THE STATIONARY CRITICAL POINTS OF THE FRACTIONAL HEAT FLOW

NICOLA DE NITTI AND SHIGERU SAKAGUCHI

ABSTRACT. We study the spatial critical points of the solutions u = wu(x,t) of the fractional heat
equation. For the Cauchy problem, we show that the origin 0 satisfies V5u(0,¢) = 0 for ¢ > 0 if
and only if the initial data satisfy a balance law of the form fSNfl wup(rw)dw = 0 for a. e. 7 > 0.
Moreover, for the Dirichlet initial-boundary value problem, we prove two symmetry results: Q is a
ball centered at the origin if and only if V;u(0,t) = 0 for ¢ > 0 provided that the initial data satisfies
the above mentioned balance law; 2 is centrosymmetric if and only if V,u(0,¢) = 0 for ¢t > 0 provided
that the initial data is centrosymmetric. These results extend some theorems obtained by Magnanini
and Sakaguchi in 1997-1999 for the (local) heat equation to the fractional context. These extensions
are nontrivial, because of the nonlocal nature of the fractional Laplacian. Among others, the proof of
the characterization of a ball in the Dirichlet initial-boundary value problem for the fractional heat
flow not only works for the classical heat flow but also gives a new insight into the problem.

1. INTRODUCTION

We study the spatial critical points of solutions of the fractional heat equation

Ou(z,t) + (—A)u(z,t) =0, ze€RN, t>0,
u(,0) = uo(z), 1’€RN,

(1.1)

where ug € L®(RY), 0 < s < 1, and the operator (—A)* is the fractional Laplacian (see [8, [1] for
further information), that is,

w(@) — u(y)

(1.2) (—A)*u(z) :=cn,s lim o — y|N+2s dy,

e—=0t ly—z|>e

where cy s is a constant chosen so that the Fourier representation
(—A) u = F (€[> Fu)
holds in RY, namely,

2s N+2s
(1.3) CN,s = %
’ aN2T(1—s)

For the classical heat equation, corresponding to the case s = 1 of , the study of spatial critical
points goes back to [10], where hot spots (i.e. critical points where the solutions attains its spatial
maximum) have been considered: the author studied the location of the hot spots of the non-negative
solution of the Cauchy problem and their asymptotic behavior as time goes to infinity. We refer to
[16] for the initial-boundary value problem on unbounded domains in R¥.

On this topic, a conjecture formulated by Klamkin (and modified by Kawohl) states that the hot
spots of the initial-boundary value problem on bounded convex domains in RV do not move in time for
positive constant initial data under the homogeneous Dirichlet boundary condition, then the convex
domain must have some sort of symmetry. Some progress on this conjecture has been made in [I5].
This problem was then studied further in [23], where the authors proved that a solution w has a
spatial critical point not moving along the heat flow if and only if u satisfies some balance law (which
amounts to a symmetry condition with respect to the critical point). Moreover, they provided a
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characterization of balls by making use of the spatial critical points not moving along the heat flow.
A similar characterization was given in [25] 24] for centrosymmetric domains. In a similar spirit, in
[26], planar domains which are invariant by some rotation have been studied. In [29], the stationary
critical points of the heat flow have also been studied in the sphere and hyperbolic spaces. We also
refer to [30] for a survey of this research area.

In the present paper, we extend some results of [23] 25] to the fractional context. These extensions
are nontrivial, because of the nonlocal nature of the fractional Laplacian. First, we consider the Cauchy
problem and prove that the origin is a critical point of u which does not move along the fractional
heat flow if and only if the initial datum satisfies a balance law of the form

(1.4) / wup(rw)dw =0 for any r > 0,
SN-1

where SV~1 denotes the unit sphere centered at the origin in RV with the volume element dw, is

satisfied (see [23] Theorem 1] for s = 1). For the special case s = 1/2, where the fractional heat kernel

can be computed explicitly (see Section , such result was recently obtained in [31, Theorem 3.7].
Next, we consider the initial-boundary value problem with homogeneous Dirichlet data

ou(z,t) + (—A)u(z,t) =0, z€Q, t>0,
(1.5) u(z,0) = uo(x), x € Q,
u(z,t) =0, r€RVM\Q, t>0

for a bounded C''! domain Q ¢ RY with 0 € Q. We prove the following symmetry results:

o if ug satisfies the balance law of the type , then V,u(0,t) = 0 for ¢ > 0 and every ug is
equivalent to € being a ball centered at the origin (cf. [23, Theorem 4]);
o if ug satisfies ug(z) = up(—x), then V,u(0,t) = 0 for t > 0 and every ug is equivalent to
being centrosymmetric with respect to the origin (cf. [25, Theorems 1 & 2]),
where the proof of the above characterization of a ball for the fractional heat flow not only works for
the classical heat flow but also gives a new insight into the problem (see Step 3: A construction to
represent V,G(0,y) of the proof of Theorem ((1) => (2)) in Section [1.2)).

For the regularity (up to the boundary) of solutions to the fractional heat equation, we refer to [13],
where problem is solved by the method of separation of variables with the aid of the eigenfunctions
of the fractional Laplacian.

Finally, as in [25] Sections 4 & 5], we note that these results can be extended to spatial zero points
(that is, if, instead of V u(-,t) = 0, we consider u(-,t) = 0 for each time ¢ > 0) and that all the results
on the fractional heat equation can be restated for (smooth solutions of) the fractional wave equation

{8t2w(x7t) + (—A)*w(zx,t) =0, reRN t>0,

1.6
(16) w(z,0) = 0 and dyw(z,0) = up(z), =€ RV,

where ug € C°(RY), and

2w(z,t) + (—A)w(z,t) =0, z€Q, t>0,

0)=0 Q
(17) w(z,0) , T e,
Opw(x,0) = up(z), T €,

w(z,t) =0, xRN\ Q, t>0,

where ug € C3°(2) (for which see [22, B2 [, 2, 28] [18]) thanks to the properties of the Laplace
transform. We note that problem ([1.7)) can also be solved by the method of separation of variables as
problem (1.5)) is solved in [13].

