ISOPERIMETRIC RESIDUES AND A MESOSCALE
FLATNESS CRITERION FOR HYPERSURFACES WITH
BOUNDED MEAN CURVATURE

FRANCESCO MAGGI AND MICHAEL NOVACK

ABSTRACT. We obtain a full resolution result for minimizers in the ex-
terior isoperimetric problem with respect to a compact obstacle in the
large volume regime v — oo. This is achieved by the study of a Plateau-
type problem with free boundary (both on the compact obstacle and
at infinity) which is used to identify the first obstacle-dependent term
(called isoperimetric residue) in the energy expansion, as v — 0o, of the
exterior isoperimetric problem. A crucial tool in the analysis of isoperi-
metric residues is a new “mesoscale flatness criterion” for hypersurfaces
with bounded mean curvature, which we obtain as a development of
ideas originating in the theory of minimal surfaces with isolated singu-

larities.
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1. INTRODUCTION

1.1. Overview. Given a compact set W C R"*! (n > 1), we consider the
classical exterior isoperimetric problem associated to W, namely

Yw(v) =inf {P(E;Q): EC Q=R""\ W, |E|=v}, v>0, (L1)

in the large volume regime v — co. Here |E| denotes the volume (Lebesgue

measure) of E, and P(F;Q) the (distributional) perimeter of E relative

to €, so that P(E;Q) = H"(Q2 N OFE) whenever OF is locally Lipschitz.

Relative isoperimetric problems are well-known for their analytical [Maz11,

Sections 6.4-6.6] and geometric [Cha0l, Chapter V] relevance. They are
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FIGURE 1.1. Quantitative isoperimetry gives no information on
how W affects iy (v) for v large.

also important in physical applications: beyond the obvious example of
capillarity theory [Fin86|, exterior isoperimetry at large volumes provides
an elegant approach to the Huisken-Yau theorem in general relativity, see
[EM13].

When v — 0o, we expect minimizers £, in (1.1) to closely resemble balls
of volume v. Indeed, by minimality and isoperimetry, denoting by B®)(x)
the ball of center  and volume v, and with B(*) = B(®)(0), we find that

lim 2w () _ (1.2)
V—00 ]3(13(U))
Additional information can be obtained by combining (1.2) with quantitative
isoperimetry [FMP08, FMP10]: if 0 < |E| < oo, then

‘EAB(IE)(Q;),)2}
|E|

The combination of (1.2) and (1.3) shows that minimizers F, in ¢y (v) are
close in L'-distance to balls. Based on that, a somehow classical argument
exploiting the local regularity theory of perimeter minimizers shows the
existence of vy > 0 and of a function Ry(v) — 0%, Ry(v) v/ — oo as
v — 00, both depending on W, such that, if E, is a minimizer of (1.1) with
v > vy, then (see Figure 1.1)

(OEy) \ By i/t C 2 C'-small normal graph over B (),  (1.4)
for some z € R"*! with |z| = (v/wpy1)/ D + o@D as v — 0o

here wy, stands for the volume of the unit ball in R™, B,(x) is the ball of
center x and radius 7 in R"*!, and B, = B,.(0). The picture of the situation
offered by (1.2) and (1.4) is thus incomplete under one important aspect: it
offers no information related to the specific “obstacle” W under considera-

tion — in other words, two different obstacles are completely unrecognizable
from (1.2) and (1.4) alone.

P(E) > P(B(‘El)){l te(n) inf (

zeRn+1

(1.3)
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The first step to obtain obstacle-dependent information on vy is studying

Llloc-subsequential limits F' of exterior isoperimetric sets F, as v — 0o. Since
the mean curvature of dF, has order v~ Y1) ag vy — oo in §, each OF is
easily seen to be a minimal surface in 2. A finer analysis leads to establish a
more useful characterization of such limits F' as minimizers in a “Plateau’s
problem with free boundary on the obstacle and at infinity”, whose negative
is precisely defined in (1.10) below and denoted by R(W). We call R(W)
the isoperimetric residue of W because it captures the “residual effect”
of W in (1.2), as expressed by the limit identity

lim Yy (v) — P(BW) = —R(W). (1.5)

vV—00

The study of the geometric information about W stored in R(W) is particu-
larly interesting: roughly, R(W) is close to an n-dimensional sectional area
of W although its precise value is elusively determined by the behavior of
certain “plane-like” minimal surfaces with free boundary on W. The proof
of (1.5) itself requires proving a blowdown result for such exterior minimal
surfaces, and then extracting sharp decay information towards hyperplane
blowdown limits. In particular, in the process of proving (1.5), we shall
prove the existence of a positive Ry (depending on n and W only) such that
for every maximizer F' of R(W), (OF) \ Bg, is the graph of a smooth solu-
tion to the minimal surfaces equation. An application of Allard’s regularity
theorem [All72] leads then to complement (1.4) with the following “local”
resolution formula: for every S > Ro and large v in terms of n, W and 5,

if £, minimizes (1.1), then (0E,) N (Bs \ Bg,) C a C'-small
normal graph over OF, where F is optimal for the isoperimetric
residue R(W) of W . (1.6)

Interestingly, this already fine analysis gives no information on 0F, in the
mesoscale region B Ry w) v/t \ Bs between the resolution formulas (1.4)
and (1.6). To address this issue, we are compelled to develop what we
have called a mesoscale flatness criterion for hypersurfaces with bounded
mean curvature. This kind of statement is qualitatively novel with respect to
the flatness criteria typically used in the study of blowups and blowdowns
of minimal surfaces — although it is clearly related to those tools at the
mere technical level — and holds promise for applications to other geometric
variational problems. In the study of the exterior isoperimetric problem, it
allows us to prove the existence of positive constants vy and R;, depending
on n and W only, such that if v > vy and E,, is a minimizer of ¢y (v), then

(0Ey) N (Bg, y1/m+1) \ Br,) C a Cl-small normal graph over dF,
where F' is optimal for the isoperimetric residue R(W) of W. (1.7)

The key difference between (1.6) and (1.7) is that the domain of resolution

given in (1.7) overlaps with that of (1.4): indeed, Ro(v) — 0T as v — oo

implies that Ry o'/t < Ry v/t for v > vy. As a by-product of this
3



overlapping and of the graphicality of OF outside of Bpg,, we deduce that
boundaries of exterior isoperimetric sets, outside of Br,, are diffeomorphic
to n-dimensional disks. Finally, when n < 6, and maximizers F' of R(W)
have locally smooth boundaries in €, (1.7) can be propagated up to the
obstacle itself; see Remark 1.7 below.

Concerning the rest of this introduction: In section 1.2 we present our
analysis of isoperimetric residues, see Theorem 1.1. In section 1.3 we gather
all our results concerning exterior isoperimetric sets with large volumes, see
Theorem 1.6. Finally, we present the mesoscale flatness criterion in section
1.4 and the organization of the paper in section 1.5.

1.2. Isoperimetric residues. To define R(W) we introduce the class
F

of those pairs (F,v) with v € S (= the unit sphere of R"*!) and F' ¢ R**!
a set of locally finite perimeter in Q (i.e., P(F; Q) < oo for every ' CC Q),
with boundary OF contained in a slab around v+ = {z : 2 -v = 0} and
projecting fully over v+ itself (see Remark 1.5 below): i.e., for some o, 3 € R,

OF c{z:a<z-v<p}, (1.8)
p,L(0F) = vt = {z:z-v=0}, (1.9)

where p,.(z) =z — (z - v)v, z € R*"!. In correspondence to W compact,
we define the residual perimeter functional, resy : F — R U {£o00}, by

resy (F,v) = Rm wp R — P(F;CL\ W), (F,v) € F,
—00

where C% = {z € R"! : |p,.(z)| < R} denotes the (unbounded) cylinder
of radius R with axis along v — and where the limsup is actually a monotone
decreasing limit thanks to (1.8) and (1.9) (see (4.7) below for a proof).
For a reasonably “well-behaved” F, e.g. if OF is the graph of a Lipschitz
function over v, w, R™ is the (obstacle-independent) leading order term of
the expansion of P(F;C% \ W) as R — oo, while resy (F,v) is expected
to capture the first obstacle-dependent “residual perimeter” contribution of
P(F;CRL\W) as R — oo. The isoperimetric residue of W is then defined
by maximizing resy over JF, so that

R(W)= sup resy(F,v); (1.10)

(Fwv)eF

see Figure 1.2. Clearly R(AW) = A" R(W) if A > 0, and R(W) is trapped
between the areas of the largest hyperplane section and directional projec-
tion of W, see (1.11) below. In the simple case when n = 1 and W is
connected, R(W) = diam (W) by (1.17) and (1.18) below, although, in gen-
eral, R(W) does not seem to admit a simple characterization, and it is finely
tuned to the near-to-the-obstacle behavior of “plane-like” minimal surfaces
with free boundary on W. Our first main result collects these (and other)

properties of isoperimetric residues and of their maximizers.
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FIGURE 1.2. If (F,v) € F then OF is contained in a slab around

v+ and is such that OF has full projection over v*. Only the

behavior of OF outside W matters in computing resy (F,v). The
perimeter of F' in C% \ W (depicted as a bold line) is compared
to wy, R"(=perimeter of a half-space orthogonal to v in C%); the
corresponding “residual” perimeter as R — oo, is resy (F,v).

Theorem 1.1 (Isoperimetric residues). If W C R"*! is compact, then there
are Ry and Cy positive and depending on W with the following property.
(i): If S(W) = sup{H"(W N1I) : 1T is a hyperplane in R**} and P(W) =
sup{H"(p,L(W)) : v € S*}, then we have

SW)<RW)<P(W). (1.11)
(ii): The family Max[R(W)] of mazimizers of R(W') is non-empty. If
(F,v) € Max[R(W)], then F is a perimeter minimizer with free bound-
ary in Q =R"M\ W, i.e.

P(F;QNB) < P(G;QNB), VFAGCCB, B abdl;  (1.12)
and if R(W) > 0, then OF is contained in the smallest slab {z :a <z -v <
B} containing W, and there are a,b € R, ¢ € v+ with max{|al,|b], |c|} < Co
and f € C®(v*) such that

(8F)\C”R2:{:c—i—f(x)yzxeuj‘7|x|>R2}, (1.13)
f(@)=a, (n=1)

b c-x C
’f(:n) ~(a+ et m”)‘ < |x\0n . (n>2) (1.14)

max {|z["7V |V f(2)], |z[* [V?f(2)|} <Co,  Veev®,|z|>Ry.
(iii): At fized diameter, isoperimetric residues are mazimized by balls, i.e.
R(W) < wy(diam W/2)" = R(cl(Baiamwy2)) » (1.15)

where cl (X) denotes topological closure of X C R" 1. Moreover, if equality
holds in (1.15) and (F,v) € Max[R(W)], then (1.14) holds with b = 0 and
c =0, and setting Il = {y Ty v = a}, we have

(OF)\W =1I\cl (BdiamW/Q(x)) ) (1.16)
for some x € I1. Finally, equality holds in (1.15) if and only if there are a
hyperplane 11 and a point x € I such that

a-BdiamVV/2(aj) Nnircw, (117)
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FIGURE 1.3. The obstacle W (depicted in grey) is obtained by re-
moving a cylinder C;»** from a ball By/, with d/2 > r. In this way
d = diam (W) and By, is the only ball such that (1.17) can hold.
Hyperplanes II satisfying (1.17) are exactly those passing through
the center of By/,, and intersecting W on a (n — 1)-dimensional
sphere of radius d/2. For every such IT, Q\ (IT\ By/2) has exactly
one unbounded connected component, and (1.18) does not hold.

i.e., W contains an (n — 1)-dimensional sphere of diameter diam (W), and

Q\ (H\Cl (BdiamW/2($))) (118)
has ezxactly two unbounded connected components.

Remark 1.2. The assumption R(W') > 0 is quite weak: indeed, if R(W) =
0, then W is purely H"-unrectifiable; see Proposition C.1 in the appen-
dix. For the role of the topological condition (1.18), see Figure 1.3.

Remark 1.3 (Regularity of isoperimetric residues). In the physical dimen-
sion n = 2, and provided €2 has boundary of class C'!, maximizers of R(W)
are C'1/2_regular up to the obstacle, and smooth away from it. More gener-
ally, condition (1.12) implies that M = cl (2N OF) is a smooth hypersurface
with boundary in Q \ 3, where ¥ is a closed set such that 3N Q is empty if
1 < n < 6, islocally discrete in Q if n = 7, and is locally H"~"-rectifiable in €
if n > 8; see, e.g. [Magl2, Part III], [NV20]. Of course, by (1.13), ¥\ Bgr, =0
in every dimension. Moreover, justifying the initial claim concerning the case
n = 2, if we assume that €2 is an open set with C'!-boundary, then M is a
CY1/2_hypersurface with boundary in R™t! \ 2, with boundary contained in
09, ¥NOQN is H"3+e-negligible for every ¢ > 0, and Young’s law v -vq = 0
holds on (M NoN) \ 3; see, e.g. [Grud7, GJ86, DPM15, DPM17].

Remark 1.4. An interesting open direction is finding additional geometric
information on R(W), e.g. in the class of convex obstacles. It would also
be interesting to quantify more precisely in terms of W some of the other
quantities appearing in Theorem 1.1. For instance, it could be that Ry <
C(n)diam W.

Remark 1.5 (Normalization of competitors). We adopt the convention that

any set of locally finite perimeter F' in §2 open is tacitly modified on and by

a set of zero Lebesgue measure so to entail Q N OF = QN cl(0*F), where

O*F is the reduced boundary of F in 2; see [Magl2, Proposition 12.19].
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Under this normalization, local perimeter minimality conditions like (1.12)
(or (3.1) below) imply that FNQ is open in R"*!; see, e.g. [DPM15, Lemma
2.16].

1.3. Resolution of exterior isoperimetric sets. Denoting the family of
minimizers of ¥y (v) by Min[¢y (v)] and the annulus B; \ cl B, by A$ for
0 < r < s, our second main result is as follows:

Theorem 1.6 (Resolution of exterior isoperimetric sets). If W C R™"*! is
compact, then Min[ty (v)] # 0 Yo > 0. Moreover, if R(W) > 0, then

lim g (v) — P(B®) = ~R(W), (1.19)

and, depending on n and W only, there are vg, Cy, Ry, and Ra positive,
and Ro(v) with Ry(v) — 0%, Ro(v) v/t 5 o0 as v — oo, such that, if
E, € Min[Yw (v)] and v > vo, then:

(i): There exist x € R" and v € C°(0BW) such that

[EABW(2)] _ Co
v = pl/[2(n+1)]°
(OEy) \ BRy () p1/t) (1.21)

n -z v
= {y + pl/(nH1) u(%) Vpe) () (Y) 1y € dB! )(x)} \ Bry(v) v1/(nt1) 5

where, for any G C R™ 1 with locally finite perimeter, v is the outer unit
normal to G;

(ii): There exist (F,v) € Max[R(W)] and f € C>*((0F) \ Br,) with
(OB,) M AR — fy 4 p(y)up(y) sy € OF )y n ARV (1.09)

(iii): (OE,) \ Br, is diffeomorphic to an n-dimensional disk;
(iv): Finally, with (x,u) as in (1.21) and (F,v, f) as in (1.22),

) || 1 x

lim sup ‘ — ‘,) ——,||u any e =0,
V500 EyeMinjiwy (v)] { ,Ul/(nJrl) wyllér(?Jrl) |1‘| H ”Cl(aB 1 )}

lim sup Ifllct(Banor) =0, VM > R,.

V=00 B eMin[yw (v)]

Remark 1.7 (Resolution up to the obstacle). By Remark 1.3 and a covering
argument, if n < 6, 6 > 0, and v > wvg(n,W,d), then (1.22) holds with
Bp, v/ \ Is(W) in place of B 1/(+1) \ Br,, where Is(W) is the open 4-
neighborhood of W. Similarly, when 992 € C%! and n = 2 (and thus QNOF
is regular up to the obstacle), we can find vy (depending on n and W only)
such that (1.22) holds with Bp ,1/m+1 N in place of By 1/m+1) \ Bry,
that is, graphicality over OF holds up to the obstacle itself.

Remark 1.8. If W is convex and J is an half-space, then ¢y (v) > 1 ;(v)

for every v > 0, with equality for v > 0 if and only if OW contains a

flat facet supporting an half-ball of volume v; see [CGRO7, FM21]. Since

Yy(v) = P(BW) /2D and ¢y (v) — P(B®) = —R(W) as v — oo, the
7



bound ¢y (v) > 1s(v) is far from optimal if v is large. Are there stronger
global bounds than ¥y > 1  on convex obstacles? Similarly, it would be
interesting to quantify the convergence towards R(W) in (1.19), or even
that of OE, towards 9B™) and OF (where (1.20) should not to be sharp).

1.4. The mesoscale flatness criterion. We work with with hypersurfaces
M whose mean curvature is bounded by A > 0 in an annulus By s \ Br,
R € (0,1/A). Even without information on M inside Br (where M could
have a non-trivial boundary, or topology, etc.) the classical proof of the

monotonicity formula can be adapted to show the monotone increasing char-
acter on r € (R,1/A) of

HM (M N (B, \ B R ™
Ornnlr) = T By A ®) | : / PV
r nrt Junosg 1]
THM M N (B, \ B
+A/ ( (n”\ ) dp, (1.23)
R P
(here 2™ = projp 1/(2)); moreover, if Opr g A is constant over (a,b) C

(R,1/A), then M N (By \ B,) is a cone. Since the constant density value
corresponding to M = H \ Br, H an hyperplane through the origin, is w,
(as a result of a double cancellation which also involves the “boundary term”
in © 4\ By, ro0), We consider the area deficit

5M,R,A(7") :Wn*GM,R,A(T), re (R, 1/1\), (1.24)

which defines a decreasing quantity on (R,1/A). Here we use the term
“deficit”, rather than the more usual term “excess”, since dpr,r,a does not
necessarily have non-negative sign (which is one of the crucial property of
“excess quantities” typically used in e-regularity theorems, see, e.g., [Magl2,
Lemma 22.11]). Recalling that A5 = B\ cl(B,) if s > r > 0, we are
now ready to state the following “smooth version” of our mesoscale flatness
criterion (see Theorem 2.1 below for the varifold version).

Theorem 1.9 (Mesoscale flatness criterion (smooth version)). If n > 2,
I' >0, and 0 > 0, then there are My and €y positive and depending on n, I’
and o only, with the following property. Let A >0, R € (0,1/A), and M be

a smooth hypersurface with mean curvature bounded by A in A}%/A, and with
H™(M N (B, \ Bgr))

H" Y (M NOBg) <TR" ', sup <T. (1.25)
pE(R,1/A) P

If there is s > 0 such that
€0

max{Mp,64} R < s < 1A

(1.26)

and

001,R,A(s/8)] < €0, (1.27)
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and if, setting,
R, =sup {,0 > g :OmrA(p) > —60} : S, = min {R*, 6—0} ,
we have R, > 4s (and thus S, > 4s), then

MAASL = {a+ f@)vk :w e K}nAYL°, (1.28)

sup {|z| 7' [f(z)| + [V f(z)] ;2 € K} < C(n) o,
for a hyperplane K with 0 € K and unit normal v, and for f € C1(K).

Remark 1.10 (Structure of the statement). The first condition in (1.26)
implicitly requires R to be sufficiently small in terms of 1/A, as it introduces
a mesoscale s which is both small with respect to 1/A and large with respect
to R. The condition in (1.27) expresses the flatness of M at the mesoscale s
in terms of its area deficit. The final key assumption, R, > 4 s, expresses the
requirement that the area deficit does not decrease too abruptly, and stays
above —¢g( at least up to the scale 4 s. Under these assumptions, graphicality
with respect to a hyperplane K is inferred on an annulus whose lower radius
s/32 has the order of the mesoscale s, and whose upper radius S, /16 can be
as large as the decay of the area deficit allows (potentially up to g9/16 A if
R, = o0), but in any case not too large with respect to 1/A.

Remark 1.11 (Relationship to other flatness criteria). If M is a hyper-
surface containing the origin, so that, formally speaking, R = 0, and the
tangent cone of M there is a plane, Theorem 1 reduces to Allard’s theorem
[All72]. Similarly, if A = 0 and the exterior minimal hypersurface M has
a planar tangent cone at infinity, we recover the exterior blow-down results
stated in [Sim85, Sim87]. In particular, although the motivation for Theo-
rem 1 comes from scenarios where both R and A are positive, it can also be
viewed as a general framework containing as special cases the blow-up and
blow-down flatness criteria for hypersurfaces with planar tangent cones.

Remark 1.12 (Sharpness of the statement). The statement is sharp in
the sense that for a surface “with bounded mean curvature and non-trivial
topology inside a hole”, flatness can only be established on a mesoscale which
is both large with respect to the size of the hole and small with respect to the
size of the inverse mean curvature. An example is provided by unduloids
M. with waist size ¢ and mean curvature n in R"*!; see Figure 1.4. A
“half-period” of M, is the graph {x + fo(x)ept1:x € R" e < |z| < R:} of

fe(z) = /ELT {(Tn_l)Q - 1}_1/2 dr, e<|z| < Re, (1.29)

rno—gh 4 en—1
where ¢ and R, are the only solutions of r"~t = r” — ™ 4+ g"~1 Clearly
fe solves —div (Vf./\/1+ |V f:|?) = n with f. =0, |[Vf.| = +o0 on {|z| =
e}, and |Vf.| = 400 on {|z| = R.}, where R. = 1 — O(¢""!); moreover,
min |V £.| is achieved at r = O(¢™=D/7) and if 7 € (ae~D/" per=1/m)
for some b > a > 0, then |V f.| = Ogp(2™~1/?). Thus, the horizontal
9



FIGURE 1.4. A half-period of an unduloid with mean curvature
n and waist size € in R"*1. By (1.29), the flatness of M. is no
smaller than O(2("~1/) and is exactly O(¢2(®~1/") on an an-
nulus sitting in the mesoscale O(¢(»~1/™). This mesoscale is both
very large with respect to waist size €, and very small with respect
to the size of the inverse mean curvature, which is order one.

flatness of M. is no smaller than O(¢2»~1/") and has that exact order on
a scale which is both very large with respect to the hole (¢™~1/" > ¢) and
very small with respect to the inverse mean curvature (¢*~D/" <« 1).

