)r(rm)) - COé?JL?l § m(ﬁ:z? Q')l: (T'ﬁC)), (Ag)

for some ¢, > 0, with ¢, — 0, as @ — 0; as the proof of the other inequality is analogous. Let
x € R" > 2 and set 1 := (1 4+ a)r. From (A.7) we might deduce that

QE; (re) CC Qy(rz) CC Qfx (rz).
Let 7 > 0 be fixed and let u € WHP(Q¥(rz)) be a test function for m(uY,, Q% (rz)) satisfying
F (u, @y (rz)) < m(uy,, Q(rz)) + 1. (A.10)
Choose 3 € (0, 1) such that QZ; (rz) CC Qy_g(rz) and u = uy, a.e. in Q) (rx) \@:_B(rx) and set

R:= RV(Q; \Q,_px(-1—ar 1+ ar)) +rx,
where R, is as in Next define
U= pu -+ (1 - go)ﬂfx,

where ¢ is a smooth cutoff between Q7_4(rz) and Q) (rz). Then u € o (u?,, Q? (rx)) and it also
satisfies

F (1, QY (re)) < F(u, QY (re)) + F (0, Q) (re)\Q,_5(rz)) + F (), QU4 (ra) \ Q- (rz)) . (A.11)
By definition we have

U=y, +(1-g)ay, i Qrz)\Q,_s(rz),
and in particular
u=ul, = ufm €{0,1} ae.in (QY(rz) \@:_B(Tx)) \R.

Therefore from (2.6)), ((f4)) and (2.10) we deduce that

F(@ QU (rr) \ Q" y(rz)) < / (W (@) + |VaP) dy
R
<cer(®)+C [ (IVar P+ [VaLlr + [VePla, - a7, P) dy
R

<CLMR)+CL M QN Q).

(A.12)
On the other hand from (2.10) and (2.6) we infer
T (@,(y), Qr: (rz) \ QV_(rz)) < e2Cu((L+ )" = (1 — )" 1)1, (A.13)

Using that
LY QNG p) <Cr"2, and  L"(R) < CAr"2ar < Car™ !,
together with , , and we obtain
F(1,Q7 (rz)) < F(u, Q) (rz)) + F (@, (y), QL (rz) \ Q7 (rz) + car™ ™,
where ¢, == ¢4Cy((1 + @)""! = (1 — a)"™ ') + Ca. Eventually as the above inequality together
with imply
m(a;,, Q7 (rz)) < m(a),, Q) (rz)) + car™ ' +1,

we may deduce (A.9) by the arbitrariness of n > 0. O
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