1.1. Outline. The paper is organized as follows. In Section [2] we present some preliminary notions
on fractional Sobolev spaces, the fractional Laplace operator, the Green’s function and the fractional
heat kernel that are needed throughout the paper. In Section |3, we state our main results outlined
above. In Section 4] we present the proofs. First, we deal with the critical points not evolving along
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the heat flow: in Section 4.1 we consider the Cauchy problem; in Section we consider the radial
symmetry result; and, in Section the central symmetry result. Then, in Sections and we
outline how the previously developed arguments can be adapted to deal with spatial zero points of
solutions of the heat equation and also with critical and zero points of the fractional wave equation.

2. PRELIMINARIES AND NOTATION

2.1. Fractional Sobolev spaces. Following mostly the notations in [14], we define

il = [ =10 00 o

|z — gy N2

and abbreviate Es[u] = Es[u, u]. We denote by
HY(RY) := {u € L*(RY) : &u] < oo}

the (non-homogeneous) Sobolev space of order s. For a bounded smooth open set Q C R, we define
the function space

H*(Q) :={uec H*RY) : u=0on R\ Q}.
The quadratic form &, is closed on H #(Q) and it is therefore the quadratic form of a self-adjoint
operator on L?(€), which is indeed the fractional Laplacian as

Elu] = 203 (u, (=A)°u) 2y = 2054 ]I(=A)*ull3.

Denoting by H () the closure of C§°(£2) with respect to &, we have H*(Q) C H§(Q) with equality

if and only if s — % ¢ 7, see |27, Proposition 1] for a more detailed statement. We remark that the

quantity

u(x) — u(y)®
2.1 ————=—dzd
(2.1) lull L2 my + (/RNX]RN o — gVt W) S
defines a norm on both H*(RY) and H*(Q) and that they are Hilbert spaces with the inner product
given by
(2.2) (u,v) L2y + Eslu, v].

2.2. Fractional heat equation. For 0 < s < 1, we define the fractional heat kernel P(z,t;s) as the
solution of the problem

(2.3) O P(x,t;8) + (=A)*P(x,t;8) =0, xRN, >0,
. P(z,0;s) = do, r € RV,

Using the Fourier transform, we obtain that

(24) P, t;5) = F~ 1 (e @mIED™),

from which we also deduce P(-,t;5) € C°(RY) (see [6, Section 8.3] for finer Gervey regularity prop-
erties, depending on the value of 0 < s < 1).

The fractional heat kernel P(z,t;s) can be computed explicitly for s = 1 (the classical heat kernel)
and for s = 1/2:

(2.5) P, 1;1) = (4mt)~N/2e~lol/at,
. _ cnt
(2.6) P(z,t;1/2) = (2 + |$|2)(N+1)/2’
where
(N +1/2)
(2.7) CN = T _NTiz

We remark that (2.6]) is the Poisson kernel for the Laplace equation posed in the upper half-space
HYp = {(z,t) ;2 € RN, t >0} c RNt
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which is consistent with the Caffarelli-Silvestre extension theorem (see [9]).
For general values s € (0,1), the heat kernel has the self-similar form

(2.8) P(x,t;s) = t7N/25® (|a|t—1/%%)
but its profile is not simple (see [14, Eqs. (16.11) and (16.14), p. 97]). However, the following estimate
holds (see [14, Theorem 16.6]):

t

(2.9) P(z,t;5) < (t1/s + |x|2)(N+2s)/2"

We refer to [14], Section 16] and [8] for further details and references on the fractional heat semigroup.
By using the fractional heat kernel P(z,t;s), the fractional heat equation can be solved for all
0<s<1:

(2.10) u(z,t) = /]RN P(x — y,t; s)up(y) dy.

The optimal class of initial data for which this representation holds is given in [6]: it is the class of
locally finite Radon measures satisfying the growth condition

(2.11) /RN(l Je2) 29/ 4| () < o

2.3. Fractional Poisson equation. For the fractional Laplacian, we observe that the fundamental
solution (see [7, Theorem 2.3]), i.e. the solution of

(2.12) (=AU =6y, xRV,
is given by

225t N/2T (s

—Llog |z| if N =2s.

L(N/2—s) —N+2s it N 2
(2.13) \Il(as):{ il LN 25,

Moreover, the Green’s function of the fractional Laplacian on a ball (see [7, Theorem 3.1]) is explicitly
given by
9s N ro(z,y) 51
— |25
(2.14) G(z,y) = k(N,s)|x — y| /0 TENILTE dt
with
(r? — 21 — y[*)
e —y[?

ro(,y) =

in case N # 2s or by

(215) G(l‘,y) _ K?(l, 1/2) log <'r2 — 2y + \/(7’2 —_ ;[;2)(7‘2 — y2)>

rly — z|

in case N = 2s, where

['(N/2) .
K(N,s):m if N # 2s,
1
k(1,1/2) = — if N =2s.
7r

For a general domain €2, the properties of the Green’s function have also been studied; we particularly
recall the following result (see [19, Proposition 2.5] and [5, Eq. (1.65)]).
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Proposition 2.1 (Green’s function of the fractional Laplacian). Let Q be an open set in RN, B,.(x1) C
Q, z € B(71), and y € RN. Then

Glz,y) > / Glu,y)Po(a — 21,0 — 1) du
RN\Q

and, ny ¢ Br(xl);

(2.16) G(z,y) = /RN\B ( )G(u,y)Pr(:c —x1,u — x1) du,
r(T1
where
7ﬂ7 . r2 g2 s _
(2.17) Py m T ()72 () () o —l™  for byl >,
0 for ly| <.

