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ABSTRACT. In this paper we introduce a model of dynamic crack growth in viscoelastic
material, where the damping term depends on the history of the deformation. The model
is based on a dynamic energy dissipation balance and on a maximal dissipation condition.
Our main result is an existence theorem in dimension two under some a priori regularity
constraints on the cracks.
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1. INTRODUCTION

We consider the problem of crack growth in a viscoelastic material with memory governed
by the system

t
i(t) — div(C + V) Bu()) + div( / e VBu(r)dr) = f(1). (1.1)
where w, Fu, and 4, are the displacement, the symmetric part of its gradient, and its
second derivative with respect to time, C and V are the elasticity and viscosity tensors,
while f is the external load. For this model the stress at time ¢ is given by
t
o(t) = CEu(t) + VEu(t) — / ™tV Eu(r) dr. (1.2)
Moreover, as in [6, 17] we assume that we know the displacement u on (—o0,0] and we
want to solve (1.1) on [0,T7], for given T > 0. It is convenient to write (1.1) in the form

ii(t) — div(oo(t)) = o(t) ¢ € [0,T], (1.3)
where
oo(t) = CEu(t) + VEu(t) — / "LV Eu(r) dr, (1.4)
0
lolt) = f(t) — divEy(t), (1.5)
0
Fy(t) ::/_ e” " VEug(7)dr (1.6)

and wug is a function that represents the displacement on (—oo, 0], namely u(s) = ug(s) for
every s € (—00,0].

When no cracks are present, problems similar to (1.1) and (1.3) were studied by Boltz-
mann ([1], [2]) and Volterra ([26], [27]), while recent results can be found in [14], [17], [19],
and [24].

In this paper we study the problem on a bounded open set  C R?. The crack at time
t € [0,7] is a 1-dimensional closed subset I'; of 2 and the irreversibility of crack growth
means that I'; CT'; if t < 7. For technical reasons we assume that the shape of the cracks
and their dependence on time is sufficiently regular, with precise a priori estimates.
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In the case of smooth functions, equation (1.3) is satisfied on Q\I'; with suitable boundary
conditions (on the Dirichlet part dp€Q and on the Neumann dn of 9Q) and with prescribed
initial conditions. Namely, u and {T';};¢[o,7) satisfy

i(t) — div(oo(t)) = Lo(t)  in Q\ T}, (1.7)
u(t) = up(t) on Op{Y, (1.8)
oo(t)v = Fo(t)v on On(, (1.9)
o (tyy = Fi(t)w on Iy, (1.10)
u(0) =u’ and @(0) = u' (1.11)

for every t € [0,T], where up is the Dirichlet condition, u° is the initial condition for

the displacement, u' is the initial condition for the velocity, v is the unit normal, and the
symbol + in (1.10) denotes suitable limits on each side of T';. In the paper we consider
a weak formulation (see Definition 2.11) which coincide with the one in (1.7)-(1.11) under
suitable regularity assumptions.

When {T';}4cjo,7] is prescribed, problem (1.7)-(1.11) has been studied in [23] and [5].
More precisely, in [23] an existence theorem is proved, while in [5] one can find results
regarding uniqueness and continuous dependence of u on the data (in particular on the
cracks).

In the model considered in our paper the unknown of the problem is the family of cracks
{T¢}+efo,r) which, in the spirit of [8] and [9], must satisfies the following conditions:

a) an energy dissipation balance (consistent with dynamic Griffith’s theory) for the
solution u of (1.7)-(1.11) (see Definition 3.3): the sum of the kinetic and elastic
energies and of the energies dissipated by viscosity and crack growth balances the
work done by the forces acting on the system;

b) a maximal dissipation condition, depending on a parameter 1 > 0 (see Definition
4.1), which forces the crack to run as fast as possible.

Condition a) is a dynamic version of Griffith’s criterion (see [18] for the quasistatic case and
[21] for the dynamic problem).

The main result of this paper is that, given initial and boundary conditions satisfying
suitable hypotheses, there exists a {I'; };¢c[o,r] satisfying a) and b) (see Theorem 4.3).

The proof follows the lines of [9], where a similar problem is studied for the case of pure
elastodynamics. To deal with the memory term appearing in (1.4), we use the results of [23]
and [5]. In particular the continuous dependence on the data obtained in [5] is a fundamental
tool for a compactness argument that plays a key role in the proof of Theorem 4.3.

The structure of the paper is the following:

e in Section 2 we give a precise formulation of the problem and we give all the pre-
liminary results;

e in Section 3 we define the class of cracks {I't};c[o,r7 such that the energy balance
described in a) is satisfied and we prove a compactness result;

e in Section 4 we define the maximal dissipation condition and we prove the main
result of the paper (Theorem 4.3).

2. FORMULATION OF THE PROBLEM

The reference configuration of our problem is a bounded open set 2 C R?, with Lipschitz
boundary 992 and we assume that 9Q = 9pQUAINQY, where Ip) and On () are disjoint (pos-
sibly empty) Borel sets, on which we prescribe Dirichlet and Neumann boundary conditions
respectively. Moreover, we fix a time interval [0,T], with 7" > 0.

We give a precise definition of the admissible cracks of our model using a suitable class of
curves. The following definitions and results are based on [8] and [9]. The curves are always
parameterized using the arc-length parameter s and for a given curve v : [a,, b,] — R? we
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define I'" := ~([ay, by]) and T'Y := ~([a,, s]), for every s € [a., b,]. When it is clear from
the context we omit the dependence on v and we write I' and I'y instead of I'” and I'Y.
In order to describe the initial crack, we fix a curve g : [ag, 0] — Q such that yo(ag) € 09,
Yo(s) € Q for every s € (ag, 0] and we define the initial crack as

FO = ’)/0([0,0,0]).

We suppose that g is of class C®! and that it is transversal to 9 at vo(ag) (there exists
an isosceles triangle contained in  with vertex in vo(ag) and axis parallel to v{(ag)). We
fix two constants r > 0 and L > 0 and we now define the space of admissible crack paths.

