FAILURE OF THE LOCAL CHAIN RULE FOR THE FRACTIONAL
VARIATION

GIOVANNI E. COMI AND GIORGIO STEFANI

ABSTRACT. We prove that the local version of the chain rule cannot hold for the frac-
tional variation defined in [7]. In the case n = 1, we prove a stronger result, exhibiting
a function f € BV*(R) such that |f| ¢ BV*(R). The failure of the local chain rule
is a consequence of some surprising rigidity properties for non-negative functions with
bounded fractional variation which, in turn, are derived from a fractional Hardy inequal-
ity localized to half-spaces. Our approach exploits the results of [9] and the distributional
approach of the previous papers [5H8]. As a byproduct, we refine the fractional Hardy
inequality obtained in [28]/31] and we prove a fractional version of the closely related
Meyers—Ziemer trace inequality.

1. INTRODUCTION

1.1. The fractional variation. Let o € (0,1). The fractional a-gradient of a function
f € Lip.(R™) is defined as

V1) = o [ W=D =S

Ry — et

y, x€R", (1.1)

where

P (=)

o -«
r(52)
is a renormalizing constant controlling the behavior of V* as a« — 17. A simple compu-
tation (see |7, Proposition 2.2] for instance) shows that one can equivalently write V* f =
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2 G. E. COMI AND G. STEFANI

VI,_of whenever f € C°(R") (and even for less regular functions, see [7, Lemma 3.28(i)]
for a more precise statement), where

Jsf(x):wwé‘r(nﬂ)/ﬂ% ) dy, z€R",

n o=yl

is the Riesz potential of order s € (0,n).

The literature around the operator V* has been quickly growing in the recent years
in various research directions. On the one side, we refer the reader to [1522-25]27, 28|
for well-posedness results concerning solutions of PDEs and minimizers of functionals
involving this fractional operator, and to [3,|4,/13] for the the study of polyconvexity and
quasiconvexity in connection with the present fractional setting. On the other side, the
properties of V* led to the discovery of new (optimal) embedding inequalities [26, 30,
31] and the development of a distributional and asymptotic analysis in this fractional
framework [5H9/[29]. For a general panoramic on the fractional framework, the reader
may consult the survey [32] and the monograph [19].

At least for sufficiently smooth functions, the operator V® obeys the following natural
fractional integration-by-parts formula

/}Rnfdlv godx:—/Rncp-V fdx, (1.2)

where

- o y—x)- ey — e n
o) = [, DL ) g

is the fractional a-divergence of the vector field ¢ € Lip,(R"™; R™).

Equality is the fundamental basis of the distributional theory in the present frac-
tional setting developed in the previous papers [5-9]. In more precise terms, by imitating
the classical definition of BV functions, for a given exponent p € [1,400], we define the
(total) fractional variation of a function f € LP(R") as

D fIR) = sup{ [ fdiviods g € CERNRY, pllimmrrn <1} (13
The above definition naturally gives rise to the linear space of LP functions with bounded
fractional a-variation
BV*P(R"™) = {f € LP(R") : |ID“f|(R") < +o0}
that can be endowed with the norm
[fllsver@ = [Ifllr@ + [D*FIR"), f € BV*P(R").

The resulting normed space is Banach and, moreover, one easily checks that f € LP(R™)
belongs to BV*P(R™) if and only if there exists a finite vector-valued Radon measure
D f € 4 (R";R"™), the fractional a-variation measure of f, such that

/ Fdivipdr = —/ o dDf
RTL R"L

for all ¢ € Lip. (R™;R"), see [6, Theorem 3].
In a very similar way, one can define the distributional fractional Sobolev space

S*P(R") = {f € LP(R") : V*f € LP(R™;R")}
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where V@ f stands for the distributional fractional a-gradient, see [7, Definition 3.9]. As
proved in |5, Corollary 1] and in [13| Theorem 2.7], S“P(R") = L*P(R™) whenever p €
(1, +00), where L*P(R") stands for the Bessel potential space. We refer the reader to [5,
Section 2.1] and to the references therein for an agile account on Bessel potential spaces,
and to the discussion in 7, Section 3.9] for the relations between L*?(R™) and the Gagli-
ardo—Sobolev-Slobodeckij fractional space W*P(R™).

The study of the space BV*(R") = BV®!(R") in the geometric regime p = 1 was
initiated in [7], also in connection with the naturally associated notion of fractional Cac-
cioppoli perimeter (see |7, Definition 4.1]), and then further investigated in the subse-
quent works [5,/8]. The fractional variation of an L? function for an arbitrary exponent
p € [1, +00] has been explored in [6,8.(9].

Throughout this paper, with a slight abuse of notation (that, however, can be rigorously
justified thanks to the analysis done in the previous works [5-9]), in the integer case o = 1
we let

BV'P(R") = {f € L’(R") : Df € .#/(R™;R")}

be the space of L? functions, p € [1, +00], with bounded variation.

1.2. Hardy inequality and chain rule. Due to the central role played by the classical
Hardy inequality in the theory of integer as well as of fractional Sobolev spaces, see [18] for
an account, in [28], Shieh and Spector investigated the validity of the natural analogue of
the Hardy inequality in the present fractional setting. In [28, Theorem 1.2], they proved
the validity of the following inequality

Cne / @l g, < / VO f| da (1.4)
=R x| Rn

for all measurable functions f such that V*|f| = VI,_,|f] € L*(R™;R"), where ¢, , > 0
is a constant depending on « € (0,1) and n > 2 only. Actually, the validity of for
n = 1 is not explicitly shown in [28], but one can still recover it via an ad hoc modification
of their argument.