Remark 1.13 (On the application to ¥y (v)). Exterior isoperimetric sets
E, with large volume v have small constant mean curvature of order A =
Ag(n, W) /o) We will work with “holes” of size R = Rs(n, W), for
some Rj3 sufficiently large with respect to the radius Rs appearing in The-
orem 1.1-(ii), and determined through the sharp decay rates (1.14). The
decay properties of F' towards {z : z - v = a} when (F,v) is a maximizer of
R(W), the C'-proximity of OE to OB (z) for |z| ~ (wpy1/v)Y "D, and
the Cl-proximity of OF to OF for some optimal (F,v) on bounded annuli of
the form A%zfi‘ are used in checking that (1.25) holds with I' = I'(n, W), that
E, is flat in the sense of (1.27), and, most importantly, that the area deficit
Sar.r.A of M = (DE,)\ Br, lies above —¢q up to scale r = O(v'/ (1)) (which
is the key information to deduce R, =~ 1/A), and thus obtain overlapping
domains of resolutions in terms of dB(")(z) and OF.

Remark 1.14. While Theorem 1.9 seems clearly applicable to other prob-
lems, there are situations where one may need to develop considerably finer
“mesoscale flatness criteria”. For example, consider the problem of “re-
solving” almost CMC boundaries undergoing bubbling [CM17, DMMNI18,
DM19]. When the oscillation of the mean curvature around a constant A is
small, such boundaries are close to finite unions of mutually tangent spheres
of radius n/A, and can be covered by C'-small normal graphs over such
spheres away from their tangency points up to distance €/A, with ¢ = e(n),
and provided the mean curvature oscillation is small in terms of €. For
propagating flatness up to a distance directly related to the oscillation of
the mean curvature, one would need a version of Theorem 1.9 for “double”
spherical graphs; in the setting of blowup/blowdown theorems, this would

be similar to passing to the harder case of multiplicity larger than one.
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Remark 1.15 (Comparison with blowup/blowdown results). From the tech-
nical viewpoint, Theorem 1.9 fits into the framework set up by Allard and
Almgren in [AA81] for the study of blowups and blowdowns of minimal
surfaces with tangent integrable cones. At the same time, as exemplified
by Remark 1.12, Theorem 1.9 really points in a different direction, since it
pertains to situations where neither blowup or blowdown limits make sense.
Another interesting point is that, in [AA81], the area deficit 057 g A is consid-
ered with a sign, non-positive for blowups, and non-negative for blowdowns,
see [AA81, Theorem 5.9(4), Theorem 9.6(4)]. A key insight here is that for
hypersurfaces where the deficit changes sign, graphicality obtained through
small negative (or positive) deficit nevertheless persists past the scale where
dn,r,a vanishes, and possibly much farther depending on the surface in ques-
tion; this is actually crucial for obtaining overlapping domains of resolutions
in statements like (1.4) and (1.7).

Remark 1.16 (Extension to general minimal cones). Proving Theorem 1.9
in higher codimension and with arbitrary integrable minimal cones should be
possible with essentially the same proof presented here. We do not pursue
this extension because, first, only the case of hypersurfaces and hyperplanes
is needed in studying ¥y (v); and, second, in going for generality, one should
work in the framework set up by Simon in [Sim83a, Sim85, Sim96], which,
at variance with the simpler Allard—Almgren’s framework used here, allows
one to dispense with the integrability assumption. In this direction, we
notice that Theorem 1.9 with A = 0 and R, = +0c0 is a blowdown result for
for exterior minimal surfaces is outside the scope of [AA81, Theorem 9.6]
which pertains to entire minimal surfaces, but it is claimed, with a sketch
of proof, on [Sim85, Page 269] as a modification of [Sim85, Theorem 5.5,
m < 0]. It should be mentioned that, to cover the case of exterior minimal
surfaces, an additional term of the form C [, (1(t))? should be added on the
right side of assumption [Sim85, 5.3, m < 0]. This additional term seems
not to cause difficulties with the rest of the arguments leading to [Sim85,
Theorem 5.5, m < 0]. Thus Simon’s approach, in addition to giving the
blowdown analysis of exterior minimal surfaces, should also be viable for
generalizing our mesoscale flatness criterion.

1.5. Organization of the paper. In section 2 we prove Theorem 1.9 (actu-
ally, its generalization to varifolds, i.e. Theorem 2.1). In section 3 we prove
those parts of Theorem 1.6 which follow simply by quantitative isoperimetry
(i.e., they do not require isoperimetric residues nor our mesoscale flatness
analysis); see Theorem 3.1. Section 4 is devoted to the study of isoperimet-
ric residues and of their maximizers, and contains the proof Theorem 1.1.
We also present there a statement, repeatedly used in our analysis, which
summarizes some results from [Sch83]; see Proposition 4.1. Finally, in sec-
tion 5, we prove the energy expansion (1.19) and those parts of Theorem
1.6 left out in section 3 (i.e., statements (ii, iii, iv)). This final section is,
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from a certain viewpoint, the most interesting part of the paper: indeed, it
is only the detailed examination of those arguments that clearly illustrates
the degree of fine tuning of the preliminary analysis of exterior isoperimetric
sets and of maximizers of isoperimetric residues which is needed in order to
allow for the application of the mesoscale flatness criterion.
Acknowledgements: Supported by NSF-DMS RTG 1840314, NSF-DMS
FRG 1854344, and NSF-DMS 2000034. We thank William Allard and Leon
Simon for clarifications on [AA81] and [Sim85] respectively, and Luca Spo-
laor for his comments on some preliminary drafts of this work.

2. A MESOSCALE FLATNESS CRITERION FOR VARIFOLDS

In section 2.1 we introduce the class V, (A, R, S) of varifolds used to re-
formulate Theorem 1.9, see Theorem 2.1. In sections 2.2-2.3 we present two
reparametrization lemmas (Lemma 2.3 and Lemma 2.5) and some “energy
estimates” (Theorem 2.6) for spherical graphs; in section 2.4 we state the
monotonicity formula in V,(A, R,S) and some energy estimates involving
the monotonicity gap; in section 2.5, we prove Theorem 2.1.

2.1. Statement of the criterion. Given an n-dimensional integer recti-
fiable varifold V' = var (M, 6) in R"*1  defined by a locally H"-rectifiable
set M, and by a multiplicity function § : M — N (see [Sim83b]), we denote
by ||[V]] = @ H".M the weight of V, and by 6V the first variation of V,
so that 6V(X) = [ div? X(z)dV(z,T) = [, div™ X (z)§dH? for every
X € CHR™ R, Given S > R > 0 and A > 0, we consider the family

V’n (A') R7 S) 9
of those n-dimensional integral varifolds V with spt V' C R**!1\ Br and

6V(X):/X-fld||V|+/X-u€,°d bdy, VX e Cl(Bg; R,

holds for a Radon measure bdy in R**! supported in Bg, and Borel vector
fields H : R"*! — R with [H| < A and v : 9B — R™! with [v&°] = 1.
We let M, (A, R,S) ={V € V,(A,R,S) : V =var (M,1) for M smooth},
that is, M C R"!'\ Bg is a smooth hypersurface with boundary in A3,
bdry (M) C B, and |Hy| < A. If V € M, (A, R, S), then H is the mean
curvature vector of M, bdy = H" !Lbdry (M), and vy? is the outer unit
conormal to M along OBr. Given V € V,(A, R, S), we define

V BT B 1 T V B B
Ovna(r) = PIEAID o [0 vpanay . [ B B0,
r nr R p

Oy ra(r) is increasing for r € (R, S) (Theorem 2.7-(i) below), and equal to
(1.23) when V € M, (A, R, S). The area deficit of V' is then defined as in
(1.24), while given a hyperplane H in R™*! with 0 € H we call the quantity

2 ly - v
w d|\Vy, w = arctn ,

E]
r
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the angular flatness of V on the annulus A? = B;\cl (B,) with respect
to H. (See (2.8) for the notation concerning H.)

Theorem 2.1 (Mesoscale flatness criterion). If n > 2, I' > 0, and 0 > 0
then there are positive constants My and g, depending on n, I' and o only,

with the following property. If A >0, R € (0,1/A), V € V,(A, R, 1/A),

|bdy|[(dBr) <T R"!, w <T. (2.1)
pE(R,1/A) P
and for some s > 0 we have
% > s > max{ Mo, 64} R, (2.2)
10v.r,A(s/8)] < eo, (2.3)
R, :=sup {p > g OvrA(p) > —50} >4s, (2.4)

then
(i): if S. = min{R.,e0/A} < oo, then there is an hyperplane K C R"!
with 0 € K and u € C*((K NS") x (s/32,5,/16)) with

(spt V) n A%/16 = { wtulnw) v

5/32 14 u(r,w)? wekns ,7’6(3/32,5‘*/16)}

sup {\u| + |VEDS |+ \r@ru\} <Cn)o; (2.5)
(Kns™)x (5/32,5./16)
(ii): if A =0 and dy,po > —eo on (s/8,00), then dy.ro > 0 on (s/8,00),
(2.5) holds with S, = oo, and one has decay estimates, continuous in the
radius, of the form

dvro() < C) (2) dvmo(3),  vr>2, (2.0
i [ ekt < e () auno(5). > @D

for some a(n) € (0,1).

Remark 2.2. In Theorem 2.1, graphicality is formulated in terms of the
notion of spherical graph (see section 2.2) which is more natural than the
usual notion of “cylindrical graph” in setting up the iteration procedure
behind Theorem 2.1. Spherical graphicality in terms of a C'-small u as in
(2.5) translates into cylindrical graphicality in terms of f as in (1.28) with
F(@)/le] ~ u(le], &) and Vs f(z) - (f(x)/la]) ~ |2] 9, u(le], &) for © # 0 and

& = x/|x|; see, in particular, Lemma B.1 in appendix B.
2.2. Spherical graphs. We start setting up some notation. We denote by

H
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the family of the oriented hyperplanes H C R™™! with 0 € H, so that for
any H € H a unit normal vector vy to H is defined. Given H € H, we set

Yy=HNS", pr: R H, qm R - H (2.8)

for the equatorial sphere defined by H on S™ and for the orthogonal projec-
tions of R"*! onto H and onto H+ = {tvy : t € R}. We set

Xo(Xp) = {uECl(EH) Hlullersg) <o}, o>0.
Clearly there is 09 = og(n) > 0 such that if H € H and u € Xy, (X ), then

 wtu(w)ry

fU(W) 1+ u(w)? ’

weE Xy,

defines a diffeomorphism of ¥y into an hypersurface Xz (u) C S, namely

w~+u(w) vy

Zul) = ) = { =

Lwe EH}. (2.9)

We call ¥ (u) a spherical graph over ¥ 5. Exploiting the fact that X is a
minimal hypersurface in S” and that if {7;}; is a local orthonormal frame on
Yy then vy - V., 75 = 0, a second variation computation (see, e.g., [ESV19,
Lemma 2.1]) gives, for u € X, (Xq),

H N (S g (u)) —nc,un—l V2|2 —(n—1) u2’ <C(n) O'/ P | VEHy)?

2 Jsy XH

(where nw, = H" 1(Zy) = H* 1(Zy(0))). We recall that u € L?(Xg) is
a unit norm Jacobi field of Xy (i.e., a zero eigenvector of A*H 4 (n —1)1d
with unit L?(Xy)-norm) if and only if there is 7 € S* with 7- vy = 0 and
u(w) = co(n) (w-7) (w € Xg) for co(n) = (n/H" 1 (Xg))/2. We denote
by E%H the orthogonal projection operator of L?(2) onto the span of the
Jacobi fields of ¥ p. The following lemma provides a way to reparameterize
spherical graphs over equatorial spheres so that the projection over Jacobi
fields is annihilated.

Lemma 2.3. There exist constants Cy, €9 and oy, depending on the dimen-
ston n only, with the following properties:

(i): if HLK e H, |lvg —vk| < e <ep, andu € X,(Xg) for o < og, then the
map TK : Sy — Sg defined by

K () = Pr(fulw))  Prw+u(w)prra

u - - 9 w E E 5
pr(fulw))]  [Prw + u(w) PrVH] "

is a diffeomorphism between g and Y, and vE : X — R defined by

K(TK () = ar (fulw)) vk - (w+u(w)vy)

~pr (fu(w))] |PKW4+ u(w) prve|’
1

weSy, (210)



s such that

UK € Xow) (ore)(Ek),  Zm(u) =Tk (0), (2.11)

‘/EK(%IL()Q/EHUQ‘ SC(”){|VHVK|2+/EHU2}. (2.12)

(ii): if H € H andu € X, (Xn), then there exist K € H with |vy —vi| < €0
and v € X, 00 (X k) such that

Yu(u) =Yk (v), (2.13)

EY [v] =0, (2.14)

i = v < Cor) [ (B8, ). (2.15)
Xy

‘/ZK v* _/EH “2’ < Co(n) /EH u?. (2.16)

Remark 2.4. It may seem unnecessary to present a detailed proof of Lemma
2.3, as we are about to do, given that, when Xy is replaced by a generic
integrable minimal surface > in S”, similar statements are found in the
first four sections of [AA81, Chapter 5]. However, two of those statements,
namely [AA81, 5.3(4), 5.3(5)], seem not to be correct; and the issue requires
clarification, since those statements are used in the iteration arguments for
the blowup/blowdown theorems [AA81, Theorem 5.9/Theorem 9.6]; see
e.g., the second displayed chain of inequalities on [AA81, Page 254]. To
explain this issue we momentarily adopt the notation of [AA81]. In
[AAS81, Chapter 5] they consider a family of minimal surfaces {M;}icp in
S™ obtained as diffeomorphic images of a minimal surface M = My. The
parameter ¢ ranges in an open ball U C R/, where j is the dimension of
the space of Jacobi fields of M. Given a vector field Z in S™, defined on
and normal to My, they denote by Fi(Z) the diffeomorphism of M; into S™
obtained by combining Z with the exponential map of S (up to lower than
second order corrections in Z, this is equivalent to taking the graph of Z
over My, and then projecting it back on S™, which is what we do, following
[Sim83a], in (2.9)). Then, in [AA81, 5.2(2)], they define A; as the family of
those Z such that Image(F}(Z)) = Image(Fy(W)) for some vector field W
normal to M, and, given t,u € U and Z € Ay, they define F* : Ay — A, as
the map between such classes of normal vector fields with the property that
Image(Fy(Z)) = Image(F,(F(Z))): in particular, F}*(Z) is the vector field
that takes M, to the same surface to which Z takes M;. With this premise,
in [AA81, 5.3(5)] they say that if t,u € U, and Z € Ay, then

[ i@p- [ 1zf|<cle-u [ izp e
w My My

for a constant C' depending on M only. Testing this with Z = 0 (no-

tice that 0 € A; by [AA81, 5.3(1)]) one finds F}*(0) = 0, and thus M; =

Image(F;(0)) = Image(F,(Fy*(0))) = Image(F,(0)) = M,. In particular,
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M, = M, for every t,u € U, that is, {M;}:cy consists of a single surface,
M itself. But this is never the case since {M;};cp always contains, to the
least, every sufficiently small rotation of M in S™. An analogous problem
is contained in [AA81, 5.3(4)]. Coming back to our notation, the analogous
estimate to (2.17) in our setting would mean that, for every H, K € H with
lvie — vl < 0 and u € X,y (Sg), vE defined in (2.10) satisfies

‘/z (Uf)2—/2 u2‘§0(n)|uH—yK| g u?, (2.18)

which again gives a contradiction if u = 0. A correct estimate, analogous
in spirit to (2.18) and still sufficiently precise to be used in iterations, is
(2.12) in Lemma 2.3. There should be no obstruction! in adapting our
proof to the more general context of integrable cones, and then in using
the resulting generalization of (2.12) to implement the iterations needed in
[AA81, Theorem 5.9, Theorem 9.6].

Proof of Lemma 2.3. The constants €9 and og in the statement will be such
that o9 = g9/C, for a sufficiently large dimension dependent constant Ci.
Step one: To prove statement (i), let H, K € H, |vg — vi| < e < gp and
u € X,(Xy) with 0 < 0¢. Setting (for w € ¥y and z € R**1\ {0})

ge (W) = prw +u(w)prve,  B(z) =z/|z|,
we have TJ( =do gff , and, if u is identically 0,

KW
gé((w):pva T()K(W): P , Yw e Xy .
1%

By [pxval* =1— (vg-vk)? <2(1— (vi - vk)) = lve — vi|?,

95 — gt¥| = |u| lprvm| < |u|lve — vi|,
(V21 gl — 21 gl < VR v — vkl

In particular, [gX| > 1 — ggeg > 1/2, and since ® and V® are Lipschitz
continuous on {|z| > 1/2}, we find

max {||lgr — 9" lcr 2 1T = T lorsm b < C) uller sy lve — vil -

(2.19)
Similarly, since w - vg = w - (Vg — vg) for w € X, we find that
lgo” —idllcr(s,) < C) lvg —vil, 15 —idllers,) < C(n) lva — vkl
(2.20)

and we thus conclude that Tf is a diffeomorphism between Xz and Y. As
a consequence, the definition (2.10) of vX is well-posed, and (2.11) immedi-
ately follows (in particular, ¥ (u) = Yk (vE) is deduced easily from (2.10)

LAt the time of publication of this paper, Allard has published a corrigendum to [AA81],
see [All24].
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and (2.9)). Finally, if we set F.X(w) = o (TEK(w))? J>2 TE(w) (w € Tg),
then

2
/ / " _/ I/K w+UVH)> JZHTJ((W)_UQ’
S Ty |gu )’

where, using again |w - vi| < |vg — vi| for every w € ¥, we find

[T () = 1] < C(n) | T = idllor(ny) < C(n) v — vkl
11— lgq @)I?] < [1 = [prwl?| + [Prva| u® + 2 |ul [prvr| [Prw]
< C(lvm —vk|* +u?),
}(VK (wHuvy))? - uQ‘
<k -wP+u? (1 - (vg-vr)?) + 2| |lvy - vk |w - vk|
<|vk — I/K]2 +2u? v —vi|+2u|lvg —vk| < C (]VH — VK\Q + u2)
and thus, (2.12), thanks to

+2 /EH ‘1 ’gl|2’u2 < C(n) <\VH—VK\2+/ZHu2).

Step two: We prove (ii). If E%H [u] = 0, then we conclude with K = H, v =
u. We thus assume 72 = IEH (E%H [u])? > 0, and pick an orthonormal basis
(@ Yy of LA(Si)N{EY,, = 0} with BS [u] = v ¢l andy = [y, uly #0.
This corresponds to choosing an orthonormal basis {7} }"_; of H such that

Su(w)=com)w -1y, we g,

for co(n) = (n/H" Y(Zy))/?2. For each K € H with distgn(vy,vi) <
go we define an orthonormal basis {T;(}?Zl of K by parallel transport of
{riyr ., cH=T,,S" to K =T,,S". The maps v+ 7'(v) := T[i((l/) define
an orthonormal frame {7°}?"; of S" on the open set A = B (vy) = {v €
S™ : distse (v, vi) < €0}. We denote by p the rotation of R**! which takes
H into K by setting p&(74) = 7% and p& (vy) = vk. By the properties of
parallel transport we have that

| oK — Id|coesyy < C(n) distsn (vi, vi) < C(n)eo. (2.21)

Finally, we define an L? (3 )-orthonormal basis {¢% }7_; of L?(% K)ﬂ{E =

0} by setting ¢’ (w) = co(n) w - 74 (w € Xk ), and correspondlngly Cons1der
the map ¥, : A — R"™ defined by setting

_ K(v) 41 K) 4n
W) = ( /Emvu S |, i) vea,
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K(v)

where vy, is well-defined for every v € A thanks to step one. We now
claim the existence of v, € A such that

U, () = 0. (2.22)

Before proving (2.22), we use it to deduce (2.13)-(2.16), thus finishing the
proof of (ii) and the lemma modulo (2.22). With K = K(v,) and v = v&
we deduce (2.13) from (2.11) and (2.14) from ¥, (v.) = 0. By (2.26) and
(2.27), if n = distgn (v, vy ), then

([ 8,00)%)" = bl = Pt = 10m) = w0

’/”d (v, vds ds‘><CO(1n)—C(n)(5o+ao)>n>m’

that is (2.15). Finally, (2.16) follows from (2.15) and (2.12).
Turning now towards proving (2.22), by the area formula, (2.10), and
Ak lel = v - e, we find

(e W) = / ol ¢, —/ oEW(TE) gl (TE®) JPaTE®)
) Sy

K(v)

— K)r_j pK(w+UVH) 3 K(v) n—1
=cp(n v-(w+uv . JEHT Y dHS
o) [ o) (o5 o) o 2 )

so that (2.19) gives
Wy = Wollgr(ay < C(n) oo, where (2.23)

v 1 p w p w n—
e - Uo(v) = co(n) /E ) (o) o) T o A
H

By definition of A and by (2.20) and (2.21),

sup su Tj-w—<K(V) ‘-pKw>JzH[pKwH<Cn€,
uegwesz ’ " P [H] IPrwl|? lpPrwldl ™ (m) o

and thus ||[Vg — V.|| c14) < C(n) (00 + €0), (2.24)

where U, : A — R"” isdeﬁnedbyej- «(V) =co(n fz v- w)(TH w) dH !
(v € A). Recalhng that {7°}"_, is an orthonormal frame of S" on A, with

V,iv="1(v) = TK(V) = pg(y)[ 4], we find

¢ VW, (1) = coln) /E (S lrh] - ) (e - w) dHE

65 VW) = colm) [ (rfy-w0) (o) A = iy ealn).
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By (2.21), (2.23) and (2.24) we conclude that
190 — Walloray < C) (00 + o), (2.25)

V"W —co(n) ™ D ;@ ]| oy < C(n) (00 +20) . (2:26)
j=1

Let us finally consider the map h: A x [0,1] — R™,
h(v,t) = h(v) =t W, (v) + (1 —t) Uy (v), (v,t) € Ax10,1],

which defines an homotopy between U, and ¥,. By (2.25) and (2.26) we
see that if v € 9A, that is, if distgn (v, vg) = €0, then, denoting by [V, v]s
the unit-speed length minimizing geodesic from vy to v, considering that
[vir, v]s € A for every s € (0,g¢), and that S™ is close to be flat in A, we find

) = | [ 5 ol ds] = utom)

1 €
(co(n) — C(n) (g0 +ao)) go — C(n)og > Wo(n)’

provided og = €¢/C, is small enough with respect to ¢ (i.e., provided C, is
large), €o is small in terms of ¢p, and where we have used ¥, (vg) =0 and

V

W)l =1l = | [ woh| < o), (227)

to deduce |hi(vi)| < C(n)og. This proves that 0 € 9 h(0A) for every
t € [0,1], so that deg(h¢, A,0) is independent of ¢ € [0,1]. In particular,
ho = ¥, and hy = U, give deg(¥,, A,0) = deg(¥., A,0) = 1, where we
have used W,(vyg) = 0 and the fact that, up to decreasing the value of
€0, W, is injective on A. By deg(¥,, A,0) = 1, there is v, € A such that
U, (vs) =0, as claimed in (2.22). O

2.3. Energy estimates for spherical graphs over annuli. Given H € H
and 0 < 71 < ro we let X,(Xp,71,72) be the class of those u € CH(Zy x
(r1,72)) such that, setting u, = wu(-,r), one has u, € X,(Xp) for every
r € (ri,r2) and |rdyu| <o on Xy X (r1,r2). If u € Xy (Xg,71,72), then the
spherical graph of u over A7> N H, given by

w~+ ur(w) vy

Yg(u,ry,r :{r
1(w;r1,72) 1+ ()2

TwE Xyg,rE (1“1,7‘2)},

is an hypersurface in Aﬁf It is useful to keep in mind that Xy (0,71,7r2) =
{rw:weX,re(rr)}=HN A72 is a flat annular region of area
wy, (ry — ), and that if 0 < 01 = 01(n), then

1
— / wh dH" < / " tu? < C(n) / w¥ dH™ .
C(n) S (u,ri,re) Spx(ri,re) S (u,ri,re)

(2.28)
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Lemma 2.5. There are €y, o9, Cy positive, depending on n only, such that:
(1): f HHK € H, vy -vg > 0, lvg —vi| =€ < g0, u € X;(Zq,711,72),
and o < 09, then there is v € Xy (o4e)(XH,71,72) such that X (v,71,72) =
Yu(u,ry,re).

