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ABSTRACT. We characterize the passage from nonlinear to linearized Griffith-fracture theories
under non-interpenetration constraints. In particular, sequences of deformations satisfying a
Ciarlet-Necas condition in SBV? and for which a convergence of the energies is ensured, are
shown to admit asymptotic representations in GSBD? satisfying a suitable contact condition.
With an explicit counterexample, we prove that this result fails if convergence of the energies does
not hold. We further prove that each limiting displacement satisfying the contact condition can
be approximated by an energy-convergent sequence of deformations fulfilling a Ciarlet-Necas
condition. The proof relies on a piecewise Korn-Poincaré inequality in GSBD?, on a careful
blow-up analysis around jump points, as well as on a refined G.S BD?-density result guaranteeing
enhanced contact conditions for the approximants.

1. INTRODUCTION

A crucial question in materials science is to provide an accurate description of phenomena
exhibiting an intrinsic nonlinear nature, as well as to establish the range of validity of their lin-
earized approximations. A key challenge in this direction consists in the mathematical modeling
of impenetrability. In this paper we provide an analysis of impenetrability constraints for brit-
tle hyperelastic materials and address the passage from nonlinear to linearized descriptions for
Griffith-fracture theories.

To illustrate the main difficulties involved in the mathematics of impenetrability, consider the
simplest modeling scenario in which finite strain deformations play a significant role, namely that
of nonlinear elasticity. A standard constitutive assumption for large strain frameworks is the
requirement that a body should not be allowed to interpenetrate itself during elastic deformations,
and that extreme compressions should lead to a blow-up of the elastic energy, therefore being
energetically unfavorable. Although the theory of nonlinear elasticity is by now quite classical
(see, e.g., [5] for an introduction to the topic), necessary conditions on the stored-energy density
guaranteeing existence of minimizers of nonlinearly elastic energy functionals encoding the behavior
described above are not yet known, cf. [6] and [8].

The existence of injective energy minimizers for hyperelastic materials was pioneered by J. BALL
in [7] (see also [53] for a regularity analysis of minimizing configurations, and [29] for a related local
invertibility result). In the subsequent work [5], it was pointed out that requiring the positivity
of the determinant of the gradient of deformations is neither enough to ensure local injectivity
everywhere, nor sufficient to prevent a global loss of injectivity. In [20], P.G. CIARLET and
J. NECAS proposed a condition compatible with the existence theory of minimizers, ensuring
frictionless contact, non-selfpenetrability, as well as injectivity almost everywhere when combined
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with a positivity constraint on the determinant of nonlinear strains. For an open bounded domain
Q Cc RY, d € N, the Ciarlet-Necas condition reads as follows:

/Qdet Vy(z)dz < L(y(), (1.1)

where y(€2) is the deformed set and £%(y(f2)) its d-dimensional Lebesgue measure.

Almost everywhere injectivity of deformations has been analyzed in [10] for limits of Sobolev
homeomorphisms, in [47] in the presence of distorsion penalizations (see, e.g., [42, 49]), and in [40]
for second-grade non-simple materials (cf. [54, 55]), whereas a first numerical implementation of
the Ciarlet-Necas condition as an energy penalization has been exploited in [46] in the setting
of finite strain elastoplasticity. For completeness, we also mention the numerical analysis of a
nonlocal alternative to the Ciarlet-Necas condition for non-simple materials in [44], as well as [43]
for a generalization of [5].

We focus here on impenetrability constraints in the setting of brittle hyperelastic bodies, and
restrict ourselves to the planar case for simplicity. Following Griffith’s theory of crack propagation
[11, 30, 39], for a set 2 C R?, the variational modeling of fracture mechanics relies on the com-
petition between a frame-indifferent bulk energy and a surface term. This in turn rewrites as the
minimization of a functional of the form:

E(y):/QW(Vy(x))dern’H,l(Jy), (1.2)

where W: M2*2 — [0, +00) is a nonlinear elastic energy density, x > 0 is a material constant,
deformations y:  — R? are meant to belong to the class SBV () of special functions of bounded
variation [4], Vy denotes the absolutely continuous part of their gradient, J, is their jump set,
and the latter energy-term, H'(.J,), penalizes the crack length. See also [2, 28] for an introduction
to the topic.