Motivated by (L.4)), the authors in [28] asked if it is possible to remove the modulus
in the right-hand side of , that is, more generally, if the following chain rule for the
fractional gradient

LV llde < e [ 197 ]do (1.5)
R™ R™

holds whenever f is measurable with VI;_,f € L'(R™;R"), where ¢, , > 0 is a constant
depending on « and n only, see |28, Open Problem 1.4].
Later, Spector proved the validity of the fractional Hardy inequality

cna/ |f(x)|dx§/ |V fldx (1.6)
= e x| Rn

for n > 2, whenever f € LP(R") with p € [1ﬁ) and Vof = VI,_of € L'(R";R"),
see [31, Theorem 1.4]. The approach used in [31] completely bypasses the validity of (|1.5)

and instead relies on an optimal embedding in Lorentz spaces for the Riesz potential,
see [31, Theorem 1.1].
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The relation between the Hardy inequality in (|1.4]), as well as the one in (1.6]), with the
one valid in the usual fractional Sobolev space W®!(R") easily follows from the elementary
inequality

IVl @rigry < pinga [flwer @e)
naturally available for all functions f € W*!(R"), see |7, Section 1.1]. Similar considera-
tions can be done for the Hardy inequalities in the integrability regime p € (1, +00), see
the introductions of [27}28].

Up to our knowledge, the validity of a chain rule for the fractional gradient V like (|1.5])
is still an open problem. Somehow complementing the validity of for n > 2, in the
present work we disprove the validity of in the case n = 1. More precisely, we prove
the following result.

Theorem 1.1 (Failure of the chain rule for n = 1). Let o € (0,1). The function
) = i (Jol"~ s — o 11" smn(e — 1)), o €RA (0,1},
is such that f, € BV*(R) but |f,| ¢ BV*(R).

The proof of Theorem [1.1] works by contradiction. Precisely, if D®|f,| € 4 (R), then a
generalized version of inequality for n = 1 would hold (see Theorem|[1.2|below). Thus
we would get f, € LY(R;|z|7*Z"1), which is clearly false. Actually, inequality cannot
be directly applied to the function f, in Theorem , since Df, = 6y — 61 ¢ L'(R),
see [7, Theorem 3.26]. However, one can exploit the regularization properties of BV *?
functions [6, Theorem 4] to suitably extend , as well as , to this more general

framework.

Theorem 1.2 (Hardy inequality in BV*P(R") for p € [1 n )) Let o € (0,1) and

T
p€ [l %) If f € BVOP(R"), with f >0 if n =1, then
oo [ e < D )
Rr T — x0]®
for all zop € R™, where ¢, o > 0 is a constant depending on n and o only. In particular, if
n =1, the optimal constant is c; o = e

1.3. Local chain rule. We do not know if a counterexample to the chain rule like
the one in Theorem can be provided also for n > 2.

The current lack of a counterexample to may suggest that a stronger version of
the chain rule could be valid for the fractional variation for n > 2, in analogy with the
chain rule available for BV functions. More precisely, for a given ® € Lip(R) such that
®(0) = 0, one may wonder if the local chain rule

[D®(f)| < C(2)[D*f| in.#(R") (1.7)
holds for all f € BV*P(R") with n > 2, where C'(®) > 0 is a constant depending on the
chosen function ® only. In the present work, we disprove the validity of forallm > 2
and, actually, we prove the following stronger result.

Theorem 1.3 (Failure of the local chain rule). Let o € (0,1) and p € [1,%). Let
® € Lip(R) be such that ®(0) =0 and ® > 0. If &(f) € BV*P(R") with

supp [D*®(f)| C supp [D*f|
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for all f € BV*P(R"), then ® = 0.

In particular, if we consider ®(¢) = |t| for t € R, an immediate consequence of Theo-
rem is that, for all « € (0,1) and p € [1, #), there exists a function f € BV*P(R")

such that supp |D?|f]| is not contained in supp |D® f]|.
The validity of Theoremis a simple consequence again of the analysis made in [7] and

of a new surprising rigidity property of non-negative BV *? functions with p € {1, #),

see Theorem below. Here and in the rest of the paper, given v € S*! and x, € R",
we let

Hf (zo) ={y €R": (y — ) - v > 0}
and
H,(xg) ={y e R": (y — x9) - v = 0}.

In the case g = 0, we simply write HI = H}(0) and H, = H,(0). Moreover, for
a € (0,1) and p € [1,+o0], we let

BVOP(R™) = {f € BVP(R") : f > 0}.
Theorem 1.4 (Rigidity property in BV?(R"™) for p € [1,#)) Let « € (0,1), p €
1,:2) and f € BVEP(R™). If cither

supp | D* f| is bounded, (1.8)
or
|Daf]<Hj(x0)) =0 for some 1p € R", v € S" 1, (1.9)
or
f € L®(R") and D*f(H} (x0)) = 0 for some 1o € R", v € S" 1 (1.10)
then f = 0.