Definition 2.1. Let G, 1 be the space of simple curves v : [ag, b,] — Q of class C3!, with
ap < 0 < b,, such that

(a) v(s) =0(s) for every s € [ag, 0],

(b) |¥/(s)|=1 for every s € [ag, b,],

(c) the two open disks of radius r tangent to I" at v(s) do not intersect I,

() dist(7([0,b,]), 00) > 2r,

(e) W (s)[< L, [y (s2) =7 (s1)|< Lisz — s1] for any s, s1, s2 € [ao, b, ],

where v() denotes the i—th derivative of .
We fix o, 7, and L such that G, 1 # O.

Remark 2.2. By (a) and (d) we have |ag|> 2r. Condition (c) implies |y (s)|< 1/r for
every s € [ag, by].

Definition 2.3. Let v, be a sequence of curves in G, ;, and let v € G, ;. We say that 4
converges uniformly to v if b,, — b, and for every b € (0,b,) we have Vi|(a.6]= Vl[ao,b]
uniformly in [ag, b].

Lemma 2.4. There exist two constants ¥ and ﬁ, with 0 < # <7 and L > L, depending
only on r and L, such that for every v:[ao, by] — Q with v € G,. 1, there exists an extension
¥:lao, by + 7] — Q of v with 4 € G. ; , whose image will be indicated by I. Moreover,
the extension can be chosen in such a ’way that the uniform convergence of i implies the
uniform convergence of the corresponding extensions Jj .

Lemma 2.5. Let v, be a sequence of curves in G, . Then there exist a subsequence, not
relabelled, and a curve v € G, 1, such that v, converges to v uniformly.

For a proof of the previous two lemmas see [9].

We have to describe the dependence of the crack length on the time. We fix two constants
u >0 and M > 0 which bound the speed of the crack tip and some higher order derivatives
of the crack length, respectively.

Definition 2.6. Let Ty < 77. The class S;’eg/[(To,Tl) is composed of all nonnegative
functions satisfying the following conditions:

s € 03’1([T0,T1]), (21)
0<3(t)<p (2.2)
15@)|< M, [5(t)|< M, [5(t1) — 5(t2)|< Mty —taf, (2.3)

for t,t1,ty € [To,T1], where dots denote derivatives with respect to time. We denote by
Sﬂff\j (Ty, T1) the set of all functions s € C°([Tp, T1]) such that there exists a finite subdi-
vision Ty = 70 < 71 < ... < 7, = T1 for which s|,_, -€ 8;?‘]%4(7']'_1,7]-). The minimal set
{70, 71, ..., 7} for which this property holds is denoted by sing(s).
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Given 0 < Ty <Th <T,v€ G, s€ Sﬁfﬁj(TmTl), with s(Th) < by, the time
dependent cracks corresponding to these functions are given by

FZ(t) = 7([ao, s(t)]) for all ¢ € [Ty, T1],
and the corresponding cracked domains are

QZ t) = \ FZ(t for all t € [To,Tl].

( )

For simplicity of notation we sometimes denote FZ( 0 by Ty, when v is clear from the
context.

In [3], [4], and [5] the cracks are described using a family of time-dependent diffeomor-
phism @, ¥ : [0,7] x Q — Q. Thanks to the following result it is possible to obtain the same
maps also in our case. For a proof see [8, Lemma 2.8].

Lemma 2.7. Let ¢ > 0 and let p € (0,7/2), where # is the constant that appears in
Lemma 2.4. Then there exists two constants § € (0,p/un) and C > 0 depending only on r,
L, p, M, e, and p, with the following property: for every v € G, 1., for every ty < t1,
and for every s € S;)ef/[(to,h), with t1 —tg < 0, s(t1) < by, we can define two functions
O, U: [tg,t1] x Q = Q of class C*' with the following properties:

(a) for every t € [to,t1] we have ®(t,Q) = Q, ®(t,I) = ' (where T is the set that
appears in Lemma 2.4), ®(t,Ty,)) = Tsr), and ®(t,y) =y on Q\ B(v(s(to)), 2p);

(b) ®(to,y) =y for every y € Q;

(c) for every t € [to,t1], W(t,-) is the inverse of ®(t,-) on Q;

(d) for every t € [to,t1] we have 1—e < det D®(t,y) < 1+4e and 1—e < det DU (t,y) <
1+¢ for every z,y € 0, where D denotes the spatial jacobian matriz.

(e) for every t € [to,t1] we have |0;®(t,y)|< p(1+¢) for every y € Q;

(f) the absolute values of all partial derivatives of ® and of U of order less than or
equal to two, as well as the Lipschitz constants of all second derivatives, are bounded
by C;

(g) if v € Grr converges to v uniformly, if sy € S, % (to,t1) converges to s uni-
formly, with si(t1) < b,, for every k, then the corresponding diffemorphisms satisfy
i (t, ) — ®(t,z) for every t € [to,t1] and for every z € Q.

We now define the functional spaces that will be used in order to give the definition of
weak solution of the viscoelastic problem (1.7)-(1.11).

We define R**? as the space of real 2 x 2 matrix and R2X? as the space of real 2 x 2
symmetric matrices. The euclidean scalar product between the matrices A and B is denoted
by A: B. For every A € R?*? the symmetric part Agy, € R**? is defined as Agy,, =
%(A + AT where AT denotes the transpose matrix of A. For any pair of vector spaces we
define £(X;Y) as the space of linear and continuous maps form X into Y. Let 0 < A < A
be two fixed constants. We now define the space of tensors that will be used in the paper.

Definition 2.8. We define £(\,A) as the set of all maps L : Q — L(R?*2;R2*2) of class
C? such that for every x € ) we have

L(z)A = L(2)Asym € R2%  for every A € R**?, (2.4)
L(z)A: B=L(z)B: A forevery A, B € R**?, (2.5)

MAgym|?’< L(2)A : A < A|Agym|*  for every A € R**2,
We now fix the following maps
C,Ve&N\A), A=C+V (2.7)

where C(z) and V(x) respectively represent the elasticity and viscosity tensor at the point
zeq.
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Given vy € G, 0 < Ty < Ty < T, and s € Sﬁf;‘[’(TO,Tl), with s(T7) < by, we now
introduce the function spaces that will be used in the precise formulation of problem (1.7)-
(1.11).

