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Abstract

We consider the 3D smectic energy

2 2\ 2
Ee (u) = %/Qé <8Zu - W) +e€ (8§u+3§u)2daz dydz.

The model contains as a special case the well-known 2D Aviles-Giga model. We prove a sharp
lower bound on &, as € — 0 by introducing 3D analogues of the Jin-Kohn entropies [31]. The
sharp bound corresponds to an equipartition of energy between the bending and compression
strains and was previously demonstrated in the physics literature only when the approximate
Gaussian curvature of each smectic layer vanishes. Also, for £, — 0 and an energy-bounded

sequence {u,} with ||[Vu,||eq), [[Vn|z290) < C for some p > 6, we obtain compactness of
Vu,, in L? assuming that Agyun has constant sign for each n.

1 Introduction
In this article, we analyze the energies

1 1 1 o)\ 2 )
5€(u):2/Q (0o 5 IViuP) Fe(aLw)

which represent the free energy of a smectic-A liquid crystal; see Section 2.1 for a discussion of the
relevant physics literature regarding smectics. Here  C R3 is a bounded domain with Lipschitz
boundary, and x = (x,y,2). The subscript “L” denotes the restriction to the x,y variables of a
differential operator or the projection from R? to R?, so

dx, (1.1)

Viu=(0yu,0yu) and Aju= 8§u + 8§u.
and if m = (my, ma, m3) € R3,
my =mi& +me and m = (m,,m3) € R3.

Our main interest is the asymptotic behavior of energies (1.1) as € — 0, which corresponds to the
regime in which the intrinsic length scale e, cf. (2.5), is vanishingly small compared to €.
We prove the following main results when £ — 0:
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e a lower bound, sharp when Vu € (BV N L*®)(;R3), on & when ¢ — 0 (Theorem 3.6,
Theorem 4.1), and

e a compactness theorem for the gradients of a sequence with bounded energies (Theorem 5.1)
satisfying some additional technical assumptions.

These results generalize the authors’ previous work [47] on the 2D model

2
T (u) = ;/Q [1 (@u - % (Gxu)2> +e (8511)2] dz dz, (1.2)

g

to the 3D energies (1.1). For £, — 0 and a sequence {u,} with bounded energies 7z, (uy), we
proved compactness of Vu,, in L? for 1 < g < p under the additional assumption ||Vu,||» < C for
some p > 6. Moreover, we obtained a lower bound on 7. and constructed a matching upper bound
using on a 1D ansatz.

The sharp lower bound for the 3D energies, which was not previously shown in the physics
literature, relies on a calibration argument which briefly works as follows. Letting

E(Vu) = (X1,%2,X3) (1.3)
where
1 2 1 3
¥ = 0,u0yu — §8$u(8yu) — 6(89511) ,
1 1
22 = —8Iuayu + §8yu(axu)2 + 6(ayu)37
1 1
) 2 - a 2
5= (@) — 5 (0,
direct calculation shows that for u € H?(2),

divE(Vu) = <62u - ;|VLU|2> (0% — 8?3“) (1.4)

Thus by the arithmetic mean-geometric mean inequality and the divergence theorem, cf. (2.24),
&: (u) can be bounded below by

& (u) > /Qdiv X(Vu) dx — EHVLUHip/z(aQ), (1.5)

with approximate equality when

| (on ) v

By the rotational symmetry in the xy-plane of the energies (1.1), the same calculation holds for the
rotations X¢, of X (see (3.1)) obtained by replacing {&,y} with another orthonormal basis {£,n}
of R2. Thus for a sequence &, — 0 and {u,} converging to a limiting function u in a suitable
space, we may bound liminf &, (u,) from below by taking the supremum of the divergences of ¥¢
over all {¢,n} as in [3, 6] for the Aviles-Giga problem. In fact, the energy (1.1) contains the 2D
Aviles-Giga energy as a special case, which we explain in Section 2.2. If Vu € (BV N L*®)(Q;R3),

this lower bound is given by
[Viu—Viu* 2
dH~=, 1.7

/JW 12|V+tu — V—u| (17)
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where Jv, is the jump set in the sense of BV. For the matching upper bound when Vu €
(BV N L>®)(;R3), (1.5) implies the lower bound is optimal for & (u) if (1.6) holds. When € is
a cube, we show this is possible by using a 1D ansatz in which Vu varies transverse to the defect
set. The ansatz is chosen so that (1.6) holds. The upper bound for general 2 can then be shown
by appealing to a result of Poliakovsky [49].

Physically, the 1D ansatz can be interpreted as equating the compression strain (8Zu—% Y Lu]2)2
with the bending strain e2(A u)?; see section Section 2.1 for physical background of model (1.1).
Thus our analysis shows that the frustration coming from the competition between the compression
and bending terms is resolved by an equipartition of energy between the two. Moreover, unlike
many other problems from materials science where microstructure develops [35], microstructure
does not appear in this smectics model. We remark that the same has been observed in the 2D
problem [47].

The compactness of Vu,, in L? is proved under the additional assumptions ||Vu,|| e < C for
some p > 6 and ||[Vu,||2(s0) < C. We emphasize that these are physically justifiable, as the model
(1.2) is only valid in the small strain regime [10, 55|, c¢f. Section 2.1. Our compactness proof relies on
a compensated compactness argument based on the work of Tartar [60, 61, 62] and Murat [44, 45].
The main challenge is to find the suitable entropies to apply Tartar and Murat’s div-curl lemma. As-
suming further that A u, > 0 a.e. in £, we show that curl E,, and div B,, are compact in H~1(Q),
where

E, = (vwn, % |VLunl2) and B, = (— IV u,|?, % \vwn|2> .
Thus (E,, By,) satisfy the assumptions of the div-curl lemma. Applying the div-curl lemma to
E,, - B,, yields strong convergence of V | u,, in L?, and compactness of Vu,, in L? follows from the
fact J,uy, — % |VJ_Un|2 — 01in L2

The paper is organized as follows. Section 2 recalls the physical background of our model (1.1),
summarizes the pertinent mathematical literature, and presents the main calculation behind the
lower bound in a simplified setting. Also included in Section 2 are some preliminaries on functions
of bounded variation. Section 3 is devoted to the lower bound. In Section 4 we construct a sequence

which matches the lower bound from Section 3 when ¢ — 0, and in Section 5 we prove compactness.

2 Background and Preliminaries

2.1 Physical background: Smectic A liquid crystals

Smectic liquid crystals are formed by elongated molecules that are aligned and arranged in fluid-
like layers. They are a remarkable example of a geometrically frustrated, multi-layer, soft-matter
system. Ground states of smectic liquid crystals are characterized by flat, equally spaced, parallel
layers. Due to spontaneously broken translational and rotational symmetry, singularities form in
regions where the smectic order breaks down. When defects are present, the layers must bend and
the resulting curvature is, in general, incompatible with equal spacing between them. The subtle
interplay between the geometry of the layers and equal spacing imposes theoretical complications,
and understanding the layer structure of a smectic liquid crystal is a challenging task.

Smectics can be represented by the density modulation Ap o cos [%ﬂqﬁ (x)] , where x = (z,y,2) €
R3, a is the layer spacing, and ¢ is the phase field of the order parameter [11, 20]. The peaks of
the density wave where ¢ (x) € aZ correspond to the smectic layers. We are interested in the
smectic A phase, in which the nematic director coincides with the normal to the smectic layers
N :%. In terms of ¢, the free energy of a smectic liquid crystal on a region 2 [56] is the sum of



the compression and bending energies
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where B is the compression modulus and K; the bend modulus. The constant ¢ = \/% is the
penetration length. In the presence of boundaries, there is also the saddle-splay term

2
(1—|Vo|)* + K; (v- A ) dx, (2.1)

Vol

FK:IN(/QV-[(V-N)N—(N-V)N]dx.

