Epsilon-regularity for the Brakke flow with boundary
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Abstract

We prove that, if a Brakke flow with boundary is close enough to a stationary half-plane
with density one, then it is C1'®. Our approach is based on viscosity techniques introduced
by Savin in the context of elliptic equations. The same techniques can be used to give a
proof of Brakke’s (interior) regularity theorem which is alternative to the original one. We
also prove a constancy theorem for the Brakke flow.

1 Introduction

In this paper, we state and prove a Brakke-type theorem for the mean curvature flow with
boundary, that is a flow of m-dimensional surfaces in R? so that at every point the normal
component of the velocity is equal to the mean curvature and the boundary is fixed. A weak
notion of such a flow has been recently introduced in [20] by using integral varifolds, as devised
by Brakke [5]. The objects in question are called integral Brakke flows with boundary.

In short, given a (m — 1)-dimensional submanifold I", an integral Brakke flow with boundary
T is a collection {V;}ser of m-dimensional integral varifolds with the constraint that the first
variation of V; is a measure whose singular part with respect to ||V;|| behaves like H™ 1. T"
and the varifolds satisfy an evolution equation that encodes the information on the velocity. A
precise definition will be given in Section [2}

The main result of this paper is that, if a Brakke flow in a ball of radius 1 is close enough
(in some appropriate topology) to a unit-density half plane (which is a stationary solution to
the mean curvature flow with a prescribed straight boundary), then the Brakke flow becomes
smooth up to the boundary in a smaller ball and after some fixed waiting time. Namely, we
prove the following

Theorem 1.1 (e-regularity). Let I' be a C1%, (m — 1)-dimensional submanifold of By and let
{Vitie[—a,0) be an integral Brakke flow with boundary I' in By x [=A,0]. Assume the following:

1. 0 € supp||Voll;

2. the mass of Vy is close to the measure of a m-dimensional half disk, namely
3
Vi) < 1em for every t € [—A,0],
where w., is the Lebesque measure of a ball of radius 1 in R™.

3. there exists a half-plane ST such that, for every t € [—A,0]:

supp |[Vi|| € {z € R?: dist(z, ST) < &}.

If e and A are small enough, then there exist small constants n, 8 and a family {Ni}ie(—n2,0) of
CYB surfaces with boundary T such that

Vil By = H™LN

for every t € (—n?,0].
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We briefly comment on the assumptions. The key assumptions are Item [2] and Item [3] which
describe how the Brakke flow is close to being a half-plane (with a straight boundary). Item
on the other hand, prevents a “pathological” behavior of Brakke flows, which is the possibility
of a sudden loss of mass (see, for example, |15, Section 2.3]). All the assumptions will be made
more rigorous in Section [4]

As a corollary of Theorem [I.T] and of the maximum principle that we will prove in Subsec-
tion {N;} is a viscosity solution to the mean curvature flow. Therefore more regularity
may be proved, a posteriori.

A central point in our work is that, under appropriate assumptions, the support of an integral
Brakke flow with boundary satisfies a maximum principle. In order to fix ideas, assume that
the support of the flow is the graph of some function u : R™ — R%~™. Then it can be proved
that |u| is a viscosity subsolution (in a suitable sense which we will describe at a later stage) to

dip — MT(D?*p) <0,

where M is a Pucci maximal operator. We may therefore exploit this property to adopt a
technique developed by Savin in [12] in the framework of elliptic equations and later adapted
by Wang in [17] to parabolic equations, which we now summarize in our case. The key step in
proving Theorem is proving the following improvement of flatness:

Proposition 1.2 (Improvement of flatness). Under the assumption of Theorem there exist
n >0 and a half plane T close to ST such that, for every t € (—n?,0],

supp |Vl N B, C {x € R dist(x, TT) < ;n}

In summary, if the Brakke flow is “e-flat” at scale 1, then it becomes “ne/2-flat” at scale 7,
for some 1 small and universal; from this, proving Ct®-regularity is classical.

The proof of Proposition[I.2]is based on a contradiction and compactness argument. Assume
one can find a sequence of flatter and flatter Brakke flows for which the conclusion of Propo-
sition does not hold. Then appropriate rescalings of the supports of such flows converge
in a suitable sense to the graph of a solution to the heat equation. The desired improvement
of flatness is a straightforward consequence of classical Schauder estimates. The above conver-
gence is achieved via a Harnack-type inequality, in the spirit of [17], and a barrier argument
that describes the behavior of the Brakke flow near the boundary.

Theorem answers a question left open in [20, Remark 11.2], that is whether an integral
Brakke flow with boundary that has a tangent flow which is a unit-density half-plane is smooth
in a backward neighborhood. The reader should also compare our results with the regularity
theorems proved in [20]. The latter are proved under the additional assumption that the flow
is standard: namely the flow has to be smooth at every point where a tangent flow is a unit-
density half-plane (see [20, Definition 11.1]). Since we only prove backward regularity, our result
does not guarantee (as it should not be expected) that an integral Brakke flow with boundary
satisfying the assumptions of Theorem [1.1]is actually standard.

The first e-regularity theorem for the mean curvature flow (without boundary) was proved
in [5] and then refined in [9], where the authors extended the result to mean curvature flow in
general ambient manifolds. Both those proof are variational and rely on L? energy estimates,
somehow in the spirit of [1]. We think that a variational proof of Theorem may be performed,
by adapting the arguments in [2] and in [4] to account for the presence of the boundary. As
mentioned, our proof is based on an argument first developed in [12] for elliptic equations and
then adapted to parabolic equations in [17]. This method was used in [11] to prove an Allard-
type theorem for minimal surfaces. Although an adaptation of the same techniques to the mean
curvature flow seems quite natural, to the best of the author’s knowledge this paper is the first
instance in which these techniques are used for the mean curvature flow.

The regularity of mean curvature flow with boundary has been briefly investigated also in
[21} [18]. One should also see [7], where the author defines a Brakke flow with a free boundary
condition. Another definition of Brakke flow with fixed boundary has been investigated in [14].



1.1 Structure of the paper

In Section [2| we collect some notations that will be used throughout the paper and some well
known facts about rectifiable measures. We then recall the definition of Integral Brakke flow
with boundary, as stated in [20].

Section [3]is dedicated to collecting some known results about Integral Brakke flows and to
adapting them to the case of an integral Brakke flow with fixed boundary. In Subsection [3.3
we state and prove a constancy theorem for the Brakke flow both with and without boundary,
which, to the best of the author’s knowledge, has not appeared in the literature yet. We think
this result is of independent interest.

The core of the paper is Section [4] where we state and prove the improvement of flatness
described in Proposition which will later yield the desired C'# regularity. The proof of this
result is described in Subsection The aforementioned barrier argument and Harnack-type
inequality, which are crucial for obtaining the desired compactness, are discussed in Section
and Section [6] respectively.

Finally, the proof of Theorem [I.1]is given in Section [7] where we iterate the improvement
of flatness to obtain the desired regularity.
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2 Preliminaries, notation and definitions

Throughout the paper, we consider fixed two positive integers m and d such that m < d.
All the constants taken in consideration in the present work depend, in general, on these two
parameters, although we will mostly avoid stating such dependency.

For the present section, we introduce two generic positive integers k& < n to define some
objects in full generality.

2.1 Space-time

By R™! we denote the space {(z,t): x € R™ and t € R}. We use upper-case letters to denote
points in R™1!, for example X = (z,1).
For any couple X = (z,t) and Y = (y, s) of points in R™!, we let

p(X,Y) = |z —y|+ |t — 5[/

p is a metric on R™! (see, for example [10, Exercise 8.5.1]) and the topology that p induces on
R™! coincides with the euclidean topology of R"1. In particular, if dy (E, F) is the Hausdorff
distance between E and F with respect to p and K is a compact subset of R™!, then the space
of non-empty closed subsets of K is a compact metric space, when endowed with the metric
dg.

If 2 € R and r > 0, we set B(z) = {y € R": |y — 2| < r}. When the dimension of the
space is clear, we omit its indication and simply write B,.(z). We also omit the indication of
the center of the ball, whenever it coincides with 0, so that B, = B,.(0). If (z,t) € R™!, we
define the parabolic cylinder

Q(w,t) = Byl (w) x (t —1%1],

where the apex n indicates the dimension of the space component; as above, its indication will
be omitted when no confusion shall arise. Lastly, we let @, = @,.(0,0).
0p(U x (a,b)) denotes the parabolic boundary of the cylinder U X (a,b), where U C R™:

0p(U x (a,b)) := (T x {a}) U (U x (a,b)).



We define the measures £™! and H*?! (for any 0 < s < n) on R™! by
LPYE x F) = L"(E) x LY(F),  H*YE x F)=H*E) x L(F)

for E C R™ and F C R, where L£" is the Lebesgue measure in R™ and H?® is the s-dimensional
Hausdorff measure in R™.

For any function f : R™! — R* we denote by Vf(z,t) the gradient of the function f(-,t)
computed at x and by 0;f(x,t) the derivative of f(z,-) computed at ¢, whenever they are
defined.

Lastly, for a set £ C R™ and « € R, we let xg(z) =0if z ¢ F and xg(x) =1if x € E.

2.2 Linear functions and subspaces of the euclidean space

We let {eq,...,e,} be the canonical orthonormal basis of R™.

We define the Grassmannian Gr(k,n) as the space of (unoriented) k-dimensional linear
subspaces of R"; we identify S € Gr(k,n) with the endomorphism S: R™ — R"™ representing
the orthogonal projection onto S. When no confusion shall arise and an orthonormal basis
{¢1,...,Cp} of S is fixed, we identify S with R¥ via the canonical bijection

v:S3x— (z-C,... - G) €RF:

therefore by Sx we denote both the point Sz € S C R" and its image via ¢. In particular,
when S = span{ey,...,ex} and X = (z,t) € R™!, we will often use the notation 2’ = Sz =
(v-ep,...,z-e;) € RE.

We also let S : R — R¥! be the map S(z,t) = (Sz,t) and, in the case S = span{ey, ..., ey},
for X = (x,t) € R™! we let X' = (2/,¢).

Lastly, if S and T are two endomorphisms of R", we define the scalar product between S
and T by

S: T = i SijTij,
i,j=1

where (S;;) is the representation of S as a n x n matrix such that
Sij = (Se,) - €j.

We also let |S| =+v/S: S.

