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Abstract

In this paper, we prove that associated with a sub-static asymptotically flat manifold endowed with
a harmonic potential there is a one-parameter family { F3} of functions which are monotone along the

n—2

level-set flow of the potential. Such monotonicity holds up to the optimal threshold 8 = 2= and
allows us to prove a geometric capacitary inequality where the capacity of the horizon plays the same
role as the ADM mass in the celebrated Riemannian Penrose Inequality.
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1 Introduction

In this paper, the object under investigation is a triple (M, go, u) satisfying the following two conditions:

(a) (M,go) is a smooth, connected, noncompact, complete, asymptotically flat, n-dimensional Rie-
mannian manifold, with n > 3, with one end, and with nonempty smooth compact boundary oM,
which is a priori allowed to have several connected components.

(b) uw € C°°(M) satisfies the system

. 2 .
uRicg, — Dy u >0 in M,

Agu=0 in M,
u =0 on OM,
u—1 at oo,



where Ricy,, Dy, and Ay, are the Ricci tensor, the Levi—Civita connection, and the Laplace operator
of the metric go, respectively.

If the equality holds in the first equation of (1), the triple (M, go, u) is said static. For clarity, we recall
the definition to which we refer for asymptotically flat manifolds.

Definition 1.1. A smooth, connected, noncompact, n—dimensional Riemannian manifold (with or with-
out compact boundary) (N, h), with n > 3, is said to be asymptotically flat if there exists a compact subset
K C N such that N \ K is a finite disjoint union of ends N;, with the following properties. Every Ny is
diffeomorphic to R” minus a closed ball by a coordinate chart v, and, if b= (Yr)h = Eijdxi ® dz?, we
have

hij = dij + O(|z[ ), )

Oy hiy = O(|z| =Py, (3)
0,05 hij = O(|x| ~#+2)), @)
R; € L' (n3), 5)

for some p > (n — 2)/2. Here, 0 is the Kronecker delta, and the coordinate charts ¢, are called charts at
infinity.
Throughout the paper, we will refer to a triple (M, go, v) that satisfies conditions (a) and (b) as to a

sub—static harmonic triple. A fundamental sub—static harmonic triple is the so called Schwarzschild solution,
which is given by

dr ® d
M= [(2m)ﬁ,—|—oo) xS"L g _droar +72ggn-1,  uw=+/1—2mr2-n, (6)

T 1 2me2n

It is well-known that both the metric gy and the potential u, which a priori are well defined only in M,
extend smoothly up to the boundary and (17, go) is called (spatial) Schwarzschild manifold. The parameter
m > 0is the ADM mass mapm of the Schwarzschild manifold. We refer the reader to Section 5 for the
definition of the mapn associated with a general asymptotically flat manifold. Here, we limit ourselves
to recall that the decay conditions (2)—-(5) guarantee that mapu is a geometric invariant [4, 8].

Associated with a sub—static harmonic triple, specifically with the potential u ranging in [0, 1), let us
consider the following family of functions depending on the parameter 3 > 0:

0,1) 5 t— Va(t) := (1—t2) PG / |Du|?* do.
{u=t}
In [2] it was proven that if (M, go, u) is a static triple, then, for every 8 > 2, the function V3 is strictly
nonincreasig unless (M, go, u) is the Schwarzschild solution. The main purpose of this paper is to extend

this result to the sub-static case and to the optimal threshold 3 = 2=2. This is the content of Theorem
3.1, where the monotonicity of the above family - equipped with a corresponding rigidity statement - is

expressed in terms of the functions Fg(7), where 7 = ifg > 1, to be consistent with [3] and in light of
the more advanced analysis contained therein. This generalisation suggests that our approach is robust
enough and likely to be exported to other contexts. In a similar way, S. Brendle shows in [7] how some
structure conditions for the metric are sufficient to prove an Alexandrov-type theorem and how such
structure generalises to the sub—static case.

Let us now be slightly more detailed on how our Theorem 3.1 is proved. We adopt the main strat-

egy proposed in [2], which essentially consists in obtaining the monotonicity as a consequence of a



fundamental integral identity derived in a suitable conformally-related setting (see Proposition 4.3). A
delicate point is justifying such identity in a region where critical points of the potential are present. One
of the main differences with [2] is that, whereas in the static case the analyticity of the potential guaran-
tees the local finiteness of the singular values, which made the argument simpler in many occurrences,
in the present sub—static setting the metric and in turn the potential are not a priori analytic. Neverthe-
less, standard measure properties of the critical set of harmonic functions (summarised in Theorem 2.3)
are enough to obtain the fundamental integral identity, which in turn implies the monotonicity of Fj
and, coupled with Sard’s Theorem, also its differentiability.

Observe that the difficulty in treating the critical points under the threshold 5 = 1 can be read off
directly from formulee (36) and (52), the first one displaying the derivative of F and the second one
expressing the mean curvature on a equipotential set in terms of the Hessian of the potential itself.
In fact, calling ®3 the conformal version of Fj3 and looking at formula (70) containing the equivalent
characterisation of ®}; derived from the integral identity (63), one realises that problems arise already
when 5 < 2.

Let us stress that the monotonicity is obtained from the nonnegativity of the right-hand side of our
fundamental integral identity. It is above the threshold 8 = 2=2 that this is guaranteed, thanks to the
Refined Kato Inequality for harmonic functions. The optimality of such inequality reflects a correspond-
ing optimality of # = 2=2 in our result. Moreover, let us remark that the (nonnegative) right-hand side
of (63) is obtained as the divergence of a suitable modification of a specific vector filed with nonnegative
divergence (see (64)), in the limit of a vanishing neighbourhood of the critical set. The crucial point in
the construction is to maintain the divergence of the modified vector field nonnegative. It would be in-
teresting to see whether a similar construction can be performed for other families of metrics, including
special solutions as rigid case.

A straightforward application of the monotonicity of Fj3 is comparing F(1) with Fj(+00), in turn
yielding a “capacitary version” of the Riemannian-Penrose inequality (Theorem 1.1 below). The capac-
ity comes naturally into play when computing Fj3(1) and Fjg(400), the latter value via the asymptotic
expansions of the metric and of the potential. We recall that the capacity Cap(9M, go) of M is defined
as

1
Cap(OM, go) := =25 inf { / |Dg0v|§0 dptg, : v € Lip; (M), v>0,v=0o0n oM, v— 1atoo} .
M

Throughout the paper, we will use the short-hand notation C for the capacity. Comparing (6) with
either (9) or (10), it is straightforward, in the case of the Schwarzschild solution, that mapym = C. For a
general sub—static harmonic triple, the following inequality holds.

Theorem 1.1 (Capacitary Riemannian Penrose Inequality). Let (M, go,u) be a sub—static harmonic triple
with associated capacity C and suppose that OM is connected. Then

1 lom]
> L .
€23 ( S"—1|> @

Moreover, the equality in (7) holds if and only if (M, go) is isometric to the Schwarzschild manifold with mapy =
C.

Whereas the above inequality has been obtained as a consequence of the monotonicity of F, at
every fixed 8 > =2, we remark that one could possibly push the above described analysis one step
forward, at the same time exploiting the full power of the optimality threshold. Indeed, we believe that
considering p~harmonic functions defined at the exterior of a bounded domain Q lying in M, it may
be possible to derive, as done in [1] for the Euclidean case and in the simultaneous limit as 8 | Z—j




and p | 1, a Minkowski-like inequality for S} (see [21] for a Minkowski-like inequality in the static,
asymptotically flat case and [5] for the nonnegative Ricci case).

Concerning the treatment of general sub-static metrics and the derivation of related geometric in-
equalities, besides the already cited [7] we also would like to mention [19], where an integral formula is
obtained and applied to prove Hentze—Karcher-type inequalities. For the case of asymptotically hyper-
bolic sub—static manifolds (specifically, for adS-Reissner-Nordstrom manifolds), we refer the interested
reader to [13] and [27].

We remark that our results are not based on the Positive Mass Theorem. By contrast, we observe
that using this celebrated result, more precisely a consequence of it contained in [17, Theorem 1.5], one
can prove the following uniqueness statement. We refer the reader to Definition 1.1 for the notation and
terminology.

Theorem 1.2 (Uniqueness Theorem for sub-static harmonic triples). Let (M, go, u) be a sub—static harmonic
triple with associated capacity C. Suppose that there is a chart at infinity such that

Rg, = O(|z[7), ®)
for some g > n. Then (M, go) is the Schwarzschild manifold with associated ADM mass given by C.

It remains an open question to see whether it is possible to remove the assumption on the decay of
Rg, and get the same conclusion.

The paper is organised as follows. In Section 2, we recall and discuss some preparatory material,
namely the asymptotic expansions of the metric and of the potential, and classical measure properties
of the critical set of the potential, with a close look on related integral quantities. In Section 3, we prove
the Monotonicity and Outer Rigidity Theorem 3.1, and the consequent Capacitary Riemannian Penrose
Inequality contained in Theorem 1.1. To do this, we use from Section 4 some corresponding results
obtained in a suitable conformally-related setting. The biggest technical effort is contained in such
section. In the Appendix we also provide an alternative proof of the monotonicity of our monotone
quantities. Finally, Section 5 is devoted to the proof of Theorem 1.2.

2 Preliminaries

Let (M, go,u) be a sub-static harmonic triple. We observe, as a first consequence of system (1), that
the scalar curvature R,, is nonnegative. Since u satisfies the last three conditions of system (1), by the
Maximum Principle we have

M=M\0M={0<u<1}.

Also, by the forth condition in (1), each level set of u is compact. Moreover, from the Hopf Lemma, it
follows that |Dgy,ulg, > 0 on M. In particular, zero is a regular value of u. Furthermore, from the first
two conditions in (1) restricted to OM it is easy to deduce that Dfmu = 0 on OM. In turn, the function
|Dg,ulg, attains a positive constant value on each connected component of M, and the boundary oM
is a totally geodesic hypersurface in M.