We recall that I' := v([ag, b,]; R?). For every u € H'(2\ I';R?) Du denotes jacobian
matrix in the sense of distributions on Q\ T and FEu is its symmetric part, i.e.,

1
Fu = §(Du + DuT).

The following lemma is an extension of the second Korn’s inequality (see, e.g., [22]) to
the case of cracked domain. For a proof see, e.g., [5].

Lemma 2.9. Let v € G, and let I := ([ao, b,];R?). Then there exists a constant K,
depending only on Q and ', such that

IDul*< K ([lul®+[|Eu?) (2.8)
for every u € HY(Q\ T;R?), where ||| denotes the L* norm.

Remark 2.10. Let v € G, and let T' := 7([ag,b,];R?). Then, using a localization
argument (see, e.g., [5]), we can prove that the trace operator is well defined and continuous
from H1(Q\T;R?) into L?(0Q;R?).

We set
V7= HY(Q\T;R?), H:=L*QR?), and H:=L*(Q;R**?) (2.9)

Since £2(I') = 0, we have the embedding V7 < H x H given by v+ (v, Dv) and we can
see the distrubutional gradient Dv on Q\T as a function defined a.e. on Q, which belongs
to H.

For every finite dimensional Hilbert space Y the symbols (-,-) and ||-]| denote the scalar
product and the norm in the L?(Q;Y), according to the context. The space V7 is endowed
with the norm

lullv= (fJull >+ Du ). (2.10)
For every s € [ag, b,] we define
V2= HY(Q\T5;R?) and V0P = {u e V' | ulopa= 0}, (2.11)

where I's = 7([ao,5]) and ulp,o denotes the trace of u on dpQ. We note that V7' and
VY D" are closed linear subspaces of V7. For every t € [Ty, T1] the spaces V:gt) and V;Zt)D
are defined as in (2.11) with 5= s(¢).

We define

Vys(To, 1) := {v € L*(To, Ti; V)N HY (To, Ty; H) | v(t) € Vj,, for ae. te (To, 1)}, (2.12)
which is a Hilbert space with the norm
lollv,..i= (1ol2a gy vy 162y ) (2.13)
where the dot denotes the distibutional derivative with respect to t. Moreover we set
V2 (To, Th) := {v € Vy o(To, Th) | v(t) € VT, for ae. te (To,Th)}, (2.14)
which is a closed linear subspace of V, s(Tp,T1) and we define

VS (To, Ty) :={v e L=(Ty, Ty; V) N WH>(Ty, Tv; H) | v(t) eV, for ae te(To, T1)},
(2.15)
which is a Banach space with the norm

[0llvee, := [[oll oo (1o 7y 5v ) H Ol Lo (7 723 0) - (2.16)
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Moreover, it is convenient to introduce the space of weakly continuous functions with values
in a Banach space X with topological dual X*, defined by

Co([To, Th); X) := {v : [To, Ty] — X |t = (h, v(t)) is continuous for every h € X*}.

When it is clear from the context we will omit the dependence on 7 or s in the functional
spaces, writing V', V), VS%) V(Ty, Ty), VP (Ty,T1), and V*>°(Ty, T}) instead of V7, V) S(t)

Vs Vos(To, Ty), VE(To, Th), and VE2,(To, Th).
Since H(Tp, Ty; H) — CO([TO,Tl],H) we have V(Tp, T1) — C°([Ty, T1], H). In particu-
lar v(Tp) and v(Ty) are well defined elements of H, for every v € V(Ty,Th).

We set

7. T2 2x2
H = L*(Q; RS- (2.17)
On the forcing term £(t) of (1.7) we assume that
L) == f(t) — divF'(¢), (2.18)
where
fel?0,T;H) and Fe HY0,T;H) (2.19)

are prescribed function and the divergence of a matrix valued function is the vector valued
function whose components are obtained taking the divergence of the rows.
The Dirichlet boundary condition on dp2 is obtained by prescribing a function

up € H*(0,T; H)Nn HY(0,T; V). (2.20)
where Vp is Vs for = 0. It is not restrictive to assume that for every ¢ € [0, T
up(t) =0 a.e. on {z € Q|dist(x,00Q) > r}. (2.21)

Moreover we will prescribe the natural Neumann boundary condition on dyQ U TY.
We are now in a position to give the definition of weak solution for the viscoelastic
problem.

Definition 2.11 (Solution for visco-elastodynamics with cracks). Let v € G, 1, 0 < Tj <
T <T, s e ST, Th), with s(T1) < by, and assume (2.7), (2.19)-(2.21). Let v’ €
V(1) » such that u® —up(Ty) € V;?TO) and let u' € H. We say that u is a weak solution
of the problem of visco-elastodynamics on the cracked domains Q\ I'y(y), t € [To, T3], with
initial conditions u® and u!, if

uweV(Ty, Ty) and u—up € VP(Ty, 1)), (2.22)
T Ty
- [ ewyars | s, ot ar
To
/ /T YV Bu(r), Bp(t)) drdt = /T P, (0)) dt
-|-/ (F(t), Ep(t))dt for all ¢ € VP (Ty, T1) with o(Tp) = ¢(T1) = 0, (2.23)
To
uw(Tp) =u® in H and @(Ty)=wu' in (VSJ(DTO))*, (2.24)

where (VS(T )) denotes the topological dual of V( To)-

Remark 2.12. If u satisfy (2.22) and (2.23), it is possible to prove that « € H'(0,T; (V. (To))*)

S

(see [23, Remark 4.6]), which implies @ € C°([Ty, T1]; (V’(DTO)) ). In particular 4(Tp) is well
defined as an element of (V. )" -
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Remark 2.13. In the case of smooth functions problem (2.22)-(2.24) is satisfied in a stronger
sense. Namely, u and {T's) }e[r,, ) satisfy
t

i(t) — div(C + V) Bu()) + div( / CVBU(r)dr) = (1) nQ\Ty,  (225)

To
u(t) = up(t) on Op{Y, (2.26)
(((C + V)Eu(t) — /t e ' VEu(r) dT)l/ = F(t)v on Oy, (2.27)
To
(((C + V)Eu(t) — /t e" " VEu(r) dT)le/ =F(t)*v on Iy, (2.28)
To
uw(Tp) =u® and  (Tp) = u' (2.29)

for every t € [Ty, T1], where £(t) := f(t) — divF(¢), v is the unit normal, and the symbol
+ in (2.28) denotes suitable limits on each side of I'y(.