2.3 Holder regularity

We point out some facts and definitions on Holder regularity for several objects. In what follows,
k € (0,1) is a fixed parameter.

e Functions on R™. A function v : R® > U — RF is said to be in C1*(U;RF) if
u € C1(U;R*) and

Vv -V
[Vulcoxy = sup [Vu(z) )| < oo.
z,y€U lz —yl|~
T#Y

We also let
lullgrr @y = lull o 1y + [Vulcos -

e Functions on R™!. Let Q C R™!. We say that u : Q — R¥ is in C1*(Q;R¥) if it is
everywhere differentiable with respect to the space variable and the quantity
[Vu(X) — Vu(Y)] lu(z,t) — u(z, s)|

U|| 1,0 = sup |u| + sup + sup
lellcnon ey Q [l X,YeQ p(X,Y)r (@), (ws)en |t — s[(1FF)/2
XAY s#t

is finite.



e Submanifolds. We say that a k-dimensional, properly embedded submanifold I" of some
open set U C R™ is C1* if there exists some x > 0 such that, for every z,y € I, it holds

T,T — T,T
[F]Cl,n(U) = su M < 00,
syel [T =yl
Ty

where T'T" € Gr(k, n) is the tangent space to I' and |T,I" — T, T'| should be intended as in
Subsection

Before stating the next definition, we introduce the following notation denoting a closed
half-space in R™:
RT ={z' e R™: 2}, > 0}.

Definition 2.1 (C'*-regular single sheet flow with boundary). Let U C R be an open con-
nected set, I C R be a non-empty interval and let T’ be a (m—1)-dimensional, properly embedded
submanifold of U. We say that N = J,c; Ne x {t} CU x I is a CY-regular single sheet flow
with boundary T' in U x I if there exist &' € R, r > 0 and a family of functions

Jo: Be(2') NRY — U for everyt €I

such that:

o for every t € I, Ny is homeomorphic to B,.(z') "R wia f;;
o foreverytel, fi(0B, (") NRY) C OU;

o fi(By(z")NORY) =T for every t € I;

o the map (t,y) — fi(y) is CV* in (B,(z') NR™) x I.

In particular, if N is a C'*-regular single sheet flow with boundary, then N; is a C1*,
m-~dimensional submanifold of U with boundary I'. Notice that it well may be that B,(z') N
(R7")¢ = @. Clearly, in this case, I' = @.

2.4 Integral Varifolds

We adopt most of the terminology from [20]. Let U C R? be an open set and let M(U) be the
set of non-negative Radon measures on U; if ¢ is continuous and compactly supported on U,
we let M(¢) = [ p(x) dM(z). Let M,,,(U) be the set of m-dimensional rectifiable non-negative
Radon measures on U. Namely, M € M,,(U) if and only if there exist a m-dimensional
rectifiable set £ and a non-negative function § € L} (H™LE) such that

loc

M(p) = /E O(z)p(z) dH™ (x) for all p € C.(U).

We also let ZM,,,(U) be the set of those M € M,,(U) such that their density §(z) is a non-
negative integer at M-a.e. z. If M € M,,(U), then for M-a.e. x the approximate tangent
space T, M € Gr(m,d) is well defined (see, for instance, [13, Chapter 3]). A m-dimensional
varifold on U is a Radon measure on U x Gr(m,d) (see [13, Chapter 8]). In particular, to each
M € M,,,(U) we may associate a m-dimensional varifold Var(M) by

Var(M)(p) = /cp(a:,TwM) dM (z) for all p € C.(U x Gr(m,d)).

Such an object is called a rectifiable varifold (see [13, Chapter 4]); Var(M) is said to be integral
if and only if M € ZTM,,,(U). If M € M,,,(U), we say that Var(M) has bounded first variation
if there exists C' > 0 such that, for every smooth vector field F' : U — R¢ with compact support
in U, it holds

/TEM: VF(z)dM(z) < C||VF|| .



If Var(M) has bounded first variation, then there exists a M-locally integrable vector field Hy,,
a Radon measure (), that is singular with respect to M and a fjs-locally integrable unit vector
field ¢as such that, for every F' € CL(U;R?), it holds

/TxM:VF(x)dM(z):—/HM-FdM+/F-CMd[3M. (2.1)
In the following, we will often denote
divg F(z) = S: VF(z).
When M € M,,(U), we also let
divy F(z) :==divp,m F(z) =T, M: VF(x),

whenever it is well defined.

Definition 2.2. Let T be a properly embedded (m—1)-dimensional submanifold of U C RY. We
let Vi, (U, T) be the space of those M € TM.,,,(U) such that Var(M) has bounded first variation
and the following hold true:

1. Bu(E) <H™YENT) for every E C U;
2. Hy(z) and T, M are perpendicular at M-a.e. x.

As mentioned in the remark following [20, Definition 6], Item [2]is actually redundant, as it
can be derived from [5, §5].
As in [20], for M € V,,(U,T") we let

Br(x)

7\0 wm_lrm*1

where the limit exists, and vjs(x) = 0 otherwise. Notice that the requirement 8y, < H™ 1.T
in Deﬁnitionyields lvar] <1 H™ 1 T-a.e.. Moreover, by |2} §3.1], vas(y) L T for H™ !-a.e.
yel.

In the following, whenever T is a (m — 1)-dimensional submanifold of R, by a small abuse
of notation we denote by I' the Hausdorff measure H™ !, if no confusion shall arise.

2.5 Integral Brakke flows with boundary

Let U € R? be an open set, I C R be a non-empty interval and let I' be a properly embedded
(m — 1)-dimensional submanifold of U.

Definition 2.3 (Integral Brakke flow). A m-dimensional integral Brakke flow with boundary
I'inU x I is a collection M = {M;:t € I} C M(U) such that the following hold true:

1. for almost every t, My € V,,(U,T);
2. ifI' CC 1 and U' CC U, then [, [y, (1 + [Hag, |?) dM; dt < +o0,

3. if [a,b] C I and u is a non-negative, compactly supported, C* function on U x I, then

/u(-,a) dM, — /u(-,b) dM, > /ab/ (ulHpg, |? = Hyg, - Vu — Opu) dMydt.  (2.3)

We denote by BF (U x I,T) the set of all m-dimensional integral Brakke flows in U X I with
boundary T".



When I' = @, we drop its indication and simply write BF,,(U x I); notice that in this case
Bum, = 0 for a.e. t, and the definition agrees with the one of integral Brakke flow (without
boundary) given, for instance, in [15].

Given M € BF,,,(U x I,T'), we define its space-time mass measure M by

/ﬂaomamw://w@nmLﬁ

for every ¢ € C.(U x I). We define the space-time track of M to be the closed set

Ym = Clos (U supp M x {t})

tel

and we let Yp(t) be the slice at time ¢ of Y, namely Sy (t) = {z € R”: (z,t) € ¥m}. It
is straightforward to check that supp M C ¥n. Under reasonable assumptions, the opposite
inclusion holds true as well: we further discuss this point in Lemma[3.5] Whenever no confusion
may arise, we write ¥ and X; in place of Xp; and X (), respectively.

Remark 2.4 (Scaling properties). A Brakke flow M € BF,,(U x I,T') may be translated and
parabolically dilated while preserving the requirements in Definition [2.3] For xzg € R™ and
r >0, let Ty, r(y) = (y — x0)/7. By (Tyyr)ppt we denote the push-forward of p € M(R™)
through T, . Then M’ = {M]} given by

M.; = r_m(TZO,T)ﬁMtoJrTzS
is a Brakke flow in @ x =0 with boundary 2(I' — 2). In this case, we will write
M’ =D, (M — X,)

where, as usual, Xg = (zo, to).

3 Properties of Integral Brakke flows with boundary

We collect some known results about Integral Brakke flows, which we will use throughout the
rest of the paper.

3.1 Monotonicity properties
We denote by ¥ : R? x (—00,0) — R the m-dimensional backward heat kernel

N af?
L) = Carpymre =P ( - 4<—t>>

We also pick a smooth cut-off function ¢ € C2°([0,2)) such that ¢ =1 in [0,1], |¢/| < 2 and
0 < ¢ <1 everywhere, which from now on we consider fixed. ¢ being chosen, for R > 0 we set

mM@azwm¢wcg)

Proposition 3.1 (Huisken monotonicity formula). There ezxists a universal constant C > 0
such that, if M € BF, (U x (=T,0),T') and Bar C U, then for every =T < s <t <0 it holds

/wmxwma—/mﬂagmg
g/:/yM, VU g(-, ) dT dr (3.1)

t—s M.,-(BQR)
+C sup
R? TE[s,1] Rm™

where vy is defined in (2.2)).



Proof. See [20, Theorem 6.1]. O
In several points of the present work, we are going to need some precise bounds on (3.1))
and (3.2]). While in most cases we will assume a uniform bound of the form

Mt(Br(x))

sup sup ————— < B <00
t Bp(x) r

which takes care of (3.2)), estimating (3.1)) requires some more attention. What we prove in the
following lemma is that, at a small enough scale, (3.1]) is close to % if 0 ¢ T, otherwise it is very
small.

Lemma 3.2. For every § > 0, there exist small positive constants A and ¢ with the following
property. Let U C R? be open and let T be a CY* submanifold of U. Then, for every R <
¢/[M]¢r.aqy and for every (z,t) € U x R such that Bag(x) C U, it holds

t
1

/ / |TyFLV1/)R(y —x,s—t)|dl'(y) ds < —xre(x) + 4.
t—AR? 2

The proof of Lemma[3.2]is somehow cumbersome and is therefore postponed to Appendix[A]

Exploiting the above result, we may prove a sort of clearing-out lemma, in the spirit of [15]
Proposition 3.6]. Namely, we prove that, provided we have some control on and 7
if a point (z,t) is in the space-time track of M, then M, cannot be too small in a backward
neighborhood of (z,t).

Before proceeding with this result, we introduce the following terminology:

Definition 3.3 (Maximal density ratio). A Brakke flow M (possibly with boundary) in U x I
is said to have bounded maximal density ratio in U’ x I', where U' C U and I' C I, if
Mt(BT (x))

mdr(M, U’ x I') ;= sup sup —— - < 00
B (z)CU’ tel’ r

Proposition 3.4 (Clearing-out lemma). For every K < oo there exist positive constants ¢y, ca
with the following property. Let T be a CY* submanifold of U and let M € BF,,,(U x (a,b),T’)
be such that

mdr(M, U x (a,b)) < K.

If (x,t) € ¥m, and R is small enough depending on T', then

Mt7c1R2 (B4R(37)) Z Cng.

Proof. The proof of the case without a boundary can be found, for example, in |15, Proposition
3.6]. For the sake of completeness, we sketch the proof along the same line in the case of an
Integral Brakke flow with boundary.

Corresponding to 6 = 1/4, choose A and ¢ as in Lemma Let (z,t) € X; and let
R < C/[F}CI,H(U).