We now deal with the asymptotic behaviour of the potential u at co. By Theorem 2.2 below, this is
given by:

u=1 +oy(|z[*™) as |z| = 400, )

"l

being

1
C= CEDREE / IDgoulgydog, - (10)
oM



Here, o4, is the canonical measure on the boundary M seen as a Riemannian submanifold of (1, go),
and we have used the standard notation o2, which means that, in any chart at infinity ¢, denoted by u
the function v o ¢»~1, the following conditions hold true.

u=1-Clz|>™ + o(|z|*™™), (11)
ot = (n—2)Clz| " z* + o(|z|*™™), (12)
0;0;u=—-(n—-2)C |x|_"_2(n tad — |x|25ij) + o(|z|™"). (13)

Let us remark that we can always suppose, without loss of generality, that the considered chart at infinity
admits a diffeomorphic extension to the closure of the coordinate domain. We will make this implicit
assumption throughout the paper, so that 9K (see Definition 1.1) is a connected hypersurface of M and
the quantities related to the metric can be pushed—forward in R" outside an open ball and be smooth
here. We also observe that formula (10) is nothing but an equivalent characterisation of the capacity of
oM.

2.1 Asymptotic expansions

Let (IV, h) be a smooth, connected, noncompact, complete, asymptotically flat, n—-dimensional Rieman-
nian manifold, with n > 3, with one end and with nonempty smooth compact boundary 9N. We adopt
the following notation.

* B and Bp a generic open ball and the open ball of radius R > 0 centred in the origin of (R",d,),
respectively;

| - | the euclidean norm of R";

e |S"~1| the hypersurface area of the unit sphere inside R" with the canonical metric;

* D, and A, the Levi-Civita connection and the Laplace operator of (R", gr~ ), respectively;
e Dj, and A, the Levi-Civita connection and the Laplace operator of (N, h), respectively;

* o, the canonical measure on a Riemannian submanifold of (R, gg~ );

* o}, the canonical measure on a Riemannian submanifold of (N, h);

* |- | the norm induced by gg~ on the tangent spaces to the manifold R";

* |- | the norm induced by % on the tangent spaces to the manifold V.

e If 4 is a chart at infinity of (IV, h) according to Definition 1.1, we denote by h the push—forward
metric ¢, h of h by 1, having coordinate expression E”(:v) dx' ® da?. In this context, D; and A;
denote the Levi-Civita connection and the Laplace operator of h, respectively, while o is the
canonical measure on a Riemannian submanifold of (R" \ B, h) and | - |; is the norm induced by
h on the tangent spaces. Moreover, Ric; and R; are the Ricci tensor and the scalar curvature of h,

respectively.
Proposition 2.1. Let ¢ be a chart at infinity of N (according to Definition 1.1). The decays
B — § = Oy(|z|77), (14)
(Rmg, )i = O(Ja|~72), (15)
(Ricj)ij = O(ja|~#*2)) (16)
Ry, = O(la|~"*2), (17)



hold true for some p > "7_2 Moreover,
Wi —vil = O(lz| ), (18)
doj = (1 +O(|z|"?) do. , (19)

where v, is the co—pointing unit normal with respect to the Euclidean metric and o. the associated canonical

measure on OB, while vj is the oo—pointing unit normal with respect to h and oy, the associated canonical
measure on OBg .

Proof. From hi*hy,; = 4! it is easy to get
6iﬁk'l _ _}L'kr ?Lls aiﬁrs
8,01 = hF R B (9;hap) (9jhrs) + BB RRT (Biha) (Dihrs) — R*T B 9;05hys -

These formulae coupled with (2), (3) and (4) give (14). Decay (15) is another direct consequence of
Definition 1.1, keeping in mind that

(ng)ﬁjk = @Fé‘k — ;T + F;‘kl—‘ﬁs - karés )
REL - -
Ffj = 7[&;}”]' + 8jhli - 6lhij} . (20)
Decays (16)—(17) are obtained by contractions of the Riemannian tensor. Now, observe that

74§ i O
h' x BT

~ )
\/ Bk gl ok

Vﬁ:

and that

zt hid g

IR Bk plpk

<CY |5 — B+
J

Vil =

= |(6% fﬁij)xij 47 R S
Ny lz| kgl ok
‘ (}Nllk _ 5lk) 2k ’
V hikglgk (\/E”“a:lxk + \m|) -

(eAY)

Observe also that N o o
hz] (ZII)’UZ'U] Z C*lvl,l]]aij , (22)

for some C' > 0, for any z € R™\ B. Since trivially |z*z!| < |z|?, from (21) and (22), coupled with (14), we
get decay (18). Concerning decay (19), recall first that, using a coordinate chart (y!,...,y""!) on 9Bg,

we have that doj, = Vdet hOBr dyl ... dyn~! with h9Br = ngg’* dy® ® dy®, where ﬁigR = 71( 2 25).

By dyP
Now, using the specific local parametrization z = z(y!,...,y" ') of dBg, given by the inverse of stere-
ographic projection from its north pole with the diffeomorphism p € S"~!' — Rp € dBpg, we have
that

Mo 50 @) = Fis(el) 5 ) 55 0)
- ozt Ox 4R? —p
(s (&) % 015) 5,5 0) 5.56) = gy (B + ORTD))



because

4R?

i _ AR
e (ly2+1)?

O(R™?).

~ ox? aJ
| (s e w) = 0) 5.5 a; \_Zm ) =i | s 5y

Hence, on 90Bg,

2R \n-1 e .
do; = (W) Vet (5as + O(RP)) dy' ...dy" " = (1+ O(R™7))do.,

where in the last identity we have used the Leibniz formula for the determinant and Taylor-expanded
the square root. O

The following result is well-known. For completeness, we provide the statement, along with its
proof, which is an extension of [20, Lemma A.2.] to every n > 3.

Theorem 2.2. Let (N, h) be a smooth, connected, noncompact, complete, asymptotically flat, n—dimensional
Riemannian manifold, with n > 3, with one end, and with nonempty smooth compact boundary ON. If v €
C>(N) is the solution to

App=0 inN,
v=1 on ON |
v—0 at co.
then ¢ )
_ 2—n . .
U_W—’_OQUZ.' ) as |£C‘ — 00, with C = W/|Dh’l}|hd0’h. (23)
ON

We remark that the asymptotic behaviour of the potential u at oo, given by formula (9), is a simply
consequence of the above theorem observing that u = 1 — v when (N, h) = (M, go).

Proof. Step 1: Construction of a barrier function. Let ¢ be a chart at infinity for N. From now on by C we
will denote some positive constant, which may change from line to line. By Definition 1.1, there exist
p> (n—2)/2and R; > 1 such that

R"\ Bp, CR"\ B
|hij — 655 < Cla| 7P, |Oxhij| < Clz|~ @+ |0k Oyhi;| < Clz| =P+ (24)

for every x € R™\ Bg,. By (14), the same conditions as in (24) are satisfied by hd () forall z € R™\ Bg, .
Then, for every f € C*°(R" \ Bg, ), writing

A;lf = 5”8,8Jf+a”8ﬁjf+b78]f , (25)

where )
o =R 59, W= T = LR 0T — TR O,

we have that - _ 4
0¥ < Cla| 77, 7] < Claf P+, || < Cla| =P +2) (26)

in R™\ Bpg,. Forafixed 0 < € < p and for a > 0 to be chosen later, consider the function

1 1
ba =a <$|n—2 - |x|n—2+s> :




By direct computation one can check that

_9 _9 ,
8j¢a: —a (n - +€>xja

[ ||+

nn—2) m+4+e)(n—2+¢)

0i0;0q = a [ P — PEE== 1)

jzr Tz [T

iq [n—2 n—2+¢

and in turn that
|0;da| < aC’|x\1_” and |0;0i¢q| < aClx|™".

Therefore, by (25) and (26), we obtain that
Ajba=a[ ~ (n—2+e)elal = 4+ O(z| )]
and hence there exists R, > R; independent of a such that A; ¢, < 0in R" \ Bg,, for every a > 0. We

1 _
now choose a > 0 so that ¢, = 1 on 0Bp,, thatis a = [? - ﬁ} . Since ¢, is h-superharmonic

in R" \ Bg, and since ¥ := v o1)~! < 1 on dBpg,, by the Maximum Principle
v<¢, in R"\Bpg,. (27)

Step 2: Asymptotic expansion of v. Note that from (27) one gets in particular that v < Clz|*>~". We now

apply Shauder’s Interior estimates ([12, Lemma 6.20]) to A; v = 0 in R™ \ Bg,, where the operator A;
is defined as in (25) and its coefficients satisfy the estimates in (26). Recalling that the Holder norms are
weighted by the (Euclidean) distance d.( -, 0Bg,) from 0Bp, and since d.(z, 0Bg,) ~ |z| when |z| >> 1,
from such estimates we get

0;v(x)| < Clz|'" |0;0,v(x)| < Clz|™" (28)
j

in R™\ Bg, (up to abigger Ry). Combining (26) and (28), the equation A;v = 0 can be equivalent written
as A.v = f where

|f(z)] < Clz|~" P (29)

We consider a smooth extension of v on R", still denoted by v, which is zero in a ball centred in the
origin, and the smooth extension of f given by A.v, still denoted by f. By a classical representation
formula and due to (29), the function

1 f(y)
_— d
w(z) n(n —2)wy / |z — y|n—2 v
RTI,
is well-defined and fulfils A,w = f on R™. Now, one can rewrite w in R™ \ {O} as
1 1 1 1
S d d
W) = s [0+ s [ Wy
R» R™\B s (0)
1 fy) 1 / fy)
S — dy — Sy
n(n — 2)w, / |x — y|n—2 4 n(n — 2)wy, |x — y|n—2 4

Bla @ R"\(B%(J)UB%(O))

T nln = 2w, - d
n(n — 2)w, / [|xy|n2 |x”2] fy)dy,
B%(O)



and show that each summand can be bounded by C|z|~("=2%7), where v = min{1, p} if p # 1 and
v € (1/2,1) if p = 1, except the first one. Therefore, we have that

w(z) = “n(n _12)wn MLQ /f(y) dy + (), |2()| < Cla| =72,
R”'L

in R™\{O}. Since the function v —w is harmonic and bounded on R", then it is constant and this constant
is zero, using the fact that v — w — 0 for |z| — co. Hence

U= 76 + z(x) (30)

‘xln—Q

in R™\ Bg,. We observe that

. c ; by 1 i
Aﬁz:Aﬁ<v—W>= (o 0001 |n 5 Ok ;) = —C2,

and that
|2(@)] < Cla| ="+ [0k 2(2)| < Cla| =71
Therefore, applying Shauder’s Interior estimates to A; z = —CZ in R" \ Bg,, we get
()| < Claf =724 |0i2()| < Cla| =71 10:02(x)| < Clar| ") (31)

in R™ \ Bg, (up to a bigger R,). From (30) and (31) we obtain in particular (23).