The contribution of this term depends only on the boundary conditions and is often excluded from
the energy. For configurations with topological defects, this term can contribute to the core energy
of a defect.

The global minimizer of (2.1) is the zero-energy state ¢ (x) = n - x+¢o with n € S? and ¢ € R.
However, rarely do both terms in the free energy vanish. To understand the frustration of the
problem in general, the following example of a smooth surface surface xg = xo(u,v) and its parallel
surfaces x,(u,v) := xo(u,v) + naN(u,v), n € Z is illuminating [33]. Let H,, and K,, denote the
mean and Gaussian curvatures of x,. A standard calculation [19, Sec. 3-5 Exercise 11] yields the
formulas

H = HO - naKo - K()
" 1—2naHy+n%2a?Ky, " 1—2naHy+n2a?Ky’
Since mean curvature can be expressed in terms of the surface normal by H = —%V - N, the

bending term is proportional to H2. Therefore, for evenly spaced layers, the only way for the
bending to vanish (so H, = 0) for all layers is for the Gaussian curvature Ky of x¢ to be zero,
which in turn implies K, = 0, so that the product of the principal curvatures is zero. On the
other hand, H,, = 0 implies that the principal curvatures sum to 0 as well, so that they both
vanish everywhere. Thus unless all the layers are flat, vanishing curvature is incompatible with the
uniform layer spacing. The interaction between the layer spacing, the Gaussian curvature, and the
mean curvature presents a major obstacle to finding minimal configurations for the energy (2.1).
Throughout the physics literature there are numerous works on the search for exact or approximate
solutions of deformations in smectics [8, 10, 17, 18, 30, 32, 33, 42, 54, 55, 56, 57].

In the study of smectic layers, it is typical to consider the deviation u from a fixed ground state
¢, 50 ¢ = ¢ —u. If we fix ¢(x) = z, then u(x) = z — ¢(x). Expressing the compression strain in
powers of Vu = 2 — V¢ and setting V| = 9,3 +0,7, AL = 92 +8§, we can expand the compression
as

1
L= Vol = Ozu— 5 IV iul? + 0 (u¥), (2.2)
and bending strain as
Vo 3
Vi—=~-Aju+0 (u’). 2.3
Ty~ A0 () (23)

Keeping only the linear terms in the expansions (2.2) and (2.3) in the limit of small elastic strains
|Vu| < 1 results in a linear theory [20, 34] of (2.1) which has been widely used in the study of strain
fields and energetics of dislocations in smectics-A. On the other hand, the well-known example of
the dilatative Helfrich-Hurault effect [23, 24], in which the layers wrinkle upon stretching, indicates
that nonlinear effects can be important even for small strains. Observe that the linear model is
only valid when % < 1, and the nonlinear term is not negligible when 0,u ~ |V J_U|2 . The
first example of strain field taking into account the nonlinear effect was constructed by Brener



and Marchenko [10]. They considered the strain field for a single edge dislocation in the regime
d.u ~ (8yu)* < 1 and found an exact solution to the Euler-Lagrange equation for the 2D nonlinear
approximation of (2.1)

B
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<Zu—2(8xu)> + &% (Oou)” | da dz, (2.4)

where
e=+Ki/B. (2.5)

Their construction deviates markedly from the strain field predicted by linear theory even away from
the defects where the elastic strain and curvature are small. The solution was verified experimentally
in a cholesteric finger texture by Ishikawa and Lavrentovich [30] and by Smalyukh and Lavrentovich
[58] using confocal microscopy.

Brener and Marchenko found their solution by solving the fourth order Euler-Lagrange equation
of (2.4) directly. Later, Santangelo and Kamien [55] approached the problem from a different
perspective and discovered a large class of exact minima for the nonlinear approximations of (2.1).
They studied the 3D version of (2.4)

B
F:/
2 Jo

Completing the square in (2.6) yields

1 1 1 5 2 )
£ () = 2/9[5 <8Zu2|vlu|> +e(ALw)

2
(azu - % vauF) +e2(ALu)?| dx. (2.6)

dx

2
-5/ 1<8zu—1\VLU\2:F€ALU> ax [ (azu—lmuﬁ) Ajudx.  (27)
2 [eR23 2 (9] 2

Observe that )
Owubdiu =V - (9:u¥ 1u) = 0. (muP) (2.8)

and

_ 1
3 |VLu|2 Alu=—-4Ku+V, - (VLU |Vlu|2> +2V, - <uALuVLu - EuVL \VLu2> ,  (2.9)

where K = 8§u8§u — (8:,35,71)2 is the lowest order approximation of the Gaussian curvature. By the
Bochner formula $A|Vu|? = Vu - A(Vu) 4 [V?u|? from flat geometry or by direct calculation, K
can also be expressed as

1 1
K=V, (VLUALU -5Vu |VLu|2) : (2.10)

which is the form found for example in [55]. Substituting (2.8) and (2.9) back into (2.7) yields

1 /1 1 ) 2 2 [ —
E(u) = / Ou— — |V iul" FeA u dx:I:/Kudx
2 0E€ 2 3 9]

i/ div Z(u) dx, (2.11)
Q



where

1 1 1 1
S(u) = Kazu -5 Vouf — 3uAlu) Viu+ cuvy IViul?, —§|vw|2 . (2.12)

A direct conclusion from this decomposition is that the free energy of deformations with K = 0
is always bounded below by the contributions from the boundary integrals involving =(u) , and the
minimum is achieved when

1
0.u — 3 IViul* = +eA u. (2.13)

The nonlinear differential equation (2.13) is called the BPS equation, with solutions referred to as
BPS solutions. This equation is of reduced order compared to the Euler-Lagrange equation of the
free energy (2.6). As observed in [55], (2.13) has a simple but important physical interpretation:
equating the bending and compression energies so as to minimize their sum and alleviate the
geometric frustration described earlier. This type of technique, called the BPS decomposition, was
introduced by Bogomol'nyi [9], Prasad and Sommerfield [51] in the study of field configurations of
magnetic monopoles and solitions in field theory. BPS-type decompositions have also been utilized
in the analysis of thermal fluctuations in 2D smectics [22] and shape changes in vesicles [7].
When w is a function of z and z only, so that K = 0, the BPS equation simplifies to

D.u— % (0u)? = 4. (2.14)

Through the Hopf-Cole transformation Si = exp|tu(z,£2)/(2¢)], (2.14) becomes the diffusion
equation
0,8+ = €d?S.. (2.15)

Solving (2.15) with the boundary conditions Sy — 1 as + — —oo and Sy — eT1E as z — +o00,
where b is the Burgers vector of the dislocation, yields

Sy =1+ <ei% - 1) e /2\/?2 et dt.

— 00

After inverting the Hopf-Cole transformation, this solution recovers the edge dislocation deforma-
tion calculated in [10].

When K is small, the BPS solutions are energetically preferable compared to solutions from
the linear theory [55]. Santangelo and Kamien [56] generalized this idea to the full energy (2.1)
and established a specific set of minima of (2.1) when the K = 0. Their arguments demonstrated
that the layer deformation in the partially nonlinear theory [10, 55] is near the profile from the full
energy.

