OPTIMAL INCOMPATIBLE KORN-MAXWELL-SOBOLEV
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ABSTRACT. We characterise all linear maps A: R™**™ — R™*"™ guch that, for 1 < p < n,
1Pl o ny < € (IAIPlllpr ny + ICurl Pl gn) )

holds for all compactly supported P € C2°(R™; R™*"™), where Curl P displays the matrix curl. Being
applicable to incompatible, that is, non-gradient matrix fields as well, such inequalities generalise the usual
Korn-type inequalities used e.g. in linear elasticity. Different from previous contributions, the results
gathered in this paper are applicable to all dimensions and optimal. This particularly necessitates the
distinction of different constellations between the ellipticities of A, the integrability p and the underlying
space dimensions n, especially requiring a finer analysis in the two-dimensional situation.

1. INTRODUCTION

One of the most fundamental tools in (linear) elasticity or fluid mechanics are Korn-type inequalities.
Such inequalities are pivotal for coercive estimates, leading to well-posedness and regularity results in
spaces of weakly differentiable functions; see [12, 13, 16, 24, 26, 28, 32, 33, 37, 38, 46, 59] for an incomplete
list. In their most basic form they assert that for eachn > 2and each 1 < p < oo there exists a constant
¢ = ¢(p,n) > 0 such that

1Dl ey < @)l oy = € lIDu+ DTy (1.1)

holds for all u € C°(R™;R™). Here, ¢(u) = sym Du is the symmetric part of the gradient. Within
linearised elasticity, where (u) takes the role of the infinitesimal strain tensor for some displacement
w: @ = R", variants of inequality (1.1) imply the existence of minimisers for elastic energies

uH/W(symDu)dx (1.2)
Q

in certain subsets of Sobolev spaces W'?(Q; R"™) provided the elastic energy density W satisfies suit-
able growth and semiconvexity assumptions. Variants of (1.1) also prove instrumental in the study of
(in)compressible fluid flows [4, 23, 46] or in the momentum constraint equations from general relativity
and trace-free infinitesimal strain measures [2, 17, 25, 41, 42, 61, 62].

Originally, (1.1) was derived by Korn [37] in the L*-setting and later on generalised toall 1 < p < oo.
Inequality (1.1) is non-trivial because it strongly relies on gradients not being arbitrary matrix fields;
note that there is no constant ¢ > 0 such that

||P||LP(RH) < CHSymPHLp(Rn)a Pe C?(RnQRnxn) (1.3)

holds. As such, (1.3) fails since general matrix fields need not be Curl-free. It is therefore natural to
consider variants of (1.3) that quantify the lack of curl-freeness or incompatibility. Such inequalities
prove crucial in view of infinitesimal (strain-)gradient plasticity, where functionals typically involve
integrands Du + W (syme) + |sym P|? + V(Curl P) based on the additive decomposition of the
displacement gradient Du into incompatible elastic and irreversible plastic parts: Du = e + P and
sym e representing a measure of (infinitesimal) elastic strain while sym P quantifies the plastic strain;
see GARRONI et al. [27], MULLER et al. [40, 49] and NEFF et al. [21, 50, 52, 55, 56, 58] for related models.
Another field of application are generalised continuum models, e.g. the relaxed micromorphic model,
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cf. [53, 54, 63]. A key tool in the treatment of such problems are the incompatible Korn-Maxwell-Sobolev
inequalities which, in the context of (1.3), read as

||P||L‘1(]R" < c(HsymPHLq(Rn) + HCurlPHL,,(Rn)), P e C(R™R™"), (1.4)

where the reader is referred to Section 3.1 for the definition of the n-dimensional matrix curl operator.
For brevity, we simply speak of KMS-inequalities. Scaling directly determines ¢ in terms of p (or vice
versa), e.g. leading to the Sobolev conjugate ¢ = % if 1 < p < n. Variants of (1.4) on bounded
domains have been studied in several contributions [2, 15, 27, 31, 40, 41, 42, 43, 44, 57]. Inequality (1.4)
asserts that the symmetric part of P and the curl of P are strong enough to control the entire matrix
field P. However, it does not clarify the decisive feature of the symmetric part to make inequalities
as (1.4) work and thus has left the question of the sharp underlying mechanisms for (1.4) open.

In this paper, we aim to close this gap. Different from previous contributions, where such inequalities
were studied for specific constellations (p, n) or particular choices of matrix parts A[P] such as sym P
or devsym P, the purpose of the present paper is to classify those parts .A[P] of matrix fields P such
that (1.4) holds with sym P being replaced by A[P] for all possible choices of 1 < p < oo depending
on the underlying space dimension n. We now proceed to give the detailled results and their context
each.

2. MAIN RESULTS

2.1. All dimensions estimates. To approach (1.4) in light of the failure of (1.3), one may employ
a Helmholtz decomposition to represent P as the sum of a gradient (hence curl-free part) and a curl
(hence divergence-free part). Under suitable assumptions on A, the gradient part can be treated by a
general version of Korn-type inequalities implied by the usual CALDERON-ZYGMUND theory [9]. On the
other hand, the div-free part is dealt with by the fractional integration theorem (cf. Lemma 3.4 below)
in the superlinear growth regime p > 1. If p = 1, then the particular structure of the div-free term in
n > 3 dimensions allows to reduce to the BOURGAIN-BREzIs theory [3]. As a starting point, we thus
first record the solution of the classification problem in n > 3 dimensions:

Theorem 2.1 (KMS-inequalities in n > 3 dimensions). Letn > 3 and 1 < p < n. Given a linear map
A: R™*™ — R™ " the following are equivalent:

(a) There exists a constant ¢ = c¢(p,n, A) > 0 such that the inequalit
q y
(| P[] 0= ®r) =€ ( [ALP]]] o= ®n) T ||CurlP||Lp(Rn)) (2.1)

holds for all P € C°(R™; R"*™).
(b) A induces an elliptic differential operator, meaning that Au = A[Du] is an elliptic differential
operator; see Section 3.2 for this terminology.

For the particular choice A[P] = sym P, this gives us a global variant of [15, Thm. 2] by CoNTI
& GARRONI. Specifically, Theorem 2.1 is established by generalising the approach of SPEcTOR and the
first author [31] from n = 3 to n > 3 dimensions, and the quick proof is displayed in Section 5. As a
key point, though, we emphasize that ellipticity of A suffices for (2.1) to hold.

As mentioned above, if n > 3, the borderline estimate for p = 1 is a consequence of a Helmholtz
decomposition and the BOURGAIN-BREZIs estimate

”fHLﬁ(Rn) < c|leurl f{[11 gn) forall f € Cy;, (R™; R™). (2.2)

Even if n = 3, interchanging div and curl in (2.2) is not allowed here, as can be seen by considering

regularisations of the gradients of the fundamental solution ®(-) = 301JB - |71 of the Laplacian (and

p<(-) = Zp(%) for a standard mollifier p): Let (g;), (r;) C (0,00) satisfy &; \, 0 and r; /* 0o and

choose ¢r; € C°(R") with 1p, (0) < ¢r; < 1p,, (0) With |Vip,,| < 4/rlforl € {1,2}. Putting

1
fi=Vg; = V(pgi * (SD”T))’ (2.3)
we then have sup;cy | Agilly1 (gs) < 00, and validity of the corresponding modified inequality would
imply the contradictory estimate sup; ¢y HfiHL%(]R?) = SUp;en vaiHL% &3y < O

ldev X = X — % - 1,, denotes the deviatoric (trace-free) part of an n X n matrix X.
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Dimension n
n =2 n>3
p =1 | C-ellipticity | ellipticity
p>1| ellipticity | ellipticity

Exponent p

FIGURE 1. Sharp conditions on the non-differential part P — A[P] to yield the opti-
mal KMS-inequalities in n-dimensions.

Whereas curl and div are in some sense complementing each other in n > 3 dimensions, this feature
gets lost in n = 2 dimensions. Specifically, inequality (2.2) fails to extend to n = 2 dimensions (also
see Example 2.2 below). Still, GARRONI et al. [27, §5] proved validity of a variant of inequality (1.4)
in n = 2 dimensions for the particular choice of the symmetric gradient, and so one might wonder
whether Theorem 2.1 remains valid for n = 2 as well. This, however, is not the case, as can be seen from

Example 2.2. Consider the trace-free symmetric part of a matrix

devsym P = 1 (Pn — Py P+ le) for P — (Pn P12)
2\ P2+ Pa1 Pea— Ppy Py Py)’

where dev sym induces the usual trace-free symmetric gradient ¢ (u) = dev sym Du which is elliptic
(cf. Section 3.2). Let us now consider for f € C2°(R?) the matrix field

([ Of Oof
Pf(an alf>'

devsym Py = <8 8> and Curl Py = <A0f> ,

If Theorem 2.1 were correct in n = 2 dimensions, the ellipticity of e would give us

Then we have

IVFlle gy = el PrliLe gey

|
< ¢ (ldevsym Py o) + 1Curl Prllpa ey ) = ¢lIAS s o)

and this inequality is again easily seen to be false by taking regularisations and smooth cut-offs of the
fundamental solution of the Laplacian, ®(z) = 5= log(|z|).