The rigidity property given by Theorem strongly underlines the difference between
the non-local operator V and its local integer counterpart V. Indeed, it is easily seen
that BV functions do not possess such a rigidity property for any given p € [1, +o0],
due to the locality of the classical variation measure (for instance, one may consider the
characteristic function of the unit ball).

In addition, we recall that, despite of the non-local nature of the fractional gradient,
there exist functions f € BV*P(R™), for p € [1, #), such that |D*f| is a finite Radon
measure with compact support, see the function defined in Theorem [I.1] for n = 1, and
|7, Lemma 3.28] as well as [6, Proposition 4] for the general case. Hence, Theorem
immediately tells us that such functions cannot have constant sign. Conversely, as ob-
served in [13, Section 2.2] in the case n = 1, given any non-zero function f € C°(R")
with f > 0 and supp f C (—L, L)" for some L > 0, for each j € {1,...,n} we have

V§f(x) =e¢; - Vf(x) # 0 at each z € R" with |z;] > L,
where e; is the j-th vector of the standard coordinate basis of R”".

We end this section by stating a simple consequence of Theorem To this purpose,
we define

LSCy(R™) = {f : R" — R : f lower semicontinuous and bounded}.
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Corollary 1.5. Let a € (0,1) and p € {1, ﬁ) The operator
I : BVIP(R™) — LSCy(R™)
is continuous. In addition, if n > 2, then I,,_, : BV*?(R") — L®(R") is continuous.

1.4. Integration-by-parts formulas. The rigidity property of non-negative BV “? func-
tions stated in Theorem [1.4]is, in turn, a consequence of a fractional Gauss—Green formula
on half-spaces, see Theorem below, which can be regarded as a ‘vectorial’ Hardy-type
equality for the fractional variation. Here and in the rest of the paper, for a € (0,1) and
p,q € [1,+00], we let

By (R") = {u € L(R") : [u] g, ) < +00}

be the space of Besov functions on R™, see [14, Chapter 17] for its precise definition and
main properties, where

u(-+ h) —ul|7pmn .
(/ -+ 1) = el e, dh) it g e[1,+00),

|h|n+qa
[ulBg, ) = ,
sup -+ h) ~ ullzree if ¢ = +00.

heR™\{0} |fo]

Theorem 1.6 (Fractional Gauss—Green formula on half-spaces). Let o € (0,1), p €
{1 L) and q € (g, —i—oo] be such that % + % =1. If f € BV*?(R™) N L*(R"™), then

Nla . f(.f) v
[iiiad 1 Y N7
o B S ) gy o

dx = —n(0) D*f(H,) (x0)) (1.11)

whenever v € S" ! and xy € R™, where nr(z) = 7]( ) for x € R" and R > 0, for some

fized n € By (R") with compact support. In particular, if either supp f is bounded or f
has constant sign, then

:ul,a f(l’) v _ « +
te [ oy = =D () (1.12)

We let the reader note that the requirement that n € B, (R") naturally comes from
the general integration-by-parts formula obtained in |9} Theorem 1.1], see . ) below for
a more detailed account.

Actually, Theorem is a particular case of the following result, which can be seen
as an extension of the integration-by-parts formula in the spirit of the fractional
Gauss—Green formulas established in [9, Section 3.3]. Here and in the following, we let

lim ][ f(y)dy if the limit exists,
fr(o) = |8 T T

0 otherwise,

(1.13)

be the precise representative of f € Li. (R™).
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and q € (g, +oo] be such that %—I—% = 1. If f € BV*?(R")NL>®(R") and g € W (R")N
L>®(R™) with Vg € Li.(R™;R"), then
tm [ e fVogde = —n(0) [ g"dD"F,

R—+oc0

where ng is as in Theorem[1.6 and the limit in (L.13)) defining g*(z) exists for |D° f|-a.e.
r € R™

Theorem 1.7 (Limit integration-by-parts formula). Let o € (0,1) and let p € [1, n%)

In order to apply Theorem [I.7] to get Theorem [I.6] one then just need to explicitly
compute the fractional gradient of the characteristic function of a half-space.

Proposition 1.8 (V“ of a half-space). Let « € (0,1), v € S ! and xo € R". We have

(l’) — /’Ll,a
o) a |(x—uzg)-v|]®

v

VX (1.14)

forz € R"\ H,(z0).

It is worth noticing that Theorem [I.6] immediately implies the following version of the
fractional Hardy inequality for non-negative BV *? functions in the regime p € {1, ﬁ),

where the right-hand side does not involve the knowledge of the fractional variation on
the whole space, but just on a specific half-space.

Corollary 1.9 (Fractional Hardy inequality in BV*(R") for p € [1, #)) Leta € (0,1)
andp € [1,.2). If f € BV(R"), then

ul,a/n - @ < 1D° | (H; (o)) (1.15)

a T —xo) - v|®
for all zy € R™ and v € S*1.

As the reader may notice, Theorem [I.6] allows to prove Theorem [1.4] under the assump-
tion ([1.10). To deal with the assumption ((1.8)), one needs to perform a further integration
with respect to the direction ¥ € S"~! and obtain the following fractional weighted in-
equality of Hardy-type. Again, we underline that the fractional variation appearing in

the right-hand side is not computed on the whole space, but just on the complement of a
particular ball.