(ii): if H e H, u € Xyy (X, 71,72), and (a,b) CC (r1,72), then there exist
KeH, ve Xoyoo(XK,r1,72), and 74 € [a,b] such that

ZH(U> 1, TQ) = ZK(Ua 1, TQ) )
EY (v.) =0, (2.29)

Moreover, for every r € (r1,72),

/. (- / (| < ot { i / ) / @7} @

Proof. We prove statement (i). If vy — vi| = € < eg, since u, € X;(Xg)
for every r € (r1,r2), by Lemma 2.3-(i) we see that T, : ¥y — X,

T, (w) = |prlw + u (W) vyl pr|w + ur (W) vy weXy, (2.31)

is a diffeomorphism between Xy and X, and v, : X — R,

vk (Wt ur(w) vy)
v (Tr(w)) = ol o) gl weXy, (2.32)

satisfies v, € Xy (542)(ZK), Lu(ur) = Xk (v,) for every r € (rq,72), and

‘/EIEUT)Q - /EISUT)ZI < C(n) {\I/H —v|? +/E}§ur)2}. (2.33)

Since u € X,(Xq,r1,72), and T, and v, depend smoothly on w,, setting
v(w, ) := vp(w) we have Xy (u,r1,7r2) = i (v,7r1,72) (by X5 (uy) = Xk (vy)
for every r € (r1,72)), and v € X (512)(Xm, 71,72) (|7 Orvr| < Co(o +¢) is
deduced by differentiation in (2.31) and (2.32), and by |u,|, |r Oru,| < o).
Step two: We prove (ii). Let v = minyefy [5, (B3, [up])2, and let r, €
[a,b] be such that the minimum -~ is achieved at r = r,. If v = 0, then
we set K = H and v = u. If v > 0, then we apply Lemma 2.3-(ii) to
U, € Xoo(Xm), and find K € H with |vg —vh| < g and v,, € Xg, 5, (ZK)
such that g (u,,) = Xx(vy,) and

EY, [or] =0, (2.34)
vk — va|* < Co(n) / (B9, [un))® = Co(n) 7, (2.35)

XH

‘/EK(UT*)Q—/EH(Ur*)2‘ < Co(n) /EH(ur*)z.

Since v,, = v(+,r«) for v constructed in step one starting from u, H and K,
we deduce (2.30) by (2.33) and (2.35), while (2.34) is (2.29). O
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We will use two basic “energy estimates” for spherical graphs over annuli.
To streamline the application of these estimates to diadic families of annuli
we consider intervals (r1,72) and (r3,r4) are (n,n)-related, meaning that

rg =ro(1+mn0), 7m1=7r0(l=m0), 7r4a=r0(14n), 7r3="10(1-7), (2.36)

for some 1y > n > 0, and with ro = (r1 +r2)/2 = (r3 + r4)/2; in particular,
(r3,74) is contained in, and concentric to, (r1,72). The case A = 0 of the
following statement is the codimension one, equatorial spheres case of [AA81,
Lemma 7.14, Theorem 7.15].

Theorem 2.6 (Energy estimates for spherical graphs). If n > 2 and ny >
n > 0, then there are oy = oo(n,no,n) and Cy = Co(n,no,n) positive, with
the following property. If H € H, A > 0, and u € X,(Xpg,71,7r2) is such
that max{1l,Are} o < oo and Xg(u,r1,72) has mean curvature bounded by
A in A72, then, whenever (r1,72) and (r3,74) are (n,n0)-related as in (2.36),

‘H"(ZH(U,Tg,m)) — H"(EH(O,rg,m))‘ < Cy / rnt (u2 +Ar |u|) .

EH X(Tl,’l’g)

Moreover, if there is r € (r1,r9) s.t. E%Hur =0 on Xy, then we also have

/ " ru? < C(n)Ary (1Y — ) 4 Co / L (r pu)? .
EHX(T3,74)

EHX(T'l,'f'Q)

Proof. Since this proof is quite long and the arguments are not needed to
understand the rest of the paper, we postpone it to Appendix A. ([

2.4. Monotonicity for exterior varifolds with bounded mean cur-
vature. The following theorem states the monotonicity of Oy g for V €
Vn(A, R, S), and provides, when V' corresponds to a spherical graph, a quan-
titative lower bound for the gap in the associated monotonicity formula; the
case A =0, R =0 is contained in [AA81, Lemma 7.16, Theorem 7.17].

Theorem 2.7. (i): If V € V,(A, R, S), then

Ov g, is increasing on (R, S).
(ii): There is oo(n) such that, if V € V(A R, S) and, for some H € H,
u € Xp(X,r1,12) with o < og(n), and (r1,7r2) C (R, S), we have

V' corresponds to X (u,r1,12) in A72,

(2.37)
then

[ au)? < 0 {Ovraltra) - Ovratm)}. (239
S x(

r1,72)

(iii): Finally, given ng > n > 0, there exist oy and Cy depending on n, no,
and n only, such that if the assumptions of part (i) and part (ii) hold and,
in addition to that, we also have max{l,Ary}o < oy and

3r e (r,re) s.t. B up =0 on Xy, (2.39)
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then, whenever (r1,r9) and (r3,r4) are (n,no)-related as in (2.36), we have
H"(EH(u,rg,m)) - Hn(ZH(O,Tg,?"4)) (2.40)
< Cyry {@V,R,A(?“z) — Oy ra(r) + (A 7“2)2} .

Proof. We give details of the proof of (i) when V' € M, (A, R, S) (whereas
the general case is addressed as in [Sim83b, Section 17]). By the coarea

formula, the divergence theorem and |H| < A, for a.e. p > R,

d [VIBp\Br) _ 1 / |z[dH" " nH"(M N (B,\ Br))
dp p" p* Iuros, |aTM] prtt
1 dH™ 1 1 .
_ N o
p" Juros, |TTM| P" JMn(B,\Br) P
1
n+1{/ Vf\?['de”_qu/ Vﬁ-de”_l}
p MnoB, MNOBgr
1 | 2T

o df}_lnfl
p" MmaBp(|35TM| || )

1 "Mn(B,\ B
—— / V59 - rdH I — A H™ (M N (n P\ r))
P MnNOBg p

d 1 IV1I(By \ Br)
=Mon(V,p)+ — — [ - 18°dbdy — A —L 2.41
VP + 3 v o (2.41)
where Mon(V, p) = (d/dp) pr\BR |22 |z|~"=2d||V||. Since Mon(V, p) > 0,
this proves (i). Assuming now (2.37), a straightforward computation which

we omit (c.f. for example in [AA81, Lemma 3.5(6), Lemma 7.16]), we see
that, under (2.37),

T2
C(n)ry / Mon(V, p) dp Z/E L (r 0pu)?
r1

mX(r1,r2)
thus proving (ii). To prove (iii), we set a = 79 (1 — (n 4+ n0)/2) and b =
ro (1 + (n+ n0)/2), so that (a,b) and (r3,r4) are (n,(n + no)/2)-related,
and (r1,r2) and (a,b) are ((n + no)/2,no)-related (in particular, (r3,r4) C
(a,b) C (r1,72)). By suitably choosing o¢ in terms of n, n and 79, we can
apply Theorem 2.6 with (r3,74) and (a,b), so to find (with C' = C(n,n9,7))

M (S, 74) = HU (SO, 73,7)| < C [ oy @ AT
HX(a,

< C{(Ab)2 " — a") +/

EHX(CL,b)

Thanks to (2.39) we can apply Theorem 2.6 with (a,b) and (r1,72) to find

/ e < C{(Ar)? (g - ) + /
ZHX((Z,b)

EH X (7'1,7"2)
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We find (2.40) by (2.38) and (A b)% (b" — a™) < (Arg)?rh. O

2.5. Proof of the mesoscale flatness criterion. As a final preliminary
result to the proof of Theorem 2.1, we prove the following lemma, where
Allard’s regularity theorem is combined with a compactness argument to
provide the basic graphicality criterion used throughout the iteration. The
statement should be compared to [AA81, Lemma 5.7].

Lemma 2.8 (Graphicality lemma). Let n > 2. For every ¢ > 0, I > 0,
(A3, A1) CC (A1,A2) C€C (0,1), and (m1,m2) CC (0,1), there are positive
constants €1 and My, depending only on n, o, T', (A, N\2), (A3, \1), and
(m,n2), and g9 and Ms, depending only on n, o, ', A1, and (n1,n2), with
the following properties.

(i): IfA>0, Re(0,1/A), V € V,,(A, R, 1/A),

IVIB, \ Br) _

Ibdv[|(0BR) <T R", 2 <T,  (242)
pe(R,1/A) P
there exists r > 0 such that
max{Mj,64} R <r < %1 , (2.43)
Ov.rA(r)] <e1, (2.44)
V(A3 >0, (2.45)
and if, for some K € H, we have
1
— Wi d|V|| < e, (2.46)
rn AA2 T

AT
then there exists u € Xy (X, m1 71,2 1) such that
V' corresponds to Y (u,mr,m2r) on ARy .

(ii): If A, R, and V are as in (i), (2.42) holds, and there exists r such that

max{Ma, 64} R < r < %2 , (2.47)
max{|dv,r A (A1 7)], [ov,RA(r)|} < €2, (2.48)

then there exists K € H and uw € X,(Xxg,m r,n21) such that
V' corresponds to Lk (u,m m,m2r) on AL

Proof. Step one: As a preliminary, we first show that if V' is a stationary,
n-dimensional, integer rectifiable varifold in By such that

IVI(B1) Swn, sptVNAZCK, and sptVNAZ£0,  (249)

for some K € H and 0 < 1 < B2 < 1, then V = var (K N By, 1|gnp,)-
Let 8" € (B, B2) and 1, p2 € C°(R™"L: [0, 1]) be such that spt ¢1 C Bg,,
901’35/ = 1, and ¢1+p2 = 1. As a consequence of (2.49) and the stationarity
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of V in Bg,, for X € CLR"\ (K N (Bg, \ Bg')), we have

&wamu>=/'mMmm+mMmmww
Bﬁ’

:/ div M (o1 X) dl|V]| = 0.
B,32

Then by the convex hull property [Sim83b, Theorem 19.2], spt (VLBg) C K.
By the constancy theorem [Sim83b, Theorem 41.1], V L Bg, = var (K N
Bg,,0) for some constant §. Furthermore, since V' assigns non-trivial mass
to Bg, by (2.49) and is integer rectifiable, # > 1. Therefore 0 € spt||V||, and
the monotonicity formula gives wy, < lim, o+ [|V||(B)r~" < ||[V|[(B1) < wp.
Thus V is a stationary, n-dimensional, integer rectifiable varifold in B; with
constant area ratios wy and sptV N Ag? C K,soV =var (KNBy, llgnp,)
Step two: We prove item (i) by contradiction. If it were false, we could find
c>0,T2>0, ()\3,)\4) CcC ()\1,)\2) CcC (0, 1), (771,7]2) - (0, 1), with Kj € H,
positive numbers R;, Aj < 1/Rj, rj, and W; € V, (A, Rj,1/A;) such that
HWJ’H(At:j) >0, |bdw, [[(0Br,) < T Ry, [|[Wyl[(B, \ Bg,) < T p" for ev-
ery p € (Rj, 1//\]'), and pj = j/T‘j — 0, T Aj — 0, 5W]~,Rj,Aj(7'j) — 0, and
" fBAQTj\BAlrj w%(j d[|Wj]| — 0, but there is no u € X;(Xg,;,m 75,7275)

with the property that W; corresponds to X; (u,mrj,marj)on AZ? :j Hence,
setting V; = Wj/rj, no u € Xy(Xk;,m,m2) can exist such that Vj corre-
sponds to Yk, (u,n1,72) on A, despite the fact that each V; belongs to
Vn(r; Aj, pj, 1/(rj Aj)) and satisfies

bdy.||(0B,. VA(B, \ B,.
villay > o, PlOB) g TValBaABy)
Pj pE(pj,1/(Aj 1)) p
. 2
Jlggo max {8y, p.r, A, (1), /AA2 W, d|vjll} =o0. (2.50)

Al

Clearly we can find K € H such that, up to extracting subsequences, K; N
By — KNBy in LYR™1). Similarly, by (2.50), we can find an n-dimensional
integer rectifiable varifold V' such that V; — V as varifolds in B;\ {0}. Since
the bound on the distributional mean curvature of Vj on By(a; ;) \Epj is
r; A;, and since p; — 0" and r; A; — 0T, it also follows that V is stationary
in B; \ {0}, and thus, by a standard argument and since n > 2, on B;. By
HV]H(Aig) > 0, for every j thereis z; € A:\\§ Nspt V}, so that, up to extracting

subsequences, x; — o for some xy € Zii Nspt V. By (A3, A1) CC (A, \2),
there is p > 0 such that B,(zg) C Aif, hence

IVII(A2) = IV II(Bp(wo)) = wn p™ >0, (2.51)
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thus proving Vl_Aif # (). By this last fact, by wx = 0 on (sptV) N Aﬁf,
and by the constancy theorem [Sim83b, Theorem 41.1], we have

A AsptV = AP NK .

At the same time, since ||bdy;||(9B,,) < I‘p;.“l and |V;[|(B, \ By,;) <T'p"
for every p € (pj,1/(Ajr;)) D (p;j 1), by (2.50),

HIVill(By \ By,)

Y2

. pPj
wo = Tm [[V[[(Bi\ By;) =~ [[0V5[[(0By;) + Aj 7 / dp
J—00 n 0;

> VI(B) =T T (o +4m5) = IVI(B) (2.52)

Since V is stationary in By and integer rectifiable, and since (2.51) and (2.52)
imply (2.49) with A\; = 81 and Ay = (s, the first step yields V = var (K N
B1, 1|gnp,)- By Allard’s regularity theorem and by V; — V as j — oo we
deduce the existence of a sequence {u;};, with u; € X, (Xx,m1,72) for some
o; — 0 as j — oo, such that V; corresponds to Yk (uj,n1,n2) in A for j
large enough. As soon as j is large enough to give o; < o, we have reached
a contradiction.
Step three: For item (ii), we again argue by contradiction. Should the lemma
be false, then we could find ¢ > 0, T' > 0, Ay € (0,1), (n1,m2) € (0,1),
positive numbers R;, A; < 1/R;, r;, and, by the same rescaling as in step
two, V} S Vn(Tj Aj, P> 1/(7"j A])) with

[bdv;[[(0B,,)
n—1

P;

IVill(By \ By;)

pe(pj 1/ (Aj 7)) P

RA
2 1A 100, DL 0,2, Q0] =0, (254)

<T, <r, (2.53)

lim max {pj =
J—00

such that there exists no u € X,(Xk;,n1,72) with the property that V;
corresponds to X (u,1m1,72) on A, As in step two, we can find an n-
dimensional integer rectifiable varifold V= var (M,#) such that V; — V
as varifolds in By \ {0} and V is stationary on Bj. If for some K € H,
V = var (K N By, 1|gqp, ), then using Allard’s theorem as in the proof of
(i), we have a contradiction. So we prove V = var (K N By, 1|, )-

For every r € [A1,1], using p; — 0" and rjA; — 0T in conjunction with
(2.53), and then the monotonicity of dy; . A, and (2.54), we have

— | Vill(Br\ By,))

T o — R = T [, (1)

Jim s {1610, = 0.

IN

Thus the convergence V; — V and the monotonicity of ||V||(B,)/r" yield

WVII(Br) =wpr™ Vre(A,1) and ||V|(B1) =wy. (2.55)
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By (2.55), VL (By \ By,) = var (C,0¢c) L (B; \ B,,) for some locally H"-
rectifiable cone C' C R™*! and zero homogeneous ¢ : C — N. Now since
the integer rectifiable varifold cone var (C, 6¢) is stationary in By \ B),, it is
stationary in R"*! by n > 2, and due to (2.55), it satisfies fCﬂBl Oc dH™ =
wp. Therefore C' = K for some K € H, and 8 = 1. From the definition of
C, it follows that

spt VN (B1\ By,) C K. (2.56)
Finally, (2.55) and (2.56) give (2.49) with 51 = A1, B2 = 1. The result of
step one then completes the proof that V' = var (K N By, 1|gnp, )- O

Proof of Theorem 2.1. The proof proceeds in four steps, which we outline
here. Precise statements can be found at the beginning of each step. First,
we assume that dy, g A(s/8) > 0, and prove that C''-graphicality can be prop-
agated from s/32 to an upper radius Sy /16 < S,/16 as long as oy, g A(S+)
remains non-negative and S; < g9/A. This is then enough to prove the
exterior blow-down result in part (ii) of Theorem 2.1 in step two. In the
third step, we argue that if dy,ga(s/8) < 0, then C'-graphicality can be
propagated inwards from S,/2 down to s/32. The details in this step are
quite similar to the first, so we summarize them. Finally, the first and third
steps are combined in step four to conclude the proof Theorem 2.1-(i), in
which there are no sign restrictions on the deficit.

Step one: In this step, given n > 2, I' > 0, and o > 0, we prove the
existence of g and My (specified below in (2.65) and (2.66), and depending
on n, I', and o) such that if (2.1), (2.2), (2.3) and (2.4) hold with ¢ and
My, and in addition

0 <dyvra(s/8) <eo, (2.57)
then there exist K € H and uy € X;(Xk, , /32,5, /16) such that
V corresponds to My, (uy,5/32, 51 /16) on AZ, (2.58)
where
R, = max{sup {p > g 2OvrA(p) > O},4s} , Sy =min {R+, EKO} >4s.

(2.59)
We start by imposing some constraints on the constants €9 and M. For
the finite set

1={G el g ctmmim>n>o 2o

we let g = og(n) be such that Lemma 2.5-(ii), Theorem 2.6, and Theorem

oo < 2L for o1(n) as in (2.28), and Cy(n) as in Lemma 2.5-(ii) ;

=G
(2.61)
we shall henceforth assume, without loss of generality, that

o <op.
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Moreover, for €1 and M; as in Lemma 2.8-(i) and Cj as in Lemma 2.5, we

let
11y /11y /1 1
My 2w {81 (5T (55) (53) (5202)
o = max i\t oe\82) 6013202/ )
o 11\ /3 7y /1 1
g (51 2 (D))
90, ' \16°8/) 32764/ \327 2
11y 11y /1 1
(<l (5 () ()
g < mln{z—:l n,2CO,F, 8’2)’ 51) 32,2)),

(0 (5550 (e ()} 299

We also assume that

1\1/2 : T
C(n,T)(ey)’* < min {80, 200} , (2.63)

where C'(n,I") will be specified in (2.96)-(2.97), Cj is as in Lemma 2.5, and
o is smaller than both of the n-dependent ¢¢’s appearing in Lemma 2.3 and
Lemma 2.5. Lastly, we choose & > 0 such that

Egmin{QLco,\/sf)/wn}, (2.64)

and then, for g9, My as in Lemma 2.8-(ii), we choose g9 and My so that

. _ 1,1 1

g0 < min {56,52(n,0,1“,§, (3—2,5»} (2.65)
M >max{M’ M<nar1 (i 1))} (2.66)

0= 0412 s Uyl 83 32> 2 . .