We first assume that z € supp M; and that M; € V,,(U,T'), so that in particular M; =
O(-)H™LE for some m-rectifiable set E. Then there exists y € Br(x) such that

1 <6(y) = liy My(Pr(- ~y,7))- (3.3)

Therefore, by Proposition for any t; < t, it holds

_ t
My, (Va(- —y,tr — 1)) > 0(y) — CK" thl _ / /VMS Wp(— yos— ) dlds.
t1

We now choose ¢; so small that both CKe¢; < % and ¢; < A and we set t; =t — ¢;R2. Then,
using Lemma we obtain

1 1 1 1
MUl =y -af) 2 06) - § - (347) 2 5



where the second inequality is given by (3.3]). Notice that, for every z € R?, simple computations
yield
Ur(z —y, —c1R?) < CR™™Xp,n(4)(2) < CR™"XByp()(2)

for some C' > 0 universal. Hence, by integrating the above inequality in M;_., r2, we obtain

Rm

Rm
Mt—c1R2(BsR($)) > ?Mt—clRZ (‘I’R( - Y, _0132)) > 3C

as desired.

If « ¢ supp My or My ¢ V,,,(U,T), then one can find a sequence of points (z;,t;) such that
My, € Vi (U,T), z; € supp My, and such that (x;,¢;) — (x,t). It is then sufficient to choose R;
so that ¢; — c;R? =t — ¢1 R? to obtain, for i large enough,

M, g2 (Bar(z)) > My_, g2 (Bsr(xi)) > coR™.

[
We now state two important consequences of Proposition [3.4]

Lemma 3.5. Let M € BF,,(U x I,T") have bounded mazimal density ratio in U x I and let
I e CH*(U). Then
M = supp M.

Proof. The inclusion supp M C ¥ is trivial. For the opposite inclusion, notice that, for a point
(z,t) € ¥ and for every r > 0 small enough, Proposition gives

M;_p2(Br(2)) > cr™.

It is now sufficient to integrate this inequality in r to obtain that for every r > 0 small enough,
there is a set of the form

A ={(y.s): ly—a| <OVE—s <7}

for some positive 6, ¢ depending only on mdr(M) such that M (A,) > 0, hence (z,t) € supp M,
as claimed. O

Lemma 3.6. Let M € BF,,(U xI,T) have bounded mazimal density ratio and let T € C*(U).
Then
M > er’ll_ZM.

For the proof of the above lemma, we refer the reader to Appendix

3.2 Maximum principle

In the present subsection, we assume that U C R? is open and I C R is an interval of the form
(a,b]. We also let I be a (m — 1)-dimensional, C** submanifold of U.
The main result of the present section is the following maximum principle.

Proposition 3.7 (Maximum principle). Let M € BF,, (U x1,T') have bounded mazimal density
ratio.

If there exist u € C*(U x I) and a point (xo,to) € L\ 0,(U x I) with zo ¢ T such that
ulsnii<to} has a local mazimum at (zo,to) and Vu(xo,to) # 0, then

Oru(zo,to) — Teén(f " T: D*u(xg,to) > 0.
r(m,
T1Vu(zo,to)

Proof. This proposition is a corollary of the results in [8 Section 13], see also [3]; for the
reader’s convenience, we give a self-contained proof, in the spirit of, for example, [19].

We may assume, without loss of generality, that (z9,t9) = (0,0) and that u|snf<o) has a
strict local maximum at (0, 0) (if not, replace u by u — |z|* — [t[?).



Step 1. We first prove that
9;u(0,0) — trace,, D*u(0,0) > 0,

where trace,, D?u is the sum of the m smallest eigenvalues of D?u. Assume the result does not
hold. In particular, since u € C2, we can choose p > 0 and € > 0 small so that:

(i) Opu — trace,, D*u < —& < 0 in Q,;
(i) B,NT = @;
(iii) v >e>0in XNQ,/ and u <0 in XN {t <0} \ Qp;

where the last point holds up to adding a constant to u. We now let p(z,t) = (u™ (z,t))*, where
u™ = max{u,0}, and we use ¢ as a test function for (2.3). Since (-, —p?) = 0 by assumption,
we have

0< [ o(.0) bt
= [ot.0am— [ot—p)ar .
0
< [ [ (- imtor Vs ap) o
7P2

where the last inequality is given by (2.3 and we have set H(-,t) = Hpy, (-) for a.e. t. We now
use the fact that supp ¢ C I'¢, thus

/H-thth = —/dith Vo dM,

for a.e. t. Since the term |H|?¢ is non-negative, we obtain from the above chain of inequalities:

0
0< / / ( divay, Vo + atgo) dM, dt.
7p2

Some straightforward computations show that
divyr, Vo = 4(u™)3 divyy, Vu > 4(u™)? trace,, D*u

and ;¢ = 4(u™)30;u. Therefore
0
0< / /4(u+)3 (8tu — trace,, D2u) dM; dt < —454M(Qp/2)
7p2

where the last inequality is given by Item [i] and Item [ii] above. In particular, it must be

M(Qp/Q) =0;

however, by Lemma (0,0) € ¥ = supp M, thus we reach a contradiction.
Step 2. We now prove the general result. It is sufficient to show that one can find a
m-dimensional subspace T of R? such that

dyu(0,0) — T: D*u(0,0) >0

and TVu(0,0) = 0. Without loss of generality, assume that u(0,0) = 0. Let 1;(z) = z + %zz
and let

u;i(X) = ¢ (u(X)).
Then, for every j, uj|sn{i<o} has a local maximum at (0,0). Therefore, by Step 1, there is a
m-dimensional subspace T of R? such that, at (0,0),

0 < duj —T;: D*uj = (Opu — Tj: D*u) + jT;: (Vu @ Vu).

10



Up to a subsequence, which we do not relabel, we have that T — T for some m-dimensional
subspace T', and

_ 1
T: (Vu® Vu) < liminf ~ (0yu — Tj: D*u) =0,
7]
thus T L Vu. On the other hand, since JTj: (Vu® Vu) > 0, we have

T: D*u < liminf 7 : D?*u < liminf(Qyu — jTj: (Vu® Vu)) < dyu,
J J
as desired. 0O
Given a upper-semicontinuous function u : R™! — [0,1] U {—cc} and a smooth function

o R™! — R, we say that ¢ touches u from above at (x(,tp) € R™! if there exists r > 0 such
that

(@ t) = ulal,t) for every (',1) € QI (whsto),

(0, to) = u(xg, to)-

We recall the definition of Pucci’s maximal operator (see, for instance, [6, Section 2.2]). For
a symmetric matrix N € R¥?, we let

MFT(N) := M+(N, %2) = % doN+2) N, (3.4)

A <0 A >0

where A; = \;(N) are the eigenvalues of N. The following result is a consequence of Proposi-

tion B.71

Corollary 3.8. Let M € BF,,(R*1) have bounded mazimal density ratio. For every (x',t) €
R™1, let
u(z’,t) = sup{|z|: z € R¥™™ and (2',2) € Tm(t)}

with the convention sup @ = —oo and assume that v < 1 everywhere. There is § > 0 universal
such that, whenever a smooth function ¢ : R™! — R touches u from above at X} = (z},to)
and max{|D?¢(X{)|, [Ve(X{)|} < 4, it holds

drp(Xg) = MF(D*p(X()) < 0.

Proof. We assume x, = 0 and top = 0. Notice that, since ¥ is closed and u(0,0) = ¢(0,0),
the supremum in the definition of u is attained and, without loss of generality, we may assume
that the contact point is zog = ¢(0,0)eq € Xo. We let S = span{e;,...,e,} and S’ =
span{€,i1,...,€4_1}, so that R = S + 5’ + span{ey}. Consider the function

1
H(z,t) = Z‘S’mf +x-eq—(Sz,t).
By assumption, in a neighborhood of (xg,0) it holds
S+ < (S, t) < 2

for every (z,t) € X; therefore it can be checked that H|sn{<oy < 0 in the same neighborhood.
Since H(x0,0) = 0, H|sn{t<o} has a local maximum at (zo,0). Hence, by Proposition it
holds
H — inf T:D?H > 0. .
6t (IOa 0) TJ_VIIIL}(:EmO) (IOa 0) - 0 (3 5)
We now estimate the two summands in the above inequality. In order to do so, we first remark
that

—V(0,0) —D?p(0,0) 0 0
VH (zy,0) = 0 D?H (x,0) = 0 ils 0
1 0 0 0

11



Consider T' € Gr(m,d) and an orthonormal basis (i, ..., {m of T. Then
T: D*H Z (D*HG:5G)

_ f: o(S,1)SCi; S¢) + |s’ci|2>

> — i (D*¢(S,)5Gi; SCi) -

In particular, S: D?H (z,t) = —Ap(Sz,t) and
T:D?H=S:D?H+ (T —-S): D’H
> —Ap — |T = S||[D?p],
Now, if |T' — S| < ¢1, then the above inequality yields that, for some small ¢; universal,
T: D*H(x,0) > —M™(D?p(0,0)).

On the other hand, if |T'— S| > ¢;, then we may choose an orthonormal basis (i, ...,y of T
such that [S1¢;| > ¢y for some ¢y universal. Since we are also assuming 7' L VH(zo,0), we
have

0= (- VH(20,0) = =S¢ - Vp(0,0) + (1 - eq

thus, in particular, |(1 - e4] < |Vp| <& and

C
1S¢i| > 181G — [¢i-ea] > ez — 6 > 2,

2
provided 0 < ¢o/2. Therefore
T: D*H Y S'GIE > —A G o5y
: O 0 ERY) 5 > O 0 <2 ]
H(r0,0) > = > (D%0(0,0)6: G) + 515G > ~Ap(0,0) + 2 > 5 +

i=1

for some C universal, since | D?¢(0,0)| < § by assumption. We may choose § smaller, if needed,

so that
2

M (D2(0,0)) < C5 < —C6 + %
Therefore, whether |T' — S| < ¢; or not, it holds
T: D*H(x0,0) > —M™*(D?p(0,0)).
We conclude the proof by remarking that
0¢H (x0,0) = —0,(0,0),

thus (3.5)) gives the desired result.
O

Remark 3.9. With some more accurate computations, one may show that, actually, at the
contact point ¢ satisfies the following inequality:

Vo
By — /1 + |Vl div () <
) Vel Tvoe

However, the weaker result proved in Corollary will be sufficient for the rest of the paper.
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3.3 Constancy theorem

Theorem 3.10 (Constancy theorem). Let T be a (possibly empty) (m—1)-dimensional properly
embedded submanifold of By and let M € BF,(Q1,T) have bounded mazimal density ratio in
Q1. Assume that there is a CVP-regular single sheet flow N with boundary T' in Q1 such that

M CN
and that (0,0) € Xpm.

1. IfT' # @, then
M =H™'CN;

2. if T' = @, then there is 0 : (—1,0] — N\ {0} such that
Mt = e(t)HmLNt

for almost every t € (—1,0].