Corollary 1.10 (Weighted fractional Hardy-type inequality). Let o € (0,1) and p €
1,:2). If f € BV(R), then
/Rn f(@) wnallz — wol,r) dz < |D|(R"\ By (x0))
for all xo € R™ and r > 0, where
(0= Dttt i 12 T
nw, a Jo1o|st—r|®

M0 1 1
d = 1.
200 <|t—r|a+|t+r|°‘> Jorn

forn > 2,

Wyt r) =
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In the particular geometric case f = yg for some measurable set £ C R", the above
results read as follows (recall that, by |7, Corollary 54|, if xg € BV*(R"), then we
have |D%xg| < #"~*). Here and in the following, .#*FE denotes the fractional reduced
boundary in the sense of De Giorgi, see |7, Definition 4.7].

Corollary 1.11 (Geometric case). Let o € (0,1). If xg € BV*(R"), then

“1’“/ v dr = —D%y p(HF
a B |(.T—$0)‘V|a x XE( V(.TO)),

S IV s ol de < 1D (B (o)),

[ wnalle = wol,r) dz < |D*x| (R*\ By (a0)).

for zg € R, v € S" ! and r > 0, where w,, o is as in Corollary|1.1(l. Moreover, if either
supp | D*xg| is bounded or D*xg(H (1)) = 0 for some zg € R", v € S~ then |E| = 0.
In particular, if |E| > 0, then #*E must be unbounded and must intersect all half-spaces.

1.5. Fractional Meyers—Ziemer trace inequalities. As discussed in [32], the Hardy
inequality in (1.6) can be also seen as a particular consequence of known interpolation
inequalities in Lorentz spaces. Precisely, one recognizes that

1
-
so that ((1.6)) follows by combining the Hélder inequality

|/ ()] 1
WA < n _
fo oo 4 S Wliteogen |

| «

€ La®(R"),

L& >®(R")
with the bound

11l sy < | D% FI(RY)

valid for n > 2, which, in turn, is a consequence of |31, Theorem 1.1].
In the classical integer case, an even more general approach is possible. Indeed, if
f € BV(R") and p € 4, .(R") is a non-negative locally finite measure, then

L 177 i < cullallo- IDFIR?), (1.16)
for a dimensional constant ¢, > 0, where f* is as in ([1.13)) and
(B (x

TERM, >0 re

whenever s € [0,n]. The inequality in can be found in [17, Theorem 4.7] and
is nowadays called the Meyers—Ziemer trace inequality. We also refer the reader to the
recent work [21] for an interesting historical panoramic around the inequality . In
particular, the authors of [21] note that V. G. Maz'ya proved such an inequality in [16],
a few years before the aforementioned [17].
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Inequality (1.16]) plays a central role in the classical BV framework, since it can be
considered as the mother inequality of several embedding inequalities, like the Hardy
inequality

[ e < e psicee), (117
no|x
the Gagliardo—Nirenberg—Sobolev inequality

11 gy < 0 IDFIRY), (118)

and its refinement, the Alvino inequality

171l rr oy < € IDFIR) (1.19)

For a more detailed discussion, we refer the reader to [30, Section 1] and |32, Section 6].
Indeed, as soon as g € L™>(R™), one immediately recognizes that the measure

uA) = [ g@yde, AR

satisfies
Heallln—1 < en llgllnoe ny
for some dimensional constant ¢, > 0 (for instance, see [32, Section 6]), so that one can

recover the above inequalities ((1.17)), (1.18) and (1.19) from (1.16)) via known interpolation

inequalities in Lorentz spaces.
Motivated by the analogy between BV and BV® functions, one would be tempted to
say that, at least for n > 2, an inequality of the form

L1 < coalllna [ 1Vl da, (1.20)
that is, equivalently,
/R" (o fldu < cpollplln-a /R" |Rf|dz, (1.21)

may hold for all sufficiently regular functions f, see [32, Question 7.1], where

Rf(z) == T (%) lim / ACh) R
{yl><}

2 e—0t |y|n+1

is the (vector-valued) Riesz transform of f. Unfortunately, in [30, Theorem 1.3], Spector

ruled out the validity of (1.20)), as well as of ((1.21]), whenever « € (0, 1).
Nonetheless, recalling that V*f = VI;_,f, one may apply the Meyers—Ziemer trace

inequality (1.16)) to the function I_,f to get
[N eafydn < el [ 19°f]do. (1.22)

Interestingly, inequality turns out to behave as the mother inequality for the
Meyers—Ziemer trace inequality as well as for the fractional Hardy inequality .
Indeed, on the one side, taking the limit as a« — 17 in , then one gets inequal-
ity back. On the other side, if one takes f > 0 and p = ﬁ.ﬂ", then one easily

recognizes that

d
/ Il—af ﬁ = Cn/ [1—ch[n—1 dr = Cn/ In—af dr = Cn,a <x> d
R™ ‘.’L" R™ R™ ’

B Ja|

Y



10 G. E. COMI AND G. STEFANI

recovering (|1.4)).

Having the above observations in mind, our last main result is the following rigorous
statement of the inequality ((1.22)).

Theorem 1.12 (Fractional Meyers—Ziemer trace inequality). Let o € (0,1) and p €

[1, &) There exists a dimensional constant ¢, > 0 such that

LN heaf ) dn < el |D* FI(R?) (1.23)
for all f € BVP(R™) and all u € ., (R™).

