ISOPERIMETRIC RESIDUES AND A MESOSCALE FLATNESS
CRITERION FOR HYPERSURFACES WITH BOUNDED
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ABSTRACT. We obtain a full resolution result for minimizers in the exterior isoperimetric
problem with respect to a compact obstacle in the large volume regime v — oco. This
is achieved by the study of a Plateau-type problem with free boundary (both on the
compact obstacle and at infinity) which is used to identify the first obstacle-dependent
term (called isoperimetric residue) in the energy expansion, as v — 00, of the exterior
isoperimetric problem. A crucial tool in the analysis of isoperimetric residues is a new
“mesoscale flatness criterion” for hypersurfaces with bounded mean curvature, which
we obtain as a development of ideas originating in the theory of minimal surfaces with
isolated singularities.
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1. INTRODUCTION

1.1. Overview. Given a compact set W C R™"! (n > 1), we consider the classical exte-
rior isoperimetric problem associated to W, namely

ww(v):inf{P(E;Q):ECQ,|E|:v}, v>0, Q=R"I\W, (1.1)

in the large volume regime v — co. Here |E| denotes the volume (Lebesgue measure) of F,
and P(FE;) the (distributional) perimeter of E relative to 2, so that P(E;Q) = H"(Q2 N
OF) whenever OF is locally Lipschitz. Relative isoperimetric problems are well-known
for their analytical [Maz11, Sections 6.4-6.6] and geometric [Cha01, Chapter V] relevance.
They also provide important models in physical applications, which obviously include
capillarity theory [Fin86], but are not limited to it. To make an example related to the
large volume regime considered here, in general relativity, (unique) “foliations at infinity”
by hypersurfaces with constant mean curvature can be constructed by solving exterior
isoperimetric problems at large volumes; for this beautiful approach to the Huisken-Yau
theorem, see [EM13].
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FIGURE 1.1. Quantitative isoperimetry gives no information on how W affects
tw (v) for v large. This is true both at the level of energy asymptotics and of
resolution formulas, see (1.2) and (1.4), since minimizers of ¥y (v) are close to
balls of volume v only in the exterior of a ball with radius Ro(v) v/ (™) — oo
(with Rg(v) — 0%) as v — oo.

When v — 0o, we expect minimizers F, in (1.1) to closely resemble balls of volume v.
Indeed, by a direct comparison and by the Euclidean isoperimetric inequality, denoting by
B®)(z) the ball of center z and volume v, and with B = B(®)(0), we find that

lim W) (1.2)
V—00 P(B(U))
Additional information can be obtained by combining (1.2) with the quantitative Euclidean
isoperimetric inequality [FMPOS8]: if 0 < |E| < oo, then

PB) 1>c¢(n) inf (‘EABOE)(H:)’)Q

p(BED) =AY G E] (1:3)

The combination of (1.2) and (1.3) shows that minimizers E, in ¢y (v) are close in L!-
distance to balls. In turn, this information can be considerably strengthened by a somehow
classical argument (see, e.g. [FM11]) based on the local regularity theory of perimeter
minimizers: in this way one shows the existence of a positive constant vg and of a function
Ro(v), both depending on n and W, with Ry(v) — 0% and Ro(v) v/ "D — o0 as v — oo,
and such that, if £, is a minimizer of (1.1) with v > vy, then (see Figure 1.1)

(OEy) \ Bg, y1/(n+1) is contained in a C'-small normal graph over 9B (z),

1.4
for some z € R"*! with |z| = (v/wpy1)Y Y + o0/ D) as v — o0 (14

here wy, stands for the volume of the unit ball in R™, B,(x) is the ball of center x and
radius r in R"*!, and B, = B,(0). The picture of the situation offered by (1.2) and (1.4) is
thus incomplete under one important aspect: it offers no information related to the specific
“obstacle” W under consideration — in other words, two different obstacles are completely
unrecognizable from (1.2) and (1.4) alone. The first goal of this paper is characterizing
the leading order obstacle-dependent terms in the exterior isoperimetric problem, thus
improving on both the energy expansion (1.2) and the “resolution formula” (1.4).



The first step in order to obtain obstacle-dependent information on )y is studying
Llloc—subsequential limits F' of exterior isoperimetric sets E, as v — oco. Since the mean
curvature of E, has order v~ /(1) a5 v — oo, such limit sets F are easily seen to have
minimal (zero mean curvature) boundaries. A finer analysis is required to give a more
detailed characterization of such limits F' as minimizers in a “Plateau’s problem with free
boundary on the obstacle and at infinity”, whose negative is precisely defined in (1.10)
below and denoted by R(W). We call R(W) the isoperimetric residue of W because
it captures the “residual effect” of W in (1.2), as expressed by the limit

Jim v (v) = P(BY) = ~R(W) (1)

The study of the geometric information about W stored in R(W) is particularly interesting.
We shall prove here its close relation to the maximal hyperplane sectional area and the
maximal hyperplane projection area of W (see (1.11) below — which shows, in particular,
that R(W) > 0 as soon as |W| > 0), and we shall discuss its maximization under a
diameter constraint (see (1.17) below). The proof of (1.5) requires proving a blow-down
result for exterior minimal hypersurfaces, and then extracting sharp decay information
towards hyperplane blowdown limits. In particular, in the process of proving (1.5), we
shall prove the existence of a positive Ry (depending on n and W only) such that for every
maximizer F' of R(W), (OF)\ Br, is the graph of a smooth solution to the minimal surfaces
equation. An application of Allard’s regularity theorem [All72] leads then to complement
(1.4) with the following “local” resolution formula: for every S > Ry, if v is large enough
in terms of n, W and S, then

(0E,) N (Bs \ Bg,) is contained in a C''-small normal graph over 9F, L6

where F' is optimal for the isoperimetric residue R(W) of W . (1.6)
Unfortunately, (1.4) and (1.6) contain no information on 9F, in the “mesoscale” transition
region between the resolution models OF and dB")(z), i.e., inside Bpry() o1/t \ Bs.

To address this last issue, we are compelled to develop what is another main result of our
paper, and namely, a mesoscale flatness criterion for hypersurfaces with bounded mean
curvature. This kind of statement is qualitatively novel with respect to the flatness criteria
typically used in the study of blowups and blowdowns of minimal surfaces — although it is
clearly related to those tools at the mere technical level — and holds promise for applications
to other geometric variational problems. In the study of the exterior isoperimetric problem,
it allows us to prove the existence of positive constants vg and R;, depending on n and W
only, such that if v > vy and F, is a minimizer of ¥y (v), then

(0Ey) N (Bg, y1/m+1) \ Br,) is contained in a C'-small normal graph over dF, L7

where F' is optimal for the isoperimetric residue R(W) of W. (1.7)
The key difference between (1.6) and (1.7) is that the domain of resolution given in (1.7)
overlaps with that of (1.4): indeed, Ro(v) — 0% as v — oo implies that Ryv'/ (1) <
RivY(*D for v > vy. As a by-product of this overlapping and of the graphicality of
OF outside of Bp,, we deduce that boundaries of exterior isoperimetric sets, outside of
Bpr,, are diffeomorphic to n-dimensional disks. Finally, when n < 6, and maximizers F' of
R(W) have locally smooth boundaries in €2, (1.7) can be propagated up to the obstacle
itself by a standard application of Allard’s regularity theorem; see Remark 1.8 below.

The rest of this introduction is organized as follows. In section 1.2 we rigorously define
and collect in one statement all the properties of isoperimetric residues proved in this paper,
see Theorem 1.1. In section 1.3 we gather all our results concerning exterior isoperimetric
sets with large volumes, see Theorem 1.7. Finally, in section 1.4 we introduce the mesoscale
flatness criterion, and in section 1.5 we present the organization of the paper.



FIGURE 1.2. If (F,v) € F then F is contained in a slab around v+ and is such
that OF has full projection over v*. The behavior of OF inside of W is irrelevant,
since only the perimeter of F' in {2 matters in the computation of resy (F,v). The
perimeter of F' in the open set C% \ W (depicted as a bold line) is compared to
wy, R™ (that is, the perimeter of a half-space orthogonal to v in C%); the corre-
sponding “residual” perimeter as R — oo, that is resy (F,v) , is optimized to
define R(W).

1.2. Isoperimetric residues. We now define the isoperimetric residue R(W) of a com-
pact obstacle W C R"*!. We introduce the class

f

of those pairs (F,v) with v € S* (= the unit sphere of R"*1) and FF C R**! a set of locally
finite perimeter in Q (i.e., P(F;Q') < oo for every ' CC ), contained in slab around
vt ={x: 2 v =0}, and whose boundary (see Remark 1.6 below) has full projection over
vt itself, that is to say, for some a, 8 € R,

8FC{x:a<x-u<ﬁ}, (1.8)
p,L(0F) = vt = {z:2z-v=0}, (1.9)

where p,1 () = x— (2-v) v, » € R""!. In correspondence to the obstacle W, we introduce
the residual perimeter functional, resy : F — R U {£o0}, by setting
resy (F,v) = limsupw, R" — P(F;C% \ W), (F,v) e F,
R—o0

where C% = {z € R""! : |p,. (x)| < R} denotes the (unbounded) cylinder of radius R with
axis along v — and where the limsup is actually a monotone decreasing limit thanks to (1.8)
and (1.9) (see (4.11) below for a proof). For a reasonably “well-behaved” F, e.g. if OF
is the graph of a Lipschitz function over v+, w, R" is the (obstacle-independent) leading
order term of the expansion of P(F; C% \ W) as R — oo, while resy (F,v) is expected to
capture the first obstacle-dependent “residual perimeter” contribution of P(F;CY% \ W)
as R — oo. The isoperimetric residue of W is then defined by maximizing resy  over
F, so that

R(W)= sup resy(F,v); (1.10)

(Fv)eF

see Figure 1.2. To get an impression of the geometric meaning of this quantity, we notice
that R(AW) = A" R(W) for every A > 0, and R(W) can be trapped in between the
largest areas of the hyperplane sections and of the directional projections of the obstacle
(see (1.11) below); moreover, by exploiting (1.19) and (1.20) below, we can also show that
R(W) = diam (W) if n = 1 and W is connected. In general, however, R(WW) does not
seem to admit a simple characterization, as it is finely tuned to the near-to-the-obstacle
behavior of “plane-like” minimal surfaces with free boundary on W. Our first main result
collects these (and other) properties of isoperimetric residues and of their maximizers.



Theorem 1.1 (Isoperimetric residues). Let W C R"! be compact, and set Q = R* T\ W.
(i): We always have,

SW)<RW)<PW), (1.11)

where
S(W) =sup {H"(W NII) : II is a hyperplane in R" 1} (1.12)
P(W) =sup {H"(p,.(W)) : v eS"}. (1.13)

In particular, R(W) > 0 as soon as |W| > 0.
(ii): There exist mazimizers (F,v) of R(W), and if (F,v) is a maximizer of R(W), then
F is a perimeter minimizer with free boundary in 2, i.c.

P(F;QNB) < P(G;Q2NB), VFAG CC B, B a ball. (1.14)

Moreover, if R(W) > 0, then there exist Ro = Rao(W), Cy = Co(W), and a smooth
function f : v+ — R such that

(0F)\ Cg, = {z + f(z) V:xéul,]m|>R2}, (1.15)
and, for some a,b € R, and ¢ € v+, and every x € v+, |z| > Ry,
flz)=a, (n=1)
@)~ (a4 g+ T8 < 0L ) (1.16)
|z =" |z["

max { 2"~ [V f(2)], 2" |92 (@)| } < Co.
with max{|al, b, |c|} < Co; finally, OF is contained in the smallest slab {x : o« < z-v < [}
containing W.

(iii): At fized diameter, isoperimetric residues are mazximized by balls, i.e.
diam W7
) = R(Cl(BdiamW/2)) ) (1.17)

where cl (X) denotes topological closure of X C R" 1. Moreover, if equality holds in (1.17)
and (F,v) is a mazimizer of R(W), then (1.16) holds with b =0 and ¢ = 0, and setting
H:{y:y-yza}, we have

(OF)\W =1I\cl (BdiamW/2(x)) ) (1.18)

for some x € II. Finally, equality holds in (1.17) if and only if there exist a hyperplane 11
and a point x € Il such that

R(W) < wn<

IOBgiamwy2(z) NILC W, (1.19)

i.e., W contains an (n — 1)-dimensional sphere of diameter diam (W), and such that

)\ (H \ ¢l (Bgiam W/Q(x))> has exactly two unbounded connected components.  (1.20)

Remark 1.2. See Figure 1.3 for the role of the topological condition (1.20).

Remark 1.3. The assumption R(W) > 0 in statement (ii) is really weak. In appendix E
we prove that if R(W) = 0, then W is purely H"-unrectifiable; see Proposition E.1.

Remark 1.4 (Regularity of isoperimetric residues). In the physical dimension n = 2,
and provided © has boundary of class C%!, maximizers of R(W) are CH1/2 regular up
to the obstacle, and smooth away from it. More generally, condition (1.14) implies that
M = cl (2N JF) is a smooth hypersurface with boundary in Q\ X, where ¥ is a closed
set such that ¥ N Q is empty if 1 < n < 6, is locally discrete in 2 if n = 7, and is
locally H" "-rectifiable in Q if n > 8; see, e.g. [Magl2, Part III], [NV20]. Of course, by
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FIGURE 1.3. The obstacle W (depicted in grey) is obtained by removing a cylin-
der C{** from a ball By, with d/2 > 7. In this way d = diam (W) and By,
is the only ball such that (1.19) can hold. Hyperplanes II satisfying (1.19) are
exactly those passing through the center of By/,, and intersecting W on a (n —1)-
dimensional sphere of radius d/2. For every such II, Q\ (IT\ By/2) has exactly one
unbounded connected component, and (1.20) does not hold.

(1.15), ¥\ Br, = () in every dimension. Moreover, justifying the initial claim concerning
the case n = 2, if we assume that €2 is an open set with C!'-boundary, then M is a
C11/2_hypersurface with boundary in R**!\ ¥, with boundary contained in 99, ¥ N dQ
is H" 3 negligible for every £ > 0, and Young’s law vr - vq = 0 holds on (M N 9N) \ 3;
see, e.g. [Gri87, GJ86, DPM15, DPM17].

Remark 1.5. It would be interesting to find geometric information on R(W) in addition
to the one provided by (1.11) and (1.17), for example in the class of convex obstacles.

Remark 1.6 (Normalization of competitors). We work under the standard convention
according to which sets of locally finite perimeter F' in an open set ) are automatically
modified on and by a set of zero Lebesgue measure so to entail Q N OF = Q N cl(9*F),
where cl denotes topological closure and where 9*F is the reduced boundary of F' in
Q; see [Magl2, Proposition 12.19]. Under this normalization, local perimeter minimality
conditions like (1.14) (or (3.1) below, satisfied by minimizers F, of ¥y (v)) additionally
imply that F'NQ is open in R"*1: see, e.g. [DPM15, Lemma 2.16].

1.3. Resolution of exterior isoperimetric sets. Our second main result concerns the
resolution of minimizers with large volumes in the exterior isoperimetric problem.

Theorem 1.7 (Resolution of exterior isoperimetric sets). If W C R"*! is compact, then
for every v > 0 there exist minimizers of Yy (v). Moreover, if R(W) > 0, then
lim ¢y (v) — P(B™) = —R(W), (1.21)
V— 00
and there exist positive constants vg, Co, R1, and Rs, depending on n and W only, and
Ry, depending on n, W, and v only and with Ro(v) — 0% and Ro(v) v/ = oo as
v — 00, such that, if E, is a minimizer of Yy (v) with v > vy, then:

(i): B, determines x € R"™! and u € C*(0BW) such that

|[E,ABY) ()| Co
v = Y1/R+1)] (1.22)
(OEy) \ BRy () v1/m+) (1.23)

n y—= v
- {y + Ul/( +1) U(m) VB(”)(CE)(y) Ty e 8B( )(I)} \BRO(U)UI/(n+1) 5
where, for any G C R™ 1 with locally finite perimeter, vg is the outer unit normal to G;

(ii): E, determines a mazimizer (F,v) of R(W) and f € C*((0F) \ Br,) such that
1/(n41)

p1/(n+1) v
(@B, 0 Al =Ly 4 fy) vrly) sy € OF } 0 A , (1.24)
where A? = B \ cl (By);



(iii): (OE,) \ Br, is diffeomorphic to an n-dimensional disk;
(iv): Finally,

. || 1 z B
Jm Sob max {‘vl/(nﬂ) - @D Yl Nuller@pmy ¢ =0, (1.25)
Jim SUp I fllcrBrmary =0, VM > Ry, (1.26)

where supg, ranges over the set of all the minimizers of Yw (v) with (z,u) as in (1.23)
and (F,v, f) as in (1.24).

Remark 1.8 (Resolution up to the obstacle). By combining Remark 1.4 with a standard
covering argument, we see that, in dimension n < 6, for every 6 > 0, if v > vg(n, W, d), then
the resolution formula (1.24) holds with By ,1/(+1) \ Is(W) in place of Ag; Ul/(nH), where
I5(W) denotes the open §-neighborhood of W. Similarly, when Q has smooth boundary
and n = 2 (and thus Q N JF is regular up to the obstacle), we can find vy (depending on

n and W only) such that (1.24) holds with Bg, 1/t N in place of AR "™ that is,
graphicality over OF holds up to the obstacle itself.

Remark 1.9 (Comparison inequalities). In [CGR07, FM21] it is proved that, if W is
convex and J is an half-space in R™*!, then

Yw(v) 2 ¢y(v)  Vo>0, (1.27)

with equality for some v > 0 if and only if OW contains a flat facet, large enough to
support an half-ball of volume v. Since ¥;(v) = P(BZY)/2 = P(B®)/2/(»+1) and
Y (v) — P(B®W) = —R(W) as v — oo, (1.27) is far from being optimal if W is a compact
convex set and v is large. It would thus be interesting to understand if sharper global
bounds than (1.27) are valid on convex obstacles.

Remark 1.10 (Sharp rates of convergence). An interesting problem, which we do not
attempt to discuss here, is that of obtaining sharp rates of convergence for minimizers
E, towards the limit model provided by large balls B(")(z) and by isoperimetric residue
maximizers F. In this direction, we do not expect the explicit rate provided in (1.22) to be
sharp. Similarly, it would be interesting to further explore the energy expansion in (1.21),
and, in particular, to give explicit rates of convergence towards R(W).

1.4. The mesoscale flatness criterion. In our final main result we work with with
hypersurfaces M whose mean curvature is bounded by A > 0 in an annular region By ) \
Bpg, R € (0,1/A). Even without any information on the behavior of M inside Br (where
M could have a non-trivial boundary, or topology, etc.) the classical argument leading to
the monotonicity formula still shows that the density-type quantity

Omra(r) = MM 0 (B, \ Br)) (1.28)

/,aTL
™ TH*"(Mn(B,\ B
R p

nrt MNOBR ‘.f[f|

dp,

is increasing for r € (R, 1/A) (where 7™ denotes the projection of x over T, M), and that,
if ©p7,r.A is constant over a sub-interval (a,b) C (R, 1/A), then M N (B, \ By) is a cone.
Since the constant density value corresponding to M = H\ Bg for H a hyperplane through
the origin is w, (as a result of a double cancellation which also involves the “boundary
term” in @H\BER,O), we consider the area deficit

5M,R,A(T') = Wwp — @M,R,A(T) , re (R, 1//\) , (1.29)



which defines a decreasing quantity on (R,1/A). Here we use the term “deficit”, rather
than the more usual term “excess”, since dy7,r A does not necessarily have non-negative sign
(which is one of the crucial property of “excess quantities” typically used in e-regularity
theorems, see, e.g., [Magl2, Lemma 22.11]). Recalling that A = Bs\ cl(B,) if s >r >0,
we are now ready to state the following “smooth version” of our mesoscale ﬂatness criterion.
For the sake of clarity, we postpone the statement of the more general version for rectifiable
varifolds (which is the one actually needed in our analysis of ¢y, and whose statement is
necessarily more technical) to Theorem 2.3 below.

Theorem 1.11 (Mesoscale flatness criterion (smooth version)). If n > 2, I' > 0, and
o > 0, then there are positive constants My and g, depending on n, I' and o only, with
the following property.

Let A > 0, R € (0,1/A), and let M be a smooth hypersurface with mean curvature
bounded by A in By \ Br, and with
#n(M () (B, \ Br)

H" ' (MNOBg) <TR", sup <T. (1.30)
pE(R,1/A) p"

If there exists s > 0 such that

max{Mp,64} R < 5 < —> 4A H (M AT >0 (1.31)
if, for a hyperplane H with 0 € H and unit normal vy, the flatness conditions
1 ly - va[\?
5M,R,A s/8)| <eg, — ( ) dH! < eg, 1.32
| (s/8)] s™ MNAYS PHY| Y (1.82)
hold (with pgy =y — (y - vy) vi ), and if, setting,
R, —sup{p g InmrA(p) > —50}, S :min{R*,%O}, (1.33)

we have

(and thus S, > 4s), then

MAAGE = {o+ f@)vicwe Ky nall®,
£ ()] (1.34)
sup{H +IVf@):ze K} <Cn)o

for a hyperplane K with 0 € K and unit normal vi, and for a function f € CY(K).

Remark 1.12 (Structure of the statement). The first condition in (1.31) implicitly re-
quires R to be sufficiently small in terms of 1/A, as it introduces a mesoscale s which is
both small with respect to 1/A and large with respect to R. The two conditions in (1.32)
express the flatness of M at the mesoscale s, both in terms of its area deficit, and in terms
of its “angular variance” with respect to a specific hyperplane through the origin H (notice
that this is different from the L?-excess often used in similar contexts, and which would
correspond to take (|y - vy|/s)? in place of (Jy - vu|/|puy|)?; see, e.g., [Sim83b, Definition
1.12(i)]). The final key assumption, R, > 4 s, express the requirement that the area deficit
does not decrease too abruptly, and stays above —gg at least up to the scale 4s. Under
these assumptions, graphicality with respect to (a possibly different) hyperplane K is in-
ferred on an annulus whose lower radius s/16 has the order of the mesoscale s, and whose
upper radius S, /32 can be as large as the decay of the area deficit allows (potentially up
to £9/32 A if R, = 00), but in any case not too large with respect to 1/A.



FIGURE 1.4. A half-period of an unduloid with mean curvature n and waist size
e in R**1. By exploiting the graphicality with respect to the horizontal hyperplane
R™, see (1.35), we see that the flatness of M, is no smaller than O(2(»~1/") and
is exactly O(2("~1/") on an annulus sitting in the mesoscale O(e("~1/"). This
mesoscale is both very large with respect to waist size €, and very small with
respect to the size of the inverse mean curvature, which is order one.

Remark 1.13 (Sharpness of the statement). The statement is sharp in the sense that for
a surface “with bounded mean curvature and non-trivial topology inside a hole”, flatness
can only be established on a mesoscale which is both large with respect to the size of
the hole and small with respect to the size of the inverse mean curvature. An example is
provided by unduloids M, with waist size € and mean curvature n in R*!; see Figure 1.4.
A “half-period” of M, is the graph {z + f-(z) ept1: 2 € R" e < |z| < R.} of

fo(x) :/€x|{(7m1)2—1}1/2dr, e < |z| < R., (1.35)

rno—gh 4 2,577,—1

where € and R, are the only solutions of r"~! = 7™ —¢” + "1, One can directly check that
fe solves —div (Vf./\/14 |V [f:|?) = n with f. = 0 and |V f.| = 400 on {|z] = €}, and
that |V f.| = +oo on {|z| = R.} with R. = 1—0(&""!). The minimum of |V f.| is achieved
on a radius O(¢~1/"), and indeed if r € (a ™1/ be(»=1/") for some b > a > 0, then
we have |V f.| = Oqp(e2™1/™). Thus, the flatness of M. with respect of R™ can be no
smaller than O(e2(®~1/") and has that exact order on a scale which is both very large
with respect to the size of the hole (¢(*~1/ > ¢) and very small with respect to the size
of the inverse mean curvature (e~ D/" < 1).