Proof. First of all, given N as in the statement, let us fix the ball By := B,.(z') C R’ and the
family of homeomorphisms {f;};c(1,0] as in Definition

Step 1. First, we prove that ¥ = N. Assume, by contradiction, that there is Xy =
(zo,t0) € N NXc. By Proposition there is also a point X7 = (x1,t1) € X\ T so close to
(0,0) that to < t; < 0. Since (y,t) — fi(y) is CP, there exist » > 0 and a continuous curve
[to,t1] 2 t + p(t) € R? such that

p(t) € N; for every t;
p(to) = zo and p(t1) = 71;
B.(p(t)) € By \T and B,(z0) C %¥,.

To prove that such a curve and radius exists, take an affine curve ¢ : [to,¢1] — Bp such that
q(to) = fi,'(w0) and q(t1) = f;, ' (z1). Then set p(t) = f:(q(t)).

Since Xy € X, the continuity of ¢ — p(t) and Proposition imply that there must be a
time ¢ such that B, (p(t)) C X¢ for every ¢ <t and a point & € 9B, (p(t)) N Xt

Let us now consider a sequence 7; N\, 0 and define the dilations

M’ =D,,(M — (z,1)).

Since M has bounded maximal density ratio, the compactness theorems in |20, Section 10]
yield that, up to passing to a subsequence, M7 converges to a limit Brakke flow M. Since
Ym C N, we also have Ynjo C T := T3z N;. We claim, that, actually, ¥pge is included in the
half-plane T = T3 (N; \ B, (p(t))) C T. Indeed, if that were not the case, then there would be
a point (z,7) € (I'\T") x (—00,0] and p > 0 such that M>°(B,(z)) > 0. By weak convergence,
this yields
Mf+rfT(BPTj (T+ rjz))

m
Tj

> 0.

lim inf
J

This is, however, impossible, since by continuity of ¢ — p(t), we have
Bprj (g_j + sz) C Br(p(ﬂ) - (Zf+rj2.7')c

for j large enough. Therefore Ypj C TF. We finally show that this violates the maximum
principle. First of all, notice the fact that M has bounded maximal density ratio implies that
(0,0) € Xpe. Without loss of generality, say T = {z11 = -+ = 24 = 0 and z,,, > 0} and
let

fla,t) = AT+ 2 — |T(z + (1 - t)en)|

for some A > 0. Then f|g,,. has a local maximum at (0,0), but the conclusion of Proposi-
tion is violated if A is chosen large enough, depending on m. This concludes Step 1.

13



Step 2. By Step 1, Proposition and since N is C1#, {Nt}ie(~1,0) is a viscosity solution
to the mean curvature flow. In particular, classical Schauder estimates imply that, for every
t € (—1,0], N;\TI' is smooth. Now, by Deﬁnition for almost every t, there is an integer-valued
function 0; € L} (N; \T) so that

loc
Mt == et(')HmLNt.

By testing with vector fields X € C1(B; \T;R?) that are tangent to Ny, one deduces that
for almost every ¢, 6;(-) is an integer-valued Wlloc1 function on N; \ T'. Since NV; is connected,
0¢(-) must be constant for almost every t. Moreover, 8, # 0 for almost every ¢, otherwise Step
1 would fail.

This concludes the proof in the case I' = @. Otherwise, if I' # &, then it holds Sy, =
0;H™ 1T, which yields §; = 1 for almost every t. O

4 Improvement of flatness

This section is the core of the present work. We prove that if a Brakke flow with boundary is
sufficiently flat in @1, then its flatness can be improved at a smaller universal scale. This is
going to allow us to prove the desired C'# regularity: see Section

We introduce the following notation. We fix a m-dimensional subspace of R¢, which we
denote by S, and a (m — 1)-dimensional subspace of R?, which we denote by Iy, such that
I'y € S. Up to changing coordinates in R?, we shall assume for the rest of the present section
that S = span{ey, ..., ey} and that Iy = span{ey,...,e,_1}. We also let ST = SN{z,, > 0}.

Given a (m — 1)-dimensional submanifold T" of By, we write I" € F,(d, Br) if the following
hold true:

o I'is a C** submanifold of By and [[c1e(p,) < SR™7.
e 0 eI and TpI' = Tg.

In passing, we remark that if I' € F, (6, Br) and 6 > 0, then 0T € F, (4, Bor).
Moreover, if I' € F, (6, Br), and 0 is smaller than some constant depending only on «, then
there exists v : To N Br — I'y such that |y(0)| = [V~(0)| =0, ||7]|cre(py) < IR and

I'={x+~(x): 2 € TyNBr} N Bg;

given I € F, (6, Br), we will always implicitly define v as above.
The following is the main result of the present section.

Theorem 4.1 (Improvement of flatness). For every Ey and «, there exist constants A, eg,n, 3
(small) and C (large) with the following property. Let ¢ < g9, ' € Fuol(e,B1) and M €
BF(By x [—A,0],T) be such that (0,0) € X,

Ym C {(z,7): dist(z,8T) < e},

sup M,(B;) < Ey

te[—A,0]
and 5
/ U, —A)dM_p < —. (4.1)
B1 4
Then there exists a half plane TT of the form
Tt ={z+w(:z€ly,w>0} (4.2)
for some ¢ € Tg with | — e,,| < Ce, such that
SMNQ, C {(a:,t); dist(x, TT) < n”ﬁg}. (4.3)
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The proof of Theorem is based on a contradiction and compactness argument. If one
assumes the conclusion does not hold, then it is possible to find a sequence of Brakke flows which
are flatter and flatter and satisfy the other assumptions of Theorem for which, however,
no half-plane of the form can be found so that the flatness improves at any smaller scale.
However, for such flows, one shows that, after an appropriate rescaling, the space-time tracks
must converge in the Hausdorff distance to the graph of a solution to the heat equation. It
is then sufficient to use Schauder estimates for the heat equation with Dirichlet boundary
condition to recover the conclusion.

The central point of the proof is to obtain the desired compactness. This is achieved via
the two following results. The first one provides a control over the oscillations near I' of the
space-time support of a Brakke flow satisfying the assumptions of Theorem [}

Proposition 4.2 (Boundary behaviour). For every Ey and «, there exist small constants ¢
and r1 with the following property. Let M and T' satisfy the assumptions of Theorem[{.1. Then

ISL(SBV(x”))IQ}

2e2

XNQ.,, C {(m’y(x”)) e > —24 ¢

Here, " denotes the point (x1,...,%m-1,0,...,0) € Ty.

With the above results at hand, we may prove that, if the Brakke flow is flat enough, then
assumption gives a Holder-type modulus of continuity in parabolic cylinders whose radii
are controlled from below by some power of the flatness €.

Proposition 4.3 (Decay of oscillations). For every Ey and «, there exist small constants ¢, Csy
and 7o with the following property. Let M and ' satisfy the assumptions of Theorem [/.1] and
let (x,t),(y,8) € ZNQr,. If min{zy,,ym} > 2¢ and

p=p((@',1), (¥, 5)) > Cae,

then
IS+ (z —y)| < Caeps.

The two above results are sufficient to prove, via an Arzela-Ascoli-type argument, the con-
vergence in the Hausdorff distance which we have described.

Before proceeding, it is worth spending a few words on how the constants in Theorem
will be chosen.

e We fix A once and for all in Proposition [£.4} it will be needed to prove that M has bounded
maximal density ratio in a smaller parabolic cylinder, Q..

e Propositions and hold true provided &y is small enough (depending on Ej).
We will therefore always assume that this is the case. The final value of g¢ will not be
determined explicitly, as Theorem is proved by compactness.

e The constants r; and 75 chosen in Propositions |4.2| and are chosen smaller than r3
(determined in Proposition [4.4)) and they depend on Ey and a. These two constants will
give upper bounds for . We will then give a further upper bound for 77 coming from the
regularity properties of the heat equation.

e Lastly, the constants C' and 8 depend only on a and on regularity properties for the heat
equation.

We now briefly describe the rest of the present section. The proof of Theorem [I.1] is given
in Subsection In Subsection we state and prove some lemmas which will be useful in
the following. The proofs of Proposition [£.2 and Proposition [£.3] are postponed to Section
and Section [6] respectively.
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4.1 Preliminaries to the proof of Theorem 4.1

Some remarks on the assumptions of Theorem will be needed for the proofs of Proposi-
tion Proposition and, ultimately, of Theorem itself. We begin by showing that (4.1)
propagates in the interior of the domain.

Proposition 4.4 (Propagation of small density). For every Eg and «, there is rs small with
the following property. Let M and T' satisfy the assumptions of Theorem[4.1 Then, for every
(z,t) € Qpy and for every T € (—13,0), it holds

7 1
/ U(-—a,7)dM; < - + ixpc(x).
Bry (2) 8

Proof. We fix positive constants r3 < %, e, A and 0, all of which we will determine later; we
always assume that r3 is much smaller than A. For simplicity of notation, in this proof we set
r =r3. For (z,t) € Q, and 7 € (—12,0), we let tg =t — 7. Then, by Proposition it holds

[ we—wt—war < [ - o),
B, (x)
S/‘I’l/g('—l‘,—A—to) dM,A (44)
t
+/ /I/M~V\I/1/8(~7$,S*f0)dFdT+CEo(t7A).
—A
By Lemma [3.2] if € and A are small enough and 7 is much smaller than A, then
t
/ /VM-V\Ifl/g(-—a:,s—to)dFdT
—A
to
<[ [t - as - )l dr) dr
to—2A

S XF(‘. (CC) + 6.

N =

We then take A even smaller so that CEg(t — A) < CEg(A +17?) < 2CEpA < § (recall that r is
much smaller than A).

So far, we have fixed € and A depending only on Ey and J, and we have assumed that r is
much smaller than A. The last step is to choose r even smaller in order to bound from
above. To this end, we let L be the Lipschitz constant of W restricted to R? x (—oo, —A/2]. Since
7 is much smaller than A, then —A —#y < —A/2 and we can estimate, for every y € By /4(7),

Uys(y — o, —A —to) < U(y — 2z, —A —to)
< U(y,—A) + L(|z| + [tol)
< U(y,—A)+2Lr.