In particular, formula (2.16]), together with the symmetry of G(x,y), guarantees that G(z, y) is real
analytic in {z # y}. B
We remark that [7l, Theorem 3.2] gives that, for » > 0, h € C?**¢(B,.(0)) N C(B,), the function

w(z) = | /0 )G ) dy iz € B.(0),
0 if z € RV \ B,(0)
is the unique pointwise continuous solution of the problem
(—A)*u(x) = h(z), x € B,(0),
u(zr) =0, x € RV \ B,(0).

Furthermore, we recall that a function u is s-harmonic in € RY if and only if it satisfies the
following s-mean value property (see [7, Definition 2.1] or [14], Section 15]):

(218) uw)= [ Ayl —y)dy,
RN\ B, (0)
where
r2s N D,
A(y) = c(N, S)W’ Y 615% \ B(0),
0, y € B,(0).
For a general bounded domain €2, we consider
—A)® =h Q
u(z) =0, zeRY\ Q.
We can then prove that ||u||}~ls(m < CO||hHﬁS(Q) using Poincaré’s inequality.
Proposition 2.2. There exists a constant Cy > 0 such that the solution u of (2.19) satisfies

< Collhll gy

[[ull Hs(Q)

Proof. By the Poincaré-type inequality in [12] Section 2.3], we have that there exists Cp > 0 such that
||u||2L2(RN) < Cpé&s[y]
By the weak formulation of
(2.20) Es[u, v] = (h,v) L2@n)
for all v € I;TS(Q); setting u = v, we have
Eslu] = (h, U>L2(RN)
<Pl 2@y lull L2 @yy < CPHhH%?(]RN)a
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where we used Schwarz and Poincaré’s inequalities. This yields that there exists Cy > 0 such that
||U||1§s(Q) < OOHh”ﬁs(Q)-
O

Remark 2.1. Proposition means that the Green’s function G produces the Green’s operator G :
H*(Q) — H®(Q) which is a bounded operator with norm |G| < Co.

Similarly, for the problem

(2.21) {<—A>Su(w> + du(z) = hiz), z€Q,
u(w):O, :L‘ERN\Q,

where h € H*(£2), we can find a solution u € H*(2) and prove the following result.
Proposition 2.3. For A > 0, the solution u € f[s(ﬂ) of (2.21) satisfies

lall 0y < Colltl 2
where Cy is the same constant as in Proposition[2.3

Proof. The proof is similar to the one of Proposition 2.2 The only differences are as follows: we
replace by
(2.22) Es[u, v] + M, v) p2ryy = (h,v) 2@y
and observe that, setting v = u, yields
Es[u] + Ml F2@y = () p2@yy < |hllz2 @y llull 2@y
>0as A >0
< CP||h||§{s(RN).

3. MAIN RESULTS

3.1. Critical points and the fractional heat flow. Our first main result is the fractional version
of [23] Theorem 1], dealing with the Cauchy problem (1.1).

Theorem 3.1 (Stationary critical points and a balance law for the Cauchy problem). Let s € (0, 1),
ug € C§°(RN) with supp(ug) C Br(0) for some L > 0, and u be the solution of the Cauchy problem
for the fractional heat equation (1.1)). Then the following conditions are equivalent:

(1) V,u(0,t) =0 for any t > 0;
(2) / wug(rw) dw = 0 for any r > 0.

SN-1

Motivated by this result, we consider the Dirichlet IBVP (|1.5) and prove the following symmetry
result (see [23] Theorem 4] for s = 1 and more general Robin-type boundary conditions).

Theorem 3.2 (Radial symmetry result). Let s € (0,1) and u be the solution of (L.5]). Let Bs(0) be
a ball centered at the origin with radius § > 0 such that Bs(0) C Q. Assume that 2 is a C11 bounded
domain and that ug € C§°(Q), suppug C Bs(0), and that the balance law

/ wig(rw) dw =0
SN-1

holds for any r € (0,6). Then the following conditions are equivalent:
(1) V,u(0,t) =0 for any t > 0 and any ug as above;
(2) Q@ = Bg(0) for some R > 0.

Finally, we study a centrosymmetry result for the IBVP (1.5) and prove the fractional version of
[25] 24 Theorems 1 & 2].
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Theorem 3.3 (Centrosymmetry result). Let s € (0,1) and u be the solution of (L5)). Let Bs(0)
be a ball centered at the origin with radius 6 > 0 such that Bs(0) C Q. Assume that Q is a C!
bounded star-shaped domain with respect to the origin and that ug € C§°(2), suppug C Bs(0), and
uo(x) = ug(—x) for x € Bs(0). Then, the following conditions are equivalent:

(1) V,u(0,t) =0 for any t > 0 and any ug as above;

(2) Q is centrosymmetric with respect to the origin (i.e. v € Q = —x € Q).

3.2. Spatial zero points and the fractional heat flow. Let us consider the problems for spatial
zero points. Namely, instead of V,u(-,t) = 0, we consider u(-,t) = 0 for each time ¢ > 0. Then, along
the similar arguments we can get all theorems by replacing the balance law fsN—l wup(rw)dw = 0 by
fstl uo(rw) dw = 0.

Theorem 3.4 (Stationary zero points and a balance law for the Cauchy problem). Let s € (0,1),
ug € C§°(RN) with supp(ug) C Br(0) for some L > 0, and u be the solution of the Cauchy problem
for the fractional heat equation . Then the following conditions are equivalent:

(1) u(0,t) =0 for any t > 0;

(2) / ug(rw) dw = 0 for any r > 0.
N—-1
Theorem 3.5 (Radial symmetry result). Let s € (0,1) and u be the solution of (1.5). Let Bs(0) be
a ball centered at the origin with radius § > 0 such that Bs(0) C Q. Assume that Q is a C1'1 bounded
domain and that ug € C§°(Q2), suppug C Bs(0), and that the balance law

/ up(rw) dw = 0
SN—1

holds for any r € (0,6). Then the following conditions are equivalent:

(1) u(0,t) =0 for any t > 0 and any uy as above;
(2) Q= Bgr(0) for some R > 0.