Given the rigidity of the assumption that the Gaussian curvature of the smectic layers is zero,
one might conjecture that BPS solutions are no longer (approximate) minimizers upon relaxing that
assumption. Interestingly however, this is not the case. Indeed, we quote from [55], where some
numerical simulations were done to investigate this issue. “Further study is needed to understand
the precise role of the uK in the failure of the BPS configurations to minimize the energy. It
is often the case that ‘near-BPS’ solutions are remarkably good approximants and it appears to
be true here as well.” We utilize techniques drawn from the mathematical literature for singular
perturbation problems to obtain a sharp lower bound for (2.6) while only assuming that [eK is
small, providing an explanation for this phenomenon. Our analysis is inspired by the simple fact
that the 3D smectic energy (2.6) is a generalization of the well-studied 2D Aviles-Giga functional,
which, nevertheless, has not been observed previously in the literature to the best of our knowledge.



2.2 Mathematical Background: The Aviles-Giga energy

To illustrate the link between 3D smectics and Aviles-Giga functional, fix Q C R? and consider the
smectic energy (2.6) on the three dimensional cylinder © x (0, 1) subject to the constraint d,u = 1/2.
With the dependence of Vu on z eliminated, the energy (2.6) becomes

S/Q Lll (1 — |VJ_U|2)2 +&2 (ALu)Q} dz dy. (2.16)

Ignoring the harmless factor of 1/4 on the first term, this is the 2D instance of the Aviles-Giga
energy, which we now recall.
Aviles and Giga [5] formulated the energy

F: :/ﬂ [i(|Vu\2 —1)? +£(Au)2] dx, (2.17)

known as the Aviles-Giga functional, as a model for smectic liquid crystals. Here  C R" is a
bounded domain. When € approaches zero, Aviles and Giga conjectured that the optimal transition
layers are one dimensional and F. converges (in the sense of I'-convergence) to the limiting energy

Fo= 1/3/ [Vu]|® dH™ .
JVu

Here the limiting function wu satisfies eikonal equation |Vu| = 1 a.e., Jy, is the defect set, cf.
Definition 2.3, and [Vu] is the jump in Vu across Jy,.

The Aviles-Giga functional has been extensively studied in the case n = 2. After extracting a
boundary term, (2.17) is equal to

- 1
F= / [€(|Vu|2 —1)2 4 5]V2u|2] dz dy. (2.18)
Q
Jin and Kohn [31] noticed that the divergence of the “Jin-Kohn entropy”

(azu (1 _ (9yu)? — ;(8mu)2> —dyu <1 — (O)? — ;(8yu)2>) , (2.19)

calculated directly as (1 — |Vul|?)(0?u — 8§u), bounds F. from below and the lower bound is
asymptotically optimal if

11— |Vu|?| = [02u. — 8§u5\ and E/Q (83%65% — (Opyue)?) dxdy =~ 0.

For the unit square and boundary conditions u = 0, % = —1, they proved that the lower bound
can be achieved by the “1D” ansatz u. = ax + f-(y) when the associated defect set of the limiting
map lim._,g u. is parallel to the = axis, corroborating Aviles-Giga’s conjecture regarding the one-
dimensionality of the transition region. Recently, Ignat and Monteil [29] proved that any minimizer
of (2.18) on an infinite strip is one-dimensional. By considering the supremum of the divergences
of all rotated versions of Yu, Aviles and Giga [6] derived a limiting functional J : W13(Q) — [0, co)
which is lower semicontinuous with respect to strong topology in W13(£2) and coincides with Fy
for any u satisfying the eikonal equation with Vu € BV (). Moreover,

J(u) < lini)inf Fe, (un)
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for any sequence u, converging strongly to u in W13(2). A construction which achieves conjec-
tured I'-limit when Vu € BV () was provided in [12, 49]. For the I'-convergence theory, another
important question is the compactness of sequences with bounded energy when £ goes to zero.
Such compactness results in two dimensions have been proved by two different groups [3, 16] using
different approaches. For the Aviles-Giga functional in dimensions three or higher, the state of
art is less clear. De Lellis [13] constructed a counterexample, showing that Fy is not the limiting
energy for F. and 1D ansatz is not optimal. The compactness and form of the limiting energy,
however, are still open. The Aviles-Giga model and related topics such as the eikonal equation and
other line-energy models have continued to be active areas of research in the past two decades; see
[1, 15, 21, 25, 26, 27, 28, 36, 14, 37, 38, 39, 40, 41, 52, 53] and the references therein.

2.3 Heuristic Proof of the Lower Bound

The admissible class for (1.1) is H2(2). We recall some trace properties for this space when 99
is Lipschitz that are useful for the lower bound. First, since u € H?, it follows that Vul| oq €
H'2(99; R?). Furthermore, momentarily replacing 9, Oy, and 0, by 01, 02, and 03, the tangential
derivative operators

0

Tjk

= v;0p — w0 : H'(0Q) — H™'2(09) = (H'2(00))* (2.20)

are well-defined, linear, and bounded for any 1 < j, k,I < 3 [43, Proposition 2.1]. In particular,
denoting by <, > the pairing between H~'/?(9Q) and H'/?(d), the quantities

< Opu, O

Jjk

(6lu) > (2.21)

are well-defined for u € H?(Q) and 1 < j, k,I,m < 3.
We recall the map

(@u@zu — 500Dy — (0w, ~Deudyu -+ S0u(Deu)? + (O, (D) ;(axu)2>

from (1.3). We point out that the first two components of ¥(Vu) are one half times the Jin-Kohn
entropy for the Aviles-Giga energy when 0,u = % Direct calculation shows that for u € H?(),

div ¥(Vu) = <8Zu - ;|vw|2> (03u — Ou)

1 1 2 = 2 2. \2
< — _ — _ . .
5 <6zu 2‘ V u\ > + 2(83311, 8yu) (2 22)

To handle the fact that the second term differs from (A u)?, we recall K = 8§u8§u — (Ogyu)?, so
that

/Q [(ALU)Q — (0% — BZU)Q —4K]| dx = /94(8xyu)2 dx > 0.
Combining this with (2.22), we arrive at

/ div X (Vu) dx + s/ 2K dx < E-(u). (2.23)
Q Q



Notice that K = diVJ_(axué?;u, —0u0zyu), so that
5/ 2K dx = 2¢ DpuOry, Oy dH? (2.24)
Q o0

and both terms on the left hand side of (2.23) depend only on boundary values. By the continuity
of the tangential derivative operators from H'/2(9Q) to H ™ '/2(9f), we can estimate

5/ 2K dx
9

The general lower bound as € — 0 is then derived by taking supremum over all the rotations of X
as in (3.1). We also refer the reader to the end of Section 4 for a discussion of the implications of
this analysis on the BPS solutions.

< 260l s oy 10risBytll s - 00y < CQEVLtlZpaioqy  (2:25)

Remark 2.1. There are few 3D examples where an explicit calibration can be found and, to our
knowledge, there is no systematic approach to find such a calibration for an arbitrary energy. Our
choice of the calibration (1.3) uses only Vu while the calibration (2.12) from BPS decomposition
involves second derivatives of u. For u smooth, since

(AL u)? — (0u — 8§u)2 = 4K,

1 2__
(Opu — §|Vlu|2) A u=divE(u) + gKu,

(Opu — %|Vlu|2) - (0u — aju) = div 3X(Vu),

the two calibrations can be linked by the following identity when K = 0:

|div Z| = |div Z(Vu)|.