Remark 1.14 (On the application to exterior isoperimetry). Exterior isoperimetric sets
E, with large volume v have small constant mean curvature of order A = Ag(n, W) /v (+1),
We will work with “holes” of size R = R3(n, W), for some R3 sufficiently large with respect
to the radius Rp appearing in Theorem 1.1-(ii), and determined through the sharp decay
rates (1.16). The hyperplane H such that the second condition in (1.32) holds is H = v+
for (F,v) a maximizer of R(W) such that E, is close to F'. The decay properties of F
towards {z : = - v = a}, the C'-proximity of OE to dBW (x) for |z| ~ (wpy1/v)Y/ D),
and the C'-proximity of OF to OF on bounded annuli of the form Aéfi” are all crucial in
checking that (1.30) holds with I' = I'(n, W), that E, is flat in the sense of (1.32), and,
most importantly, that the area deficit dps, g A of M = (OE,) \ Bg, lies above —gg up to
scale 7 = O(v'/ (1) — which is the key information to deduce that R, is comparable to
1/A, and thus obtain overlapping domains of resolutions in terms of B(")(z) and OF.

Remark 1.15 (Further applications and criteria). While Theorem 1.11 seems clearly
applicable to other geometric problems, there are situations where one may need to develop
considerably finer “mesoscale flatness criteria”’. For example, consider the problem of
“resolving” boundaries with almost constant mean curvature undergoing bubbling [CM17,



DMMN18, DM19]. When the oscillation of the mean curvature around a constant A is
small, such boundaries are close to finite unions of mutually tangent spheres of radius
n/A, and can be covered by C'-small normal graphs over such spheres away from their
tangency points. The application of Allard’s regularity theorem gives that graphicality
property only up to distance e/A from the tangency points, with € = ¢(n), and provided
the mean curvature oscillation is small in terms of €. In order to propagate this flatness
information up to a distance directly related to the oscillation of the mean curvature
(which, in turn, seems a key step in addressing the conjecture, based on [Sch83, BM21],
according to which, near limit tangency points, boundaries with almost constant mean
curvature converge to catenoids), one would need a version of Theorem 1.11 for “double”
spherical graphs; in the setting of blow-up/blow-down theorems, this would be equivalent
to extending known results to limit hyperplanes with multiplicity larger than one.

Remark 1.16 (Comparison with blow-up/blow-down results). From the technical view-
point, Theorem 1.11 fits into the framework set up by Allard and Almgren in [AA81] for
the study of blow-ups and blow-downs of minimal surfaces with tangent integrable cones.
At the same time, as clearly exemplified by Remark 1.13, Theorem 1.11 really points in
a different direction with respect to [AA81], since it pertains to situations where neither
blow-up or blow-down limits make sense. A less immediate but actually crucial point is
that in [AA81], the area deficit dps g A is considered with a sign, non-positive for blow-ups,
and non-negative for blow-downs, see [AA81, Theorem 5.9(4), Theorem 9.6(4)]. These
signs restrictions are used there to deduce continuous decay towards limit tangent cones,
and, thus, their uniqueness. A key insight here is that sign restrictions are not needed in
propagating graphicality; and, the more, that dismissing them is actually crucial for ob-
taining overlapping domains of resolutions in statements like (1.4) and (1.7); see Remark
2.5 for additional comments on this point.

Remark 1.17 (Extension to general minimal cones). Proving Theorem 1.11 in higher
codimension and with arbitrary integrable minimal cones in place of hyperplanes should
be possible with essentially the same proof presented here. We do not pursue this extension
for two reasons: first, the case of hypersurfaces and hyperplanes is all that is needed in our
study of exterior isoperimetry; and, second, in going for generality, one should definitely
work in the more powerful framework set up by Simon in [Sim83b, Sim85, Sim96], since,
at variance with the more elementary Allard—Almgren’s framework used here, it allows
one to dispense with the integrability assumption on the reference minimal cones. In
this direction, we notice that Theorem 1.11 with A = 0 and R, = +o0 is a blow-down
result for exterior minimal surfaces (see also Theorem 2.3-(ii, iii)). A blow-down result
for exterior minimal surfaces is outside the scope of [AA81, Theorem 9.6] which pertains
to entire minimal surfaces, but it is claimed, with a sketch of proof, on [Sim85, Page
269] as a modification of [Sim85, Theorem 5.5, m < 0]. It should be mentioned that,
in order to cover the case of exterior minimal surfaces, an additional term of the form
C [ (u(t))? should be added on the right side of one of the assumptions of that theorem,
namely, of [Sim85, 5.3, m < 0]. The addition of this term seems not to cause any serious
difficulty with the remainder of the arguments leading to [Sim85, Theorem 5.5, m < 0].
For these reasons, we expect that Simon’s approach, besides giving a viable approach to
the blow-down analysis of exterior minimal surfaces, should also be suitable for proving
our mesoscale flatness criterion in the generality described in Remark 1.17.

1.5. Organization of the paper. In section 2 we reformulate and prove Theorem 1.11
in a suitable class of varifolds, see Theorem 2.3 below. In section 3 we prove those parts
of Theorem 1.7 which are directly descending from quantitative isoperimetry, and do not
require the introduction of isoperimetric residues and of a mesoscale flatness analysis; see
Theorem 3.1. Section 4 is devoted to the study of isoperimetric residues and of their
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maximizers, and contains the proof Theorem 1.1. We also present there a statement,
repeatedly used in our analysis, which summarizes the fruits of some ideas contained in
[Sch83] concerning the decay rates of exterior minimal surfaces towards hyperplanes; see
Proposition 4.1. Finally, in section 5, we prove the main energy expansion (1.21) as well as
those parts of Theorem 1.7 left out in section 3 (i.i, statements (ii, iii, iv)). This final section
is, from a certain viewpoint, the most interesting part of the paper: indeed, it is only the
detailed examination of those arguments that clearly illustrates the degree of fine tuning of
the preliminary analysis of exterior isoperimetric sets and of maximizers of isoperimetric
residues which is needed in order to allow for the application of the mesoscale flatness
criterion, and for the consequent full resolution of the exterior isoperimetric problem at
large volumes presented in this paper.

Acknowledgements: This work was supported by NSF-DMS RTG 1840314, NSF-DMS
FRG 1854344, and NSF-DMS 2000034. We thank William Allard and Leon Simon for
clarifications on [AA81] and [Sim85] respectively, and Luca Spolaor for his comments on
some preliminary drafts of this work.

2. A MESOSCALE FLATNESS CRITERION FOR VARIFOLDS

In section 2.1 we introduce a class V,,(A, R, S) of “varifolds with bounded mean curvature
and with boundary” and reformulate Theorem 1.11 in that class, see Theorem 2.3. In
sections 2.2-2.3 we present two reparametrization lemmas (Lemma 2.6 and Lemma 2.8)
and some “energy estimates” (Theorem 2.9) for spherical graphs, while in section 2.4 we
state the monotonicity formula for varifolds in V,, (A, R, S) and some more energy estimates
involving the monotonicity gap. Finally, in section 2.5, we prove Theorem 2.3.

2.1. Statement of the criterion. Following the general notation and terminology of
[Sim83a], given an n-dimensional integer rectifiable varifold V = var (M,#) in R"*L,
defined by a locally H"-rectifiable set M, and by a (Borel) multiplicity function § : M — N,
we denote by [|[V|| = 0 H".M the weight of V', and by 6V the first variation of V', so that

5V(X):/divTX(a:)dV(:c,T):/ divM X(z)0dH?, VX € CHR"TL R,
M

Given S > R > 0 and A > 0 we consider the family
Vu(A,R,S), (2.1)
of those n-dimensional integral varifolds V' in R"*! such that spt V ¢ R"*!\ By and

5V(X):/X.ﬁd|yvu+/x.ycv°d bdy, VX € CM(BgR™),

holds for a Radon measure bdy in R™*! supported in Bp, and Borel vector fields H :
R — R with |H| < A and 1§ : 9B — R with [°| = 1.

Remark 2.1 (Smooth case). When 6 = 1 and M is a smooth hypersurface with boundary
such that M C R"*1\ Bg, bdry (M) C 0Bg, and |Hy/| < A, then V = var (M,1) €

V(A R, S), with H given by the mean curvature vector of M, bdy = H" ! bdry (M),
and 147 equal to the outer unit conormal to M along 0Bpg.

Area deficit: Given V € V,,(A, R, S), the quantity
VI(B,\ B 1
ounae) = U L[y

rh nr

" IVII(B, \ Br)
R P

is increasing for r € (R, S) (see Theorem 2.10-(i) below), and agrees with (1.28) when V'
is smooth as in Remark 2.1. We define the area deficit of V € V,,(A, R, S) as

SvrA(T) = wn — Ovra(r), re(R,S).

dp, (2.2)
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Remark 2.2. Since, by assumption, every V € V,(A, S, R) is such that spt V C R" ™!\ By,
we actually have |V||(B,) = ||V ||(B,\Bgr) for every r > 0, and we could have used ||V||(B,)
in place of ||V||(B, \ Bg) in the definition of ©y r A and in subsequent formulas.

Angular flatness: Given a hyperplane H in R"™! with 0 € H, we call the quantity
[ entw?avi,.

the angular flatness of V' on the annulus A? = B \ cl(B;) with respect to H, where

wr (y) = distgn (l, on S”) = arctan (]y . VH‘) ) (2.3)
[yl Pyl

for y € R"1\ {0}, pu(y) =y — (y - v&r) va, and vy a unit normal to H. (See Remark

1.12 for comparison with the notion of L?-flatness typically used in similar contexts.)

Theorem 2.3 (Mesoscale flatness criterion). If n > 2, I' > 0, and o > 0 then there are

positive constants My and g, depending on n, I' and o only, with the following property.
IfA>0, Re (0,1/A), V € Vu(A R, 1/A),

B,\ B
|bdy||(0Br) <T R, sup IVItB,\ Br) (2.4)

pE(R,1/A) p" N

and for some hyperplane H C R™* with 0 € H and for some s > 0 we have

j—‘j\ > s > max{Mp, 64} R, (2.5)
|0v,r,A(5/8)] < €0, (2.6)
s

R, :=sup {p > 3" dvra(p) > —50} >4s, (2.7)
1
o Wi V] < eo, (2.8)
sn As/2

s/8

s/4
IVII(AZg) >0, (2.9)

then (i): if
., o
Sy = mln{R*, A} <00, (2.10)

then there exists a hyperplane K C R"™! with 0 € K and a function v € C*((K NS") x
(s/32,5,/16)) with

5*/16:{ w~+ u(r,w) v

(spt V)N 145/32

cweKNS",re(s/32,5,./16)
14+ u(r,w)? } (2.11)

sup {\u| + [VES ) 4 Jr Byl < (w,r) € (K NS™) x (5/32, S*/16)} <Cn)o:

(ii): if A=0 and dy.ro > —co on (s/8,00), then (2.11) holds with S, = oo;

(iii): if A =0 and dv,ro > 0 on (s/8,00), then (2.11) holds with S, = oo, and one has
decay estimates, continuous in the radius, of the form

dvro(r) < C(n) (;)a OV,R,0 (5) , vr> 2 (2.12)

8 4’
1 2 S\« S S
for some a(n) € (0,1).

IA

8 4’

12



Remark 2.4. In Theorem 2.3, graphicality is formulated in terms of the notion of spherical
graph (further discussed in the subsequent sections) which is more natural than the usual
notion of “cylindrical graph” in setting up the iteration procedure behind Theorem 2.3.
Spherical graphicality in terms a function u with Cl-small norm as in (2.11) translates
into cylindrical graphicality in terms of a function f as in (1.34) with
T wuela). Vast@) - 12 < a0, u(ial. 2).
|z |z
for x # 0 and & = x/|z|; see, in particular, Lemma D.1 in appendix D.

Remark 2.5 (Decay rates and negativity of the area deficit). Even in the case A > 0 one
can obtain estimates analogous to (2.12) and (2.13), with the same proofs but with the
limitation that they will hold only on the bounded range of radii r such that
Z<r<1—16min{R**,%0}, R**:sup{pz%:5‘/,37/\(,0)20}.

In particular, without the possibility of sending r — oo, the resulting estimates will hold
for several possible choices of K. In the framework provided by [AA81] the non-negativity
of 8y, r.A is necessary to set up continuous-in-r decay estimates like (2.12) and (2.13) (see,
e.g. (2.98) below), but it is actually dispensable if one is just interested in the iteration
scheme needed for propagating “flat graphicality” (see (2.65)—(2.70) below). The gain is
not just theoretical (because of the obvious fact that R, > R..). In our application to
exterior isoperimetry one can see that R, of V = var ((0E,)\ 0Bg, 1) with v large can be
at most of order O(v®) for some o < 1/(n+1): indeed, on a scale O(v'/("*+1) the smooth
proximity of dE, to a sphere 9B () will force dv,r,A to be negative. As a consequence,
the overlapping of the domain of resolution of (1.4) and (1.7) would be lost if working
with R.. (and with it, the complete resolution of exterior isoperimetric sets).

2.2. Spherical graphs. We start setting up some notation. We denote by
H

the family of the oriented hyperplanes H C R™*! such that 0 € H; in particular, the choice
of H € H implies the choice of a unit normal vector vy to H. Given H € H, we set

Ypy=HNS",
for the (n — 1)-dimensional equatorial sphere defined by H on S™, and we denote by
py R I, qm R — HY

the orthogonal projections of R onto H and onto the orthogonal complement H+ =
{tvyg :t € R} to H in R"*L. Given o > 0, we set
Xo(Xpg) = {u S Cl(EH) : HUHCfl(EH) < O‘}.
Clearly there exists og = og(n) > 0 such that if H € H and u € X,,(Xp), then the map
w+ulw)rvy
o) = M)
1+ u(w)

defines a diffeomorphism of ¥y into an hypersurface ¥z (u) C S™, namely

Snlu) = fu(Em) = {

, we Xy,

w~+u(w) vy
1+ u(w)?
We call X (u) a spherical graph over ¥y. Exploiting the fact that ¥y is a minimal

hypersurface in S and that if {7;}; is a local orthonormal frame on X then vy -V ,7; = 0,
a second variation computation (see, e.g., [ESV19, Lemma 2.1]) gives, for u € X, (Xx),

Lwe EH}. (2.14)

1
H"_l(EH(u))—nwn—/ |v2Hqu—(n—1)u2(gc7(n)a/ w24 [VEHG2 | (2.15)
2 Yy XH
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(where, of course, nw, = H" }(Xy) = H"1(SH(0))). We also recall that u € L?(Xp)
is a unit norm Jacobi field of X (i.e., a zero eigenvector of A¥# + (n — 1)Id with unit
L?(Xg)-norm) if and only if there is 7 € S with 7 - vy = 0 such that

ww) =coln) (w-7), VweXy, whereco(n) =, /W+(EH). (2.16)

We denote by E%H the orthogonal projection operator of L?(£2) onto the span of the Jacobi
fields of ¥ 7. The following lemma provides a way to reparameterize spherical graphs over
equatorial spheres so that the projection over Jacobi fields is annihilated.

Lemma 2.6. There exist constants Cy, €9 and oy, depending on the dimension n only,
with the following properties:

(i) if HHK € H, |lvg —vk| < e < eo, and u € X,(Xpy) for o < op, then the map
TEK .Yy — Yk defined by

7K () PEUu)  pieo () prcv

! Px(fu(w)]  [Prw +u(w)prval’

is a diffeomorphism between Y and Y, and the function v : X — R defined by
ax (fulw)) _ vk -(w+tu(w)vy)

v (T (W) = = :
pr(fuw))]  |IPrw + u(w) prrvH|

weE Xy,

we Sy, (2.17)

is such that

U € Xon) (o4e) (ZK) 5 Sr(u) = Sx(vy), (2.18)

‘/EK(Uf)Q—/ZHUQ‘ SC(”){|VH—VK!2+/EHU2}. (2.19)

(il): if H € H and u € Xy,(Xp), then there exist K € H with lvg — vi| < &9 and
v € Xoyoo(2K) such that

and

Su(u) =Xk(v), B[] =0,

vk — vg|? < Co(n) /E (B, [)?,

[ -] il <aim [

Proof. See appendix A. O

Remark 2.7. It may seem unnecessary to present a detailed proof of Lemma 2.6, as
we do in appendix A, given that, when X is replaced by a generic integrable minimal
surface ¥ in S", similar statements are found in the first four sections of [AA81, Chapter
5]. However, two of those statements, namely [AA81, 5.3(4), 5.3(5)], seem to be not
correctly formulated; and the issue requires clarification, since those statements are used
in the iteration arguments behind the blow-up theorem [AA81, Theorem 5.9] and its blow-
down counterpart [AA81, Theorem 9.6]; see, for example, the second displayed chain of
inequalities on [AA81, Page 254]. To explain this issue we momentarily adopt the
notation of [AA81]. In [AA81, Chapter 5] they consider a family of minimal surfaces
in S, denoted by {M,;}cy, and obtained as diffeomorphic images of a minimal surface
M = My. The parameter ¢ ranges in an open ball U C R/, where j is the dimension of the
space of Jacobi fields of M. Given a vector field Z in S™, defined on and normal to My,
they denote by F}(Z) the diffeomorphism of M; into S™ obtained by combining Z with the
exponential map of S” (up to lower than second order corrections in Z, this is equivalent
to taking the graph of Z over My, and then projecting it back on S”, which is what we
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do, following [Sim83b], in (2.14)). Then, in [AA81, 5.2(2)], they define A; as the family
of those Z such that Image(F;(Z)) = Image(Fy(WW)) for some vector field W normal to
M, and, given t,u € U and Z € A4, they define F}* : Ay — A, as the map between such
classes of normal vector fields with the property that Image(F:(Z)) = Image(Fy,(F{'(Z))):
in particular, F*(Z) is the vector field that takes M, to the same surface to which Z takes
M,;. With this premise, in [AA81, 5.3(5)] they say that if t,u € U, and Z € A;, then

[ m@r- [ 1ze<c-u [ 122, 2.20)

for a constant C' depending on M only. Testing this with Z = 0 (notice that 0 € A; by
[AAS81, 5.3(1)]) one finds F{*(0) = 0, and thus M; = Image(F;(0)) = Image(F,(F(0))) =
Image(F,(0)) = M,. In particular, M,, = M, for every t,u € U, that is, { M, };cy consists
of a single surface, M itself. But this is never the case since {M;};cy always contains, to
the least, every sufficiently small rotation of M in S™. An analogous problem is contained
in [AA81, 5.3(4)]. Coming back to our notation, with reference to Lemma 2.6-(i), the
analogous estimate to (2.20) in our setting would be equivalent to claiming that, for every
H, K € H with |vg —vy| < g9 and u € Xy (S ), vE defined in (2.17) satisfies

< CO(n) vy — vkl u?, (2.21)

[ [

which again leads to a contradiction if tested with v = 0. A correct estimate, analogous
in spirit to (2.21) and still sufficiently precise to be used in iterations, is (2.19) in Lemma
2.6. There should be no difficulty in adapting the arguments from appendix A to the more
general context of integrable cones, and then in using the resulting generalization of (2.19)
to implement the iterations needed in [AA81, Theorem 5.9, Theorem 9.6].

2.3. Energy estimates for spherical graphs over annuli. We now introduce the
notion of spherical graph over an annulus, together with some basic energy estimates for
spherical graphs with bounded mean curvature.

Given H € H and 0 < 71 < 73 we let X, (Xg,71,72) be the class of those u € C1(Xy x
(r1,72)) such that, setting u, = u(-,r), one has

ur € Xp(Xpr), Vr € (r1,r2),
|ropu| < o, on Yy X (ry,72) .
If ue X,(Xg,71,72), then the spherical graph of u over Xz x (r1,r2), given by
w + ur(w) v
1+ up(w)?
is an hypersurface in A72. It is useful to keep in mind that

Yu(0,r1,1r2) = {rw TweEX,re (7“1,7“2)} =HNA?

T

EH(U,?”l,Tz):{?" ZWGEH,TG(Tl,m)},

is a flat annular region with H" (X (0,71,72)) = wy, (ry —r}), and that

1
— / Wi dH" < / r"lu? < C(n) / wi dH™  (2.22)
C(n) Zp(ur,r2) Epx(ri,ra) Yp(u,r1,r2)

whenever u € X, (X, 71, r2) for asufficiently small o1 = o1(n). The following reparametriza-
tion lemma is analogous to (and easily obtained from) Lemma 2.6.

Lemma 2.8. There exist positive constants €y, oo and Cy, depending on the dimension n
only, with the following properties:

(i): f HLK € H, vy - vk > 0, u € X;(Xpg,71,72), for o < 00, v € Xy (XK, 71,72), and
lvag — vi| = € < €, then there exists w € XCO(J+E)(2H, r1,72) such that

EK('U,Tl,T‘Q) = EH(w,Tl,Tg) . (2.23)
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(i): if H € H, u € Xy(Xp,71,72), and (a,b) CC (r1,72), then there exist K € H,
v € Xoyoo(Bk,T1,72), and i € [a,b] such that

Yu(u,r1,m2) = Bk (v,71,72), (2.24)

EY () =0, (2.25)

vy — vi|> < Co(n) min / (B2, [u,])”. (2.26)
pElab] Jx 4

Moreover, for every r € (ri,72),

= [ o< com { min [ wte [ o). e

Proof. We first prove statement (i). If vy — vi| = € < e, since for every r € (r1,72) we
have u, € X;(Xp), we can apply Lemma 2.6-(i) to deduce that the map T, : ¥y — Yk,

Ty (w) = Pk [w + ur(w) va
P [w + ur(w) vl
is a diffeomorphism between Xy and Y, and the function v, : Y — R,
VK - (W + up(w) v
() = Tt ) vn)
P [w+ur(w) vall
satisfies v, € Xy (o4¢) (XK ) as well as

Salw) =Exe) .| [ @P= [ @) < e {n -+ [

XH

weE Xy, (2.28)

., weXy, (2.29)

(ur)z} . (2.30)

Since u € Xy(Xp,71,72), and since the definitions of T, and v, depend smoothly on wu,,
setting v(w, ) := vy (w) we define v : X X (r1,72) — R such that
ZH(“) r1, T2) = EK(Ua 1, T?) ;

by (2.30), and v € X¢y (546)(Xm,71,72) (Where |r0,v,| < Co(o + €) is deduced by differ-
entiation in (2.28) and (2.29), and thanks to |u,|,|r Oru,| < o). This proves (2.23).