In conclusion, Theorem 2.1 does not extend to n = 2. As the strength of Curl decreases when
passing from n > 3 to n = 2, one expects that validity of inequalities

1Pl gy < € (APl gy + ICr Pl ey ), P e COREEDR), (29)

in general requires stronger conditions on A. In this regard, our second main result asserts that the
critical constellation (p,n) = (1,2) necessitates very strong algebraic conditions on the matrix parts
A whereas for all other values of 1 < p < 2 the ellipticity of Au = A[Du] suffices for inequalities (2.4)
to hold:

Theorem 2.3 (KMS-inequalities in n = 2 dimensions). Letn = 2 and 1 < p < 2. Then the following
hold:

(@) If1 < p < 2, then (2.4) is equivalent to A inducing an elliptic differential operator by virtue of
Au = A[Du], u € C°(R?%;R?).

(b) If p = 1, then (2.4) is equivalent to A inducing a C-elliptic differential operator by virtue of

Au = A[Du], u € C2°(R?;R?); see Section 3.2 for this terminology.

Since A = sym induces a C-elliptic differential operator in n = 2 dimensions whereas A = dev sym
does not, this result clarifies validity of (2.4) for A = sym and its failure for A = devsym. If
(p,n) = (1,2), by the non-availability of (2.2), inequalities (1.3) cannot be approached by invoking
Helmholtz decompositions and using critical estimates on the solenoidal parts. As known from [27],
in the particular case of A[P] = sym P one may use the specific structure of symmetric matrices (and
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Dimension n
n=2 \ n>3

p=1

Exponent p 51

ellipticity

FIGURE 2. Sharp conditions on the non-differential part P — A[P] to yield subcritical
KMS-inequalities in n-dimensions.

their complementary parts, the skew-symmetric matrices) to deduce estimate (2.4). The use of this par-
ticularly simple structure also enters proofs of various variants of Korn-Maxwell inequalities. A typical
instance is the use of NYE’s formula, allowing to express DP in terms of Curl P in three dimensions
provided P takes values in the set of skew-symmetric matrices s0(3); also see the discussion in [40,
Sec. 1.4] by MULLER and the second named authors.

However, in view of classifying the parts A[P] for which (2.4) holds, we cannot utilise the simple
structure of symmetric matrices. To resolve this issue, we will introduce so-called almost complementary
parts for the sharp class of parts A[P] for which (2.4) can hold at all, and establish that these almost
complementary parts have a sufficiently simple structure to get suitable access to strong Bourgain-
Brezis estimates.

2.2. Subcritical KMS-inequalities and other variants. The inequalities considered so far scale and
thus the exponent p* cannot be improved for a given p. On balls B,.(0), one might wonder which
conditions on .4 need to be imposed for inequalities

(fB‘(o) |P|de)% =¢ (]{3 © |A[P]|qu)% Ter (]{3 o | Curl P|? dx)% (2.5)

for all P € C°(B,(0); R™*™) to hold with ¢ = ¢(p, q,n,.A) > 0 provided q is strictly less than the
optimal exponent p*. Since the exponent ¢ here is strictly less than the non-improvable choice p*, one
might anticipate that even in the case n = 2 ellipticity of the operator Au = A[Du] alone suffices.
Indeed we have the following

Theorem 2.4 (Subcritical KMS-inequalities). Letn > 2,1 <p < oo and1 < g < p*. Then the following
hold:

(a) Letq = 1. Writing Du = Y | E; O;u and Au := A[Du] = >""" | A; O;u for suitable E;, A; €
LR R"™™) and all u € C(R™;R™), (2.5) holds if and only if there exists a linear map
L: R™™™ — R"™ "™ such that E; = Lo A, foralll <i<n.

(b) Let1 < g < p*ifp <nandl < q < oo otherwise. Then (2.5) holds if and only if A induces an
elliptic differential operator by virtue of Au = A[Dul].

Let us remark that Theorems 2.1-2.4 all deal with exponents p < n. Inequalities that address the
case p > n and hereafter involve different canonical function spaces, are discussed in Sections 5 and 6.
We conclude this introductory section by discussing several results and generalisations which appear
as special cases of the results displayed in the present paper:

Remark 2.5. (i) For the particular choice A[P] = sym P and ¢ = p > 1, Theorem 2.4 yields with
n = 3 the result from [44, Thm. 3] and for n > 2 the result from [43, Thm. 8].
(ii) For the particular choice of A[P] = sym P and (p,n) = (1, 2), Theorem 4.7 yields [27, Thm. 11]
as a special case.
(iii) For A[P] = devsym P and ¢ = p > 1, Theorem 2.4 yields [42, Thm. 3.5] and moreover catches
up with the missing proof of the trace-free Korn-Maxwell inequality in n = 2 dimensions.
(iv) For A[P] € {sym P, devsym P}, Theorems 2.1-2.4 yield the sharp, scaling-optimal generali-
sation of [42, Thm. 3.5], [43, Thm. 8] and [44, Thm. 3].
(v) For the part map A[P] = skew P + tr P - 1, as arising e.g. in the study of time-incremental
infinitesimal elastoplasticity [55], now appears as a special case, cf. Example 5.2.
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2.3. Organisation of the paper. Besides the introduction, the paper is organised as follows: In Sec-
tion 3 we fix notation and gather preliminary results on differential operators and other auxiliary esti-
mates. Based on our above discussion, we first address the most intricate constellation (p,n) = (1,2)
and thus establish Theorem 2.3 in Section 4. Theorems 2.1 and 2.4, which do not require the use of
almost complementary parts, are then established in Sections 5 and 6. Finally, the appendix gathers
specific Helmholtz decompositions used in the main part of the paper, contextualises the approaches
and results displayed in the main part with previous contributions and provides auxiliary material on
weighted Lebesgue and Orlicz functions.

3. PRELIMINARIES

In this preliminary section we fix notation, gather auxiliary notions and results and provide several
examples that we shall refer to throughout the main part of the paper.

3.1. General notation. We denote w,, := .Z"(B1(0)) the n-dimensional Lebesgue measure of the
unit ball. For m € Ny and a finite dimensional (real) vector space X, we denote the space of X-
valued polynomials on R™ of degree at most m by 2,,,(R™; X); moreover, for 1 < p < oo, we denote
WP (R™; X) the homogeneous Sobolev space (i.e., the closure of C2°(R"; X) for the gradient norm
[Dully»gn) and W12 (R™; X) := WP (R™; X' its dual. Finally, to define the matrix curl Curl P

n(n—1)

for P: R™ — R™ ", we recall from [39, 42] the generalised cross product x,, : R" x R" - R~ =z .
Letting
a=(@a,)" €R" and b= (bb,)" €R" witha,bec R"!,

we inductively define

a Xp— b n(n—
aXxXp,b= ! _]1€eR : 2 = where (a1> X9 (b1> ‘= a1 by — as by. (3.1)
bn ~Efan -b a9 b2

The generalised cross product a X, - is linear in the second component and thus can be identified with

a multiplication with a matrix denoted by [a], € R M5 5o that
axpb=[a], b  forall beR". (3.2)

For a vector field a: R” — R”™ and matrix field P: R™ — R™*" with m € N, we finally declare curla
and Curl P via

curla = a x, (=V) = [V], a, CurlP =P x, (-V)=P [[V]]In . (33)

3.2. Notions for differential operators. Let A be a first order, linear, constant coefficient differential
operator on R" between two finite-dimensional real inner product spaces V and W. In consequence,
there exist linear maps A;: V' — W, i € {1,...,n} such that

Au="Aidu. (3.4)
i=1
For ) C R" open and 1 < ¢ < oo, we set
WHI(Q) = {u e LI (V) | lullpagoy + 1AU[lg0 ) < oo} (3.5)

With an operator of the form (3.4), we associate the symbol map
A V=W, Alv=>) &Aw, (eR"weV. (3.6)
i=1

Following [7], we denote

®p: VXR" = W, ®@a(§;v) = v @4 & = Alf]v. (3.7)
In the specific case where V' = RY, W = RY¥*" and A = D is the derivative, this gives us back the
usual tensor product v ® £ = v¢T;if V = R", W = Sym(n) = R it gives us back the usual
symmetric tensor product v ® § = 2 (v ® £+ @ v).

Elements w € W of the form w = v ®, & are called pure A-tensors. We now define
H(A) =span({a®xpb|acV, becR"}).
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This is in some sense the minimal choice of . Moreover, if {ay, ..., ax } isabasis of R™ and {e, ..., e, }
is a basis of R”, then by linearity the set {a; ®4 €, | 1 <i<n, 1 < j < N} spans Z(A) and hence
contains a basis of Z(A). For our future objectives, it is important to note that this result holds irre-
spectively of the particular choice of bases.

We now recall some notions on differential operators gathered from [7, 34, 64, 65, 69]. An operator
of the form (3.4) is called elliptic provided the Fourier symbol A[¢]: V' — W is injective for any £ €
R™\{0}. A strengthening of this notion is that of C-ellipticity. Here we require that for any £ € C™\{0}
the associated symbol map A[¢]: V +1V — W +1W is injective.

Lemma 3.1 ([29, 30, 69]). Let A be a first order differential operator of the form (3.4) with n = 2. Then
the following are equivalent:

(@) A is C-elliptic.

(b) A is elliptic and cancelling, meaning that A is elliptic in the above sense and

N Aldw) ={o}
£er?\{0}
(c) There exists a constant ¢ > 0 such that the Sobolev estimate ||ul|; 2g2) < c||Aul|; g2 holds for

allu € C°(R%, V).