Let now b = b(A) > 0 be so small that ¥(y, —A) > b if |y| < 1/2. In particular, assuming that
r < 1/4, for every y € By 4(x), it holds

2Lr

The same bound holds, trivially, for any y such that |y — x| > 1/4. We now choose r even
smaller, if needed, so that % < 4. Therefore we may bound

3
/\111/8(' —xz,to+A)dM_, < (1 +5)/ U, —A)dM_p < Z(l +0),
B,

which yields the desired conclusion, up to choosing § small universal. O
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Corollary 4.5 (Bound on mdr(M)). Under the assumptions of Proposition[{.f} there ezist E;
universal such that, for every t € [—r3,0] and every B,.(x) C B,,, it holds

My(B,(z)) < Eqr™. (4.5)
In particular, for every (z,t) € ¥ym N Qry and for every r > 0 small enough, it holds
Mt—clrz (Br(x)) Z CZTm (46)

for some ¢y, co small universal.
Proof. Let x,t and r as in the statement. Then

Mi(By(2)) < crm/ U(- — 2, —12) dM, < 20r™.
B, (x)

(4.6) follows from (4.5)) and Proposition O

4.2 Proof of Theorem [4.1]

As stated earlier, we are going to argue by contradiction and compactness. Namely, we fix Ey
and «, we let A be as specified in Proposition and we assume there exist £; \, 0 and two
sequences {I'V}, {M7} such that, for every j, M7 and I'V satisfy the assumptions of Theorem
with g¢ replaced by ;.

In particular, we assume that IV € F, (e, By) and

Smi C {(z,7): dist(z,57) < e} (4.7)

We also assume, for the sake of contradiction, that for no j is satisfied for any choice
of T*, n and 8.

In the following, we let 4/ : o N By — 'y be such that [V N B; C graphq/, as in the
definition of F,(g;, B1), and we let 37 := ¥y, We also fix rg = min{ry, 72,73}, so that the
conclusions of Propositions [£.2} .3} £-4] and of Corollary [£.5 hold true in Qy,.

Lemma 4.6 (Compactness and convergence to hyperplane). There exists a subsequence (not
relabeled) such that, for almost every t € (—13,0],

M} — H™LST
as Radon measures in B, .

Proof. By the Arzela-Ascoli theorem, v/ — 0 in C' up to subsequences. By Corollary we
may apply the compactness theorems proven in |20, Theorems 10.1 and 10.2] and find a further
subsequence (not relabeled) and M*> € BF,,(Q,,, o) such that, for every t € (—rZ,0],

M} — M.
In particular, the weak convergence stated above and (4.7)) yield
M ((ST)) =0

for every t € (—r2,0]. Moreover, by , (0,0) € Ypme~. By Theorem the proof is
concluded. O

Before stating the next result, we define some objects that we will use in the rest of the
subsection. First of all, let F. : R — R? be the map

F.(z) = Sx,lSJ‘x ;
€
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with a small abuse of notation, we use the same notation for the map F.: R%' — R%! such
that F.(z,t) = (F:(z),t). We now define

> = F., (39).

Notice that, by (4.7), Y oC {(z,t): |Stz| < 1} for every j. For j € N and (2/,t) € Q,,, we
define _ o
W (1) = {z € BI™: (2, 2),t) € EJ};

notice that such a set may well be empty or have more than one element. We also define
7’ = F; 0o+/; it is clear that

¥ -en—0  inCOhbe.
Furthermore, since ||§j||cl,a(3m) < 1, by the Arzela-Ascoli theorem and up to passing to a
subsequence (which we do not relabel) we may find g: B;’g_l — B‘lifm such that, for every
0<¢<a, _

S50 = g in C1<
and ||g[[c1.e <1

In order to keep the notation light, in the following we denote by E' = B x B M x[—r2,0] C
R%! and E' = S(E) = Q7 C R™!. We also let E/, = E' N {xz,, > 0}.

Lemma 4.7 (Uniform convergence). There exists a subsequence (not relabeled) and u: E', —

Bf_m with the following properties:
(i) it holds
du(X; N E;graphu) — 0 (4.8)
as j — oo.
(ii) For every (z,t) € Q=" it holds u((2",0),t) = g(2").
(iii) For every X', Y' € E'_,
[u(X") = u(Y")] < 2Cop(X", Y')",
where Cy and s are as in Proposition [{.3,
In (4.8), by graphu we mean the set {(z',u(2’,t),t): (2/,t) € B/} C E.

Proof. Step 1: Hausdorff convergence. By Lgmma Y NE # & eventually. Thus one
may extract a subsequence (not relabeled) so that ¥/ N E converges in the Hausdorff distance to
some closed set ¥ C E. Since, by assumption, 27 C {z,,, > —&,}, it must also be S C {zm, > 0}.
We define the set-valued function

u(z',t) = {y € Bf_m: ((2',y),t) € i} (4.9)

for (2/,t) € E',.

Step 2: u(az’,t) # @ for every (a/,t) € E'. Assume, by contradiction, that there
exists (2/,t) € E_\ S(%) (recall the notation S(z,t) = (Sz,t) = (2/,t)). Then, since S(X)
is closed, there exists an open neighborhood U’ of (2/,t) such that U’ C (S(2))°. If we let
U = S~HU’) ¢ R%!, then by Lemma [4.6] and Fatou’s lemma

0 <H™H U N(S* xR)) < liminf M?(U),
J

thus M7(U) > 0 eventually. In particular, by taking smaller and smaller neighborhoods, one
can pick a subsequence j; — oo and a sequence X, € ¥7¢ so that S(X;) — (2/,t). By using the
maps F;; defined above, we rescale in the directions of S+ and find that, up to subsequences,

there exists z € B¢™™ such that

S5 FL (Xe) = (2, 2),1).
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By Step 1, ((2/, 2),t) € i, which contradicts the fact that u(a’,t) = @.
Step 3: u((z",0),t) = {g(z”)}. Let (z",t) € QR . If y € u((2”,0),t), then by Step 1

there exists a sequence (z;,t;) € %7 such that z; — ((2”,0),y) and t; — t. In particular, by
Proposition [£.2] it holds

. 1 B .
(5% (25 = 3 @) = — 15 (F5 (@5) =+ (2f)]
J
< Claj-en+ej+e5['V?

—0

as j — oo. Since S137 converges uniformly to g and S*tx; — y, it must be

u((2”,0),1) = {g(=")}.

Step 4: u(a',t) is a singleton and Item [iii holds true. Fori=1,2, let X; = (;,t;) €
Y. Let also p := p(S(X1), S(X2)) and, without loss of generality, assume (22)m > (21)m.
Case 1: (z1)m = 0. By Step 1 and Proposition we have

|2y — g(2))| < Clxa)}> < Cp'/2.
Moreover, [S*z1 — g(z3)| = |g(z}) — g(=3)| < Cp. Thus
|SJ‘3:2 — SJ‘x1| < C’pl/2 +Cp < Cps.

Case 2: (z1)m > 0 and p = 0. In this case, we prove that S*(x;) = S*(z2). Fix w much
smaller than (z1),,. By Steps 1 and 2, we may pick j large enough and three points Y7, Y2, W =
(w,7) € 7 such that p(X;,Y;) < w and p(S(W), S(X;)) > 2w. Up to choosing j larger, we
may assume that w > Ce5 and (y;)m > (i)m —w > 2¢;. Therefore, by Proposition since
p(S(W),8(Y;)) > w, we estimate

1S+ (21 — @)
< IS (@1 =y + S (@2 — y2)| + (ST (51 — w)| + ST (g2 — w)]
< 2w+ Cw®.
Since w > 0 is arbitrary, it holds S*(x;) = S*(z2). In particular, u(z’,t) is a singleton for
every (2',t) € E\. With a small abuse of notation, from here onwards, we will denote by
u(z’,t) € R™™ the only element of the set defined in (4.9)).

Case 3: (z1)m > 0 and p > 0. By Steps 1 and 2, we may choose j large enough and two
points Y7, Y5 such that the following hold true:

L Y1, Y € 35
2. fori=1,2, p(X;,Y;) < p/8;

w

. Cs; < p/2;

=~

Cfor i =1,2, (yi)m > 2¢;.
Then, by Proposition it holds

[u(SX1) = u(SXa)| < [u(SX1) = S*(y1)] + [u(SXs) — S (y2)| + S (41 — v2)|
< 2% + Cp* < 2Cp°,

as desired.
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The rest of the proof consists in proving that u defined in Lemma[4.7]solves the heat equation
in the interior of E’_. To this end, we recall some facts about the heat equation. First, recall
that E’, = Qm N {z,, > 0} and let us introduce the sets

Int, B/, = E', \ 0,E',,
(B, ={2’ e R™: |2/| < 1o —rand 2}, >} x [-rg +72,0].
Notice that Int, £, = U, o(E) )

Lemma 4.8 (Interior regularity for the heat equation). Let g € C(9,FE', ). Then there exists
h € C*(Int, E', ) N C(E’.) such that

{@h ~Ah=0 in Tnt, E',
h=yg on Op,E, .
Moreover, for every r > 0 there exists C > 0 such that, for every (z',t) € (E',),, it holds
max{|h(a’,t)|, [Vh(a',0)|, [D*h(a’, )] [0ch(=’ )]} < Cllgll e o, ) -
We now proceed with the proof of Theorem
Lemma 4.9. Let u be as in Lemma . Then u € C*(Int, E,;R™) N C(E', ;RY™™) and
uy — Au =0
in §.

Proof. We take as a model the proof of [11, Lemma 2.4]. We show that v is equal to the
solution h : E, — R?=™ to the boundary value problem

Oh — Ah =0 in Int, B/,
h=u on O, F', .

whose existence is guaranteed by Lemma If not, there exist r,w small and positive so that
the function
E\ > (2, t) = |u(2',t) — h(2,t)| + w|a’|?

achieves its maximum at (z(,%9) € (E’,)2,. Since %7 converges in the Hausdorff distance to w,
for some large j we may find X; = (21,%1) € X7 such that (z/,¢;) € (E’), and the restriction
to X7 of

St

€j

H(z,t) :=

- h(Samt)‘ + w|Sz|?

achieves its maximum at X;.

We claim that, if €; is small enough, depending on r and w, then for every m-dimensional
subspace T, it holds T : D?*H(X;) > 0;H(X;). This would contradict Proposition thus
concluding the proof. To prove the claim, we define f(z,t) = E%_SLJJ — h(Sz,t) and, with some
straightforward computations, we write

H(J,‘,t) = Gl(xvt) + GQ(xat)7
where

Gi(x,t) = [f(X0)P? +2f(X1) - (f(2, 1) = f(X1)) + w| Sz,
Ga(z,t) = |f(x,t) = F(X1)]*.