Step two: We prove statement (ii). Let us set
. 2
~ = min / (E%H [up]) ,

pElab] Jx g4

and let r, € [a,b] be such that the minimum - is achieved at r = r,. If v = 0, then
we prove the lemma with K = H and v = u. If v > 0, then we apply Lemma 2.6-
(i) to ur, € Xyy(Xm), and correspondingly we find K € H with |vxg — vg| < gp and
vr, € Xoy s (X k) such that Xp(uy,) = X (vy,) and

EY. [vr,] =0, (2.31)

o vl < Cotn) [ (B8, un])? = Coln) . (2.82)

)/ZK(U’"*)Q - /EH(%)QI < Go(n) /EH(UT*)Q- (2.33)

Since v, = v(+,r,) for the function v constructed as in step one starting from u, H and
K, we see that combining (2.30) and (2.32) we find (2.27), while (2.31) is (2.25). O

We will use two basic “energy estimates” for spherical graphs over annuli. In order to
streamline the later application of these estimates to diadic families of annuli we introduce
the following terminology: the intervals (r1,72) and (rs,r4) are (n,no)-related if

ro=ro(l1+mn9), ri=ro(l—m0), ra=ro(l+mn), rg=ro(l—n), (2.34)
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for some 19 > n > 0, and with rog = (r; + r2)/2 = (rs + r4)/2; in particular, (rs,r4) is
contained in, and concentric to, (r1,72). The case A = 0 of the following statement is the
codimension one, equatorial spheres case of [AA81, Lemma 7.14, Theorem 7.15].

Theorem 2.9 (Energy estimates for spherical graphs). If n > 2 and n9 > n > 0, then
there are oo = og(n,no,n) and Cy = Cy(n,no,n) positive, with the following property.

IfHeH, A>0, and u € X,(Xg,71,72) is such that max{l,Ars} o < op and

Y (u,r1,72) has mean curvature bounded by A in A}, (2.35)
then
H"(Zp (u,73,74)) — H”(EH(OJ&M))‘ < (o / r (W + Arful),  (2.36)
ZHX(T‘l,’I‘Q)

whenever (r1,72) and (r3,r4) are (n,m0)-related as in (2.34). Moreover, if
dr € (r,r2) s.t. E%HUT =0on Xy, (2.37)

then we also have

/ a2 < C(n) Arg (ry — ) 4 C / L (r Opu)? . (2.38)
S x(ra,ra)

EHX(’I“1,’I“2)

Proof. See appendix B. O

2.4. Monotonicity for exterior varifolds with bounded mean curvature. The fol-
lowing theorem states the monotonicity of ©y g A for V € V, (A, R, S), and provides, when
V' corresponds to a spherical graph, a quantitative lower bound for the gap in the associ-
ated monotonicity formula; in the case A = 0, R = 0, it reduces to the codimension one,
equatorial spheres case of [AA81, Lemma 7.16] and [AA81, Theorem 7.17].

Theorem 2.10. (i): If V € V,,(A, R, S), then
Ov,r,A is increasing on (R, S), (2.39)
where Oy r A is defined as in (2.2).

(ii): There exists oo(n) such that, if the assumptions of part (i) hold and, for some H € H,
u € Xy (X, r1,12) with o < og(n), and (r1,r2) C (R, S), we have

V' corresponds to g (u,ri,m9) in Al2 (2.40)

T

then
/ P uy)? < C(n) 15 {Ovra(r2) — Ova(r) } (2.41)
EHX(T‘l,T‘Q)

(iii): Finally, given no > n > 0, there exist oy and Cy depending on n, no, and n only,
such that if the assumptions of part (i) and part (ii) hold and, in addition to that, we also
have max{1,Ary} o < oy and

dr € (r1,r2) s.t. E%Hur =0 on Xy, (2.42)
then, whenever (r1,r2) and (rs,r4) are (n,no)-related as in (2.34), we have
H"(EH(u,rg,m)) —HH(ZH(O,T’3,T4)) (2.43)

< Cory {@v,R,A(Tz) —Oyra(r) + (A 7‘2)2} :
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Proof. Step one: We prove part (i) and part (ii). For the sake of both brevity and clarity,
we give the proof in the case when V' is the multiplicity one varifold associated to a smooth
hypersurface M with boundary, whose boundary contained in dBpg, see Remark 2.1: the
general case is then addressed by the classical argument with rescaled radial test vector
fields, and is presented in appendix C. By the coarea formula, by the tangential divergence
theorem and by the fact that \ﬁ\ < A, we find that, for a.e. p > R,

A |IV]I(By \ Br) 1 | _ nH' (M N (B,\ Br))

= = ap"
dp p" p* Juros, |27 prt
1 |z 1 xr =
= — |TM’d’H" - — — - HdH"
P JmnaB, | P” JMN(B,\Bgr) P

1
— n+1{/ Vﬁ‘j-xd’;‘—[”_l—i—/ Vﬁ}}'xd%”_l}
P MndB, MNOBR

1 Ed |z "M 1
> — dH"™
P" JMnoB, (\xTM’ || )
1 (M B,\ B
_ — / V?\?‘l‘d?‘tn_l—A% ( m(np\ R))
p" MNOBg P
d 1 B, \ B
= MOH(MP)+d7)Tp” x-uf})dde—A”VH(pM (2.44)
where we have set
Mon(V, p) = -2 / i d||V| (2.45)
n = — . .
P dp JB\By |7|"T?

Since Mon(V, p) > 0, this proves (2.39). Assuming now that (2.40) holds, by using [AAS8I,
Lemma 3.5(6)] as done in the proof of [AA81, Lemma 7.16], we see that, under (2.40), we
have

72
C(n)ry / Mon(V, p) dp > / L (r 0pu)?
1 Eux(ri,r2)

thus completing the proof of (2.41).
Step two: We prove part (iii). Let us set

"7+770> 77+770)
2 ’ 2 ’

so that (a,b) and (rs,r4) are (n,(n + no)/2)-related, and (r1,72) and (a,b) are ((n +
n0)/2,m0)-related (in particular, (rs,r4) C (a,b) C (r1,r2)). By suitably choosing ¢ in
terms of n, n and 1y, we can apply (2.36) in Theorem 2.9 with (rs,r4) and (a,b), so to find

a:ro(lf bzro(1+

H (2w, 3, 74)) = HY((0, 73, 7’4))’ < C(n,m0,m) / P (u? 4 A ful)
S % (ah)
< C(n,no,m) {(A b)2 (6" — a™) +/ el u2} '
ZHX(a,b)

Thanks to (2.42) we can apply (2.38) in Theorem 2.9 with (a,b) and (r1,r2) to find

[ e < {(np e -+ |
EHX(a,b)

Yy x(ri,r2)

"t (r 8ru)2} .

We find (2.43) thanks to (2.41) and (Ab)? (b — a™) < (Arg)?rh. O
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2.5. Proof of the mesoscale flatness criterion. As a final preliminary result to the
proof of Theorem 2.3, we prove the following lemma, where Allard’s regularity theorem
is combined with a compactness argument to provide the basic graphicality criterion used
throughout the iteration. The statement should be compared to [AA81, Lemma 5.7].

Lemma 2.11 (Graphicality lemma). Let n > 2. For every o >0, ' > 0, and (A3, \y) CC
(A1, \2) CC (0,1) with \y > 1/32, there are positive constants €1 and My, depending only
onn, g, ', A1, Ao, A3, and Ay with the following property.

IfA>0, Re (0,1/A), V € Vo(A, R, 1/A),

B,\ B
HdeH(aBR) < FRn—l ’ sup HVH( 2\ R) <T,
pE(R,1/A) P
and there exists r > 0 such that,
max{M1,64} R <r < %1 , (2.46)
[ov,RA(r)] < €1, (2.47)
IVIIAT) >0, (2.48)
and if, for some K € H, we have
1
il wkd|V| <e1, (2.49)
A)\]_r

then there exists u € Xy (X, 7/32,7/2) such that

V' corresponds to X (u,r/32,7/2) on A:gQ.

Proof. We argue by contradiction. Should the lemma be false, then we could find ¢ > 0,
I' >0, (A3,\1) CC (A1,A2) CC (0,1) with Ay > 1/32, K; € H, positive numbers R,
Aj < 1/Rj, rj, and W; € Vn(Aj,Rj, 1/Aj) such that

[bdw, || (OBRg,) W3l (B, \ Br,)

4T
W] (A% 77 > 0, - <T, <T,
M Aer,) Ry PE(R;,1/A;) P
) R; 1 2
jlggomax{pj = Tj’ ri ;i 0wy A, (T5), ey /AAQTJ' WEK; dHWjH} =0,
J >\17"j

such that there exists no u € Xy(Xg;,7;/32,7;/2) with the property that

'I’j/2
’I‘j/32 :

Setting V; = W;/r;, we would then find that no u € X, (Xk;,1/32,1/2) exists such that

W; corresponds to X, (u,7;/32,7;/2) on A

V; corresponds to X, (u,1/32,1/2) on A%; ;

despite the fact that each V; € V,,(rj Aj, pj, 1/(rj A;)) satisfies

IV;ll(A31) >0, LT, ’ <T,
Pj pE(pj,1/(Aj15)) p
jlir{:omax{avj,pj,rj A (1), /Aw W, duvjn} —0. (2.50)

A1
Clearly we can find K € H such that, up to extracting subsequences and as j — oo,
K;NB; — KN By in LY(R™). Similarly, by (2.50), we can find an n-dimensional integer
rectifiable varifold V' such that V; — V as varifolds in B; \ {0}. Since the bound on the
distributional mean curvature of V; on By J(Aj75) \Ep]. is r; A;, and since p; — 01 and
r; Aj — 07, it also follows that V is stationary in B; \ {0}, and thus, by a standard
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argument and since n > 2, on B;. By HVJH(Aig) > 0, for every j there is z; € Aig Nspt Vj,
so that, up to extracting subsequences, x; — g as j — oo for some

o GZ% NsptV .
By (A3, A1) CC (A1, A2) we can find p > 0 such that B,(zo) C A’\f, and conclude
IVII(A32) = V][ (By(w0)) = wn p" >0,

thus proving that V\_A/A\f # (). This last fact, combined with wxg = 0 on (spt V) N Aif,
allows to use the constancy theorem [Sim83a, Theorem 41.1] to deduce that

A AsptV = AP NK .
Since V is stationary in By, we conclude that B; N K C By Nspt V, so that, in particular,
VII(B1) = wn .
At the same time, since ||bdy,[|(0B,,) < Lot ! and |Vj||(B, \ By,) < I'p" for every

J
p € (pj;1/(Aj75)) D (p; 1), by (2.50) we have

1
! P IV;11(B,\ By,)
wp = qu}oIIW\l(Bl\Bpj)—éuévju(aBijAﬂj/ IVill(B:\By,) |

1
Pj P

> |VII(B1) — T timsup (o + Ay ;) = [VI[(By),
j—00

so that ||V|[(B1) = wy, and thus By N K = By N (sptV). By Allard’s regularity the-
orem and by V; — V as j — oo we deduce the existence of a sequence {u;};, with
uj € Xy (Xg,1/32,1/2) for some o; — 0 as j — oo, such that V; corresponds to

Y (u;,1/32,1/2) in A}gz for j large enough. As soon as j is large enough to give 0; < o,
we have reached a contradiction. O

Proof of Theorem 2.3. We start by imposing some constraints on the constants g and M
appearing in the statement. For the finite set

GO LD e

for every (no,n) € J, and such that

oo < % for o1(n) as in (2.22), and Cy(n) as in Lemma 2.8-(ii) ; (2.52)
0

we shall henceforth assume, without loss of generality, that
o <op.

Moreover, for €1 and M as in Lemma 2.11, we let

oz (e (5, (5 ) o (52 (S )} 99

asmnfa(uon (LD (D) alor (51 (S0} e

We also assume that g is smaller than the n-dependent £y’s appearing in Lemma 2.6 and
Lemma 2.8.

Let us now recall that, by assumption, V' € V,,(A, R, 1/A) is such that
IVII(B, \ Br)

|bdy||(dBr) <T R"!, sup 2 < T (2.55)
pE(R,1/N) Y
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in particular, by Theorem 2.10-(i),

dv.r,A is decreasing on (R, 1/A). (2.56)
Moreover, we are assuming the existence of s with max{64, My} R < s < g0/4 A such that
0v.r,a(s/8)] < €0, (2.57)
R, = sup {pz g :Ov.rA(p) > —60} >4s, (2.58)
o [ enP vl <, (2.59)
/8

IV[(A%g) > 0. (2.60)

By (2.56), (2.57) and (2.58) we have
10v.rRA(r)] < €0, Vr e (s/8, Ry) . (2.61)

By (2.53), (2.54), (2.55), (2.59), (2.60) and (2.61) we can apply Lemma 2.11 with (A1, A2) =
(1/8,1/2), (A3,A\s) = (1/6,1/4), and r = s. Setting Hy = H, we thus find uy €
Xo(XH,,5/32,5/2) such that

V' corresponds to ¥, (uo,s/32,s/2) on Ang , (2.62)
and letting
T ! /5/4 L dr / [uo)?
0 — Olr »
(s/4)™ Jsss SH,
we have, thanks to (2.22), (2.52), (2.62), and (2.59),
1 s/4 C
To= — / " dr / [ug]? < (:) / wh d||V] < C(n)eg . (2.63)
A s - e
Let 4
sj:23733, jeN.
By (2.58) and by s < g9/4 A there exists N € {j € N:j > 2} U {+o0} such that
{0,1,..,N}:{jEN:8sj§S*:min{R*,%o}}. (2.64)

Notice that if A > 0 then it must be N < co. We are now in the position to make the
following;:

Claim: There exist 7 = 7(n) € (0,1) and {(Hj,u;) ;y:—(]z with H; € H and u; €
X5 (¥H;,5/32,455), such that, setting,

1 Sj+1
— n—1 12
Ti= S N (]S
Sj+1 Js; Sh;

J

we have, for every j =0,..., N — 2,

V corresponds to Yy, (uj,5/32,45;) on A;LEQ, (2.65)
Ov.ra(si)] < <o, (2.66)
T, < Cn)eo, (2.67)
and, for every j =1,..., N — 2,
vi, — v, > < C(n)Tj1, (2.68)
Svirals;) < 7T{évra(sj—1) + (1+T)Asj_1}, (2.69)

Ty < C(n){5v,R,A(Sj—1) —5V,R,A(8j+2)+/\8j—1}~ (2.70)

21



Proof of the claim: We argue by induction. Clearly (2.65);—9, (2.66);—0 and (2.67),—¢
are, respectively, (2.62), (2.57) and (2.63). This concludes the proof of the claim if N = 2,
therefore we shall assume N > 3 for the rest of the argument.

To set up the inductive argument, we consider ¢ € N such that: either £ = 0; or
1 <0< N—3and (2.65), (2.66), and (2.67) hold for j = 0, ..., ¢, and (2.68), (2.69) and
(2.70) hold for j = 1,...,¢; and prove that all the conclusions of the claim holds with
j=4+1.

The validity of (2.66);=¢+1 is of course immediate from (2.61) and (2.64). Also, after
proving (2.70),=¢+1, we will be able to combine with (2.66);—,41 and (2.64) to deduce
(2.67)j=¢+1. We now prove, in the order, (2.68), (2.65), (2.69), and (2.70) with j = ¢+ 1.

To prove (2.68)j—¢11: Let [a,b] CC (s¢, s¢41) with (b —a) = (s¢41 — s¢)/2, so that

i [l [t [ o 1)
—— min upls < r r upli =Ty .
C(n) re[a,b} EHZ " 8?_{_1 Sp ZHZ "

Keeping in mind (2.65);—¢, we can apply Lemma 2.8-(ii) with (ry,72) = (s/32,4s¢) and
[a,b] to find Hey1 € H, ugr1 € Xoyoo(XH,,,,5/32,45¢) (with Cp as in Lemma 2.8-(ii)) and

SZ € [CL, b] - (84735—&-1)7 (272)

such that, thanks also to (2.71),

Yh,(ue, 8/32,480) = B, (wer1,5/32,450), (2.73)
EY,, . ([uels;) =0, (2.74)
vi, — v, | < Cn) Ty, (2.75)
/E [ues1]? < C(n) (Tg + / [w]?) . Vre(s/32,4s). (2.76)

Hpyq Em,

In particular, (2.75) is (2.68);j—¢+1.

To prove (2.65);j=¢+1: Notice that (2.73) and (2.65),;—¢ do not imply (2.65)=¢+1, since, in
45041
s/32

than Ai/s:fQ), and we are claiming that w1 has C'-norm bounded by o, and not just by

Coop (with Cp as in Lemma 2.8-(ii)).

(2.65) j—¢+1, we are claiming the graphicality of V inside A (which is strictly larger

We want to apply Lemma 2.11 with

11 3 7
r=388p41, (A1, A2) = (TG’ §> , (A3, \4) = <§, @) , K =Hpqy. (2.77)
We check the validity of (2.46), (2.47), (2.49) and (2.48) for these choices of 7, A1, A2, A3,
A and K.

Since r = 8sp41 > s > max{My,64 R}, and since (2.64) and £+ 1 < N give r =
8sp41 < eo/A, we deduce the validity of (2.46) with r = 8s,41. The validity of (2.47)
with r = 8 sy41 is immediate from (2.61) by our choice (2.54) of 9. Next we notice that

r 7|8s 64 Tse/4
VIR = V(A gog) = IV II(AT25) > 0

thanks to (2.65);—¢, so that (2.48) holds for r, A3 and A4 as in (2.77). Finally, by (2.22)
(which can be applied to ugq; thanks to (2.52)), (2.73) and (2.65)j—¢, and, then by (2.76),
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we have

1 C(n) [5+v
[ st < ST [
A7 £+1 Se H[+1
C Se41
< C(n)Ty+ rgn)/ r"_ldr/ [ud%
St1 s 2u,

< C(n)Ty <C(n)eo,

where in the last inequality we have used (2.67),—,. Again by our choice (2.54) of &g, we
deduce that (2.49) holds with r, A\; and Ay as in (2.77).

We can thus apply Lemma 2.11, and find v € &, (Xg,,,, s¢41/4,4 5¢41) such that

V' corresponds to Xg,, (v, s¢41/4,45¢11) on A;lzsﬁ/lzl. (2.78)

By (2.73), (2.65)j—¢, and (2.78), v = uyy1 on X, X (s¢41/4,45,). We can thus use v
to extend upyy from Xp, , X (5/32,45¢) to ¥p,,, x (s/32,45041), and, thanks to (2.73),
(2.65) ¢ and (2.78), the resulting extension is such that (2.65);=¢41 holds.

To prove (2.69)j—¢+1: We set

Sp + Sy
ro = Tﬂ 7
and notice that for ny = 1/3 we have
ri=ro(l—=mo)=s¢, r2=ro(l+1m0)==se41. (2.79)

For n = 1/6 we correspondingly set
r3=ro(l—n)=:s,, rg=r0(14+n) = 82_ , (2.80)

and notice that (ng,n) € J, see (2.51). With the aim of applying Theorem 2.10-(iii) to
these radii, we notice that (2.65)—¢11 implies that assumption (2.40) holds with H = Hy 4
and u = ug41, while, by (2.74), = s} € (s4, s¢41) is such that (2.42) holds. Taking into
account that A spr1 <eg <1 by (2.64), we thus find by (2.43) that

(V1B BL) o (570~ (577
/+1

1 n — n —
= ST H (EHZ-H (U’Hlv Sy 752—)) -H (EH(Z+1 (07 Sy 732—)))
/+1
< C) {(As11)? +Ovalse) = Ovralse) } (2.81)

where C(n) = Cy(n,1/6,1/3) for Cy as in Theorem 2.10-(iii). Setting for brevity 0 = dv g A
and © = Oy g A, and recalling that

ro(r) = wpr"—0(0)r"

R P n
we have
1 —\n — +\n + 2
rd CORCORICILC )| < C) {(As0)? + Ose11) - O(s0) |

Afon [TIVIBABR) 0 [ VI8, Br)
rom g e [T IEEAER gy [ S )

Bp \ BR)

< C(n){(Asz)2+@(Se+1)—@(56)}+C(”)A /: ’V”(pn dp.
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By As; <1 and since sZ < sp < g9/8 A thanks to £ < N, we can use the upper bound
\VI(B,\ Br) <T p™ with p € (R, 82_) C (R,1/A), to find that
(C7D LN € Lo
o d(s; ) — o §(sh)| < Cu(n) {8(se) — 0(sp41) } + Cs(n) (T + 1) Asg,
¢ ¢
for a constant C.(n) depending on the dimension n only. By rearranging terms we thus
find

S+ n s\
Ci(n) 6(sps1) + 7”) 8(s) < Cu(n)d(se) + ( ;n) 0(s, )+ Cu(n) (L +T)Asy.
L 1

Using the monotonicity of § on (R, c0) and (s, ,s;) C (¢, $¢+1), we conclude that

$+ n s \n
(cutm + CE Y s(arn) < (Catm) + P Y sy + 4 D A 282)
1 l

We finally notice that by (2.79), (2.80), no = 1/3, and n = 1/6, we have
se _rol=m) _5 s _ s ldm 7
se  ro(l—mo) 47 St ser1 Lo 47

so that, setting

we find
8(se1) < 7{0(s¢) + (1 +T) As}, (2.83)
which is (2.69)j=¢41.

To prove (2.70)j—¢+1: We want to prove

1 28041 -1 2
— L dr / [ura]? < Cn) {8v.ma(se) = dvma(sees) + Ase} . (284)
%

n
St+1 Jsiqn Hpyq
By (2.65)—¢41 we know that
V corresponds to ¥, (uey1,5/32,45041) on Ai‘/sgl . (2.85)
Let us set
TN =8 =38 — 25y, ro =908 =35+ 25y,
T3 = Se41 =350 — S¢, T4 = 28041 =380+ s,

so that (2.34) holds with 7o = 3 sy and (no,n) = (2/3,1/3) € J, see (2.51). Since
s; € (sg,S04+1) C (11,72)

by (2.85), (2.74) and (r1,r2) C (s/32,4 s441) we can apply (2.38) in Theorem 2.9 to deduce
that

258041 )
Se+1 YHp

Again by (2.85) we can apply Theorem 2.10-(ii) with (r1,72) = (s¢, 8 s¢), and find that

5 sy 8¢
/ Pt / Orfues))? < / Pt / (Orlues1])’
Se D) Sy b

Hpiq Hypiq

C(n) 8? {@V,R,A(g SZ) — GV,R,A(SZ)}

C(n) sy {0v,r.a(se) — dv,ra(se+3) } -

The last two estimates combined give (2.84). This completes the proof of the claim.

5sy
wenf <€) [ [ @)+ C A s

St XHyp

IN

IN
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Proof of statement (i): We assume S, < oo (that is either A > 0 or R, < 00). In this case
N (as defined in (2.64)) is finite, with

s

dsn—2

/32 and since

By (2.65)j=n—2, V corresponds to X, ,(un—2,5/32,4sy_2) on A

2N+18 . %
16 16

48N_2 = 42N_2_3 S =

we deduce (2.11) with K = Hy_9 and u = uy_o.