A generalization of (1.1) in this setting has been introduced and characterized in [37]. In
the passage from nonlinear elasticity to large-strain Griffith theories, a first modeling difficulty is
related to the fact that deformations do not admit, a priori, continuous representatives, so that the
notion of volume of the deformed set in the right-hand side of (1.1) is no longer well-posed. In [37],
this difficulty has been solved by means of the weaker notion of measure-theoretic image of the
deformed set [y(2)]. This, in turn, is defined by considering approximate-differentiability points
of admissible deformations, cf. Definitions 3.1 and 3.2 below for the precise formulations. In the
same paper, existence of minimizers of (1.2) inheriting the Ciarlet-Necas condition is ensured, and
alternative formulations of impenetrability are also discussed. In particular, in [37, Section 6.1] a
contact condition of the form

[u] () - vy (x) > 0 for H'-ae. z € J, (1.3)

is proposed as a linearized counterpart to (1.1) for displacements u: Q — R?, where J, denotes the
jump set of the displacement, [u] its jump opening, and v, its approximate unit normal. We refer
also to [30, Section 5.1]. A study of quasistatic crack growth under impenetrability constraints has
been carried out in the series of works [25, 26, 45]. A variational model including both cavitation
and fracture has been analyzed in [41]. Ambrosio-Tortorelli approximations of brittle fracture
models under a non-interpenetration constraint are the subject of [17].

The goal of this paper is to provide a rigorous analysis of the connection between the Griffith-
counterpart of (1.1) proposed in [37] and the contact condition in (1.3) by performing a nonlinear-
to-linear passage. Before discussing our results, we briefly review the literature on linearization
for brittle hyperelastic materials. A simultaneous discrete-to-continuum and nonlinear-to-linear
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study for general crack geometries and for deformations close to the identity is the subject of [34],
whereas a linearization analysis for quasistatic evolution models and under additional assumptions
on the admissible cracks has been performed in [48] (see also [50]). An effective linearized Griffith
energy as ['-limit of nonlinear and frame indifferent models in the small strain regime and under no
assumptions on the crack has been identified in the planar setting in [31], and recently extended in
dimension d > 2 in [32] for the framework of non-simple materials. We refer to Subsection 3.2 below
for a precise description of this latter result. We only mention here that, since no a priori bounds
are assumed on the deformations, the function spaces in which the analysis is developed are those
of generalized special functions of bounded variation, GSBV, and generalized special functions of
bounded deformation, GSBD, cf. [4, 23]. The topology in which the linearization in [31, 32] is
performed is that of a tripling of the variable, in which to every sequence of deformations with
equibounded rescaled energies, one associates a sequence of Caccioppoli partitions, corresponding
piecewise rigid motions, and rescaled displacement fields which are defined separately on each
component of the partitions, see Definition 3.8. The limiting displacement field obtained by means
of this procedure is referred to as the asymptotic representation of the sequence of deformations.

The starting point of our analysis is the linearization result in [32]. The focus of our study
is the asymptotic behavior of higher-order Griffith fracture energies under the GSBV -version of
the impenetrability constraint in (1.1). Our contribution is threefold. Our first result is in the
negative, for we give an example that, in the linearization process, sequences of deformations with
equibounded nonlinear Griffith energies and satisfying a G.S BV -formulation of (1.1) might lead to
limiting displacements violating (1.3). We further show that, in the absence of additional condi-
tions, a linearized version of (1.2) under (1.3) is not the variational limit of (1.2) complemented
by (1.1). In particular, our construction suggests that the linearized counterpart of (1.2) contains
an additional anisotropic surface term being positive when (1.3) is violated, which depends on the
orientation and on the amplitude of the jump of the displacement u. This is shown in Examples 3.5
and 3.7, and motivates the remaining part of our analysis.

Our second contribution is to prove that adding further assumptions on the sequence of defor-
mations under consideration and restricting the analysis to “energy-convergent sequences” leads in
fact to a linearized Griffith model constrained by the contact condition (1.3). A simplified version
of our result reads as follows, we refer to Theorem 3.6 and Theorem 3.11 for the precise statements.

Theorem 1.1. Let (y.)- be a sequence of deformations with equibounded Griffith energies, sat-
isfying (1.1), and such that their nonlinear energies converge to the linearized energy of their
asymptotic representation u. Then u satisfies (1.3).