Step 3: Characterization of C. First of all we remark that 0 < v < 1on N, v : N — (0, 1] is proper, and, from
the Hopf Lemma, |Dpv|, > 0 on ON. In particular, 1 is a regular value of v. Let K be the compact set on
the complement of which the chart ¢ is defined. For every R > Ry, applying the Divergence Theorem
to the function v on K U {|¢)| < R} we obtain that

0= / Apv dup, = / h(Dh’U, I/h) dop + / h(th, l/h) doy, ,
KU{[s|<R} ON {l¥|=R}

where v, is the outward unit normal vector field with respect to h along ON and {|| = R}. Then, it
follows that

/|th|hdah: /h(th,Vh)doh S / h(Dyv, vp) do, = — / h(D T, v+ )dah,
ON ON {|¢|=R} 8Bn

where 7 = v o ¢y~ Now, thanks to (2), (14), (18) and (19), which are true for v too, and also by
identity (30) and the second in (31), and keeping in mind that |9;0| < C|z|'~", we have that

[ R(Dsvvi)doy = [ gan (D) o+ O(R)

= /gR" <D€<C|w2_n+ ) | >da€+0( )
8Br

_ /gR,L (De(qxzn) |> doe +O(R™)
8BR

= —C(n—2)[S" |+ O(R™).



Hence

— 00

/ |Dh’U|h dO’h = — E}lm / E(D}Nbﬁ, Vﬁ) dO'}NL = C(n - 2)|Sn71‘ .
ON OBRr

2.2 Measure of and integration on the level sets of the potential

Let (NV,h) and ¢ : § < N be respectively a m-dimensional Riemannian manifold and a s-dimensional
Riemannian submanifold of N. Let k be a positive real number. We set

B(S) the smallest o—algebra containing all open sets of S;

(S, A(S), p,»1,) the canonical space of measure on the Riemannian manifold (S, ¢*h) (see [14, Sec-
tion 3.4));

H§ the k—dimensional Hausdorff measure on (5, ds), being dg the distance function of \S;

Hg ~ the k—dimensional Hausdorff measure on (5, ds,n) where dg. y is the distance function of N
restricted to S x S;

H%, L S the k—~dimensional Hausdorff measure of N restricted to S.

By definition of the Hausdorff measure and by [26, Proposition 12.7], 1%, H; LS and HY coincide
on B(S), and by [26, Proposition 12.6] and by [25, Proposition 2.17], #g and p,+, coincide on A(S). The
same results still hold when N is a manifold with boundary.

For the ease of the reader, we collect in the next theorem some results about the measure of the level
sets of the potential u and
Crit(u) = {|D90u|go = 0}7

which are well-known in the Euclidean setting (see, e.g., [15, 16]).
Theorem 2.3. Let (M, gy, ) be a sub—static harmonic triple. Then the following statements hold true.
(7) Foreveryt € [0,1), the level set {u = t} is compact and has finite (n — 1)—Hausdorff measure in M;
(#4) Crit(u) is a compact subset of M and its Hausdorff dimension in M is less than or equal to (n — 2);

(7it) The set of the critical values of u has zero Lebesque measure, and for every t € [0, 1) reqular value of u there
exists e, > 0 such that (t — e, t + €;) N[0, 1) does not contain any critical value of u.

Proof. Each level set of u is compact, due to the forth condition in (1), while the compactness of Crit(u)
follows by (12). Now, consider the nontrivial case where Crit(u) # @ and let p be a point of a critical
level set {u = t}. Take a chart (U,,,) centred at the point p with ,,(U,) = Bj. Setting go = (¢p)«g0 =
go:ijdz’ @ dx?, there exists C' > 0 such that

C_lvivj(sij < 90sij (w)vivj < C’vivj&j, (32)

for each (v',...,v") € R" and for each x € Bié The same condition is satisfied by the coefficients g’
In particular, setting & = u 0 ¢!, we have that

{IDg,ulg, = 0} N By = {|Dctule =0} N By .

10



We observe that Az v = a,;0;0;v + b;0;v = 0 is an elliptic partial differential equation with coefficient
C> in B1. We recall that if v is a C"**—solution of the above equation and if v vanishes to infinite order
at a point xy € B%, ie., forevery k >0

then v is identically zero in By (see [11, Theorem 1.2]). Applying this fact to u — ¢, one can argue that
u — t has finite order of vanishing at O. Then, by using [16, Theorem 1.7], there exists 0 < p < % such
that

H ' (B,n{u=t}) <oo.

Since u is nonconstant in B and by the structure and regularity of Ag,, [15, Theorem 1.1] yields
H" (B, N {|Dcile = 0}) < 00
Hence, since the restriction of ¢, to ¢, ' (B ) is bilipschitz due to (32) and since the measures # 1’2,1 (B12)
P 1/2
and H4; L ¢, *(By2) coincide on borel sets, statements (i) and (i) are true locally. In turn, by compact-
ness of {u = t} and Crit(u), they are true globally. To prove (iii), observe that by Sard’s Theorem, the set
of the critical values of u has zero Lebesgue measure. Now, suppose by contradiction that there exists
t € [0,1) regular value such that, for all m > mwith £ < 1—7, theinterval (f— L, 7+-1)N[0,1) contains
critical values. Hence there is a sequence {t,, } > of critical values such that ¢,, — ¢. In particular, there
exists a sequence {p,, }m>m Of critical points contained in the set {0 < u < ¢+ %} and such that u(p,,) =
tm. Then, by compactness and up to a subsequence, p,, — p. In turn, 0 = Dy u|g (Pm) — |Dgoulg, (D)
and t,,, = u(pm) — u(p). Hence |Dgy ulq, (p) = 0 and u(p) = ¢, which is absurd. This concludes the proof
of (7). O
Remark 2.1. It is useful to observe that:
(i) for everyt € (0,1), the set {u > t} is connected;
(ii) for every t ~ 1, the level set {u = t} is reqular and diffeomorphic to S*~*;
(iii) Foreveryt € (0,1), {u>t} ={u>t}and {0 <u <t} ={0 <u <t}

We check (1) first. We start by observing that due to (9) [Dg,ulg, 7# 0in {u > t¢}, for some 0 < ¢¢ < 1.
This fact establishes a diffemorphism between {u > #o} and {u = ¢y} X [to, 1) and tells us at the same
time that the level sets {u = t} are pairwise diffeomorphic, for every ¢ > t,. It is thus sufficient to show
that {u = t¢} is connected. Suppose by contradiction that this is not the case. Without loss of generality
we can assume that {u = t(} can be decomposed into the disjoint union of two connected sets C; and
(5, indeed the same argument works a fortiori if the connected components are more than two. Now,
note that by definition of asymptotically flat manifold, there exists a compact set K ¢ M such that M\ K
is diffeomorphic to R™ \ B by a chart at infinity ¢, where B is a suitable ball, and we can suppose, up
to a bigger to, that {u > to} C M \ K. Now, in view of the asymptotic expansion of u, there exist two
positive constants A < B such that

In particular, setting Ry = [B/(1 — t5)]'/("~2), we have that

{|z| > Ro} C {u>to} ~ {C1 x [to,1)} U{Cs x [to,1)}.
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At the same time, we have that {|z| > Ry} is connected and each C; x [to, 1) is a closed set of M, so that
indeed {|z| > Ry} C C; x [to,1), for some i € {1, 2}.Therefore, we have that
{Cl X [to,l)} (] {CQ X [to,].)} = {u > to} - M\f{
[(M\ K) N {lz] < Ro}] U [(M\ K) N {|z| > Ro}]
[(M\ K)Nn{|z| < Ro}] U{C; x [to, 1)},

N

which gives the contradiction that the noncompact set {C; x [to, 1)}, where j € {1,2} \ {i}, is contained
into the compact one (M \ K) N {|z| < Ro}. Therefore, {u = o} is connected. Now, setting & := uoy~?,
we have that, up to a bigger t, and due to (13), the set {w = ¢ } is a compact and connected hypersurface
of R" having strictly positive sectional curvature, as a Riemannian submanifold of (R", gr~). Hence,
{u = to} is diffeomorphic to S"~! by the Gauss map (see [10, Section 5.B] for more details). Statement
(i3) thus follows, being {u = to} and {u = ¢¢} diffeomorphic.

To see (i), observe first that if ¢ is a regular value of u, then E;, := {u > t} is a n—dimensional
submanifold with boundary {v = t}. By Theorem 2.3 and by the Maximum Principle, every connected
component C of E; is unbounded. Since v — 1 at oo, we have that «(C) = [t,1), and hence C N {u =
to} # O, for every ty € (t,1). Then, E; is connected by (i7). If ¢ is a critical value of u, we lett > ¢t be a
regular value of u such that {u = ¢} is connected and let {t,,} be a nondecreasing sequence of regular
value of u such that ¢,, < t and t,, — t. Hence, { {tm < u < t} }m cn 1S @ nonincreasing family of
connected and compact sets in M, which is Hausdorff, and in turn the intersection {t < u < ¢} is still
connected. In particular, we deduce that E; = {t < u <t} U {u > t} is connected.

To check (7ii), note first that for every ¢ € (0, 1) regular value of v, the equalities are always true. If
t € (0,1) is a critical value of u, by Theorem 2.3 and by the Maximum Principle the interior of {0 < v < ¢}
and the interior of {u > t} are both disjoint from {u = t}, so that (4i7) is still true.

Let (M, go,u) be a sub-static harmonic triple, and let ¢ € [0,1) be a real number. We consider the
spaces of measure

({u =t} B({u=1}), 1o L {u = t}) and (s = {u =t} \ Crit(w), A(S), 0gy = fis-go ) .
Let f : S — R be a continuous and consider the zero—extension f of f defined on {u = t} as

e f(p) ifpes,
fp) = {0 if p € {u =t} N Crit(u).

By Theorem 2.3 and by definition of the Lebesgue integral, we have that f € L! (M L {u = t}) iff
f € L' oy)and
/ FAE L (u = 1}) = /fdago. (33)
{u=t} S
Similarly, if f : {u = t} — Ris a continuous function, then f € L*(H}; 'L {u = t}) iff f|s € L'(0,,) and

[ st =)= [ fisdo,, &
{u=t} S

In the rest of this paper, we will confuse the integrals of cases (33) and (34), denoting both by [ fdoy,.
{u=t}
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3 Monotonicity and Outer Rigidity Theorem

In this section, we state and prove our Monotonicity and Outer Rigidity Theorem, which is then used
to prove the Capacitary Riemannian Penrose Inequality (7). From now on and unless otherwise stated,
(M, go, w) will always be a sub—static harmonic triple, and, when referring to such triple, the subscript go will be
dropped. The only exception is |S" 1|, which always stands for the Euclidean volume of S"~1.