Existence of the solution for the viscoelastic problem (2.22)-(2.24) is given by [23] for
Q c R? with d > 1 and under more general assumptions on the regularity of the cracks.
Uniqueness and continuous dependence on the data are proved in [5] under the assumption
that the constant p, which controls the speed of the crack tip in Definition 2.6, satisfies

0 < p < po, (2.30)

where the constant pg is not explicitly defined in terms of the data of the problem. Using
the fact that d = 2 in our work, we will prove that uniqueness and continuous dependence
can be obtained under the explicit assumption

0<pu<VA/2, (2.31)

where A are the constants that appears in Defintion 2.8 respectively.
In order to prove this results, we have to define an auxiliary problem, which can be
interpreted as the elastodynamics problem with elasticity tensor replaced by A.

Definition 2.14 (Solution for elastodynamics with cracks). Let y € G, 1, 0 < Ty < T7 < T,
s € 831 (To, Th), with s(T1) < by, and assume (2.7), (2.19)-(2.21). Let u® € Vi(z,), such
that u® —up(Tp) € VS’?TO)
of elastodynamics on the cracked domains Q\ Iy, t € [T, T1], with initial conditions u

and let u' € H. We say that v is a weak solution of the problem
0

and u!, if
veV(Ty,T1) and v—up € VP (Ty,Th), (2.32)
Ty Th Ty
- [ anemars [ v Beoya= [ (0.e0)a
To To To
+/ 1(F(zf),Ega(t)) dt for all € VP(Ty, T)) with ¢(Ty) = o(T}1) = 0, (2.33)
o(To) =v’ in H and o(Ty) =u' in (V) (2.34)

Remark 2.15. In the case of smooth functions problem (2.32)-(2.34) is satisfied in a stronger
sense. Namely, v and {I'y)}eeim, 1) satisfy

¥(t) — div(AEv(t)) = £(t) in Q\ Ty, (2.35)
v(t) = up(t) on OpQY, (2.36)
(AEv(t))v = F(t)v on 0N, (2.37)
(AEv(t))*v = F(t)*v on Iy, (2.38)
v(Tp) =u’ and O(Tp) = u' (2.39)



8 FEDERICO CIANCI

for every t € [Ty, T1], where £(t) := f(t) — divF(¢), v is the unit normal, and the symbol
+ in (2.38) denotes suitable limits on each side of I'y(.

Existence and uniqueness for the system of elastodynamics with cracks (2.32)-(2.34) under
the assumption (2.31) is given by [9], where the authors consider a slight different formulation
of the problem which is stronger in time. The proof, which is based on a localization
argument, works also for the formulation given in Definition 2.14. Then we can state the
following result.

Theorem 2.16. Let y€ G, 1, 0<Ty <T1 <T, s€ Sﬁfj/c](TmTl), with s(T1) < b, and
assume (2.7), (2.19)-(2.21) and (2.31). Let u® € Vg, such that u® — up(Tp) € V;,?TO)

and let u' € H. Then there exists a unique solution v of problem (2.32)-(2.34). Moreover
v e VOO(TO,Tl), v E C?U([T(),Tl], V), and v € Cg)([To,Tl], H) .

With the following result we obtain a better regularity with respect to time.

Proposition 2.17. Under the same assumption of Theorem 2.16, let v be the unique solu-
tion of problem (2.32)-(2.34). Then v € C°([Ty, T1], V) N CH([To, Th], H).

Proof. In the case F = 0, a solution for the elastodynamics with cracks in the sense of [9]
is also a solution in the sense of Definition 2.14. By uniqueness, the two solutions coincide.
In particular, we get that, if F' = 0, the solution is in C°([Ty, T1], V) N CY([To, Th], H).

If the forcing term F' is not zero, we can use same approximation argument used in
[5, Lemma 5.7]. Then for every ¢ > 0 there exists F. € H'(0,T, H) such that F.(t) €
CE(Q\T; Rg;n‘?b) for every t € [0,T] and

[ Fe — F\\Lw(o,T;ﬁ)+||Fe - F||L2(0,T;Er)< €. (2.40)

We define v, as the solution of the elastodynamic problem in Definition 2.14 with F' replaced
by F.. Since F_ is regular in space we have that

(Fe(t)7 E¢) = _(diVFs(t)7 1/}) (241)

for all ¢ € [0,T] and for all ¢ € V. It follows that v, is a solution in the sense of Definition
2.14 with f and F respectively replaced by f —divF. and 0. By the results of [9] we have
that v. € C°([Ty, T1], V) N CY([Ty, Ty], H) . Using the continuous dependence on the forcing
terms given by [5, Proposition 4.5] and (2.40), we obtain that

sup [[vz(t) —v(t)llv+ sup [[o-(t) —0()| >0 ase—0.
te[0,T] te[0,T]

In particular, we get that v € CO([Ty, T1], V) N CY([To, T1), H) . O
We now fix the notation that will be useful in order to give the main results concerning
continuous dependence on the data.