This equivalence does not hold true in n > 3 dimensions (see [30, Sec. 3] for a discussion; for general
dimensions n > 2, one has (b) < (c), see [69], but only (a) = (b), see [29, 30]). The following lemma
is essentially due to SMITH [64]; also see [19, 35] for the explicit forms of the underlying Poincaré-type
inequalities:

Lemma 3.2. An operator A of the form (3.4) is C-elliptic if and only if there exists m € Ny such that
ker(A) C &, (R™; R™). Moreover, for any open, bounded and connected Lipschitz domain ) C R™ there
exists ¢ = c(p,n, A, Q) > 0 such that for any u € W*P(Q) there is lyu € ker(A) such that

llu— HAU“LP(Q) <c HAUHLP(Q) :

We conclude with the following example to be referred to frequently, putting the classical operators
V, € and £ into the framework of (3.4). For this, it is convenient to make the identification

(¢ a)—

Example 3.3 (Gradient, deviatoric gradient, symmetric gradient and deviatoric symmetric gradient). In
the following, let n = 2, V = R? and W = R?*2. The derivative fits into the framework (3.4) by taking

, a,b,c,d € R.

QO o

10 00
0 0 10
Al - o 11 AQ - 0 0"’ (v)
0 0 0 1
the deviatoric gradient VPu := dev Du = Du — % divu - 1,, by taking
LN
— _ D
Al - 0 11 AQ - 0 0 ) (v )
-1 0 0 3
whereas the symmetric gradient is recovered by taking
1 0 0 0
0 3 3 0
A1 - 0 ; ) AQ - ; 0 (S)
0 0 0 1
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Finally, the deviatoric symmetric gradient e (u) := dev sym Du = sym Du — % divw - 1, is retrieved
by

;Y -

— 2 — 2 D

Al_ 0 % 9 AQ_ % 0 (6 )
-1 0 0o 1

Similar representations can be found in higher dimensions. However, let us remark that whereas V, V?
and ¢ are C-elliptic in all dimensions n > 2, the trace-free symmetric gradient is C-elliptic precisely
in n > 3 dimensions (cf. [7, Ex. 2.2]). Another class of operators that arises in the context of infinites-
imal elastoplasticity but is handled most conveniently by the results displayed below, is discussed in
Example 5.2.

3.3. Miscallaneous bounds. In this section, we record some auxiliary material on integral operators.
Given 0 < s < n, the s-th order Riesz potential Zs(f) of a locally integrable function f is defined by

L@ = o [ APy e (3.5)

e [T —y["e

where c5 , > 0 is a suitable finite constant, the precise value of which shall not be required in the
sequel. We now have

Lemma 3.4 (Fractional integration, [1, Thm. 3.1.4], [18, §2.7],[66, Sec. V.1]). Letn > 2 and0 < s < n.
(@) Foranyl < p < oo withsp < n the Riesz potential Z; is a bounded linear operatorZs: LP(R") —
L5 (R").
(b) Let1 < p < oo. Foranyl < ¢ < nﬁ’;p ifsp<norall <qg<ooifsp>mnandanyr >0
there exists ¢ = ¢(p, q,n, s,7) > 0 such that we have

HIs(]lBr(o)f)’|Lq(B,,,(0)) <c ”f”LP(B,.(O)) forall f € C*(R").

In the regime s = 0 we require two other ingredients as follows. The first one is

Lemma 3.5 (Necas-Lions, [51, Thm. 1]). LetQ C R™ be open and bounded with Lipschitz boundary and
let N € N. Then for any 1 < p < oo there exists a constant ¢ = ¢(p,n, N, ) > 0 such that we have

||f||LP(Q) <c ( ||f||W*1=P(Q) + ”DfHW*LT’(Q)) forall f € 7'(QRY).

Whereas the preceding lemma proves particularly useful in the context of bounded domains (also see
Theorem 4.7 below), the situation on the entire R™ can be accessed by Calderon-Zygmund estimates [9]
(see [69, Prop. 4.1] or [16, Prop. 4.1] for related arguments) and implies

Lemma 3.6 (Calderén-Zygmund-Korn). Let A be a differential operator of the form (3.4) and let 1 <
p < 0o. Then A is elliptic if and only if there exists a constant ¢ = ¢(p,n, A) > 0 such that we have

IDullppgny < cllAullppgn) forallu € C°(R™; V).

4. SHARP KMS-INEQUALITIES: THE CASE (p,n) = (1,2)

4.1. Almost complementary parts. Throughout this section, let n = 2. The complementary part of
P with respect to A: R?*? — R2*2 is given by P — A[P]. In the present section we establish that, if
A induces a C-elliptic differential operator, then for a suitable linear map £: R?*2? — R?*? the image
(Id — LA[-])(R?*?) is one-dimensional, in fact a line spanned by some invertible matrix. We then shall
refer to P — LA[P)] as the almost complementary part.

To this end, note that if Au = A[Du] for all u € C°(R?; R?) with some linear map A: R?*? —
R2*2 | then the algebraic relation

Ale@f] =e®, f = Alfle forall e, f € R%. (4.1)
holds. Within this framework, we now have

Proposition 4.1. Suppose that A is C-elliptic. Then there exists a linear map L: R**? — R2?*2 and
some & € GL(2) such that

{X — L(A[X]) | X € R**?} = R®. (4.2)
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Proof. Let {e1, ez} be a basis of R%. As {e; ® e; | (i,]) € {1,2} x {1,2}} spans R?*?, it suffices to
show that there exist a linear map £: R?*? — R?*2, & € GL(2) and numbers 7;; € R not all equal
to zero such that

(e; ® e]‘) — /j(el (N ej) =7;;® foralli,j € {1, 2}. (4.3)
If we can establish (4.3), we express X € R?*? as
X = Z Tij€; X €;
1<4,j<2
and use (4.3) in conjunction with (4.1) to find
X — E(.A[X]) = Z J,‘”((ez X ej) — E(ez ®A ej)) = ( Z ’}/Zjl'”)@ (4.4)
1<4,j<2 1<4,j<2
Since not all 7;;’s equal zero, this gives (4.2).
Let us therefore establish (4.3). We approach (4.3) by distinguishing several dimensional constella-
tions. First note that A[R?*?] is at least two dimensional. In fact,
Aler)(R?) C A[R**?, (4.5)

and since A is elliptic, ker(A[e;]) = {0}, whence dim(A[e;](R?)) = 2 by the rank-nullity theorem.
Now, if dim(A[R?*?]) = 2, we conclude from (4.5) that A[R?*?] = Ale;](R?). We conclude that for
all ¢ € R?\{0} we have A[¢](R?) = Ale1](R?) and hence A fails to be cancelling. Since ellipticity
together with cancellation is equivalent to C-ellipticity for first order operators in n = 2 dimensions
by Lemma 3.1, we infer that dim(A[R?*?]) € {3, 4}.

If dim(A[R?*?]) = 4, we note that {e; ®4 e; | 1 < i,j < 2} spans A[R?*?]. Consequently, the
vectors e; @ e;, 1 < i,j < 2, form a basis of A[R?**2]. For any given & € GL(2) we may simply
declare L by its action on these basis vectors via

L(e; ®pej) = (e, Qe;) — B. (4.6)

Then (4.3) is fulfilled with «,; = 1 for all (¢, j) € {1,2} x {1, 2}, and we conclude in this case.
It remains to discuss the case dim(A[R?*2]) = 3. Then there exists (ig, jo) € {1,2} x {1,2} such
that

€ip VA €j, = Z a;j€; Qp € (4.7)
(4,5)# (90,40)
for some a;; € Rnotall equal to zero, (7, j) # (40, jo). In what follows, we assume that (4o, jo) = (2, 1);
for the other index constellations, the argument is analogous. Our objective is to show that
. (—G11 —ai2
6 = ( ! _a22) (4.8)
is invertible. By assumption, not all coefficients a11, @12, ass vanish. We distinguish four options:

(1) Ifasz = 0, a1 # 0, then the matrix & from (4.8) is invertible.

(i) If agy # 0, a;o = 0, then necessarily a;; # 0 and so & is invertible. Indeed, if a;; = 0,
then (4.1) and (4.7) yield Alei]es = assAles]es. Since A is of first order and homogeneous,
the map £ — A[¢]v is linear for any fixed v. We conclude that Ale; — agzez]es = 0, and since
e; — agoes # 0 independently of ago, this is impossible by ellipticity of A.

(iil) If a1z = age = 0, then (4.1) and (4.7) yield Ale1]es = ai1A[er]e;. We then conclude that
Aleq](e2 — ajie;) = 0. But es — ajje; # 0 independently of a1, this is impossible by
ellipticity of A.

(iv) If age, a12 # 0, then non-invertibility of the matrix is equivalent to a constant A # 0 such that

—a11 = —)\alg, 1= _)\a22. (4.9)
Again using linearity of £ — A[¢]v for any fixed v, (4.7) becomes

7)\&221%[61]62 = allA[el]el + algA[eg]el —+ QQQA[eQ]eQ

2 NarzAleier + arzhlesler + anhles)es

= AajpAle]e; + Alez](aize; + azzer),
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whereby
Al=Xei](a1ze1 + azzeq) = Alez](arzer + agzes),
so that
A[)\el + ez](algel + 02262) =0. (410)
By assumption, a1z, azz # 0 and hence a12€1 + azoes # 0. But Ae; + e3 # 0 independently
of A, and hence (4.10) is at variance with the ellipticity of A.
In conclusion, & defined by (4.8) satisfies & € GL(2) and moreover
& = €, ® €, — Z ;€ ® €;, (4.11)
(4,5)#(i0,Jo)

where we recall that (ig, jo) = (2,1). By assumption and because of (4.7), 1 ®4 €1,e1 ®4 e and
ey ®, e form a basis of A[R?*?], and we may extend these three basis vectors by a vector f € R?*?2
to a basis of R2*2. We then declare the linear map L by its action on these basis vectors via

L(e;@aej) =€ e, if (4,7) # (40, Jo),
L(f) =0 € R**2,

Combining our above findings, we obtain

(4.12)

@7 @.12)
Leiy®nes) = > aylle;®@ae) =' > aye e
(1,5)#(0.Jo) (4,5)#(40,J0)
=e€;, ®e; — (eio ®Xej, — Z a;;€; @ ej)
(4,5)#(30,J0)
(421) €, ® €, — &,

and so, in light of (4.12), we may choose
Y 1 if (Z,J) = (io,jo)
to see that (4.3) is fulfilled; in particular, not all v;;’s vanish, and ® € GL(2). The proof is complete. [

The next lemma shows that in two dimensions the operator dev sym is indeed a typical example of
an elliptic but not C-elliptic operator:

Lemma 4.2 (Description of C-elliptic operators in two dimensions). Suppose that A is elliptic. Then the
operator A given by Au := A[Du] foru: R* — R? is C-elliptic if and only if dim(A[R?*?]) € {3,4}.