Theorem 3.1 (Monotonicity and Outer Rigidity Theorem). Let (M, go,u) be a sub—static harmonic triple,
and let Fg : 7 € [1,4+00) — [0, +00) be the function defined by

Fa(r) = (14 1) 55 / Dul*+ do | (35)
=

for every 5 > 0. Then, the following properties hold true.

n—2

(i) Differentiability, Monotonicity and Outer Rigidity: for every 3 > =7, the function Fg is continuously
differentiable with nonpositive derivative in (1,+00). Moreover, if there exists 7o € (1,+00) such that
Fi(ro) = 0 for some g > n=2 then, setting to = \/:33, the Riemannian submanifold {u > to} is
isometric to

dr ® dr 9

([TOHFOO) XSnflaWJrT gS"fl) . ro=[C(1+ ).

(ii) Convexity: for every 3 > =2 the function Fg is convex on [1,00).

We remark that the functions Fg are well—defined, in view of Theorem 2.3 and since the integrand
function in (35) is bounded on every level set of u. Note that, from Theorem 3.1 and by a simple argu-
ment based on the Dominated Convergence Theorem, the monotonicity and the convexity of F3 extend

to the case 3 = 2=2 . Moreover, on the values 7 such that {u = :—j&} is regular and thus ona.e. 7 > 1

due to Theorem 2.3 (iii), the function Fj is twice differentiable for each 5 > Z%%, with first and second
derivative given by

R Gt / o[ n—1 2
Fyr) = =6~ = Dul’ |H — 2 = Dul|dor. (36)
{ue=vi }

Fi(r) =ﬁW{(5— I L LR e

71 n—1 n—2 1
{u=vt }
+5 / IDul?~% | DT |Du| [*do + / Dyl [|h\2 - % |H|2] do
{u=vE1} {u=vE1}
1 )

+ / |Du|f~1
fumVEE)

In the computation, we have used the first normal variation of the volume and the mean curvature of
{u = t}, and the Divergence Theorem. The symbols H and h stand respectively for the mean curvature

and the second fundamental form of the smooth (n — 1)-dimensional submanifold {u = /I }, with
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respect to the co-pointing unit normal vector field v = %. Also, DT denotes the tangential part of the

gradient, that is
D'f=Df - go(Df,v)v,
for every f € C1(M).

To prove Theorem 3.1, we use the results of Section 4, which are obtained in the conformal setting
defined by

1—|—u). 37)

— (1 -2 :1(
g=(1-u")""2go, p=log{—

Denoting by V and A, the Levi-Civita connection and the Laplace-Beltrami operator of g, the triple
(M, g, p) satisfies the following system.

1 1 .
. 2 2 .
Ricy — coth(yp) V g0+md<p®dcpfm|V<p|g g >0 in M,
Agp =0 in M, (38)
p=0 on OM,

@ — 400 atoo.
Moreover, we have that
\V(p@ =4 |Dul?(1 - ug)fzg — (2€) " *(n—2)* at o, (%)
as we will see in the proof of Lemma 4.1.

Remark 3.1. Since Crit(y) = Crit(u) = {|V¢|, = 0} by the equality in (x) and since {¢ = s} = {u =
tanh ()} by (37), using Theorem 2.3 and Remark 2.1 we deduce that: Crit(y) has zero y—measure and
zero (n — 1)-Hausdorff measure in (M, g); the level sets of ¢ have finite (n — 1)-Hausdorff measure in (M, g)
and in particular the smooth (n — 1)—dimensional submanifolds {¢ = s} \ Crit(p) have finite g—area, i.e., finite
o g—measure. Moreover, {¢ > s} is connected for every s > 0 and there exists sg > 0 such that {p = s} is reqular
and diffeomorphic to S"~1, for every s > sq. Similar comments as those at the end of Subsection 2.2 can be made,
regarding the relation between integration and Crit(¢p).

Let @3 : [0,00) — R be the function defined by formula

Byo) = [ IVelstido,
{p=s}

for every 8 > 0. For the convenience of the reader, we anticipate from Section 4 the properties of ¢4 that
we are going to use.

(o) For every 8 > 0, the function ®(s) is continuous in [0, +00).

(¢) Forevery 3 > 2=2, the function ® is continuously differentiable in (0, +00). The derivative Pl is

nonpositive, satisfies for every S > s > 0

Pu(S)  Py(s)
sinh(.9) - sinh(s) =0, (39)
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and admits for every s > 0 the integral representation

Vel 2 [ (3 - 2) W1Vl | + 9% + Qv 79)|

®j3(s) = —f3 sinh(s) / dpg <0,

sinh ¢
{¢>s}
where @ is defined in (56).
(0©) If there exists s9 > 0 such that ®}(sg) = 0 for some 8 > 222 then {¢ = so} is connected and

({¢ > so},g) is isometric to ([0,+00) x {¢ = so},dp ® dp + gip—s,}), Where p is the g—distance
function to {¢ = sp} and ¢ is an affine function of p in {¢ > so}. If &g is constant for some
B > 2=2 then OM is connected and (MM, g) is isometric to ([0, +00) x OM,dp @ dp + ganr), where p
is the g—distance function to M and ¢ is an affine function of p.

In the above list we have gathered and summarised the results contained in Lemma 4.5, Proposition 4.6,
and Corollary 4.7.

Proof of Theorem 3.1. Step 1: Differentiability, Monotonicity and Convexity. For every § > 0 and for all 7 €
[1,4+00), we note that

Consequently, by (o), we deduce that for every 5 > 0 the function Fg is continuous in [1,+00). By (¢) and
by (40), we obtain immediately that for every 3 > 2=2 the function Fj is continuously differentiable in
(1, 400), with

41 g (1 (\/T+1+\/T—1>>
B og .

N (41)

In particular, from (o) we get F); < 0. As for the convexity, noticing that

\/721sinh<log< U T_1>>

, B 1 , VT+H1+v/7-1
Fa(r) =2 1(I)B<10g(\/7T—\/7T1>>'

Vrrl-vr—1

VTEI+VT—1
VrAl—Vi—1
in (1, 4+00). Therefore also by the continuity of Fj at 1, Fg is convex in [1, 4+00).

Step 2: Outer Rigidity. Let us assume that there exists 7 € (1, 00) such that F3(7) = 0 for some 3 >

Z—j. Then, by equality (41), ®};(s0) = 0 for 59 = log ( \/77”:;’1}:/7 VTE:} ), and hence, by (¢©), ({¢ > so},9)

is isometric to ([0, +00) X {¢ = so},dp ® dp + gp=s,}), Where p is the g-distance function to {¢ = so}

and that the function log ( ) is nondecreasing, from (39) we obtain that F; is nondecreasing

and ¢ = (n — 2) (2C)~ 72 p + so, because |Vply = 1 and in view of the limit in (x). Setting o = tanh %2,
consider N the submanifold with boundary {¢ > so} = {u > t¢}. Writing

N [0, 4+00) X ON [s0, +00) X ON [to,1) X ON
n—1 2
do @ dyp 227=3 Cn—2
g dp ® dp + gan + gon du @ du + gan
(n—2)2(20) "= (n—2)2(1—u?)?
p = () = (p=(m-2)(20)72pq) (u:tanh g,q),
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the Riemannian manifolds in the first row, whose metrics are indicated in the second row, are pairwise
isometric through the applications written in the third row. We recall that the application p — (p,q)
in the third row is the inverse of the diffeomorphism given by the normal exponential map, i.e., the
application which associates to every point p of IV the couple having as first coordinate the g—distance
of p from ON and as second coordinate the point ¢ of N that realizes such distance. Then, in view
of (37) and with the same notation as above, the following Riemannian manifolds are isometric.

N [to, 1) x ON [7“0,+OO) X ON
9275 onts 2 dr ® dr >
du®d 1—u?) " n2g, ———— +(2C) 2 y?
7 (n—2)2(1 —u2)?5= @ du (1 =) "= gon T—acrz T (20 T rgen
2C \w2
=(——= 42
p = (49 = (T ( 3 ) ,q> , (42)
where ro = (%) = Doing some computations, we obtain that
0
2 e 1-2Cr%" 2 —2n
\Rm| (p) = (26’)7172 r (p) ngaN + ﬁga]\/ @gaN g (q) +cr (p) s (43)
n— n— ON

where the convection followed for the Riemannian curvature tensor is that given in [23], c is a suitable
positive constant and ¢ is the point of ON that realizes the g-distance of p from ON. Denoting by O the
diffeomorphism from N to [rg, +00) x ON introduced in (42), for every ¢o € ON we consider the curve

v :r € [rg,+00) = 6’1(r,q0) eM

and observe from (43) that

__4 r oo 20 7ﬁ 2
20w R (1)) 222 [Rumg + L g0 0 o | (an). (44)
ON
At the same time, we have that
r Rm|? (v(r)) 22522 0. (45)

This is because gy is asymptotically flat according to Definition 1.1 and by (11), which yields in particular

|Rm| = O(|z|~P*2) and T lelzoo, 1,

||

for some p > 2>2. Combining (44) and (45), the arbitrariness of the point g, in N gives that

(2¢) 7>
2

Rmg,, = — gon O gon -

Hence the sectional curvature of the Riemannian manifold (ON, gan) is constant and identically equal
to (2C )*%. Then, being all the level sets {u = t} with ¢ ~ 1 regular and diffeomorphic to S~ ! as
observed in Remark 2.1, for [10, Section 3.F] (ON, gon) and (S"~1, (2C )% gsn—1) are isometric. Then,
({u > to}, go) is isometric to the submanifold ( [ro, +00) x S"~1, 24 _ 4240, 1) of the Schwarzschild

»T-2Cr2—n
manifold with associated ADM mass given by C. ' O
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Proof of Theorem 1.1. Spep 1: Inequality. By Theorem 3.1, we have that Fjs(79) > lim,_, 1« Fjs(7), for every
7o > 1. In particular, since Fj is continuous in [1, +00) due to the step 1 of Theorem 3.1, we have that

Fﬁ(1)> lim Fg(’]’), (46)

T T+

for every 3 > % Since D?u = 0 on M and since M of M is connected, |Du| is constantly equal to
% , by formula (10). In particular, we have that
2B 7= (n — 2)B+1 cB+1 |Sn—1|B+1

By (%), we know that

D n-—
% 27 (n—2)CT T at oo
(1 —u2)n=2

Therefore, fixed € > 0, there exists 1 < 19 < 400 such that
Du| > (1 —u?)i=2 (2—% (n—2)C 72 — 5)

in {u>,/ :gjr} } and the level sets {u = / :—;i } are regular for all 7 > 7. Therefore, for every 7 > 7
we have that

Fg(r)=(1+ T)ﬁ% / |Du|ﬁJrl do

{ _ /T =1
u=\/ 777
B —1 2 ,3;1 _n—1 __1 B
> (1+7)% 0= (1 —u?)” = (2 "2 (n—-2)CT —5) [Du| do
{uv=vH
_ 98 5= (2 w2 (p —2)C "2 — 5) |Du| do

where in the second equality we have used the Divergence Theorem couple with the fact that « is har-
monic, and in the third equality we have used formula (10). Since ¢ is arbitrary, we get

lim FB(T) > (Tl _ 2)5"1‘1 Cl_"‘%? |Sn—1‘ )

T—+00

In a similar way we can obtain the reverse inequality, so that

lim Fs(r) = (n—2)*1 7= [sn1. (48)

T—+00

Joining the formulas in (46), (47) and (48), we obtain the desired inequality (7).