Let us now recall that, by assumption, V' € V, (A, R, 1/A) is such that
VI(B,\ B
|bdy||(8Br) < T R"1, sup M <T; (2.67)
pE(R,1/N) p

in particular, by Theorem 2.7-(i),
dv,rA is decreasing on (R,1/A). (2.68)

Moreover, we are assuming the existence of s with max{64, My} R < s <
€0/4 A such that

0v.r,a(s/8)] < o, (2.69)
R, =sup {p > g :ovrA(p) > —60} >4s,
so that the latter inequality, together with (2.59), implies
R.>R,. (2.70)
By (2.68), (2.69) and (2.70) we have
10v.rRA(r)] <eo, Vr e [s/8,Ry]. (2.71)

By (2.67), the specification of s satisfying (2.2), and (2.71), the assump-
tions (2.42), (2.47), and (2.48), respectively, of Lemma 2.8-(ii) with r = s,
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A1 = 1/8, and (m1,m2) = (1/32,1/2) are satisfied due to our choices (2.65)
and (2.66). Setting Hy = H, where H € H is from the application of Lemma
2.8-(ii), we thus find uy € X5(Xp,, s/32,s/2) such that

V' corresponds to X, (uo, s/32,5/2) on AZ;Q. (2.72)
If it is the case that S; = 4 s, we are in fact done with the proof of (2.58),
since then s/2 > S, /16. We may for the rest of this step assume then that
Sy > 4s, so that

R_i_:sup{ng:&v’p%/\(p)ZO} > 8y >4s. (2.73)
First, we observe that thanks to (2.72) and then (2.64),

1 s/4
Ty := n=lyq 2 <w,dt<el. 2.74
O s/ /3/8 " 7O/ZHO[UO]T_W 7 =R @)

We let s; = 29735 for j € Z>_1. By (2.73) and by s < g9/4A < (/4 A
there exists N € {j € N:j > 2} U{+oo} such that
8/
{0,1,..,N}:{j€N:8sj§S+:min{R+,X0}}. (2.75)

Notice that if A > 0 then it must be NV < oo. We are now in the position to
make the following:
Claim: There exist 7 = 7(n) € (0,1) and {(H;,u;) ;\/:—02 with H; € H such

that, setting
1 Sj+1
b [ [
Sj+1 Jsj S,

J

for every j =0,...,N — 2,
uj; € XU(ZHj,S/32,4Sj_1) N Xa/2CO(ZHj7 Sj/4,48j) , (2.76)

V' corresponds to X, (uj,5/32,4s;) on A§7§2 : (2.77)
where Cy is from Lemma 2.5, and
ov.ra(si)] < o, (2.78)
T, < Cln)e; (2.79)
additionally, for every j =1,..., N — 2,
v, —vi, .| < C(n)Tj-q, (2.80)
dvra(s)) < T{ovra(sj—1)+ (1 +T)As;_1}, (2.81)

T; < C(n){&/,R,A(ijl)—5V,R,A(5j+2)+Asjfl}-(2-82)

Proof of the claim: We argue by induction. Clearly (2.76),—¢, (2.77);-o0,

(2.78)j—0 and (2.79);—¢ are, respectively, (2.72), (2.69) and (2.74). This

concludes the proof of the claim if N = 2, therefore we shall assume N > 3

for the rest of the argument. To set up the inductive argument, we consider

¢ € N such that: either = 0;or 1 < ¢ < N—3and (2.76), (2.77), (2.78), and
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(2.79) hold for j =0, ..., ¢, and (2.80), (2.81) and (2.82) hold for j =1, ..., ¢;
and prove that all the conclusions of the claim hold with j = ¢ + 1.

The validity of (2.78);—¢11 is of course immediate from (2.71) and (2.75).
Also, after proving (2.82) j—¢4+1, we will be able to combine it with (2.78);—¢41
and (2.75) to deduce (2.79);—¢+1. We now prove, in order, (2.80), (2.76),
(2.77), (2.81), and (2.82) with j = ¢+ 1.

To prove (2.80)—¢+1: Let [a,b] CC (s¢, s¢41) with (b —a) = (se+1 — s¢)/2,
so that

L in / [ug)? < ! /SHl r"_ldr/ [ue? = T, (2.83)
=y lr S ey = 1o .
C(n) réela,b] Sh, 8€+1 s

¢ XH,

Keeping in mind (2.76);—¢, (2.77)j—¢, we can apply Lemma 2.5-(ii) with
(ri,r2) = (s/32,4 ;) and [a,b] C (s¢, S¢+1) to find Hppq € H,

U1 € XCO UO(EHZ+1,S/32,4Sg) (2.84)
(with Cp as in Lemma 2.5-(ii)) and
SZ S [a,b] C (s¢, Se41)
such that, thanks also to (2.83),

Yu,(ug, 5/32,450) =Yg, (upr1,5/32,45¢), (2.85)

E%HZH ([W+1]sg) =0, (2.86)

i, = v, [P < C(n) T, (2.87)

/ [ues1]2 < C(n) (Tg—l— / [ud%) . Wre(s/32,4s0). (2.89)
YHpy X,

In particular, (2.87) is (2.80);—¢41.
To prove (2.76)j—¢+1 and (2.77)j—¢+1: Notice that (2.84), (2.85) do not
imply (2.76) j—¢4+1 and (2.747)j:g+1, since, in (2.77)j—¢41, we are claiming the

Se+1 4sp

graphicality of V' inside A_ /32 (which is strictly larger than A /32

(2.76)j—¢+1 we are claiming that w41 has C'-norm bounded by o or o/2 Cy
(depending on the radius), and not just by Cyog (with Cy as in Lemma
2.5-(ii)).

We want to apply Lemma 2.8-(i) with K = Hy,q and

11 3 7 11

r=8su1, (0) = (f5.5) o) = (g3.57) mm) = (55.3)-

(2.89)
We check the validity of (2.43), (2.44), (2.45), and (2.46) with &1 = ¢,
and M; = M| for these choices of r, A1, A2, A3, A4, M1, 72, and K. Since
r = 8sp41 > s > max{My,64 R} > max{M},64 R}, and since (2.75) and
{4+ 1< N give r = 8sp41 < eo/A < egj/A, we deduce the validity of (2.43)
with 7 = 8sy41. The validity of (2.44) with » = 8 sy4; is immediate from
(2.71) by our choice (2.62) of . Next we notice that

r 7([8s 64 Tsp/4
IVIANT) = V(A 5o 5 = IVII(A527) > 0
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thanks to (2.77),=¢, so that (2.45) holds for r, A3 and A4 as in (2.89). Fi-
nally, by (2.28) (which can be applied to ugy; thanks to (2.61)), (2.85) and
(2.76) j—¢, and, then by (2.88), we have

1 C(n) [5+r ,_
v < S e [
r AiQ r + Spr1 Jsg EHZJrl
17‘
C Se41
< Cn)Ty+ n(n)/ vt dr/ [1g]?
St41 s YH,

< Cn)T, <C(n)ey,

where in the last inequality we have used (2.79),;—,. Again by our choice
(2.62) of gf), we deduce that (2.46) holds with r, A\; and Az as in (2.89). We
can thus apply Lemma 2.8-(i), and find v € X, /2¢,(Zm,,,,5011/4,48041)
such that

V corresponds to Xp, (v, 5¢41/4,4 5¢41) on Ajzr/lzi' (2.90)

By (2.85), (2.77)j=¢, and (2.90), v = ugy1 on Xpy,,, X (s¢41/4,45¢). We can
thus use v to extend w1 from Xg,, | x (5/32,4 ) to Xpr, , x (5/32,45011),
and, thanks to (2.85), (2.77);=¢ and (2.90), the resulting extension is such
that

Ur+1 € Xo200(BHy s S041/4,45041)  and (2.91)

V corresponds to X, (uey1,5/32,4 5741) on Aj;é;l . (2.92)

The bound (2.91) is part of (2.76);—¢y1, and (2.92) is (2.77)j=¢41, so in
order to complete the proof of (2.76);—¢+1 and (2.77);—¢4+1, it remains to
show that the C'-norm of u is bounded by ¢ in between s/32 and 4 s,.
Towards this end, we record the following consequence of taking square
roots in (2.81);=p, (using dy.ra > 0 from (2.75)) and summing over m =
1,...,iforany 1 <i < £: for a = 3 32,27%2 and C(n,T) = 71/2(1 + 1),

A i—1
Si = Z 5V,R,A(3m)1/2 S 7'1/2 Z 5V,R,A(3m)1/2 + (1 + F)(A Sm)1/2
m=0

m=0

+0v,r.A(s0)"/?
< 7128 14+ aC(n,T)(Asi1)"? + dv.ra(s0)"/?
< 128 5+ (14 aC(n,T))(eh) 2, (2.93)

where in the last line we have used (2.75) and (2.71). By induction, utilizing
(2.57), (2.65) for the base case and (2.93) for the induction step we have

(1+aC(n,T))(eh)/?

S; < Y VOo<i</. (2.94)
Now by the positivity of dy,zr A and (2.82);—, for all m =1, ..., ¥,
T2 < C(n)dy.pa(sm_1)? 4+ C(n)(Asm_1)/2. (2.95)
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In turn, by (2.80)=¢+1, (2.74) and (2.95), then (2.75) and (2.94);—¢—1,

e ¢
) Y WH, =i, <Y TP
m=1 m=0
< (e)*+C(n)Sp—1 + aC(n)(A se—1)"/?
< C(n,T)(ep)*/C(n) (2.96)

for a suitable C'(n,T"). We use (2.96) to see
vm, — vi,,,| < Cn,D)(ep)? Vi=0,..,0. (2.97)

Now u; € XJ/QCO(EHj,si/4,4sZ-) by (2.76)=i, and 0/2Co and |vy, — vy, |
are small enough to apply Lemma 2.5-(i) by our choice of o above (2.61)
and (2.97) with (2.63), respectively. Then we obtain w; corresponding to V'
on A}%, and in Xy /24 Colum, ~vir,, | (SHeas 5i/4,451), and by (2.97), (2.63),

g g g
§+CO|VHZ~_VH@+1| §§+Com:0',

so w; € Xp(XH,.,,5i/4,45;). Finally, since they represent the same surface
over Xy, ., W; = Ugq1 ON Ais/l- Gathering these estimates for i = 0, ..., £, we
have ugy1 € Xo(XH,,,,5/32,45¢), which finishes the proof of (2.76);—¢1.
To prove (2.81)j—p+1: We set g = (s¢+5¢+1)/2 and notice that for ng = 1/3,
r1=ro (1 —m) = s, re =10 (1+mn0) = sp41- (2.98)
For n = 1/6 we correspondingly set
r3=ro(l—n)=:s,, ry=ro(1+4+n) = sZ, (2.99)

and notice that (n9,n) € J, see (2.60). With the aim of applying Theorem
2.7-(iii) to these radii, we notice that (2.77);—41 implies that assumption
(2.37) holds with H = Hyyq and u = wgyq, while, by (2.86), r = s} €
(S¢, Se41) 1s such that (2.39) holds. By Asprq < g9 <1, (2.75), and (2.40),
with C'(n) = Cy(n,1/6,1/3) for Cy as in Theorem 2.7-(iii), we have
sep1 [IIVI(Bgy \ By ) —wn ((s9)" = (5,)")]
= SZJ?I ‘HR(EHZJ’,I (uf—i—la S;a Sj)) - HR(EH5+1 (07 SZa Szr))’
< C(n) {(Ases1)” +Ovra(ses1) = Oviralsy)} -
Setting for brevity d = dy,gr A and © = Oy gz, and recalling that
r"o(r) =wpr" —O(r)r"
"VI(B,\ B
— w " — |V||(B, \ Bg) — Ar™ / IVII(B, \ Br)

R p"
31
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we have
sy |(s7)"0(sy) = (s9)"8(s)| < C(n) {(As0)* + O(s41) — O(s0) }
+ -
n » [ VB, \ B — [ IVIB, \ B
R p R p
+
e |V|(B,\ B
< Cn) {(hs0)? + Ose) ~ (s} + Comya [ WA B0
R p
By Asp < 1 and since Sz < s¢p < €9/8 A thanks to £ < N, we can use the
upper bound [|V||(B,\ Bg) < T p" with p € (R, s/) C (R,1/A), to find that
(s)" oy ()"
’ ¢ 5(sy) — ¢

n n
Sy Sy

dp.

5(33)] <C.(n) {8(s¢) = 8(se1)} + Cu(n) (T + 1) A sy,

rearranging terms and using the monotonicity of

for a constant C.(n). By
zr) C (8¢, S¢+1) we find that
(s

d on (R,00) and (s, ,s
(Culn) +(s7)"/
)

7)) 8(se41) < Cu(n) 8(ser) + ((s)"/(s7)) 6(s)
< Ci(n)d(s (( s¢)"/(s7)) 0(sy) + Cu(n) (1 +T) A sy
< (Ciln) + (s7)"/(s7)) 0(se) + Cu(n) (1 +T) Asg.
We finally notice that by (2.98), (2.99), np = 1/3, and n = 1/6, we have
s _m(-n _5 5. _ o8 _oltm T
se  ro(l—mo) 47 S Se41 L+mn 47

so that, we find 6(spy1) < 7{d(s¢) + (1 +T') Ase} (ie. (2.81)=¢41) with
B X R T Y XU B
Cu(n) + (7/4)" T Ci(n) + (7/4)"

To prove (2.82);—¢4+1: We finally prove (2.82);—¢41, i.e.

<T.

1 2sp41 3
— " 1/ [ues1]? < C(n){v,ra(s0) — Ov.rA(Set3) + Ase}.
strl So4+1 %

Hyyq
(2.100)
By (2.77)j=¢4+1 we know that
V corresponds to Xg,, , (uer1,5/32,45041) on As/sgl . (2.101)

Now, (2.36) holds with ro = 3 sy and (n9,n) = (2/3,1/3) € J, see (2.60), if
rn =8 =3s;,— 25y, r9o =58 =35+ 285y,
T3 = Sp+1 = 380 — Sy, T4 =28041 =38+ S¢.

Since sj € (s¢, s¢+1) C (r1,72), by (2.101), (2.86) and (r1,r2) C (/32,4 5¢41)
we can apply Theorem 2.6 to deduce that
25041 ) 5sy 1 1
/ T / [u£+1 < C / n+ 8 Ug+1 —|— C(n) A (8g)n+ .
Se+1 ¥

Hpyq Zsz+1



Again by (2.101), Theorem 2.7-(ii) with (r1,72) = (s¢, 8 s¢) gives

5sy 1 8 sy L )
g [ / Orfue1])? < 577 / Pt / (O lues1])’
s YHy
<

se YHyyy
C(n) {Ov,ra(8s0) — Ov,ra(se)} < C(n) {6v,ra(se) — dv,ra(Se43)} -

The last two estimates combined give (2.100), which finishes the claim.

Proof of (2.58): We assume S; < oo (that is either A > 0 or Ry <
o0), and recall that we have already proved (2.58) if S, = 4s. Oth-
erwise, N (as defined in (2.75)) is finite, with 2V < % < 2N+l By
(2 76)j —N_9 and (2 77)] N—2, W we have that uy_9 € X, (EHN,2,5/32745N—2)
and V corresponds to X, _, (un—_2,5/32,4sn_2) on As/:,)2 . Since 4 sy_o =
2N+15/16 > S /16, we deduce (2.58) with K, = Hy_» and uy = uy_o.

Step two: In this step we prove statement (ii) in Theorem 2.1. We assume

that A = 0 and that

5(r)> —eo  Vr 22 (2.102)

where we have set for brevity 6 = dy g 0. We must first show that

(r)y>0 Vr

Vv
x| ®»

(2.103)

Since 0 is decreasing in r, it has a limit lim, o, 0(r) =: doo > —€0, and we
want to show that d,c = 0. Next, we know that for any sequence R; — oo,
V/R; converges locally in the varifold sense to a limiting integer rectifiable
varifold cone W. By the local varifold convergence and n > 2, W is station-
ary in R"*! and it is the case that

5W,070(T‘) =000 > —€g Vr>0.

Up to decreasing ¢y if necessary (and recalling that dyy 0 is the usual area
excess multiplied by —1), Allard’s theorem and the fact that W/r = W
imply that W corresponds to a multiplicity one plane. In particular, it must
be that do, = 0, which together with the monotonicity of § yields (2.103).

By (2.103), S+ = S« = o0, and so by (2.76) and (2.77), there is a sequence
{(Hj,uj)}jyzo but with N = co now, satisfying

V corresponds to X, (uj,s/32,45;) on A Lo Wi >0, (2.104)

5/32
v, —vi,_,|* < T, ifj>1, (2.105)
5 if j=0,
) < 2.1
(s5) < {7‘ s] ) if5>1, (2.106)

T;

C(n)eo, ifj=0,
{ ; (2.107)

C(n)d(sj—1), ifj>1.



Notice that, in asserting the validity of (2.107) with j > 1, we have used
(2.103) to estimate —d(s;42) < 0 in (2.82);. By iterating (2.106) we find

8(sj) <77 6(s/8) <7leq,  Vi>1, (2.108)
which, combined with (2.107) and (2.105), gives, for every j > 1,

T; < C(n) min{1,777 '} 6(s/8) < C(n) 77 5(s/8), (2.109)
i, — vi,_,|* < C(n) min{1, 7772} 6(s/8) < C(n) 77 6(s/8), (2.110)

thanks also to 7 = 7(n) and, again, to (2 103). By (2.110), for every j > 0,

k > 1, we have |vp,,, —vm,| < C(n)/d(s/8) ZkH( )j " 5o that
there exists K € H such that

= lvk —vg,? <C(n) 77 6(s/8),  Vji=>1, (2.111)

In particular, for j large enough, we have ¢; < &g, and thus, by Lemma
2.5-(1) and by (2.104) we can find v; € Xo(n) (o1¢;) (XK, 8/32,4 s5) such that

V corresponds to X (vj,s/32,45s;) on AS/‘Z]Q (2.112)

By (2.112), vj41 = vj on Xk x (s/32,4s;). Since s; — oo we have thus
found u € Xg () (Xk; 8/32,00) such that

V' corresponds to Xx (u,s/32,00) on A% (2.113)

$/32

which corresponds to (2.5) with oo in place of S,.

To prove (2.6), we notice that if r € (s;, sj41) for some j > 1, then, setting
7= (1/2)* (ie., @ = logy j5(7) € (0,1)) and noticing that r/s < 2013 by
(2.68) and (2.108) we have

3(r) < 5(sj) < 79 6(s/8) = 2779 5(s/8) = 427~ 5(5/8)
C(n)(s/r)*6(s/8),

where in the last inequality (2.102) was used again; this proves (2.6). To
prove (2.7), we recall that wx (y) = arctan(|vk - 9|/|pk §|), provided arctan
is defined on R U {+c0}, and where § = y/|y|, y # 0. Now, by (2.113),

_ |y REIH uPKd Yl vic
V1+u(pk 3, [y])?

so that |px | > 1/2 for y € (sptV) \ By/sp; therefore, by (2.111), up to
further decreasing the value of ¢¢, and recalling d(s/8) < e, we conclude

’ vye (Sptv)\Bs/327

1
Pu; 9 > 3 Vy € (sptV) \ By/sz (2.114)
for every j € NU {400} (if we set Hy = K). By (2.114) we easily find
lwi (y) —wn, (y)| < C vy, — vkl, Vy € (sptV) \ Bysz,Vj > 1,
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from which we deduce that, if j > 1 and r € (s;, sj4+1), then

1 2 1 2 1 2
— d|V]| < C {— dllvV dllv }
- /Ager VI < C(n) 5 /AZjﬁ“ wi d| H+5?+1 /Ajfj wi-d||V|
1 1
<C {* 7, dllvV / 2 d|V }
< C(n) - /A o VI + Tox e e 4l

+C(n) r (‘I/K — VH]-|2 + |VK — VHJ-+1|2) R

where (2.67) was used to bound ||[V|[(A%”) < ' (2p)" with p = 5j,8j41 €
(R,1/A). By (2.104) we can exploit (2.28) on the first two integrals, so
that taking (2.111) into account we find that, if j > 1 and r € (s, sj41),
then =" [y, ke d|VI| < COT; + Ty} + Cn) D79 6(s/8) < Clm) (1 +
I') 77 6(s/8), where in the last inequality we have used (2.109). Since 77 <
C(n) (s/r), we conclude the proof of (2.7), and thus, of Theorem 2.1-(ii).
Step three: In this step, given n > 2, I' > 0, and ¢ > 0, we claim the
existence of ¢y and My, depending only on n, I', and o, such that if (2.1),
(2.2), (2.3) and (2.4) hold with g9 and My, and in addition,

—&0 S 5V,R7A(3/8) S 0, (2.115)
then there exist K_ € H and u_ € X, (X _,s/32,5,/2) such that

V' corresponds to Xk (u4,s/32,5/2) on Af/:g’ (2.116)

where S, and R, are as in Theorem 2.1. The argument is quite similar to
that of the first step, with minor differences due to the opposite sign of the
deficit. The first is that the iteration instead begins at the outer radius S,
and proceeds inwards via intermediate radii s; = 2778, and the second is
that, in the analogue of the graphicality propagation claims (2.76);—41 and
(2.77) j=¢+41, the negative sign on dy,g A is used to sum the “tilting” between
successive planes H; and Hj .

Step four: Finally, we combine steps one and three to prove statement
(i) in Theorem 2.1. Before choosing the parameters €y and My, we need a
preliminary result. We claim that for any &’ > 0, there exists o’(¢) > 0
such that if r; < rq, K, Ko € ‘H with vk, - vk, > 0 and accompanying
u; € Xy (Xk,,7r1,72), and M is a smooth hypersurface such that M N A2
corresponds to Xk, (u;, r1,72) for i = 1,2, then

‘I/K1 — I/K2| <£. (2.117)

It is immediate from vk, - vk, > 0 and the fact that the L°°-bounds on u;
imply that M is contained in the intersection of two cones containing K4
and Ko, whose openings become arbitrarily narrow as ¢’ — 0.
Fixn > 2, T >0, and o > 0; we assume without loss of generality that
o < 0g, where og is the dimension-dependent constant from Lemma 2.5.
We choose ¢ with corresponding ¢’ according to (2.117) such that, up to
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decreasing o’ if necessary,
e <ey, Colo'+¢&) <o, (2.118)

where g¢, Cp are as in Lemma 2.5. Next, we choose g9 = ¢o(n,I',0) and
My = My(n,T', o) to satisfy several restrictions: first, £ is smaller than the
go from Lemma 2.5 and each g¢(n, T, 0’) from steps one and three, and M)
is larger than My(n,T',¢’) from those steps; second, with e and Ms as in
Lemma 2.8-(ii), we also assume that

1 1 1 1 1 1
< min {220 T 5. (553)) |- Mo = M2 (. T 55 (55 3))
Eo_mln{€7€2 n,o, 7167 12872 ) 0= 2\, 0, 7167 12872
(2.119)
In the remainder of this step, we suppose that

V satisfies (2.1), (2.2), (2.3) and (2.4) at mesoscale s. (2.120)

In proving Theorem 2.1-(i), there are three cases depending on whether
dv.Rr,A changes sign on [s/8, S,].
Case one: oy pa(r) > 0 for all r € [s/8,5,]. If the deficit is non-negative,
then in particular

0 < 6V,R,A(S/8) < €0 (2.121)

and S, = Sy, where S; was defined in (2.59). By our choice of gy and
My at the beginning of this step and the equivalence of (2.121) and (2.57),
step one applies and the conclusion (2.58) is (2.5). Thus Theorem 2.1-(i) is
proved.