Proof. The sufficiency part is already contained in the proof of the previous Proposition 4.1. For the
necessity part consider for a,b € C? with a = (a1,a2) ", b= (b1,b2)
a®ab=Re(a1b1)e; @4 e1 + Re(arb2) €1 @4 €9
+ Re(agb1) e2 ®4 €1 + Re(aghs) ez @4 €2
+1i- [Im(albl) e; @5 e1 +Im(arby) e; @4 eo
+ Im(azby) €2 @4 €1 + Im(azbs) €2 ®4 €2].
If dim(A[R?*?]) = 4, then all e; ®, e; are linearly independent over IR, and the condition a®, b =0
implies
Re(a1b1) = Re(a1bz) = Re(azb1) = Re(azbe) =0
and
Im(a1b;) = Im(a1bs) = Im(azby) = Im(agby) = 0.
Thus, with a;, b; € C we have
ai1b; = a1ba = asb; = asby = 0.

And for b # 0 we deduce a = 0, meaning that the operator A is C-elliptic in this case.
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In the case dim(A[R?*?]) = 3 we assume without loss of generality, that there exist o, 3,7 € R
such that
ey ®p e =ae; @y e+ e @y e+ yer ®y e (4.13)

It follows from the ellipticity assumption on A (cf. the invertibility of & from (4.8) in the proof of
Proposition 4.1) that these coefficients satisfy

a(-1)—pBy#0 < a+py#0. (4.14)
The condition a ®4 b = 0 with a,b € C then implies

0= Re(a1b1 + aRe (1262 g Re(a1b1 + OéCLQbQ)
" Re((ar + Baz)b),
Re(az (b + 7 b2)),

=

0 =Re a1b2

~

m
||%

(
+ 5 RQ(CLQbQ
(

(
Re(azb1) + v Re(agby
R

m

Im(a1b1 + « agbg)

:R Im (a1 + Bag)bg)

(
(az(by +vb2)).

=y

IIm

) )
) )
0= ) )
0 = Im(asb;) + aIm(agbs) *
0 = Im(a1by) + BTIm(azbs)
0 = Im(azby) + 5 Im(azby) 'S Im

Im(asby) 4+ v Im(asbs

Hence, a;, b; € C satisfy

arby + aagby =0,
(a1 + Baz)by =0, (4.15)
as(by +vba) =0.

If by = 0, then by b # 0 we must have b; # 0 and we obtain a; = as = 0, meaning that the operator

A is C-elliptic. Otherwise, with bs # 0 we have a1 4+ S as = 0. If ag = 0 then we are done. We show,
that the case as # 0 cannot occur. Indeed, if as # 0 then (4.15) yields:

b =
1+ b 0 - < 1 ’y) b=0
—ﬂ bi+aby =0 -8 «
which cannot be fulfilled since b # 0 and a + 3y # 0. (]

Let us now be more precise and explain in detail where the proof of Proposition 4.1 fails if A is elliptic
but not C-elliptic. Ellipticity implies that for any ¢ € R?, dim(A[¢](R?)) = 2 and by the foregoing
lemma we must have dim(A[R?*2]) = 2. Hence, if A is not C-elliptic, then precisely two pure A-
tensors e; ®4 €5, (i,4) € I = {(io, jo), (41, j1)}, are linearly independent. In order to introduce the
linear map £, we define it via its action on these basis vectors. At a first glance, this seems to only yield
two conditions, but this is not so because of (4.3) as we here pose compatibility conditions for all indices
that ought to be fulfilled. In particular, the definition of £ on the fixed basis vectors must be compatible
with (4.3) also for (4,j) ¢ Z, and since (4.3) includes all rank-one-matrices, this is non-trivial. As can
be seen explicitely from Example 4.4 below, non-C-elliptic operators do not satisfy this property.

Example 4.3 (Gradient and symmetric gradient). For the (C-elliptic) gradient, the set {e; ®4 e, } is just

W 0) (o) 600) G )

and so the gradient falls into the case dim(A[R?*?]) = 4 in the case distinction of the above proof. For
the (C-elliptic) deviatoric or symmetric gradients, the set {e; ®4 e;} is just

L0 0 1 00 - L .

{( _ % ) ; (0 O) ; (1 0) ; ( 0 >} (deviatoric gradient),
10 0 3 0 0 . ,

{( 0) ) < 1 O> ) (O 1>} (symmetric gradient),

and so both the deviatoric and the symmetric gradient falls into the case dim(.A[R?*?]) = 3 in the case
distinction of the above proof.

[es) N}
N[ =
= O

o
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Example 4.4 (Trace-free symmetric gradient). For the (non-C-elliptic) trace-free symmetric gradient,
the set {e; ®, e;} is given by

(469 (@ Yewsa

and so the first and the third element are linearly dependent. We now verify explicitely that the re-
lation (4.3) cannot be achieved in this case for some & € GL(2). Suppose towards a contradiction
that (4.3) can be achieved. Then

0 0 . — : 1 0
(0 1) - 7226 = L(ez @4 €2) A=c —L(e; ®a 1) “ Y116 — (0 0) (4.16)
and
0 1 . : 0 0
(O 0) - 7126 (423) E(el XA 92) = E(e2 XA el) (g) (1 O) — ’}/216. (4.17)

From (4.16) we infer that & needs to be a multiple of the identity matrix, whereas we infer from (4.17)
that & is contained in the skew-symmetric matrices, and this is impossible.

4.2. Sufficiency part of Theorem 2.3 (b). Proposition 4.1 crucially allows to adapt the reduction to
BOURGAIN-BREZIs-type estimates as pursued in [27] in the symmetric gradient case. We state a version
of the result that will prove useful in later sections too:

Lemma 4.5 ([3, 8, 68]). Letn > 2. Then the following hold:

(a) There exists a constant ¢, > 0 such that

1l e gy < En (109 £l g + 1 sy ) (418)

holds for all f € C°(R™;R™). Moreover, if @ C R"™ is an open and bounded domain with
Lipschitz boundary, estimate (4.18) persists for all f € C*(€; R™) with R™ being replaced by (2.
(b) Ifn > 3, there exists a constant ¢, > 0 such that

1l gy < e llowsd fllgseny  forall £ € CZlp (R7RY). (19)

For completeness, let us note that by embedding C5°(R™;R") into wL (R™;R™) via the dual
pairing (f, ) 1.0 1r = Jan(f,@)rn da, forany 1 < p < co and A € R"*" there exists ¢ =

¢(p,n, A) > 0 such that we have the elementary inequality
HAf||W_1,p/(Rn) < C||f||W_1,p/(Rn) forall f € C°(R™; R"™). (4.20)

Based on the preceding lemma and the results from the previous section we may now pass on to the

Proof of the sufficiency part of Theorem 2.3 (b). Let P € C2°(IR?; R?*2). By Proposition 4.1, there exists
a linear map £: R?*2 — R?*2 & € GL(2) and a linear function : R?*2? — R such that

P = L(A[P]) +v(P)& everywhere in R?. (4.21)
Realising that
mmﬂm@:®<§?g», (4.22)

the pointwise relation (4.21) gives

mmp:&mwuwm+@<gﬁgv

whence the invertibility of & yields

fi=8"'Curl P = & Curl(L(A[P])) + (g:{g?) . (4.23)

In consequence,

oo (La(A[P])Y _
divf = div (]Lg(A[P])) = B(A[P)]) (4.24)
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for some scalar, linear, homogeneous second order differential operator B. Now, based on inequal-
ity (4.18) and recalling n = 2, we infer

(\|d1VfIIW—22(R2 + il ey )

(424)
¢ (IBCAPY -2 gy + Illa ey )
(HDZ D2z + Il oy )

< ¢ (APl ey + Il ee) )- (425)
By definition of §, cf. (4.23), the previous inequality implies

||fHW*1'2(]R2

<c

|61 Curl P12 gy < € (IAIPlgagay + |67 Curl Pl oy ), (4.26)

(2)
ICur] P12 oy = [|6(& " Cuarl )| 1.2

(4.26)
< e(®) (APl g + 1Curl Py g )

Next, put f := Curl P € C2°(R?;R?) and consider the solution u = (u1,u2) " of the equation —Au =
f obtained as u = @y x f, where @, is the two-dimensional Green’s function for the negative Laplacian.
By classical elliptic regularity estimates we have on the one hand

and (4.20) then yields by virtue of & € GL

(R2)
(4.27)

HDUHL?(RZ) <c ”AUHVV—L?(D@) =c ||f||w—1,2(]1e2) . (4.28)
On the other hand, setting

_ (Ou1 —0O1uy
T:= <(3'2U2 81U2> ’
we find by (4.28) and (4.27)
HTHLZ(]R2) = HDU||L2(R2) S C(®)(||A[PH|L2(R2) + ||Cur1P||L1(R2)> (429)
and
Au1 _
Cul(T — P) = < Au > —f=0.