Proof of statement (ii): We assume A = 0 and R, = +oo (that is, dyrg > —eo on
(s/8,00)). In this case, we have N = +o00, and the iteration procedure set up in the claim
actually defines a sequence {(Hj,u;)}52, with u; € X;(¥p;, s/32,4s;) and

4s;

e (2.86)

V corresponds to X g, (u;,s/32,45;) on A
for every j > 0. By compactness of S”, we can find K € H such that, along a sub-
sequence {Hj)}y, we have ex = |vk — vm,, | = 0 as k — oco. In particular, for k

large enough, we have ¢ < ¢, and thus, by Lemma 2.8-(i) and by (2.86) we can find
VE € Xc(n) (O’+€k)(ZK; 8/32,48j(k)) such that

V' corresponds to Xk (vjk), /32,4 8()) on A;l/sgék) . (2.87)

By (2.87), vj)+1 = vjx) on X x (5/32,45j4)). Since sj) — oo we have thus found

u € Xonyo(XK;s/32,00) such that V' corresponds to X (u,s/32,00) on A§732. This
proves statement (ii).
Proof of statement (iii): We finally assume that A = 0 and that

5(r)y>0, V>, (2.88)

8

where we have set for brevity 6 = 0y ro. As in the case of statement (ii) we have N = 400,
and there is a sequence {(H;,u;)}32, satisfying

V' corresponds to Yy, (uj, s/32,4 s;) on A;l;§27 (2.89)

for every 5 > 0, as well as

i, —ve,_,|° < C(n)Tj_1, if j > 1, (2.90)
5 < Lo ifj=0, 2.91
(55) =< {Ta(sj_l), ifj>1, (2.91)
C(n)eo, if j =0,
T; 2.92
J {C(n) 5(8j_1), lfj 2 1. ( ) )

Notice that, in asserting the validity of (2.92) with j > 1, we have used (2.88) to estimate
—0(sj42) < 01in (2.70);. By iterating (2.91) we find

5(s;) <176(s/8) <1l eg, Vi>1, (2.93)

which, combined with (2.92) and (2.90), gives, for every j > 1,
T; < C(n) min{1,777 1} 6(s/8) < C(n) 77 &(s/8), (2.94
lvh,; — I/Hj_1|2 < C(n) Hlin{l,Tj_2}5(S/8) < C(n) 7 0(s/8), (2.95)
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thanks also to 7 = 7(n) and, again, to (2.88). By (2.95), for every j > 0, k > 1, we have

k+1 k+1 .
WH,,, — vH;| < C(n) /0(s/8) Z VH; 11 = VH; 51| < C(n)\/6(5/8) Z (\ﬁ)]71+h7
h=1 h=1

so that there exists K € H such that
v —vi,|? < C(n) 77 6(s/8),  Vj=>1, (2.96)

and, in particular, vy, — vk| — 0 as j — oo. By arguing as in the proof of statement (ii)
we see find u € X,/ (X, s/32,00) for every o’ > o such that, for every j large enough,

Yk (u,8/32,45;) = Yp,(uj, /32,4 s5),
and hence, by (2.65),
V corresponds to Xk (u, s/32,00) on R\ By, (2.97)
which is (2.11) with S, = +oc.

To prove (2.12), we notice that if r € (s;, s;41) for some j > 1, then, setting 7 = (1/2)¢
(i-e., a=log; j5(7) € (0,1)) and noticing that r/s < 201173 by (2.56) and (2.93) we have

07109 < 5(2) = (3)°5(5) = (1) 5(3) <0 (3. oo

where in the last inequality (2.88) was used again; this proves (2.12). To prove (2.13), we
recall that wi (y) = arctan(|vk - §|/|px 9|), provided arctan is defined on R U {£o0}, and
where § = y/|y|, y # 0. Now, by (2.97),

1yl Px J+ulPk 9, |y|) vk
V1+upk g, y))?

so that [pr | > 1/2 for y € (sptV) \ By/s2; therefore, by (2.96), up to further decrease
the value of g, and recalling 0(s/8) < &g, we conclude that

’ VyE (Sptv)\BS/32v

. 1
for every j € NU {+oo} (if we set Hy, = K). By (2.99) we easily find
|L<JK(y) _ij(y)’ < C‘VH]' - VK| ) Vy € (SptV) \Bs/32 7V.7 >1,

from which we deduce that, if j > 1 and r € (s;, 5j41), then

1 2 1 1
— d|lvVi] < C {— 2 v / 2 gy }
i [ eiavi < oo {s | ok VI [kl
1 1
< C iy i, AV / b divi}
< o {5 /A o AV [ V]

+C(n)T {\VK - VHjlz + vk — VHJ.+1’2} ,
where we have also used (2.55) to bound |]V||(A%p) <T'(2p)" with p = 55,511 € (R,1/A).
By (2.89) we can exploit (2.22) on the first two integrals, so that taking (2.96) into account
we find that, if j > 1 and r € (sj, sj4+1), then
1 : :
o [ @k dIVI S COMT, + Ty} + Cu) T 8(s/8) < Cm) (14 T) 7 8(5/9),
Az

where in the last inequality we have used (2.94). Since 77 < C(n) (s/r)®, we conclude the
proof of (2.13), and thus, of the theorem. O
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3. APPLICATION OF QUANTITATIVE ISOPERIMETRY

In this section we prove the existence of minimizers in ¢y (v) and then apply quantitative
isoperimetry to prove Theorem 1.7-(i) and some of the estimates in Theorem 1.7-(iv).

Theorem 3.1. If W C R"*! is compact, and v > 0, then 1w (v) admits minimizers.
Moreover, there exist positive constants vg, Co, Ao, so € (0,1), depending onn and W only,
and a function Ry(v) depending on n and W only, with Ro(v) — 0% and Ro(v) v/ (1) —
00 as v — 00, such that, if v > vy and E, is a minimizer of Yy (v), then:

(i): E, is a (Ag/vY/ D s/ (D)) _perimeter minimizer with free boundary in
Q, that is

A
P(Ey;QN By (z)) < P(F;QN By () + TOH) |E,AF|, (3.1)
v n
holds whenever F C Q = R* '\ W with E,AF CC B,(z) and r < sov/("+1);
(ii): E, determines x € R™*! such that
(v)
|E,ABW) ()] < Co 7 (3.2)
v p1/2(n+1)]
and, assuming in addition that R(W) > 0, E, also determines u € C*®(dBWY) such that
(OEy) \ Bpyyi/ein) (3.3)
_ 1/(n+1 y—z . v .
= {y + vt/ )U(m) Vg () () 1y € OB )(ﬂf)} \ Bpy p1/n41) ;
(iii): finally, if R(W) > 0, then
. |z] 1 _
tm s ma{| ik~ o ol =0 @

where x and w depend on E, as in (3.2) and (3.3), and where E, ranges among all
minimizers of Yy (v).

Remark 3.2 (Improved convergence). In the proof of Theorem 3.1 we will make repeated
use of the following well-known (see, e.g. [FM11, CL12, FFM*15]) fact: If Q is an open
set, A >0, s >0, if {F;}; are (A, s)-perimeter minimizers in 2, i.e. if it holds that

P(F}; B, () < P(Gy: B,(2)) + A |FAG] (3.5)

whenever G;AF; CC By(x) CC Q andr < s, and if F' is an open set with smooth boundary
in Q such that F; — F in LL () as j — oo, then for every ' CC Q we can find j(V')

such that, if 7 > (), then
(0F;) NQ' = {y +uj(y) vr(y) sy € QN aF} no/

for a sequence {u;}; C CL(QNAF) with lujllor@rary — 0 as j — oo. (A proof is quickly
obtained by combining [CLM16, Lemma 4.4] with a covering argument.) Notice also the
terminology used in (3.1) and (3.5): when we add “with free boundary”, the “localizing
balls” B,(z) are not required to be compactly contained in 2, and the perimeters are
computed in B, (z) . This allows competitors in (3.1) to differ from the minimizer near
02, while being constrained to be subsets of Q. In particular, (A, s)-perimeter minimality
as defined in (3.5) is weaker than its “with free boundary” variant defined in (3.1).

Proof of Theorem 8.1. Step one: We prove the existence of minimizers. Since W is com-
pact, suitable translations of B(") are competitors in Yw (v), and therefore we can find a
sequence {E;}; with E; C Q, |E;| = v, and

P(E;;9) < min {P(B(”)), P(F; Q)} + ; , (3.6)
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for every F C Q with |F| = v. By standard compactness theorems for sets of finite
perimeter we find that, up to extracting subsequences, £; — FE in L}OC(R"H) with
P(E;Q) < liminf; ., P(E;;Q), where E C Q and |E| < v. We now make three remarks
concerning E':

(a): We notice that, if {€2;},c; are the connected components of €, then
cither QNI E#0,  or3 Iy CIst E= Uy . (3.7)

Indeed, if QN O*E = (), then, by cl (0*E)NQ = 0ENQ, we find OF C 91, and thus the
second possibility in (3.7) occurs; viceversa, if the second possibility in (3.7) occurs, then,
trivially, Q N 0*E = () holds.

(b): We notice that, if QN 9*E # ), then we can construct a system of “volume-fixing
variations” for {E;};. Indeed, if Q N O*E # (), then there exist Bg,(z9) CC Q with
P(E;8Bg,(z0)) = 0 and a vector field X € C2°(Bsg,(z0); R"*1) such that [, div X = 1.
By the volume-fixing variation construction (see [Magl2, Theorem 29.14]), there exist
constants Cp,co > 0, depending on FE itself, with the following property: whenever
|(FAE) N Bs,(z0)| < co, then there exists a smooth function ® : R" x (—cp,cg) — R"

such that, for each |t| < cg, the map ®f = ®(.,¢) is a smooth diffeomorphism with
{®F #id} cC Bg,(w0) and

@7 (F)| = |F|+t,  P(®] (F); Bsy(z0)) < (1+ Colt]) P(F; Bs, (o)) -
For j large enough, we evidently have |(E;AE)NBg,(zo)| < co, and thus we can construct

smooth functions ®/ : R" x (—cg,cp) — R™ such that, for each || < cp, the map ® =
®I(-,t) is a smooth diffeomorphism with {®] # id } CC Bg,(z) and

®1(E))| = |E;j| +t,  P(®{(Ej); Bs,(20)) < (1+ Colt]) P(Ej; Bs, (o)) -
(c): We notice that, if QN 0*FE # ), then E is bounded. Since |E| < v < oo, it is enough
to prove that QN 0*FE is bounded. In turn, taking xg € 2N J*E, and since W is bounded

and |E| < oo, the boundedness of Q N J*E descends immediately by the following lower
volume-density estimate: there exists r; > 0 such that

|E N B.(x)| > ¢(n)r"!
Ve eQNI*E, r<ry, Be(x) cC R\ (Ir, (W) U Bg,(z0)) -
To prove (3.8), let 71 > 0 be such that |B,,| < o, let z and r be as in (3.8), and set

Fj = (®](E}) N Bs,(0)) U <Ej \ (B (z) U Bso(ﬂfo))> :

for t = |E; N By(z)| (which is an admissible value of t by |B;,| < cp). In this way,
|Fj| = |E;| = v, and thus we can exploit (3.6) to find that, for a.e. r < ry,

(3.8)

1
P(Ey;9) < P(F;0) + = < P(E; O\ (Br(x) U By (w0)) ) + P(Ej; Bs, (o))
1 1
+Co (Yw(o) + 3) 1570 By () |+ (B N9B(2) +
or, setting for the sake of brevity u;(r) = |E; N B,(x)],
1
P(Ej; By (x)) < u;(r) + Co (Yw (v) + 1) uj(r) + 5 , for a.e. ¥ <71y,

where we have used that u’;(r) = H"(E; N 0B, (x)) for a.e. v > 0. Adding uj(r) on both
sides and applying the Euclidean isoperimetric inequality to £; N B,(x), we find

c(n) u; (r)yM/(H1) < 2u(r) + Co (Yw (v) + 1) u;(r) + 1 ) for a.e. r < ry.
J
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Since Co (Y (v) + 1) uj(r) < [e(n)/2]u;(r)™ D) is equivalent to

_ c(n) n+l
50 = (3G @)

and since u;(r) < wp41 r?ﬂ up to further decreasing the value of r; we can assume that
Co (Yw (v) + 1) u; < [e(n)/2]u; /) on (0,71), and thus deduce
1
(2) S D <y wi(r) + =, for a.e. r € (0,7r1).
J

Letting j — oo and setting u(r) = |E N B,(z)|, we find v/ "+ < C(n)u’ a.e. on (0,71),
and thus (by z € 9*E N Q) that u(r) > cor"*! for every r € (0,71), which is (3.8).

We are ready to prove the existence of a minimizer of ¢y (v). Since 92 C W is bounded,
every connected component of ) with finite volume is bounded. Thus, by combining (a),
(b) and (c) above, we conclude that there exists R > 0 such that

WUFE CC Bg. (3.9)
Since |E N [Br+1 \ Br]| = 0, we can pick T' € (R, R + 1) such that

lim Hn(E] N 8BT) =0, P(E] \ BT) = Hn(Ej N 8BT) -+ P(Ej; Q \ BT) , (310)
2 o0
and consider the sets
|E; \ Br|\1/(n+1)
Fy=(B;nBr)UB, ().  p=(—1"F) :
n+1

corresponding to a y € R™™! which is independent from j and such that |y| > p; + T
(notice that sup; p; < C(n) v/ Since |Fj| = |Ej| = v, (3.6) gives

1 1
P(E;Q) < P(F;Q)+ ; < P(Ej; QN Br) +H"(E;NOBr) + P(By,) + ;
1
< P(Ej;Q)+2”H”(EjﬂaBT)—I—;:P(Ej;Q)+o(1), as j — 00,
thanks to (3.10) and P(B,;) < P(E;\Br). Thus {F}}; is a minimizing sequence for ¢y (v),

with F; C Bp«, with T independent of j. In particular, up to extracting subsequences,
Fj converges in L'(R"™!) to a set E* with |E*| = v, so that E* is a minimizer of 1y (v).

Step two: We prove (3.2). If E, a minimizer of ¢y (v) and R > 0 is such that W CC Bp,
then by P(E,;Q) < P(B™) we have, for v > vy, and vy and Cyy depending on n and W,

P(E,\Br) < P(Ey; Q) +nw, R" < P(BW)+Cy < (1—1—%) P(BUEABRDY 4 ¢ | (3.11)

where we have used that, if v >2b > 0 and o = n/(n + 1), then

(v) a
PB™) :< v ) 1< ab §2ab.
P(B@=b)) v—"> v—> v
By combining (1.3) and (3.11) we conclude that
(B0 \ BR)ABUP\PrD (2)|\2 _ P(E, \ Br) Co
tn) inf ( E,\ Byl ) < BBy ~ 1S g (312)
provided v > vy. If € R"*! achieves the above infimum, then we find that
|E,ABY (@) = 2|B,\ B(2)] < Co+2|(E,\ Br) \ BY (2)]
< Co+2|(B,\ Bg) \ BUEABRD ()] < Cy + |E, \ Bg % :

which immediately implies (3.2).
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Step three: We prove the existence of vy, Ag, and sy such that every minimizer E, of
Yy (v) with v > vy satisfies (3.1). To this end, we argue by contradiction, and assume the
existence of v; — oo, minimizers £ in 1w (v;), sets F; C Q with F;AE; CC By, (z;) for

some x; € R"™! and r; = vjl./(nﬂ)/j, |F;AE;| > 0, and

J
P(Ej; Q0 By, (x;)) 2 P(FjQ0 By, (%)) + 7 | EiAF;| .
V.
J
Denoting by E7, I and §; the sets obtained by scaling Ejj, F; and €2 by a factor vj_l/ (nH),
we find that FFAEY CC By;(y;) for some y; € R+ and
P(E;;95 0 Byy;(y;)) > P(F};950 Byyj(yy) + 7 |EJAFS | (3.13)

By (3.2) there exist z; € R"! such that ]E;AB(l)(zj)] — 0 as j — co. We can therefore
use the volume-fixing variations of BW to find constants ¢(n) and C(n) and diffeomor-
phisms ®] : R" — R" such that, for every |t| < ¢(n), one has {®] # id } CC U; for some
open ball U; with U; CC €5\ By/;(y;), and

@7 (E7) NU;l = |Bj U +t,  P(®{(E});Uj) < (1+C(n) [t]) P(E};Uj) -

Since FYAET CC By (y;) implies that for j large enough [|F}| — [E}[| < c(n), if we take
t = |E}| —|F;], then the resulting set G = ®;(F) is such that |G| = |E}|, and therefore
the minimality property of E; in ¢y (v;) can be used to infer

P(Ej; Q) < P(G};9)
P(E;;Q5\ (U; U Byyi(y;))) + P(F}5 Q50 Byyji(yy)
+P(E;;Uj) + C(n) P(E;; Uj) |E;AF;| .

IN

Taking into account P(E7;U;) < wW(Uj)/v;L/(nH) < C(n), we thus find

P(E;; Q50 Byy;(y;)) < P(F;55 0 Byyji(yy) + Cn) |EfAFS,

which, combined with (3.13), gives j |E;AFF| < C(n) |E;AF}|. Since |E;AF}| > 0, this
is a contradiction for j large enough.

Step four: We now prove that, if R(W) > 0, then

. || 1 B
Jm ng pl/(n+1) w}/ﬁ“)‘ =0, (3.14)

where z is related to the minimizer E, of ¢y (v) under consideration by (3.2).
In proving (3.14) we will use the assumption R(W) > 0 and the energy upper bound
lim sup ¢y (v) — P(BY) < —R(W). (3.15)

V—00
A proof of (3.15) is given in step one of the proof of Theorem 1.7, see section 5; in turn,
that proof is solely based on the results from section 4, where no part of Theorem 3.1 (not
even the existence of minimizers in ¢y (v)) is ever used. This said, we notice that when
|[W| > 0, and thus S(W) > 0, one can replace the use of (3.15) in the proof of (3.14) by
the use of the simpler upper bound

lim sup ¢y (v) — P(BW) < —S(W), (3.16)

V=00
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where, we recall, S(W) = sup{H"(W NII) : I is a hyperplane in R**'}. To prove (3.16),
we notice that, for every given II, we can construct competitors for ¢y (v) by intersecting
Q with balls B")(z,) with v/ > v and ,, such that

B @) \Wl=v,  lim H'(WN0OBY) (x,)) = H"(W N II),

and
lim sup ¢y (v) — P(BW) < —H™(W N1I),

vV—00
thus giving (3.16). The proof of (3.15) is identical in spirit to that of (3.16), with the
difference that to glue a large ball to a maximizer (F,v) in R(W) we will need to establish
the decay of OF towards a hyperplane parallel to v to the high degree of precision
expressed in (1.16).

Coming to the proof of (3.14), we argue by contradiction and consider v; — oo, mini-
mizers E; of ¥y (vj), and x; € R"! with

|B;ABY) (2)| | E;AB®) ()]

in , (3.17)
rERn+1 Vj Vj
such that
hming| %Ly (3.18)
j—00 vjl/(ﬂ“) lelér(?Jrl)
and then set
E; —x; W —x; Q—x;
* __ J * J * J
EJ’ T 1/(n+1) Wj T 1/(n+1) QJ T 1/(n+1)
Yj Yj Yj

By (3.1), each E7 is a (Ao, sp)-perimeter minimizer with free boundary in the open set 7.
By (3.2) and (3.17), Ef — BW in L'(R"*!) as j — co. Moreover, diam (W}) — 0 and,
by (3.18),

lim inf dist (W}, 0BY) > 0. (3.19)

J]—00

Correspondingly, we can find zg ¢ 9B such that, for every p < dist(zp, 9B1), there is
j(p) such that {E7 };>(,) is a sequence of (Ao, sp)-perimeter minimizers in R\ B, 9(20).
By Remark 3.2, up to increasing the value of j(p), we ensure that (OE7) \ B,(zo) is
contained in the normal graph over B! of a function u; with ||Uj||Cl(aB(1)) — 0; in
particular, by (3.19), (OE7)\ By(20) is disjoint from W}. By the constant mean curvature
condition satisfied by N JE}, and by Alexandrov’s theorem [Ale62], we conclude that
(OE7) \ Bp(20) is a sphere M7 for j > j(p). Let B} be the ball bounded by M;. Since
M;NW} = (), we have either one of the following two cases:

Case one: W;‘ C B;. In this case we have
J[B; UE;] C M; U[(OE}) \ cl(B})] C (OE7) \ W,
so that, thanks to | B} U EY| > |EY| + [W}| > 1, we conclude that
* +1 * * * 1
P(E; R\ W?) > P(B;UE}) > P(BY),
that gives ¢ (v;) > P(BW), in contradiction with (3.15).
Case two: Wi N B; = (. In this case we first see that
E; = B; UGj,
where G; is the union of the connected components of Ej* whose boundaries have non-

empty intersection with W7: in other words, we are claiming that B} is the only connected
component of E7 whose closure is disjoint from W7. Indeed, if this were not the case, we
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could recombine all the connected components of E7 with closure disjoint from W into
a single ball of same total volume, centered far away from W}, in such a way to strictly
decrease P(E7;Q7) — thus violating the minimality of E; in ¢ (v;). Let us now set

_ 1/(n+1) ~x _ 1/(n+1) px
Gj—.ilfj-i-’l)j " G]—, Uj—xj+vj " Bj,
so that I; = G; UU; and G, and Uj are at positive distance.

If we start sliding U; from infinity towards G ;UW along arbitrary directions in S", then
we must find at least one direction such that the resulting “contact point” z; belongs to
2N 0G;: if this were not the case, then we would find that G is contained in the convex
envelope of W, so that |B;| = |E;| — |G| > v; — C(W), and thus

dw(vy) = P(E;; Q) = P(B;; W) = P(B;) = P(B®=C0")) > p() — T3

which contradicts (3.15) for j large enough.

By construction, there is a half-space H; such that G; C Hj, z; € (0G;) N (0H;), and
G is a perimeter minimizer in B, (z;) for some r > 0 sufficiently small. By the strong
maximum principle, see, e.g. [DPM15, Lemma 2.13], G; has a unique blow-up at z;, which
is given by H; — z;. By De Giorgi’s regularity theorem, see e.g. [Magl2, Part III}, G,
is an open set with smooth boundary in a neighborhood of z;. Therefore, if we denote
by Uj the translation of U; constructed in the sliding argument, then, £} = G; U U} is a
minimizer of ¢y (v), which, in a neighborhood of z;, is given by the union of two disjoint
sets with smooth boundary which touch tangentially at z;. In particular,

B0 By ()]
7‘4)0+ |B'r'| o ’

thus contradicting the upper volume density estimate which descends from (3.1), see, e.g.
[Mag12, Theorem 21.11, Equation (21.9)].

Step five: We complete the proof of the theorem by showing the existence of vg > 0 and
Ro(v) with Rg(v) — 0% and Ro(v) v/ (™) — oo, such that every minimizer E, of ¢y (v)
with v > vy determines  and u € C®(9BM) with
n y—x v
(6Ev> = {y + Ul/( +1)U(m) VB(U)($) (y) Ly & aB( )(x)} \ BR() pl/(n+1) 5 (320)
and
Jim sup luller@pmy = 0. (3.21)

To this end, let us consider v; — oo, minimizers E; in ¢y (v;), and define x;, EJ* and W]f"
as in step four. Thanks to (3.14), we have that

3 20 € 0BW s.t. dist(z0, W}) — 0,
as j — oo. In particular, for every p > 0 (no matter how small), we can find j(p) € N
such that if j > j(p), then EJ is a (Ao, so)-perimeter minimizer in R™ 1\ B,(29), with

E; — BW as j — co. By Remark 3.2, we can then find functions u; € C*(OBM) such
that

OF)) = {y+w ) vpo () sy € BO Y\ Baylz0), Vi 2 (),

and with ||u;l[c19pa) — 0 as j — oo. By the arbitrariness of p and by a contradiction
argument, we conclude that (3.20) and (3.21) hold (with some Ry(v) such that Ro(v) — 0
and Ro(v) v/ — 00 as v — o). O
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4. PROPERTIES OF ISOPERIMETRIC RESIDUES

This section is devoted to the proof of Theorem 1.1. It will be convenient to introduce
some notation for cylinders and slabs in R™*!: precisely, given r > 0, v € S” and I C R,
and setting p,1(z) =2 — (z-v)v (z € R*), we let

D! = {JJER”+1Z|puLJJ’<T,CE'V:0},

C/ = {zeR":|p,a|<r},

o= A= eR"™ :|px|<r,z-vel}, (4.1)
0Cr; = {x eR"M :piz|=r.z-ve I},

S = {xeR"‘H:w'uel}.