Step 2: Rigidity. If (M, go) is isometric to the Schwarzschild manifold with ADM mass m > 0, then
the right-hand side and the left-hand side of (7) are both equal to m, by direct computation.
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Suppose now that the equality holds in (7). Then, by Step 1 and for every 8 > 2=2, the function Fj
is constant. In turn, ®g is constant, being

Finally, (¢¢) and the very same argument of the proof of the Outer Rigidity in Theorem 3.1 imply first
that (M, g) is isometric to
([Oa +OO) X aMa dp ® dp + gaM),

where p is the g—distance to OM and ¢ is an affine function of p, and secondly that (M, go) is isometric
to the Schwarzschild manifold with ADM mass C. O

4 Conformal setting

Let us consider the conformal change g of the metric go introduced in (37) which is well-defined being
0 < u < 1in M. The metric g is complete, since any g-geodesic vy parametrized by g-arc length defined
on a bounded interval [0, a) can be extended to a continuous path on [0, a]. Indeed, if y has infinity length
with respect to go, there exists a sequence {¢,, }men such that y(¢,,) — oo (being v not contained in any
compact set) and using, in the computation of g-length of v, the passage from g to gy, the asymptotic
flatness of (M, go) and the asymptotic expansion of v in (11) we obtain that v has infinity length with
respect to g. Hence ~ has finite length with respect to go and, being gy complete, it follows that g is
complete (see [24, Section 1.1] and [9]). We also recall that the metric g is asymptotically cylindrical (see [2,
Section 3.1]). The other main element of the conformal setting is the C*>°—function ¢, defined in (37).
Now, the reverse changes are

4
n—2
gO:(coshg) g, u:tanhg.

Recalling that we denote by the symbols V and A, the Levi-Civita connection and the Laplace—Beltrami
operator of g, by the formulas in [6, Theorem 1.159], we obtain

1 ~ 2,
Du = §<cosh %) Ve, (49)
L1 n sinh £ 1 sinh £
DPu=y5 Vi - 2 dp ® dp + 2 |Vyl?g, 50
2o’ 2" LT3 -2 o 2 TN 2 o’ 2 Velyg (50)
1 — s
Au = 5(cosh %) Ayo, (51)
e =yt (5) 2+ [ (5) 1o
g 2 n—2 2 2 cosh? £

1 [1 1

2 (¥ 2
n—2) gcosh2%+tanh (5)}\Vg0|gg.

Translating system (1) in terms of g and ¢, we get system (38). Moreover, on {¢ = s} \ Crit(p) we
consider the co—pointing normal unit vector fields

Du Vo
V= 1="7> Vg = )
D] 7 Vel
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the mean curvatures

D2u(Du, Du) V2p(V, Vo)
H=-—— = Hy= -~ 20 2P 52
pup Vol 2
and the second fundamental forms
D2y (X,Y 20(X,Y
h(x,v) = 22XV hy(X,Y) = YY)
[Dul IVeelg
for any X, Y tangent vector fields to the considered submanifold.
Reversing formulas (49), (50) and (51), we get
2
VQD - = D'U/7
(=)
2 n 2u 1 2u
2 _ 2 _ 2
Vgp—l_uz[Du+n_21_u2du®du n—21-— 7 Dyl go},
4 16 16 -1 2
VI3 = e 0Pl o D2u(Du, Du) 4 D Ty,
(1—u2)n n—2 (1 - y2) % (n=2)> (4 _ 2)2(5=2)

These equalities, jointly with the asymptotic flatness of (M, go) and the asymptotic expansion of u given
in Section 2, allow us to obtain an upper bound for the functions |V¢|, and |VZ¢|,, and for the g-areas
of the level sets of ¢ sufficiently "close" to infinity. This is the content of the following lemma.

Lemma 4.1. There exists 0 < sq < +oo such that

sup |Vl, + sup|V3¢|, + sup / dog < +00.
M M $>S0

{p=s}

Proof. Let ¢ be a chart at infinity. Considering go = .90 = go.ijdz’ @ da’, by formulas (14) and (12), the
coordinate expression of

4|Dul?
‘V@@ = |7|24
(1 — u2) n—2
is
44),|Dul? 435 0,1 0,1
w*|v¢‘3 = ~|2 27|L;1 = 0 ’ 2(2=1)
(1 —u?)"n=2 {1—[1—Clz|?= + o(|z[2—)]2} " =2
4 [6” + O(\:U|’p)] [(n —2)2C? |z|™ 2t 2l + 0(\x|272”)]
[2C |22~ + 0(|x\27")}2(%)
A —2)2C? x> +o(|z[27)  4(n—2)2C% +0(1)
(20)2 0 g2 (11 0(1))  (20)° 7 (14 0(1)
Hence 5 o
4(n—2 _ 2
Vel2 — 4 =27°C (2€) "2 (n—2)* at co. (53)

(26)2(%)
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Moreover, by limit (53) there exist a constant L > 0 and a value so > 0 of ¢ such that every s > sp is a
regular value of p and (1 — u2)% < L |Du|on {¢ > so}. Then

doy = / (1-u?)i2do<L / |Du|da:L/|Du|da,

{p=s} {u=tanh 5} {u=tanh §}

where in the last equality we have applied the Divergence Theorem. Consequently, we have that

sup [ dog < +oo. Similarly, we have that
8250 {o=s}

. |D2ul? = Gg 25 9% (D2 )i, 5,(D2, W) =G’ 20077 (05, 001 — T 0y, 10) [0, 0,0 —
— [69%26992 + O(|a|?)] [0:,0, — O(|z|~+™)] [aizajzu— O(jz|~P+m)]
= [(n = )(n —2)C)*|2|72" + of || ~>")

O]

9 ji2]2

due to formulas (14), (13) and (74). Moreover,

.D?u(Du, Du) = D2 @(Dy, @, Dg, ) = Gi" 53" 00 0t (805 — TE . 0y7)
—(n—=1) (n—2)> C*a*7>" + o(|z[*7°").
All in all,
4 16n u
. 2 12 . R— D2 2 *D Du.D
Q/J ‘v SD|Q (1 ﬂQ) 2n ’(/} ‘ | + n — 2 (1 . ~2)37£L 22 ’(/} u( U u)
16n(n —1) u?

v, [Dal*

(n—2)? (1 _172)4(2%)
B ~a_yn—1+40(1) 2nu+o(1) 16nu? + o(1)
= (-1 =2 @) { 7o) 11o) ' 1to® }

which gives

V2|2 — (n— 1) (15n — 1) (n — 2)*(2C)" "2  at oo.

In particular, since ¢ is smooth, we have that
sup [Vl + sup [VZp|, < +o00.
M M

O

Remark 4.1. Note thatsup [ doy € (0, +00], since we cannot a priori exclude that there exist a critical
520 {o=s}
value 5 > 0 and a sequence {s,,} C (0, +o0) such that s,, — 5 and
dog — +oo.

{p=5m}

As it will be clear in the proof of the integral identity (63), which is at the core of the conformal-
monotonicity result (Proposition 4.6), it is useful to introduce a suitable vector field with nonnegative
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divergence. To do this, let us focus on the set M \ Crit(p) and notice first that the classical Bochner
formula, applied to the g-harmonic function ¢, becomes

1 ) .
5A9|V¥"§ = ‘VQSD‘E + Ricy(Vp, V) + Q(VAg@aV@) = |V2‘P|52; + RICQ(V%V@)~ (54)
Then, we obtain

. . (B _
2|Vl = div, (VIV} = div, (51015 72V |Vel2)

g - _
= 5971Vl 2 VIV ) + Vel 28, Vel

2
= B196l] 72 (8=2) [VIVely | +IV2]; + Ricy(Ve. Vo) (55)
where in the third equality we have used (54). Now, observe from the nonnegativity of the tensor
1 1
— Rj 2 2
@ = Ricy — coth(p) V <p+md<p®dg07 m|V<p|g g (56)
(see (38)) that
Q(Vip, V) = Ricy(Vip, Vip) — coth(p) V2p(Vip, Vip) 2 0. (57)

Therefore, by adding and subtracting the term  |V| g =2 coth(p) V2p(Vy, Vo) on the right-hand side
of (55), we get

Ag| V|2 — BIVe|2 coth(p) V2p(Ve, Vi)

2
= BIVel; ™| (8- 2)|VIVely | +IV%l; +Q(Ve, Vi) | (58)

Since
BVl coth(p) VZp(Ve, Vi) = coth(p) g(V|Vel2, Vi)

and since, setting

VIVelg
Yo = sinhg (59)
there holds Vol?
) Ag[Vely  cosho P
divy Yy = sinh ¢ B sinh? %) g(V|V<p|g,V<p) ’
from (58) we get
2
sinh(p) div Y = 8|Vl | (8~ 2| VIVeely | +IV%l} + (Ve V) |

Note that, by the refined Kato inequality for harmonic function

19Vl || < IV (60)

n — 1 90 g g — 90 g
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we have that

2
(8 =2)|VIVels | +1V%l; + Q(Ve, Vo)

(o= 2=

n
- IV2el2 — m!VIWIg ‘

| +0(ve, ve) > 0, (61)
g

whenever 5 > Z—:f Hence, div,y Y > 0 for every § > Z—:? This fact will be heavily used in the proof

of the forthcoming results. It will also be useful to have a precise estimate of [ | V|V, |g dog in
{IVelg=d}

terms of a suitable power of §, close to Crit(y), that is when § — 0. This is the content of the following

lemma.