Remark 2.2. Comparing the BPS decomposition to (2.23), we see that the remainder term e fQ 2K
in the latter can be handled more easily than the term fQ uK . This is the reason that we are able to
obtain a lower bound even in the presence of non-vanishing Gaussian curvature. One might guess
that since the BPS decomposition is also predicated on equipartition of energy between the bending
and compression terms, the two arguments give the same lower bound

T A
/ IViu—Viul I
Jo, 12|VTu — V=ul

in the limit € — 0 when K = 0 for each u. and Vu € BV (;R3). This is indeed the case, although
passing to the limit as u. — wu in the term [, divE(ue) is non-trivial since Z(ue) contains second
order deriwatives of u.. This can be accomplished via a blowup argument which then allows for a
careful analysis of those higher order terms in the simplified setting of a flat jump set with limiting
constant states Vu™ on either side.

2.4 Properties of Functions of Bounded Variation

Our discussion draws from the relevant sections of [4, Chapter 3]. For the sake of generality
and because the dimensions of the ambient/target spaces do not matter for these results, in this
subsection we will consider functions defined on Q C RY and taking values in R



Definition 2.1. [4, Def. 3.1] An element m C L*(Q;RM) belongs to the space BV (;RM) if the
distributional derivative Dm = (Djm;) of m is a finite RM*N _yalued Radon measure.

Definition 2.2. [{, Def. 3.63] If m € L'(Q;RM) we say that m has approzimate limit z =
aplimy_,, m(y) at x € Q if

lim |m(y) — z|dy = 0.
r—0 By (x)

If this property fails to hold at x for every z € RM | then x belongs to Sy, the approzimate discon-
tinuity set.

To refer to solid half-balls in €2, we define
Bf(x,v):={y € B.(z): (y—z)-v>0},B, (z,v) ={y € B.(x): (y —x) - v < 0}.

Definition 2.3. [, Def. 3.67] For m € BV (Q;RM), we say that x € Q belongs to J,,, the set of
approzimate jump points, if there exist m*(x) #m™(x) € RM and vy, (x) € SN~ such that

lim Im(y) — m*(z)|dy = 0 and lim |m(y) —m™ (z)|dy = 0.

=0 B (2,vm) =0 By (2,vm)

+

The vectors m™,m~, and v,, are uniquely determined up to permuting m*, m~ and exchanging

Um(x) for —vm(x). Also, Jp, is countably HN ~'-rectifiable.
Definition 2.4. [4, Cor. 3.80] The precise representative of m € BV (Q;RM) is the function
ap hmy—)x m(y) fo ¢ Sm,

m(z) == mt(z) ;m_(”f) if x € Jp.

Theorem 2.3. [/, Thm. 8.78] If m € BV (;RM), then S,, is countably H™~'-rectifiable and
HN(Sy \ Jim) = 0.

Next, we recall the BV Structure Theorem.

Theorem 2.4. [, Section 3.9] For m € BV (;RM), the Radon measure Dm can be decomposed
into three mutually singular measures

Dm = D%m + Dim 4 D°m. (2.26)
The first component is absolutely continuous with respect to the Lebesgue measure and is given by
D%m = Vm/cV,

where Vm is the matriz of approximate partial derivatives defined L™-a.e. The component of Dm
that is singular with respect to LN is D®m. It can be written as Dm = DIm + D°m, where

Dim=(m" —m7) @u,HYN 1L J, (2.27)
and D°m is the Cantor part of Dm, which vanishes on sets that are HN ™1 o-finite.

Remark 2.5. Since D*m and Dm both vanish on sets that are HN™1 o-finite, they vanish on
Sm. Therefore, aplim,_,, m(y), which is defined off of Sy,, exists and is equal to m except on a set
of |D*m|- and |D¢m|-measure zero.

10



Lemma 2.6. If m € BV (;RY) is equal to Vu for some u € WHH(Q), then
Vut — Vu™ JJvy,. (2.28)

Proof. Since the Radon measure Dm is equal to V2u, it is symmetric and can be decomposed into
three mutually singular measures, cf. (2.26). Thus the jump part (Vu™ — Vu~) @ vy, H2L Jy, is
symmetric as well. But (Vut — Vu™) ® vy, is symmetric if and only if Vut — Vu™ //vy,, which
is (2.28). O

We state the BV Chain Rule [63, 2].

Theorem 2.7. [{, Thm 3.96] Let m € BV (;RM) and F : RM™ — RY be C* with bounded gradient
and F(0) = 0 if LN(Q) = co. Then Fom € BV (;RP) and

D(F om) = VF(m)VmLY + VF(m)Dm + (F(m%) = F(m™)) @ v HY 1L Ty, (2.29)
When M = P, taking the trace on both sides of (2.29) yields
div (F om) = tr (VF(m)Vm)L? + tr (VE(m)Dm) + (F(m™) — F(m™)) - v HY 1L Jp. (2.30)

Remark 2.8. As a consequence of Theorem 2.7, if F' does not have bounded gradient, one must
assume that m instead is bounded in order to apply the chain rule above.

3 The 3D Aviles-Giga Space and the Lower Bound

In this section we prove the lower bound. Due to the connection between the 3D model (2.6) and
2D Aviles-Giga, many of the arguments leading to the lower bound are the natural 3D analogues
of results from [3, 6]. The proof is centered around the 3D version of the 2D Aviles-Giga space
considered in [6] and explicitly defined in [3]. Although alternate proofs are available when Vu €
BV (Q;R3), for example via blowup or covering arguments, we follow the structure of [3] which
gives the most general version of the lower bound without this assumption on Vu.

Let {&,n} be an orthonormal basis of R?. For any vector m = (m_, m3) with m, € R?, denote

me=my &, My =my N

and set

2 3 2 3 2 2
mems M mpymg m m; m
Yen(m) = <m3m§ - % - 6£> £+ (—mgmn + an + 677> n+ (—25 + 2”) z. (3.1)

3
2
loc

Note that for m : Q@ — R3, S¢,(m) € LL_(R3) if my € L} (Q) and mg € L

loc
fundamental equation (2.23) motivate the following definition.

(€2). This and the

3
Definition 3.1. Let u € VV110C2 () be such that V u € L} (Q;R?). We say that u € AG3P(Q) if

loc

div X¢, (Vu) is a finite Radon measure in ) for all orthonormal bases {&,n} of R%.

Definition 3.2. If u € AG®*P(Q) and 0,u = %‘VJ_'U/‘Z, we say u € AGEP ().
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Let {e1,e2} be the standard basis of R?, and let {¢1,e2} be given by

< 1 1 > < 1 1 ) (3.2)

2 f —, = y E = —, = . .