In each case, given € R"! we also set D%(z) = x + DY, C¥(z) = x + C%, etc. It
is also convenient to premise the following proposition, which will be used in the proof
of both Theorem 1.1 and Theorem 1.7, and which is based on [Sch83, Proposition 1 and
Proposition 3.

Proposition 4.1. Letn > 2, v € S", and let f be a Lipschitz solution to the minimal
surface equation on v\ cl(D%). If n = 2, assume in addition that M = {x + f(z)v
|z| > R} is stable and has quadratic area growth in R®\ Bp, i.e.

/ VM — A2 2 >0, Vo € CL(R®\ Bp). (4.2)
M

H?*(M N B,) < Cr?, vr > R. (4.3)
Then there exist a,b € R and ¢ € v+ such that, for every |z| > R,

b c-:z:) C

F@) ~ (a+ ot (n=>3)  (4.4)

— ‘ |n)
c
— |z‘2’

max{\xw—l IV F(@), |z|" V2 ()] : |z] > R} <0, (every n). (4.6)

‘f(as) - (a + b log |x| + z |2) (n=2) (4.5)

Proof. If n > 3, the fact that V f is bounded allows one to represent f as the convolution
with a singular kernel which, by a classical result of Littman, Stampacchia, and Weinberger
[LSW63], is comparable to the Green’s function of R™; (4.4) is then deduced starting from
that representation formula. For more details, see [Sch83, Proposition 3].

In the case n = 2, by (4.2) and (4.3), we can exploit a classical “logarithmic cut-off
argument” to see that M has finite total curvature, i.e.

/ |K|dH? < oo, (4.7)
M

where K is the Gaussian curvature of M. Thanks to (4.7) (see, e.g. [PR02, Section 1.2])
the compactification M of M is a Riemann surface with boundary, and M is conformally
equivalent to M \ {p1, ..., pm}, where p; are interior points of M. One can thus repeat the
argument in [Sch83, Proposition 1] to see that, for each i = 1,...,m, there exist a plane
II; and a solution of the minimal surfaces equation f; over an exterior domain in II; such
that M contains the graph of f;, and such that f; satisfies

fl(‘r)_ (al+b 10g‘1’|+ | ’2> = ’C|'27 \V/JEEHZ,|CU‘ ZR’M (48)

for suitable a;,b; € R and ¢; € II. Evidently, the fact that M = {z + f(z)v : |z| > R}
implies m = 1, and (4.8) implies (4.5). O

33



Proof of Theorem 1.1. Step one: Given a hyperplane II in R"*!, if F is a half-space with
OF =1I and v is a unit normal to II, then resy (F,v) = H"(W N1II). Therefore,

R(W) > S(W) = sup {H"(IIN W) : II an hyperplane in R"*!} (4.9)
and thus obtain the lower bound in (1.11).

Step two: We notice that, if (F,v) € F, then by (1.8), (1.9), and the divergence theorem
(see, e.g., [Magl2, Lemma 22.11]), we can define a Radon measure on the open set v+ \
p,. (W) by setting

u(U) = P(F:(p,)'(U)) = H"(U), U Cvt\p,.(W). (4.10)

In particular, setting R = inf{p: W C C}}, (D% \ p,.(W)) > 0 gives

P(F;CH\ W) > w, R" = H(p,. (W), VR> R,

while the identity
o B — P(F; Ci\ W) = —u(D \ D) + wo (R)" — P(F; Cy \ W)

(which possibly holds as —oo = —o0 if P(F;C%, \ W) = 400) gives that
R e (R ,00) + wy, R" — P(F;CY% \ W) is a decreasing function on (R',c0).  (4.11)
In particular, the limsup defining the residual perimeter functional always exists as a limit.

Step three: We prove the existence of a maximizer (F,v) in R(W) and (1.14). We first claim
that if {(F},v;)}; is a maximizing sequence for R(W), then, in addition to p,. (0F;) = Vj-,
J

one can modify (F},v;), preserving the optimality in the limit j — oo, so that!

aFj - SEZU,BH ’ Sl(jiOO,Aj) Cenin Iy, S,(jgj,OO) Cntt R"H \Fj ) (4.12)
where [A;, B;] is such that
4, B = {(a,ﬂ) W C sfgm)} . (4.13)
Indeed, since (F},v;) € F, for some o < 3; € R we have
OF; C S[”;jﬁj] . Py(0F) = vy . (4.14)
Would it be that
. vj v +1
either S(ioo,aj)u(ﬁj,oo) Cprn+1 Fj, or S(]—oo,aj)u(ﬁj,oo) Crn+1 R"™ \Fj7

then, by the divergence theorem and by p,. (0F};) = l/j-, we would find
J
P(F;CHNQ) > 2(w, R —H"(p,. (W))), VR>0,
J

and thus resy (F},vj) = —oo; in particular, (F},v;) € F being a maximizing sequence, we
would have R(W) = —oo, against (4.9). This proves the validity (up to switching F; with
R™1\ F}), of the inclusions

SY

(70070@)

C£n+1 E] 5 Sl(jléj’oo) C£n+1 R?’L+1 \Fj . (415)

Thanks to (4.15) (and by exploiting basic set operations on sets of finite perimeter, see,
e.g., [Magl2, Theorem 16.3]), we see that the sets

_F; = (F] U S(J—oo,Aj—l/j)) N S(J—oo,Bj-i-l/j)
satisfy
(Fj,vj) e F,  P(E;;CZ\W) <P(F;Cg\W),  VR>0; (19

in particular, {(F},v;)}; is also a maximizing sequence for R(W).

Here X Cpns1 Y means [X \ Y] =0.
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By standard compactness theorems for sets of finite perimeter we can find a set of locally
finite perimeter I C R™*! and v € S" such that F; — F in L} (R"™!) and v; — v as
j — oo. If A is an open set compactly contained in C, \ W, then, for j large enough,
A cc CZ\ W, and thus

P(F;Cu\W)= sup P(F;A) <liminf P(F;;C7 \W). (4.17)
ACCCR\W J—roo
By (4.11), R — w, R" — P(F;;C \ W) is decreasing on R > R; = inf{p: W C C,’}.
Since, evidently, sup; R; < C(W) < oo, we deduce from (4.17) that
wy, R" — P(F;Ch \ W) > limsupw, R" — P(F;; C \ W) > limsup resy (F},v;),
Jj—00 Jj—00

for every R > C(W); in particular, letting R — oo,
resy (F,v) > limsupresy (F},vj) = R(W). (4.18)

Jj—00
By F; — F in L} (R""1), OF = ¢l (0*F) is contained in the set of accumulation points of
sequences {x;}; with z; € 0Fj}, so that (4.12) gives
OF CSlyps  S{aoa) Contt 'y S{poy Connt R\ F, (4.19)
provided [4, B] = (Y{(a,8) : W C S, 5}. Therefore (F,v) € F, and thus, by (4.18),
(F,v) is a maximizer of R(W).
We now show that (4.18) implies (1.14), that is
P(F;QNB) < P(G;QNB), VFAG CC B, B aball. (4.20)

Indeed, should (4.20) fail, we could find § > 0 and G C R*™! with FAG CC B for some
ball B, such that P(G; B\W)+6 < P(F; B\ W). For R large enough to entail B CC C%,
we would then find

resy (F,v) + 6 <w, R" — P(F;CR\ W)+ 0 <w, R"— P(G;CR\ W),
which, letting R — oo, would violate the maximality of (F,v) in R(W).
Step four: We now assume R(W) > 0, and begin the proof of the rest of statement (ii)
by showing that if (F,v) is a maximizer in R(W), then 0F C Sty p) for A, B as in (4.19).
Indeed, if this were not the case, then we could repeate the same truncation procedure
leading to (4.16), and deduce this time by the maximality of F' that

wpR" — P(F*;CE\ W) > w,R" — P(F;CZ\W)>R(W) VR>0,

so that (F*,v) is also a maximizer. Now P(F;Cp \ W) — P(F*;C{ \ W) is increasing in
R, and since resyy (F,v) = resy (F*,v), it follows that P(F; C;j \W) = P(F*; CVRj \W)
for all large R. But this equality can hold only if 0F N is a plane that does not intersect
W, in which case R(W) = resy (F,v) = 0, a contradiction.

Step five: Still assuming R(W) > 0, we complete the proof of statement (ii) by proving
(1.16). By (4.19), if (F,v) is a maximizer of R(W), then F/R — H~ = {z € R"*! :
z-v <0} in LL (R"1) as R — oo. By (4.20) and by improved convergence (i.e., Remark

loc

3.2 — notice carefully that OF is bounded in the direction v thanks to step four), we find
Rp > 0 and functions {fr}r>r, C C'(D} \ DY) such that

(C5\CY)NA(F/R) = {z+ fr(z)v:z € Dy \D{}, VR > Rp .

with || frllc1(py\pv) — 0 as R — oo. Scaling back to I we deduce that

(OF)\CEF:{x—%f(x)uzxeyL\D%F}, (4.21)
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for a (necessarily smooth) solution f to the minimal surfaces equation with
HfHCO(uL\D;F) <B-A, Aim IV fllcomy \py) =0, (4.22)
thanks to the fact that f(z) = R fr(z/R) if v € D5 5 \ D%.
If n > 3, then we deduce (1.16) thanks to (4.21) and Proposition 4.1.

If n = 2, we notice that (4.2) holds by (4.20), while (4.3) holds thanks to resy (F,v) > 0.
Indeed the latter condition implies that we can find R' > Rp such that w,, R" > P(F; C%\
W) —1if R> R'. In particular, setting M = (0F) \ Bg,, for R > R’ we have

HA(M N Bg) <H)(MNW) + P(F;CH\W) <w, R" +14+H*(MNW) <CR",

provided C = w,, + [(1 + H2(M NW))/(R)"]; while if R € (Rp, R'), then H?(M N Bg) <
C R" with C = H?>(M N Bg/)/ RY%. This said, we can apply Proposition 4.1 to deduce the
validity of (4.5). Since OF is bounded in a slab, the logarithmic term in (4.5) must vanish
(i.e. (4.5) holds with b = 0), and thus (1.16) is proved.

If n = 1, then (4.21) and (4.22) imply the existence of aj,as € R, and z1 < 9,
r1,29 € v+ = R, such that f(z) = a; for z € v, z < 1, and f(z) = ap for z € v+,
x > x9. We want to prove that a; = ag. Indeed, setting M} ={z+a1v:x € Z/J‘,CC <x1}
and My = {z +asv:z € vt x> 13}, we have that

P(F;C{\ W) = H"(C% N (OF) \ (W UM; UMy)) + 2R — |2y — a1 ;

while, if L denotes the line through x; + a1 v and 2 + a9 v, then we can find v7, € S' and
a set F, such that (Fp,vp) € F with

oF;, = (((OF) \ (M1 U My)) U (L1 U L))

where Ly and Lo are the two half-lines obtained by removing from L the segment joining
1+ a1 v and xo + ag v. In this way

P(FL;CEL \W) :H"(CEQ(GF)\(WUMluMg)) +2R— ‘(131—1—&11/) — (:Eg—&—(lgl/)‘.

We thus conclude that resy (FL,, v) —resw (F,v) = |(#1+a1 v) — (32 +a2 V)| — w2 — 21| > 0,
against the maximality of (F,v) in R(W).

We are left to prove that (4.21) holds with Ry = Ro(W) in place of Rp, and the constants
a, b, ¢ and Cj appearing in (1.16) can be bounded in terms of W only. To this end, we
notice that the argument presented in step one shows that the set of maximizers (F,v) of
R(W) is pre-compact in Li (R™"!). Using this fact and a contradiction argument based
on improved convergence (Remark 3.2), we conclude the proof of statement (ii).

Step siz: We complete the proof of statement (i) and begin the proof of statement (iii) by
showing that, setting for brevity d = diam (W), it holds

d\n

HYW NI < ROW) < sup H(p,r (W) < wn (§> , (4.23)
vesn

whenever II is a hyperplane in R"*!. We have already proved the first inequality in

step one. To prove the others, we notice that, if (F,v) € F, then p,.(0F) = v* and

(4.11) (that is, the monotone increasing character of R — P(F;Ch \ W) — w, R" over

R> R =inf{p: W C C}}), give, for every R > R/,

—resy (Fyv) > P(F;CR\W)—w, R"
> H"(p,.(0F \ W)ND%) — w, R" (4.24)
= —H"(Di\p, (OF\W))
> H (W) >~ (3)
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where in the last step we have used the isodiametric inequality. Maximizing over (F,v)
in (4.24) we complete the proof of (4.23). Moreover, if W = cl(By/,), then, since
S(cl(Bgy2)) = H"(cl (Bgy2) NI) = wy, (d/2)" for any hyperplane II through the origin, we
find that R(cl(By/2)) = wn (d/2)"; in particular, (4.23) implies (1.17).

Step seven: We continue the proof of statement (iii) by showing (1.18). Let R(W) =
wp, (d/2)™ and let (F,v) be a maximizer in R(W). Since every inequality in (4.24) holds
as an equality, we find in particular that

sup P(F;CL\ W) — H"(p,. (0F \W)ND%) =0, (4.25)
R>R/
H"(p,r (W)) = wy (g)n : (4.26)

By (4.26) and the discussion of the equality cases for the isodiametric inequality (see, e.g.
[MPP14]), we see that, for some z¢ € v+,

P, (W) = cl(Dy5(20)) , so that W C Cy 5(x0) - (4.27)

Condition (4.25) implies that (1.16) holds with v = a for some a € [A,B] = ({(¢, ) :
W C Sg, 6)}; in particular, since (O0F)\ W is a minimal surface and W C Cy 5(z0), by
analytic continuation we find that

(OF)\ Cgja(wo) =11\ Cy 5(x0), N={z:z-v=a}. (4.28)
By (4.28), we have that for R > R/,

P(F; G\ W) — wn B = P(F; €y (0) \ W) — (g)" .

Going back to (4.24), this implies P(F; Cy 5(x0) \ W) = 0. However, since (OF) \ W is
(distributionally) a minimal surface, P(F; B,(z) \ W) > wy, p" whenever z € (O0F) \ W
and p < dist(z, W), so that P(F; Cy,(x0) \ W) = 0 gives

((OF)\ W) N Cgy(w0) = 0. (4.29)
By (4.28) and (4.29) we find (OF) \ W =1I\ cl (By/2(z)) for some z € I, that is (1.18).

Step eight: We finally prove that R(W') = wy, (d/2)™ if and only if there exist a hyperplane
IT and a point x € II such that

Q\ (IT'\ Bg2(x)) has exactly two unbounded connected components. (4.31)
We first prove that the two conditions are sufficient. Let v be a unit normal to I and let
II* and II™ be the two open half-spaces bounded by II. The condition ITU 0By, sa(x) CW
implies W C C} »(), and thus

Q \ cl [02/27(_(17(1) (I)] = (H+ U ]._.[_) \Cl [CZ/Q,(—d,d)(x)] .
In particular, Q \ (IL'\ By/s(x)) has a connected component F which contains
I+ \ cl [CZ/Q,(—d,d) (37)] ;

and since Q \ (Il \ By/s(z)) contains exactly two unbounded connected components, it
cannot be that F' contains also I\ cI[Cy , _; 5 (@)], therefore

H+ \ cl [CZ/Q,(—d,d) (IL‘)] C F, 11— \Cl [CZ/Z,(—d,d) (ZE)] C Rn+1 \Cl (F) . (432)

As a consequence OF is contained in the slab {y : |(y — z) - v| < d}, and is such that
p,L(OF) = vt that is, (F,v) € F. Moreover, (4.32) implies

I\ cl (Bys(2)) € QN OF,
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while, at the same time, the fact that F' is a connected component of 2\ (II'\ Bg/s(z))
implies Q NOF C 11\ cl (Bg/2(z)). In conclusion, QN IF =11\ cl (By/()), which gives
d\m d\n
wn (5) = lim wyr™ — P(F;CY\ W) < R(W) < w,, (5) , (4.33)

r—r00
and R(W) = w, (d/2)", as claimed.

We prove that the two conditions are necessary. Let (F,r) be a maximizer in R(W).
As proved in step seven, there is a hyperplane II and = € II such that Q N OF = II'\
cl(Bgja()). If z € IIN OBy o(w) but 2 € Q, then there is p > 0 such that B,(z) C €, and
since OF is a minimal surface in €2, we would obtain that II N B,(z) C QN JF, against
QNOF =1\ cl(Bg/z(z)). So it must be [INJBy/o(w) C W, and the necessity of (4.30) is
proved. To prove the necessity of (4.31), we notice that since ITT \ cl (C)2,(—d,0)(®)] and
I\l [CF 5 (_q,a) ()] are both open, connected, and unbounded subsets of Q\ (II\ By/a()),
and since the complement in Q \ (II'\ Bg/2(z)) of their union is bounded, it must be that
Q\(IT\ By/2(z)) has at most two unbounded connected components: therefore we just need
to exclude that it has only one. Assuming by contradiction that this is the case, we could
then connect any point ™+ € 11T\ cl [CY2,(—a,a)(%)] to any point = € II7\cl [Cy 5y 4 ()]
with a continuous path v entirely contained in Q\ (Il \ By/s(z)). Now, recalling that
QNOF =11\ cl(Bg/s(z)), we can pick zg € 11\ cl (Bg/s(z)) and r > 0 so that

By(zo)NOY C F,  Bu(zo)NII~ c R"™\ cl(F), (4.34)
and By (z0)Ncl [CYp (g 4)(z)] = 0. We can then pick 27 € By (zo)NIT, 2~ € By (z)NII™,
and then connect them by a path v entirely contained in Q\ (IL'\ By/s(x)). By (4.34), v
must intersect OF, and since - is contained in 2, we see that v must intersect QNOF = II'\\

cl (Bg/2(7)), which of course contradicts the containment of v in Q\ (II'\ By/2()). We have
thus proved that Q\ (IT\ By/5(z)) has exactly two unbounded connected components. [

5. RESOLUTION THEOREM FOR EXTERIOR ISOPERIMETRIC SETS

In this section we complete the proof of Theorem 1.7. We recall that the parts of
Theorem 1.7 related to quantitative isoperimetry, namely Theorem 1.7-(i) and the estimate

The notation set in (4.1) is also used in this section.

Proof of Theorem 1.7. We recall that, throughout the proof, R(W') > 0.
Step one: We prove that

lim sup ¢y (v) — P(BW) < —R(W). (5.1)
V—00
To this end, let (F,v) be a maximizer of R(W), so that by (1.15) and (1.16), we have
F\CY%, ={z+tv:izevt, |z| >Ryt < f(2)}, (5.2)

for a function f € C'(v1) satisfying

(5.3)

1) (o4 e+ )| = e

max {[2]" [V f(@)], o] V2f(@)|} < Co, Vo evt o] > Ry,

and for some a,b € R and ¢ € v+ such that max{|al,|b|,|c|} < C(W) < oo (moreover,
we can take b = 0, c =0 and Cp = 0 if n = 1). We are going to construct competitors
for 1y (v) with v large by gluing a large sphere S to OF along OC} for r > Ry. This
operation comes at the price of an area error located on the cylinder 0C. We can make
this error negligible thanks to the fact that (5.3) determines the distance (inside of dCY)

38



of OF from a hyperplane (namely, G, for the half-space G, defined below) up to o(r'=")
as r — oo. Thus, the asymptotic expansion (1.16) is just as precise as needed in order to
perform this construction, i.e. our construction would not be possible with a less precise
information.

We now discuss the construction in detail. Given r > Ro, we consider the half-space
G, C R™! defined by the condition that

b c-x
GrﬁﬁCﬁz{a:—&-tv:xeyL,m:r,t<a+rn_2—i—r—n}, (5.4)

so that G, is the “best half-space approximation” of F' on dCY according to (5.3). Denoting
by hd (X,Y) the Hausdorff distance between X,Y C R"*! for every r > Ry and v > 0
we can define z,, € R™*! in such a way that v — Ty is continuous and

lim hd (B (z,,) N K,G,NK)=0 VK ccR", (5.5)

V—00

Thus, the balls B (2r,») have volume v and are locally converging in Hausdorff distance,
as v — 00, to the optimal half-space G,.. Finally, we notice that by (5.3) we can find o <
such that

((GF) U (8G,) U (GTAF)> NCY C C¥lirpn, (5.6)
and then define F;., by setting
Fro=(FNCY5) U (B (@) \cd[Clps]), (5.7)

see Figure 5.1. We claim that, by using F,., as comparisons for ¢y (|F},|), and then
sending first v — oo and then r — oo, one obtains (5.1).

We begin by noticing that, thanks to (5.5) and (5.6) (see, e.g. [Magl2, Theorem 16.16]),
we have

P(F;Q) = P(F;CY 5 \ W)+ P(BY ()i R™ N\ el [CY(, 5])
+H" (FABY (2,,)) N 0iCY, (0 ) (5.8)

where the last term is the “gluing error” generated by the mismatch between the bound-
aries of OF and 9B (z,.,) along 9,C” (a,3)- Now, thanks to (5.3) we have

hd (G, N OCY, FNOCY) < %

so that
H"((FAG,) N9CY) < nw, " 'hd (G, NICY, F NICY) < C(”TW) . (5.9)
At the same time, by (5.5),
Jim H'((GrABY) (2,)) N 94CY ) =0, (5.10)
and thus we have the following estimate for the gluing error,
hgsogp H* ((FAB™ (,4)) N 9CY 5 < C(”TW) . Vr>Ry. (5.11)
Again by (5.5), we find
Tim P(B () CY ) = P(Gri G 5) (5.12)
where

wn 1" < P(Gri C (0 g) = / . m <wnr”(1+ %) (5:13)
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OBW) (z,..,)

FIGURE 5.1. The competitors F,, constructed in (5.7). A maximizer F' in the
isoperimetric residue R(W) is joined to a ball of volume v, whose center x,.,
is determined by looking at best hyperplane approximating OF on the “lateral”
cylinder OCY. In order for the area error made in joining this large sphere to
OF to be negligible, the distance between OF and the sphere inside JC; must be
o(r'=") as r — oo. The asymptotic expansion (5.3) gives a hyperplane OG, which
is close to OF up to O(r~™), and is thus just as precise as needed to perform the
construction.

so that, by (5.12) and by the lower bound in (5.13),
limsup P(B™) (2, ); R \ el [CY(, 5)]) = P(BY) < —wn 1™, Vr>Ry.  (5.14)
v—00

Combining (5.11) and (5.14) with (5.8) and the fact that CY , 5 NOF = CYNOF (see
(5.6)), we find that for every r > Ry,

limsup P(F,,; Q) — P(BY)) < P(F;C/\ W) —w, " + Cln. W) (5.15)
v—00 r
C(n,W Cn,W
< —resy(F,v)+ (117:) =—-R(W)+ (711:) .
where in the last inequality we have used (4.11). Now, combining the elementary estimates
n+1
|Frul — v < C(n) e+, [P(B®) — P(BIF=D)| < C(n) ———, (5.16)
) pl/(n+1)
with (5.15), we see that
Cn,W
limsup Yy (| Fr.o|) — P(BIFDy < —R(W) + ¢ W) ., Vr>R,. (5.17)

V—00

Again by (5.16) and since v — |F},| is a continuous function, we see that

lim sup ¢y (| Fro|) — P(BUFrD) = lim sup ¢y (v) — P(BWM).