Theorem 3.6 (Centrosymmetry result). Let s € (0,1) and u be the solution of (L5)). Let Bs(0)
be a ball centered at the origin with radius 6 > 0 such that Bs(0) C Q. Assume that Q is a C1!
bounded star-shaped domain with respect to the origin and that ug € C§°(Q2), suppug C Bs(0), and
uo(x) = —ug(—x) for x € Bs(0). Then, the following conditions are equivalent:

(1) u(0,t) =0 for any t > 0 and any ug as above;

(2) Q is centrosymmetric with respect to the origin (i.e. x € @ = —x € Q).

3.3. Fractional wave equation and symmetry. Finally, we remark that all the results above hold
true if, instead of the fractional heat equation, we consider the fractional wave equation.

Theorem 3.7 (Stationary critical points and a balance law for the Cauchy problem for the fractional
wave equation). Let s € (0,1), ug € C5°(RY) with supp(ug) C Br(0) for some L > 0, and w be the
solution of the Cauchy problem for the fractional wave equation . Then the following conditions
are equivalent:

(1) V,w(0,t) =0 for any t > 0;

(2) / wug(rw)dw =0 for any r > 0.
SN*I

Theorem 3.8 (Radial symmetry for the wave equation). Let s € (0,1) and w be the solution of (1.7)).

Let Bs(0) be a ball centered at the origin with radius 6 > 0 such that Bs(0) C Q. Let us consider the

Laplace transform Wi(z) = [;° e Mw(z,t)dt (for A > 0). Assume that Q is a C*' bounded star-

shaped domain with respect to the origin and that ug € C§°(Q), suppug C Bs(0) and that the balance

law

/ wug(rw)dw =0
SN—-1

holds for any r € (0,6). Then the following conditions are equivalent:
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(1) VoWx(0) =0 for any A > 0 and any ug as above;
(2) Q= Bgr(0) for some R > 0.

Theorem 3.9 (Centrosymmetry result). Let s € (0,1) and w be the solution of (L.7). Let Bs(0) be a
ball centered at the origin with radius § > 0 such that Bs(0) C Q. Let us consider the Laplace transform
fo e Mw(x,t)dt (for X > 0). Assume that Q is a C11 bounded star-shaped domain with
respect to the origin and that ug € C3°(2), suppuo C Bs(0), and ug(z) = uo(—z) for x € Bs(0).
Then, the following conditions are equivalent:
(1) VoWi(0) =0 for any A > 0 and any uo as above;
(2) Q is centrosymmetric with respect to the origin (i.e. z € Q@ = —x € Q).

Theorem 3.10 (Stationary zero points and a balance law for the Cauchy problem). Let s € (0, 1),
ug € C°(RN) with supp(ug) C Br(0) for some L > 0, and w be the solution of the Cauchy problem
for the fractional wave equation (1.6)). Then the following conditions are equivalent:
(1) w(0,t) =0 for any t > 0;
(2) / ug(rw)dw =0 for any r > 0.
SN*I

Theorem 3.11 (Radial symmetry result). Let s € (0,1) and w be the solution of (L.7). Let Bs(0)
be a ball centered at the origm with radius 6 > 0 such that Bs(0) C Q. Let us consider the Laplace
transform Wx(z) = [;° e Mw(z,t)dt (for A > 0). Assume that Q is a C*' bounded domain and that
ug € C§° (), supp uog C Bs(0), and that the balance law

/ up(rw)dw =0
SN—-1

holds for any r € (0,6). Then the following conditions are equivalent:
(1) Wx(0) =0 for any A > 0 and any uy as above;
(2) @ = Bg(0) for some R > 0.

Theorem 3.12 (Centrosymmetry result). Let s € (0,1) and w be the solution of (L.7). Let Bs(0) be a
ball centered at the origin with radius § > 0 such that Bs(0) C Q. Let us consider the Laplace transform

= [ e Mw(x,t)dt (for X > 0). Assume that Q is a C*' bounded star-shaped domain with
respect to the origin and that ug € C§° (), suppug C Bs(0), and up(z) = —uo(—=x) for x € B;(0).
Then, the following conditions are equivalent:

(1) Wx(0) =0 for any A > 0 and any ug as above;
(2) Q is centrosymmetric with respect to the origin (i.e. x € ) — —x € Q).
4. PROOFS OF THE MAIN RESULTS

4.1. Critical points of the solution of the Cauchy problem.

Proof of Theorem[3.1} As a consequence of [20, Theorem 1.5], we have

8szN(x,t;s) = —2nx; PNT2(% t;5),
where z = (21,...,2,) € RV, & = (z1,...,2,,0,0) € RN*2 and PN (z,t;s) is the heat kernel for
(—A)* in N space dimensions. Moreover, PV *2(%,1;s) = ®,(%) and, by [14, Eq. (16.14)]. We have
27

|z 2

o0 s ﬂ
(4.1) PN*2(3,1;5) = e~ )" p 2 Ty (27 |p) dp,
2
where, by [14, Eq. (4.23), p. 22],

(4.2)

e (2/2)N/2+2k
Z I'(k+1)C(k+ N/2+1)’

m‘z

=0
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for |z| < oo and |arg 2| < 7. For uy € L (RY) with suppug C B (0), we let
Alr) = / wug(rw)dw  for r € [0, L].
SN—-1
Hence, we compute

V,u(0,t) = 2 / xPNT2(3,t; s)up(7) dF
RN

= ot e / aPN*2 ( i 1 s) ug(T) dz
RN

t2s

L
o2 / N PN (1 1 5) A(r) dr

0

L [eS) . N
= (2m)%*t~ R / rs (/ e~ (o) pfﬂjg (27hrp) dp) A(r)dr,
0 0
where we set h := t~1/2% and note that 0 < hr < hL. Thus, by (4.2)