As formally observed above, besides providing an alternative route for the proof of
Theorem [I.2], Theorem leads to the following consequences. Here and in the rest of
the paper, we let

H'(R") = {f € L'(R") : Rf € L'(R";R")}
be the (real) Hardy space, see [12,133] for a detailed exposition.

Corollary 1.13 (Meyers—Ziemer trace inequalities). There exists a dimensional constant
cn > 0 with the following properties.

(i) If f € BVYP(R™) for some p € [1,400), with p < "= if n > 2, and p € A (R"),

then
L 18 < callallo- IDFIR?). (1.24)
(ii) If f € HY(R"™) and p € A} (R"), then
LA die < el RSl oo (1.25)

We notice that Corollary positively answers |32, Question 7.1] in the (solely
possible) case a = 1 and, as well-known, it implies the following stronger version of the
Stein—Weiss inequality,

Va1t ey < 0 IRl (1.26)
for all f € H'(R"), see [32, Section 1] for a more detailed discussion. Consequently,
once again choosing the measure p = ﬁﬁf " inequality ((1.25) implies the Hardy-type
inequality

Lif(x
/n | 1|J;(| e < e | Rl grssn (1.27)
whenever f € H'(R"). Inequality (1.27)), in turn, can be also inferred from the Hardy in-
equality ([1.17]), thanks to the continuity of the map I, : H'(R") — BVL%(R”) provided
by (1.26)) (see [5, Proposition 3.4(i)] for the fractional case a € (0,1)).

1.6. Organization of the paper. The paper is organized as follows. Section [2|is ded-
icated to the proof of Theorem [I.7} In Section [3| we apply it first to prove Theorem
and then, in turn, its consequences Corollary [[.10] Theorem [1.4] Theorem [I.1} Finally,
in Section [, we prove Theorem and its consequences in Corollary [I.13]
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2. PROOF OF THEOREM

In the proof Theorem [1.7, we take advantage of the following non-local Leibniz rule
for BV*P functions, see [9, Theorem 1.1 and Corollary 2.7]. For p € [1, #) and ¢ €
(2,+00] such that L + 1 =1, if f € BV*?(R") and g € B,(R"), then fg € BV*"(R")
for all r € [1, p], with V&, (f,g) € L*(R™;R™) and

D(fg) =g"D*f + [V g L" + Vi (f,9) " in A(R";R"). (2.1)
Here and in the rest of the paper, we let

ViLlf 9)(x) = pina /Rn = QE)(f(?T; : ];szlgi(y) — () dy, fora.e.x e R",

be the non-local fractional a-gradient of the couple (f, g).

Proof of Theorem[1.7]. Let R > 0 be fixed. Since nr € Bg(R") with ¢ € (g,+oo], by
the Sobolev Embedding Theorem (see [1, Theorem 7.34(c)] and [14, Theorem 17.52] for
instance) we know that ng € Cp(R"™). Now let (0-).>0 be a family of standard mollifiers

(see [7, Section 3.3] for example) and let g. = o * g for all ¢ > 0. We note that g. €
Lip,(R™) and V@g. = g. * V%g for all € > 0, so that

tim [ np fVogede = lim [ oox (fur) Vogde = [ naf Vg
e—=0t JRn e—=0t JRn Rn

by the Dominated Convergence Theorem, since

0= % (fnr)] < || f|lzoeny [1MR | Lo (mr) X AR

for all £ > 0 sufficiently small, where A C R" is a bounded set such that Ar D supp ng.
Now let ¢ > 0 be fixed. By ({2.1)), we have that fnr € BV*(R"), with

D*(fnr) = nr D*f + [V e L" + VR (f,nr) £ in A (R R").

Consequently, by [8, Proposition 2.7], we can compute

| s vegde == [ g.dD"(fnn)

:—/RnnRgngaf—/Rnfgsvaanx—/Rngeng(f,nR)dx_

On the one side, we can estimate

|/an f 9V nrda | < ||gell oo re) /Rn [F11Vng| da

< lgllzee@my | £l o @ny VMR Lag@n; mny

< tna B fllzo@ny 9]l oo ey (0] B2, R7)
thanks to [9, Corollary 2.3]. On the other side, in a similar way, we can bound
TS| < [ 171 9| s

< N llze@e IVRL(Ge: n8) | La@n;mmy
< 24,0 | f1 Loy 19ell oo rmy MR]Be, R7)
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< 2 B~ || fll e @ny |9l oo my 0] B2, )

thanks to [9, Corollary 2.7]. Therefore, thanks to these estimates (which are uniform in
e), we get the limit

lim sup
R—+00 5

/ fgsvanR dx
Rn

| S Tl ds| 0.
Now we need to show that

tim [ neg.dDf = [ g dD";. (2.2)

e—0t

Indeed, since f € BV**>°(R"), by |6, Theorem 1] we have that |D® f| < "~ . Moreover,
being g € W' (R™), by 20, Proposition 3.1] we can infer that
li = li = li =g f "% a.e. R"
Jig, 0e(0) = Jigy e ol@) = g f, o) dy=g'(@) for #acp R,
so that (2.2) immediately follows by the Dominated Convergence Theorem (with respect
to the finite measure |D* f|). Finally, since

Rgr}rloo nr(z) = Rgrfoon (%) =n(0) forall x € R",

by the Dominated Convergence Theorem (with respect to the finite measure |g*| |D®f|)
we conclude that

lm [ wng dD"f =n(0) [ g dD"f

R—+o00 JRn
and the proof is complete. 0

3. HARDY INEQUALITIES AND FAILURE OF THE CHAIN RULE

3.1. Integration by parts on half-spaces. We begin with the proof of the formula for
the fractional gradient of the characteristic function of a half-space.