Third, we prove that for each limiting displacement wu fulfilling (1.3), an energy-convergent
sequence satisfying the impenetrability condition (1.1) can be constructed (see Theorem 3.12).

Theorem 1.2. Let u satisfy (1.3). Then, there exists a sequence (yc)e as in Theorem 1.1 having u
as asymptotic representation.

The proof of Theorem 1.1 is performed by contradiction: we postulate the existence of sets
of positive measure where (1.3) is violated and show that this cannot be the case by means of
a careful blow-up argument, cf. Proposition 4.1, which in turn essentially relies on a piecewise
Korn-Poincaré inequality, see Proposition 2.2. Since this latter result is currently only available in
dimension d = 2, this is the reason why our analysis is restricted to the planar setting. The main
ingredient for establishing Theorem 1.2 is a density result in GSBD (see Theorem 2.3) keeping
track of boundary data, which in turn provides approximants of the given displacement satisfying
a strengthened version of the contact condition in (1.3).
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We remark once again that our analysis shows the following: In general, a linear Griffith en-
ergy under the contact condition (1.3) does not provide a linearized counterpart to the nonlinear
model (1.2) under the Ciarlet-Necas constraint (1.1), and convergence of minimizers of the non-
linear model to the linearized one is not ensured. In fact, as mentioned above, the compactness
in GSBD (see [32] and Definition 3.8 below) fails to guarantee (1.3) in the linearization process,
unless there is convergence of the energies (cf. Examples 3.5 and 3.7), which cannot be proven a
priori for sequences of minimizers. Further, motivated by Example 3.7, we conjecture that the
effect of adding the Ciarlet-Necas condition (1.1) to the functional (1.2) is given by the presence of
an additional anisotropic surface term possibly depending on the orientation and on the amplitude
of the jump of limiting displacements. The precise characterization of this surface term goes be-
yond the scope of this work, for it relies on the identification of a suitable cell-formula for the local
limiting energy density around jump points. This will be the subject of a forthcoming analysis.

This paper is organized as follows. Section 2 collects some preliminary results, basic properties of
the spaces GSBV and GSBD, as well as Proposition 2.2 and Theorem 2.3. Section 3 contains the
precise formulation of (1.1) and (1.3), the definition of nonlinear and linearized energy functionals,
the description of our notion of convergence, Examples 3.5 and 3.7, and the statement of our main
results. Section 4 is devoted to the blow-up argument, whereas Sections 5 and 6 tackle the proofs
of Theorems 1.1 and 1.2.

2. PRELIMINARIES AND NOTATION

In this section, we introduce the basic notation and define the function spaces we will use
throughout the paper.

2.1. Basic notation. We denote by ) an open bounded subset of R? with Lipschitz boundary 05.
The symbols £2 and H' represent the Lebesgue and the 1-dimensional Hausdorff measure in R?,
respectively. We set S! := {z € R? : |z| = 1}. The identity map on R? is indicated by id and
its gradient, the identity matrix, by Id € R?*2. The spaces of symmetric and skew symmetric
matrices are denoted by R2%2 and R2%? | respectively. We set sym(F) := £ (F7 + F) for F € R?*2
and define SO(2) == {R € R?*2 : RTR = Id, detR = 1}. For every F € R?*2 we denote by
dist(F, SO(2)) the distance of F from the set SO(2).

For an £2-measurable set E C R2, the symbol xx denotes its indicator function. For two sets
A,B C R? we define AAB := (A\ B)U (B\ A). By B,(z) C R?* we denote the open ball with
center z € R? and radius p. The symbol @, stands for the paraxial square centered in the origin
and with side length p.

A mapping a of the form a(x) = Az +b for A € ]ngxezv and b € R? is called an infinitesimal
rigid motion. In the next sections, we will make use of the following elementary lemma on affine
mappings in order to control the norm of infinitesimal rigid motions. We refer to [36, Lemma 3.4]
or [21, Lemma 4.3] for similar statements (The proof relies on the equivalence of norms in finite

dimensions).