> s N
/ e (2mp) p2 T N (2mhrp) dp
0 2

o0 1
_ N/2,.N/2 _1\E 2k 2k
(mh) ™ r kzzo( 1 F(k+1)F(k+N/2+1)(7Th) G,

where we set Cj, = [ e~ (27" pN+1+2k 4 > (. Therefore, V,u(0,t) = 0 for all ¢ > 0 if and only if
o0 Ck

kzzo(”h)%(_l)kr(k FOC(k+ N/2+1

L
] / 2 A(r)rN dr = 0 for all h > 0,
0
that is,

L
/ r?*(A(r)rN)dr =0 for all k>0,
0

which is equivalent to
A(r)=0 for any r € [0, L].
O

4.2. Radial symmetry result for the IBVP. We now prove Theorem[3.2] For the first implication,
we use an approach based on the Laplace transform and the properties of the operator I + AG, with
A > 0. For the second implication, we argue by contradiction by relying on the properties of the
fundamental solution of the fractional heat equation.

Proof of Theorem[3.3 ((2) = (1)) Step 1: The Green’s operator preserves the balance law. Let us
assume that QQ = Br(0) and that the initial data ug satisfies the balance law. As a first step towards
the proof of the result, we show that [iy_, wugdw = 0 implies [y, wGuodw = 0, where G is the
Green operator which sends ug into Gug as in Remark To this end, we compute as follows (using
the notation G(x,y) = G(|lz —yl,|z|, |y|)): for & = pw, and 0 < p < R,

/S w(Gu)(ps)dw = [ w / o B IG/FETP =2y dy ko
N-—1 N-—1 BRO

:/ uO(y)/ wG(v/p? + Y2 = 2pw -y, p, |y]) dwdy
Br(0) SN—-1

R
:/ sN’ldS/ dnuO(sn)/ wG(V/p? + 8% = 2psw 1, p, 8) dw,
0 SN—l SN—l

where we wrote y = sn, for n € S¥~1, 0 < s < R in the last line.
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Using the decomposition w = (w - n)n + v with an integral identity of [I7, Eq. (1.2), p. 8], we have

/ wG(V/p? + 52— 2psw - 1, p, 5) dw
SN—I

= n/ (w- MGV p* + 8% = 2psw - n, p, ) dw
SN—l

+/ YG(Vp? + 82 — 2psw -1, p, 5) dw
SN—l

=0 by symmetry
1
= ISV / (1= X)) T AG(Vp? + 52— 2ps, p, 5) .
-1

As a result,

1
/ ug(sn)n|SV | / (1= X)) T AG(V/p? + 52— 2ps), p, 5) dA
SN-1 -1

1
=187 [ 1= AW TR =) [ oty

=0

:0’

which yields that [yyv_, w(Guo)(pw)dw = 0.
Step 2: Reduction to an elliptic problem. For A > 0, we apply the Laplace transform to the solution

of the fractional heat equation and obtain that vy(z) = fooo e~ Mu(x,t)dt solves

(=AY vx(z) + dr(x) = up(z), =z €9,
(4.3) {UA(@ —0, reRV\ Q.

Using the Green’s operator of the fractional Laplacian on a ball, we deduce
vy = G(ug) — AGuy,

that is,
(I + A\G)vy = Guy.

Step 3: Balance law via Neumann series. We claim that (I + AG) is invertible for A > 0 and
vy = (I + A\G)"1Gugp. To prove this, we argue as follows. It follows from Proposition that there
exists A\g > 0 such that

o0
ox = (T +XG) " Gug =D (=N G ug
k=0
for every 0 < A < Xg. Then, by Step 1, since wug satisfies the balance law, we have that
Jsn—1 wor(pw) dw = 0 for every 0 < p < R and for every 0 < A < Aq.
For A > 0, we write (4.3) as

{(A)Sv,\(a:) + hova(z) = ug — (A — o)oa(z), z€Q,
ua(z) =0, r e RN\ Q.
Let Gy, : up — vy, =: Gx,uo where vy, is the solution of with A = Ag. Then we can write
vx = Gy (uo — (A = Ao)vn)
= Gxuo — (A — Ag)Gag¥x;

(4.4)

hence

(I + ()\ - )\0)G)\0)’U)\ = G)\O’U,o.
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By Proposition we have

ox = (T4 (A= X)Gxr,) 'Gaguo = > _ (Ao = NG5 g
k=0
for every Ag < A < 2Xg. Then, since we have seen that G, uo satisfies the balance law, we have that
Jsn—1 wor(pw) dw = 0 for every 0 < p < R and for every A\g < XA < 2Xg. Iterating the argument,
eventually we obtain that the solution v of (4.3) with A > 0 preserves the balance law: i.e.,

/ wo (pw) dw = 0.
SN—1

Step 4: Conclusion of the proof. Assuming fSN_lwuo dw = 0, Steps 1-3 give that, for every
0 < p < R and every A > 0,

/ wo(pw) dw = 0,
SN-—-1

which shows, by the injectivity of the Laplace transform, that

/ wu(pw,t) dw = 0,
SN-—-1

for every 0 < p < R and t > 0.
((1) = (2)) Step 1: Choice of initial data and symmetry properties of V,G(0,y). Let

(4.5) v(z) = /000 u(zx,t) dt.

Then v solves

(4.6) {(—A)Sv(w) =up(z), z€Q,

v(z) =0, z RN\ Q.