We may thus write 7' — P = Dv for some v: R? — R2, for which Lemma 3.6 yields?
IT = Plli2ge) = [IDv[l2ge) < cl|Av[|i2ge) = c[|ADV][|2(ge)

(4.30)
S el AT = Plllpzgey < ¢l Tl gey + ¢ lAP] L2 g2y -
The proof is then concluded by splitting
1Pll12rey < 1P = Tllpzgey + 1Tz @e)
and using (4.30), (4.29) for the first and (4.29) for the second term. The proof is complete. O

Remark 4.6. Note that, despite of the special situation in three dimensions, in n = 2 dimensions we
have in general

div CurlP = —612(P11 — P22) + 811P12 - 622P21 5_'5 0. (431)

In fact, it is a crucial step in the previous proof to express div Curl P by a linear combination of second
derivatives of A[P]. This is clearly the case if A[P] = dev P but is not fulfilled for general C-elliptic
operators A. For this reason we need Proposition 4.1 to ensure that there exists an invertible matrix &

such that div &1 Curl P = L(D2A[P]).

2Note that 7T is not compactly supported (and neither is v), but v € W1’2(R2; R?) and then the Korn-type inequality
underlying the first inequality in (4.30) follows by smooth approximation, directly using the definition of W12 (R?).
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4.3. Necessity part. Again, let n = 2 and p = 1. As in [31], one directly obtains the necessity of .4
being induced by an elliptic differential operator for (2.4) to hold; in fact, testing (2.4) with gradient fields
P = Du gives us the usual Korn-type inequality ||Dul[;2ge) < (rz) forallu € CZ° (R%;R?).
Then one uses Lemma 3.6 to conclude the ellipticity; hence, in all of the following we may tacitly assume
A to be induced by an elliptic differential operator.

The necessity of C-ellipticity requires a refined argument, which we address now:

Proof of the necessity part of Theorem 2.3 (b). Suppose that A is not C-elliptic, meaning that there exist
¢ € C*\{0} and v = Re(v) + iIm(v) € C*\{0} such that A[¢]Jv = 0. Writing this last equation by
separately considering real and imaginary parts, we obtain

AlRe()]Re(v) = Allm(§)]Tm(v),
Allm(§)]Re(v) = —A[Re(£)]Im(v).

For f € C°(IR?), we then define z¢ := ((z, Re(£)), (z,Im(€))) and

©))
Py(x) = Re(v) @ Re(£)(01f)(x¢) — Im(v) @ Im(§) (O1f) (we)
+ Re(v) @ Im(€) (02 f) (2¢) + Im(v) © Re() (02 1) (xe)-

We first claim that there exists a constant ¢ > 0 such that

vaHL2(R2) <c HPfHL’z(Rz) . (4.34)

(4.32)

(4.33)

To this end, we first note that we may assume Re(¢) and Im(§) to be linearly independent over R. This
argument is certainly clear to experts, but since it is crucial for our argument, we give the quick proof.
Suppose that Re(¢) and Im(§) are not linearly independent. Then there are three options:

(i) fIm(&) = 0,thenRe(&) # 0 (as otherwise ¢ = 0). Then (4.32), implies Re(v) = 0 by ellipticity
of A, and (4.32), implies Im(v) = 0 by ellipticity of A. Thus v = 0 € C2, contradicting our
assumption v € C2\{0}.

(i) If Re(§) = 0, we may imitate the argument from (i) to arrive at a contradiction.

(iii) Based on (i) and (ii), we may assume that Im(€), Re(¢) # 0 and that there exists A # 0 such
that Re(§) = AIm(€). Inserting this relation into (4.32), we arrive at

M[Im(&)]Re(v) = A[Im(&)]Im(v) = AlIm(&)](ARe(v) — Im(v)) = 0,

AlIm(¢)]Re(v) = —AA[Im(&)|Im(v) = AlIm(¢)](Re(v) + AIm(v)) = 0.

By our assumption, A # 0, and ellipticity of A implies that
ARe(v) = Im(v) and Re(v) + AMIm(v) = 0, so (1 + A*)Re(v) = 0,

so Re(v) = Im(v) = 0, and this is at variance with our assumption v # 0.

Secondly, we similarly note that Re(v) and Im(v) can be assumed to be linearly independent over R.
Suppose that this is not the case. Then there are three options:

(i) If Re(v) = 0, then necessarily Im(v) # 0. Then (4.32); implies that Im(§) = 0. Inserting
this into (4.32), yields Re(¢) = 0 and so £ = 0, which is at variance with our assumption of

§ € C\{0}.

(ii’) If Im(v) = 0, we may imitate the argument from (i’) to arrive at a contradiction.

(iii’) Based on (i’) and (ii’), we may assume that Im(v), Re(v) # 0 and that there exists A # 0 such
that Re(v) = AIm(v). Inserting this relation into (4.32) yields

AA[Re(§)Im(v) = Allm(&)]Tm(v) = A[ARe(¢) — Im(§)]Im(v) =0,
A[Im()Im(v) = —A[Re(&)]Im(v) = AMm(¢) + Re(§)|Im(v) = 0.

By our assumption Im(v) # 0, ellipticity of A yields
ARe(€) = Im(€) and — AIm(€) = Re(¢) = (1 4+ A2)Im(¢) = 0.
But then Im(¢) = 0 and, by A # 0, Re(£) = 0, so £ = 0, in turn being at variance with £ # 0.
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Based on (i)-(iii) and (i’)-(iii’), we conclude that the set
{4, B,C, D} = {Re(v) ® Re(€), Im(v) @ Im(€), Re(v) & Tm(€), Im(v) @ Re(¢)}
displays a basis of R?*2, and that
IP]l := |a| + |b] + |c| + |d| whenever P = aA + bB + ¢C + dD € R**?

is a norm on R?*2, This norm is equivalent to any other norm on R?*2, and hence (4.34) follows by
the definition of Py and a change of variables, again recalling that Re(¢), Im(§) and Re(v), Im(v) are
linearly independent.

In a next step, we record that for any f € C2°(R?)

A[Pg()] = A[Re(§)]Re(v) (01 f)(we) — Allm(§)[Tm(v) (1 f)(xe)
+ AlIm(§)]Re(v) (92 f) (x¢) + AlRe(§)|Tm(v) (02 f) (xe)

To conclude the proof, we will now establish that the Korn-Maxwell-Sobolev inequality in this situation
yields the contradictory estimate

va||L2(R2) S C HAf”Ll(RQ) for all f S CEO(R2) (436)

To this end, note that for any ¢ € C2°(R?) and any X € R?*?2 we have as in (4.22):

w2 (4.35)

0.

-0
Curl(p X) = X( 31?090) . (4.37)

Moreover, writing Re(£) = (£11,&12) T and Im(€) = (€21, &22) T, we find

O ((0Lf)(ze)) =

(4.38)

0a2((02f)(xe)) =

As a consequence of (4.38), we have for j € {1,2}
—32((ajf)($€))) (512 522)
- ) , 439
(otorniegy ) = (e ) oo 43
Based on (4.37), the previous two identities imply by definition of Py (cf. (4.33))

Curl Py(z) = Re(v) (§11,&12) < ;12 _;22) (Vo1 f)(x¢)

512 522

—Im(v) (€21, &22) (VO f)(e)

522

+Im(v) (§11,&12) (V02 f)(e).

+ Re(v) (&21,£22) ( §22> (V02 f)(x¢)

§o1 22
Curl P¢(z) = Re(v) (0, —)(VO1 f)(x¢) — Im(v) (v, 0) (VO f)(e)
+ Re(v) (o, 0)(VO2 f)(x¢) + Im(v) (0, —a) (VO f)(x¢)
= —aRe(v)(021f)(x¢) — alm(v) (911 f)(we)
+ aRe(v)(Or2.f)(xe) — alm(v) (D2 f)(xe)
—a(Af)(zg) Im(v). (4.40)

Now define « := det <€11 512) so that
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Hence, in view of (4.34), (4.35) and (4.40), starting with the Korn-Maxwell-Sobolev inequality and a
change of variables (recall that Re(¢), Im(&) are linearly independent), we end up at the contradictory
estimate (4.36). Thus, A has to be C-elliptic and the proof is complete. O

4.4. KMS inequalities with non-zero boundary values. Even though the present paper concen-
trates on compactly supported maps, we like to comment on how Proposition 4.1 can be used to derive
variants for maps with non-zero boundary values; its generalisation to higher space dimensions shall
be pursued elsewhere.

Theorem 4.7 (Non-zero boundary values, (p,n) = (1,2)). The following are equivalent:

(a) The linear map A: R**? — R?*2 induces a C-elliptic differential operator A inn = 2 dimensions
via Au = A[Du].

(b) There exists a finite dimensional subspace K of the R?*2-valued polynomials such that for any
open and bounded, simply connected domain Q C R? with Lipschitz boundary OS2 there exists
¢ = c(A, Q) > 0 such that

min [P =120y < ( APz () + ||Cur1P||L1(Q)> (4.41)

holds for all P € C™ (£2; R?*2).