Case two: Sy pra(r) < 0 for all » € [s/8,5,]. Should the deficit be non-
positive in this interval, then in particular, (2.115) holds in addition to
(2.1), (2.2), (2.3) and (2.4). Therefore, by our choice of ¢y and My, step
three applies. The conclusion (2.116) is (2.5) (in fact with larger upper radii
S«/2), and Theorem 2.1-(i) is proved.

Case three: dy.r A changes sign in [s/8,S,]. By the monotonicity of dy, g A,

Sv,r,A(5/8) > 0> dy,rA(Sk)- (2.122)

First, by (2.122), (2.57) is satisfied, so (2.58) gives K. € H and uy €
Xy (XK, ,5/32,54/16) such that

V' corresponds to X, (u4,s/32,5,/16) on Af/géw, (2.123)
where
s . €0
Ry max{sup {p_ 5 ov.rA(p) _O},4S}, Sy rrllIl{R+7 ?2}124)

If S; = S,, then (2.123) is (2.5) and we are done. So we assume for the rest
of this case that S; < S, which implies S} # £o/A and thus

Next, we make the following
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Claim: There exists K_ € H and u_ € X/ (Xx_, R4 /2,5,/2) such that

V corresponds to X (u—, R+ /2,5,/2) on Azi/fz. (2.126)

Proof of the claim: There are two subcases.
Subcase one: 16 Ry < g9/4 A and 64 Ry < R,. We claim the conditions of
step three are verified at s = 16 R4. First, (2.1) holds from (2.120), and

£o
4A

(which is (2.2)) holds due to the assumption of the subcase and 16R; >
s > max{64, My} R. Next, 2 R, < R,/4 by the assumption of the subcase,
which combined with the monotonicity of dy r s and (2.124) gives —gg <
dv.rA(2Ry) < 0. This implies (2.115) and (2.3) with s’ = 16 R;. Lastly,
(2.4) holds at s’ = 16 Ry since 64 R4 < R,. Thus we apply (2.116) at
s’ =16 R4, finding (2.126).

Subcase two: One or both of 16 Ry > €9/4 A, 64 Ry > R, hold. In this case,

max{64, Mo} R < 16 Ry <

64 Ry > min{eg/A, R} = S, . (2.127)
We wish to apply Lemma 2.8-(ii) with r = S,, A1 = &, (m1,m2) = (135, 3)-
By (2.120), (2.42) holds for V, and by (2.119), (2.120), and S, > 4s,

Sk
max{Mz, 64} R <5 < - < 8, < %2

which is (2.47). Finally, we have R, > S,/16 > s/8, so that by the definition
of R, (2.3), the monotonicity of dy g A, and (2.119),

s {5

which is (2.48). By the choices (2.119), Lemma 2.8-(ii) applies and yields
the existence of K_ € H and u_ € X/ (Xg_,5,/128,5,/2) such that

7|5V,R,A(S*)|} <egp < e,

V corresponds to S (ty,S./128, 5./2) on Ag1y, (2.128)

By (2.127), S./128 < R, /2, so (2.128) implies (2.126). The proof of the
claim is complete.

Returning to the proof of Theorem 2.1-(i) under the assumption (2.122),
we recall (2.125) and choose R’ € (Ri,min{2 Ry, S,}). Again, we want
to apply Lemma 2.8-(ii), this time with » = R/, \; = 1—16, and (n1,m2) =
(1/128,1/2). To begin with, V satisfies (2.42) as usual from (2.120). Second,
(2.47) holds at R by s < R’ < S, (2.120), and the choices (2.119). By the
monotonicity of dy,ga and [R'/16,R'] C [R4/16,5.] C [s/4,S.], (2.48) is
valid by our choice (2.119) of gg. The graphicality result from Lemma 2.8-(ii)
therefore yields K € H and u € X,/ (Xk, R'/128, R'/2) such that

V corresponds to X g (u, R'/128, R'/2) on Ag:ﬁzs' (2.129)
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Now s/32 < R//128 < R;/64 < S4+/16 by R’ < 2R, and (2.125), and
R,/2 < R'/2 < 5,/2, so by (2.123) and (2.126), respectively, we have

V corresponds to i, (us, R'/128, 51 /16) on A/ (2.130)

V corresponds to S (u_, Ry /2,R'/2) on AR/%) . (2.131)

where uy € Xp(Xg, , R'/128,5,/16) and u_ € Xy (¥k_, Ry /2, R'/2). Fur-
thermore, up multiplying vx, or vgx_ by minus one, we may assume v -
vk, > 0. Thus V is represented by multiple spherical graphs on nontriv-
ial annuli. By combining (2.129), (2.130) and (2.131), vk - vk, > 0 and
o' =0o'(¢'), (2.117) applies and gives

vk — Vi, | <, |k -vik |<e.

But &’ was chosen according to (2.118) so that Lemma 2.5-(i) is applicable;
that is, since ¢/ < ¢ and ¢’ < o( from that lemma, we may reparametrize
(2.123) and (2.126), respectively, as

54/16

V' corresponds to X (w4, s/32,5+/16) on A

(2.132)
V' corresponds to X (w—, Ry/2,5,/2) on Az:/?z, (2.133)

where
wy € XCo(o’—i-a’)(EK’ 8/32’ S+/16) y W- € XCO(U’+€’)(ZK7 R+/27 S*/2) :

By (2.118), Co(o'+¢') < o,and by R'/128 < S4/16 < Ry /2 < R'/2, (2.132)
and (2.133), we may extend the u defined in (2.129) onto Xk x (s/32, 5./2)
using w, and w_ with C'-norm bounded by ¢. The resulting extension is
such that (2.5) holds, so the proof of Theorem 2.1 is finished.

O

3. APPLICATION OF QUANTITATIVE ISOPERIMETRY

Here we apply quantitative isoperimetry to prove Theorem 1.6-(i) and
parts of Theorem 1.6-(iv).

Theorem 3.1. If W C R"! is compact, v > 0, then Min[yy (v)] # 0.
Moreover, depending on n and W only, there are vy, Coy, Ag positive, sg €
(0,1), and Ry(v) with Ry(v) — 0% and Ry(v) v/ = 00 as v — oo, such
that, if v > vy and E, is a minimizer of 1w (v), then:

(i): E, is a (Ag/v"/(*D) 550!/ (+)).perimeter minimizer with free
boundary in €, that is

Ao

P(E,;; QN B.(2)) < P(F;QN B.(2)) + 1/ (n+1)

|E,AF|, (3.1)
for every F C Q = R*™\ W with E,AF CC B,.(z) and r < sov/("+1);
(ii): There exists x € R"™! such that

|E,ABW) ()| < Cy o~ 1H1/R0H1] (3.2)
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if R(W) > 0, then there also exists u € C*°(0BW) such that
(OEy) \ By /(1) (3-3)

n y—z v
== {y + 'Ul/( +1)U<m) VB(”)(x)(y) Y S 83( )(.’E)} \ BRO,Ul/(n+1) )
(iii): if R(W) > 0 and = and u depend on E, as in (3.2) and (3.3), then

~1/(n+1) _ ,~1/(n+1) ,||U||01(aB<1>)} =0. (3.4)

lim sup max{“x! v 1

V=00 B eMin[yw (v)]

Remark 3.2 (Improved convergence). We will repeatedly use the following
fact (see, e.g. [FM11, FFM ™15, CL12, CLM16]): If Q is an open set, A > 0,
s> 0, if {Fj}; are (A, s)-perimeter minimizers in Q, i.e. if it holds that

P(Fy; By (x)) < P(Gy; Br(x)) + A |F;AG], (3.5)
whenever G;AF; CC By(x) CC Q and r < s, and if F is an open set with

smooth boundary in Q such that F; — F in LL () as j — oo, then for
every Q' CC Q there is j(') such that

OF) N ={y+uyvely) iy € QNOFENQ, )2 j(Q),

for a sequence {u;}; € CH QN OF) with ||uj|cronor) — 0. Compare the
terminology used in (3.1) and (3.5): when we add “with free boundary”, the
“localizing balls” B, (x) are not required to be compactly contained in €2,
and the perimeters are computed in B, (z) N €.

Proof of Theorem 3.1. Step one: We prove Min[¢y (v)] # 0 for all v > 0.
Since W is compact, B™) (z) CC Q for |z| large. Hence there is {E;}; with

E;jcQ, |Bj|=v, P(E;Q) < min{P(B(“)),P(F;Q)} +(1/5), (3.6)

for every F' C Q with |F| = v. Hence, up to extracting subsequences,
E; — E in LL (R™1) with P(E;Q) < lim; , . P(Ej; (), where 2 C Q and

|E| <wv. We now make three remarks concerning E:

(a): If {Q;}icr are the connected components of Q, then QNO*E = 0 if and
only if £ = U, @i (Io C I). Indeed, QN O*E = () implies cl (0*E) N Q =
OE N, hence OF C 0N and E = (J;¢7, . The converse is immediate.
(b): If QNO*E # 0, then we can construct a system of “volume—fizing
variations” for {E;};. Indeed, if QNO*E # (), then there are Bg,(zg) CC
with P(E;0Bg, (7)) = 0 and a vector field X € C°(Bg,(7o); R*™!) such
that [ div X = 1. By [Magl2, Theorem 29.14], there are constants C, ¢g >
0, depending on E itself, with the following property: whenever |(FAE) N
Bs,(70)| < co, then there is a smooth function ®f : R™ x (—cg, cg) — R™ such
that, for each |t| < cp, the map ®f = ®F(-¢) is a smooth diffeomorphism
with {f #id} CC B, (z0), [0 (F)| = |F| +, and P&} (F); B, (xo)) <
(14 Cy |t|) P(F; Bsy(z0)). For j large enough, we evidently have |(E;AE)N
Bs,(79)| < co, and thus we can construct smooth functions ®/ : R™ x
(—co,co) — R™ such that, for each [t| < co, the map & = ®7(-,t) is a
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smooth diffeomorphism with {®] # id} CC Bg,(x0), |®{(E;)| = |Ej| + ¢,
and P(®] (E;); Bs, (v0)) < (1+ Co |t]) P(Ej; B, (x0)).

(c): IfQNO*E # 0, then E is bounded. Since |E| < v < oo, it is enough to
prove that QN 0*FE is bounded. In turn, taking zo € QN O*FE, and since W
is bounded and |E| < oo, the boundedness of QN J*E descends immediately
by the following density estimate: there is r; > 0 such that

|E N By(z)] > ¢(n) Pt
VzeQNI'E, r<ri, By(z) CC R\ (I, (W)U Bs,(20)) -

To prove (3.7), let 71 > 0 be such that |B,,| < cp, let = and r be as
in (3.7), and set F; = (®](E;) N Bs,(z0)) U [E; \ (Br(z) U Bs,y(z0))] for
t = |E; N By(x)| (which is an admissible value of ¢ by |B,,| < ¢p). In this
way, |F;| = |Ej| = v, and thus we can exploit (3.6) with /' = F};. A standard
argument (see, e.g. [Magl2, Theorem 21.11]) leads then to (3.7).

Now, since 92 C W is bounded, every connected component of €2 with
finite volume is bounded. Thus, by (a), (b) and (c¢) above, there is R > 0 such
that WUE CC Bpg. Since |[EN[Br+1\Bg|| =0, we can pick T' € (R, R+1)
such that H”(EjﬂaBT) — O and P(Ej\BT) = H”(EjﬂaBT)+P(Ej; Q\BT),
and consider the sets I; = (E; N Br) U B, (y) corresponding to p; = (|E; \
Br|/wnt1)Y @D and to y € R™! which is independent from j and such
that [y| > p;+T (notice that sup; p; < C(n) v/ (1)) Since |F}| = |E;| = v,
(3.6) with F' = F; and P(B,,) < P(E; \ Br) give

P(E; Q) = (1/4) < P(F;9Q) < P(Ej; Q0 Br) + H"(E; N 9Br) + P(By,)
< P(Ej; Q) + QHn(Ej NoBr),

(3.7)

so that, by the choice of T', {F}}; is a minimizing sequence for ¢y (v), with
F; C By« and T™* independent of j. We conclude by the Direct Method.
Step two: We prove (3.2). If E;, a minimizer of ¢y (v) and R > 0 is such
that W CC Bg, then by P(E,;Q) < P(B™) we have, for v > vy, and v
and Cy depending on n and W,

P(E,\Bg) < P(EyxQ)+nw,R"<P(BYW)+C (3.8)
< (14 (Co/v)) P(BIFAPED) 4 ¢y,
where we have used that, if v > 2b > 0 and a« =n/(n + 1), then
P(BYYP(BC™N™1 1 = (v/(v—0))*—1<ab/(v—>b) <2abuv’.
By combining (1.3) and (3.8) we conclude that, for some x € R**!,
(B \ BR)ABUP\PrD (2)|\2 _ P(E, \ Br) Co
) ( 5.\ Bal ) < PBUEABRD) ~ L= ya/tni)
provided v > vg. Hence we deduce (3.2) from
|E,ABY ()] = 2|E,\ BY(x)] < Co +2|(E, \ Br) \ BV (z)|

< Co+2|(E,\ Bg) \ BUENBRD (2)| < Cy + | B, \ BR| Coo™/2("H1).
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Step three: We prove the existence of vy, Ag, and sg such that every E, €
Min[¢y (v)] with v > v satisfies (3.1). Arguing by contradiction, we assume
the existence of v; — oo, E; € Min[yw (vj)], Fj C Q with |F;AE;| > 0 and

F;AE; CC By,(x;) for some z; € R™! and r; = vjl-/(n+1)/j, such that
. —1/(n+1
P(Ej; aQn Brj(:cj)) > P(F},Q N Brj(a:j)) +j’l)j /(1) {EjAFj‘ .
Denoting by E7, F}* and {); the sets obtained by scaling Ej, F; and () by a
—-1/(n+1)

factor v; , we find that F;AEY CC By, (y;) for some y; € R"*1 and

P(E;; Q5N Byy;(y;)) > P(Ff;9Q5 0 Byy;(yy)) + j |EjAF] . (3.9)
By (3.2) there are z; € R™™! such that \E;‘AB(I)(zj)\ — 0. We can therefore
use the volume-fixing variations of B to find diffeomorphisms <I>g R —
R™ and constants c¢(n) and C(n) such that, for every [t| < ¢(n), one has
{®] #id } CC Uj for some open ball U; with U; CC Q;\ By;(y;), |91 (E7)N
Ujl = |E; NUj| +t, and P((bg(E]’-‘);Uj) < (1 +C(n)[t]) P(E}; Uj). Since
FYAET CC Bl/j(yj) implies ||F}|—|E7|| < c(n) for j large, if t = |E|—[F|,
then G = ®;(F}) is such that |G| = |E}|, and by E; € Min[¢w (v;)],
P(E}; Q) < P(G5;9) < P(Ef; 5\ (Uj U Byy;(y;)))
+P(F} 95N By j;(y;)) + P(E}; Uj) + C(n) P(E}; Uj) |E; AF}|.
Taking into account P(E7;U;) < ww(vj)/v?/(nﬂ) < C(n), we thus find
P(E};Q; 0 Biyj(y;)) < P(F}:95 0 Buyj(y;)) + Cn) |[EfAFY]

which, by (3.9), gives j |E}‘AF;“ < C(n) }EJ*AFJ*‘ Since |ETAF| > 0, this
is a contradiction for j large enough.
Step four: We now prove that, if R(W) > 0, then

lim sup || v~/ (D) w D — (3.10)
U7 B, eMinfyw (v)] | |
where x is related to E, by (3.2). In proving (3.10) we will use the assump-
tion R(W) > 0 and the energy upper bound

Jim g (v) — P(BW) < —R(W). (3.11)

A proof of (3.11) is given in step one of the proof of Theorem 1.6, see section
5; in turn, that proof is solely based on the results from section 4, where no
part of Theorem 3.1 (not even the existence of minimizers in ¢y (v)) is ever
used. This said, when |WW| > 0, and thus S(W) > 0, one can replace (3.11)
in the proof of (3.10) by the simpler upper bound

T o (v) — P(B®) < ~S(W), (3.12)

where, we recall, S(W) = sup{H"(W N1I) : II is a hyperplane in R**1}. To

prove (3.12), given II, we construct competitors for ¥y (v) by intersecting

Q with balls B®)(z,) with v > v and z,, such that |B(")(z,)\ W| = v and
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H(W N OB (z,)) — H*(W NTI) as v — co. Hence, limy, o0 P (v) —
P(B™) < —H™(W N1I), thus giving (3.12). The proof of (3.11) is identical
in spirit to that of (3.12), with the difference that to glue a large ball to
(F,v) € Max[R(W)] we will need to establish the decay of OF towards a
hyperplane parallel to v to the high degree of precision expressed in (1.14).
Now to prove (3.10): by contradiction, consider v; — oo, E; € Min[¢w (vj)],
and z; € R"*! with inf,cpni1 |[E;ABW) (z)| = |E;AB®) (2;)], such that
jl%)lo || v; Yt) _ wni{(nﬂ)‘ >0, (3.13)

and set \; = vj_l/(nﬂ), B = N (B —xj), Wy =X (W —x;), and QF =
Aj (2 —zj). By (3.1), each E7 is a (Ao, so)-perimeter minimizer with free
boundary in €. By (3.2) and the defining property of z;, E — BW in
L'(R"*1). Moreover, diam (W) — 0 and, by (3.13),

lim dist(W;,0BW") > 0. (3.14)

Jj—00

Thus there is zg & B such that, for every p < dist(zg, >B™1)), there is
Jj(p) such that {E7};>(,) is a sequence of (Ao, sp)-perimeter minimizers in
R"1\ B,/5(z0). By Remark 3.2, up to increasing j(p), (OE7) \ Bp(20) is
contained in the normal graph over 9B of uj with HUch*l(aBU)) — 05 in
particular, by (3.14), (OE7) \ By(zo) is disjoint from Wr. By the constant
mean curvature condition satisfied by QNOE?, and by Alexandrov’s theorem
[Ale62], (OE7) \ By(20) is a sphere M7 for j > j(p). Let Bj be the ball
bounded by M. Since M7 N W} = (), we have either one of the following:
Case one: W) C B;. We have 9[Bj U E7] C M} U[(OE}) \ cl(B})] C
(OE7) \ W, so that, by |B} U EY| > |EJ*] + \Wj?“| > 1, we find P(E7; Q) >
P(ByUE;) > P(BW), that is, ¢w(v;) > P(BY), against (3.11).

Case two: Wr N B; = (). In this case, E; = B} UG}, where Gj is the
union of the connected components of E}“ whose boundaries have non-empty
intersection with W;‘: in other words, we are claiming that B; is the only
connected component of E; whose closure is disjoint from W]?“. Indeed, if
this were not the case, we could recombine all the connected components of
E7 with closure disjoint from W} into a single ball of same total volume,
centered far away from W, in such a way to strictly decrease P(E7;Q7),
against E; € Min[¢w (v;)]. Let us now set G; = z; + U;/(nﬂ) G} and
Uj=x;+ vjl-/(nﬂ) B, so that E; = G; UU; and dist(G;, U;) > 0.

If we start sliding U; from infinity towards G; U W along arbitrary di-
rections, then at least one of the resulting “contact points” z; belongs to
2N 0G;: if this were not the case, then G; would be contained in the
convex envelope of W, so that |B;| = |E;| — |G| > v; — C(W), and
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thus, by Yw(v;) = P(E;Q) > P(Bj;W) = P(Bj), and by P(B;) >
P(B(”J"C(W))) > P(B(”J'))—C(W) vj_l/(nH), against with (3.11) for j large.
By construction, there is a half-space H; such that G; C Hj, z; €
(0G4) N (0H;), and G; is a perimeter minimizer in B,(z;) for some small
r > 0. By the strong maximum principle, see, e.g. [DPM15, Lemma 2.13],
Gj has H;—z; as its unique blowup at z;. By De Giorgi’s regularity theorem,
see e.g. [Magl2, Theorem 21.8], G; is an open set with smooth boundary in a
neighborhood of z;. Therefore, if we denote by U]{ the translation of U; con-
structed in the sliding argument, then, E; = GjUUJ’- € Min[¢w (v)] and, in a
neighborhood of z;, E; is the union of two disjoint sets with smooth bound-
ary which touch tangentially at z;. In particular, |E} N B,(2;)|/|Br| — 1 as
r — 01, against volume density estimates implied by (3.1), see, e.g. [Magl2,
Theorem 21.11].
Step five: We finally show the existence of vy and Ry(v) with Ry(v) — 0
and Ro(v) v/ (") — oo, such that each E, € Min[¢w (v)] with v > vg deter-
mines x and u € C=(9BW) such that (3.3) holds and sup, [ull cropmy —
0 as v — oo. To this end, let us consider v; — oo, E; € Min[¢w (v;)], and de-
fine zj, EY and W as in step four. Thanks to (3.10), there is zg € oBW s t.
dist(z0, W) — 0. In particular, for every p > 0, we can find j(p) € N such
that if j > j(p), then E7 is a (Ag, so)-perimeter minimizer in R\ B,(20),
with EY — BW. By Remark 3.2, there are u; € C*(0B(M) such that

(OE;)\ Bay(20) = {y + uj(y) v (y) : y € 9BWY\ Bap(20), Vi > j(p),

and ”Uj”cl(aB(l)) — 0. By the arbitrariness of p and by a contradiction

argument, (3.3) holds with Ro(v) — 01 such that Ro(v) v/ ) — oo as
v — 00, and with the uniform decay of [|ullc1(5pa))- 0

4. PROPERTIES OF ISOPERIMETRIC RESIDUES

Here we prove Theorem 1.1. It will be convenient to introduce some
notation for cylinders and slabs in R™*!: precisely, given r > 0, v € S* and
I C R, and setting p,.(z) =z — (- v)v (x € R"1) we let

D! = {zeR":|piz|<r,z-v=0},

Cc/ = {= eR" : |p, .z <r},

= {zeR"™ :|pz|<r,z-vel}, (4.1)
0Cr; = {zreR"™ i pa|=r,2-vel},

ST = {xGR”+1:x-V€I}.