Let G = G(z,y) be the Green’s function of the fractional Laplacian on 2. Then
@) va) = [ Glayualy)dy.
B;s(0)

Let us consider as initial data ug(z) = n(|x|)¥(x/|z|), where n : R — R is a smooth function with
support in (0, 6) and ¥ on SV ! satisfies the balance law Jon—1 w(w) dw = 0. Then, since V,u(0,t) = 0
for any t > 0,

0= / V.G, )0y (y/ly]) dy
B;s(0)

-/ ) <er [, vaGree) dw) dr,

which implies
V.G(0,rw)ip(w) dw = 0 for any r € (0, 6),
SN*I
and hence
(4.8) V.G(0,y) = M(r)w for any y = rw € Bs(0) \ {0},

where M(r) is a N x N matrix-valued function in 7 = |y| and w € SV~1.Note that V,G(0,y) is
real-analytic in y € 2\ {0} (by Proposition and V,G(0,y) = 0 for every y € RV \ Q.

Step 2: Setting up the argument by contradiction. For every direction w € SN~! there exists
R(w) > & such that the line segment £, := {rw € RY : 0 < r < R(w)} is contained in  and
R(w)w € 9. Moreover, V,G(0, rw) is real analytic in r € (0, R(w)) and V,G(0, R(w)w) = 0 for every
w € SV Let Bg«(0) C Q and P € Bg-(0) N 0N for some P = R*w* = R(w*)w* € 9Q. We claim
that Br«(0) = Q. Let us suppose, for the sake of finding a contradiction, that By« g Q.
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_ Step 3: A construction to represent V,G(0,y). Since Bp- G Q, there exists a ball B.(Q) such that
B.(Q) C Q for some @ € 9Bg~(0) N and € > 0 (to be chosen small enough). Let us choose a set of

linearly independent vectors fi,..., fx € SV~1 satisfying
(4.9) (R* 4+ £)f; € 0Brete/2(0)NOB.(Q), i=1,...,N.
Then every w € SV~ is represented by w = Zfil nifi for a unique (ny,--- ,ny) € RN If 0 < r < 6,
then

N

V.G(0,7w) w—Zm i =ZmeG(0,rfi)7

i=1
namely
(4.10) V.G(0, rw) va G(0,7f;)

=1

for every 0 < r < 6 and w € S¥~1. By the real analyticity of V,G(0,y) in y, we have

(4.11) V.G(0, rw) va G(0,7f;)

=1

for every 0 < r < min{R(w), R* +¢/2} and w = Zf\;l nifi € SN L
Set h; = h;(r) = V,G(0,rf;) for i =1,...,N. Then every h; is real analytic in r € (0, R* + £/2).
Hence, by (4.10]), we have

(4.12) G(0,rw) Zm i(

for every rw € C, where C denotes the connected component of 2N Br« ¢ (0) containing B« (0).
Consider the set F := dQNC. Since V,G(0, R(w)w) = 0 for every w € S¥~1, from (4.12) we deduce

N
(4.13) thi(R(w)) =0, R(w)weeF.

Since (7717 T 777N) 7é 0, we get
(4.14) det[h1(R(w))---hn(R(w))] =0, R(w)w € F,
cQ

We remark that the range of R(w) contains (R*, R* 4 &*) for some €* > 0. Indeed, since Br-(0) &
and 0Q N OBg-(0) # (), there must be a connected component I' & 99 intersecting dBg-(0) and
containing some point @* € I'\ dBg«(0); then we set e* = dist(Q*,0) — R* > 0.

Step 4: Conclusion of the argument. This fact and the analyticity of h; imply

(4.15) detlhi(r)...An(r)] =0 0<r<R"+¢/2.
In particular, for 0 < r < §, since by (4.8) V.G(0,rf;) = M(r)f;, with i =1,..., N, we have

0 = det[hy(r) - hn(r)] = det[M(r)f1 - M(r)fn]
=det M(r)det[f1 - fn], 0<r <.

Since det[f1 - - fn] # 0, we conclude that det M (r) = 0 for 0 < r < 6. However, for y € Bs(0) \ {0},

we have
(4.16) V.G(0,y) ~ Cr—NF2s-1,
with C # 0, y = rw, w € S¥~1, as r — 0*. This contradicts (4.8).



STATIONARY CRITICAL POINTS OF THE FRACTIONAL HEAT FLOW 13

o0

FIGURE 1. Illustration of the construction in the proof of Theorem [3.2]

4.3. Centro-symmetry result for the IBVP. In this section, we prove Theorem [3:3] The first
implication follows from the uniqueness of solutions to . In the second one, which uses the
assumption on €2 being star-shaped, we rely on the unique continuation properties for the fractional
Laplacian.

Proof of Theorem[3.3 ((2) = (1)) Let w(z,t) = u(—x,t). Then w is also a solution of (L.5).
Uniqueness of the solution gives w = u; hence, in particular, Vu(0,t) = 0 for ¢ > 0.
((1) = (2)) Step 1: Reduction to an elliptic problem. By employing the function v given by

[.5) as in ((1) => (2)) Step 1 of the proof of Theorem [3.2] we have (4.6 and (4.7).
Step 2: Choice of initial data and properties of the Green’s function. For any ¢ € C§°(Bs(0)), we
write

uo(x) = P(z) + (=),

Then ug(x) = up(—2z) and, by assumption,
0=Vo(0) = [ V.G0.0)(0() + v(-) dy
B;(0)

:/ (V. G(0,y) + V.G (0, —y))ib(y) dy.
B;(0)

Therefore, since ¢ € C3°(Bs(0)) is arbitrarily chosen, we have
V.G(0,y) + V.G(0,—y) =0, y € B;(0).

Step 3: Refilection and unique continuation arguments. Let us consider the reflected domain
O ={r € RY : —x € Q} and let C be the connected component of £ N Q* containing the origin.
Since ) is star-shaped with respect to the origin, we actually have C' = Q N Q*.

By the real-analyticity of G(x,y) in y, we have that

h(y) := V,G(0,y) + V,G(0,—y) =0, yeC.