Proof of Theorem 4.7. Ad’(a)=(b)’. As in the proof of the sufficiency part of Theorem 2.3, we use Propo-
sition 4.1 to write P = L(A[P]) + +v(P) & pointwisely for all P € C*°(£2; R?*?), suitable linear maps
L:R?*2 5 R2%2 : R?*2 — R and a fixed matrix & € GL(2). Let 1 < ¢ < oo. For Q C R? has Lips-
chitz boundary, we may invoke the Neéas estimate from Lemma 3.5 to obtain for all P € C*°(Q; R?*?)

1Plocay < ¢ (AP + 7Py )
¢ (APl oy + VP vy + [F7P) -y )
with a constant ¢ = ¢(q, Q) > 0. We then equally have (4.23), whereby

v 1,q
193Ph-so0 = | (et )

(4.23) (4.43)
< e ([ICurl Pllyy-1.g0) + ICUrl(L(ALP)) 1.0y )

< e ([Curl Plly-1aq) + [APllLee) )-

(4.42)

Combining (4.42) and (4.43), we arrive at
||P||Lq(n) <cf ”A[P]HL‘I(Q) +1P - E(A[P])wal«q(sz) + ”CUTIPHW*M(Q) ), (4.44)
where ¢ = ¢(q,.A, ) > 0. Next let, adopting the notation from (3.5),
PeN :={P e W (Q)| A[P'] =0 and Curl P’ = 0}.

Since 2 C R? is simply connected and has Lipschitz boundary, Curl P = 0 implies that P = Du for
some u € W"9(Q;R?). Then A[P] = 0 yields Au == A[Du] = 0. In conclusion, C-ellipticity of A
yields by virtue of Lemma 3.2 that there exists m € N such that N C V.2, (R%; R?) «— L*(Q; R?*?).
We denote mg = dim(N) and choose an L?-orthonormal basis {g1, ..., gm, } of N; furthermore,
slightly abusing notation, we set

Nt = {P € L' (Q; R**?) | /(P, g;)dz =0forall j € {1, ...,mo}} .
Q
Our next claim is that there exists a constant ¢ = c(q7 A, Q) > 0 such that

g], ) da

1Pllagay < e (IA[P] +[|Curl Pllyy-1.4(q) ) (4.45)
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holds for all P € WCUh4(Q). If (4.45) were false, for each i € N we would find P; € WC"4(Q) with
[ Pillpe(q) = 1 and

T
(AP, + |Curl Py flyy—1.0(0 ) < (4.46)

g], ) da

Since 1 < ¢ < oo, the Banach-AIaoglu theorem allows to pass to a non-relabeled subsequence such
that P, — P weakly in L(Q; R?*?) for some P € LI(2;R?*?). Lower semicontinuity of norms
with respect to weak convergence and (4.46) then imply A[P] = 0. Moreover, we have for all ¢ €

Wé’ql (€2;R?) that the formal adjoint of Curl is given by Curl* ¢ = ¢ V1, € LY (;R?*2) and
therefore

[(Curl(P — P)),

P La(Q)x W' (Q)| < /Q<P—Pi,Curl*<p>dJ; -0

as i — oo because of P; — P in L4(€; R?*?). Thus, Curl P; > Curl P in W~ 19(Q; R?). By lower
semicontinuity of norms for weak*-convergence and (4.46), we have Curl P = 0 in W~ 1%(Q; R?). On
the other hand, since the g;’s are polynomials and hence trivially belong to LY (2; R?%?), we deduce
that

CurlP =0 in 2'(Q;R?),

A[P]=0 in LI(Q;R?%2),

PeN*t,
so that P € NN N+ = {0}. Finally, since £ o A: R?*? — R?*2 is linear, we have P, — L(A[P}]) —
P — L(A[P]) = 0 weakly in LI(Q; R?*2), and by compactness of the embedding LI (Q; R?*?) <
W9(Q; R?*2?), we may assume that P; — L(A[P;]) — 0 strongly in W~ 17(Q; R?*2). Inserting
P; into (4.44), the left-hand side is bounded below by 1 whereas the right-hand side tends to zero as
i — 00. This yields the requisite contradiction and (4.45) follows.

Based on (4.45), we may conclude the proof as follows. If P € N, we use Lemma 4.5 (a) for
Lipschitz domains and imitate (4.23) to find with § := &~ Curl P

||Cur1P||W,1‘2(Q) <c ||f||wfl«2(sz) <c ( ”A[P]HL2(Q) + ||fHL1(Q) )

Then (4.45) with ¢ = 2 becomes

1 Pllgzoy < ¢ (IMIP]llzq) + [Curl Pl g ). (4.47)
In the general case, we apply inequality (4.47) to P — >_""° i1 Jo(g, P)drg; € N+, Hence (b) follows.

Ad’(b)=(a)’. Inserting gradients P = Du into (4.41) yields the Korn-type inequality
. 0o .2
min [Du =200y < cllAulliz g, for all u € C*(;R).

By routine smooth approximation, this inequality extends to all u € W*2((2). In particular, if Au = 0

in €2, then « must coincide with a polynomial of fixed degree. Since this is possible only if A is C-elliptic
by Lemma 3.2, (a) follows and the proof is complete. (]

5. SHARP KMS-INEQUALITIES: THE CASE (p,n) # (1,2)

For the conclusions of Theorems 2.1 and 2.3 (a) we only have to establish the sufficiency parts; note
that the necessity of ellipticity follows as in Section 4.3.

As in [31], the proof of the sufficiency part is based on a suitable Helmholtz decomposition. In view
of the explicit expressions of these parts (cf. (A.10) in the appendix), we have in all dimensions n > 2
foralla € C°(R™;R"™) and all z € R™:

Ty 1 .
(@) € - [ eyl divaty)|dy = ——— Ti(|dival)(z), .
5.1
vn—1 n vn—1
|aaiv ()] < jz —y['7" - Jewrla(y)| dy = ————— Ty (| curlal)(x),
nwn R cl,nnwn

where we have used | [0],, | = v/n — 1[b| for any b € R" as a direct consequence of (3.2). Now, we
decompose P € C°(R™; R™*"™) also in its divergence-free part Pp;, and curl-free part Pcy,; for the
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following, it is important to note that these matrix differential operators act row-wise. Thus we may
write Pcyy1 = Du for some v : R™ — R”™. Then by Lemma 3.6 we have

[Peurtllpes @ny = [Dullpps @ny < cllAtllpps @ny = ¢l ADY]||po gn)
= c[|A[Pcun] |0 (rr) = € I[P = Ppiv]|| - (R™) (5.2)
< e[l AP e @y + ¢l Poiv Lo gn) -
The remaining proofs then follow after establishing
1 Ppiv [l gy < € [[CUrl Pl p gy - (5.3)
To this end, we consider the rows of our incompatible field P = (P!,..., P")". Using Lemma 3.4

with s = 1 yields

n ) 1y )
1 Poie e 2y < ZHP({N . CZHIl(|(1urlPJ|)HLp*(Rn)

(5.4)
Lem 3.4

CZHCUI'IP HLP(R" <CHCUI’1PHLp(Rn .
j=1

Combining (5.2) and (5.3) then yields Theorem 2.1 for 1 < p < n and Theorem 2.3 (a). If n > 3 and
p = 1, estimate (5.3) is now a consequence of Lemma 4.5 (b). Indeed, using (4.19), we have

n Lem 4.5
. J J
1Pl ey < 3 T2 — cZ Jewrt P .,
= Z [|curl P/ ’|L1(Rn) < c||Curl P11 gn) (5.5)
j=1
where in the penultimate step we added P 1 and used the fact that curl PJ ;1 = 0. Summarising, the

proofs of the Theorems 2.1 and 2.3 are now complete.

Remark 5.1. Note that the arguments in the foregoing proof were applied row-wise. Thus, the Theorems
2.1 and 2.3 (a) remain true for non-square matrix fields P € C°(R"™,R™*") and for linear maps
A:R™*m 5 RN withm, N € N.

Example 5.2 (Incompatible Maxwell/div-curl-inequalities). In the context of time-incremental infini-
tesimal elastoplasticity [55], the authors investigated the operator A: R"*™ — R™*" given by:

A[P] = p.skew P + “oep. 1., with ue, s #0. (5.6)
n

In n = 1 dimensions this operator clearly induces an elliptic differential operator. We show, that the
induced operator A is also elliptic in n > 2 dimensions. To this end consider for £ € R™\{0}:

Alv @ &] = A¢]v = peskew(v @ §) + gtr(v ®¢) -1, 2 0. (5.7)

Hence,

skew(v®§&) =0 and tr(v®¢§) = (v,§) =0. (5.8)
Since the generalized cross product and the skew-symmetric part of the dyadic product consist of the
same entries, cf. [39, Eq. (3.9)], the first condition here (5.8); is equivalent to

v X, £ =0. (5.9)
Furthermore the generalized cross product satisfies the area property, cf. [39, Eq. (3.13)], so that

(58 ££0
0= [vx, &2 = [oI€ — (0,6)% 22 WPle)> B w=o, (5.10)

meaning that A induces an elliptic operator A. But since dim A[R?*2] = 2 we infer from Lemma 4.2
that A is not C-elliptic in n = 2 dimensions. Hence, our Theorems 2.1, 2.3 (a) (and, anticipating the
proof from Section 6 below, Theorem 2.4) are applicable to this A:

[Pller ey < € (llskew Plly o gny + [t Pllgor oy + [Cutl Pl o zny ) (6.11)
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provided (n > 3,1 < p < m)or(n = 2,1 < p < 2). Inserting P = Du and using that skew Du
and the generalised curl v consist of the same entries, (5.11) generalises the usual div-curl-inequality
to incompatible fields. If n = 2 and p = 1, inequality (5.11) fails since A fails to be C-elliptic.