W2ve) T U VR ye

A routine calculation, yields a formula for ¢, in terms of X¢,¢, and ¥.,c,. The R%-valued version

of this formula for the Jin-Kohn entropies was first derived in [3], and we do not include the proof.
3

Lemma 3.1. For any m € LZ_(4;R3) such that m, € L} (Q;R?), if & = (cos6,sinf) and

n = (—sin#,cosh), then

Yen(m) = cos20 Xe e, (m) +sin20 X, ., (m). (3.3)
Definition 3.3. For any u € AG3P(Q), let Iu be the finite vector-valued Radon measure
Tu = (div X¢ ¢, (Vu), div E¢, ., (V). (3.4)

By (3.3), u € AG3P(Q) if and only if div e, e, (Vu), div Xe,c,(Vu) are finite Radon measures.
Let B, denote the sets of all orthonormal bases of R? with the same orientation as {ej,ez}. We
decompose the domain and on each piece we consider the rotated measure div¥¢,(Vu). The
following result shows that |Iu| is the supremum of the measures |div ¥¢, (Vu)| over {£,n} € By

Theorem 3.2. (i) For any u € AG3P(Q) and Borel subset B of ,

[Lul(B)y= | \/  |divEg(Vu)l | (B)
{&mnteBy
J
= sup Z |div S¢,, (Vu)| (Bj) : J €N, {Bj}}]:1 is a Borel partition of B, {{;,n;} € B+
j=1

(3.5)

(i) For an open set A,

J
|Tu|(A) = sup Z |div ¢, (Vu)| (4;) : J € N, A; are open, disjoint, A; cC A, {&;,n;} € By

j=1
(3.6)
(iii) If {u,} C AG3P(Q) are such that
Viup, —> Viu, 0Ou, — 0,u,
L3 L3/2
and
[Tu,|(2) <C < oo forall n, (3.7)
then u € AG3*P(Q) and
Tu,, A Tu.
Thus for every open set A C Q,
[Tu|(A) < lirginf [Ty, |(A). (3.8)

12



Proof. By Riesz’s Theorem and (3.3), we have the equality of measures
div E¢,)(Vu) = (cos 26,sin20) - Tu = (cos 26, sin 26) - g|Iu|

for some g which is unit-valued |Ju|-a.e. One then has for any Borel set B and Borel partition
{B;}/_,

J
Z‘dlvzgn V) Z/ (cos 26, sin 26;) \duu|<2uuy (3.9)

Approximating g by functions that take finitely many values in S! yields (3.5). The representation
(3.6) when A is open is a consequence of the usual approximation theorems for Radon measures.
To see this, note that for any partition {B; }3]:1 of A, we can approximate B; from inside by disjoint

compact sets { K }3]:1 and then K by the desired open sets.
For (iii), by Holder’s inequality and the convergence of Vu,, to Vu, we have

Yeres (Vup) — Yeres (Vu), Yiejes (Vun) — Z€1sz(vu) in Ll(QﬂRS),

so that the divergences converge in the sense of distributions. Thus (3.7) implies that v is Radon
and Tu, = Tu, and (3.8) is a consequence of the weak-* convergence. O

Proposition 3.3. If u €¢ W2°/5(Q), then
div ¢, (Vu) = (azu - ;]Vu\2> (8§2u - 8su) (3.10)

and

1
[Tu| = |02u — 5 — XL (3.11)

where A1, Ay are the eigenvalues of Viu
Proof. If u is smooth, we can calculate

div S (V) = e (Sey (V) - €) + Oy (Sen (V) - ) + 9 (Sey (V) - 2)

O%u(0,u)? O:1u)20%u
:8éazuaéu+6zuagu—85u6nu8§377u— £ () _ (Ogu) 3

2 2
2u(eu)2 o 252
_ 8178,3”677“ — azuagu -+ 8£u8,7u8,785u + 77“(2£U) + ( WU; nW
|V iuf® 2 2
- (3z“ -5 ) (Ofu—0u). (312

If u € W2%5(), then by the Sobolev embedding, Vu € L*?(). For u,, smooth and converging to
u in W2°/(Q) , Holder’s inequality yields for any test function ¢ € C5°(9),

n Q
. |V Lun|? 2 2
= nlggo ) (82 n— 5 (85 Uy, — Gnun) pdx




so that (3.10) is proved.
For (3.11), if v = v(x) and w = w(x) are the orthonormal eigenvectors of V2 u(x) with corre-
sponding eigenvalues A\ (x) = 02u(x) and Ag(x) = 02u(x), then direct calculation gives

‘8€2u - 8gu| = ‘(912)u — &?Uu‘ |(§ )2 —(n- v)2| = ‘('ﬁu — &?Uu‘ |(§ cw): — (- w)Q‘ .
From this we may conclude that

sup ‘Ggu - 8,27u| =\ — Az,
{&nreBy

and thus

1
|Tu| = |0,u — i\vw\? A1 — Xo|LPL Q.

O]

Remark 3.4. The condition that u € W25 (Q) is stronger than merely requiring that u € AG3P(Q).
However, by Hélder’s inequality and the Sobolev embedding, 9/5 is the optimal exponent for which
the measure div¥(Vu)is absolutely continuous with respect to the Lebesque measure and is thus
represented by the integration of an L'-function; cf. [3, Proposition 3.4] for the corresponding
result in two dimensions.

The next proposition gives a formula for |[Iu| under certain regularity conditions on u €
AG3P () necessary to apply the BV Chain rule, cf. Theorem 2.7 and Remark 2.8.

Proposition 3.5. If u € AGEP(Q) N W1°(Q) and Vu € BV (Q;R3), then

H2L Joy,.

Proof. For any {&,n}, first notice that due to the BV Chain rule,
|div B¢, (V)| L Jou = |[(Zen(VuT) = Sey (V7)) - vvu| H2 L Jou.

We compute the right hand side and then optimize over choices of {£,n}€ B at each point in Jy,.
To simplify the notation in the calculation, set Vu = m. Now since u € AGEP(Q), m* and m~
satisfy

my = =((mg)* + (my;)?) (3.13)

on Jp,, which can be directly verified from Definition 2.3. This gives

+, 432 +43 L, 49 s
Ef”(mi)i:<m3im€i_m£(mn) _(m£)>f+<—m§m$+mn(m€) +(mn)>n

2 6 2 6
(mg)?  (m2)?
s (3.14)
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Using (3.14) to rewrite S¢, (m®) and then (3.13) and m™ —m ™/, to replace vy, cf. Equation (2.28),
we have

‘(Zin(m+) — Sgn(m™)) - v
<<mg)3 - (mg>3> v <<m;;>3 ~ <m;>3> - (_ (mg)*  (me)* | (m§)2 ~ (m;>2> ”

3 3 3 3 2 2 2
1 (md)*  (mg)? _ (my)®  (my)? -
] (o
(m)* (mg)®  (mf)*  (my)*\ (|ImiP |mP?
* <_ 2 T2 T2 2 ( ] ) '

Expanding out the right hand side of the previous equation and combining like terms gives

(m¢ —mg)! = (mf =m)' |t
» H-% =) - = N L 3.15

Equality is achieved for {¢,n} such that (m*t —m™), /¢ or (m™ —m ™) //n. Taking the supremum
over {&,n}e By, we find that

Vut — Vu [*

Tu|L Jyy =
LI = oG e =]

H? L Jva. (3.16)

To complete the proof of the proposition, we must show that
[Tu|(Q\ Jvy) = 0.

Recalling the BV Chain rule, Theorem 2.7, notice that away from Jv,,, div3¢,(Vu) can be com-
puted using the usual chain rule formula by substituting D*(Vu) and D¢(Vu) for the classical
second derivatives of u. Therefore, by the same manipulations as in (3.12), we have

div e, (V) L (2 \ Jyu)

- (azu - 'V;“'2> (€7 D% (Vu)é + €7 DF(Vu)é — " D*(Vu)y — " DX (V).

Since (/3;1? - % = 0 for x where the approximate limit YVu exists, it is zero |D*(Vu)|- and
|D¢(Vu)|-a.e. by Remark 2.5. Thus |[Tu|L (©2\ Jyv,) vanishes as well. O

We are ready to prove the lower bound. The theorem is stated under the assumption that
e2 [ K, — 0, which can be enforced by mild control on the boundary data as in (2.25).