V—00 V=00

This last identity combined with (5.17) implies (5.1) in the limit r» — oco.
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Step two: Let us now consider minimizers E; of vy (vj) corresponding to a sequence
vj = 0o as j — oo. By (3.1) and a standard argument (see, e.g. [Magl2, Theorem
21.14]), there exists a local perimeter minimizer with free boundary F' in €2 such that, up
to extracting subseqgences,

E; - F  in Li (R"),
H"OE; — H"LOF as Radon measures in 2,
hd (K NOEj;; KNOF) —0  for every K CC Q, (5.18)

as j — 0o. Notice that it is not immediate to conclude from the minimality of E; in ¢y (v;)
that, for some v € S, (F,v) is a maximizer of R(W) (or even that (v, F') € F), nor that
P(E;Q) — P(B™)) is asymptotically bounded from below by —resy (F,v). In this step
we prove some preliminary properties of F' (see statements (a), (b), and (c) below), and we
exploit the blow-down result for exterior minimal surfaces contained in Theorem 2.3-(ii)
to prove that F satisfies (5.2) and (5.3) (see statement (c) below). Then, in step three, we
shall use the asymptotic expansion (5.3) to show that E; can be “glued” to F' in a similar
construction to the one used in step one, and then derive from the corresponding energy
estimates the lower bound matching (5.1) and the optimality of F' in R(W).

(a) QNOF NIB, # 0 for every p such that W CC B,: If not there would be & > 0 such
that W CC B,—. and QN OF N Aﬁfz = (recall that A? = {x : s > |z| > r}). By (5.18)
and the constant mean curvature condition satisfied by €2 N 0E;, we would then find that
each E; (with j large enough) has a connected component of the form B(®3)(z;), with
B®i)(z;) cC R™1\ B,1. and wj > v; — C(n) (p + )", In particular,

(p+e)tt

D

dw(vj) = P(Ej;Q) 2 P(BE=C0 ") > p(BE) — C(n)

against R(W) > 0.

(b) Sharp area bound: We combine the upper energy bound (5.1) with the perimeter
inequality for spherical symmetrization, to prove the area growth estimate

P(F;QNB,) <w,r" —R(W), for every r s.t. W CC B,. (5.19)

Notice carefully that (5.19) does not immediately imply an analogous estimate for P(F’; Q2N
CY) (for some v € S™), which would be helpful to connect R(W) and the residual perimeter
resy (F,v) of (F,v).

To prove (5.19) we argue by contradiction, and consider the existence of 6 > 0 and r
with W CC B, such that P(F;QN B,) > wyr™ — R(W) + 4. In particular, for j large
enough, we would then have

P(E; QN By) > wpr —R(W) +6. (5.20)
Again for j large enough, it must be H"(0FE; N 0B,) = 0: indeed, by (3.1), @ N JE; has

mean curvature of order O(vj_l/ (n—H)) as j — 0o, while of course 0B, has constant mean

curvature equal to n/r. Thanks to H"(0E; N 0B,) = 0, we find
P(Ej;Q) = P(E; QN B,) + P(E; R\ el (B,)). (5.21)

Let now E7 denote the spherical symmetral of E; (with respect to the origin, i.e. the
center of B,, and with respect to some fixed direction, say e,1); in particular, E7N 0B,
is a spherical cap in 0B, centered at pepi1, with area equal to H"(E; N JB,), and we
have the perimeter inequality

P(E;R™\ c(B,)) > P(E5;R™ N\ cl(B,)) ; (5.22)
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see [CPS20]. Now, we can find a half-space J orthogonal to e,11 and such that H"(J N
0B;) = H"(E;N0B;). In this way, using that |E2\ B,| = |E;\ B;| (by Fubini’s theorem in
spherical coordinates), and that H"(B,N0J) < w, r™ (by the fact that 0.J is a hyperplane),
we find

P(E;;R™ !\ cl(B,)) = P((E;\cl(B,)U(JNB,)) —H"(B,NJ)

> P(B(|Ej|—|E]-mBr\+|JmBr\)) —wy "

(0) Pl
> P(BUJ)—C(H)W_WTLT”

Yi
which, combined with (5.20), (5.21) and (5.22) finally gives
n+1
P(Ej; Q) = P(B™)) > —R(W) + 0 = C(n) ~ 0
v

J
for j large enough. Letting j — oo we obtain a contradiction with (5.1).

(c) Asymptotic behavior of OF: We prove that there are v € S", a smooth function
f: vt — R, and positive constants R’ > sup{p: W C C,} and C such that

8F\C”,:{x+f(x)y:x€yL,|x\>R'}, (5.23)
and, for some a,b € R, and ¢ € v+, and every x € v+, |z| > R/,
f(z)=a, (n=1)

‘f(a:) - (a+ ‘x|:_2 + Cw)’ < |§n . (n>2), (5.24)

"
max {|a]"~ [V£(2)], ol [V2f(2)|} < Co.

To this end, we start noticing that, by a standard argument exploiting the local perimeter
minimality of F' in (2, given r; — oo there exists J C R"*! such that, up to extracting

subsequences,
loc

F/r; =J  inL}

L (R as j — oo, (5.25)
where J is a perimeter minimizer in R"*!\ {0}, 0 € dJ (thanks to property (a)), J is
a cone with vertex at 0, i.e., AJ = J for every A > 0 (thanks to Theorem 2.10 and, in
particular to (2.44)), and P(J;B1) < wy, (by (5.19)). If n > 2, then 9J has vanishing
distributional mean curvature in R"*! (as points are removable singularities for the mean
curvature operator in dimension n > 2), thus P(J; B1) > w, by upper semicontinuity of
area densities of stationary varifolds, and finally P(J; B1) = w,, can be used with Allard’s
regularity theorem to conclude that J is indeed a half-space. If n = 1, then the properties
listed above imply that d.J is the union of two half-lines #; and £ meeting at the origin. If
¢, and ¢y are not opposite (i.e., if J is not a half-space), then we can find a half-space J*
such that (J N J*)AJ cC B cC R?\ {0} for some ball B, and P(J N J*; B) < P(J; B),

thus violating the fact that J is a perimeter minimizer in R"*1\ {0}.

In the case n = 1 it is immediate to conclude from the above information that, for some
R >0, F\ Br = J\ Bps; this proves (5.23) and (5.24) in the case n = 1.

To prove (5.23) and (5.24) when n > 2, we let My and ¢y be as in Theorem 2.3-(ii)
corresponding to n, I' = 2nw, and 0 = 1. Since J is a half-space we can apply improved
convergence (i.e., Remark 3.2) to (5.25) on the annulus A?%, for some L > max{ My, 64}

1/20
to be chosen later on depending also on &g, and find that
4Lr; x AL
(6F)ﬂATj/2J = {x—i—rjfj(?qj)l/:xEVJ‘}ﬂArj/Qj ; vt =0aJ, (5.26)
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for functions f; € C*(v1) with [ fillcrry — 0 as j — oo. By (5.26), denoting by
Vj = var ((0F) \ By, 1)
the multiplicity one varifold associated to (OF) \ B,;, we see that V; € V;,(0,7;,00) with

1
r"/x vy, dbdy, = —nwp+o(1) (5.27)
J
bdy || (9B,
”Vfﬂ# = nwp+o(1), (5.28)
"j
Vj B,
‘HII\])_ W = o), (5.29)
rE(rJ,SLTJ) - 7“]

where o(1) — 0 as j — oo. By our choice of T', by (5.19) and (5.27) we see that, for j
large enough, we have

b IVill(Bp \ Br;)

Ibdy; [(0B,,) <Trj~t, <T. (5.30)
p>T;
Moreover, we claim that setting
sj=2Lv;j
(so that, in particular, s; > max{My, 64} r;), then
16v;r;,0(85/8) < €0, mf/ ov;r;0(1) = —€0, (5.31)

provided j and L are taken large enough depending on €¢. To check the first inequality in
(5.31) we notice that, by (5.27) and (5.29),

Vill(By, s\ By, .
0V 0(55/8) = wn— | H((sjj//SS)’} ) + n(sjl/S)” /:c -vy dbdry v,
oo (s5/8)" =1} _ wary
= on = lon o) (s5/8)" (s;/8)"
o (o (2)) e,

J

(1+0(1))

so that |y, 0(s7/8)] < €0 as soon as j is large enough with respect to 9. Similarly, if
r > s;/8 = (Lrj)/4, then by (5.27), (5.29), (5.19), and r;/r < 4/L,

HVj||(BT\B2Tj) ||Vj”(32rj \Brj) Wn 15

5‘/3'77“3'70(74) = Wp — D — o —_ rnJ (1 +0(1))
> wn_wnr";nR(W)_ (wn+0<1)) (27’]');1—7’? _CU::;L (1+O(1))
B0 ot () -3 (8

provided j is large enough; hence the second inequality in (5.31) holds if L is large enough
in terms of €p. Having proved (5.31), we now claim that

1 s;/4
5 [Vl <, IVIAZE > ). (532
J Sj/S

with H = 0.J = v*. The second condition in (5.32) is immediate from (5.26), which also
implies that if

y € (spt'Vj) ﬁAz]g (OF) ﬂAﬁ:;M,
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then, taking (2.3) and y = x+7; f;(z/r;) v for some z € vt ﬁAEZ?M into account, we find
J

_ | fs ,
wr(y) = arctan <m> < arctan (W) < arctan (4 W)

so that, by the second inequality in (5.30),

! 2 [ fillcowry\2
@ /Asjﬁz W d”V]H S arctan <T> STLI-\7
55

in particular, the first inequality in (5.32) holds provided j is large enough. Combining
(5.30), (5.31) and (5.32) with see that Theorem 2.3-(ii) can be applied to (V, R, A,s) =
(Vj,7,0, ;) (provided j is large enough). As a consequence, passing from spherical graphs
to cylindrical graphs with the aid of Lemma D.1, we find that, for some sufficiently large
value of 7,

(OF)\ By, = {o+ f@) vz e vt }\ By g, (5.33)

where f : v+ — R is a smooth function which solves the minimal surfaces equation on
v\ B, j16- Since OF admits at least one sequential blow-down limit hyperplane (namely,
vt = 9J), by a theorem of Simon [Sim87, Theorem 2] we find that Vf has a limit as
|z| = oo; in particular, |V f| is bounded. Moreover, by (5.33) (or by the fact that F'is a
local perimeter minimizer in ), OF is a stable minimal surface in R**1\ Bs, 16, which,
thanks to (5.19), satisfies an area growth bound like (4.3). We can thus apply Proposition
4.1 to deduce the validity of (5.24) when n > 3, and of

c-x C
‘f(ac)— (a—i—blog |x|—|—m2>’ SW, V|| > R, (5.34)
when n = 2 (and for some R’ > s;). Recalling that F' is a local perimeter minimizer with
free boundary in Q (that is, P(F; QN B) < P(F';Q N B) whenever FAF' CC B CC R3)
it must be that b = 0, as it can be seen by comparing F with the set F’ obtained by
changing F inside CY (r >> R') with the half-space G, bounded by the plane {x + tv :
r € vh,t=a+blog(r)+c-x/r?} and such that H2((FAG,)NOCY) < C/r? (we omit the
details of this standard comparison argument). Since (5.34) holds with b = 0, the proof is
complete.

(d) FUW defines an element of F: With R > R’ as in (5.23) and (5.24), we see that
Vi = var ((0F) N (Br \ W)) is a stationary varifold in R**1\ Kp for

Krp=WU{z+ f(z)v:z vt |z| = R},
and has bounded support. By the convex hull property [Sim83a, Theorem 19.2], we deduce
that, for every R > R/, sptVg is contained in the convex hull of K, for every R > R’
Taking into account that f(z) — a as |z| — oo we conclude that Q N OF is contained in
the smallest slab Sy, 5 containing both W and {z : 2 - v = a}. Now set
F'=FUW.

Clearly F” is a set of locally finite perimeter in Q (since P(F';Q') = P(F;) for every
Y cc Q). Second, IF' is contained in S, 5 (since OF" C [(0F)NQJUW). Third, by
(5.23) and (5.24),

{x—i—tu:xeyl,]aﬁ\>R',t<a}CF’, (5.35)

x+tu:m€yL,|$|>R/,t>ﬂ}CR”+1\F', (5.36)

— =

x+w:xeyl,1x\<R’,teR\[a,m}m(aF’):@. (5.37)
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By combining (5.35) and (5.37) we see that {x +tv : x € v+ ,t < a} C F', and by
combining (5.36) and (5.37) we see that {z +tv : z € vt t > B} € R\ F': in
particular, p,1 (OF') = v+, and thus (F’,v) € F.

Step three: We prove that
lim inf ¢y (v) — P(B™) > —R(W). (5.38)

vV—00
For a sequence {v;}; with v; — 0o as j — oo and achieving the liminf in (5.38), let E;
be a minimizer of ¥y (v;), and let F' be a (sub-sequential) limit of £}, so that properties
(a), (b), (c) and (d) proved in step two hold for F. In particular, properties (5.23) and
(5.24) from (c) are entirely analogous to properties (5.2) and (5.3) exploited in step one:
therefore, the family of half-spaces {G, },~ g defined by (5.4) is such that

((8F)U(8GT)U(GTAF)> NCY C Cliarig (5.39)
H((FAG,) N 9CY) < C(”TW) (5.40)

Y ) | < C W)
|P(Gr;CY(a ) —wnr"| < pTa (5.41)

(compare with (5.6), (5.9), and (5.13) in step one). In particular, by (5.41) we find
—xesw (F'.v) = lim P(Fi C/\W)~w, 1" = lim P(Fi C/\W)~P(Gy: Cl, ). (5.42)

In order to relate the residue of (F’,v) to ¢y (vj) — P(B()) we consider the sets
Zj = (GT N CZ,(a,b)) U (E] \ C;f,(a,ﬁ)) )

which, by the Euclidean isoperimetric inequality, satisfy

r(B—a)
T

P(2;) > P(BY7\% ey > P(BUD) — O(n) (5.43)

Since for a.e. r > R’ we have
P(Zj) = P(Ej; R\ C ( g)) + P(Grs C (o) + H" ((E;AG,) NOC () »
we conclude that
Yw(v;) = P(BY)) = P(Ej; CY 5 \ W)+ P(E; RN\ CY, 5) — P(B™))
= P(Ej;CYop \W)+ P(Z;) — P(B"))
—P(G;CY (1) — H' ((B;AG,) N OCY (1)

so that E; — F in L _(R"!) and (5.43) give, for a.e. 7 > R/,

lim inf ¢ (v;) = P(B")

> P(F;CY 5 \ W) = P(GC (1) — H"(FAG,)N 80?7(0{75)) ,

> PP \W) - P(Griy) - T
where in the last inequality we have used (5.40) and the fact that (FAG,) N oCY, =
(FAG,)N 9C; (4 p)- Letting 7 — oo and recalling (5.42) we find that

lim inf ¢y (v;) — P(B®)) > —resy (F',v) > —R(W),
j—)OO

where in the last inequality we have used (F’,v) € F. This completes the proof of (5.38),
which in turn, combined with (5.1), gives (1.21), and also shows that L] -subsequential
limits F' of minimizers E; of ¢y (v;) for v; — oo as j — oo are such that, for some v € S",

(FUW,v) € F and FUW is a maximizer of R(WW).
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Step four: Moving towards the proof of (1.24), we prove the validity, uniformly among
varifolds associated to maximizers of R(W), of estimates analogous to (5.30), (5.31) and
(5.32). For a constant I' > 2nw, to be determined later on (see (5.61), (5.62), and
(5.63) below) in dependence of n and W, and for o > 0, we let My = My(n,2T",0) and
g0 = e0(n,2T",0) be determined by Theorem 2.3. If (F,v) is a maximizer of R(W), then
by Theorem 1.1-(ii) we can find Re > 0 and a smooth f : v~ — R such that

(0F)\ C%, = {x tf@)vizevt, |z > R2} , (5.44)

and such that (1.16) holds with coefficients a, b, and ¢ satisfying max{|al, |b|, |c|} < C(W),
and with the bound |V f(z)| < Co/|x|*~! for |z| > Ry in force. This gives,

Jim (S;II/)) IV fllcowr\pry =0,
and thus we can find R3 > max{2 Ry, 1} depending on W only such that, setting
Vi = var ((OF) \ Bg,, 1)
we have Vr € V,(0, R3,o0), and

sup Ve II(B, \ Brs)

Ibdv, [|(0Br,) <T R, m
p>R3 P

<T, (5.45)
(compare with (5.30)). Then, arguing as in step three-(c), or more simply by exploiting
(5.44) and the decay estimates (1.16), we can show the existence of a suitably large constant
L > max{ My, 64}, depending on n, W and o only, such that, setting

SV[/(O') = 2LR3 (5.46)
we have
15 (sw(o)/8)] < 2 inf 6 (r) > -2 (5.47)
Vr,R3,0\oW =79 ) r> sy (0)/8 Vr,R3,0 = 9 ; .
(compare with (5.31)), as well as
1 2 €0 sw(0)/4
5 oo AV S T VAL > e, (5.48)

SW(U)/S
(compare with (5.32)) for some ¢(n) > 0.
Step five: We now consider a sequence {(v;, Ej)}; with v; — oo and E; a minimizer of

Yw(v;), and prove the existence of a maximizer (F,v) of R(W) and of functions h; €
C*((OF) \ Bpg,) such that

Ry vt/ (D) Ry vt/ (D)
OE)N Ay ={y+h@vely)iyedFbn A" (5.49)
with
Jim {Ihslloromnags,) =0, VM < o0; (5.50)

moreover, we show that if z; is defined by |E;AB®)(x;)| = inf, |E;AB®) (x)|, then
lim |1 — u( —0; (5.51)
finally, we prove that

(OE;) \ Br, is diffeomorphic to an n-dimensional disk . (5.52)

We start by noticing that, by step three, there is (F,v) a maximizer of R(W') such that,
up to extracting subsequences, (5.18) holds. By (5.18) and (5.44), and with sy (o) defined
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as in step four (see (5.46)) starting from F', we can apply improved convergence (Remark
3.2) to find smooth functions f; : v~ — R such that

(OE;) N A¥() = {x +fi@) iz VL} N A, (5.53)

2
for j large enough (in terms of o, n, W, and F'), and such that
jlijcf)lo 155 = Flloroy ,\D5 ) = 0- (5.54)
With Rs as in step four and with the goal of applying Theorem 2.3 to the varifolds
Vj = var ((8Ej) \ Bgs, 1) ,

we start noticing that V; € V,,(A;, Rz, 00), for some A; satisfying (thanks to (3.1))

Ao
Aj < 1/(n+1)
Yj

(5.55)

By (5.46) and (5.55), sy (o) satisfies the “mesoscale bounds” (compare with (2.5))

4% > sw (o) > max{Mp, 64} Ry (5.56)
J

provided j is large enough. Moreover, thanks to R > 2 Ry and to sy (0)/8 > 2 Ry, by
(5.44), (5.53) and (5.54) we can exploit (5.45), (5.47), and (5.48) to deduce that

Ibdv, (9BR,) < (2T)Ry~', (5.57)
2

V;,R3,0 sSwlo < ~ €9, '

[0v;.m0.0(sw (0)/8)] < 3 (5.58)
! 2

sw(o)” Al =< 5.99
swlo)"” /A::xzz;;z @AVl = 2o, (5.59)
||VJH(AZZ/EZ;%) 2 C(Qn), for j large enough . (5.60)

We claim that, up to increasing the value of I' (depending on n and W), we can entail

Vi||(B,\ B
p>R3 1Y

To prove this, we resort to Theorem 3.1-(i), which asserts that, for some positive constants

Ao and sg depending on W only, E; is a (Ag vj_l/ (n+1),30 vjl./ (n+1))—perimeter minimizer
with free boundary in . In particular, we can use (3.1) to compare E; to E; \ B,, and
find that for every r < sq vjl-/ 1) one has
A
P(E; QN B,) < C(n) (r” + et r”“) < Cln,W)r™ (5.62)
Y
since, at the same time, if r > sg vjl./(nﬂ), then
W)y ~ C) o
P(E; QN By) < P(E;; Q) = ¢w(vj) < P(BY) < ——=7r", (5.63)
S0

by combining (5.62) and (5.63) we find (5.61). With (5.57) and (5.61) at hand, we can
also show that

|5Vj,R3,Aj(5W(0')/8)| <ep. (5.64)
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Indeed, by sy (0) =2 L R3 and by (5.55),

sw (o) sw (o) Ao [V NVII(B, \ Br,)
RsA, — by, <
‘5"1’R3’AJ< 8 ) 5"]’3‘3’0( 8 )‘ = LT g, pr dp
AO L &0}
S Toap \g 1) Bl <
U1/<n+1>(4 ) 3

J

provided j is large enough. To complete checking that Theorem 2.3 can be applied to
every V; with j large enough, we now consider the quantities

sw(o)
8
and prove that, for a constant 79 depending on n and W only, we have

Ry = sup {P > 20V, Ry, () = —60} 5

Ry > vy (5.65)

in particular, provided j is large enough, (5.65) implies immediately
R*j Z 4SW(O') y (566)

which was the last assumption in Theorem 2.3 that needed to be checked. To prove (5.65),
we pick 79 such that

_wn

< %0 vz e 9BW . (5.67)

(Of course this condition only requires 7y to depend on n.) By definition of x; and by

(3.4), and up to extracting a subsequence, we have x; — 2 as j — oo for some zg € 0B @,
1/(n+1)

In particular, setting p; = 79 v; , we find
1Vill(Bp; \ Brs) L Bi—x
PEL N T(?P<U1,/(“+1); Bry(~2;) \BRs/pj(*xj))
J
1
R H"™ (Byy(—20) N OBW) D
70 2
as j — 0o, thus proving that, for j large enough,
€0 1 co P H‘/JH(BP\B}%)
5Vj,R37Aj(pj) 2 _E + Tp? T - I/Vj dbdvj — Aj s pn dp
g0 2I'RY 1 (pj — R3)
> Y _~Z0-"38 -
2 T T T e Al e
J J
g0 Ci(n,W)
e R AL

where we have used (5.57), spt bdy, C dBg,, and (5.61). Therefore, provided we pick 7o
depending on n and W so that Ci. 19 < €09/4, and then we pick j large enough to entail

(Ci(n, W)/T(?)vj_l/(nﬂ) < g9/4, we conclude that if r € (Rs, p;], then

0v;,Rs,0, (1) = 0v;,Rs.0, (pj) 2 —€0,
where in the first inequality we have used Theorem 2.10-(i) and the fact that V; €
Vn(Aj, R3, OO)

In summary, by (5.57) and (5.61) (which give (2.4)), by (5.56) (which gives (2.5) with
s = sw(0)/8), and by (5.64), (5.66), (5.59) and (5.60) (which imply, respectively, (2.6),
(2.7), (2.8), and (2.9)), we see that Theorem 2.3-(i) can be applied with V' = Vj; and
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s = sw(0)/8 provided j is large enough with respect to o, n, W and the limit F' of the
Ej’s. As a consequence, setting