Lemma 4.2. There exists 69 > 0 such that

sup {5_’%11

We recall that the set of the critical values of V|2 has zero Lebesgue measure by Sard’s Theorem,
whereas we have no information regarding the local #—dimension of Crit(|V|?2).

| VIVl |, dog = 0 <8 < dy regular value of [Vl } < 400.

{IVelg=3}

Proof. Applying Sard’s Theorem to the smooth function [V|? there exists £ > 0 such that ¢ is a regular
value of V|2 and

g0 < min{ {mhol} \Vap|§, the limit of |Vg0|3 at oo } ,
o=

where the limit in the previous expression is the (finite and positive) value computed in (53). In particu-
lar, {|V|2 < &0} is compactly contained in M, and for every 0 < § < dy regular value of |Vy|, we have
that

1

IVelg T VIVl |,

6 n-1 / | VIVel, |g dog = / sinh(¢p) Sh(7) o
{IVelg=6} {IVelg=4d}
_ 1
Velg "1 VIVl |,
<c - g-
sinh(p)
{IVelg=d}

Now, consider the smooth vector field

— VIVpl|?

zi=a0"ly, - 1 VIV¥l

n—2 w»-1  sinhep IVl ™
with divyZ > 0. Set
U, = {|V<p|§ < p} forevery pu>0. (62)
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Then, for every 0 < ¢ < & regular value of the function [V¢|2, we apply the Divergence Theorem to the
smooth vector field Z on U,, \ U., and we get

1 |VIVely |, 1 |[VIVelg |,
inh 499 - Sinh = 4%
St g |VQO|g {\thlgzs} ® |VQO|g

- / divyZ dpy > 0.
Uey\U=

{IVelg=eo}

Then, it follows

V|Vl V|Vel?
/ 1 | VIVel; |gd0'g2 / 1 |V wI? Igdag.

sinh ¢ = sinh ¢ W
{IVf2 =0} IVels {IVel2=2} IVels

Therefore, setting

1 VIVl
€1 = / oh | f|gdag>0,
S11. QD n—1
{(IVgl2=0} Vel

we obtain

1 VIVel;
T sinh ¢
{IVeli=e}

s
Consequently, the desired statement follows keeping in mind that: if ¢ is a regular value of |V, then
6 is a regular value of |[Vy|2;in M \ Crit(¢) we have V|Vy|2 = 2|Ve|, V|Vl O

We underline that from now on we will use Remark 3.1 widely.
The following proposition contains the integral identity which is the main tool of our analysis.

Proposition 4.3. Let (M, go, u) be a sub—static harmonic triple, and let g and ¢ be the metric and the function
defined in (37). Then, for every 3 > “=2 and for every S > s > 0 regular values of ¢, it holds

IVol? H, [Vol|? H,
EET TR B
sinh ¢ sinh ¢

{p=s} {p=5}

2
Vel [ (8 -2 VIVely | +1V%l + @V, Vo) |
B / sinh ¢

dhg, (63)
{s<p<S}

where the tensor Q) is defined as in (56).

Proof. The case § > 2 is an easy adaptation of the argument used in [2] but it is anyway a consequence
of the following argument. We focus on the unknown case 2=2 < 8 < 2. In M \ Crit(¢) we consider the
smooth vector field Y3, defined in (59) and satisfying

2
BIVeli 2 [(8-|VIVel, | +IV%6l3 +Q(Ve, Vo) |

0 < div, Yy = N

: (64)
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as already explained. Set
ES :={s<p< S}, foreveryS>s>0.

When E? NCrit(p) = @, then the statement is a straightforward application of the Divergence Theorem.
Now, suppose that ES N Crit(p) # @. In this case we consider, for every ¢ > 0 sufficiently small, a
smooth nondecreasing cut-off function x. : [0, +00) — [0, 1] satisfying the following conditions

1 1 3 3
Xe(7) = 0in [O, 55} , 0<XL(7) <ecetin [56, 58} , Xe(r)=1in [56,4-00),

where c is a positive real constant independent of . We then define the smooth function =, : M — [0, 1]
as

EE = XE © ‘V(Pl?,

and apply the Divergence Theorem to the smooth vector field Z. Y3 in EY. In this way, we get

Vel H Vel H
/ ‘ §O|g g dO'g _ / ‘ §O|g g dO'g :ﬂ_l

/ Ecdivy Yadp, + /g(VEE, Y3s) dug]

sinh ¢ sinh ¢
{p=s} {¢=5} E3 ES
2
. Vel 2 [ (8- 2)|VIVels |+ V2613 +Q(Ve, Vo) |
= d
/ sinh ¢ Ha
B
2
X (IVel3) IV0l772 | 9IVel3 |
d
+ / 2sinh ¢ Ha>
(Vs \T1 ) ES
2 2

where U, is defined in (62). Note that {x.} can always be chosen to be nondecreasing in ¢ so that, in
turn, {=.} is nondecreasing. Therefore, applying the Monotone Convergence Theorem, when ¢ — 0%,
the first term on the right of the second equality tends to

2
| Vely2 [ (8 -2)|VIVely | +19%63 +Q(Ve. Vi) |
dpg .

sinh ¢
B

For obtaining the desired statement, we show

2
9 dpy =0. (65)

lim
e—0t

| X (IVel2) IVels=2 | VIVl

2sinh ¢
(vg\Ty)n s
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First we observe that

2 2
X (IVel2) [Vl 2 VIVl X (IVel2) [Vl 2 VIVl
/ . ! d/Jfg S / . g d,ug
2sinh ¢ 2sinh ¢
(V3T )nEs Uy\Ty.
3. )
. 4\
<f et | [VIvels |,

sinh ¢
e {IVels=s}

where, keeping in mind the properties satisfied by x., in the first inequality we have used the nonnega-
tivity of the integrand function and in the last one the Coarea Formula. Note that there exist g, ¢; > 0
such that the inequality

1 | VIVel?

n
n—

S% 1
{IVeli=s}

is true a.e. s € 3¢, 3¢] for every 0 < e < 2¢¢, by both Sard’s Theorem applied to the smooth function
|Ve|2 and by Lemma 4.2. Then, we get

2 3
(Ve Vel [TVl VIVl |,
L dp, < — 2 d —d
/ 2sinh ¢ He = 2e / s s / sinh ¢ %9
(UQE\E)HEE e {IVelz=s}
2 2
3e
S ca 8%2—"_% nil ds
€
z€
3e
_ca /Sém—::l)ds
2e

2
S Co 5%([‘37 Z:?)
where ¢, > 0 is sufficiently big constant. This implies the limit in (65), because 8 > 2=2. O

Corollary 4.4. For every S > s > 0 regular values of ¢ there exists r; ¢ > 0 such that

n—2 n—2

/ ‘VLPJg g doy — / |V‘P'|g g do,
sinh ¢ sinh ¢

{p=s} {p=5}

__n_ 2
Vels ™ [ 1V20lf — 327 |VIVely | +Q(Ve, Vo) |

= d .
sinh ¢ Kyt Ts,s

{s<p<S}
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Proof. Let {8 }men be a sequence such that 3, > Z—:% and 3,, — Z—j Due to Proposition 4.3, we have

n—2 n—2
=1 =1y
/ |V80.‘g g doy — / |V<P.|g g do,
sinh ¢ sinh ¢
{p=s} {p=5}
V|fm H Ve|fm H
= lim / 7| 90.\9 g dog — / 7| 90-\9 g dog
m—s+00 sinh ¢ sinh ¢
{p=s} {p=5}
2
| Veln=2 [ (B —2) |VIVels | + (92613 +Q(Ve, Vi) |
- mll)riloo / sinh ¢ g
{s<p<S}
—__n_ 2
Voly ™ [IV20l2 - 225 [VIVel, | +Q(V, Vi) ]
> / - g dug ,
. 5 sinh ¢ ‘
s<p<

where the first equality is consequence of the Dominate Converge Theorem keeping in mind that s and
S are regular values of ¢ while the inequality follows from Fatou’s Lemma. Since {8,, }men is arbitrary,
the quantity

2
Vels2 [ (8-2) [VIVely | + V2612 +Q(Ve, Vi)
rs,g = lim —7 dpg
gn=2t sinh ¢
" {s<p<S}
__n_ 2
Vels ™ [ 1V20l3 — 327 |VIVely | +Q(Ve, Vo) |
- d
sinh ¢ Hg
{s<p<S}
is well-defined. Moreover, it is nonnegative as above and therefore we get the statement. O

Remark 4.2. For every 3 > 2=2 and for every s > 0 regular value of the function ¢:

2
5 H IVeld=2 | (B=2) |VIVely| +IV20l2 +Q(Ve, Vi)
Vel
/ 799110'9 — / 9 dug .

sinh ¢
{o=s} {p>s}

sinh ¢
For every S big enough, which is a regular value of ¢, by Lemma 4.1 with (53) we have

Veply Hy dog

< / VP [V2gly oy <.
{p=5} {p=5}

In particular,

lim

B H _
S5teo sinh(S) / Vely Hydog = 0.

{¢=5}

Therefore, the desired identity can be obtained by the Monotone Convergence Theorem, by passing to
the limit as S — +o0 in (63).
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Remark 4.3. For every 3 > 2=2, as consequence of integral identity (63), we have

2 B
Vely > [ (8 -2 |VIVely | +1776l; +Q(TVe, Vo) | € Lie(M. ). (66)
Since

B B=2
[ 196l 926V Tl duy < [ (96137 [TV, | g = [ 19615 19617 [9196, |
K K K

for every K C M compact, by Holder’s Inequality from (66) with (61) we get that
IVilg ™ V2e(Ve, V) € Lige(M. pig) (67)
We need a final lemma before stating the (last and) most important result of this section.

Lemma 4.5. Let (M, go, ) be a sub—static harmonic triple, and let g and ¢ be the metric and the function defined
in (37). Then, the following statements hold true.