Notice that, by Lemma there exists C' depending on r such that

|D2G1(X1)| < Clw+ [ f(X1)||D*R(SX1)]) < C.
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Then, just as in [11], it is easy to show that, if |T' — S| < cw, then
T: DZGl(Xl) > 8tH(X1)

and D?G5(X1) > 0, thus in this case T : D?H(X;) > 0;H(X;1). On the other hand, if
|T — S| > cw, then there exists a unit-vector v € T such that Stv > cw. In particular, since
D%Gy =2V f(X1)VF(X1)T, it holds
2 2 2 Liqr oy w?
T: D*G2(X1) > —[Sv[F|VR(SX1)|" + |57 v]" > —-.
€ e
We now conclude by remarking that 9, H(X1) = 2f(X1) - 0;h(SX1) < C and T : D*G(X;) >

—|D2G1(X1)| > —C, thus

2

9 cw
T:D H(Xl) Z —C+ ? > OtH(Xl),

J
provided ¢; is chosen small enough depending on w and C' (which, in turns, is a large constant
depending on 7). O

Once proven that u is a solution to the heat equation, it is sufficient to apply the following

classical estimate:

Lemma 4.10 (Boundary regularity for the heat equation). For every a € (0,1), there exist
positive constants C' and (8 with the following property. Let uw € C?(Int, E',) N C(E’.) be such
that

Ou—Au=0 in Inty, B, .
Assume, moreover, that for all t, u(-,t)|(zs,.—0y = g € C*(By, N {zm = 0}), that |g(0)| =
|Dg(0)| = 0 and that |u| < 1 everywhere. Then there exists a linear operator L : R™ — R4~™
with |L| < C such that, for every n € (0,1/4),

u(a’,t) — L(z)| < Cp**?

m (B:]” N{z, > 0}) x (—n2,0].

Proof. See [16, Theorem 2.1]. O
Remark 4.11. From the fact that ¢ € C%® and that Dg(0) = 0, it follows that L(z’) = 0 if
Ty = 0.

Conclusion of the proof of Theorem By Lemma and Lemma there exists
L :R™ — RY=™ linear such that L(z') = 0 if 2/, = 0, |L| < C and, for every n small, it holds

SN (B x BIT™ x (—4n?,0]) € {(x,t) : |S*a — L(Sz)| < Cp'*P).

We fix 1 small, to be specified later and we choose j sufficiently large so that the Hausdorff
distance between ¥ and ¥/ is smaller than 7'*#. We now let T = {z € R%: Stz = ¢, L(Sz)}.
Then it holds 4
Y NQ, C{|T x| < CenttP}.
Moreover, by Proposition and the fact that |y,,(z")| < e|2”[*T¢, it holds
S NQy C{zm > —ejn' T — &7},

provided 17 < 5. We choose j large enough so that 5? < n'*8. Since 8 can be chosen smaller
than «, we have _
Y NQy C {zm > =20 PN {|TH 2| < Cejn'tP).

Up to choosing j larger, the above inclusion yields
Y NQ, c {dist(-,7T) < 2Cn' P}

We conclude the proof by choosing 3’ > 8 and 7 so small that 207 *? < "% and we recover
(4.3) (with S’ instead of ). This contradicts the assumption made at the beginning of the
present subsection, thus concluding the proof. O
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5 Boundary behavior

We now prove Proposition[£.2] The setting is the following. Let Fy and « be given and let r3 be
the constant given in Proposition[£.4] Assume M and I satisfy the assumptions of Theorem [£.1]
Then mdr(M, Q,,) < oo, therefore Proposition follows from the following, more general,
statement:

Proposition 5.1 (Boundary behavior at scale R). There exist ¢ and g1 depending only on «
with the following property. Let 0 < § < e < ey, ' € Fo(0, Br) and M € BF,,(Qr,T) be such
that

YN Qg C {(z,t): dist(z,ST) < eR}

and
mdr(M, Qr) < oc. (5.1)

Then

L _ 11\ |2
YNQgs C {(mvt):xm>7m(x”)—R52+cRS (H;(E;)(;U ) }

Remark 5.2. The role of (5.1 is to guarantee that the maximum principle (Proposition
holds true.

Proof. By a simple rescaling argument, it is sufficient to prove the result in the case R = 1. We
fix ¢ small and €1 < ¢, to be specified later. By contradiction, assume there exist 0 < § < e < ey,
I' and M as above, and a point (Z,%) € X N Q1/2 such that

0<wi= o5 IS4 (@ = 1@ = 6+ (@) = .

We show that, if this is the case, then we may build a family of surfaces sliding in the direction
of e,, that touch ¥ at some point where the conclusion of Proposition fails.
In order to do so, we first define the functions g : R™™ — R and h : R™ — R as

|z = Sty (") ?
9(z) = 92

hy) =PW") =y = 2"1* = Ym,

where
P(y”) _ "/m(j”) + V’ym(QEH) . (x// _ i'”) _ 62 _ C|y” _ (EH|27

and C' is a constant depending only on « chosen so that
P(z") < ym(2”) (5.2)

(to show that such C' depending only on « exists, use the fact that v € C1%(Bg) and Young’s
inequality). Then, choose a smooth function f: R — R such that f(—1) = —4c¢, fl;>_1/4 > —%,
f < 0 everywhere and f’(t) < 8¢ everywhere. We now set

H(z,t) = g(S*x) + h(Sz) + f(1).
This way, the zero-level set of H is a surface sliding in the e,,-direction. Notice that
H(z,t) = w+ f(f) > 0. (5.3)
We now show that, if (z,t) € XN ((I' x R) U J,Q1), then H(x,t) <O0.
1. If z € ¥_4, then

e g(Stz) < (e +0)?/(26?) = 2¢, since [Stx| < e and |y(2”)] <6 < ¢
e by (5.2), h(Sz) < ym(2") — T4 < 26,
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The two above facts, along with the assumption f(—1) = —4¢, yield
H(zx,—1) <2c+2e—4c<0
provided € < c.

2. If x € By N Yy, then |Stx| < e and 2,, > —¢, thus

provided ¢ is small enough. In particular, |2 — Z

o since [|V]|1.a(p,) < J, we have

2
h(Sx) <26 — (C+ D)|z" — 2" — xm 325(C+1)<imm> — T

e asin Item g(Stz) < 2¢;

o f(t) <0;
Therefore
H(z,t) <2c+26—-(C+1) lfx Qfx <26+257L<0

provided C > 1 and ¢, § are small enough.

3. Lastly, for every € I" and ¢ € (—1,0), under the assumptions § < ¢ and ¢ < 1, it holds

9(5™2) = 5515 (@) — (@)

IN

c 2 _
5z IVl 2 =22

|1‘H _ ‘7—://|2.

IN

Since f <0 and h(Sz) < v (2”) — 2" — 2"|? — 2, We have

H(z,t) < ym(2") — 2y = 0.

Points 1-3 above and show that there must exist ¥ = (y,s) € Q1 N X with y ¢ T such
that H|j4<,) has a local maximum at (y, s).

We now show that one can choose ¢ even smaller, if needed, so that the existence of such a
point would contradict the maximum principle. Indeed, since |Sty| < ¢, if ¢ is small enough

then |Vh(Sy)|?/|Vg(Sty)|? > ¢, thus
[SEVH(Y)| = [Vg(Sty)| < (1 —¢)[VH(Y).
Therefore, if T' is a m-dimensional subspace of R? such that 7 1. VH(Y'), then
T: St >¢

and
D?h 0

0 D%
Now, simple computations show that, up to multiplications by constants depending only on m
and a, [D?h(Sy)| < 1 and |D?g(S*+y)| > 5 where c is the constant we fixed at the beginning
of the proof. Therefore, if ¢ is much smaller than ¢, then T: D*H(y) > 5-. However, by
Proposition it holds

T:D?H(Y)=T: < ) > —|D*n(Sy)| + €| D?*g(S*y)|.

inf T:D?H(Y)<O0,H(Y)= f'(s) <
ot (V) SQH(Y) = f'(s) < 8,

which is a contradiction. O
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6 Decay of oscillations: proof of Proposition 4.3

In the present section, we prove Proposition (4.3
We begin by giving the following definition:

Definition 6.1. Let u : R™! — [—00,1] be an upper-semicontinuous function. Assume that,
whenever a smooth function ¢ : R™! — R touches u from above at some (xf,to) € U x I
(according to the terminology set in Subsection and |V o(zh, to)|, | D?*p(xy, to)| are smaller
than some fized universal constant &g, then

drp — MF (D) <0 (6.1)

at (x(,to) (see Subsection for the definition of M™). Then u is said to be a viscosity
subsolution to (6.1) in U x I.

The reader should notice that the classical definition of viscosity solution is slightly different
than ours, in that the test function ¢ usually has no restrictions on the magnitude of |Vy| and
|D%yp| at the touching point.

The proof of Proposition [4.3|is achieved in three steps:

1. First of all, one sees that the support of a M behaves, in some sense, like the graph of a
viscosity subsolution to (6.1]), as in the definition above; this was proved in Corollary

2. By exploiting the results in [17], one shows that, if a ¥ has a point far enough from S,
then the mass of M near that point cannot be too small.

3. If ¥ does not have the decay of oscillations stated in Proposition then by the previous
step the mass of M in some parabolic cylinder must be large; this contradicts the small

density assumption (4.1)).

Before proceeding, we introduce some notations that we are going to use in the present
subsection. Given 6 € (0, 1), we define the set

—1
7)10 = {(I/,t> S Rm"li |JI/|2 < 972 < 1}

One should compare these sets with those which, in [17], are called “parabolic balls”. Our
definition slightly differs from theirs; notice that with our choice P{ C B x (—62,0).

Lemma 6.2 (Measure estimate, |17]). For every 8 > 0 and u € (0,1), there exist small
constants n',r with the following property. Let u: R™! — [—00, 1] be a wviscosity solution to

in B x (—0%,0) and assume that
uYp)>1-19
for some Yy € B™ x (—6%12,0). Then
L7 (fu>1—pynPY) = (1—p) L™ (PY). (6.2)
Proof. This result corresponds, essentially, to |17, Lemma 4.3]. Apart from some trivial
adjustment of constants, there are two caveats:

e The results in [17] are stated with the classical definition of viscosity solutions, where no
bound on the test function at the touching point is required. However, it is easy to see
that the results are valid for our definition of viscosity solution, as well.

e In our setting, we allow u to be merely upper-semicontinuous and, possibly, take infinite
values, while in [17] u is required to be continuous. This minor point can be easily
overcome by looking at the sup-convolution of u:

us(z,t) = sup {u(y, s) — %(|x —yl?+(t - 8)2)},

which conserves the property of being a viscosity subsolution to (6.1]) and for which (6.2))
holds true, by [17, Lemma 4.3]. Letting § \, 0 gives the desired conclusion.
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O
Before stating the next result, we fix some further notations. For any closed set ¥ C R%!
and any Q C R®!, we let

osc(2,Q) = inf{h > 0: there is y € R% such that XN Q C {z: |[St(z —y)| < h}}

We also let
Cr={z eR*: |Sz| <r}.