Theorem 3.6. Let Q2 C R3 be an open set. Consider e, \, 0 and {u,} C H?(Q) such that

Viu, = Viu, 0Ou, — Ou (3.17)
L3 13/2
for some u € ng(Q) with Viu € L3(Q;R?). If liminf, o &, (uy,) is finite and
lim &2 / K,dx =0, (3.18)
n—o0 Q
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then u € AGEP(Q) and
lirginfgsn(un) > |[Tu|(£2). (3.19)

When u € AGEP(Q) N W1(Q) and Vu € BV (Q;R3), then by Proposition 3.5, the lower bound is
given by
’VLU—i_ — VLU_|4

2
L Jya.
BVe —va | TN

[Iu| =

Proof. For each u, € H?(2), the representation (3.11) of |Iu,| gives

1
|Tun| = |00, — 2|vwn|2‘ An— donlLPLQ
1 IViua2\?  en 2| 13
< |— (ou, - —=2 2 Am — Aan Q. 2
< [28n <a u 5 + 5 i = o)’ | L1 (3.20)

Next, fix an open set A CC 2 and a test function ¢ € C°(;[0,1]) such that ¢ =1 on A. We
estimate

%n Q(AJ_UH)Z dx > %" ; (A, + A3, + 200 he ] @ dx
= %1 o (AL — Aon)? + 4 det (V3 un)] pdx
- %L Q()\Ln — )\27,1)2(79 dx — 2¢e, /Q amun(ajunaw — Oy nOyp) dx
= %n | Pin = Aon)? dx — 22, |Vl Lo |V Lt | 2| VE i 2 (3.21)

Now since V| u,, are bounded in L3, the square of the remainder in (3.21) can be estimated by

E2||IV Lun |22 | V2 un||2s = 2|V Lun |22 / (A0 A3, + 20020 — 2A1 00 dx
Q

Q/Kndx
Q

0. (3.22)

< CsfZ /Q(Alun)2 dx + CsfZ

Combining (3.20)-(3.22), we conclude that

1 1 1 2
Ee, (un) > 2/,4 . <azun -3 ’vl_un|2> +en (M — )‘2,71)2] dx — 25n”v¢||L°°HVJ_UNHL?HViUn”L?
> |Tuy|(A) —o(1). (3.23)

Since the limit inferior of the energies is finite, we can appeal to Theorem 3.2.(iii) to find that
u € AG3P(A) and
liminf & (uy) > liminf |Tu,|(A) > [Tu|(A).
n— o0 n—o0
An exhaustion argument gives u € AG3P(Q) and (3.19). The fact that u € AGEP () follows from
Viunl?)
/ <8Zun — |L2u‘> dx < ep&e, (uy) — 0. (3.24)
Q

O
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4 The Upper Bound

In this section we show that the lower bound Theorem 3.6 is sharp when u € AGP(Q) and
Vu € (BVNL>)(£2) by means of a construction, so that we have matching upper and lower bounds.
Combined with the lower bound, this allows us to conclude that under reasonable assumptions,
equipartition of energy in (2.6) is optimal.

Theorem 4.1. Let u € AGIP(Q) N WH(Q) and Vu € BV(Q;R3). Then there exists a sequence
{u:} € C*(Q) such that
ue — u in WHP(Q) for all 1 <p < oo (4.1)
and
\Vﬂﬁ — VLu_‘4
o, 12]Vut —Vu|

E(us) — dH>. (4.2)

The proof of Theorem 4.1 consists of two steps. In Proposition 4.2, we show that on a cube with
jump set parallel to one of the faces, the sequence of one-dimensional competitors with constant
gradient in the direction parallel to the jump set is asymptotically minimizing. Second, the cube
construction can be leveraged to obtain the full upper bound Theorem 4.1 by using the results of
[50].

To formulate the problem on a cube, let us fix an orthonormal basis {(1, (2,7} of R? and the
set

C={xeR%: |x-v|<1p|x-§| <1lefori=1,2}.

Next, we choose boundary data that will be compatible with a limiting jump set {x € C': x-v = 0}.
Let m™ # m™ be such that

ms = %\mf\Z and  v//(mT —m"), (4.3)
and consider the class

Ac = {u € H*: Vu = m* when x - v = 41/2 and Vu is 1-periodic in the (i, (s directions}.
Note that since m™ # m™, the first equation in (4.3) enforces

v #0,

so that we can define the planar unit vectors

6: |Z%| and n= (*5255150)’

The smaller set of 1D competitors is defined by
AP ={uec Ac:Vu -G =m"-¢G=m" - fori=1,2}.

We remark that due to the boundary conditions imposed on the class Ac and the identity K =
det V3 u = VJ_(axuﬁgu, — 0z u0zyu),

A u)?dx — V2 u| dx
1
C C
= 2/ fﬁu({);u — (Opyu)? dx
C
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2
i / Oyudr, (Byu) dH +23 / Dyudy, o (Dyu) dH?
90N {ev|=1/2} i1 Jacn{|x-¢i|=1/2}

= 0. (4.4)
We set
. 1D __ -
Te = Lrtlcf & and 17 = ;&2 E..

Proposition 4.2. For any ¢ > 0,

m} —m|* o mi —m|* -

——— <. < < ————— €28, 4.5

12|m* —m~| =Te=Te = 12/m* —m~| Tae (4.5)

The constants c1 and cg depend only on m™ and m™.

Proof. The inequality r. < r!P is immediate, since A’ C Ac. Also, the inequality

+ —4
|mJ__mJ_| <re
12lmt —m~| —

follows from (3.12), (3.15), and the boundary conditions for u € A¢. Indeed, since

vyl (m™ —m7) L€,

we have

L
12|mt —m~| (3.15)

/ Sep(mt) - vdH? - / Sey(m™) - vdH?
Cn{x-v=1/2} Cn{x.v=—1/2}

= /divﬂgn(Vu)dx
C
1 |Vﬂ,¢|2>2 € /o 9 \2
< — [ Oyu — 4+ = (0Fu — O7u)” dx
(332) /025 ( 2 2( 3 n )

2
[ (e s
C 4€ 2

—5/ (aguagu (0 agu
C
1 /1 2\ ?
:/ - <3ZU—M> +5\Viu\2dx—5/ det(V? u) dx
2 c € 2 o
a(u

(4.4)

(03u)? + 2 (9y06u)® + (92u) )d

Finally, showing that
+ 4
1D |my —m]| FepemE (4.6)

e = 12jm* — m~|

entails constructing a sequence {Vu,} such that each Vu, is a function of x - v and

+ — 14
mt —m
E(ue) < m1 1l

—C2€
_—12|m+—m_| + cie .
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Since the steps of such a construction are standard in the calculus of variations, we outline the
procedure and refer to [47, Proposition 5.2], which contains a full proof in the 2D case, for some of
the estimates.

Let

p:er—m*

and g be the solution to the initial value problem

J(t) = lops T ms — (gpi + my)?/2 — (gp2 + my)*/2|
lpL vy ’ (4.7)

g9(0) =1/2.

Note that the denominator |p; - vy | # 0 since mi = %|mf|2, m"™ # m~ imply that m{ # m].