(t) Forevery 8 > 0 and for every S > s > 0:

[Velg*! [Velgt
/ sinh ¢ dog = / sinh ¢ dog = (68)
{p=5} {p=s}
[Vely =2 | BV2p(V, Vi) — coth(p)| Vel ;
N / sinh ¢ Ky -
{s<p<S}
(43) For every 8 > 0 and for every s > 0:
Volt VI3~ | coth()| Vel — 8V26(Te, Vo) ]
/ sinh ¢ % = / sinh ¢ Hg -
{p=s} {p>s}
(23¢) The function ®g : [0,00) — R, defined by formula
By(s)i= [ Vel do, (69)
{p=s}
or ever > 0, is continuous and admits for every s > 0 the integral representation
y B =0, is conti d admi ry he integral rep '
[Vilg= | coth(v) | Vil} — BV20(Ve, Vip) |
®3(s) := sinh(s) dug -

sinh ¢
{p>s}

This lemma can be proved as [2, Proposition 4.1]. In the Appendix we provide an alternative proof

which is self contained and does not make use of any fine property of the measure of Crit(y): we just
need to know very classical properties of it (see Remark 3.1).
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Proposition 4.6. Let (M, go, u) be a sub—static harmonic triple, let g and o be the metric and the function defined
in (37), and let ®4 : [0, 00) — R be the function defined by formula (69) for every 3 > 0. Then for every > =2,

the function ®p is continuously differentiable. The derivative ®; is nonpositive and admits for every s > 0 the
integral representation

2
Vely2 [ (8 -2)|VIVely | +17%62 +Q(Ve, Vo)
sinh ¢

®i3(s) = —f sinh(s) / dpg <0. (70)

{p>s}

Moreover, if there exists so > 0 such that ®};(so) = 0 for some 3 > 2=2 then ({¢ > so},g) is isometric to

(10, +00) x {¢ = s0},dp @ dp + gip=s,} ), Where p is the g—distance function to {p = so} and ¢ is an affine
function of pin {¢ > so}.

The following proof is essentially the same as in [2]. For completeness, we include it here, in a slightly
refined version.

Proof. Step 1: Continuous Differentiability and Monotonicity. Let 3 > “=2_ Note that the boundary OM is a
regular level set of ¢ and then, by Theorem 2.3 and the relationship between Crit(u) and Crit(y), there
exists ¢g such that the interval [0, €g] doesn’t contain critical values of the function ¢. Therefore, for every
0 < € < €, applying first the Divergence Theorem to the smooth vector field [Vg|? Vi in {0 < ¢ < €}

and later the Coarea Formula, we get

Bo() = s0) =5 [ ds [ (VeI B, do,.
0 {o=s}
Being
IVel|d Hy doy — / IVel|d Hydog = B / divy (VIVel?) dug
{p=s1} {p=s2} {s1<p<s2}

for every 0 < s1 < sg < €, by the Dominated Convergence Theorem the function

s €[0,€e] — / |V<p|§ Hydog € R
{p=s}
is continuous and therefore, by the Fundamental Theorem of Calculus ®4 is continuously differentiable
on the closed interval [0, €].

Let s be a regular value of the function . By Remark 4.3, we can define the function ¥z : (0, +00) —
R by

Vel272 | (8-2) | VIVel, | +IV20l24+Q(Ve, Vo)
Vel H, Vel a1, . .
f sinflga : dO'g + f l sinh ¢ - dﬂg if s < sp
{¢=s0} {s<p<so}
Up(s) =
Vel 1, IVels =2 | (8-2) [ VIVl || +V20l2+Q(Ve, Ty) .
f sinh ¢ dO'g o f ) sinh ¢ - dug ifs > 50,
{¢=s0} {so<p<s}

which satisfies the following properties
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f |V<P‘§ Hy

(i) for every s > 0 regular value of the function ¢, we have ¥z(s) = St

dog;
{p=s}

(#3) the function ¥4 is continuous on its definition interval (0, +c0).

The first statement follows immediately from Proposition 4.3. As for the second statement, we first
observe that

Vel3=2 [ (8-2) [9IVel, [} + V2612 + Q(Ve, V)

Up(s) — Vg(3) = Sinh

{s<ep<5s}

dug (71

for every couple 0 < s < 5 < 400. Always by Remark 4.3 and by the Dominated Convergence Theorem,
we can deduce the right and the left continuity of ¥z on the interval (0, +00).

We consider Tg : s € (0,400) — f’lflffz
0 < s <5< +00, we have

€ R. For every (s,5) couple of real number such that

ThE) - Tols) 1 Velp2 [ 5V26(Ve. V) — cothi(y) Veld]
= = = - dpg
5—s 5—s sinh ¢
{s<ep<s}
L Velg =3 | BV26(Ve, Vi) — coth(e) Verld]
= /dT - doy
§—5 sinh ¢
s Ae=1}
@O0 [yyryar - / coth(7)Y 5(r) dr
S—s S—s ’

where the first equality follows from Lemma 4.5 (i), the second equality from the Coarea Formula keep-
ing in mind (67). Moreover, the last equality follows from (i) and from Sard’s Theorem. Using the
continuity of both the functions Y3 and ¥, passing to the limit in (x) for either s — 5 or 5 — s yields
that the function Y is C!, and

Yi(-) = =B Up(+) —coth(-) Ta(-).
Since ®s(s) = sinh(s)Yps(s) for every s > 0, then @5 € C'(0,+00) and ®(s) = —f sinh(s)¥s(s).
Moreover, by (71), we can see
B(S)  Bs)
sinh(S)  sinh(s)

=—pUg(S)+ B ¥s(s)

Veli=2 [ (B=2) VIVl [} + V262 + Q(Te, V)

= d
p sinh ¢ Ha

{s<p<S}

forevery 0 < s < § < +o0.
Finally the integral representation (70) follows in the limit as S — +o0 of the above identity, by using
the Monotone Convergence Theorem, and by the fact that

DL (S) Vel? H
= — 1 W = — 1 —_— = .
S—1>+oo smh(S) ﬁS—lH-oo B(S) BS—1>+oo / Sinhga dO'g 0

{¢=5}
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Step 2: Outer Rigidity. Let 3 > “=2 and suppose ®/;(s9) = 0 for some so > 0. By (70) with (61) we
deduce that

(

Consequently V?p = 0in {¢ > s} being p,(Crit()) = 0, and hence V|2 = a® with a > 0 since
{¢ > so} is connected, due to Remark 3.1. Then, {¢ > sg}, with the 1nduced Riemanninan metric, is
a noncompact, connected and complete Riemannian manifold (being properly embedded in M), with
smooth, compact and totally geodesic boundary, and with Ric, > 0 (from the inequality in (38)). Apply-
ing [18, Theorem C], we can thus deduce that the level set { = s¢} is connected (this is true in general
and not only in the rigid case, if so >> 0, as observed in Remark 3.1), and that {¢ > s¢} is isometric to the
product [0, +00) x {¢ = so}. Moreover, the isometry from the product [0, +00) X {¢ = so} to {¢ > so}
is given by the normal exponential map.

Now we want to prove that ¢ is an affine function of p on {¢ > sy}. First, we remark that every
integral curve v, of V¢ outgoing from a point p of {¢ = s¢} is defined on the interval [0, +00), and it
is contained in {¢ > so}, by the completeness and since |V|, > 0. Furthermore, ¢ o v,(t) = a*t + so
for every t € [0, +00), and all the curves -, realize the distance between the hypersurfaces {¢ = so} and
{¢ = 51} with s; > 5¢. Indeed, for any curve o : [0,]] = {¢ > so} parametrized by arc-length joining a
point of {¢ = s} to a point of {¢ = s1} we have

Lg<>=/| )y dr > / Ve(o(t)) dr

=at = Ly(Y5(0) l10,1) = Lg(7- 10,6 ) »

)ivwg\ =0 and \v2w|g——)vwg] =0 inf{p > s} \ Crit(p).

= poo (i)~ poo(0)

where s1, sp and ¢ satisfy s; = a®t+sp. Since £ = “" is the unit inner normal vector field of the boundary
{¢ = so} and we just know that the normal exponentlal map is a diffeomorphism, exp™(t,) is a point
having distance from {¢ = s¢} equal to ¢, and therefore

t
(exp (tfp)) = OVp( a) =at+ sg = ap(epr‘(tﬁp)) + 50
This tell us that ¢ is an affine function of p on {¢ > s¢}. O

While the previous proposition contains an outer rigidity result, with the following corollary we
provide a global rigidity result.

Corollary 4.7. Let (M, go, u) be a sub—static harmonic triple, let g and ¢ be the metric and the function defined
in (37), and let O3 : [0,00) — R be the function deﬁned by formula (69) for every 8 > 0. If @ is constant for
some 3 > "=2 then OM is connected and (M, g) is isometric to ([0, +00) x OM, dp @ dp + ganr), where p is the
g—distance functlon to OM and ¢ is an affine function of p.

Proof. We obtain immediately that ®};(s) = 0 for every s > 0. Thus, by formula (70) with (61) we have

{

2
SN

V%l — |1Vl |
g n—l 9 g

+Q(Ve, V@)} dpg =0

{e>s}
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for every s > 0. In turn, by the Monotone Convergence Theorem, we get

/{

M

2
SO

V2l — ||Vl |
g n—1 g g

+Q(Ve, V@)} dpg =0.

Then, we deduce that

(

due to Kato Inequality for harmonic functions (60) and by (57). Consequently V2 = 0 in M. The very
same argument of the proof of Outer Rigidity in Proposition 4.6 implies that 0M is connected and (M, g)
is isometric to

?) ‘V\ch|g E =0 and |V2<p|£27 - %‘WV@\Q E =0 inM )\ Crit(p),

where p is the g—distance to M and ¢ is an affine function of p. O

5 A Black-Hole uniqueness theorem for sub—static manifolds

This section is devoted to the proof of the Black—-Hole uniqueness result for a sub—static harmonic triple,
Theorem 1.2. We first recall the classical definition of ADM mass, together with an alternative charac-
terization of it.

Let (N, h) and ¢ be an asymptotlcally flat manifold with one end and a chart at infinity of IV, respec-

tively. We consider h= Wyh = hyj dr' @ dz? and we set

m(?‘): 2 —1) |S” i / hij — O;h;j)vidoe.

1 ~
) == (n—2)(n—1|S" 1|/ Ric;, — 5R; h) (X,v7) dor.

where v, and o, are the co—pointing unit normal and the canonical measure on 0B, as Riemannian sub-
manifold of (R \ B, gr~ ), respectively, and v; and o are the co-pointing unit normal and the canonical

measure on d B, as Riemannian submanifold of (R"\ B, ?L), respectively. Also, Ric; and R are the Ricci

tensor and the scalar curvature of h respectively, and X is the Euclidean conformal Killing vector field
xt The ADM mass is well defined as

6"

MADM = EI-"I-’IOO m(r),

and independent of the chosen chart at infinity. Moreover (see [22]), it can be equivalently expressed as

MADM — ’I”EIJ,I}OC mj(r) . (72)

From the alternative definition of ADM mass, given by (72), and using the Positive Mass Theorem,

more precisely a consequence of it contained in [17, Theorem 1.5], one can prove the following unique-
ness statement. For the notation and terminology, we refer the reader to Definition 1.1 and Section 2.