Proof of Proposition[I.8, By the translation invariance of the fractional gradient (re-
call [29, Theorem 2.2]), we have
VXt (wo) (8) = VX (2 — 1)
for all z € R" and so we can assume zo = 0 without loss of generality. Since xp+ €
BVige(R™) N L>*(R™) and clearly
| DX y+|(0BRr) = 2"~ (H, N OBg) = 0

for all R > 0, by [8, Proposition 3.5] we get Vxpy+ € Ly,.(R";R") and

/ ¢ Vi g+ doe = Rlim o Li_o(XByDxy+) dz
R" v v

—+o00 JR"

= lim 1/-/ ol _olxBy " '_H,)dx (3.1)
Rn

R—+00

for all ¢ € Lip,(R";R™). By the Monotone Convergence Theorem, we get
lim I o(xp, 2" "LH,)(z)=1_o(" ' _H,) ()

R—+00
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for X"-a.e. x € R*. We now claim that

_ H1.a 1
IL_ ("1 H, =2 for all H,. 3.2
1-al o) = St o forallad (3.2)

oe(R™). The case n = 1 is easy. For n > 2, we argue as
follows. Let R € SO(n) be such that Rv = ey, so that (Rz); = (Rx)-e; = 2-Rey = - v.
By simple changes of variables, we get

/ A" (y) _/ dA"(y)

oy =zt |y — Rajrtes!

which defines a function in L

_ dyz -+ dyn
- _1 n+g¢71
T (R + 2 (yy — (Ra))?)
e dys -+ dy,
Rt |[(Ra)y | =

(1+ 12 omm)?)

— (n — 1) Wn—1 /+Oo Qn_2 dQ
z-vle Joo (1402

whenever z ¢ H,. By known properties of the Gamma function, it is not difficult to
recognize that

g T
[ )

nta— de_
1+Q2) +2 1

so that

. e TE)TCF) 0 -Vt a1
Ilfa(% 1|—Hu>(x)_<n+a_1) 2F(n g i) |q:-1/’a - = ; |SL"V‘O‘

whenever © ¢ H,, proving (3.2). Therefore, we can apply the Dominated Convergence
Theorem in (3.1)) to obtain

0 -V g+ dac:V~/ ol_o( "' H)) dx = Ml’ay-/ #(z) dx
v R" R

R « nlx vl

and the conclusion immediately follows. 0

Having Proposition [1.8at disposal, we can easily deduce the limit Gauss-Green formula
on half-spaces.

Proof of Theorem [1.6 The validity of (1.11]) is an immediate consequence of Theorem ,
SINCe X g+ () € BVioc(R™) N LP¥(R™) with VX s () € Lioe(R";R") thanks to Proposi-
tion For the proof of ((1.12)), we can simply choose n € C2°(R") such that 0 <7 <1
and n(x) = 1 for x € By, so that, arguing component-wise,
lim nr(z) G L dr = A L dx
R—+o0 JRn |(z — o) - v|* re |(z — o) - v|®
either trivially if supp f is bounded, or by the Monotone Convergence Theorem if f has
constant sign. Thus, the proof is complete. 0
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3.2. Fractional Hardy inequalities. We can now deal with the proofs of the fractional
Hardy inequalities in Corollary [I.9] Corollary and Theorem [1.2]

Proof of Corollary[1.9. Let (0:)e»0 be a family of standard mollifiers and set f. = g, * f
for all € > 0. Clearly, f. € BVZ?(R") N L*(R™), so that (1.12)) implies

H1,a /n ’( f€<£IZ'> - dr < |D0‘fe|<Hj(l"()))

o} xr — o) - V|

for all zo € R™ and v € S"~ 1. On the left-hand side, we employ Fatou’s Lemma to obtain

lim inf ad /n I fe(@) dr > H1o /n 1 /() dx

r—x) v T« x—x) - v[*

As for the right-hand side, thanks to |2, Theorem 2.2(b)| we notice that
limsup [D® f.|(H,; (z0)) < limsup | D*f|(H,' (o) + B.) < |D° f|(H; (x0))
e—07t e—07t

and this proves ((1.15]). O

Proof of Corollary[1.10. At first, let us also assume that f € BV?(R™) N L>*°(R™). Let
r > 0 be fixed. Choosing g + rv in place of xg in ((1.12)) and taking the integral average
on S"1, we get

B f o e A ) = —f v D (o4 ) )

xg) v —rl® §n-1
< [D°f|(R"\ By (x)).

By Tonelli’s Theorem, we can compute

]ém/ oz = o) dz dA" " (v) = / f(x) ]é )y

xg) v — r|® n-1 |(x — o) - v —1|*
= /Rn f(x) wyo(|lz — 0|, 7) de,

where in the last inequality we exploited the formula proved in |11} Section D.3] for n > 2
(the case n = 1 being trivial).