One can check that g exists for all time and approaches 1 and 0 exponentially as ¢t — oo (see for
example [59, Equation (1.21)]). Consider the family of functions

(52 = [l (522) ] = et

where G is an antiderivative of g, on the infinite strip {|x- 7| < 1/2:7¢=1,2}. Let £ be the unit
vector v, /|v1|. By direct calculation, we have for any ¢ > 0

E(Vuwy)
1 1 2 )
:i/ (3ﬂ%—-lviwﬁﬁ +2(ALwe) dx
{|x-m|<1/29=1,2} € 2
e t —\2 t N2\ 2 9 ‘ )
:/ 1<9 (t)p3+m§— (9 (D) pitmi)”  (g()p2tmy) ) +eg’ (t) % dt
—0 | € 13 2 2 - -
& t —\2 t 2 .
o (o€ Ym0y 00,
(47 |/ € 2 B . 8

(3.12)

/ div B¢, (Vwe) dx
{|x-7;:|<1/2:4=1,2}

= |(Bgy(m™) — Bey(m7)) - v|
In (3.16) in the lower bound, we saw that this was equal to

lmt —m7[*

T — 4.
12|m* — m~| (48)

The sequence {Vu,} is constructed by suitably truncating Vw, so that it is in the class .Ach . The
estimate (4.6) follows from the exponential approach of g to 0 and 1 combined with (4.8); see [47,
Proposition 5.2] for full details. O
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To prove Theorem 4.1, we appeal to a general theorem from [49]. The version applicable to this
problem reads as follows.

Theorem 4.3. ([49, Theorem 1.2]) Let Q C R? be a bounded C*-domain and let
F(a,b) : R¥>3 xR?® - R

be a C' function satisfying F > 0. Let u € WhH(Q) be such that Vu € BV (4;R3) and
F(0,Vu(z)) =0 a.e. in Q. Then there exists a family of functions {u.} C C*(R3) satisfying

Ue — u in WHP(Q) for 1 < p < oo
and

1
lim = [ F(eV?ue, Vu.) dz dz
e—0 ¢ Q

- /JV inf {/oo F (= (t)v(z,2) @ v(z, 2), r(t)v(z, 2) + Vu (z,2)) dt} dH?>.

u T€Ry(x,2),0 —00

Here x(z, z) is given by
x(z, 2)v(z, 2) = Vu't(z,2) — Vu~ (z, 2),

and
Ry(z,2),0 = 1r(t) € CYR):3L >0 s.t. r(t) = x(z,2) fort < —L,r(t) =0 fort > L}.
Proof of Theorem 4.1. If we set

Flab) = & (b - i 2+122: :
a, =5 (% 5 21’:1%7

then .
z—:/ F(eVZue, Vu.) dx = E-(ue).
Q
To evaluate the infimum in Theorem 4.3, we can rescale and use Proposition 4.2 to see that it is
|Vul — Vu [t
12|Vut — Vu—|

This finishes the proof. O

Remark 4.4. A recovery sequence with specified boundary data for u and Vu could be constructed
as in [12, Section 6] or [48, Theorem 1.1].

Finally, let us rephrase the theorems of the last two sections in terms of the original problem
involving smectics: roughly speaking, equipartition of energy is optimal when the Gaussian curva-
ture induced by the boundary conditions is not prohibitively large. More precisely, denoting by A;
the eigenvalues of Viu, we have

e-3 [
-3

1 y 1

1 1 2
(A1 4+ X)) + . <azu — Q\VLu\2> ] dx

1 1 2
6()\1 — )\2)2 + g <8Zu — Q‘VJ_U,P)

dx + 28/ A1 A2 dx
Q

1 2 _
azu—2]VLu]2> dx+25/ K dx. (4.9)
Q
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If e fQFdx is small compared to the energy & (u), which by (2.24) can be enforced by choosing
boundary conditions such that ||V J_u||12q1 2(60) is small, then contribution of the curvature term
is negligible. Thus the energy & is minimized by minimizing |Iu| among competitors saturating
the perfect square. The matching upper bound demonstrates that this procedure is optimal in a

reasonable range of situations. Furthermore, saturation of the perfect square entails

2
/ (A — Xo)dx ~ / E (8zu — 1\VJ_u\2) dx. (4.10)
0 [eR3 2

Since (A u)? and e(\; — \o)? differ by 4eK, the assumption that the integral of the curvature is
small and (4.10) imply that

2
/S(ALU)2dx%/ E (azu—1|vw|2> dx, (4.11)
0 g 2

Q

which is precisely the BPS equation squared and integrated over ).

Remark 4.5. Our 1D ansatz satisfies BPS equation (2.13). Also, the condition that 5fQF must
be small for equipartition to be optimal coincides with the observation from [55] that BPS solutions
are not competitive when the curvature is very large, so that the result is qualitatively sharp in some
sense.

Remark 4.6. Both the arguments for the lower and upper bound hold for the sequence of energies

i 1 [ [1 1 ?
E(u) = 2/9 L <8Zu — 2\VJ_u\2> +¢|V2ul?| dx

with trivial modifications. For lower bound, we only need to assume liminf &, (uy) is finite.

5 Compactness

The main result in this section is the compactness theorem.

Theorem 5.1. Let Q C R? be a bounded domain with C boundary, e, — 0, and {u,} C H?(Q)
be a sequence of functions with uniformly bounded energies &, (u,) such that ||Vun||Lp(Q) < C for
some p > 6 and HvunHLQ(aQ) < C. Assume also that Aju, >0 or Aju, <0 a.e. in Q. Then
Vuy, is precompact in L1 (Q) for any 1 < q < p.

Theorem 5.1 is a direct corollary of the following stronger proposition.

Proposition 5.2. Let Q C R? be a bounded domain with C' boundary and {u,} C H?(Q) be a
sequence of functions satisfying

IVunll oy < C, for some p > 6, (5.1)
[Vun| 200y < C, (5.2)

1 2 T2
Oz — 3 |V Lun|” — 0 strongly in L* (82), (5.3)
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and

1
Oyty, — 3 |VLun]2 |A | uy| is bounded in L' (). (5.4)

If in addition
Aju, >0ae mQorAjlu, <0 ae in(, (5.5)

then (V1 uy,) is precompact in L9 () for 1 < g < p.

We first prove a lemma used in the proof of Proposition 5.2.

Lemma 5.3. Under the assumptions (5.1) — (5.5), div By, is relatively compact in H=* (), where

Viu 1
B, = (— J‘2 n \VLun|2,§ \VLun|2> .

Proof. We prove the Lemma when w, is smooth and general case follows by approximating. By
(5.3),

0. 0 0. (3 V.. (5:6)
= 0 (@un — % |VLun\2> — 0 strongly in H ! (Q), and

0. (Bytin) — 0, G \vwnF) (5.7)
= 9, <82un - % ]VJ_unF) — 0 strongly in H™1 ().

Multiplying (5.6) by dyu, and (5.7) by Oyu, then summing, we have

1 Oz, Oy,
0. (5192u) = 00 (222 1907 -0, (222 9 )

= 0, <6mun <3Zun - % |VLun|2>> + Oy (%un (@un - % |VLun|2>>

1 1
- (8zun - 5 |vLun’2> ALun - 5 ’vLun|2 ALun
— T4 IT+1I1 (5.8)

I=0, (8xun (E)Zun — % |Vlun\2>) + 0y <(9yun <8Zun — % |Vlun\2>) —0

in Wb (©) up to a subsequence,

Here

1
II = — (@un ~3 \VJ_un]2> A uy,

is bounded in L'(£2), and
1
[T = - IV L tn]? A .