We conclude this section by addressing inequalities that (i) involve other function space scales and
(ii) also deal with the case p > n left out so far. As such, we provide three exemplary results on the
validity of inequalities

IPllx@n) < e (Pl x@n + ICul Pllyg.y ), P eCTR",R™") (5.12)

for n > 2 that can be approached analogously to (5.1)—(5.4) by combining the Helmholtz decomposition
with suitable versions of the fractional integration theorem. To state these results, we require some
notions from the theory of weighted Lebesgue and Orlicz spaces, and to keep the paper self-contained,
the reader is directed to Appendix A.3 for the underlying background terminology. For the following,
let Au := A[Du] be elliptic.

« Weighted Lebesgue spaces. Let n > 2 and w be a weight that belongs to the Muckenhoupt class
A; on R™ (see e.g. [47]) and denote LP(R"™; w) the corresponding weighted Lebesgue space. Given
1 < p < n, the Korn-type inequality || Dul|; p+ gn ) < ¢ [[Aullpp* (gn ) for u € CZ(R™;R") (see e.g.
[16, Cor. 4.2]) and Z; : LP(R";w?/?") — LY (R™; w) boundedly (see [48, Thm. 4]) combine to (5.12)
with X(R") = L?" (R",w) and Y (R") = L?(R™; w?/P").

« Orlicz spaces. Let A, B: [0,00) — [0,00) be two Young functions such that B is of class A
and V;. Adopting the notation from (A.14) and (A.15), let us further suppose that A dominates By,
globally and that A(™) dominates B globally, together with

B(t A(t

(2 dt < oo and 7( 2 dt < oo. (5.13)
1+ 14+ 2

ot "n-1 ot Tt

Under these assumptions, Crancai [11, Thm. 2(ii)] showed that 7, : L*(R") — L?(R") is a bounded
linear operator. In conclusion, if A, B are as above, we may then invoke the Korn-type inequality [16,
Prop. 4.1] (or [6] in the particular case of the symmetric gradient) to deduce (5.12) with X = LB (R™)
and Y = L4(R").

« BMO and homogeneous Holder spaces forp > n. If p = n and Y(R") = L"(R"), scaling
suggests X = L°(R™), but for this choice inequality (1.4) is readily seen to be false for general el-
liptic operators A by virtue of ORNSTEIN’s Non-Inequality on L™ [60]. Let [|||pyor~) denote the
BMO-seminorm. We may use the fact that the Korn-type inequality from Lemma 3.6 also holds in
the form [|Dul[gyiorny < ¢ [[Aul[gyo(rny; this follows by realising that the map Du — Au is a
multiple of the identity plus a Calderon-Zygmund operator of convolution type. As observed by SpEc-
TOR and the first author in the three-dimensional case [31, Sec. 2.2] and since Curl as defined in Sec-
tion 3.1 acts row-wisely, we may combine this with Z; : L™ (R™) — BMO(R") boundedly. This gives
us (5.12) with X (R™) = BMO(R") and Y/(R") = L"(R"). If n < p < 00, one may argue simi-
larly to obtain (5.12) with ||-[| x (. being the homogeneous ov = 1 — %-Hoélder seminorm. Combining
this with Z;: LP(R") — C%'~"/P(R™) boundedly yields (5.12) with X (R") = C%1~"/P(R™) and
Y (R™) = LP(R™).

Remark 5.3 (n = 1). We now briefly comment on the case n = 1 that has been left out so far. In
this case, the only part maps .A: R — R that induce elliptic operators are (non-zero) multiples of the
identity. Since every ¢ € C°(R) is a gradient, the corresponding KMS-inequalities read || P|[; ) <
[A[P][l1, gy for P € CZ°(R) and hold subject to the ellipticity assumption on A.

These results only display a selection, and other scales such as smoothness spaces e.g. a la Triebel-
Lizorkin [67] equally seem natural but are beyond the scope of this paper. However, returning to the
above examples we single out the following

Open Question 5.4 (On weighted Lebesgue and Orlicz spaces). (a) If one aims to generalise the above
result for weighted Lebesgue spaces to the case p = 1 inn > 3 dimensions, a suitable weighted version
of Lemma 4.5 (b) is required. To the best of our knowledge, the only available weighted Bourgain-
Brezis estimates are due to LouLrT [45] but work subject to different assumptions on the weights than
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belonging to A;. In this sense, it would be interesting to know whether (5.12) extends to X (R™) =
L7 T(R", w)and Y = L'(R™; w™= ) forw € A;.

(b) The reader will notice that a slightly weaker bound can be obtained in the above Orlicz sce-
nario provided one keeps the Ay- and Vg-assumptions on B but weakens the assumptions on A.
By Ciancur [11, Thm. 2(i)] the Riesz potential Z; maps L*(R") — LZ(R™) (with the weak Orlicz
space L2 (R™)) precisely if (5.13), holds and A(™) dominates B globally. For A(t) = ¢ and hereafter

. {0 if0<t<1,

oo otherwise,

together with the Ay N Vy-function B(t) = ¢7-1, this gives us the well-known mapping property

Z,: LYR") — Lﬁ (R™) boundedly. Similarly as this boundedness property can be improved on
divergence-free maps to yield estimate (4.19), it would be interesting to know whether estimates of the
form [|ully 5 gn) < cllcurluflaga) hold for u € CZy;, (R™;R™) for if n > 3 provided (5.13), is in
action (which is the case e.g. if A has almost linear growth) and A dominates the Ay N Vs-function
B. This would imply (5.12) under slightly weaker conditions on A, B than displayed above.

6. SUBCRITICAL KMS-INEQUALITIES

We conclude the paper by giving the quick proof of Theorem 2.4. As to Theorem 2.4 (a), let ¢ = 1,
v € C(R™;R™) be arbitrary and choose > 0 so large such that spt(p) C B,(0). Since ¢ > 0
as in (2.5) is independent of r > 0, we may apply this inequality to P = D¢. Sending r — oo, we
obtain ||[Dg||;1gny < cl[Ap|[11(gn) for all p € C7(R™;R"). By the sharp version of ORNSTEIN’s
Non-Inequality as given by KIRcHHEIM & KRISTENSEN [36, Thm. 1.3] (also see [14, 22]), the existence
ofalinearmap L € L (R™*™;R"*") withE; = Lo A; forall 1 < i < n follows at once. If 1 < ¢ < n,
we may similarly reduce to the situation on the entire R™ and use the argument given at the beginning
of Section 4.3 to find that ellipticity of Au := A[Du] is necessary for (2.5) to hold.

For the sufficiency parts of Theorem 2.4 (a) and (b), we note that by scaling it suffices to consider the
case r = 1. Given P € CZ°(B1(0); R"*™), we argue as in Section 5 and Helmholtz decompose P =
Pcur+ Ppiy. Writing Pcurn = Du, we have HPCurlHLCI(Bl(O)) <c (H'A[P]”L‘?(Bl(o))+||PD1V||LLI(B1(O)));
for ¢ = 1 this is a trivial consequence of E; = L o A; for all 1 < ¢ < n, whereas for ¢ > 1 this follows
as in Section 5, cf. (5.2). Finally, the part Pp;, is treated by use of the subcritical fractional integration
theorem, cf. Lemma 3.4 (b). This completes the proof of Theorem 2.4.

Remark 6.1 (Variants and generalisations of Theorem 2.4). If n = 2, Korn’s inequality in the form of
Theorem 4.7 (under the same assumptions on 2 C R?)

min |7~ Tl o) < ¢ (IAIPlllogq) + I Curl Pllyqg, ) (61)

persists forall 1 < p < 2andalll < ¢ < p* = ;Tpp. One starts from (4.45) and estimates

[Curl Pllyy-1.0¢0) < € sup /(Curl P, p)dz < c|[Carl P, q)

pewb e (;r2) 7

1Dl 41y <1
by Holder’s inequality and |||y . ) < ¢[|Del|1,q () for ¢ € Wé’q,(Q; R?).If ¢ < 2 and thus ¢’ > 2,
this follows by Morrey’s embedding theorem and by the estimate |||

Ls(Q) S CHDQO”L?(Q) for all

1< s<ooprovidedg=21f2 < ¢ < ;fpp, we require p’ < (¢')*, and this is equivalent to ¢ < 22%;).

We conclude with a link between the Orlicz scenario from Section 5 and Theorem 2.4:
Remark 6.2. As discussed by C1aNcHI et al. [5, 10] for the (trace-free) symmetric gradient, if the Young
function B is not of class AN V3, then Korn-type inequalities persist with a certain loss of integrability
on the left-hand side. For instance, by [10, Ex. 3.8] one has for o > 0 the inequality
IDully oge Ly < ¢llsymDully jgg14a ) forallu € CF(;R™) (6.2)

with the Zygmund classes L log® L. By the method of proof, the underlying inequalities equally apply
to general elliptic operators. One then obtains e.g. the refined subcritical KMS-type inequality
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1Pl 10 LeBs (0)) < C( AP 10g1+e LBy (0)) T ”CuﬂPHLP(Bl(O))> (6.3)

forall P € C°(B1(0); R™*"™), where « > 0, p > 1 and ¢ = ¢(p, o, n, A) > 0 is a constant. The reader
will notice that this inequality holds if and only if .4 induces an elliptic operator A. Note that for o = 0,
the additional logarithm on the right-hand side of (6.3) is the key ingredient for (6.3) to hold for such
A, while without the additional logarithm one is directly in the situation of Theorem 2.4 (a) and this not
only forces A = A[Du] to be elliptic but to trivialise.
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A. APPENDIX

In this appendix, we briefly revisit Helmholtz decompositions in arbitrary space dimensions, examine another class of part
maps A (and hereafter differential operators A) which is encountered in infinitesimal elasto-plasticity and gather some auxiliary
results and terminology on weighted Lebesgue and Orlicz spaces as utilised in Setion 5.