Given x € R"" we also set DY(z) = x + D%, C¥(x) = x + CY, etc. We
premise the following proposition, used in the proof of Theorem 1.1 and
Theorem 1.6, and based on [Sch83, Proposition 1 and Proposition 3].
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Proposition 4.1. Let n > 2, v € S*, and let f be a Lipschitz solution to
the minimal surface equation on v\ cl(DY%). If n = 2, assume in addition
that M = {z + f(x)v : |x| > R} is stable and has natural area growth, i.e.

/ VM A2 2 >0, Ve CLRI\ Br),  (42)
M

H>(MNB,)<Cr?, Vr > R. (4.3)
Then there are a,b € R and ¢ € v+ such that, for every |z| > R,
(&) — (a4 b+ (c- o) el ™)| < Clal™, (n>3)  (44)
7@) — (a+bloglal + (c-0) o] 2)| < Clal 2, (n=2)  (45)
max {|z" ! [V f(2)], 2" |V2f (@)  : |o]| > R} < C, (everyn).

Proof. If n > 3, the fact that V f is bounded allows one to represent f as the
convolution with a singular kernel which, by a classical result of Littman,
Stampacchia, and Weinberger [LSW63], is comparable to the Green’s func-
tion of R™; (4.4) is then deduced starting from that representation formula.
For more details, see [Sch83, Proposition 3]. In the case n = 2, by (4.2)
and (4.3), we can exploit a classical “logarithmic cut-off argument” to see
that M has finite total curvature, i.e. [,,|K|dH? < oo, where K is the
Gaussian curvature of M. As a consequence, see, e.g. [PR02, Section 1.2],
the compactification M of M is a Riemann surface with boundary, and M
is conformally equivalent to M \ {p1, ..., pm }, where p; are interior points of
M. One can thus conclude by the argument in [Sch83, Proposition 1] that
M has m-many ends satisfying the decay (4.5), and then that m = 1 thanks
to the fact that M = {x + f(z) v : |z| > R}. O

Proof of Theorem 1.1. Step one: Given a hyperplane IT in R**! if F is
a half-space with OF = II and v is a unit normal to II, then resy (F,v) =
H"(W N1II). Therefore the lower bound in (1.11) follows by

R(W) > S(W) =sup {H"(IIN W) : II an hyperplane in R"*'} . (4.6)

Step two: We notice that, if (F,v) € F, then by (1.8), (1.9), and the
divergence theorem (see, e.g., [Magl2, Lemma 22.11]), we can define a Radon
measure on the open set v\ p, . (W) by setting

uU) = P(F;(p,.) ' (U)) =H"(U),  Ucv\p,(W).

In particular, setting R’ = inf{p : W C C}}, the fact that u(D\p,.(W)) >
0 gives

P(F;CR\ W) > w, B — H'(p,.(W)),  VR> R,
while the identity
wn B" — P(F; Cp \ W) = —u(Dg \ Df/) + wn (R)" — P(F; CR \ W)
(which possibly holds as —oo = —o0 if P(F; C%, \ W) = 400) gives that

Re (R ,00) = wy R" — P(F;CY% \ W) is decreasing on (R',00). (4.7)
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In particular, the limsup defining resy, always exists as a limit.

Step three: We prove the existence of (F,v) € Max[R(W)] and (1.12). We
first claim that if {(F} 1/])} ;j is a maximizing sequence for R(W), then, in ad-
dition to Pyl 1 (0F}) = v;-, one can modify (F},v;), preserving the optimality

in the limit j — oo, so that (writing X Cﬁn+ Y for | X \Y|=0)

vj En+1 vj £n+1 n+1
OF); CS[A B, S(fooA,) C Fj, S( Byoo) C R"N\F;,  (4.8)
where [A;, Bj] ﬂ{ W C S'(/;ﬂ)}

Indeed, since (F},v;) € F, for some a; < 3; € R we have

OF; C S/’ lpy_qazrj):ujL

[04 ,B8517
Would it be that either S’

(—00,05)U(B;,00 00,a5)U(83;,00)
R™L\ F}, then, by the divergence theorem and by p,. (9F;) = yji,
J

o0) Cprn+t1 F or S( Cprnti1

P(F;CHNQ) >2(w, R —H"(p, (W))), VR>0,
J

and thus resy (F}, vj) = —oo; in particular, (F},v;) € F being a maximizing
sequence, we would have R(W) = —oo, against (4.6). This proves the
validity (up to switching F; with R"*1\ F}), of the inclusions

S

(—o0,a;5)

Cpentr Fj, S Cpnsr RPTLY Fj. (4.9)

vj
(Bj,00)
Thanks to (4.9) (and by exploiting basic set operations on sets of finite
perimeter, see, e.g., [Magl2, Theorem 16.3]), we see that

Fr = (F; U S( 00,4, 71/3)) N S( 00, B;+1/7) satisfies (4.10)

(F},v;) € F, P(F;;CE\W) < P(Fj;CE\W), VR >0;
in particular, {(F},v;)}; is also a maximizing sequence for R(W). By stan-
dard compactness theorems there are F of locally finite perimeter in R

and v € S™ such that F; — F in LL (R""1) and v; - v. If A CC C{\ W
is open, then, for j large enough, A CC C}Vg \ W, and thus

P(F;CH\ W)= sup P(F;A) < lim P(Fj;CJ\W).  (4.11)
AccCy\wW j—o0

By (4.7), R~ w, R" — P(Fj;C}J \ W) is decreasing on R > R; = inf{p :
W cC,'}. By sup; R; < C(W) < oo and (4.11) we have

wp R — P(F;CH\ W) > lim w, R" — P(F;; C \ W) > lim resy (F},v;),
j—00 J—00
for every R > C(W); in particular, letting R — oo,

resy (F,v) > lim resy (Fj,v;) = R(W). (4.12)
j—)OO
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By Fj — Fin LL (R""1), 9F = cl (0*F) is contained in the set of accumu-

loc

lation points of sequences {x;}; with z; € OF}, so that (4.8) gives
OF CStups  S{ooa Contt Fu S{g gy Contt RPN F, - (413)

if [A,B] = ({(a,8) : W C S{, g} Therefore (F,v) € F, and thus, by
(4.12), (F,v) € Max[R(W)]. We now show that (4.12) implies (1.12), i.e.

P(F;QNB)< P(G:QNB), VYFAGCC B, B a ball. (4.14)

Indeed, should (4.14) fail, we could find § > 0 and G C R"™! with FAG CC
B for some ball B, such that P(G; B\ W)+ < P(F; B\ W). For R large
enough to entail B CC C’%, we would then find
resy (F,v)+ 0 <w, R"— P(F;CR\W)+0 <w, R"— P(G;Cr\ W),

which, letting R — oo, would violate the maximality of (F,v) in R(W).
Step four: We show that if R(W) > 0 and (F,v) € Max[R(W)], then
OF C S, p for A, B as in (4.13). Otherwise, by the same truncation
procedure leading to (4.10) and by (F,v) € Max[R(W)], we would find

wpR" — P(F*;CH\W) >w,R" — P(F;CEZ\W) >R(W) VR>0,

so that (F*,v) € Max[R(W)] too. Now P(F;Cy \ W) — P(F*;CZ \
W) is increasing in R, and since resy (F,v) = resy (F™*,v), it follows that
P(F; Cg \W) = P(F*; Cg \W) for large R. But this can hold only if 0 FNS2
is an hyperplane disjoint from W, in which case R(W) = resw (F,v) = 0.

Step five: Still assuming R(W) > 0, we complete the proof of statement
(ii) by proving (1.14). By (4.13), if (F,v) € Max[R(W)], then F/R — H~ =
{z eR"™ 2.1y <0} in Ll (R"™!) as R — co. By (4.14) and by improved
convergence (i.e., Remark 3.2 — notice carefully that OF is bounded in the

direction v thanks to step four), we find Rr > 0 and functions { fr} r>r, C
C(D% \ DY) such that

(C5\CY)NO(F/R) = {z+ fr(z)v:z € DY\ D/}, VR > Rp.
with || frllc1(py\py) — 0 as R — oc. Scaling back to F' we deduce that
(8F)\CVRF:{$+f(x)l/::c€l/J‘\DﬁF}, (4.15)
for a (necessarily smooth) solution f to the minimal surfaces equation with
HfHCO(ul\DVRF) <B-A, ngréo IV flleoy \py) =0, (4.16)

thanks to the fact that f(x) = R fr(z/R) if z € D5y \ D%. When n > 3,
(1.14) follows by (4.15) and Proposition 4.1. When n = 2, (4.2) holds
by (4.14). To check (4.3), we deduce by resy (F,v) > 0 the existence of
R’ > Rp such that w, R* > P(F;C%, \ W) —1if R > R'. In particular,
setting M = (OF) \ Bg,., for R > R’ we have

H?(MNBRg) < HA(MNW)+P(F; CH\W) < w, R*F14+H*(MNW) < C R™,

provided C' = w,, + [(1 + H3>(M N'W))/(R")"]; while if R € (Rp, R'), then
H?*(M N Bg) < CR" with C = H*(M N Bg/)/R%. This said, we can
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apply Proposition 4.1 to deduce (4.5). Since OF is contained in a slab,
the logarithmic term in (4.5) must vanish (i.e. (4.5) holds with b = 0),
and thus (1.14) is proved. Finally, when n = 1, by (4.15) and (4.16)
there are aj,az € R, 71 < 9, 1,22 € vt = R such that f(z) = a
for x € vt, z < 21, and f(z) = ap for x € v', © > x9. Now, setting
Mi={z+av:zcvtz<x}and My={x+av:a v x>}, we
have that

P(F;CVR\W):HH(CVRQ(GF)\(WUMlUMQD+2R—’1‘2—.%’1‘;

while, if L denotes the line through z; + a1 v and xs + as v, then we can
find v, € S' and a set Fy, such that (Fp,v;) € F with 0F; = [((BF) \
(MU Mg)) U (Ly ULQ)], where L1 and Lo are the two half-lines obtained by
removing from L the segment joining x1 + a1 v and 2 4 ag v. In this way,
P(FL,CIV%L\W) :an( %ﬂ(aF)\(WUMlLJMQ)) +2R— |(CL‘1+CL1V) -
(z2+ag V)|, so that resy (Fp,vr,) —resw (F,v) = |(z1+ a1 v) — (2 +azv)| —
|ze — 1] > 0, against (F,v) € Max[R(W)] if a1 # az. Hence, a; = as.

We are left to prove that (4.15) holds with Ry = R2(W) in place of Rp,
and the constants a, b, ¢ and Cp appearing in (1.14) can be bounded in
terms of W only. To this end, we notice that the argument presented in
step one shows that Max[R(W)] is pre-compact in L} (R"™!). Using this
fact and a contradiction argument based on improved convergence (Remark
3.2), we conclude the proof of statement (ii).

Step six: We complete the proof of statement (i) and begin the proof of
statement (iii) by showing that, setting for brevity d = diam (W), it holds

H'(WNI) <R(W) < suS[; H' (p,r (W) <wyp (d/2)"™, (4.17)

whenever II is a hyperplane in R"*!. We have already proved the first
inequality in step one. To prove the others, we notice that, if (F,v) € F,
then p,. (OF) = vt and (4.7) give, for every R > R/,

—resy (F,v) > P(F;C{ \ W) —wp, R* > H"(p,+ (OF \ W) N D%) — wy, R"
= —H" (DR \p,r (OF \W)) > ~H"(p,1(W)) > —w, (d/2)",  (4.18)

where in the last step we have used the isodiametric inequality. Maximizing
over (F,v) in (4.18) we complete the proof of (4.17). Moreover, if W =
cl(By2), then, since S(cl(Bg2)) = H"(cl(Bgy2) N1II) = wy, (d/2)" for any
hyperplane II through the origin, we find that R(cl (Bg/2)) = wy, (d/2)"; in
particular, (4.17) implies (1.15).
Step seven: We continue the proof of statement (iii) by showing (1.16).
Let R(W) = wy, (d/2)™ and let (F,v) € Max[R(W)]. Since every inequality
in (4.18) holds as an equality, we find in particular that

sup P(F;Cr\ W) —H"(p,.(OF \W)ND%) =0, (4.19)

R>R/

H*(p,r (W) = wn (d/2)" . (4.20)
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By (4.20) and the discussion of the equality cases for the isodiametric in-
equality (see, e.g. [MPP14]), we see that, for some x¢ € v+,

P, (W) = cl(Dy5(20)), so that W C Cy 5(20) -
Condition (4.19) implies that (1.14) holds with u = a for some a € [A, B] =

N{(a,8) : W C S'(’aﬁ)}; in particular, since (OF) \ W is a minimal surface
and W C C} /2(1'0), by analytic continuation we find that

(OF) \ Cgja(@o) =11\ Cy jp(w0) , N={z:z-v=a}. (4.21)
By (4.21), we have that for R > R/,

P(F;CR\W) —wn R" = P(F; Cyo(0) \ W) — wn (d/2)" .

Going back to (4.18), this implies P(F; Cy 5(x0) \ W) = 0. However, since
(OF) \ W is (distributionally) a minimal surface, P(F; By(x) \ W) > wy, p"
whenever z € (OF)\W and p < dist(z, W), so that P(F; Cj5(z0) \W) =0
gives ((OF)\W)NCy 5(z0) = 0. Hence, using also (4.21), we find (OF)\W =
IT\ cl (By2(x)) for some x € II, that is (1.16).

Step eight: We finally prove that R(W) = w, (d/2)" if and only if there
are a hyperplane II and a point x € II such that

1N OBys(z) C W, (4.22)
Q\ (IT'\ Bg2(x)) has two unbounded connected components.  (4.23)

We first prove that the two conditions are sufficient. Let v be a unit normal
to II and let IT*T and II~ be the two open half-spaces bounded by II. The
condition ITU 0B/3(x) C W implies W C Cyj 5(x), and thus

Q\cl [CZ/Q,(—d,d) (z)] =@tul )\« [CZ/Q,(—d,d) ()] .

In particular, Q\ (IT'\ By/2(z)) has a connected component F' which contains

I\ cl [05/2,(—d,d) (m)] 3
and since 2\ (IT'\ Bg/2(7)) contains exactly two unbounded connected com-
ponents, it cannot be that F' contains also IT™ \ cI [Cf 5 _, »(@)], therefore

I\ el [Clhy (am@)] CF, T\l [Clhy gp(@)] CR™ N\ cl(F).
(4.24)
As a consequence OF is contained in the slab {y : |(y — x) - v| < d}, and is
such that p,. (OF) = v+, that is, (F,v) € F. Moreover, (4.24) implies

I\ el (Byja(x)) C QN OF,
while the fact that F' is a connected component of Q\ (IT'\ By/o(x)) implies
QNOF C I\ cl(Bg/s(x)). In conclusion, QN IF =11\ cl (By/()), hence
o (d/2)" = i cour™ = PUFSCE\W) < ROW) < wn (42",
and R(W) = wy, (d/2)", as claimed. We prove that the two conditions are

necessary. Let (F,v) € Max[R(W)]. As proved in step seven, there is a
48



hyperplane IT and = € II such that Q NOF = 11\ cl (Bg/y(v)). If 2 € IIN
0Bg/o(r) but z € , then there is p > 0 such that B,(z) C 2, and since OF
is a minimal surface in 2, we would obtain that IINB,(z) C QNOF, against
QNOF =1II\cl(Bg/a(x)). So it must be [INOB;/5(z) C W, and the necessity
of (4.22) is proved. To prove the necessity of (4.23), we notice that since
I\ cl [C 2, (—a.a)(®)] and TI™ \ el [Cy 5 ;4 ()] are both open, connected,
and unbounded subsets of 2\ (Il \ Bg/5(x)), and since the complement in
Q\ (IT\ By/a()) of their union is bounded, it must be that Q\ (IT\ By/»())
has at most two unbounded connected components: therefore we just need to
exclude that it has only one. Assuming by contradiction that this is the case,
we could then connect any point x* € I \ cl [C/2,(—d,a)(%)] to any point
= € "\ [Cy 5 (4 q)(2)] With a continuous path ~ entirely contained in
Q\ (IT\ Bg/a()). Now, recalling that QN JF = II\ cl (Bg/s(x)), we can pick
wo € IT\ cl (Bgy2(z)) and 7 > 0 so that

By(zo) NIt C F,  Bp(zo) NI~ Cc R"™\ cl(F), (4.25)
and By(zo) N cl[Cyy (_qq)(x)] = 0. We can then pick xt € By(zo) NIIT,
x~ € By(xp)NII~, and then connect them by a path 7 entirely contained in
Q\ (IT\ Bgja(x)). By (4.25), v must intersect OF, and since 7 is contained
in 2, we see that v must intersect QNIF = II\ cl (By/2(z)), which of course

contradicts the containment of v in Q\ (IL'\ Bg/2(z)). We have thus proved
that Q\ (II\ By/2()) has exactly two unbounded connected components. [

5. RESOLUTION THEOREM FOR EXTERIOR ISOPERIMETRIC SETS

S+

The notation set in (4.1) is in use. Given vj — oo, we set \; = v,

Proof of Theorem 1.6. Theorem 1.6-(i) and the estimate for [v=1/ (1) || —

w;ﬂ("H” in Theorem 1.6-(iv), have already been proved in Theorem 3.1-(ii,
1Snt)(.ap one: We prove that
Jim gy (v) = P(BY) < ~R(W). (5.1)
To this end, let (F,v) € Max[R(W)], so that by (1.13) and (1.14), we have
F\Cﬁ2:{x+tl/i$EI/L,|l‘|>R2,t<f($)}, (5.2)
for a function f € C'(vt) satisfying
|f(;r) — (a +b |x\2_” + (c-x) |:c|_”)‘ < Cplz|™, (5.3)

max {|z" 7 [Vf(2)], [2* [V*f(2)]} < Co, Vo evt,|z|> Re,

and for some a,b € R and ¢ € v+ such that max{|al, |b|,|c|} < C(W) < oo

(moreover, we can take b = 0, ¢ = 0 and Cy = 0 if n = 1). We are going

to construct competitors for ¢y (v) with v large by gluing a large sphere

S to OF along 0CY for r > Ry. This operation comes at the price of an

area error located on the cylinder OC}. This error will remain bounded as
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FIGURE 5.1. The competitors F), constructed in (5.7). A max-
imizer F in the isoperimetric residue R(W) is joined to a ball of
volume v, whose center z,, is determined by looking at best hy-
perplane OG, approximating OF on the “lateral” cylinder 0CY.
To ensure the area error made in joining this large sphere to OF
is negligible, the distance between 9F and the sphere inside 9C;.

must be o(r'=") as r — co. The asymptotic expansion (5.3) gives
a hyperplane dG, which is close to OF up to O(r~"), and is thus

just as precise as needed to perform the construction.

needed thanks to the fact that (5.3) determines the distance (inside of OCY)
of OF from a hyperplane (namely, G, for the half-space G, defined below)
up to o(r!=") as r — oco. Thus, the asymptotic expansion (1.14) is just as
precise as needed in order to perform this construction, i.e. our construction
would not be possible with a less precise information.

We now discuss the construction in detail. Given r > Ry, we consider the
half-space G, C R*! defined by the condition that

G,«ﬂaCﬁz{x—i—tl/::rEl/L,m:r,t<a+br2_"+(c-ac)r_”}, (5.4)

so that G, is the “best half-space approximation” of F' on 0C; according to
(5.3). Denoting by hd (X,Y) the Hausdorff distance between X,Y C R**!
for every » > Ry and v > 0 we can define z,, € R™*! in such a way that
v = Ty, is continuous and
lim hd (B (z,,)NK,G,NK)=0 VK ccR"!, (5.5)
v oo
Thus, the balls B(®) (2r,») have volume v and are locally converging in Haus-

dorff distance, as v — oo, to the optimal half-space G,.. Finally, we notice
that by (5.3) we can find a < 8 such that

((8F) U (0G,) U (GTAF)) NC; C CZT”(QJFLB_I) ) (5.6)
and then define F; , by setting
Fry = (FNC] (4 5) U (B (@) \d[C)g)]) (5.7)

see Figure 5.1. We claim that, by using F), as comparisons for ¢y (|Fy v]),
and then sending first v — oo and then r — oo, one obtains (5.1). We first
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notice that by (5.5) and (5.6) (see, e.g. [Magl2, Theorem 16.16]), we have
P(F.;;Q) = P(F;CY 5 \ W)+ P(BY (2n0); R\l [CY, 5)])
+H" (FABY (2.0)) N 0iCY. (4 5)) » (5.8)

where the last term is the “gluing error” generated by the mismatch between
the boundaries of F and 9B (z,.,,) along 9¢Cy (, 5)- Now, thanks to (5.3)

we have hd (G, N9CY, FNICY) < Cyr~", so that
H"((FAG,) N 9CY) < nw, " 'hd (G, NICY, FNICYL) < C(n,W)/r.