$.j = min { R.;, 15\0 b (5.68)

we conclude that, for j large enough, there exist hyperplanes K; C R with 0 € K j, and
functions u; € CY(Sk, X (sw(0)/32,5.;/16)), such that

+ uj (7, i *j
(sptVy) N A [ D, e (200) S

wlo)/sz = 1+ uy(r,w)? 32 716 (5.69)
‘ | Kinsh N sw(o) Sij <
sup{\uj|+\v I u]]+|r8ru]|.(w,7")€21(j><( 32 16>}—U’

where, thanks to (5.65) and (5.55) we can assume to have
S > 16 Ry v}/ "V | (5.70)
for a constant R; depending on n and W only. Using the more compact notation for
spherical graphs introduced in section 2, we can rewrite (5.69) as
Ry o/ (D)

SVV(U) 1/(n+1
()/32 —ZKJ(UJW 39 aRlvj/( )>, (5.71)

for uj € Xy(Sk,;, 0w (0)/32, Ryoy/ " ™). Similarly, by (5.45), (5.47), and (5.48), thanks
to Theorem 2.3-(ii) we have that

(OE;) N A,

(OF) N (R™\ By, (0)/32) = Do (u SVE;U),@ , (5.72)
for u € Xy (2,1, sw(0)/32,00) for every o/ > 0. Now, by E; — F in L{ (R"*1), (5.71)
and (5.72) can hold only if

v, —v[ < ((o)

for a function ¢, depending on n and W only, such that {((¢) — 0 as ¢ — 07. In
particular, if we denote for the sake of clarity by o, ) and Cfj the dimension dependent
constants that we originally introduced in Lemma 2.8 as g, €9 and Cj, then we can find
o1 = 01(n, W) < o such that if o < o1, then ej > ((0) > |vk,; — v|, and correspondingly,
Lemma 2.8-(i) can be used to infer the existence of

u; € Xey (o4¢(o)) (Bt sw(0)/32,2 Ry 1/(n+1)) such that

« sw(o) 1/(n+1) sw(o) 1/(n+1)
oo (0, 22 2 R ) = mi (g, TR 2 Ry )
2R; vl/(7z+1)

w (o )/ 32 7
for every j large enough. We can now use Lemma D.1 in the appendix to translate (5.73)

in terms of cylindrical graphs: more precisely, if o; is sufficiently small, then, by using
Lemma D.1 and keeping in mind (5.53), we can find functions g; € C'(v+) such that

= (0E;)NA. (5.73)

i\
sup {9 19,0} < € (0 + <)) (5.74)
revd ‘|
7}1/(n+1) v1/<"+1)
(0E;) N Ay ={e+g@rvizevtn Ayt (5.75)

At the same time, by (5.44) and the decay properties in (1.16), we see that, up to further
increase the value of R, and up to further decrease the value of o1, we can exploit Lemma
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D.2 in the appendix to find functions h; € CY(G(f)), G(f) = {z + f(z)v : x € v1}, such
that

{x—l—gj(a:) vz € VJ‘} \ Big, = {2 +hi(2)vp(z):z € G(f)} \ Binr,
which, combined with (5.44) and (5.75) shows that

R; i/ (nt1)

OE)N A ={z+hi(z)ve(z): 2 € OF} NAD

L/ (n4+D)

J

2

that is (5.49). By E; — F in L (R™™!), we find h; — 0 in L*((OF) N AQ/IRQ) for every
M < oo, so that, by elliptic regularity, (5.50) follows. We now recall that by Theorem
3.1-(ii) we have

(OE;) \ By, y1/mt0 (5.76)

Vj

_ V), (Y= . @) (2,
={o/ (vl,/<n+1)> V50 ) 8) 0 € OB @) P\ B oo

J

for functions w; : 9B — R such that lwilleropay — 0 and for Ro(v;) — 0 as j — oo.
The overlapping of (5.75) and (5.76) (i.e., the fact that Ro(v;) < Ry if j is large enough)
imply (5.52). Finally, combining (5.74) and (5.75) with (5.76) and [|w;|lc1gpm) — 0 we

deduce the validity of (5.51). More precisely, rescaling by \; = vjl-/ "+ i (5.74) and

(5.75) and setting E; = E;/);, we find that there are functions g; € C'(vt) with

g ()]

* < '
sup {5 Vg @)} <€ (o4 (0)), (5.7
OB NSy, ={a+g@vieer-tnaly (5.78)

for every j > jo(o) and for every o < oy, while rescaling by A; in (5.76) and setting
zj = xj/\; we find

(OE7) \ Bro(v;) (5.79)

= {Zj + 2+ w;(2) vp(2) Yy € 33(1)(»’«3’)} \ BRy(v;) 1

where sz\—wiér(?ﬂn — 0 thanks to (3.4). Up to extracting a further subsequence, z; — 2
as j — 0o, where |zg| = wrlbé_(qfﬂ). Should zy # |zp| v, then picking o small enough in terms

of [v — (z0/]z0])| > 0 and picking j large enough, we would then be able to exploit (5.77)
to get a contradiction with [[w;l|c1gpm)) — 0.

Conclusion: Theorem 3.1 implies Theorem 1.7-(i), and (1.21) was proved in step three.
Should Theorem 1.7-(ii), (iii), or (iv) fail, then we could find a sequence {(Ej,v;)}; con-
tradicting the conclusions of either step five or Theorem 3.1. We have thus completed the
proof of Theorem 1.7. O

APPENDIX A. PROOF OF LEMMA 2.6

The two dimension dependent constants €9 and og involved in the statement will be
taken in the relation
€0
Ci
for a sufficiently large dimension dependent constant Ci, to be determined in the course
of the proof.

oy =
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Step one: We prove statement (i): we show that if H, K € H, |vg — vi| < € < g9 and
u € Xy (X p) with o < 0g, then the map TJ( : Yy — Yk defined by

TK () = Pr(fulw))  Prw+u(w)prry weSy.

px(fu@)]  [pxw +u(w) prvn|’
is a diffeomorphism between ¥y and Y ; and that the function vX : ¥ 5 — R defined by

Kopig _ Wlh®) vk @ru@r)
v (L) = [ RN~ oxw tu@)prv]” O ST @D
is such that

Uh € Xom) (042)(2k),  Su(u) = Sk (), (A.2)
and
‘/ (05)2—/ u2‘ §C(n){|uH—VK|2+/ u2}. (A.3)
XK XH XH
Indeed, let us set, for w € Xy and x € R**1\ {0},
95 (W) = prw + u(w) prve , O(x) = %,

so that TX = ® o0 g% and let us notice that, when u is identically 0, we have
Prw
gcl){(w):PKW, TQK(W)Z , Yw € Xy .
IPKw]

By |pxvul? =1— (vg -vg)? <2(1 — (vg - vk)) = vy — vk |?, we easily see that

195 — g = |ul IprvE| < |u| lve — vK],
(V= gl — P i) < VP lug — vl

In particular, |gX| > 1 — ogeg > 1/2, and since ® and V@ are Lipschitz continuous on
{Jz| > 1/2}, we find
max {lgs — 96 lerm: 1T = To' llorw } < C) lullorsy) lvr vl (A4)
Similarly, since w - vg = w - (Vg — vg) for w € X, we find that
lgo" —idllcrgn,) < C) lvr —vkl, T —idleimy) < C) lve —vi|,  (A5)

and we thus conclude that T is a diffeomorphism between Xz and Y. As a consequence,
the definition (A.1) of v® makes sense, and (A.2) immediately follows (in particular,
Yu(u) = L (vE) is deduced easily from (A.1) and the definition of spherical graph (2.14)).
Finally, if we set

FEW) = o (TE @) 7 TE W),  wezy,

u

/EK(vff)Q—/EH“Q:/EH (VK .y;gz:;\VH)szHTf(w)—u?,

where, using again |w - vi| < |vg — vi| for every w € ¥ g, we find
[T () — 1] < C) TS —idlloysy,) < C) v — vkl
11— lgu ()|

then

11— [prw|?| + [Prva|u® + 2 |u| IPKvE| IPRW]
C (|VH —vkl? + u2) ,

’| vic - wl? +u? (1= (vvg)?) + 2|ul lvi - vie| lw - vk |

|(vk - (w+uvg))® —u
lvie — vic|? + 20u? vy — vie| + 2 |ul lvy — vi|

C (v — vk |* +u?)

IAN N IN NN
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therefore

. 2 _ .2
’/ (05)2_/ uQ’ < / ‘JEHTJ(—HUQ—FQ/ ‘(VK (w‘i‘?{l/?[—[)) u‘

1
+2/ ’1— ‘u2§C(n) (\VH—VK|2+/ u2),
Su gt |? SH

that is (A.3).

Step two: We prove statement (ii): if H € H and u € X, (Xp), then there exist K € H
and v € Xg, 0, (X k) such that

Su(u) = Sk (v), (A.6)
EY [v] =0, (A7)
vk — vg|? < C(n) / (B2 [u])?, (A.8)

YH
‘/EKUQ/EHUQ(SC(TL)/EH#, (A.9)

We first notice that, if E%H [u] = 0, then we can just set K = H, v = u. Therefore, we can

assume that
2
= [ (B, ) >0,

Xy

and pick an L*(Xp)-orthonormal basis {¢%}i—; of L*(Xg) N {ES,, = 0} so that
P, =0k 9= [ ok 0.
H

Notice that the choice of {qﬁ}{ »_, actually corresponds to the choice of an orthonormal
basis {7}, }7_, of H with the property that

Suw)=co(n)w -7y,  weXpy, (A.10)

for co(n) as in (2.16). For each K € H with dists» (v, vk) < €9 we define an orthonormal
basis {7 }I"; of K by parallel transport of {7} C H =7T,,S" to K = T,,S". The
maps v — 7'(v) = Ti(v) define an orthonormal frame {7*}1_, of S™ on the open set A
given by

A= Bf:(l/H) = {l/ eS*: diStSn(U, I/H) < 60} .

We denote by pg the rotation of R"*! which takes H into K by setting

pr(ti) =Tk, pr(ve) = vk .
By the properties of parallel transport we have that
oK — Id|cors,) < C(n)distsn (v, vr) < C(n)eo. (A.11)

Finally, we define an L?(X )-orthonormal basis {¢%-}7 ; of L?(% K)ﬂ{E%K = 0} by setting

qb"K(w):co(n)w-TIi{, weE Xk,

and correspondingly we consider the map ¥,, : A — R" defined by setting
y(v) = (/ Uﬁ((y)d)}((u)""’/ U?i((y)gb}l((u))’ vEA,
XK w) XKrw)

is well-defined for every v € A thanks to step one.

K(v)

where vy,
We now claim the existence of v, € A such that
U, (ve) =0. (A.12)
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By the area formula, (A.1), and qg,)[e] = v - e, we find

(e W)= [ o,
K(v)

[ i) g ) g
Yy

K@) _j Px(Ww+uvy v ne
= o) [ vt (o) ) ST
H

so that (A.4) gives
Wy — Wollcreay < C(n) oo, (A.13)

where

ej - Uo(v) = co(n) /E ) (P ] - DX o | BE2 ] gy

Iprwl? IPrw]|
By definition of A and by (A.5) and (A.11),

sup su Tj~w—(K(V)7'j -&>J2H[pKw”<Cn6oa
p i A C R e ey R el B

so that
[Wo — Wullcray < C(n) (00 + €0) (A.14)
where U, : A — R" is defined by
ej - Ui (v) = co(n) / (v-w) (Til-w)d?-[zfl, veA.
Yy
Recalling that {r*}"_; is an orthonormal frame of S™ on A, with V,..v = 7¢(v) = T;'((V) =

pg( )[ ), we find

65 Vo) = o) [ (i el ) () 27
H

so that, at v = vy,
ej - VTZ\I’*(VH) — co(n) / (7';{ . Ld) (T;{ . w) dHZ_l =
XH

By (A.11), (A.13) and (A.14) we conclude that
Wy = Wullcray < C(n) (00 + £0) (A.15)

n JR— ,

S

HV \Ilu_r)(n) Z€j®7ﬂ’
j=1

Let us finally consider the map h: A x [0,1] — R",
h(v,t) = h(v) =t U (v) + (1 —t) Tyu(v), (v,t) € Ax[0,1],

which defines an homotopy between ¥, and ¥,. By (A.15) and (A.16) we see that if
v € 0A, that is, if distgs(v,vg) = €9, then, denoting by [vg,v]s the unit-speed length
minimizing geodesic from vy to v, considering that [vg,v]s € A for every s € (0,&), and
that S™ is close to be flat in A, we find

@) = | [ 5 vl ds| = utom)

co(n) ‘

< C(n) (O'() + 60) . (A.16)

co(4)

v

—C()@0+a@>%—%XMUO>

Qam ~ 2cp(n)’
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provided o = £¢/C is small enough with respect to g (which can always be arranged by
the choice of Cy), g¢ is small in terms of ¢y, and where we have used ¥, (vg) = 0 and

W, ()] = ‘/Z u¢H‘<C o0, (A.17)

to deduce |ht(vg)| < C(n) op. This proves that
0 & dhi(0A) vt € [0,1],

so that deg(h¢, A,0) is independent of ¢ € [0,1]. In particular, since hg = ¥,, and hy = ¥,
we find

deg(V,, A,0) = deg(¥,,A,0) =1,
where in the last identity we have used ¥, (vy) = 0 as well as the fact that, up to decreasing
the value of gy, U, is injective on A. The fact that deg(¥,, A,0) = 1 implies the existence
of v, € A such that ¥, (v) = 0, as claimed in (A.12).

Setting K = K (v,) and v = vX we deduce (A.6) from (A.2) and (A.7) from ¥, (v,) = 0.
Again by (A.16) and (A.17) we find that

([ )" =kl = Wwaml = Wavm) - (o)

XH
distgn (vs,vEr) d
-/ () ds|

(co(n) —C(n) (e0 + O'o)) distgn (Vs, vir)
2 ! Vs — VH\
= 2¢(n) " ’

that is (A.8). Finally, (A.9) follows from (A.8) and (A.3). This completes the proof of
Lemma 2.6-(ii).
APPENDIX B. PROOF OF THEOREM 2.9

Throughout this appendix, H € H, A >0, 9o > n > 0, (r1,r2) and (r3,r4) are (n,n0)-
related as in (2.34), and u € X;(Xg,71,72) is such that

Yu(u,7r1,72) has mean curvature bounded by A in A72. (B.1)

We want to prove the existence of oy and Cy, depending on n, 1, and 7 only, such that if
max{l, Ary} o < g, then

‘H"(ZH(U,T:},,M)) — Hn(EH(O,?“3,7”4))‘ < Cy / rH W+ Arjul); (B.2)

S x(ri,re)

and such that, if, in addition to (B.1), we also assume
dr € (r1,r2) s.t. E%H[ur] =0on Xy, (B.3)
then

/ 2 <C(n)Ary(ry —r7) + Co / rnl (T@TU)Q. (B.4)
Y X(r3,ra) S Xx(r1,r2)

We make three preliminary considerations:

(i): For the sake of brevity, it will be convenient to set

Q¢(u,v) = /E ( )7“"_1 C(r)2 uv, Qc(u) = Q¢(u,u).

Qu(X,Y) = / LT Q0 = QX X),
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whenever ¢ : (r1,r2) — R is a radial function, u,v : ¥g x (r1,72) — R, and X,Y :
EH X (7’1,7“2) — R™.

(ii): The second order expansion of the area functional at X (u,r1,7r2) takes the form

‘/HH(ZH(U,TLW)) —H"(Zu(0,71,72)) (B.5)

1

/ et (\VEHU\2 + (ropu)? — (n—1) u2)‘
2 EHX(T‘l,T‘Q)

< C(n)o / r”_l(u2 + |VEIu? + (r aru)Q) )
EHX(’I‘l,’I‘Q)

see [AA81, 4.5(8)]. Similarly, by combining the last displayed formula on [AA81, Page
236] with [AA81, Lemma 4.9(1)], we find that if ¢ = 92w for w € C}(Xy x (r1,72)) and
Y € CY(ry, 7o), then

d n
’%‘t:OIH Eg(u+tp,r,re)) (B.6)

_/ r”_l{VEHu-VZHtp—i-(Taru) (rorep) — (n—l)WH
Y Xx(ri,ra)

< C(n)a/ L2 (VR 4 VR 4 (r 80)? + (r 0vw)? + 1 + )
S x(ri,re)

+C(n)0_ / Tn—l (7"77/}/)2 w2,
Y x(ri,re)

which is the second order expansion of the first variation of the area at ¥ (u,r1,72) along
outer variations in spherical coordinates of the form ¢ = 2w, 1) = 1 (r).

(iii): The following two estimates (whose elementary proof is contained in [AA81, Lemma
7.13]) hold: whenever v € C1(Sg x (r1,72)), we have

/ rly? < C(n,n,m0) { / Pl (r 87«11)2 + / pnl vQ} , (B.7)
EHX(Tl,TQ) EHX(Tl,TQ) EHX(T3,T4)

and, provided there exists r € [rq,r2] such that v, = 0 on X g, we have

/ 1?2 < Cn,n) / L (rop)?. (B.8)
ZHX(Tl,’I‘z)

Sgx(ri,re)

We are now ready for the proof. Compared to the series of lemmas in [AA81, Chapter
4], the main difference is that we need to replace [AA81, Lemma 4.10] with (B.9) (which
indeed boils down to [AA81, Lemma 4.10] when A = 0).

Step one: We prove that for every w € C1(Xy x (r1,72)) and ¥ € C1(r1,r2) we have
‘T¢(u, w) —/ ™ ap? w h (B.9)
EHX(Tl,Tg)

< C(n) oo (Qulu) + Qulw) + Qu(V¥u) + Qu(V " w)
+Qrp(0r1) + @ p(Or0) + Qo (w) ).
where h: X x (r1,72) = [—A, A] and where

Tp(u,w) = Qu(V¥ u, V¥Hw) + Q (0ru, 0:[*w]) — (n — 1) Qu(u, w) (B.10)
= Qu(VZHu, V*Hw) + Qpy(0ru, Orw) — (0 — 1) Qu(u, w) + 2 Qy (¥ By, P'w)
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We start rewriting (B.6) as

’Tw U, w) (S (u A+t w, T, o)) (B.11)

ot ’t 0
< Cm) o (Qulw) + Qu(w) + Qu(V 1) + Qu(V¥¥w)

+Qrp(9r) + Qi () + Qo () ).

Next we define diffeomorphisms Fy 1o : g X (11,72) = Sg(u+te,ri,r2), ¢ = 2w, by
setting

Y + (u (w r) + to(w,r)) vy

\/1 w(w, ) + to(w, )2’

In particular, {®; = Fyysp 0 (Fy)~ }t€[0,1] deﬁnes a one-parameter family of diffeomor-
phisms on X (u,r1,72), with ®,(Xg(u,r1,72)) = g (u+t,r1,72), and initial velocity

Fu+t<P(w7 T)

Y

P

dt‘t:O !

Then, by (B.1), for some bounded function h : ¥y x (r1,r2) — [—A, A] we have
d :
o "(E(utt = A hEF; ) @ -
dt tZOH ( (u+ SO,TI,TQ)) /;)H(u T1,72) ( ! ) 0 VEnluirsra)

n—1
= A . u) 8r u az u )
/sz(m,rz) h o (F,) *( F Ai:/\1 F)

where 0; = V, for a local orthonormal frame {Ti}?:_ll in X, and where * is the Hodge
star-operator (so that x (v1 A ve... A v,,) is a normal vector to the hyperplane spanned by
the v;s, with length equal to the n-dimensional volume of the parallelogram defined by
the v;s, and whose orientation depends on the ordering of the v;s themselves). We can
compute the initial velocity of {®;}c[,1) by noticing that

&1 (Fulw,r)) = w+(u+tcp) I/H

1+(u+ttp)
so that
w—i—(u—i—tgp)l/H U P ©
do(F,) = 7‘ o
o(F) dtt:or 1+ (u+typ)? ( (1+u2)3/2w+(1+u2)3/2”H)

= r(—upw+pvyg) +r00¥? (W +w?).

At the same time

0.F, — w+uu1;+rar(w+uVH>:w+uuH_ ru8;u2w+ r@T;L?)QVH
V1itu V1+u? Vituz  (1+u?)3/ (1+u2)3/
= (1—u22—ur87~u)w+(u+7“8ru> vy + o O(u? + (royu)?)
= Aw+ Bvg + 0 O(u? + (rou)?),
while

O; F, w+uv T u Oju o;u

r 8‘(\/—1'__'_;;):\/1_’_“2—(1+u2)3/2w+(1+u2)3/2mq
= <1 — u;) 7 —uduw + uvy + UO(u2 + (aiu)Q)

= CTi‘i‘Eiw—i-Fil/H—i-UO(uz+(8¢u)2)

56



so that, setting 7; = A, 7, we find

O Fy NN 0;F,

Tn—l

n—1
= (Aw—l—BuH) A /\ (CTZ‘—FEZ'W-FEVH)
=1
+0 O(u?® + |[VZHul? + (rd,u)?)

n—1

= Ac™! (w A /\ Ti) +BC" ! (VH /\”/_\1 Ti)
i=1

1=

+Gi (wWAvE ANTi) + 0 O(u2 + [VEHy|? 4 (r@ru)Q) ,

for some coefficient G; which we shall not need to compute. Indeed, since x(w A vg A 7;)
is parallel to 7;, and thus perpendicular to both w and vy, we conclude that

n—1
r (Fu(r,w)) '*(87’Fu A /\ 8iF“>
i=1

= [( —upw—+prg)+ UO(¢2(u2 + 02))} .

.[A C" vy —BC" lwto O(u2 + |VEHy)? + (r@ru)Q)}

= ¢! [(1— u; —ur@ru) w+ (u-i—r&nu)ugo]

+o 0(1/12 (u2 +w? 4+ |V 4 (r@ru)2)>
= ¢+ JO<¢2 (u? +w? + | V=) + (r@ru)Q))

In particular, since |h| < A,

n—1

d .
%‘t:() HI B+t mm2)) = / h (I’O(Fu) '*(8rFu A Z/\l aiFu>

EX(T‘]_,T‘Q)
- /Z R o AT 0(Qu(w) + Qulw) + QulT ) + Qro(d).
Plugging this estimate into (B.11), and taking into account max{1, Ars} o < o9, we find
(B.9).
Step two: We prove that
Qu(VZ1u) + Qry(9ru) < Qulul, Ar) + C(n) (Qu(u) + Qry(w)) . (B.12)
Indeed, by
Qr (¢ Oru, ¢,u)
and by (B.9) with w = u we find
Qu(VZHu) + Qry(9ru) < Qu(lul, Ar) + C(n) (Qu(u) + Qrys(u))
+O) 00 (Qu(w) + Q) + Qu(V™ 1) + QD))

which implies (B.12) provided oy is small enough.