Lemma 6.3 (Harnack inequality). For every § € (0,1), there exist small constants ea,6,7r,m
with the following property. Let ¢ < g5 and M € BF,,(Cy x (—602,0]) be such that:

¥ C{|St x| <e}, (6.3)
/ V(- t)dM; <2—6  forallt € (—620), (6.4)
Cy
and
mdr(M, C; x (—62,0]) < cc. (6.5)
Then
osc(X2, Cp x (—6%r%,0]) < (1 —n)e. (6.6)

The proof of the above result involves some technical estimates. It is therefore convenient
to give an overview of the strategy. If does not hold, then one finds two points Y; and Y5
in ¥ that are far enough in S+. By applying Lemma twice, we find that in C; x (—62,0)
the mass of M must be almost that of two m-dimensional disks. This contradicts 7 which
encodes the fact that the mass of M must not exceed by too much that of a single disk.

Proof of Lemma Let 6 € (0,1) be given. Fix 6 and u, which we will specify later, and
let 7 and 7’ be chosen accordingly as in Lemma Moreover, fix € much smaller than p and
n < 1’, to be specified later. Assume, by contradiction, that there exist M € BF,,,(Cy x (—62,0])
that satisfies the assumptions of the present result with the choices made above, and two points
Y1 = (y1,51), Yo = (y2,52) € BN (Cp x (=0r7,0]) with |[STys — Stya| > 2(1 — n)e. For every
(2',t) € B x (—6%,0] and for i = 1,2, let

1
wi(z',t) = %sup{k’ — Styil: 2 € 8t and (2, 2) € Et}.

Notice that u; and us are upper-semicontinuous and, for every (z’,t), either uy (¢/,t), us(2’,t) €
[0,1] or w3 = ug = —oo. By Corollary and (6.5)), both u; and wuy are viscosity subsolutions
to (6.1]). Moreover,

w1 (Sy2, s2) > 2%|5Ly2 — Sty =1-n>1-1,
hence, by Lemma [6.2]
L™ {ur > 1—p}nPY) > (1—p)L™H(PY).
With the same argument, one also obtains
L™ {uz > 1= p} NPY) > (1= )L™ (PY). (6.7)

‘We now want to estimate

/ W dM.
C1 ><(7492,0)

We first define, for ¢ = 1,2, the sets

Ai = {(z,t) e R : (S, t) € PY,|SE (2 — yi)| < /2 and t < —2¢2/6}.
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Notice that A; N Ay = @ and, by (6.3)), for M-a.e. (x,t) € A;, it holds

[S*al?
at

g2 ,
> exp < 882/6)\11 (Sz,t)

> (1 — g) U’ (Sz,t),

U(z,t) = exp ( >\IJ’(Sz, t)

where ¥/ (2/,t): = U((2,0),1).
Therefore we have

/ v dM
C1x(—62,0)

2/ \I/dM—i—/ v dM
Ay Ag

> (1 - g) ( /A (S0 ) dM (1) + /,4 (s dM(:c,t)). (6.8)

Moreover, by Lemma [3.6] and by the coarea formula,

A

i

V' (Sx,t) dM (z,t) > / (2, t)dL™ (2 1), (6.9)
S(A,iﬂZ)

We may assume that y and 7 are smaller that some universal constant so that, if z € R¥~™
is such that 5-|z — Sys| > 1 — p, then

€
|z — Sty | < 7
In particular, we have

S(ANE) D {uy >1—p}y NP N{t < —2:%/6}

which, together with (6.7)), yields that S(A; N'X) covers a large portion of P¢: namely

Lt <S(A1 n z)) > £ml <7>f N{uz>1-ptn{t< —252/5})

2e2

> (1 —2p) L™ (PY),

provided €2 < cdu for some ¢ small universal.
We are now ready to choose p, depending on §, so that the above inequality and the fact
that U € LY(L™1L PY) yield

/ \I// dﬁm’l
S(AlﬁZ)

2
Z / \I’/ dﬁm,l _ &
Py 8

2
= 92/ (-, —0*) dL™ — 907, (6.10)

Bp 8

Finally, we also choose 6 small such that

/Bm (-, —6%)dL™ > / (-, —6%)dL™ — g =1- g. (6.11)
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By (6.10) and (6.11)), it holds

0
/ U aLm™t > g (1 - ) (6.12)
S(A1NE) 4
The same argument can be repeated for As, thus giving
/ m,1 2 4
/ v dLm >0 (1 — ) (6.13)
S(AsN%) 4

We conclude the proof by combining (6.8)), (6.9), and (6.12)), (6.13)), obtaining

/ U dM
Cl><(—02,0)
1) 1)
>920%(1 - = - =
3
>0%(2- %
>0 (2 46)

which contradicts (6.4). This concludes the proof. O
A simple rescaling argument allows one to iterate Lemma [6.3] and obtain the following

Proposition 6.4. For every § € (0,1) there exist C (large) and ¢ (small) with the following
property. Let M € BF,,(Cr x (—R?, R?)) be such that

mdr(M, Cr x (—R? R?)) < oo (6.14)

and assume that, for every (x,t) € Crjo X (—R?/4,R?/4)) and every s € (t — R*/4,t), it holds
/ U(-—z,s—t)dM; <2 —4. (6.15)
CRrya(x)

Ife = 0s¢(%,Cr x (—R, R)), then for any couple (x,t), (y,s) € Crjo x (—R*/4, R?/4)N% such
that p = p(X',Y") > CR'~<¢*, it holds

55— < c=(%).

Proof. We prove the result for R = 1, as the general case follows by replacing M with DrM.
Let €9,60, 7,17 be the constants given in Lemma [6.3] in correspondence to §. Consider the
rescaled flows M* = D« (M — X). By induction, the assumptions of Lemma are in place

for every integer k such that
k
1—
( 77) e < e (6.16)

r

Therefore, scaling back to the original flow, we see that for those k:
osc (Sm, Cpr () x (£ — 021 ,1]) < (1 —n)Pe.

Let now X = (z,t) and Y = (y,s) be two points in Cy/5 x (=1/4,1/4) VY and let p =
p((2',t), (v, s)). Without loss of generality, we may assume that ¢ > s. Furthermore, by taking
C > 2/0, we may clearly reduce ourselves to the case p < 6/2. By choosing ¢ small enough
and C' larger than the choice made above, if necessary, we infer from p > C'c® that there exists
k € N satisfying such that r**1 < 2p/0 < r*. Thus

Y € Cop(x) x (t —4p 1] C Cpi(x) x (t — 0% 1]
hence it must be |S*(z — y)| < 2(1 — n)*s. We conclude the proof by taking C larger and ¢
smaller, if needed, so that 2(1 —n)* < Cp°. O
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We finally prove Proposition

Proof of Proposition Let ro = %min{rl, r3}, where 71 and r3 are given in Propositions
[4.2) and [4.4] respectively. Let also X = (z,t),Y = (y, s) be two points in £ N Q,,. Without loss
of generality, we assume that R := z,, > y,, > 2¢. Let p= p((x t), (v, s)); finally, let ¢ be the
constant determined in Prop051t10n corresponding to 6 = 5. We shall distinguish two cases.

If p < Ig, then we may find ¢ € (—r3,0] such that X,Y € Cprya(z) x (t' — R?/16,t' +
R?/16) and C’R/4( x) C T°. Since R < 1, the assumption p > CeS yields p > CR'~S¢°. By
Proposition and Corollary 4.5 -, and - hold true, thus Proposition applies and
we obtain .

54 -l < () osel.utx))

where U(X): = Cg/a(z) x (' — R*/16,t' + R*/16). By Proposition we may estimate

osc(Z,U(X)) < 2CeV/2R + ¢ + €2 + CR|| V||, < CeRY?,
since € < R/2 and ||V7l| < Ce. Thus
St (z - y)| < CeRY?7<p < Cep,

since ¢ can be chosen smaller than 1/2.
On the other hand, if p > g, then it is sufficient to use Proposition twice and the fact
that || Vy||, < Ce to estimate:

1S (x — y(2"))] € Ce(R+ e +€%)'/? < Cep'/?
1S (y = (y"))| < Ce(2R + ¢ +¢%)/? < Cep'/?
1S (v(y") = v(="))| < Cep.

We therefore conclude
1S+ (z — y)| < Cep'/? < Cept,

which is the desired result. O

7 C'¥ regularity

In the present section, we prove the following e-regularity theorem:

Theorem 7.1 (C1# regularity). For every Ey and a, there are small constants o, A,n and
B with the following property. Let T' € Fu(eo,B1), M € BF,,(B1 x [-A,0],T) be such that
(0,0) € E,

Ym C {(z,7): dist(z,57) <o},

sup M (B1) < Ey
te[—A,0]

and 5
[ owt-mar, <5
B 4
Then XmNQy is a CYP-regular single sheet flow.
Before proving the above result, we record the following consequence of Theorem

Proposition 7.2 (Iteration of the improvement of flatness). Under the assumptions of Theo-

rem 1), for every X = (z,t) € N Qy:

o Ifx €T, then there exists a m-dimensional half plane T; such that 8T§ =T, and
N Qur(X) C {dist(-, z + T) < 2en*1HA)}

for every k € N;
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o Ifx ¢ T, then there exists a m-dimensional plane Tx such that
BN Qur(X) C {dist(-,x + Tx) < 2en*(1+A}

for every k € N.

Proof. This result is a straightforward consequence of an iteration of Theorem [4.1] Namely,
given X € ¥ NQ, with € I', we may find a sequence of half-planes T,j such that

SNQ,. C {dist(-, T;7) < nR+Aey,

k(148)
Moreover, [T, — T} || < Cel L
converges to some half plane T; for which the conclusion of the proposition holds true.

For the case x ¢ T', one may see |15] or replicate the techniques of the previous sections. [

for some C depending only on Ey and «. Therefore, {T,j }

Remark 7.3. Given z € I' and T(; 4 as in Proposition throughout the rest of the present

section, we let T{, ;) be the m-dimensional plane obtained by reflecting T(J; ) Across T,I'. We

remark the following conclusion of Theorem there is C' depending only on Ey and a such
that, for every X € XN @Q,, it holds

ITx — S| < Ce.

We are now ready to prove Theorem

Proof of Theorem (7.1, Up to a rotation, we may assume, without loss of generality, that
T0,0) defined in Propositioncoincides with the plane S that satisfies the assumptions of the
present result.

Step 1: Holder decay of the tangent planes.  We prove that, for any two X =
(2,1),Y = (y,5) € LN Qyy4, it holds

|Tx — Ty| < Coep(X,Y)?

for some Cj universal large enough.
Let p = p(X,Y) and, without loss of generality, say ¢ > s. By Proposition since

Qp(Y) C Qop(X),
ENQ,(Y)C {(Z,T) sdist(z — 2, Tx) < 5(2p)1+5}.