22



If I11 is bounded in M (), the space of measures, then the right hand side of (5.8) is the sum of a

term relatively compact in W_l’zﬂ%(ﬁ) and a term bounded in M (2), so that by the embedding
theorem, the right hand side of (5.8) is relatively compact in W~17 (Q) for some 1 < r < 2. On the
other hand, assumption (5.1) implies the left hand side of (5.8) is bounded in W5 (). Relative
compactness of div B, in H~(Q) follows from interpolation.

To finish the proof, we show IIT is bounded in M () under the additional assumption (5.5).
Rewrite (5.8) as

0 (77 (un)) —div (F (un)) +G (un) = Hn, (5'9)
where
n(up) = % ]Vlun\Q, F (upn) = (Opun0ztp, Oytn0:uy)
1
G(u,) = <82un —5 |VJ_U7L|2> AUy,
1 2
y = —§|VLun| AUy,

Let Q7 ={x € Q: pup(x) <0} and O = {x € Q: p,(x) > 0}. Since (5.5) holds, then Q = Q™ or
Q=QF. Assume Q = Q~ (the other case can be proved similarly). Integrating (5.9) over { and
using the divergence theorem on the first two terms yields

/—,unda:dydz = / —n(un)z/gdH2+/ F(un)-uldHQ—/G(un)dx
Q o0 o0 Q

IV Ll F200) + 10:0ll 200 IV Ll L2(o0) + €, (un)

<
< C

for some constant C' depending on the energy bound and |[Vuy|/r2(sq). Therefore —pn L3 Q is
bounded in M (Q). O
Remark 5.4.
e A special case satisfying (5.1) is [|[Vup| g ) < C.
e In the proof of Lemma 5.3, the convergence result in (5.6) and (5.7) has not been used;
however, it is used below in the proof of Proposition 5.2.
Proof of Proposition 5.2. Set

Viup
2

1 1
E, = <VLun, 5 |VLun|2> and B,, = <— |VLun\2 5 |VLun|2> .

Lemma 5.3 together with (5.6) and (5.7) implies
curl E,, and div B,, are relatively compact in H~!(Q).

If B, = Es, B, = By in L? (), then Tartar-Murat’s div-curl Lemma applied to E, and B,
yields
By - By — B - Boo in D' (Q) . (5.10)
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We introduce the following notations for the weak limits in L™ (2) for r > 1:
(8:1:Un)4 — Uy, (ayun)4 — Vy, (axun)s — Us, (ayun)3 — V3,

<8zun)2 8yun — Uoy, Oz (8yun)2 — Usa, (633un)2 — Uy, (6yun)2 — VA,

and
(8mun)2 (ayun)2 — U22a azunayun — U117 amun — U17 ayun — 1.

Here r depends on p and the term in question but is greater than 1 for each. Under these notations,
(5.10) can be written as
1 1 1 1 1
1 IV )t — <U1,V17 3 (Us + V2)> : <—U3 — U2, — U2 — §V37 3 (Us + V2)> .
From this it follows that

1 1 1 1 1 1
1 (Us 42U + Vi) = —§U1U3 - §U1U12 - §V1U21 - §V1V3 + 1 (U + Va)?,

or, equivalently,

0=Us+ 20U + V4 —2U1U3 — 2U1U12 — 2V U1 — 2V V3 + (U2 + V2)2 . (5.11)

Next, we consider

2 2 2
((awun) — OpunUr + (Oyun)” — 8yunV1)
= (Optn)? (Optin — U1)? 4 20,un 0yt (Optin, — Ur) (Dytin, — Vi) + (Dytun)® (Byun — V1)
— Uy —201U3 + U2U12 + 2 (U22 — U Vi — U1Uq9 + U11U1V1) 4+ Vi —2ViV3 + V2V12

511 (U + V2)? + UsU7 + VoV + 200 Ui Vi

Observe that

(OptnUs + OyunVi = Us = V2)? = (Uz + V2)? = 2 (0punUs + Oyun Vi) (U + V2) + (OptnUs + 9yunVi)”
= (Us+Vo)? = 2(Us + Vo) (Uf + V) + U2UF + VoV + 2Un Ui i
< (Ug 4+ Vo)? — UhUE — VR V2 — 22U UL VA, (5.12)

where the last inequality follows from
UV + VoUP > 201U VA,
which is a direct conclusion from weak limit
(Dptn Vi — ByunUy)? — UaV2 + VoU? — 201, UL V4.
Thus

2
((@;un)z — OyunUy + (Byun)® — 3yunV1) N (Us 4+ Vo) 4 UsU? + VaV2 + 201 UL W ( < | 0.
5.12

From this we conclude that

(8xun)2 — Opun, Uy + (Oyun)2 — Oyun Vi — 0,
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so that passing to the limit on the left side, we have
Uy~ Ul + Vo —VE =0.

Since F(s) = s? is a convex function, by Lemma 2 in [60], we have Us > UZ, Vo > V2. Thus it
must be the case that
Uy = U}, Vo = V5

in other words, lim, o0 ||V iun||z2 = [|limy, Viuy||z2, together with the weak convergence of
V | un,, the strong convergence of V | u, in L? follows. ]

Proof of Theorem 5.1. Boundedness of &, (uy) implies (5.3) and (5.4) . By Proposition 5.2, V| uy,
is precompact in L?(€2), and hence in L4(f2) for 1 < ¢ < p by the uniform L? bound. Compactness of
0 uy, follows from uniform boundedness of ||V L u,|| LP(Q) for p > 6 and the fact 8zun—% |V J_un]2 —0
in L2 O

Remark 5.5. The additional assumptions (5.1), (5.2), (5.5) in Theorem 5.1 and Proposition 5.2
are used in the proof of relative compactness of div B,, in Lemma 5.3. We comment that the
assumption (5.1) is physically justifiable since the model is only valid in the limit of small strains
[55]. Assumption (5.2) is less restrictive than ey, [o K — 0. We would like to remove the technical
assumption (5.5) in future work. An alternative approach to handling compactness is to rewrite the
problem in terms of the geometric formulation of Tartar’s conjecture [61]. Recall that the general
question regarding upgrading weak convergence to strong convergence can be stated as follows: given
a weakly convergent sequence of functions z° : R™ — RN subject to linear differential constraints
of the form

m—1
Z A;0;2° = ¢, Aj asx N constant matriz, (5.13)
=0

and nonlinear algebraic constraints
{z*(y)y c M forae yeR™, (5.14)

where M C RY is a subset, usually a manifold, what kind of structure on Aj and M would suppress
oscillations in {2z}, so that {z°} contains a strongly convergent subsequence? Tartar’s conjecture
can be expressed in terms of a geometric condition. We introduce the oscillation variety

m—1

V=0(60): ) §A; =0, £#0p CR™ xRY,

j:
and the wave cone, which is the projection of V to RN :
A=PyV ={X:3#0, such that (§,\) € V}.

Given any a, let

Ao=a+A={a+ A€ A}

be the translated cone. Tartar conjectured:
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Conjecture 1. If the translated wave cone is separated from M in the sense that
Ao N M = {a}

for all a, then the Young measure v, is a Dirac mass for almost every x, which implies the relative
compactness in LP

For a sequence with bounded energy (1.1), one may form a wave cone from (5.6), (5.7), and
curl V  u = 0 and construct a constitutive manifold from suitable entropy conditions. Our initial ob-
servation [46] shows the translated wave cone constructed this way is separated from the constitutive
manifold. The final conclusion regarding compactness is still under investigation.
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