Suppose, for the sake of finding a contradiction, that  # Q*. Then D = Q\ C # 0. Using the
mean-value formula (2.18) and the observation in [5 p. 21] (on s-harmonic equations on the union of
two domains), we get that h also satisfies

(=A)*h=0, ye(QUQ*)\ (QNQ*),
h=0, y €RV\ (QUO*)\ (QNQ¥)).
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FI1GURE 2. Tllustration of the intersection N Q* used in the proof of Theorem [3.3]

Then h = 0 and in particular V,G(0,y) = h(y) = 0 for y € D, which implies that V,G(0,y) = 0 for
y € Q\ {0} by the real-analyticity. This contradicts the fact that G(0,y) has a singularity at the origin

as is mentioned in (4.16)). O

4.4. Spatial zero points. Let us consider the problems for spatial zero points. Namely, instead of
Vu(-,t) = 0, we consider u(-,t) = 0 for each time ¢ > 0. Then, along the similar arguments we can get
all theorems by replacing the balance law [y, wug(wr)dw =0 by [oy_, uo(wr)dw = 0. For the sake
of completeness, here we outline the proof of Theorems and

Proof of Theorem [3.10. As in the proof of Theorem [3.1] we have PN (z,1;s) = ®4(z) and, by [14, Eq.
(16.14)]. We have

2
(4.17) PN(2,1;8) = ——

o0 2s N
| e % an (erlelo) dp
- _
2] 77 o 2

Let ug € L*°(RY) with suppug C B(0). Set

a(r) = / uo(rw) dw for r € [0, L].
SN*I
Hence, we compute

u(0,t) =27 /RN PN (z,t; s)up(z) do

= omt 2 / PN (l;, 1;8> uo(z) dx
RN tas

L
=2t~ % / rNIPN (b, 1 8)a(r) dr
0

L e . N
= (2m)2 2 Tis / re (/ e )y Ty (2mhrp) dp> a(r)dr,
0 0 2~

where we set h :=t~'/2% and note that 0 < hr < hL. By [14, Eq. (4.23), p. 22], we have

- 00 (2/2)N/2—1-‘:-2]C
J%,l(z) = kZ:O(_ )kp(k +1)I'(k+ N/2)’

with |z| < oo and | arg z| < w. Hence,

oo
/ e % g
0 2

(2whrp) dp

-1
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B 1
= (whr)™? ;O(*Dkr(k TG Ny T e

where we set ¢, = [;° e~ (2m0)** pN=142k 4 Therefore u(0,t) = 0 for all ¢ > 0 if and only if

oo
Ck

];)(”h)%(*l)k T(k+ 1D (k + N/2

L
] / r?*a(r)rN=2dr = 0 for all h > 0,
0
that is,

L
/ 2 (a(r)rN 1) dr = 0 for all k > 0,
0

which is equivalent to
a(r) =0 for any r € [0, L].
O

Proof of Theorem[3.5 ((2) = (1)) Step 1: The Green’s function preserves the balance law. Let us
assume that Q = Bgr(0) and that the initial data ug satisfies the balance law. As a first step towards
the proof of the result, we show that fstl ug dw = 0 implies fSN*I Gugdw = 0, where G is the Green’s
operator which sends ug into Gug as in Remark To this end, we compute as follows (using the
notation G(z,y) = G(|lx —yl,|z/, |y|)): for # = pw, and 0 < p < R,

[ (Gun)(pw) =
SN*I SNfl

:/ uO(y)/ G(VP2+ Y2 = 2pw -y, p, |y|) dw dy
SN—I SN—l

/SN?I uo(y)G(Vp? + [yI> — 20w -y, p, ly|) dy dw

R
=/ SN‘ldS/ dnuo(sn)/ G(Vp*+ s = 2psw -1, p, s) dw,
0 SN*I SN*I

where we wrote y = sn, for n € S¥~1, 0 < s < r in the last line.
Using an integral identity of [I7, Eq. (1.2), p. 8], we have

/ G(V/p* + 52 = 2psw - n, p, s) dw

SN—I

1 -
:\SN_2|/1(1—)\2) T G(\V/p? + 52 —2ps), p,s) d\.

As a result,

1
/ UO(SU)ISN_2|/ (1= A3 T G(Vp? + 5% — 2psA, p,5) dAdn
SN-1 ~1

-3

1
=187 [ 1) TG k) [ uln)dy

=0

which yields that [y, (Guo)(pw) dw = 0.

Steps 2 — 4: Once we know that the Green’s operator preserves the balance law in Step 1, the rest
follows as in the corresponding steps in the proof of Theorem

((1) = (2)) Step 1: Choice of initial data and symmetry properties of G(0,y). Let us consider
as initial data uo(z) = n(|z|)¥(x/|z|), where n : R — R is a smooth function with support in (0, d)
and 1 on SV ! satisfies the balance law fSN_l ¥(w)dw = 0. Then, by employing the function v given
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by ([5) as in ((1) = (2)) Step 1 of the proof of Theorem [3.2] since u(0,t) = 0 for any ¢ > 0, we
obtain

0— / G0, )y (y/ly)) dy
B;(0)

- / " n(r) (N /S G<ovm>w<w>dw) dr,

/ G(0,rw)yY(w)dw =0 for any r € (0,9),
SN*I

which implies

and hence
(4.18) G(0,y) =m(r) for any y = rw € Bs(0) \ {0},

where m(r) is a function in r = |y| and w € SV 1.

Step 2: Conclusion of the proof. Let Br«(0) C Q and P € Bg~(0) N 9N for some P € 9 and
R* > 0. Since G(0,y) is real-analytic in y € 2\ {0} by Proposition yields that G(0,y) is
radially symmetric in y € Bg-(0). By observing that G(0,-) > 0 in Q and G(0,-) = 0 in RV \ Q, we
conclude that Q@ = Bg-(0).

0

Proof of Theorem[5.6, ((2) <= (1)) Let w(z,t) = —u(—=z,t). Then w is also a solution of (LE).
Uniqueness of the solution gives w = w; hence, in particular, u(0,¢) = 0 for ¢ > 0.