We may apply Proposition to the flow D,(M —Y'). Then, by Remark we have
Ty — Tx| < Cp”,

as desired.

Step 2: ¥ is included in the graph of a C''# function over S. Let X € ¥ N Qf] and,
for simplicity of notation, let T' = Tx as defined in Remark recall that |Tx — S| < Ce. For
any other point Y € ¥ N Qf], we may write

|9t (@ —y)| < T (@ —y)| + ST =T ||z -y
< Cep(X,Y)'HP + Cep(X,Y)
<2Cep(X,Y).

If € is smaller than some universal constant, we conclude
|S*(z — y)| < 3Cep(SX, SY).
In passing, we record that the above inequality, together with Proposition [7.2] yields

Ts (z = y)| < Cep(SX,SY)' 7. (7.1)
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Now, it may be checked by direct computations that
(I —S*T)S*H(x —y) = S+TS(x —y) + STTH(x —y).

By Remark |S — T| < C¢, thus (I — S+T) is invertible and |(I — S1T)~!| < 2 provided
is small enough. In particular, by letting L = (I — S+T)~1S*, we have |L| < 2 and

|tz — Sty — LT(Sx — Sy)| < |[LT*(z —y)| < 2|T* (z - y)| < Cep(SX,SY)'F. (7.2)

We may repeat the discussion above for any other couple of points X, Y. In particular, by
(7.1), ¥ N @, is included in the graph of some function v : S(X N Qf]) — R4=™_ Moreover, by
(7.2), u is differentiable, and for every X € Qg N X, we have

Vu(Sz)v' = (I — S+ Tx) 1S+ TxS~1(v)
for every v’ € R™. In particular, provided ¢ is small enough, it holds
|Vu(SX) — Vu(SY)| < C|Tx — Ty| < Cep(SX,SY)?
for every X, Y € ¥ N Qf]. It is straightforward to see that u can be extended to Q7" and
[ullgra(q,) < Ce.
Step 3: conclusion. We let
Ey = {(z,t) € QZ: Tm > Ym (")}, E_ = {(z,t) € Qﬁ: T < Ym (2"}

By Step 2 and Theorem since ' N By = @, either (X \T)N E; = graphu N Ey or
(Z\T)N E; = @. The same holds true for the component of ¥ \ T inside E_; however, by
Proposition applied with R = 7, it must be (X \T') N E_ = &. On the other hand, since
(0,0) € X, by Proposition [3.4] it cannot be (X \T') N E; = @ as well. Therefore

Y NQ, = E;Ngraphu

and
M =H™' (graphun E,).

We conclude the proof by showing that (z',u(z’,t)) € I' whenever 2’ € S(I'). Indeed, if that
was not the case for some (z',t) € S(I') x (—n?2,0], then, by continuity of u, graphu would
detach from I in a set of positive H™ 1! measure. This however would violate the fact that
M; € Vp,,(B,,T) for almost every ¢, thus reaching a contradiction. O

A  Proof of Lemma 3.2

Up to rescaling and translating, it is sufficient to prove that there exist A and A small and
positive, depending only on § and a, such that, if " is a (m — 1)-dimensional properly embedded
submanifold of By with [I]c1.e(p,) < A, then

/ ’ / 7,0V, (y, £)] dT(y) dt < %Xrg(o) ) (A1)
—A

For brevity, we denote by I'y the space T,,I'. Throughout the proof, C' will denote constants
(possibly changing from one expression to another) depending only on m, d, c.
Case 1: 0 € I'.  We start by remarking that

0
//|r;v\1/1(.,t)\drdt
—A
0 p1/(4t)

0
g/_A /B D, V(- 1) dl(y) dt+cr(32)/ Wdt.

—A

30



If A is smaller than some universal constant, then I'(Bs) < C, thus we may take A small
depending on § so that the last term in the above inequality is smaller than §/2. Therefore we
reduce ourselves to proving that, if A is small, then

0
I ::/ / |Fjv\1/(.,t)|drdt§§.
_aJB, 2

Since [[¢1.a(p,) < A is small, for every (y,t) € I' x (—o0,0):

elyF/t e‘ylz/t

1 L
Ty VU, )] < Cr—mm Tyl < CAW

1+«
= (—t)rm/2 e

We then use the fact that, if A is smaller than some universal constant, then I"'N By is the graph
over Iy of some function v : R™~1 — R4=™+1 guch that ||v||s1.. < CA. In particular, by using

the area formula and the fact that the |[V7||pe(p,) < 1 for A small enough, we obtain

1 o 2 m— o
/B |Fj‘V‘IJ(y,t)|dF(y) < OAW /Rmf1 yl'* eI/t dr Hy) =CA(-n)=!

for some C depending only on m and «. Therefore, assuming A < 1,
O o
I < CA/ (—t)z~tdt < CA.
-1

We conclude the proof in the case 0 € " by choosing A < %.
Case 2: 0 ¢ T. Let Er be the m-dimensional Hausdorff measure restricted to the exterior
cone

Cy={Ay: A>landyeT}

with multiplicity, as defined in [20, Section 7]. With similar computations to those in the proof
of [20, Theorem 7.1], we may show that

/ 0 / AT, (y, 1) dT () di
—A

< - li}% \Ifl(',T) dEr + /\Ifl(-, —A) dEr + CAEF(BQ)

= /\111(-, —A) dEr + CAE]"(BQ)7 (A2)
Where the last equality comes from the fact that 0 ¢ T.

In order to prove (A1), we argue by contradiction: assume there is a sequence {I'/} with
0 ¢ IV such that ||TV Hclva(Bz) < % for which the left-hand side of (A.2)) is greater than § + .

One may show that, up to extracting a subsequence, Er; converges weakly to H™LS™, where
ST is some m-dimensional half plane such that 0 ¢ Int(S™). Therefore

lim sup { /\Ill(-,—A)EFj + CAEp (Bg)} < / Uy (-, —A) dH™ + CAH™ (B, N ST).
S+

Jj—o0

Since 0 ¢ Int(S™), the integral in the right-hand side of the above inequality is smaller than %
for every choice of A. On the other hand, A may be chosen so small that

_ 5
CAH™ (BN ST) < 3,

which contradicts the assumption made above, thus concluding the proof.
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B Proof of Lemma [3.6]

We refer the reader to |9, Lemma 9.4] for a detailed proof of Lemma Since some minor
modifications are needed, in this section we sketch the outline of the proof.

Let U C R? be open, I C R be a non-empty interval, I" be a (m — 1)-dimensional C1:*
submanifold of U and let M € BF,,(U x I,T"). We assume that M satisfies a bound of the
form

mdr(M,U x I) < By < o (B.1)
and we let 3 = ¥y be its space-time support.

Before proceeding, by virtue of Proposition we fix small constants c¢1, co and Ry, de-
pending on E; and T, such that for every (x,t) € ¥ and every R < Ry such that Br(x) x (t —
c1R?,t) cC U x I, it holds

Mt—c1R2 (BR/Q(.’E)) 2 Cng.

By Definition for almost every ¢t € I there exist a m-dimensional rectifiable set £ C U
and a positive, integer valued function 6; : E; — N such that M; = 0,(-)H™LE; We choose
a time t as above, with the additional condition that s — M(y) is continuous at ¢ for every
v € C.(U). By |15, Proposition 3.3], almost every ¢ € I satisfies the latter condition.

We claim that, for every such t and for every Bs,.(x¢) CC U, it holds

H™ (5 \ Er) N Br(20)) = 0; (B.2)

this clearly implies (3.4).

In order to prov, we argue by contradiction. Assume that there is (zg,t9) € U x [
and r > 0 such that Bz, CC U and H™(A N B,(xg)) > 0. Without loss of generality, we may
take xg =0, t = 0 and set A := %\ Ey.

Let

Ay = {z € AN B,: My(Bgr(z)) < coR™/2 for all R € (0,7/k)}.

Since, for H™-a.e. x € Ef, it holds

we have
0<H™ANB,) =H"(|] A).
keN

Therefore we may find k£ € N such that by := H™(Ax) > 0.

By standard measure-theoretic arguments, it is not hard to show that there exists ¢ small
universal such that, for every R small enough, we may find N € N and a finite collection of
points {a;}}L, C A, such that {Bg(z;)} are mutually disjoint and

NR™ > cby. (B.3)
By definition of A, since z; € Ay, we have
N B
M0<]U1 BR(xj)) <Ney—-. (B.4)

On the other hand, by Proposition and the fact that z; € Xy, we have

M_ e ( C) BR/Q(xj)> > Ncy,R™. (B.5)

j=1

We now fix a cut-off function p € C2°(B1) such that ¢ € [0,1] everywhere, ¢|p, , =1 and
V| < 4. Then, given R small, we let po(z) = ¢(z/(2r)), ¢;(z) = ¢((z — x;)/R) and

N
F=po— Y ;.
j=1
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Then clearly ¢ € [0,1] everywhere and |V@| < C/R. Notice, moreover, that

N N N
ZXBR/z(%') = Z‘Pj < ZXBR(xj)
j=1 j=1 j=1

For brevity, set s = —c; R?. By (B.4)) and (B.5), we have

Mo(0) — My(0) = (Mo(@) — M(#)) + (MO(Z%‘) - MS(Z%‘)>
< (Mo(@) - MS((TOi)) + (NCQRm/2 — NCQRW)
< (Mo(@) — My(p)) — esbo (B.6)

for some cs small, where (B.3)) was used in the last inequality.
We now estimate, by using Definition

0
Mo(@) — M.(3) s/ /H-V@th dt

([Lw) ([ fr)" o

By (B.1) and the fact that s = —c; R™, we have, for some C large,
0
/ /|Vg5|2 dMy dt < (=8)||V@||eoMyi(Bay) < CE1r™

therefore and (B.7) yield

0
1
/ e /B |H[* dM, dt > CErm <Mo(</?0) — M_.,r2(0) + C3bo>-
—C2 27r

By assumption, ¢ — M;(¢p) is continuous at 0. Thus we may choose R so small that the
right-hand side of the above 1nequahty is larger than c¢="%+ E 0 for some ¢ small enough.

Finally, we consider the function @ = ¢(z/(3r)). By Deﬁmtlon and the Cauchy-Schwarz
inequality, we have

Mo(P) — M_c,r2( / / —QH? +V&- ) dM, dt
—01R2 Bgr
< - / / QIH|* dM; dt + /
—c1R? Bsr —c1R? J B3,
< ”/ / |H|? dM, dt + CE,r™R?
2 701R2 BQ,.
bo
< —
- CEle

provided R is chosen small enough. This contradicts the continuity of ¢ — M;(®) at 0, thus
concluding the proof.
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