Let 0 < Ty <Ty <T, let v, € G, be a sequence of cracks paths, and let s; €
Shi(To, Th), with s (T1) < by, , be a sequence of crack lengths, we define V7%, |||y,
VI VIED VL (T T, vy, s VE L (To, Ty) as in (29)-(2.14) with T and Ty

se(t)? "sk(t) Yk rSk
replaced by T := yy([ao, b,,]) and T ) == ve([ao, s (t)])-
Let u) € VSAL’C(TO), with u{ —up(Tp) € V;’“(%Z), ui, € H,

fr € L?(0,T; H) and Fj, € H(0,T; H). (2.42)
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We define uy as the weak solution of k-th viscoelastic problem on the cracked domains

Q\Fs ) tE [To, T1], that is
ug € V’yk,sk(TmTl) and wup —up € V"/k sk (T(),Tl)7 (243)
T1 Tl
- / (in(0) $(O) dt + [ (ABus(e), Bil) dt
To

T
. / / (VB (). Belt) drdt = [ (10, (0)
T, To

+/T (Fr(t), Ep(t))dt for all p € Vf?k s (To, T1) with ¢(Tp) = p(T1) =0, (2.44)

up(To) =ud in H and 1y(Th) =uj, in (VSZ’YTO))* (2.45)

Moreover, we define vy as the weak solution of k-th problem of elastodynamics on the
cracked domains '\ FS W tE [To,T1], that is

Vi € Vo, 50 (To,T1) and v —up € V’Yk i (To, Th), (2.46)
T: T: T

- [C@nem s [ @Ba. B = [ (0. p0)
To To To
Ty

+/ (Fr(t), Ee(t))dt for all ¢ € Vy, s, (T, Th) with o(Ty) = ¢(T1) =0, (2.47)
To

we(To) =uf in H and 0(T1) =uj in (V)ir)" (2.48)

We now state the result concernig continuous dependence on the data for the problem of
elastodynamics. It will be used to prove the same result for the viscoelastic problem.

Theorem 2.18. Let y€ G, 1, 0<Ty <T1 <T, s€ Sﬁf;j(To,Tl), with s(Th) < b, and
assume (2.7), (2.19)-(2.21) and (231) Let u® € V(T), with u® —up(Ty) € V;&% and let
u' € H. Let v, € G 1, let s € SS?;;(TO,Tl), with sg(T1) < b, . Let u} € Vsl’“(TO), with
u —up(Ty) € VW’D , up, € H, and assume (2.42). Let v be the weak solution of problem
(2.32)-(2.34) on the cmcked domains Q\I‘S(t) , t € [To,T1]. Let vy, the weak solution problem

(2.46)-(2.48) on the cracked domains €\ 1"7’“ W tE [To, T1]. Assume that

[ fi = fllz20,7;m)— 0, 1Fx = Fll g1 0,7, 0, (2.49)
Sr — s uniformly, vk — 7 uniformly, (2.50)
u) —u® in H, Duf} — Du’ in H, up —u'  in H. (2.51)
Then
vg(t) = v(t) in H, (2.52)
Duy(t) = Do(t) in H, (2.53)
g (t) = 0(¢t) in H, (2.54)

for every t € [To, T1].

Proof. In the case fr = f, F, = F =0 for any k € N, it is a consequence of [9, Theorem
3.5]. In the general case, the result follows from the same approximation argument used in
[5, Lemma 5.7, Proposition 5.9]. O

Now we are in a position to obtain the same results for the viscoelastic system.



10 FEDERICO CIANCI

Theorem 2.19. Let v € Gy, 0< Ty < Ty < T, s € SV'5(Ty, Th), with s(T1) < by, and
assume (2.7), (2.19)-(2.21) and (2.31). Let u® € Vi(z,, such that u® — up(Tp) € VS?TO)
and let u' € H. Then there exists a unique solution u of problem (2.22)-(2.24). Moreover
uw € VX(Ty, Tv), u€ C)([To, Ti]: V), and i € C3([To, T1]; H).

Proof. We can not apply directly [5, Theorem 4.10] because in general (2.30) is not satisfied.
However, assuming (2.31) instead of (2.30) we can repeat all arguments of the proof of that
theorem, which is based on existence and uniqueness for elastodynamics with cracks (in our
case given by Theorem 2.16 and Theorem 2.18) and on a fixed point argument. O

Proposition 2.20. Under the same assumption of Theorem 2.19, let u be the unique solu-
tion of problem (2.22)-(2.24). Then u € C°([Ty, T1],V) N CY([To, T1), H) .

Proof. Tt is enough to apply Proposition 2.17 with F(¢) replaced by

t
F(t) +/ e” 'VEu(r)dr,
To

for all t € [Ty, T1]. O

The following theorem provides the continuous dependence on the data for the solution
of the viscoelastic problem.

Theorem 2.21. Let v € Gy, 0< Ty < Ty < T, s € SV5(Ty, Th), with s(T1) < by, and
assume (2.7), (2.19)-(2.21) and (2.31). Let u® € V.. ., such that u’ —up(Tp) € Vs’%z) and

) s(To)’
let ut € H. Let v, € G, let si € Sﬁfﬁj(TO,Tl), with si(T1) < by, . Let uf € Vs’;ik(To)’
such that ul —up(Tp) € Vi"(ﬁ) , ur, € H, and assume (2.42). Let u be the weak solution

of problem (2.22)-(2.24) on the cracked domains €\ Fz(t), t € [To,Th). Let uy the weak

solution problem (2.43)-(2.45) on the cracked domains Q\ FZZ(t) , t € [Ty, Th]. Assume that

| fx = fllL2o,7;m)— 0, 1Ex = Fll g1 0,7, 0, (2.55)
sp — s uniformly, Ye — 7 uniformly, (2.56)
up —u® in H, Dul) — Du’ in H, up —u'  in H. (2.57)
Then
ug(t) = w(t) in H, (2.58)
Duy(t) — Du(t) in H, (2.59)
ae(t) — a(t) in H, (2.60)

for every t € [Ty, T1]. Moreover there exists a constant C > 0 such that
[[w () |+ Due (4) |+ [l (8) ]| < €
for every k € N and t € [Ty, T1].

Proof. As in the proof of Theorem 2.19, we cannot apply directly [5, Theorem 6.1], because
in general (2.30) is not satisfied. However, assuming (2.31) instead of (2.30) we can repeat
all arguments of the proof of that theorem, which is based on the continuous dependence
on the data for elastodynamics with cracks (in our case given by Theorem 2.18) and on a
results concerning the convergence of fixed points of a sequence of functions (see [5, Lemma
4.2]). O
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3. ENERGY BALANCE

In this section we study the problem of the dynamic energy-dissipation balance on a given
cracked domain 2\ FZ( £ for a solution of a viscoelastic problem.