(5.9)
At the same time, by (5.5),
. n (v) v _
vILHOIO% ((GTAB (xm,)) N 8407’7(0475)) = 0,
and thus we have the following estimate for the gluing error,
n v v C(”? W)

Jim # (FAB™(2,,)) N 9CY, 5)) < =, V>R (510)

Again by (5.5), we find
1 (v) el — WalZ
Uli)nolo P(B (:1:7",1})7 Cr,(a )) = P(GT, CT (o, B)) (511)

1< (wpr™)! (GT,C”7 ][ V14 (c/rm)2 <14 Cor2", (5.12)

so that, by (5.11) and by the lower bound in (5.12), for every r > Ra,
lim P(B®(z,,); R\ cl [CY, 5]) = P(BM) < —wur™.  (5.13)
)

vV—00
Combining (5.10) and (5.13) with (5.8) and the fact that C} , 5 NOF =
C; NOF (see (5.6)), we find that for every r > Rs,

Jim P(F03Q) = P(BY) < P(F; CL\W) = wo 1™ + C(n, W) /r
< —resy (F,v)+C(n,W)/r=—-RW)+C(n,W)/r. (5.14)
where (4.7) has been used. Now, combining the elementary estimates
max {[|F,| — | ,o™ /T p(BW) — p(BUFD)[} < O(n) ™! (5.15)
with (5.14), we see that
U@o Yw (| Fro|) = P(BIFDy < —R(W) + C(n,W)/r, ¥r > Ry. (5.16)

Again by (5.15) and since v — |F}.,| is a continuous function, we see that
im0 Y (| Frp|) = P(BUFrwDy = Tim, o0 tbyy (v) — P(B®™)). This last iden-
tity combined with (5.16) implies (5.1) in the limit r — oco.

Step two: Now let E; € Min[yw (v;)] for v; — co. By (3.1) and a standard
argument (see, e.g. [Magl2, Theorem 21.14]), there is a local perimeter min-
imizer with free boundary F' in €2 such that, up to extracting subsequences,

E; — Fin L{ (R"), H" OF; — H"_OF as Radon measures in (2,

hd (K NoE;; KNOF) — 0 for every K CC Q). (5.17)
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Notice that it is not immediate to conclude from E; € Min[¢w (v;)] that
(for some v € S") (F,v) € Max[R(W)] (or even that (v, F') € F), nor that
P(E;; Q) — P(B)) is asymptotically bounded from below by —resy (F,v).
In this step we prove some preliminary properties of F', and in particular
we exploit the blowdown result for exterior minimal surfaces contained in
Theorem 2.1-(ii) to prove that F' satisfies (5.2) and (5.3) (see statement (c)
below). Then, in step three, we will use the decay rates (5.3) to show that
E; can be “glued” to F', similarly to the construction of step one, and then
derive from the corresponding energy estimates the lower bound matching
(5.1) and the optimality of F' in R(W).

(a) QNOFNIB, # 0 for every p such that W CC B,: If not there would be
e > 0 such that W CC B,_. and QN JF N Azfi = () (recall that A% = {x :
s> |z| > r}). By (5.17) and the constant mean curvature condition satisfied
by QN OE;, we would then find that each E; (with j large enough) has a
connected component of the form B(5)(z;), with B (z;) cC R*™1\ B,,.
and w; > v; — C(n) (p + )", In particular, against R(W) > 0,

b (v)) = P(Ej; Q) = P(BOCera™™) > p(B®)) — AT (p + o).

(b) Sharp area bound: We combine the upper energy bound (5.1) with the
perimeter inequality for spherical symmetrization, to prove

P(F;QNB,) <w,r" —R(W), for every r s.t. W CC B,. (5.18)

(Notice that (5.18) does not immediately imply the bound for P(F;QNCY)
which would be needed to compare R(W) and resy (F,v).) To prove (5.18)
we argue by contradiction, and consider the existence of 4 > 0 and r with
W CC B, such that P(F;QN B,) > w, ™ — R(W) + 6. In particular, for
7 large enough, we would then have

P(E; QN By) > wpr = R(W) +6. (5.19)

Again for j large, it must be H"(0E; N0B,) = 0: indeed, by (3.1), QN OE;
has mean curvature of order O()\j_l), while of course 0B, has constant mean
curvature equal to n/r. Thanks to H"(0E; N 0B,) = 0,

P(Ej;Q) = P(E; QN B,) + P(E; R\ el (B,)) . (5.20)

If E7 denotes the spherical symmetral of F; such that E? NOB, is a spherical
cap in 0B,, centered at pe,y1, with area equal to H"(FE; N 0B,), then we
have the perimeter inequality

P(E;; R\ cl(B,)) > P(E5;R™™\ cl(B,)) ; (5.21)

see [CPS20]. Now, we can find a half-space J orthogonal to e,11 and such

that H"(JNOB,) = H"(E;NOB;). In this way, using that | ES\ B, | = | E;\ B, |

(by Fubini’s theorem in spherical coordinates), and that H"(B, N 9J) <
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wp ™ (by the fact that dJ is a hyperplane), we find

P(Ej;Rn+1 \cl(B,)) = P((E;\cl(B,)U(JNB,)) —H" (B, NJ)
P(B(‘Ej‘_|EjﬁBr|+\JﬂBr|)) "

P(BW))y — C(n) "+t )\j_l — wp "

AV

which, with (5.19), (5.20) and (5.21), finally gives P(E;; Q) — P(B®3)) >
—~R(W)+4d—C(n)r"tt /\j_1 for j large, against (5.1).

(c) Asymptotic behavior of OF: We prove that there are v € S", f €
C®(wh),a,beR, cevt, R >sup{p: W C C,} and C positive, with

8F\C‘é,:{x+f(x)u::c€uL,|a:|>R’}, (5.22)
f(z) =a, (n=1)

@) = (a+ bl + (e 2) o] ™) < Clal ™, (n>2),  (5.23)
max { [z |V f(z)], |2|" V2 f(2)|} < Cy, Vo evt,|z| > R.

To this end, by a standard argument exploiting the local perimeter min-
imality of F' in Q, given r; — oo, then, up to extracting subsequences,

F/r; ¢ J in Ll (R™1), where J is a perimeter minimizer in R"™!\ {0},
0 € dJ (thanks to property (a)), J is a cone with vertex at 0 (thanks to
Theorem 2.7 and, in particular to (2.41)), and P(J; B1) < wy, (by (5.18)).
If n > 2, then J has vanishing distributional mean curvature in R"™! (as
points are removable singularities for the mean curvature operator when
n > 2), thus P(J; B1) > w, by upper semicontinuity of area densities, and,
finally, by P(J; B1) = wy, and Allard’s regularity theorem, J is a half-space.
If n =1, then 0J is the union of two half-lines ¢; and ¢, meeting at {0}. If
¢y and ¢y are not opposite (i.e., if J is not a half-space), then we can find
a half-space J* such that (J N J*)AJ cC B cC R?\ {0} for some ball B,
and P(J N J* B) < P(J;B), thus violating the fact that J is a perimeter
minimizer in R"1\ {0}.

If n = 1 it is immediate from the above information that, for some R’ > 0,
F\ Br = J\ Bpg; this proves (5.22) and (5.23) in the case n = 1. To prove
(5.22) and (5.23) when n > 2, we let My and ¢y be as in Theorem 2.1-(ii)
with parameters n and I' = 2nw,, and with ¢ = 1. Since J is a half-

space, by using Remark 3.2 and F/r; ¢ 7 on the annulus A% /LQ, for some

L > max{My, 64} to be chosen later on depending also on £¢, we find that

4Lr;

by v =00, (5.24)

(OF)ﬂAi;;j = {z+r; fi(z/rj)v:z € Z/L}OA
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for f; € Cl(vt) with [ fillorry = 0. By (5.24), V; = var ((oF) \B,,,1) €
Vn(0,7;5,00), with (for o(1) — 0 as j — o)

" /x -vf2 dbdy, = —nw, +o(1) (5.25)

7“]1-7"||bdvj [(0By;) = nwy, +o(1),

sup [(r" =) THIVII(Br \ Bry) —wa| =0(1).  (5.26)
re(r;,3Lrj)

By our choice of T', by (5.18) and (5.25) we see that, for j large, we have

Ibdv, (9B,,) <Tr20, ViI(By\ Bry) <To", ¥p>15.  (5.27)
Moreover, we claim that setting
Sj = 2Lrj
(so that, in particular, s; > max{Mjy, 64} r;), then
10v;.r;,0(s5/8)| < €0, >1Hf/ Ov;r;.0(r) 2 —€0, (5.28)
T

provided j and L are taken large enough depending on £q. To check the first
inequality in (5.28) we notice that, by (5.25) and (5.26),

Vi|l(Bs. B, 1
&WAW&=wﬁ””@g§]”w@mw/ Vg dbdy,
(s;/8)" =17  wnry

(/8" (s;/8)"
= o(1) (1 +(r;/s5)") = o(1),
so that |dv; ;. 0(57/8)| < €0 as soon as j is large with respect to gg. Similarly,
if r > s;/8 = (Lr;)/4, then by (5.25), (5.26), (5.18), and r;/r < 4/L,

V’ Br B T V B rs BT . Wn ’I"n
s o) == VAIBA B IG(Bar,\B)
r T r

L (1+0(1))
2o RO (o o) P 2 1k o)

>r " R(W) —2(4/L)" (wn +0(1)) — (4/L)" 0(1) > =3 (4/L)" wy,
provided j is large; hence the second inequality in (5.28) holds if L is large
in terms of 9. By (5.27) and (5.28), Theorem 2.1-(ii) can be applied to
(V.R,A,s) = (Vj,74,0,s;) with j large. As a consequence, passing from
spherical graphs to cylindrical graphs with the aid of Lemma B.1, we find
that, for some large j,

(OF)\ By, 16 = {z+ f(z)v:z e 288\ Bs; 116 5 (5.29)

where f : vt — R is a smooth function which solves the minimal surfaces
equation on vt \st /16- Since OF admits at least one sequential blowdown

= wy — (wn +0(1)) (1+0(1))

> Wp —

limit hyperplane (namely, v = 8.J), by a theorem of Simon [Sim87, The-
orem 2] we find that Vf has a limit as |z| — oo; in particular, |V f]| is
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bounded. Moreover, by (5.29) (or by the fact that F' is a local perimeter
minimizer in ), OF is a stable minimal surface in R"™!\ B, 16, which,
thanks to (5.18), satisfies an area growth bound like (4.3). We can thus
apply Proposition 4.1 to deduce the validity of (5.23) when n > 3, and of
|f(x)—[a+b log |z|+(c-x)|z|7?]] < C|z|~2 for all |x| > R’ when n = 2 (with
R’ > s;). Recalling that F is a local perimeter minimizer with free boundary
in Q (that is, P(F; Q2N B) < P(F';QN B) whenever FAF' CC B CC R3)
it must be that b = 0, as it can be seen by comparing F' with the set F’ ob-
tained by changing F' inside C¥ (r >> R') with the half-space G, bounded
by the plane {z +tv : 2 € vt,t = a+ blog(r) + ¢ - 2/r?} and such that
H2((FAG,)NACY) < C/r? (we omit the details of this standard comparison
argument). Having shown that b = 0, the proof of (5.23) when n = 2 also
is complete and we are finished with (c).

(d) FUW defines an element of F: With R > R’ as in (5.22) and (5.23),
Vi = var ((0F) N (Br \ W)) is a stationary varifold in R**'\ K for Kr =
WU {z+ f(z)v : z € vt |z| = R}, and has bounded support. By the
convex hull property [Sim83b, Theorem 19.2], we deduce that, for every
R > R, sptVg is contained in the convex hull of Kg, for every R > R’
Taking into account that f(z) — a as |x| — oo we conclude that Q N OF is
contained in the smallest slab Sl[ja, 4] containing both W and {z : - v = a}.

Now set F/ = FUW. Clearly F’ is a set of locally finite perimeter in
(since P(F'; Q) = P(F; ) for every ' CC Q). Second, OF' is contained

in ¢, 4 (since OF'" C [(OF) N QU W). Third, by (5.22) and (5.23),
{x+tVI$EVL,‘$|>R/,t<01}CF/, (5.30)
{x+t1/::v€1/L,|:L‘|>R',t>B}CR"+1\F’, (5.31)

{z+tvizevt 2| <R, teR\[a,B]}N(OF)=0. (5.32)

By combining (5.30) and (5.32) we see that {x +tv:z € vt t <a} C F/,
and by combining (5.31) and (5.32) we see that {z +tv:2 c v, t >3} C
R\ F': in particular, p,. (OF') = v+, and thus (F',v) € F.
Step three: We prove that
lim ¢y (v) — P(BW) > —R(W). (5.33)
vV—00
For v; — oo achieving the liminf in (5.33), let E; € Min[¢w (v;)] and let
F be a (sub-sequential) limit of Ej, so that properties (a), (b), (c¢) and (d)
in step two hold for F. In particular, properties (5.22) and (5.23) from (c)

are entirely analogous to properties (5.2) and (5.3) exploited in step one:
therefore, the family of half-spaces {G, },~ ' defined by (5.4) is such that

((OF) U (8G,) U (G,AF))NCY C CF i1 1)
H"((FAG,)NICY) <r ' C(n, W), (5.34)

|P (G C;{,(a,ﬁ)) — wp, r"| <r"C(n,W), (5.35)
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(compare with (5.6), (5.9), and (5.12) in step one). By (5.35) we find
—resy (F',v) = lgn P(F;CIAW) = P(Gr; G 5)) - (5.36)

In order to relate the residue of (F',v) to ¢y (v;) — P(B")) we consider
the sets Z; = (G, NCY 1)) U (E i\ C 5))> which, by isoperimetry, satisfy

r(a,B
P(Z;)>P(BY\%renly > P(BU)) — C(n) " (8 —a) AL, (5.37)
Since for a.e. r > R’ we have
P(Zj) = P(E;R"™I\CY. , 5)) + P(Gr; C (1) + H' ((E;AG,) NOCY, (1)
we conclude that
Yw(vj) — P(BY)) = P(E;; CY (05 \W)+ P(Ej; R"“\C;f’(aﬂ))—P(B(”j))
= P(Ej; Cl o \ W)+ P(Z;) — P(B™))
_P(GT7CT(a b)) Hn((E]AG ) macr J(a, b))
so that E; — F in L{ (R™"1) and (5.37) give, for a.e. r > R/,
lim ¢ (v;) — P(B")) > P(F;CY, 5)\W) = P(Gr; ¥ 1)
j—oo
~H"((FAG,)NICY , 5) = P(F;CI\W) — P(G,; CY) — C(n,W)/r,
thanks to (5.34) and (FAG,)N0C; = (FAG,)N9C] , 5. Letting r — oo,
recalling (5.36), and by (F',v) € F, we find lim; ,  vw (v;) — P(B")) >
—resy (F',v) > —R(W). This completes the proof of (5. 33) which in turn,
combined with (5.1), gives (1.19), and also shows that L] -subsequential
limits F' of E; € Min[yw (v;)] for v; — oo are such that, for some v € S,
(FUW,v) € F and F' = FUW € Max[R(W)].
Step four: Moving towards the proof of (1.22), we prove the validity,
uniformly among varifolds associated to maximizers of R(W), of estimates
analogous to (5.27) and (5.28). For a constant I' > 2nw, to be determined
later on (see (5.48), (5.49), and (5.50) below) in dependence of n and W, and
for o > 0, we let My = My(n,2T,0) and g9 = €¢(n,2T",0) be determined
by Theorem 2.1. If (F,v) € Max[R(W)], then by Theorem 1.1-(ii) we can
find Ry = Ro(W) > 0, f € C°°(v) such that

(OF)\ C%, = {z+ f(x)v:z e v’ |z] > Ro}, (5.38)

and such that (1.14) holds with max{|al,|b|,|c|} < C(W) and |Vf(x)| <
Co/|z|"~! for |z| > Rp. Thus IVfllcowr\pry — 0 as v — oo uniformly on
(F,v) € Max[R(W)], and there is R3 > max{2 Ry,1} (depending on W)
such that, if Vi@ = var ((OF) \ Br,, 1), then Vi € V,(0, R3, c0), and

Ibdv, [[(0Br,) <T R, |[Ve[(B,\Br,) <Tp"  Vp> Ry, (539)

(compare with (5.27)). Then, arguing as in step three-(c), or more simply
by exploiting (5.38) and the decay estimates (1.14), we see that there is
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L > max{My, 64}, depending on n, W and o only, such that, setting

sw(oc) =2LR3 (5.40)
we have for some ¢(n) > 0 (compare with (5.28))
|5VF,R3,O(SW(U>/8)‘ < 60/2, inf 6VF,R3,0(T> > —60/2. (5.41)
r>sw(0)/8

Step five: Given E; € Min[¢yw (v;)] for v; — oo, we prove the existence of
(F,v) e Max[R(W)] and h; € C*°((0F) \ Bg,) such that
(0E;) N ALY :{ +hi(y) ve(y) g € aF} NARN | (5.42)
Jim, Ihllerorynagr, ) =0, VM < oo; (5.43)

and that if z; satisfies |[E;AB®")(x;)| = inf, |E;AB®) (z)|, then
lim ||z;| "t 2; —v| = 0; (5.44)

j—)()o

finally, we prove statement (iii) (i.e., (0E;) \ B, is diffeomorphic to an n-
dimensional disk). By step three, there is (F,v) € Max[R(W)] such that,
up to extracting subsequences, (5.17) holds. By (5.17) and (5.38), and with
sw (o) defined as in step four (see (5.40)) starting from F', we can apply
Remark 3.2 to find f; € C°°(v1) such that

(0FE;) N A;V}‘éga) ={z+ filz)v:zc Z/L} N A;V}‘gia) , (5.45)
for j large enough (in terms of o, n, W, and F), and such that f; — f in
CI(DZW (o) \ D5 R,). With R as in step four and with the goal of applying
Theorem 2.1 to the varifolds V; = var ((0F;) \ Brs, 1), we notice that V; €
Vn(Aj, R3,00), for some Aj; < Ag )\]71 (thanks to (3.1)). In particular, by
(5.40), sw (o) satisfies the “mesoscale bounds” (compare with (2.2))

g0 (4A;)7 > sy (o) > max{ My, 64} R3 (5.46)

provided j is large. Moreover, by R3 > 2 Ry and sy (0)/8 > 2 Ry, by (5.38),
(5.45) and f; — f in C, we exploit (5.39) and (5.41) to deduce

Ibdv; [[(0Br,) < (2T) Ry, (5.47)
|0v;,rs,0(sw(0)/8)] < (2/3)¢0.
We claim that, up to increasing I' (depending on n and W), we can entail
IVill(Bo\ Bry) <T'p",  Vp>Rs. (5.48)
Indeed, by Theorem 3.1-(i), for some positive Ay and sy depending on W
only, E; is a (Ao )\j_l, S0 Aj)-perimeter minimizer with free boundary in .
Comparing E; to E; \ B, by (3.1), for every r < sg Aj,
P(E;; Q2N B;) < C(n) (r" + Ao /\j_1 "t < Cn, W) r™; (5.49)
since, at the same time, if 7 > 59 A;, then

P(E;; QN By) < P(Ej;Q) = dw(v;) < P(BY)) < C(n) sg" 1", (5.50)
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by combining (5.49) and (5.50) we find (5.48). With (5.47) and (5.48) at
hand, we can also show that

10v;,Rs,; (sw(0)/8)| < €0 (5.51)
Indeed, by sw(0) = 2L R and by A; < AgA;',

|0V, R0, (5w () /8) = 6v; Ra0(sw () /8)
sw(o)/8 AgR3T /L e
<o) [ e IVIB By dp < 2 (1) < 3
Rs J
provided j is large enough. To complete checking that Theorem 2.1 can be
applied to every V; with j large enough, we now consider the quantities

R*j = sup {p > Sw(o‘)/S : (5\/].7R3,Aj (p) > —60} ,

and prove that, for a constant 79 depending on n and W only, we have

R.j > 10 Aj; (5.52)
in particular, provided j is large enough, (5.52) implies immediately
R.; > 4sw(o), (5.53)

which was the last assumption in Theorem 2.1 that needed to be checked.
To prove (5.52), we pick 79 such that

‘T&"H”(BTO(Z)HOB(I)) —wn‘ <ep/2, vz € oBW .