< Qwi&"u) + C Qry (u)

Step three: We prove that, if w : Xg x (r1,72) — R is such that, for every r € (r1,7r2),

/ wy (up—w,) = Orwy (Opuy—0Opwy) = VEer-(VZHur—VEHwT) =0, (B.13)
Sy Sy Sy
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then
(T, 0)| < Qu(lwl, Av) + Cm) 00 (Qu(w) + Qrp () + Quiul. Ar)) . (B14)
Indeed, by (B.13), we find that
Qclw) < Q). Qeldrw) < Qeldru),  Qe(V7w) < Qe(VEru),
whenever ¢ : (r1,72) — R is radial. Therefore (B.9) gives
[T 0)] < @, Ar) + C(n) oo (Qu(w) + Qu(V0) + Qr s (Brt) + Qo (w))
which we combine with (B.12) to get (B.14).

Step four: We prove (B.2). Let now 1 be a cut-off function between (rs,rs) and (r1,72),
so that

‘ / T"il{\VEHu\Z —(n—-1) u? + (r 8ru)2}‘ < Qw(VEHu) + Qu(u) + Qry(0ru) .
EHX(T37T4)
Then, by (B.5) with (rs,r4) in place of (r1,r2), we find
(S (s, 1a)) = H (Sa(0,5,74)|

< Qu(VZu) + Qu(w) + Qry(9ru) + C(n) o { Qulu) + Qu(V¥ ) + @ y(9ru)}
< Qu(lul, A1) + C(n) (Qu(u) + Qryr (u))
+C(n) o { Qulu) + Qullul, A7) + C(n) (Qu(w) + Qryr(w)) |
where in the last inequality we have used (B.12). We deduce
‘H"(EH(%T&M)) —H"(EH(OJ“&M))‘ < C(n) (Qu(lul, A1)+ Qyp(u) + Qpys(u)) , (B.15)

and then (B.2) follows (with Cp dependent on n, 79 and n by the properties of ).

Step five: We prove that, if E%H[u“] = 0 for some 7, € (ry,r2), see (B.3), then (B.4)
holds, that is

/ " < C(n) Ary (rF — ) 4+ C(n,n0, 1) / "t (rou)?.  (B.16)

EHX(TQ,,'I‘4) ZX(’I’l,’I’g)

To this end, we define ut,u=,u" : ¥y x (r1,72) — R by setting, for each r € (r1,72),
() =B [w],  (u)e=Eg ),  (u),=E%, [u],

where E;EH denote the L?(Xp)-orthogonal projections on the spaces of positive/negative

eigenvectors of the Jacobi operator of Y, and where E%H is the L?(Xp)-orthogonal

projection onto the space of the Jacobi fields of ¥y. Since (u?)., = 0, we can directly
apply (B.8) with v = u" and deduce that

Lo PP CO) [ o0 a7
P2 ><(T1,T2)

EHX(T'l,TQ)

By the orthogonality relations between u, u;" and u_ we have that

/ Ply2 = / el ((u0)2 () + (u_)Q) (B.18)
S X(rs,ra) S x(ab)

/ Pt (u)? = / prt ((&«uo)2+(8ru+)2—|—(07«u_)2). (B.19)
EHX("’L"?) ZHX(’I‘l 7’1‘2)

By the spectral decomposition theorem we have that

1 )7 o) EH (y 7)), 2 r € (ry,r
G Jo RS [, DRI e ),
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which, multiplied by 1?2, gives
Qy(u”)

Cl(n) (n - 1) Qw(ui) - Qw(vEHui)
= (n—1)Qyu",u) — Qw(VZHu_, VZHU)
= —Tw(u_, ’LL) + Qr(ar’LL, 8r(’¢2 u_)) ,

where in the second to last identity we have used the validity of the orthogonality relations
(B.13) for w = u™; in particular, by (B.14) with w = v~ we find

Qy(u”)
Cl (n)

IN

< Qullu™|AT) + C(n) a0 (Qu(u) + Qo) + Qu(ful Ar))
+Qy (Oru, Or(Y?u7)) (B.20)
Again by (B.13) with w = u~ we have
Qr(Dru, 0, (W u7)) = Qu(Ou”, 0, (¥ u))

Qr¢(aru_) +2 Qr(¢/ Oru”,pu”)
+C(n) Qg (Oru),

which combined into (B.20) gives

Qy(u”)
2 Cl(n)

< Qullu|, Ar) + C(n) 00 (Qulu) + Qrs (w) + Qu(lul, A1)
+Qrw(8ru_) + C(n) QM// (81““_) .

Using Holder inequality again we have

Qullu| ) < ZE0S 4+ C) A o — ).
Qullul, A7) <2Qu(u) +Cln) Ara (18 = 17),
so that
D) < C)a0 (Qul) + Quusta) + Aralrg — 1)

+Qrw(aru_) + C(n) QT‘ w/(aru_) + C(n) Aro (7“721 - 7”711) .

By taking v to be a cut-off function between (rs,r4) and (r1,72), we thus find

/ ot (u_)2 < Cn)Are(ry —r7) + C(n,no,n) / el (r (%u_)2
EX(T37T4) EX(ThTz)
+C(n,mo,n) 0o / Pl (B.21)
ZX(T’1,7”2)

By combining (B.17), (B.21), and the analogous estimate to (B.21) for «* with (B.18) and
(B.19) we find

[ e < cany )+ Comon) [ o
EX(T’g,T’;;) EX(T‘l,TQ)
+C(n,770,77)00/ T lu?
EX(TLTQ)

which, thanks to (B.7), finally gives (B.16). This completes the proof of Theorem 2.9.

59



APPENDIX C. PROOF OF THE MONOTONICITY FORMULA

We want to prove (see the proof of Theorem 2.10-(i), that, if V' € V, (A, R, S), that is,
if V is an n-dimensional integral varifolds in R"*! such that

sptV c R""\ Bp,
/divTXdV_/X-ﬁdHVH—i—/X-u‘C}Jd bdy, VX € Cl(Bg;R")(C.1)

hold with H : R"*! — R™1 a Borel vector field such that |[H| < A, bdy a Radon measure
in R"™ and 1§ : 9Br — R"*! a Borel vector field with

sptbdy C 9Bg, [i?] = 1 bdy-a.e.;
then
B.\ B 1 " B
T nrt p"
is increasing on (R, .S), with
dOv R A d |a; |
PV.RA B dllv
dp = dp Jp,\m, l2"? Vi

for a.e. p € (R,S) (compare to (2.45)). Denotmg by M a locally H"-rectifiable set such
that V = var (M, 0) for some multiplicity function 0, we take ¢ € C1([0,1)) and s € (R, S),
set 7(x) = |z| and X (z) = ((r(x)/s) z, so that X € CL(Bg;R""1), and test (C.1) with X.
If vpr : M — S™ is such that T, M = vy(z)* at H"-a.e. € M, then
M x = e (DY (1= (6 vg)? r
div X == ¢(2) (1= (@ mn)?) +n¢(2)

x

>

" al’

and (C.1) gives

Jron GG ne Y=/

s\Br

- /BS\BR@ﬁ)c(Q avl+ [ o)e(5) avav.

R

=¢'(5) @ vV

n—1

We multiply by s~ " and integrate in s over (o, p) CC (R, S) to obtain

Jo WL L) e = [ et [ 5 () 55

- /BS\BRO:-H)dHVH/G (D) g+ [, vy avay [ ()
We notice that i1
r n r r r
576 =75 7= ()
implies
o [ Qs =, re(Z) - el v

and
a
- 24|V / fg
AR )

“ oo {plnCC)) o C(;) e [To(5) @)

60




Therefore, letting ¢ — 1jg 1) in

Lo () = )y em
o {;<<;>_;<<;>+n/;<<;>;;}@.an
_ /BS\B z- H) dyvn/ D — /aBR(x.yao)dde/:g@)ﬁ,

one obtains

1 1
/ {& _ ﬂ}dHVH
Bs\Bg * 0" p"
1Bp 1Bo‘ P r ds ) 9
+/BS\BR{ P / Lo (%) <gr J@ - van)2dlV]|
3 P r\ ds P R\ ds

= J,‘_HdV/ 1 +/ x,VCO dbdv/ 1 ) 45

L vt [ von (D) g+ [ @iy avar [ (5) 5

We compute that

P r\ ds P ds 1 1\ 1B,
/o‘ 1[071)(;> s L5, /maX{r,cr} sntt (max{na}" N ﬁ> n
so that
1p 1p, ry ds \,.
fron G = e [ 1on(5) )ty
S R
1 1
[ B G opav= [ S gy,
Bs\Br maX{T, O'} g B,\Bs rh
and

/ (& - vm)® AV = IVII(Bp \ Br)  VI(Bs\ Br)
B,\Bo

rr‘ pn 0-n

- P ry ds 1 /1 1
+/ z-H)d|V / 1 ) [ (R / z- ) dbdy |
s, @ AV 30 (§) g 5 (G = 50) [, @)

where we have used 1y 1)(R/s) = 1 for s € (0, p). Finally, by

7’
e mavt [T (D] < v [ g [ raw
S R
P
C o [ \BR>d7
g Sn

we conclude as claimed that

xXr -V x
Ovanp) - Ouan() [ EI gy [ L g,
B,\Bo rr B,\ . |

whenever (o, p) C (R, S).

APPENDIX D. AUXILIARY FACTS ON SPHERICAL AND CYLINDRICAL GRAPHS

In this appendix we prove for the sake of completeness two technical lemmas concerning
spherical and cylindrical graphs. They are both used in the last step of the proof of
Theorem 1.7.
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Lemma D.1 (Spherical graphs as cylindrical graphs). There exists dimension independent
positive constants C and ny with the following property. If n > 1, H € H and u €
X, (Eq,r1,re) with n < no, then we have

DI({{—CWQ)TQ \Dy# C py(Su(u,r,r2)) C D/# \Dl(/fl_cn2)rl ; (D.1)

and there exists g € C*(H) such that
Yu(u,r,r2) = {93 +g(x)vy iz € PH(ZH(Uﬂ“lﬂ"z))} ; (D.2)

x
sup{’gﬁul)‘+|Vg(x)|:er}§Cn. (D.3)

Moreover, if (p1,p2) C (1 +Cn)ry, (1 —Cn?)ry), then we have
Yu(u, p1,p2) = {a:+g(x) Vi :mGH}ﬂAzf. (D.4)
Proof. For brevity, let us set S = X (u,r1,72). The maps £y, fu, : ¥y X (r1,72) — R and
P, : Xy x (r1,r2) — H defined by setting
T rw ru(w,T)
by(w, 1) = ——onr | = =7
ulw) 1+ u(w,r)? “ 1+ u(w,r)? fu 1+ u(w,r)?

are such that S = {P,(w,r) + fu(w,7) vy : (w,r) € g x (r1,72)}. By elementary compu-
tations,

by —rl<CnPr, |06 =1 <Cu*,  V(wr) €Sy x (r1,72), (D-5)

from which (D.1) follows, as well as the fact that P, = /,w is a C'-diffeomorphism
between Xg x (r1,r2) and pg(S). In particular, py(S) is an open subset of H, and
gu = ((Pr)ls)~! : pu(S) — R defines C!-function with S = {z + gu(z) vy : = € pu(S)}
and

gu(Pu(w,r)) = fulw,r), Y(w,r) € Xy X (r1,r2) . (D.6)
From (D.6) we find

9u() _ fu(w,7)

=u(w,7), Yz €pu(S) =P, (Su x (ri,m2)),

2] [Pu(w, )]
which gives |gy,(x)| < n|z| for € py(S). Similarly, by
Oy Py
=w, |oP) =1 <Cn?, |0 ful <C, (D.7)
|0 Pu|
‘VTPH—?"T‘ <Crn?, \V:ful <Crn, (D.8)

differentiating in (D.6) along r we find 0, f, = (Vgu(Py)) 0Py, and thus |Vg,(z)-w| < Cn,
while differentiating in (D.6) along 7 € £z Nw*, we find V. f, = (Vgu(P,)) - V- Py, and
thus |Vgy(z) - 7| < Cn, so that |Vg,(z)| < Cn for every z € pg(S). Hence, if we
define g by suitably extending g, from pg(S) to H in a way that preserves the C'-
bound on g,, we prove (D.2) and (D.3). Intersecting in (D.2) with A%? for (p1,p2) C
(1 +Cn)r, (1 —Cn?)r2), we see that (D.4) follows by the inclusion

{x +g(x)vyg:x € H} nA%2 C {x +g(x)vg:x € pH(ZH(u,rl,rg))} )
To prove this inclusion, we first notice that |z + g(z) vg| < p2 implies (1 — Cn?)ry > ||,
while p; < |z + g(x)vy| < (1 + Cn)|x| gives |x| > r1; therefore p; < |z + g(z)vy| <

pe implies 71 < |z| < (1 — C'n?)re, which, by (D.1) implies z € py(Xu(u,r1,72)), as
desired. 0
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The mesoscale flatness criterion produces graphicality with respect to hyperplanes with
Cl-bounds of the form (D.3). Given two such graphs, corresponding to functions f and
g, if one of the two functions, say f, satisfies a mild polynomial C?-decay at infinity, like
(D.9) below, then it is possible to parameterize the graph of g as a normal graph over the
graph of f. This idea is precisely formulated in the following lemma, where for H € H
and a C'-function f: H — R we set

Gu(f) = {x+f(x)yH:er},
_ —Vf(x)+vy
vi(2) = ——————x

VI+IVi@))?’

stand for the cylindrical graph of f over H and the unit normal to G (f) (pointing in the
positive vy direction).

ifz=x+ f(x)vy,

Lemma D.2 (Cylindrical graphs as normal graphs over cylindrical graphs). There exist
n € (0,1) with the following property. If H € H, R > 1, f € C?>(H), and g € C'(H) are
such that

maX{!f(ﬂf)la 2| [V f()], |2 [V2f(2)| sz € H ,|2| > R} <, (D.9)
max{ﬂf‘”, |Vg(a:)|::c€H}<n, (D.10)

then there exists h € C1(Gy(f)) such that
GH(g)\B4R: {z+h(z)yf(z) ZZGGH(f)}\B4R. (D.ll)

Proof. Step one: We show that if z € Gy (f)\ Cj’, then there exists a unique y € Gg(g)
such that y = z +tvs(2) for some t € R. To prove this, let

Ys={y € R pu) > S, ly-vul <nlpu(y)l}
so that, by (D.9) and (D.10), we have
(Gu(f)UGu(9)) \CH' C Yr. (D.12)

Given z € Gu(f)\ CH', let L(z) = cl(Yg) N{z+tvs(2) : t € R}. Since cl(YR) is a closed
convex set and |v¢(z) —vy| < Cn/lpu(z)| by (D.9), if n is small enough, then L(z) is
a compact segment in R"*!, with end-points on W = (9Yg) \ CH. Correspondingly,
0(z) = pu(L(z)) is a compact segment in H N {|z| > 2 R}, and there is [a,b] C R such
that py(z + tvy(2)) is a parametrization of £(z). If we set ¢(t) = vy - (2 + tv(z)) and
Y(t) = g(pu(z + tve(z))), then by the above considerations we have p(a) < ¢(b) and
{(t) : t € [a,b]} CC (p(a),p(b)). By the mean value theorem, there exists ¢ € R such
that 1 (t) = ¢(t), which means y = z +tv¢(2) € Gu(g).

We now want to prove that if z € G (f) \ Ci' and z + t;vf(z) € Gu(g) for i = 1,2,
then ¢; = to. Indeed, let x,w; € H be such that |z| > R, z =  + f(z) vy, and

wi+g(wi)VH:Z+tin(z)::C_tiL(:E)_’_ (f(‘r)+;> o

V14 |Vf(2))? V1I+[Vf(2))?
then, by (D.9) we have
jwy — w2 < Cnlty — o], [g(wr) = glwa)| > (1= Cn?) [t1 — ta].

so that Lip(g; H) < n implies (1 — C'n?) [t1 — ta| < Cn?|t; — ta], and thus ¢; = t3 as soon
as n is small enough. This proves the claim.

Step two: By step one there is a function h: Gg(f) \ Cj' — R such that
{z4+nz2)v(z):2€ Gu(f)\CH} C G(g). (D.13)
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Let us now set, for z € H with |z| > R and t € R,

O (z,t) = (a:—tvf(x))Q) + (f(:v)—F;) vy,

1+ [V f(z 1+ [Vf(z)]?
and notice that by (D.9) we have
@ — (z+tvn)| < C(If1+ V), (D.14)
0@ —vg| <C |V, VIO -Tdg| < C(IVfI+[t]|[V2f]). (D.15)

We claim that, if we pick Cy large enough (independent of R), then Y,z C ®(U) where
U={(@):lal > B, [1][VF(@)| < Con®, [tl|V*f()] < Con?}.

Thanks to (D.14) and (D.15) we can then choose 7 in terms of Cj so to entail that &
is a Cl-diffeomorphism between U and ®(U). To prove Yo g C ®(U), we notice that if
y € Ya g, then by |pg(y)| > 2 R and (D.9) we have

dist(y, Gu(H\CY) < |y~ (puy) + f(Pu(y))vn)| (D.16)
< ly—pa@l+fPa)l <2nlpa(y)l.
In particular, if z € H, |z| > R is such that dist(y,Gu(f) \ CJ) = |y — (z + f(z) vH)|,
then we have |z| > R thanks to |pg(y)| > 2 R and to
[z —pu()| <y — (= + f(=)va)l < 2nlpu(y)l, (D.17)

provided 7 is small enough. Since |z| > R, we can differentiate 2’ — |y — (2' + f(2') vy)|
at ' = z and deduce from the minimality of z that

where z =z + f(x) vy
and |t| = dist(y, Gu(f) \ CH').
Since, by (D.17), |[pu(y)|/|x| < C, we can use (D. 16) and (D.9) to infer

V()] <29 IpH(y)I

y=z+tve(z) = O(z,t), (D.18)

<CO77 )

and, analogously, that [t||V2f(z)] < Con?, for a suitable constant Cj.

Having proved that Yog C ®(U) and that ® is a C'-diffeomorphism between U and
®(U), we then notice that by (D.10) we have Gx(g) \ C5% C Y g, and thus conclude that
for every y € G (9)\Cy# there exists a unique (x,t) € U such that y = ®(x,t) = 2+t vs(2)
for z =z + f(z) vy. Slnce (z,t) € U implies |z| > R, we have z € G (f)\ C}', and thus
it must be, by step one, that ¢t = h(z). We have thus proved that

Gu(9)\ CoH%, C {z—l—h(z) vi(z) :zEGH(f)\CEH}, (D.19)

and, taking into account (D.16) and (D.18), that |h(2z)| < 2n|pu(z + h(z) v(2))|, and
thus that

() < Cnlpu(z)l,  VzeG(f)\CE'. (D.20)
Combining (D.13) and (D.19) we thus find that
Gu(9)\Cyh = {z+ h(z)vs(2) : 2 € Gu(f) \CH'} \ Co1, . (D.21)

By (D.9), (D.10), and (D.20) we see that, if  is small enough, then
Gu(g)NnCythn{y:|y-vy| >2R} =0,
{z4+h(2)v(z) : 2€ Gu()\CHEINCIHEN{y: |ly-vu| >2R} =10,
which, combined with (D.21) gives
Gr(9)\ Co'kor = {z4+h(z)vi(z) : 2 € Gu(f)\ CH } \ Cohar- (D.22)
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Since Cy'; 5 p C Bag, upon extending h from Gg(f) \ C’ to the whole Gy (f) so that
|h(2)] < 2R on G(f) N C}, we deduce (D.11) from (D.22). O

APPENDIX E. OBSTACLES WITH ZERO ISOPERIMETRIC RESIDUE

We conclude with some remarks on the case R(WW') = 0, which can be largely addressed
through a synoptical reading of the main arguments of the paper. To exemplify this point,
let us explain why (1.21) holds even when R(WW) = 0. On the one hand, by comparison
with balls of volume v we trivially have

lim sup ¢y (v) — P(BM) < 0= R(W).

To prove the matching lower bound one argues by contradiction, and assumes that, for
some sequence {(Ej,v;)}; with v; = co and E; minimizer of ¢y (v;), it holds that

lim inf ¢y (v) — P(B™) = lim P(E;;Q) - P(B"“)) <0. (E.1)
V—r00 Jj—o0

With (E.1) replacing R(W) > 0, one can repeat verbatim the proof of property (a) in step
two of the proof of Theorem 1.1; said property can then be used to derive the asymptotic
expansion for F' as in the proof of property (c), which is then the key fact used in step
three to derive that

lim P(Ej;Q) — P(B®)) > —vesy (F UW,v) > —R(W);

Jj—00
the latter inequality is of course in contradiction with (E.1) if R(W) = 0.

This said, the class of obstacles such that R(W) = 0 seems of rather limited interest
from a physical/geometric viewpoint, because of the following proposition.

Proposition E.1. If W is compact and R(W) = 0, then W is purely H"™-unrectifiable, in
the sense that W cannot contain an H"-rectifiable set of H™-positive measure. In a partial
converse, if W is purely H"™-unrectifiable and H" (W) < oo, then R(W) = 0.

Proof. Step one: We prove the first statement. We argue by contradiction, and assume
the existence of an H"-rectifiable set S with H"(W N S) > 0. By [Sim83a, Lemma
11.1], we can assume without loss of generality that S is a C''-embedded hypersurface in
R"*t1. Let x be a point of tangential differentiability for W N S so that, in particular,
H' (W NSNB,(x)) = wy p" + 0(p") as p— 0T. Since S is a C'-embedded hypersurface,
there is v € S™ such that for every € > 0 there is p, = p.(x,e) > 0 with

SNCy, ,.(x) ={y+g(y)v:y e Dy (x)},

where g : (z +vt) — R a C'-function with g(x) = 0 and Lip(g) < e. Denoting G(g) =
{y+g(y)v:y € (r+vh)}, and up to decrease the value of p,, we can entail

H (Glg) MW N (@) = HAW N S 0By, (@) 2 (1 &) wn (E2)
Since |g| < € p« on 9D} (x), we can define f : (x + vt) = R so that f = g on D} (),

f=0on (z+vh)\ D3, (x), and Lip(f) < e. Denoting by F' the epigraph of f, we have
that (F,v) € F and we compute, for R large enough to entail C3, (v) UW CC C%,

wn R" = P(F;CR\ W) > wy (204)" — P(F;C5, (2) \ W)
:/ 1~ VI VI + P(F:CY, (z) N W)
DY, ()
> (200" 4 (1= &) "

where in the first identity we have used f = 0 on v\ DY p. () and in the last inequality we

have used (E.2) and V1 + &2 < 1+¢2. Up to taking € < £(n), we thus find resy (F,v) > 0,
and thus deduce R(W) > 0.
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Step two: We now assume that W is purely H"-unrectifiable and such that H" (W) < occ.
Let (F,v) be a maximizer for R(W). Since F is a local perimeter minimizer in €, we
can assume that F' is open in Q with QN OF = cl(0*F) (0*F = the reduced boundary
of F' as a set of locally finite perimeter in Q). Now, w, R" — P(F;C% \ W) is decreasing
towards R(W) > S(W) > 0, therefore P(F;C%, \ W) < oo for every R. In particular,
H"(QNAOF) is a Radon measure on R**1. Now, OF C (QNIF)UW, so that H* (W) < oo
implies that H"LOF is a Radon measure on R"*! and, since F' is open, that F' is a set
of finite perimeter in R™*! thanks to [Fed69, Theorem 4.5.11]. Therefore we can use
the purely H"-unrectifiability of W to conclude that P(F;C% \ W) = P(F;CY%), where
P(F;CY%) > w, R™ by (1.8) and (1.9), and thus R(W) = resy (F,r) < 0. This proves
R(W) =0. O
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