Proof of Theorem 1.2. By condition (8) and by the fact that D2 « = 0 on M, which in turn implies HY, , =
0, we have that the hypothesis of [17, Theorem 1.5] are fulfllled so that

mapm > C.
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Now, we want to show that the reverse inequality holds. Let ¢ be a chart at infinity of M (according
to Definition 1.1) and consider gy = 1.go. Recalling that u stands for u o ) ~!, we rewrite characteriza-
tion (72) as

I 1 Ri D2 u Xod
MMADM = r—}gloc N (n — 2)(n _ 1)|Sn71| / 1Cgo — a ( 7Ve) T3
0B,

! Ricg, — 2" (X )d
. L LA P
(n=2)(n =gt )\ T JE e e

1
_ 0 X (X e - .
(n_ )TL—]_ Sn 1|/ e Vo dO'go 2(n—2)(n—1)|§"*1| /RQOQO( aygo)dago}
OB,

We note first that since v, = \il 8‘21. = \71| X and uRicg, — D%Oﬁ > 0 from the first equation in (1), we
have
D2 u 1 D2 u
/ Ricg, L (X, ve)dog, = / Ricg, — fg’ (X, X)dog, > 0. (73)
U r

OB, 9B,

Secondly, recalling that (D%0 w)i; = 0;0;u — I‘ 8ku, where Fk are the Christoffel symbols related to go,
and using (3), (20), and the asymptotic expans1ons of u, we get

(D2, %)i; — (D2)y;] = [T%0ktt] = O (||~ ")) 74)
(D2 w)i; = O(lz| ™). 75)
Decay (75) coupled with (16) (18) and (19) yields

’/(Rlcgo ~ )(X Vgo_ye)d(jgo

being p > 2. Thirdly, we observe that

1 C
=C¢ / |z|p+min{p+2,n}-1 do. = Cptmin{pZn)—n — 0,(76)
9B,

D2
| =2 v dog, o ~(n = D - 208, @7)
OB,
Indeed
D2 D2 i D2 @i — D2ii
/ P (X, Vgo)dggo = / P (X7V§0 — Ve) dog, + / T(X Ve) dog,
OB, OB, OB,
D2
+ / = (X, ve)dog, ,
0B,

and one can show, with similar estimates as before, that the first two terms of this sum tend to 0 for
r — +o0. It is also easy to see, using (13) and (19), that

r——400

.
| P X dog, o~ - D - 2)cl" Y.
OB,
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Hence, (77) is proven. Gathering (73) , (76), and (77), we have finally obtained

1

< C+lims a0 9(X,v5,) dog, - 7
mADM_C+;’3210152(71_2)(”_1)'8”_” /Rgog( Vo) dog, (78)
OB

T

We remark that the above inequality is true for any ¢ chart at infinity of /. From now on we assume
that ¢ satisfies condition (8) regarding the decay rate of Ry, at co. Since
90(X, v5) = Gosii X v, = (035 + 01| ™) ) X' (], + v)
= grr (X, ve) + O(|2|™771) = |2] + O(|=77*),

also using (19) we obtain

<C / r(r+O0(r ")) do, < Cr " ——— 0.

r—-+o00

‘ / R§0 gO(Xﬁ Vﬁo) da§0
dB, OB,

The fact that mapwm < C thus follows from (78). All in all, the rigidity case mapm = C of [17, Theorem
1.5] holds, which implies that (M, go) is the Schwarzschild manifold. O
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A Appendix

In this appendix we provide a proof of Lemma 4.5 which is alternative and more self contained than the
corresponding in [2]. We underline that we will use Remark 3.1 widely.

Proof of Lemma 4.5 (i). In M \ Crit(p) and for every 3 > 0, we consider the smooth vector field

V|l v
K= D
¥

which is such that

[Veli=2 [ BV2(Ve, Vi) — coth(y) Vepl3]
sinh ¢

dng Xﬂ =

If {s < ¢ < S}NCrit(p) = O, then the statement is a straightforward application of the Divergence
Theorem. Now, suppose that {s < ¢ < S} N Crit(¢) # @. Since there always exists 5 € (s, S) regular
value of ¢, up to splitting the right-hand side of (68) into two subintegrals, we can suppose without
loss of generality that one among s and S is a regular value of ¢. To fix the ideas, suppose that S is
the regular value. We are going to change the function ¢ in a neighbourhood of the set Crit(y). To do
this, for every € > 0 sufficiently small, applying Sard’s Theorem to the smooth function ¢, we can fix
a positive real number () such that s + d(¢) < S is a regular value of ¢ and d(¢) < de, where d > 0
will be specified later. Then, considering a smooth nonincreasing cut—off function ¢ : [0, +o0) — [0, 1]
satisfying the conditions

CG(r)=1 in[(),%e}, |g;(7)\g§ in[%e,gs], C(r)=0 in[fsd—oo), (79)

where c is a positive real constant independent of ¢, we define
pe 1= — C(|Vp[2) d(e).
Clearly,
Ve = Vi = d(e) C(IV9l5) VIVl (80)

and
. 2 3
= > —
© =g in {IV% > 28}~ (81)

Note that s is a regular value for the function ¢.. To see this, let p be a point of {¢. = s} and
distinguish the two cases

1 (%) 1
W@@ (p) < 5 |V<,0|3 (p) > 3¢

In the first case, (. (|V|2) = 1s0 that s = o (p) = ¢(p) — d(e) and V. (p) = Ve(p). Since s + d(c) isa
regular value for ¢, V. (p) # 0. In the second case, observing that s < ¢(p) < s+ d(¢) and therefore
p € {5 < v < S}, we have from (80) that in p

V9ely 2 196l — 8 [CI(IVel2 ) [VIV0L2], = 196l (1 - 26() 1CLI(IV12) VIl )

c
> [Vely(1-2d2% max |VIVel,], ),
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where c is the constant appearing in (79). Now, observe that o I<nax VIVl ]g > 0, since otherwise,
<p<

due to the presence of critical points in {s < ¢ < S}, there should be a connected component of {s <
¢ < S} where Vo = 0. But this is impossible because {s < ¢ < S} = {s < ¢ < S} (by Remark 2.1) and
by the size of Crit(y). Hence, choosing

1
d< :
de o, IVIVel |,

from above we obtain |V, |,(p) > |V§ Lo (p). In particular, from (%) we get that [V, |4(p) > 5.
Now, we apply the Divergence Theorem to the smooth vector field =4. X on {s < p. < S}, where

Ze = 1-C(|Vel?).

Recalling that U,, is defined as in (62), we obtain

4 X d =4e X d
| o= ) | o(zemly )
{p=S} {pe=s}
_Velg? [BYPe(Ve, Vi) — coth(y) Vil3]
= Zde . dl/(lq
sinh ¢
{s<pe<S}
) / Gie (1V9l3) [Vely Ve (Ve, Vo)
_ . flg -
sinh ¢
(Use\Taz ) n{s<pe <5}

Note that {¢ = S} is compactly contained in {|V¢|? > 3 ¢} for every ¢ sufficiently small, and 4. = 0in
{IVe|2 <2¢e} D {|Vyp|2 < 3¢}. Then, by (81) we get

VolPt+1 Voo|B+1
/ | .<p|g doy - / 54EI .wlg do,
sinh ¢ sinh ¢
le=5} { p=s.volz>3c }
_ Vel [BV2e(Vi V) — cothip)Vely]
- / —ae sinh ¢ Hg
{s<p<S}
L (IVe2) [Vel? V2p(Ve, V
y / Ge(IVely) [Vely V2oV, Vi) iy )
sinh ¢
(Use\Tzz ) n{s<io<5}

Looking at the left-hand side of (82), note that

C
[ GlveR)ITeliv oo Vordu| < £ [ [V6219%, duy
(Uea\@)ﬁ{s<¢<8} Use
g+1

c2
< C - ug(U6€) 4)0,
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where in the second inequality we have used Lemma 4.1 and the fact that U, is contained in a compact set
for every e << 1 (which is a consequence of (53)). Moreover, by the Dominated Convergence Theorem,
we have that

[ = Vels =2 [ BY20(V, Vi) — coth(9)|Vel]
im "4

d
sinh ¢ Ha

e—0*t
{s<p<S}

Vel [ 8V26(Ve, Vo) — coth(e) Vil

= d .
sinh ¢ Ha

{s<p<S}

Finally, note that {¢.} can always be chosen to be nonincreasing in ¢ so that, in turn, {=. } in nondecreas-
ing. Therefore, looking at the left-hand side of (82), we have that

[Velgt! [Velgt!
li = b do, = li = g
o / 4 sinh ¢ %97 Lo 4 sinh ¢ 79
{ o=s.Ve2>3c } {o=s}
B / IV@\g“d
= _— o'g,
sinh ¢

{e=s}

by the Monotone Convergence Theorem. All in all, passing to the limit as ¢ — 07 in (82), yields the
desired identity. O

Proof of Lemma 4.5 (ii). Lemma 4.1 implies

VolPt+1
lim / l,LL] dog =0.
S—+00 sinh ¢ :

{e=5}

Note that

Vil 2 [ coth(¢) [ Vlt — BV2%0(T, V)|
sinh ¢

el ({w > 8};ug)

because its absolute value belongs to L{_({¢ > s}, u,) immediately and to L' ({¢ > S},py) for S
sufficiently big, applying the Coarea Formula coupled with (53) and Lemma 4.1. Therefore, passing to
the limit as S — +o00 in (68) and using the Dominated Convergence Theorem gives the desired identity.

O

Proof of Lemma 4.5 (iii). Let 8 > 0. We are assuming that the boundary 0M is a regular level set of ¢ so
that there exists e > 0 such that [0, €] N Crit(p) = @. Therefore, applying the Divergence Theorem to the
smooth vector field V|5 Vi in {0 < ¢ < €} yields

Bp(e) — By(0) = / BIVlP~2 V2 p(Vip, V) dpty

{0<p<e}

In turn, the absolute continuity of the integral implies the continuity of ®5 at 0. By point (¢) and again
by the absolute continuity of the integral, we obtain the right and the left continuity of the function

Ps(s) cR

Y5 L .
g5 €(0,+00) = sinh s
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Hence, @3 is continuous also in (0, +00). The integral representation of ®4 follows directly from point
(t3). O
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