Let y€ G, 0<To<T1 <T, s€ Sﬁf;j(]}),Tl), with s(T7) < b,. It is convenient to
define the operator Lr,: V(Ty,T1) — H(Ty, Th; H) as

(Lyyu)(t) == / o™~V Eu(r)dr, (3.1)

To
for all w € V(Ty,T1), for all ¢t € [Ty, T1]. Since

. t
(Ero)(t) = VEu(t) - / IV Bu(r) dr,
To
it is easy to check that L is bounded. Indeed, using the Holder inequality it is possible
to prove that

1Lzl Lo oz 21,0y S (T2 = T0) 21V loo el 7y (3.2)
ILroull 2oy 1y < (L T1 = To) IV s lullv g 1) - (3.3)

Assume (2.7), (2.19)-(2.21) and let v € C°([Ty, T1], V) N C*([To, T1), H) . For every t €
[To, T1] the sum of kinetic and elastic energy is given by

£u() = S19(0)|+5 (CE(?), o). (3.4)

For an interval [tq,t5] C [Ty, T1] the dissipation due to viscosity between time ¢; and ¢y is
given by

Dy (1, 1) zé(VEv(tQ),Ev(tz)) - %(VEU(U),EU(U))
— ((Lpyv)(t2), Bo(t)) 4+ ((Lryv)(t1), Bv(ty))

to 2}
+ / (VEu(t), Ev(t))dt — / (Lry0)(8), Bo())dt. (3.5)
t1 t1
Moreover, we assume that the energy dissipated in the process of crack production on the
interval [t1,%s] is proportional to s(t2) — s(t1), which represent the length of the crack
increment. For simplicity we take the proportionality constant equal to one. Finally, the
work done between time ¢; and ¢ by the boundary and volume forces is

Wiltasta)= [ (0500 = in(®) + (€ + V)Eu(t), Bip(t) - (£r,0)(0), Bitn(®) )

ty

—/ 2(F(t),Ev(t) — Eup(t))dt — / 2(1')(t),i}D(t))dt+ (0(ta), up(ta))

t1 t1

—(0(t1), ap(t1)) +(F(t2), Ev(t2) — Eup(t2)) = (F(t1), Ev(ti) — Bup(t1)). (3.6)

Remark 3.1. When F = Fj as in (1.6) and all terms are regular enough, formulas (3.5)
and (3.6) can be obtained from (1.1) in (—o0, T, using the explicit expression of the stress
tensor (1.2) and integrating by parts. For more details when viscosity is not present see also
to [8, Section 3] and [9, Section 4].

Remark 3.2. We stress that (3.5) and (3.6) make sense for every weak solution of problem
(2.22)-(2.23), thanks to Proposition 2.20.

We now define the class of cracks whose solutions of the viscoelastic problem satisfy the
dynamic energy-dissipation balance.
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Definition 3.3. Let 0 < Ty, <17 < T, s > 0, and ¥ € G, 1, with b5 = 50, and assume
(2.7), (2.19)-(2.21) and (2.31). Let u® € V], such that u® —up(Ty) € VP and let u' € H.
The class

BTEQ(To,Tl) = Breg(To,Tl, 80,7, C,V, f, F, UD,UO,Ul)

is composed of all pairs (v,s), with v € Gr. ., V[ag.50)= Tao.s0]» 5 € S, n (Lo, T1]) s s(To) =
s, and s(T1) < b, such that the unique weak solution u of the viscoelastic problem (2.22)-
(2.24) satisfies the energy-dissipation balance

Eu(ta) — Eu(tr) + Dy(te, ta) + s(t2) — s(t1) = Wa(t1, t2) (3.7)
for every interval [t1,t2] C [To,71]. Similarly, the class

BY(Ty, Ty) = BP*“(To, Th, 50,7, C, V, f, Fyup,u’, u')
is defined in the same way replacing s € S, ([To, T1]) by s € Sﬁfﬁ;([To, T1]).

The class B"9(T,T1) is nonempty, as clarified by the following result, whose proof follows
the lines of [12, Lemma 1] and [11, Proposition 2.7].

Proposition 3.4. Under the assumption of Definition 3.3, the pair (7,s), with s(t) = sg
for every t € [Ty, T1], belongs to B™9(Ty,T1).

Proof. We prove the result in the case of homogeneous boundary condition, i.e. up = 0.
Indeed, the case of non-homogeneous data can be obtained considering the equation for
u—up. It is convenient to extend our data on [0,27] by setting f(¢) =0 and F(t) = F(T)
for t € (T,2T]. Ttis clear that f € L?(0,2T,H), F € H'(0,2T, H), and that, by uniqueness,
the solution wu of the viscoelastic problem on [T, 27| is an extension of the solution on
[To,T1]). Since the domain is constant with respect to time we deduce from (2.22)-(2.23)
that u € H?([Ty,27T7]; (VE)*) and

(i(t), o) + (C+ V) Eu(t), E¢) — (Lryu(t), E¢) = (f(t), ) + (F(t), Ep). (3-8)

for all ¢ € V2 and for a.e. t € [Ty, 27T].

Given a Banach space X and a function r : [Tp,27] — X, for every h > 0 we define
alr 6hr : [To,2T — h] — X by olr(t) := r(t + h) +r(t), 6"r(t) := r(t + h) —r(t). For
a.e. t € [T, 2T — h] we have o"u(t),6"u(t) € V2. We consider (3.8) at time ¢ and a time
t + h, in both cases with ¢ = 6"u(t). We sum the two expressions and we integrate on
[tl,tg] g [To,Tl] . We get

to

/ K () + Bn(t) + Da(t)) di = / Ln(t) dt, (3.9)

t1 ty
where the terms that appear in (3.9) are defined as
= (ohii(t), Mu(t)),

= ((C+ V)o"Bu(t), 6" Eu(t)),
= —(o"[Lryu(®)], 6" Bu(t)),
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We have that

to

Kp(t)dt = — /tZ (oPi(t), 6" a(t)) dt + (o u(ts), " u(tz)) — (eMi(ty), 8" u(ty))

t1

=- / (it + B2t — a(t) [2)dt + (o (ta), 8 ulta)) — (o ltr), 8 u(ta)

to+h to
= [P [ RO+ @), () (0", o uln)
ti+h t1
ta+h ti+h

= —/t H@(t)HthJr/ la()l*dt + (0" a(t2), 6" u(t2)) — (™ a(t1), 6" u(t))