Lemma 2.1. Let 29 € R?, and let R,0 > 0. Let a: R? — R? be affine and let E C Br(zg) C R?
with £2(E) > OR?. Then, there exists a constant ¢ > 1 only depending on 0 such that

lall Lo (Br(z0)) < CollallLe(m)-
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We conclude this subsection with the basic notation for the slicing technique. For £ € S!, we let
¢ = {wecR*: w-£=0}, (2.1)

and for any w € R% and B C R? we let
B = {tcR: w+t¢ € B}, me(B) = {w € TI*: BS, # 0}. (2.2)

We will use the abbreviation a.e. to indicate that a property holds almost everywhere, namely
outside a set of zero measure.

2.2. Area formula. We recall below the area formula for a.e.-approximately differentiable maps
and refer to [38, Chapter 3] for a complete treatment. For every measurable set E C €, every map
y: Q — R?, and every z € R?, let m(y, z, E) be the number of preimages via y of z in the set E,
that is,

My, ) = #{o € B: y(a) = 2}
Let us assume that y: Q — R? is a.e.-approximately differentiable in Q and let 4 C 2 be the set
of approximate differentiability of y. Then, the area formula (see e.g. [38, Theorem 1, Section 1.5,

Chapter 3]) states that for every measurable set E C € the function z — m(y, z, E N Q) is
measurable and

/|detVy(as)|dx:/ m(y,z, ENQy)dz. (2.3)
B R?

2.3. Sets of finite perimeter. For a set of finite perimeter F, we denote by 0*F its essential
boundary and by (E)! the points where E has density one, see [4, Definition 3.60]. A set of
finite perimeter E is called indecomposable if it cannot be written as E, U Eg with E, N Eg = 0,
L2(Ey), L2(Eg) > 0, and HY(9*E) = H'(0*E,) + H'(0*Eg). Note that this notion generalizes
the concept of connectedness to sets of finite perimeter. By [3, Theorem 1] for each set of finite
perimeter F there exists a unique finite or countable family of pairwise disjoint indecomposable
sets (E;); such that E = J, E;, £L*(E;) > 0 for every i, and H'(0*E) = Y, H'(0*E;). The
sets (E;); are called the connected components of E. We call E simple if both E and R? \ E are
indecomposable. For an indecomposable set E we define the saturation sat(FE) of E as the union of
E and its ‘holes’, i.e., the connected components of R?\ E with finite measure, see [3, Definition 2].
In a similar fashion, for general sets of finite perimeter E with connected components (E;);, we
define sat(E) = J, sat(E;).

We also recall the structure theorem of the boundary of planar sets F of finite perimeter in
[3, Corollary 1]: there exists a unique countable decomposition of 0*F into pairwise disjoint
rectifiable Jordan curves. We say that I' C R? is a rectifiable Jordan curve if T' = ~([a, b]) for
some a < b and some Lipschitz continuous map -, one-to-one on [a, b), and such that vy(a) = v(b).
According to the Jordan curve theorem, any Jordan curve splits R? \ T into exactly one bounded
and one unbounded component, denoted by int(I") and ext(T"), respectively, where int(T") denotes
the bounded component.

For the definition and properties of Caccioppoli partitions we refer to [4, Section 4.4].

2.4. Function spaces. We use the standard notation GSBV (€;R?) for the space of generalized
special functions of bounded variation, see [4, Section 4] and [24, Section 2]. We recall that a
function y € GSBV (Q;R?) admits an approximate gradient Vy a.e. in 2. We denote by J, the
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set of approximate jump points of y € GSBV(Q2;R?), that is, the set of points x € Q for which
there exist v € S! and a,b € R? such that a # b and

ap-lim y(z) =a and ap-lim y(z) =0, (2.4)
(zj;))i>0 (zfzﬁi<0

where the symbol ap- lim denotes the approximate limit. We recall that J, is an H!-rectifiable set,
and that the triple (a,b,v) is uniquely defined, up to a permutation of ¢ and b and a change of
sign of v. In particular, v is the approximate unit normal to J, and we denote it by v, from now
on. The approximate limits a and b at = € J,, are indicated by y; and y; .

We further set
GSBV?(Q;R?) = {y € GSBV (% R?) : Vy € L*(Q;R**?), H(J,) < +oo}. (2.5)
We define the space
GSBVZ(Q;R?) := {y € GSBV*(Q;R?) : Vy € GSBV*(Q;R**?)}. (2.6)

The approximate differential and the jump set of Vy will be denoted by V?y and Jv,, respec-
tively. (To avoid confusion, we point out that in [24] the notation GSBVZ(Q;R?) was used for
GSBV2(;R?) N L?(Q;R?).)