A.1. Explicit Helmholtz decomposition in R™. Let us first recall the situation in the 3-dimensional case. Let a € R3 be a
fixed vector. Since the cross product a X - is linear in the second component it can be identified with a multiplication with the
skew-symmetric matrix

0 —as as
Anti(a) = | a3 0 —ap |, (A1)
—ao al 0
so that
axb=Anti(a)b forallbe R3 (A2)
Hence, with Anti : R? — s50(3) := {A € R3*3 | AT = —A} we have a canonical identification of vectors in R? with

skew-symmetric (3 X 3)-matrices. It is this identification of the cross product with a suitable matrix multiplication that allows
to generalise the usual cross product in R3 to a cross product of a vector b € R3 and a matrix P € R™*3, m € N, from the
right
P x b:= P Anti(b) (A.3)

which is seen as row-wise application of the usual cross product. In the Hamiltonian formalism the usual curl : C2°(R3; R3) —
C2° (R3; R3) expresses as

curla =V x a = Anti(V)a  foralla € C°(R3;R3). (A.4)
Hence, it extends row-wise to a matrix-valued operator Curl:

Curl P:= P x (—V) = —P Anti(V)  forall P € C°(R3;R™*3) (A5)

and the minus sign comes from the anti-commutativity of the cross product since we operate from the right hand side here. This
gives rise to the definition of the generalised curl as displayed in Section 3, and in particular in two dimensions it holds

curl (Zl) = 01a2 — O2a1 = div ( az ) . (A.6)
2

—aq

The usual Helmholtz decomposition in n = 3 dimensions can then be deduced from the following decomposition of the vector
Laplacian:

Aa = Vdiva — curlcurla for all a € C2°(R3; R3) (A7)
and has the form
1 di 1 1
a(z) = ——vx/ divay) dy +— curlx/ curla(y) dy (A.8a)
dr " Jrs |z -yl 4 B3 [z =yl
1 - 1 -
= — diva(y) - S dy —— / TV curla(y) dy (A.8b)
4 Jps lz —y/ A Jrs |z —yl?
=acuri(z) =aqiv ()

with curl-free part a,, and divergence-free part agjy -
Furthermore, as higher dimensional generalization of the decomposition of the vector Laplacian it holds (see [39, Eq. (4.28)])

Aa = Vdiva + [[V]]In curla foralla € C°(R™;R™), n > 2, (A9)

and the minus sign in the usual decomposition (A.7) comes from the skew-symmetry of the associated matrices (A.1). Hence,
following essentially the same steps to deduce the usual Helmholtz decomposition the relation (A.9) allows to decompose any
vector field a € C2°(R™; R™) into a divergence-free vector field ag;, and a gradient field acyy1, see [39, Section 4.5] for more
details, and we end up with an explicit coordinate-free expression of the Helmholtz decomposition in all dimensions with

dent(@) =V [ @G —y)-aivaay = [ @on) (55 ay,

nen EETR

(A.10)

1 curla
agiv(z) = [Va]], / Bz —y) cula(y)dy= — [ [e—y]], (—(y)) dy,
JRrn nwn Jrn |"17 - yl

where ® denotes the fundamental of the Laplacian in n dimensions given by

1 —
B(z) = {leogaﬂ, forn = 2,

1 _
mL’EP ", forn > 3.
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Cartan-decomposition into orthogonal parts

tr P
P=devsymP+skewP+rT~l71

Agom[P] = devsym P Aswet[P] = skew P+ P -1,

Maxwell type, 1 < g < o0

Korn type, 1 < ¢ < o0

compatible Du S lIskew Du + [[trDu
ID Ul gy S lldevsym el 1Pl p | ey + 1 Dl
S lewl gy + [1div el Lo gy
[Pl e+ gy < lldevsym Pllppe goy + |Curl Pl gy [Pl gy < lIskew Pllpoe gy + [1tr Pllpor gy + [Corl Pl gy
" incompatible ”
subcritical KMS, 1 < ¢ < oo, Q2 bounded subcritical KMS, 1 < g < oo, 2 bounded
[1Pllaq) < lldevsym Pllqq) + |Curl Plpq o) [1Plla() S llskew Pllpoqy + lItr PllLe(q) + [Curl Pl q)

FIGURE 3. The appearing vector valued functions u and tensor valued functions P are compactly supported.

A.2. Connections to incompatible Maxwell-type inequalities and general terminology. The inequalities studied in this
paper are generalisations of well-known coercive estimates that have been employed e.g. in elasticity or general relativity. This
also motivates the terminology of KMS-inequalities used in the main part. As displayed in Figure 3, the Cartan decomposition of a
matrix field P into its trace-free symmetric and its complementary part correspond to Korn-type inequalities and Maxwell-type
(or div-curl-) inequalities for compatible fields. This is exemplarily displayed for the particular choice A[P] = Agom[P] =
dev sym P and contrasted by the results of the present paper in the incompatible case in Figure 3.

Both the Korn-type and Maxwell-type inequalities from Figure 3 in the compatible case can be reduced to the Calderon-
Zygmund-Korn Lemma 3.6; from a historic perspective, the Korn-type inequality from Figure 3 is due to RESHETNYAK [61] (also
see DAIN [17]). In turn, the Maxwell- or div-curl-inequality is originally due to Korn [37, bottom of p. 707 for (p,n) = (2, 3)]
and can be directly retrieved from Lemma 3.6 by using the elliptic operator Au = (div u, curlw)T. Since the matrix divergence
and matrix curl act row-wise we further have for all P € C°(R"™,R™*"™) withn > 2,m € Nand 1 < ¢ < oo:

IDPlpqgny < c(IDiv Pllpq@ny + 1Curl Pllpqgn)); (A.11)
as an especially important implication, one obtains by virtue of P1ora’s identity Div Cof Du = 0 that
[IDCof Dullp,q(gny < ¢ [[Curl Cof Dully,qgn) for all u € CZ°(R™; R™). (A12)

Equivalently, the div-curl-inequality can also be directly deduced using classical elliptic regularity estimates and the following
decomposition of the Laplacian (n > 2):

Au = Vdivu + L(D curlw), (A.13)

with a constant coefficient linear operator L, cf. (A.9); in our approach, the Maxwell-type inequality comes as a by-product.

A.3. Notions for weighted Lebesgue and Orlicz spaces. Here we gather some background results on weighted Lebesgue
and Orlicz spaces as required for the generalisations of KMS-type inequalities in Section 5.

First, given a weight (i.e. a locally integrable non-negative function) w: R™ — Rand 1 < p < oo, we say that w belongs
to the Muckenhoupt class A, provided

[w]a, = ngg)e (]i? wdx) (]i? w7 d:c)p_1 dz < oo.

Moreover, denoting M the non-centered Hardy-Littlewood maximal operator, we say that w belongs to the Muckenhoupt class
A1 provided there exists ¢ > 0 such that Mw < cw holds .Z"-a.e. in R™. The smallest such constant ¢ > 0 then is denoted
[w]a,. fw € Ap forsome 1 < p < oo, for 1 < ¢ < oo the weighted Lebesgue space LI (R™; w) then is the Lebesgue space
with respect to the measure y = w.Z". The Muckenhoupt condition w € A, then yields boundedness of the usual Hardy-
Littlewood maximal operators and singular integrals on LP (R™; w) provided 1 < p < oo, cf. [47, 20], which is why Korn-type
inequalities on L? (R™; w)-spaces are available provided w € Ap; to connect with the results from Section 5, note that A; is
the smallest Muckenhoupt class and is contained in any other Aj.
Second, we say that a function A: [0, 0c0) — [0, 00| is a Young function provided it can be written as

A(s) = /: a(r)dr, r>0,
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for some increasing, left-continuous a: [0, 00) — [0, oo] such that a does not equal zero or infinity on (0, co). Each such Young
function A gives rise to the correspoding Orlicz space L (R™) as the collection of all measurable u: R — R for which the

Luxemburg norm
s A [u(z)]
A gy = mf{)\ > 0: /n A(T) de < 1}

is finite. With a Young function A, we associate its Fenchel conjugate via A(s) := sup;so(st — A(t)). We say that A is of
class Ay provided there exists ¢ > 0 such that A(2s) < cA(s) holds for all s > 0, and of class V2 provided A is of class
Ao; exemplary instances of functions that satisfy both As- and V2-conditions are given by the power functions s +— sP for
1 < p < oo. Similarly, given two Young functions A, B, we say that A globally dominates B provided B(s) < A(cs) holds for
all s > 0 and a constant ¢ > 0.

Following CrancHI [11], given a Young function B and 1 < p < oo, we denote B, the Young function with Fenchel
conjugate

S S
g(p) (S) = /(‘) TP’_I(\ij—l(rp/))p/ dr with \Ilp(s) ::/[; t?‘i(’i)l dt. (A.14)

Here, the inverse is understood in the usual generalised sense. Within the context that is of interest to us, we moreover define
for a Young function Aand 1 < p < oo

A(P)(S):/O Tp’,l(q>;1(7~p’))p’ dr with @,(s) ::/O tli(;), dt. (A.15)

These notions are instrumental in stating CIANCHI's sharp embedding result for Riesz potentials [11, Thm. 2] (also see our dis-

cussion on p. 18); also compare with [5].
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