Now let f € BVP(R™) be possibly unbounded. Let (9.).0 be a family of standard
mollifiers and set f. = o, * f for all ¢ > 0. Clearly, f. € BV"P(R") N L>°(R"), so that

L £ wnale = 2ol r) de < DL (R"\ By (a0)
for all € > 0. On the one side, we have
. _ S B
hsrg(l)gf/w fe(@) wpa(lr — 20|, 7) do > /Rn f(@) wyo(|lz — x0],7) da

by Fatou’s Lemma. On the other side, thanks to [6, Theorem 4] and |2, Theorem 2.2(b)],
we can estimate

DL\ (R™\ Bu() ) < (02 # | D*fI)(R™\ Bu(xp)) < [D*f|(R"\ By—2(x0))
for all € € (0,r). Consequently, we get

[ @) wnala = ol ) do < Tim [D°FI(R"\ By-olao)) = |D°fI(R"\ Buao)
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by monotonicity and the proof is complete. 0

Proof of Theorem[1.9. At first, let n > 2 and f € BV*P(R") with p € [1, &) Up to a
translation, we can assume zg = 0. Let (0:)e>0 be a family of standard mollifiers and let
fe = 0 * f for all € > 0. By [6, Theorem 4], we know that f. € BV*P(R") and V*f. =
0-+%D® f for all e > 0. Moreover, thanks to [7, Lemma 3.28(i)] and [6, Proposition 4(i)], we
have VOf. = VI,_,f. € L*(R";R"). Therefore the conclusion follows by applying
to f. and then passing to the limit as ¢ — 0% via Fatou’s Lemma and [6, Theorem 4].
Let now n = 1, f € BV"’(R) with p € k@), and f. = o, * f for all € > 0. Clearly,
fe > 0, so that we may employ Corollary [L.9to get

m/m_m Mla/w—xo @ dr < |DPI(H () (35)

for all zp € R and v € {£1}, since f. € BV"""O(R), and so |Df.| < S by [6,
Theorem 1]. Hence, if we substitute v with —v in (3.3) and then add the two inequalities,
we get

2111 0 fe(x) . .
o /R,x_%,a dr < |D*f|(R) < [D*f|(R).

Thus, we can pass to the limit as ¢ — 01 exploiting again Fatou’s Lemma. In order to
prove the optimality of the constant ¢; , = 2“ = we choose f = X(zg—1,20+1), SO that

X.ro 11‘0+1 )dl': 2

|z — 20|® 1—a
Since A
U1«
D“ zo—1,z R) = 7
| X(zo—1, 0+1)|( ) Oé(l _ Oé)

thanks to |7, Example 4.11], we get the optimality of ¢; , and the proof is complete. [

Remark 3.1. Let « € (0,1) and p € [1 —) Arguing as in the second part of the proof
of Theorem [I.2] it is possible to show that

2011,0 /R f(x) dz < |D“f|(R")

a n|x — xo|®
for all f € BV?(R"™). Combining this with [28, Theorem 1.2], we deduce that

Cna/ ﬂdm < |D0<f|(R”) for all f € BvaP(Rn)’
T Ure | — x|@

o 2//‘1,04
Cn,a = IMax 705 y Tn,a

« o n+1
ey
R
However, for n > 3, one can see that v, , > Q’ﬂ% for all a € (0,1). To the best of our

knowledge, it is not known whether ¢, , is the optimal constant for some n > 2 and
€ (0,1).

where

and




16 G. E. COMI AND G. STEFANI

3.3. Failure of the fractional chain rule. We begin with the proof of the rigidity
property contained in Theorem [1.4]

Proof of Theorem[1.4]. If supp |D* f] is bounded, then | D f| (R”\BT) = 0 for some r > 0.
Hence, by Corollary , we must have f =0 Z"-a.e. in R", being w, o, > 0. If, instead,
|D°‘f|([—[j(:c0)) = 0or f € L®(R") and D*f(H/(x9)) = 0 for some zo € R™ and
v € S"1, then we similarly conclude by in Theorem and Corollary . U

We can now end this section by showing the failure of the fractional chain rule. Here
and in the following, we let

(—A 2 = z/nﬁ/ fl@ ’y‘nw fl@ >dy, for a.e. x € R",

be the fractional Laplacian of order 3 € (0,1) of the function f € WA (R"), where
e

Unp =212 - (_25) .

Note that (—A)g: WHLR™) — LYR™) is continuous (see |7, Section 3.10] for a more
detailed discussion). In particular, this operator is well-posed on BV functions.