((1) => (2)) Step 1: Reduction to an elliptic problem. Let us consider v(z) = [~ u(z,t) dt as in
the proof of Theorem [3.6]

Step 2: Choice of initial data and properties of the Green’s function. For any ¢ € C§°(Bs(0)), we
write

uo(x) = P(z) — (=)

Then up(z) = —ug(—2) and, by assumption,

0= v(0) = / G0, y)(@(y) — ¥(—y)) dy
B;(0)

- / (G(0, ) — G(0, —))b(y) dy.
B;(0)

Therefore, since ¢ € C§°(Bs(0)) is arbitrarily chosen, we have

Step 3: Reflection and unique continuation arguments. Let us consider the reflected domain
Q= {z € RY : —x € Q} and let C be the connected component of 2 N Q* containing the origin.
Since (2 is star-shaped, we actually have C' = QN Q*.

By the real-analyticity of G(z,y) in y, we have that

h(y) :=G(0,y) — G(0,—y) =0, yeC.
Suppose, for the sake of finding a contradiction, that  # Q*. Then D = Q\ C # (). We note that
h also satisfies
{(—A)Sh(x) =0, ye(Qua)\ (@No),
hz) =0, y eRY\ (QUQ)\ @ATF)).

Then h = 0 and in particular G(0,y) = h(y) = 0 for y € D, which implies that G(0,y) = 0 for
y € 2\ {0} by the real-analyticity. This contradicts the fact that G(0,y) has a singularity at the origin

as is mentioned in (4.16)). O
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4.5. Fractional wave equation. For the Cauchy problem , using the Fourier transform, we can
prove a well-posedness result as in [II]. From the representation formula in [IT], it is also possible to
deduce information on the regularity of the solution.

On the other hand, the IBVP is solved by the method of separation of variables as problem
is solved in [I3] with the aid of the eigenfunctions of the fractional Laplacian. See also [I8]
Theorem 2.1] for more general settings by Galerkin’s method.

To gain further regularity for the solution of , we would need to take the initial data in the
space

HS’U(Q> = {U € L2 Z ‘)‘k (]5]@ L2 Q)| < +OO}
keN
(for some suitable o > 1) where {\x }ren is the (non-decreasing) sequence of eigenvalues of (—A)® and
{®k }ken is the corresponding sequence of eigenfunctions, where the fact that each ¢ € C*°(Q) follows
from the L estimates [I3], Proposition 3.2] and the bootstrap argument of [3]. Note that H*7(Q) is
the domain of the o-power of (—A)*.

On the other hand, for the sake of proving the symmetry results, we shall only rely on the properties
of the corresponding elliptic problem obtained through the Laplace transform. This, together with the
fact that it is unclear whether or not a sufficient number of initial data in H*? () satisfy the balance
law in Q, motives the assumptions in the Theorems for the fractional wave equation.

With these considerations, all the symmetry results on the fractional wave equation follow from the
ones for the heat equation thanks to the following two lemmas (which was proved in [21] pp. 251-252]
in case s = 1).

Lemma 4.1 (Relationship between fractional heat and wave equation for the IBVP). Let u be the
solution of (L.5) and w be the solution of (1.7)) for ug € C§°(2). Then the following holds:

(1) Wx(0) =0 for any A > 0 if and only if u(0,t) =0 for any t > 0;
(2) V.Wx(0) =0 for any XA > 0 if and only if V,u(0,t) =0 fm" any t > 0.

Proof Let us counsider the Laplace transform of u and w: Uy (z fo e Mu(x,t)dt and Wy(z) =
fo (357 t) dt, which solve
(4.19) (=) Wx(z) + N2 Wx(2) = uo(2), =€,
' Wi(z) =0, zeRV\ Q.
and

(4.20) {(—A)%(x) L AUA) = uo(a), weQ,

Ux(z) =0, r e RN\ Q.

respectively. From the uniqueness of the elliptic boundary value problem, we deduce that Uy2 = W).
Therefore, we have

WA (0) = / e~ X*ty(0,1) dt,
0

o0
VIWA(O):/ e N 1V,u(0,1) dt,
0
for any A > 0. Since the Laplace transform is injective, this completes the proof. O

By the same argument, we have the following result for the Cauchy problem.

Lemma 4.2 (Relationship between fractional heat and wave equation for the Cauchy problem). Let
u be the solution of and w be the solution of (L.6)) for ug € C§*(RN) with supp(uo) C Br(0) for
some L > 0. Then the following holds:

(1) w(0,t) =0 for any t > 0 if and only if u(0,t) =0 for any t > 0;

(2) V,w(0,t) =0 for any t > 0 if and only if V,u(0,t) =0 for any t > 0.
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We remark that, to make the argument of the above Lemma rigorous, we need to prove the regularity
of solutions of the elliptic problems ([4.19)—(4.20) (C° or C! regularity, respectively); to this end, we
apply the bootstrap argument of [3], which requires us only to prove the boundedness of solutions.

Lemma 4.3 (L>®-bound). Let Q be a bounded CY' domain in RN and uy € C§°(RYN) with suppug C
Br(0) € Q2. For each X\ > 0, let us consider

(=AW (z) + N2Wy(z) = up(z), z €,
Wi(z) =0, r € RN\ Q.

Then Wy € L=(RYN) and there exists a constant C' > 0, independent of A > 0, such that |Wy| < C in
RNV,

(4.21)

Proof. Let us consider a ball such that Q C Br(0) and the problem

(=A)*v(z) =1, =z € Bg(0),
v(z) =0, r € RV \ Bg(0).

Then
(Wal(@) < lluol| e @vyv(z), o€ Q.
Indeed, let us consider the function V = v[jug||p@y) € L(RY) and set f+ = Wx £V to obtain

(=AY fy +A2f, >0and (—A)Sf_ +A2f_ <0, z€Q,
fr>0and f_ <0, r € RV\ Q.
Hence, by the maximum principle,

—V(z) <Wi(z) <V(z), €
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