(Of course this condition only requires 7y to depend on n; the dependence on
W will appear later.) By definition of z; and by (3.4), and up to extracting
a subsequence, we have x; — 2 for some 2y € OBW. In particular, setting
P =T0 )\j, we find

p; " WVill(Bp, \ Bry) = 70" P((Ej — 2;)/Aj s Bry(=%;) \ Bryyp, (—;))
— 75 " H" (B, (—20) NOBW) < w, + (£0/2),
thus proving that, for j large enough,

€ 1 i |VHI(B, \ B
5w,R3,Aj(Pj)Z—£+ /:E'I/‘C/?dbdvj—Aj/ IVil[(B, \ Ra)dp

2 np} Rs pr
QF v ] * 9
Lo 2Ry L(pi—Ry) e G W)
2 nT(?)\j )\j 2 TSL)\]‘

where we have used (5.47), spt bdy, C 0Bg,, and (5.48). Therefore, provided
we pick 79 depending on n and W so that Cy. 19 < £9/4, and then we pick
Jj large enough to entail (Cy(n, T/V)/7'6L)/\j_1 < e9/4, we conclude that if r €
(R3, pjl, then 6y, rya; (1) > dv; Rrs.A;(p5) = —€0, where in the first inequality
we have used Theorem 2.7-(i) and the fact that V; € V,(A;, R3,00). In
summary, by (5.47) and (5.48) (which give (2.1)), by (5.46) (which gives
(2.2) with s = sy (0)/8), and by (5.51) and (5.53) (which imply, respectively,
(2.3) and (2.4)) we see that Theorem 2.1-(i) can be applied with V' =V}
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and s = sy (0)/8 provided j is large in terms of o, n, W and the limit F' of
the E;’s. Thus, setting

S*j = min {R*j, E()/Aj} y
and noticing that by (5.52) and A; < Ay )\j_l we have
Sij > 16 Ry Aj,

(for Ry depending on n and W only) we conclude that, for j large, there are
Kj; € H and uj € X,(Xk;, 0w (0)/32, R1 );), such that

Ri\j
(8EJ) N As‘;/(;)/32 = EKJ- (Uj, Sw(d)/32, R, )\j) . (5.54)
Similarly, by (5.39) and (5.41), thanks to Theorem 2.1-(ii) we have
(OF) N (R™1\ By (0)/32) = Syt (u, sw(0)/32,00) (5.55)

for v € Xy (2,1, sw(0)/32,00) for every ¢’ > 0. Now, by E; — F in
Li (R™"1), (5.54) and (5.55) can hold only if [vx, — v| < (o) for a func-
tion ¢, depending on n and W only, such that ((¢) — 0 as 0 — 07.
In particular (denoting by of, ¢ and C§ the dimension dependent con-
stants originally introduced in Lemma 2.5 as 0g, €9 and Cp) we can find
o1 = o1(n,W) < o such that if o < oy, then e > ((0) > |vk; — V|,
and correspondingly, Lemma 2.5-(i) can be used to infer the existence of
ui € Xcy (o4¢(0)) (Bt sw(0)/32,2 Ry Aj) such that, for j large,

EVL (uj, Sw(a)/32, 2R1 )\j) = EK]. (u]', Sw(O')/32, 2R1 )\j)

= (9E;)nAY

sw (0)/32 (5.56)

By (5.45) and Lemma B.1, (5.56) implies cylindrical graphicality: more
precisely, provided o7 is small enough, there are g; € C1(vt) such that

sup {lg; (2)| |2| ™", [Vg; (2)[} < C (0 +¢(0)) , (5.57)
zevt
OE) N Ay ={e+gj(x)v:zevt}natV . (5.58)

At the same time, by (5.38), (1.14), and up to further increasing Ry and
decreasing o1, we can exploit Lemma B.2 in the appendix to find h; €

CHG(f)), G(f) = {z + f(z)v:x € v}, such that
{zr+gjl@)v:iae VJ'} \ Bip, = {z+hj(2)vp(z) : 2 € G(f)} \ Bang, ,
which, combined with (5.38) and (5.58) shows that
(OE) N A = {2+ hj(2)vp(2) s 2 € OF } N ALK
that is (5.42). By Ej — F in Lj (R™*!), we find hj — 0 in L'((0F)NA}%)
for every M < oo, so that, by elliptic regularity, (5.43) follows. We now recall
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that, by Theorem 3.1-(ii), (OE;) \ Bry(v;)»; coincides with

v+ 2w (v = 25) /%) vy ) ¥) 5 € OB ()} \ Bro(uy)

with ijHCl(aB<1>) — 0 and R(](Uj) — 0. (5.59)
The overlapping of (5.58) and (5.59) (i.e., the fact that Ro(v;) < Ry if j is
large enough) implies statement (iii). Finally, combining (5.57) and (5.58)
with (5.59) and [Jwj[lc1(gpa)) — 0 we deduce the validity of (5.44). More
precisely, rescaling by A; in (5.57) and (5.58) and setting E} = Ej/\;, we
find g} € C'(v1) such that, for every j > jo(0) and o < o7,

s {16} @) o, Vg3 )]} < € (o +(0) (5.60)
(OE)) N AJp, . ={e+gi@v:eevinaf,
while rescaling by A; in (5.59) and setting z; = x;/A; we find
(OF;) \ Browy={2 + 2 + w;j(2) vgay(2) 1 y € 9BW (2))}\ By (u)

1/(n+1)

where ||zj| —w,}; " ’| — 0 thanks to (3.4). Up to subsequences, z; — 2o,
where |z = w,ll/ﬁlﬂ). Should zp # |z0| v, then picking o small enough in

terms of |v — (20/|20])] > 0 and picking j large enough, we would then be
able to exploit (5.60) to get a contradiction with [Jwj|c1ppa)) — 0.

Conclusion: Theorem 3.1 implies Theorem 1.6-(i), and (1.19) was proved
in step three. Should Theorem 1.6-(ii), (iii), or (iv) fail, then we could find
a sequence {(Ej,v;)}; contradicting the conclusions of either step five or
Theorem 3.1. We have thus completed the proof of Theorem 1.6. (]

APPENDIX A. PROOF OF THEOREM 2.6

We assume H € H, A > 0, g9 > n > 0, (r1,7r2) and (r3,r4) are (n,10)-
related as in (2.36), and v € X, (X g, r1,72) is such that X (u,r1,r2) has
mean curvature bounded by A in A72. We want to find o¢ and Cp, depending
on n, 1y, and n only, such that, if max{1,Are} o < gg, then

‘H”(ZH(u,rg,7‘4))—7-[”(21{(0,7“3,1"4))‘ < CO/ rt (u2+Ar|u|); (A1)

EHX(Tl,TQ)
and such that, if there is r € (ry,732) s.t. E%H [ur] =0 on Xp, then

/ W*MSCMMWWST9+%/) " rou)? . (A2)
Sax( S x(

T3,74) r1,12)
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We make three preliminary considerations: (i): By [AAS81, 4.5(8)]

H"(Zp(u,r1,72)) = H"(Ep (0,71, 72)) (A.3)
—1/ r (VR 4+ (rOpu)? — (n— 1) u2))
2 EHX(Tl,TQ)
<C(n)o / r"H(w? + VP + (r 0pu)?)
EHX(T‘l,T‘Q)

Similarly, by the last displayed formula on [AA81, Page 236] and by [AAS8I,
Lemma 4.9(1)], if ¢ = Y2 w, w € CY(Xy x (r1,72)) and ¥ € C1(ry,72), then

d
‘% Hn(EH(u+t907T17T2)) (A4)
t=0
_/ ,r,nfl {VEHU . VEHSO + (T aru) (r 87”@) — (n — 1) ’U/QO}‘
EH><(7'177'2)

< C(n)o / L2 [V 4 [V 4 (r )? + (r Opw)?
EHX(T:[,TQ)
+u? +w? + (ry)? w2} ,
which is the second order expansion of the first variation of the area at
Y (u,r1,r9) along outer variations in spherical coordinates of the form ¢ =
2w, ¢ = (r). (ii): For the sake of brevity, given ¢ : (r1,72) — R a radial
function, u,v : Xg X (r1,r2) = R, X, Y : ¥ X (r1,72) — R™, we set

Qwo) = [ lcPue, QY = [ lePx Y,
EHX(T‘l,T‘Q) ZHX(Tl,TQ)

and Q¢(u) = Q¢(u,u), Q¢(X) = Q¢(X,X). (iii): The following two esti-

mates (whose elementary proof is contained in [AA81, Lemma 7.13]) hold:

whenever v € CH(Sy x (r1,73)), we have

/ "t < C(n,m,mo) { / "1 (r 8,v)% + / it vz}, (A.5)
EHX(?"l,?"Q) EHX(T‘l,T‘Q) EHX(T37T4)
and, provided there is r € [ry, 73] such that v, = 0 on Xy, we have
/ "Ly < C(n,m) / L (r 0,v)?. (A.6)
ZHX(Tl,TQ) EHX(’I‘l,’I‘Q)

We are now ready for the proof. Compared to [AA81, Chapter 4], the main
difference is that we replace [AA81, Lemma 4.10] with (A.7).

Step one: We prove that there is h : ¥ x (r1,72) — [—A, A] such that for
every w € C1(Zy x (r1,72)) and 1 € C*(r1,72) we have

Tutww) - | ] S Cmon(Qulw) + Qulw) +Qu(V1)

—i—Q,/,(VEHw) + Qr1/1(a7”u) + QNZ}(arw) + er// (w)) . (A7)
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where Ty (u, w) = Qu(V># u, V¥Hw) + Qy (dyu, 9, [¢*w]) — (n — 1) Qy (u, w).
We start rewriting (A.4) as

)Td, U, w) (S(u A+t w, o) (A.R)

-l )
< C(n) o (Qu(u) + Qu(w) + Qu(VZ"u) + Qu(V" w)
+Qrp(0rtt) + Qry (Opw) + Qpyr (w)) .

If Fuvip: X x (r1,1m2) = Xp(u+te,ri,r), ¢ = 2w, is given by

w—i—( (w r) + to(w,r)) vy
\/1+ w(w, ) + to(w, )2’

Fu-i—tcp(wa T)

then {®; = Fyiip 0 (Fu) ' }hiepo) are diffeomorphisms on Xy (u,r1,72),
with @4 (X (u,m1,72)) = Xg(u + te,r1,72) and Py = (d/dt)y—o®P;. Since
Y (u,71,72) has mean curvature bounded by A in Aj2, for some bounded
function h : ¥y x (r1,7r2) = [—A, A] we have

d .
— by t = A WME1) & -
dt lt=0 & ( (u e, 7"2)) /EH(u,rlﬂ("z)u ) O Pt ra)

= A/ hdo(Fy) - *(0rFu A NIZLOF)
S x(ri,re)

where 9; = V., for a local orthonormal frame {7;}!'-]' in ¥p, and where
* is the Hodge star-operator (so that x(vi A va... A vy,) is a normal vec-
tor to the hyperplane spanned by the v;’s, with length equal to the n-
dimensional volume of the parallelogram defined by the v;’s, and whose
orientation depends on the ordering of the v;’s themselves). We can com-
pute the initial velocity ®o of {®;},c[01) by noticing that @, (Fu(w,r)) =
r(1+ (u+te)?) Y2 (w+ (u+ty)vy), so that,

‘ w4 (u+te)vg —upw—+pry
— r =r
dt It=0 1+ (u+typ)? (1 +u2)3/2
= r(—upw+pvy) +ro0(¥?* (u?+w?).

(I)O(Fu) =

At the same time

w+uvyg wtuvg\ w+uvg U Optt w rOpu vy
OrFy, :74‘7“&( )Z - 3 T 2\3/2
V14 u? V14 u? VituZ (1+u?)32 0 (14 u2)3/

= (1= (w?/2) —urdu)w+ (u+70u) vy + o O(u? + (royu)?)
= Aw+ Bug +00W? + (rdu)?),
OiFy '(w —|—UI/H) _ T B u Ou ot o;u i
V1 + u? VituZ  (1+u?)3/? (1 + u?)3/2
= (1-(u*/2)) 7 —uduw+ duvy + o O(u? + (9;u)?)

= Cri+FEw+Fvyg+ UO(u2 + (aiu)Z)
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so that, with = = ATZ ', % = Aj7j, and P(u)? = u? + |V=Hu? + (rou)?,

OrFy NN L0 F,
Tn—l

=AC" '"WAE+BC" 'y AE + G (wAvg A7) + 0O (P(u)?),

= (Aw + B VH) /\/\;‘:_11 (C’ 7+ B;w+ F; Z/H) +00 (P(u)z)

for a coefficient G; which we do not need to compute. Indeed, x(wAvg AT;),
being parallel to 7;, is orthogonal to w and vy, so that
P dg (Fu(r, w)) . *(@Fu A /\Z-":_ll&-Fu)
— [(— wipw+ pvir) + 0 O +0P)] -
JAC™ vy — BC" w40 O(P(u)?)]

’LL2
=C" (1= 5 —urdu) o+ (utr ) uglt+ 0 O(W? (w? + P(u)?))
=+ 00 (w* + P(u)?))

In particular, since |h| < A,

%‘tfo H (R(utte,r1,m)) = / h (i)o(Fu) '*(arFu A /\?z_faz‘Fu)

Y X (7’1 ,7’2)

_ / P 2w b+ o A0 (Qu () + Qu (W) + Qu(VE 1) + Qpy(Bru)
ZH ><(r1,r2)

Plugging this estimate into (A.8), and by max{1, Ara} o < 09, we find (A.7).

Step two: We prove that

Qu(VZ5 ) + Qu y(01) < Qu(Jul, A7) + C(n) (Qulw) + Qs (w)) . (A9)
By Qr(w Oru, WU) < er/)(aTu)/4 +CQr P! (u) and by (A'7)w=u we find

Qu(VZu) + Qry(9pu) < Qu(Jul, Ar) + C(n) (Qu(u) + Qry(u))
+C(n) 00 (Qu(u) + Qry (1) + Qu(V7u) + Qry(ru)) .

which implies (A.9) provided g is small enough.

Step three: We prove that, if w : Xy x (r1,72) — R is slice-wise orthogonal
to u—w, in the sense that fEH wy (up —wy) =0, fEH Orwy (Opuy — Opwy) = 0,
and fEH VEHw, - (VZHu, — V> Haw,) = 0 for every r € (r1,72), then

]Tw(u,w)] < de(’w‘,AT) + C(n) 00 (Qw(u) + Qrw’(u> + Qd)(’u‘?AT(?A) 10)
Indeed, by slice-wise orthogonality, we find that Q¢ (w) < Q¢(u), Q¢ (drw) <
Qc(0ru) and Q¢(VEHw) < Q¢(V¥Hu) whenever ¢ : (r1,r2) — R is ra-
dial. Therefore (A.7) gives |Ty(u, w)| < Qy(|w|,Ar) + C(n)og Ry(u), with
Ry(u) = Qu(u) + Qu(VZHu) + Qpy(8ru) + Qpr gy (u). Combining this with
(A.9) we get (A.10).
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Step four: We prove (A.1). Let now v be a cut-off function between (r3,74)
and (rq,72), so that with Zy(u) = Qu(V>Hu) + Qy(u) + Q4 (dyru),

)/ rn*1{|VEHu|2—(n—l)u2+(r&nu)2}‘ < Zy(u).
S ux(r3,rs)

If A(u) = Hn(ZH(U, T3, T4)) — Hn(EH(O, 3, 7’4)), then by (A3) with (Tg, 7’4)
in place of (r1,72), we find

IA( )I < Zy(u) + C(n) o Zy(u) < Qu(|ul, Ar) + C(n) (Qu(w) + Qryr(u))
)0 {Qu(u) + Qu(lul, Ar) + C(n) (Qu(u) + Qryr(u)) },

where in the last inequality we have used (A.9). We deduce

[A(u)] < C(n) (Qu(|ul, Ar) + Qu(u) + Qry (u)

and (A.1) follows (with Cp = Cy(n,no,n) by the properties of ).
Step five: We finally prove that, if E%H[ur*] = 0 for some r, € (r1,72),
then (A.2) holds, that is

/ " hu? < C(n) Ary (13 — ) + C(n,no, ) / "t (romu)?. (A1)
Bux(rs,ra) Ex(r1,r2)

Define ut,u=,u’ : ¥y x (r1,72) — R by setting, for r € (ry,72), (uh), =
EgH [u], (u™)r = Eg [ur] and (u?), = E%H [ur], where E;H denote the
L?(Xp)-orthogonal projections on the spaces of positive/negative eigenvec-
tors of the Jacobi operator of X, and where E%H is the L2(Xp)-orthogonal

projection onto the space of the Jacobi fields of Xf. Since (u°),, = 0, we
can directly apply (A.6) with v = u® and deduce that

/ "t (W)? < C(n,mo) / L (r 9puf)? . (A.12)
EHX(T‘l,T‘Q)

EHX(T1,T2)

By the orthogonality relations between u?,

Lot [ (e eer) o

r3,74)

/ Tn—i-l (8,,11,)2 — / Tn-&-l ((aru0)2 + (BTqu)Q + (8Tu‘)2).(A.14)
S x( )

71,72) Xx(r1,ra)

u” and u, we have that

By the spectral theorem, for every r € (r1,72) we have C(n fz
fs,, (n=1) (u™)7 = [V>#(u”),|*, which, multiplied by 7"~ 1 Y2, gives

7‘_

Ci(n)7'Qu(u™) < (n—1)Qu(u") — Qu(V>"u")
= (n—1)Qyu,u) — Qw(VEHu_,VEHu)

= —Tw(u_, U) + Qr(aru’ ar(’l[) U_)) ’
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where in the second to last identity we have used that w = u™ is slice-wise
orthogonal to w — u; in particular, by (A.10) with w = u~, we find

Gy (n)_l Qu(u™) < Qu(lu™[,Ar) + Qr(Oru, 87‘(77Z)2 u”))
+C(n) 00 (Qu (1) + Qpyr(u) + Qu(Jul, Ar)) . (A.15)
Again by slice-wise orthogonality of w = u~ to w — u, we have

Qr(aruyar(dﬂ u_)) = Qr(aru_, 87“(71) ’LL_)) = Qrw(aru_)

20,007 00) £ Quul) + TS + ) Q).

which combined into (A.15) gives

(2C1(n) ™! Qu(u™) < Qu(lu|, Ar) + Qry(8ru”) + C (1) Qpyr (Oru™)
+C(n) o0 (Qu(u) + Qryr(u) + Qu(lul, A, 7)) -

Using Holder inequality again we have

Qy(u”)
Qu(lu™|, A7) < 4é( O A (15 =)
QuJul, Ar) <2Qy(w) + C(n) Ara (1§ — 7).

( )<Q7~¢;<8’U, ) (n)(Qrw’<aru_)+AT2 (7“3—7’711))

4C1(n)
+C(n) oo (Qu(u) + Qryr(u) + Ary (ry —r]))

Taking 1 to be a cut-off function between (r3,r4) and (r1,7r2), we find

so that

/ ()2 < Cn) A (7 — 1) (A.16)

ZX(T3,T‘4)

+C(n7770a77){/ rn—l (raru_)2+0'0/ T'n_l ’LL2}.
Ex(ri,r2) EX(r1,r2)

By combining (A.12), (A.16), and the analogous estimate to (A.16) for u™
with (A.13) and (A.14) we find that (A.16) holds with u in place of u™; this
latter estimate, thanks to (A.5), finally gives (A.11).

APPENDIX B. SPHERICAL AND CYLINDRICAL GRAPHS

We state here for the reader’s convenience two technical lemmas concern-
ing spherical and cylindrical graphs. They are both used in the last step of
the proof of Theorem 1.6. The elementary proofs are omitted.

Lemma B.1 (Spherical graphs as cylindrical graphs). There are dimension
independent positive constants C and ny with the following property. If n >
1, He H and u € Xy (X, r1,r2) with n < no, then we have

DU 2y, \DI C P (2 (u,m1,m2)) CDYFAD{ (o)

and there is g € C'(H) such that sup {|z| ™" |g(z)| +|Vg(z)| : x € H} <Chn

and Xy (u,ry,re) = {:c +g(@x)vyg s x € pH(EH(u, rl,rg))}. Moreover, if
65



(p1,p2) € (L +Cm)ri, (1 = C?)ra), then Sp(u, p1,p2) = {& + g(@) vir -
zeH}nAR.

Lemma B.2. There is n € (0,1) with the following property. If H € H,
R>1, f € C*H), and g € C*(H) are such that

max {|f(2)], |2[[Vf(2)|, |2|[V*f(2) : 2 € H |z| > R} <n,

max {|z| " |g(z)],|Vg(x)| sz € H} <,
then there is h € CY(Gy(f)) such that

GH(g) \ Bsr = {Z + h(z) Vf(z) 1z € GH(f)} \ Bigr,

where Gy (f) ={z+ f(x)vy : © € H} and, for z = x + f(z) vy, we have
set v(z) = (1+|Vf(2)?)"/2 (~V f(x) +vn) .

APPENDIX C. OBSTACLES WITH ZERO ISOPERIMETRIC RESIDUE

Proposition C.1. If W is compact and R(W) = 0, then ¢y (v)—P(B®) —
0 as v — o0 and W is purely H™-unrectifiable, in the sense that W cannot
contain an H™-rectifiable set of H"-positive measure. In a partial converse,
if W is purely H™-unrectifiable and H"™ (W) < oo, then R(W) = 0.

Proof. Step one: Let R(W) = 0. Comparing with balls, lim, . ¢¥w (v) —
P(B™) < 0 = R(W). To prove the matching lower bound, we argue by
contradiction and consider E; € Min[¢w (v;)] with v; — oo such that

lim ¢y (v) — P(B™)) = lim P(E;;Q) — P(B")) <0. (C.1)

V—00 j—o0
With (C.1) replacing R(W) > 0, one can repeat verbatim step two-(a) of
the proof of Theorem 1.1; we thus derive the asymptotic expansion for F
as in step two-(c), which is then the key fact used in step three to derive
that lim;_,., P(E;; Q) — P(B®)) > —resy (F U W,v) > —R(W); the latter
inequality is of course in contradiction with (C.1) if R(W) = 0. Next,
arguing again by contradiction, we assume the existence of an H"-rectifiable
set S with H*(W N S) > 0. By [Sim83b, Lemma 11.1], without loss of
generality, S is a C'-embedded hypersurface in R"*!. Let 2 be a point
of tangential differentiability for W N S, so that H™(W NS N By(z)) =
Wy P+ 0x(p") as p — 01, Since S is a Cl-embedded hypersurface, there
is v € S" such that for every € > 0 there is p, = pi(z,e) > 0 with SN
Cy ,.(x)={y+gy)v:ye Dy (x)}, where g € C'(x + v) with g(x) =0
and Lip(g) < e. Denoting G(g9) = {y + g(y)v : y € (x +v1)}, and up to
decrease p,, we can entail

H*' (G NnWNCY () >H'WNSNB,,(x) > (1—e)wyp. (C2)

Since |g| < & px on 0D} (), we can define f : (x + vt) = Rsothat f =g

on D) (z), f =0on (m—l—I/L)\Dgp* (), and Lip(f) < e. Denoting by F' the
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epigraph of f, we have that (F,v) € F and we compute, for R large enough
to entail C3, () UW CC Cg,

wp R — P(F;CR\ W) wn (2p+)" — P(F;CY, () \ W)

= [ 1= VITIE 4 PG, @) W)

20*((1))
> —wp (2p)" g2 + (1 —¢)wppe"

where we have used f =0 on v+ \ D3, (), (C.2) and V1+¢2 <1 +¢&2. Up
to taking ¢ < e(n), we thus find resy (F,v) > 0, and thus deduce R(W) > 0.
Step two: Let W be purely H™-unrectifiable with H"(W) < oo, and let
(F,v) € Max[R(W)]. Since F is a local perimeter minimizer in 2, F' is open
in Q with QNOF = cl (0*F), where by 0*F we mean the reduced boundary
of F' as a set of locally finite perimeter in 2. Now, w, R" — P(F;C% \ W)
is decreasing towards R(W) > S(W) > 0, therefore P(F;ChL \ W) < oo for
every R. In particular, H"L(Q N JF) is a Radon measure on R"™!. Now,
OF C (QNOF)UW, so that H"(W) < oo implies that H"LJF is a Radon
measure on R™™! and, since F is open, that F is a set of finite perimeter in
R™ ! by [Fed69, Theorem 4.5.11]. The pure H"-unrectifiability of W gives
P(F;CL\ W) = P(F;C%), where P(F;C%) > w, R" by (1.8) and (1.9),

A\

and thus R(W) = resy (F,v) < 0. This proves R(W) = 0. O
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