2 t1

and dividing by h we get

/tz Kh(t) G ta+h ti1+h 5hu(t2)
t

la@®)ldt + o [la(®)]dt + (" a(t2),
h ' h h

1

Then

5 e i) Pt P2l -2l = )Pl P, (610

1

as h — 07, where we have used the fact that u € C([Tp, 2T, H). Moreover
to to ta
/ By (1) dt = / ((C + V) Bult + h), But + h))dt — / ((C+ V) Eu(t), Bu(t))dt
t1 t1 t1

to+h to
. / ((C + V) Bu(t), Bu(t))dt — / ((C + V) Bu(t), Bu(t))dt
t1+h t1

ta+h ti+h
- / ((C + V) Bu(t), Bu(t))dt — / (C + V) Bu(t), Bu(t)dt  (3.11)

which give us

* En(t)

dt = ((C + V)Eu(ta), Fu(ts)) — ((C+ V)Eu(ty), Eu(ty)) (3.12)

t1

as h — 07, where we have used the fact that u € C°([Ty,27T],V). Regarding the term D),
we have

t2 t2

— | Dy dt:/tz(ah[CTou(t)],Eu(t—l—h))dt—/ (o[ Lryu(t)], Bu(t))dt

t1

to+h ta
- / (=" Ly u(®)], But))dt — / (0" [Lryu(t)], Bu(t))dt

1+h t1
to h
=/ : (Lryu(t —h) — Lryu(t + h), Eu(t))dt
t1 h
+t1+h ta+h
—/t (Jh[ﬁTou(t)],Eu(t))dt—l—/t (e[ Lryu(t)], Bu(t))dt
- /t2 (Lryu(t) — Loyu(t + 2h), Bu(t + h))dt

ti+h to+h
_ /t (" [Lau(t)], Bu(t))dt + /t (" [Lau(®)], Bu(®)dt, (3.13)
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which give us

[P0 g [ (En) = Lnn )
t, h t h ’
ti+h ta+h
+ ]f (o"[Lryu(t)], Bu(t))dt — ]{ (oM Ly u(t)], Bu(t))dt

2 / * (E)(©), Bult)at

t1

+ 2(£Tou(t1), E’U,(tl)) - 2(£T0u(t2)7 E’U,(tg))

_o / * (VEu(t) - Lryu(t), Bu(t)dt

t1

+2Lnu(ty), Bu(t)) — 2(Lryu(ts), Bults)), ash— 0%,  (3.14)

where we have used again that u € C°([Ty,27T],V).
With similar arguments, we have that

/tz th(t)dt*)Q/2(f(t)’1},(t))dt—2/ Q(F(t),Eu(t))dt

1 t1 t1

+2(F(t2), Eu(ty)) — 2(F(t1), Eu(ty)), ash— 0T, (3.15)

Dividing by h Equation (3.9) and using Equations (3.10), (3.12), (3.14), and (3.15), we
get the following identity

i(t2)||>4+((C + V) Eu(ts), Eu(ts)) + 2/ Q(VEu(t) — Lyyu(t), Bu(t))dt

= 2(Lryultz), Bultz)) = [[a(t)|*+((C + V) Eu(tr), Eu(t1)) — 2(Lr,u(t), Bu(t))
+2/t Q(f(t),u(t))dt—2/t (1), Bu(t)dt + 2(F(t2), Bu(h)) — 2(F (1), Bu(t)), (3.16)
that is the energy-dissipation balance (3.7) when up =0 and s(t) = sg for all ¢ € [Ty, T1].
(]

The following remark deals with the concatenation of solutions on adjacent time intervals.
Remark 3.5. Under the assumption of Definition 3.3, let 0 < Ty < Ty <Tp < T,
(m,81) € BP“(Ty, T1, 50,7, C, V, f, Fyup, u®, u),
(727 52) € BPiGC(TL T27 SI(T].)’ 1, (Ca V7 f7 Fa Uup, U(Tl)7 U(Tl))
Let s: [Ty, T2] — R be defined as

() = {sl(t) if ¢t € [To, Th),

so(t) ift € [Ty, Tx). (3.17)

Then (7%3) € Bpiac(TovTQa SOvia(va fv Fa uDauoaul)'

Using the continuous dependence Theorem 2.21 we are in a position to prove a compact-
ness result for B¢ which will be useful for the proof of the main result of the paper (see
Theorem 4.3).

Theorem 3.6. Under the assumption of Definition 3.3, let (i, sk) € B™9(Ty,T1). Then
there exists a not relabelled subsequence and there exists (vy,s) € B™9(Ty,T1) such that
Ve — v uniformly (in the sense of Definition 2.3) and s — s in C3([Ty, T1]) .
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Proof. By Lemma 2.5 there exists a subsequence (not relabelled) v, and v € G, 1, such that
v — 7 uniformly (in the sense of Definition 2.3). By Ascoli-Arzela Theorem there exists
s € C3([Ty, Th]) and a further subsequence s, converging to s in C3([Ty,T1]). Moreover,
if we pass to the limit ad & — 400 in the conditions in Definition 2.6 for s, we get that
s € S,V ([To, T1]). We defined u as the solution of the viscoelastic problem (2.22)-(2.24) on

the time-dependent cracked domain ¢ — '\ I‘;Y(t) with ¢ € [Tp, T1] and we define uy, as the

Vi

solution of the viscoelastic problem on the time-dependent cracked domain ¢ +— Q '\ FSk )

with ¢ € [Ty, T1]. Since (g, sk) € B9 (1o, T1) we have
1. 1
3k ()7 +5 (C + V) Bug(ta), Euk(t2)) — (L1, ur(t2), Bux(t2))