Proof of Theorem[I.3 Let Q1 = (—1,1)". We consider the function f = (—=A)"="xo,,

that is,
—1 dy + ( )/ —d (3.4)
n X s .
x’nqtlfa y XR \Ql Q1 |y $|n+170‘ y

1
)= rea (-xa) [

for x € R" \ 0Q;. Thanks to [7, Lemma 3.28(ii)], we know that f € BV*(R") with
D*f = Dxq,. By [6, Theorem 6], we also have that f € BV*?(R") for all p € [1, o
Now let ® € Lip,(R) be such that ®(0) = 0 and ® > 0 and assume that ®(f) € BV“(R”)
with
supp [ D*®(f)| C supp |D® f| = supp | Dxq, | = 91
Note that, again by [6, Theorem 6], ®(f) € BV ""(R") for all p 6‘ a) Consequently,
1.4

supp | D*®(f)| is compact, so that ®(f) = 0 thanks to Theorem Since vp1-0 < 0, we
observe that f(z) — 0~ as |z| — 400 and, moreover,

dy
liminf [ ——— >/ . A—
o, [y — ter 1o v= o, [y — ey rrat

> / dy
> sup @
€€(0,1) (=1,1—e)x (—e,e)n—1 ‘y _ elynJrafl

> Cpa SUD / oy
) e€(0,1) J(—1,1—e)x(—e,e)n 1 ‘yl _ 1|n+a71
= Cna sup "7 (€77 = 297") = oo,
€€(0,1)
thanks to Fatou’s Lemma. As a consequence, f(R™) D (—o0,0) and thus ®(¢) = 0 for all

t € (—00,0). Replacing f with — f, we also get that ®(¢) = 0 for all ¢t € (0, +00), proving
that & = 0 and the proof is complete. 0
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Proof of Theorem[1.1. By [7, Theorem 3.26], we know that f, € BV*(R). We claim that
|fol ¢ BVY(R). By contradiction, if |f,| € BV*(R), then Theorem |1.2| implies that

Ca/lf
R

o(® o
|gf|j‘ dz < [D°|fa|(R) < +o0. (3.5)
However, for z € (0, 1), we have

ey, (14 o2

|I|a T

contradicting (3.5 and the proof is complete. O

4. FRACTIONAL MEYERS—ZIEMER TRACE INEQUALITY

We begin by noticing that, somehow formulating in a more rigorous way the ideas
sketched in the introduction, one can prove Theorem by directly applying the stan-
dard Meyers—Ziemer trace inequality (1.16)) to the function v = I _,f whenever f €

BV*P(R"™) with p € (1, ﬁ), since
I,_o: BV*P(R") — BV %=1 (R")

with Du = D f in .# (R™; R™), thanks to [6, Proposition 4(i)]. In the case p = 1, we only
have
Ii_o: BV(R") — BVY9(R™)

for all ¢ € (n_La, %) with Du = D*f in .#(R™;R"), in virtue of |7, Remark 3.29]
and [6, Theorem 6], but this is still enough in order to directly exploit (1.16)).

Below, we instead outline a direct argument showing that the very same line of reasoning
used in [17] (see |32, Section 7] for a more detailed explanation) to prove (1.16)) works as

well for proving Theorem [1.12]

Proof of Theorem[1.13. Let f € BV*P(R") for some p € [1, ﬁ) Let (0:)e>0 be a family
of standard mollifiers and let f. = o. % f for all ¢ > 0. By [6, Theorem 4], we know that
fe € BV*P(R™) with V*f, = .« D*f for all ¢ > 0. Now let u. = I1_,f: for all e > 0. By
what we have just observed above, it is not difficult to see that u. € BV (R") N C>(R")

for some g € (n—?—i—a’ %} with

|Vu.| = |[Vf.| < 0. % |D*f| in L'(R™).
Therefore, we can estimate
[ IVuclde = [ 9" f|de <D fIR?) < +oc
R7L R7L
and, moreover, the set
E; ={z e R" : Ju.(z)| >t}
is open with finite perimeter for a.e. t > 0. Since

|Ef 0 By(z)| _ min{|EF], |B,(x)}
|Be(x)] | B, ()|
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and

n n—(Tza)p
B = 1o € R o)) > 0] < iy (I122) 777 <

by the Hardy-Littlewood—Sobolev inequality (see [12, Theorem 1.2.3] for instance), for
each given x € E; the function
|Ef N By (2)]
|Br ()]
is continuous, equals 1 for small > 0 (since E is open) and tends to zero as r — +o0.
Thus, reasoning exactly as in [30, Section 6], via a routine Vitali covering argument we
can estimate

p(ET) < cnllplln—a |Dx ez [(R)

for a.e. t > 0, where ¢, > 0 is a dimensional constant. Therefore, by the coarea formula
and the chain rule for functions with bounded variation, we can estimate

/ \us\du=/u(Ef)dt
R™ R
< callials | 1D | (R") dt

< callulcs [ [Vuc|do
ca s [D°FI(R")

for all € > 0. Now, assuming ||u|,—1 < 400 without loss of generality, it is standard to
see that pu < "1, see [20] and the references therein for a more detailed discussion.
Therefore, since

IN

lim u.(x) = lim . * u(z) = u*(z) for A" *a.e. x cR"
e—0t e—07t

(see [10, Section 5.9] for instance), by the Fatou’s Lemma we conclude that

LAy dp < timint [ Juc] dye < e |l [ D FI(RY)

R” e—0t R"

and the proof is complete. [l
We now conclude our paper with the proof of Corollary [1.13]

Proof of Corollary[1.15 The validity of for any f € C°(R™) follows directly from
Theorem combined with the asymptotic analysis obtained in [8]. For a general
fe BVl’ﬁ(R”), one just needs to perform a routine approximation argument thanks
to [6, Proposition 1]. The validity of follows in a similar way, this time relying on the
asymptotic analysis carried out in [5]. O
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