— gt P S ((C + V) Bug (1), Bun()) + (Lryua(tr), B (1))

to

—/ 2(VEuk(t),Euk(t))dt—/ (ETouk(t),Euk(t))dt+Sk(t2) - Sk(tl)

tl tl

= [ (U000~ it (®) + (€ + V) Bus(t), Bin() ~ (Lryunle), Bip(e)) ) de

t1

_/t2 (F(t),Euk(t) — FEup(t))dt + (F(t2), Euk(t2) — Eup(tz)) — (F(t1), Bug(t1) — Fup(t1))

ty

—/ 2(ﬂk(t)»’iiD(t))dt+ (e (t2), wp(ta)) — (i (t1), up(t1)), (3.18)

t1
for every interval [t1,ts] C [Tp, T1]. Using Theorem 2.21 and the bounds (3.2)-(3.3), we can
pass to the limit as & — 400 in (3.18) and we get the energy-dissipation balance (3.7) for
w. This proves that (v,s) € B™9(Ty,T1) and concludes the proof. O

4. EXISTENCE FOR THE COUPLED PROBLEM

In this section we prove an existence result for the crack evolution (described by the
functions v and s). In order to do this we define a maximal dissipation condition (see also
[8] and [9]), which forces the crack tip to choose a path which allows for a maximal speed.

Definition 4.1. Assume (2.7), (2.19)-(2.21) and (2.31). Let u® € Vy, such that u®—up(0) €
VP, and let u! € H. Given 1 > 0 we say that (v, s) € BP*¢(0,T) satisfies the n—maximal
dissipation condition on [0, T if there exists no (%,3) € BP*¢(0,7), for some 71 € (0,7T],
such that

(M1) sing(8) C sing(s),

(M2) 3(t) = s(t) and 4(5(t)) = v(s(t)) for every t € [0, 7], for some 7 € [0,71),

(M3) 3(t) > s(t) for every t € (19, 71] and §(m1) > s(11) + 7.
Remark 4.2. We refer to the discussion in [9, Section 1] for some comments on the presence

of the parameter n > 0.

We are now in position to prove the main result of the paper. The proof follows the lines
of [8] and [9], devoted to the case of elastodynamics without viscosity terms.

Theorem 4.3. Under the assumption of Definition 4.1, for every n > 0 there exists a pair
(7,8) € BPic(0,T) satisfying the n-mazimal dissipation condition on [0,T].

Proof. Let us fix n > 0 and a finite subdivision 0 = Ty < T1 < ... < T, = T of the time
interval [0, T] such that T;—T;_1 < % for every i € {0,1,2,...,k}. We will define the solution
usong a recursive procedure on each subinterval [T;_1,T;], for every i € {0,1,2,....,k}. In
order to define this procedure, we set

Xl = {(775) € BpieC(O7T1707707C7Va fa F7 uDauovul) | s € S;?J!\Z(OaTl)7 5(0) = O}ﬂ (41)
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where 7y is the function that appears in Definition 2.1. By Proposition 3.4 we have that
(70,0) € X1 and in particular we have X; # . Moreover, we choose (71,$1) € X} such

that
Tl Tl
/ s1(t)dt = max / s(t) dt,
To (v:s)exr J,

where the existence of (y1,s1) is guaranteed by Lemma 4.4 below. If k = 1, we define
(7, 8) := (71, 51) and we have to prove that this couple satisfies the n-maximal dissipation
condition. Otherwise, we fix i € {2,...,k} and we set

X = {(77 S) € Bpiec(oa T1i70a707(CaV, f) F7 ’ILD,U/O,Ul) | S|[Ti,1,Ti]€ 8;?15\7/[(Ti715Ti)7
s() = si-1(0), () = vi-a(si-1 (D) VE € [0,Tial . (4.2)
We note that X; # . Indeed, if we define 5;_; as

3. (t) L Sifl(t) fort € [O,T;,l],
B si—1(Ti—1) fort e [T;1, T,

we can apply Proposition 3.4 and Remark 3.5 to obtain (v;_1,8;,-1) € X;. Assume that the
pair (v;—1,si—1) € X;—1 has already been defined, then we choose (v;, s;) € &; such that

/ " ) di= max / ", (4.3)

Ti—1 (775)€X1, Ti—1

where the existence of (v;,s;) is guaranteed by Lemma 4.4 below.

We now define (v, s) := (v, Sk), where (v, sx) is the the pair defined in the final step
of the procedure defined above. It remains to prove that (v, s) satisfies the n-maximal
dissipation condition on the interval [0,7]. Assume, by contradiction that there exist 0 <
70 <71 <T and (4, 8) € BP*¢(0,71) such that:

(i) sing(8) C sing(s) C {T1,...,Tk—1}
(i) s(¢t) = () and v(s(t)) = 4(8(¢)) for every ¢ € [0, 7],

(iii) s(t) < §(t) for every t € (10,71] and 3(r1) > s(11) + 7.

Since 79 < T', there exists an index j € {1,...,k} such that 7y € [T;_1,T;). We claim that
71 > T;. Indeed, the using the monotonicity of s and the points (ii) and (iii), we have that
3(m1) > s(m1) +n > s(m0) + n = 38(10) + n and in particular §(m) — §(79) > n. On the other
hand, since § € Sﬁfﬁ(o,ﬁ) we have 8(m) — 8(70) < u(m — 70), which together with the
previous inequality give us 71 — 79 > n/p. Since the subdivision of the interval was choosen
such that T;,_1 — T; < n/u for every i € {1, ..., k}, we get that 7 > T).

Using (i) we have that $|ir,_, 7)€ S,3,(Tj-1,T;) and taking (ii) into account we get
that (4,8) € X;. By construction s = s; on [T;_1,7}], where s; is the function defined in
(4.3) for ¢ = j. As a consequence of (iii) we get 3(t) > s(t) = s;(¢t) for every t € (79, T}],
which contradicts (4.3).

O

We close this section with the following Lemma used to prove Theorem 4.3. The proof
can be found in [9, Lemma 5.3] with obvious modifications.

Lemma 4.4. For every i = 1,...,k there exists (v;,s;) € X; such that
T; T
/ s;(t)dt = max / s(t) dt, (4.4)
T4 (v8)eXi Jy_

where X; is the space defined in (4.1) and (4.2).
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