We notice that spaces similar to (2.6) already appeared, for instance, in [13, 14] to treat second
order free discontinuity functionals, e.g., a weak formulation of the Blake & Zissermann model [9]
of image segmentation. Since a function in GSBVZ(;R?) is allowed to exhibit discontinuities,
our analysis is outside of the framework of the space of special functions with bounded Hes-
sian SBH (), considered for second order energies for elastic-perfectly plastic plates (see, e.g., [15]).

In order to treat linear models of fracture, we need the space GSBD(?) of generalized special
functions of bounded deformation, introduced in [23]. We recall that a function v € GSBD(Q) ad-
mits an approximate symmetric gradient e(u) € L'(€;R22) and its jump set J,,, defined similarly
to (2.4), is Hl-rectifiable, so that the approximate unit normal v, to J, is defined H'-a.e. on J,
together with the approximate limits v} and v, z € J,. As usual, we set [u] := u™ —u~ as the

jump of u through J,. We further let

GSBD?*(Q) = {u € GSBD(Q): e(u) € L*(Q;R2X2), H'(J,) < +oo}.

sym

We conclude this section by recalling two technical results concerning G'SBD?-functions. The
first one is a piecewise Korn-Poincaré inequality [35].

Proposition 2.2 (Piecewise Korn-Poincaré inequality). Let Q C R? be an open square and let
0 < 6 < 0y for some Oy sufficiently small. Then, there exists some Cy = Cy(0) > 1 such that the
following holds: for each u € GSBD?(Q) we find a (finite) Caccioppoli partition Q = RUUJJZ1 pP;,
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and corresponding rigid motions (aj);]:l such that

J
S HN (0P NQ)\ L)+ H ((0PRNQ)\ Ju) < 0(H' (Ju) + H'(0Q)), (2.7a)
j=1
L3(R) < O(H (J,) + HLH0Q))?, L2(P) > L2(Q)0° forallj=1,...,J, (2.7Db)
lu—ajllLep,) < Colle(u)llL2(@) forallj=1,...,J. (2.7¢)

Proof. The statement is a slightly simplified version of [35, Theorem 4.1]. We briefly explain how
the result can be obtained therefrom. We first suppose that @ is the unit square. We define
0o < 1/c, where c is the constant from [35, Theorem 4.1] and apply [35, Theorem 4.1] for 6/c in
place of 6. Then, (2.7a) follows from [35, (18)(i)], where we denote the component Py by R. Item
(2.7b) follows from [35, (17)(i), (18)(ii)], choosing 6y sufficiently small such that Cq > 6. Finally,
(2.7c) follows from [35, (18)(iii)], where also a corresponding Korn-type estimate has been proved.
Eventually, if @ is not the unit square, the result follows by a standard rescaling argument, see
[35, Remark 4.2]. O

In the next sections (see in particular Theorem 3.12) we will also deal with boundary conditions.
As usual in BV and BD-like spaces, we impose a Dirichlet boundary condition by forcing a
displacement © € GSBD(Q) to take a prescribed value on the set Q' \ Q, where €’ is an open
bounded subset of R? with Lipschitz boundary 9€)’ such that Q C €. Precisely, for a boundary
datum h € W2°°(Q)'; R?) we introduce the space

GSBD3; (V) == {u € GSBD*(): u=hon Q' \ Q}. (2.8)

In what follows, we will make a geometrical assumption on the Dirichlet part of the boundary
IpQ = Q' N 9N, which will allow us to exploit a density result in GSBD3? (') (see Theorem 2.3).
Precisely, we assume that there exists a decomposition 92 = pQ U INQQU N with

OpQ, OnQ relatively open, HIYHN)=0, 9pQNanQ=0, 9(0pQ)=09OnQ), (2.9)
and there exist § > 0 small and z¢ € R? such that for all § € (0,6) there holds
05,2, (0p§2) C 9, (2.10)
where Oj 5, (2) == 20 + (1 — 9)(x — z0).

We conclude this section with the statement of a density result in GSBD2(Y'). To shorten the
notation, we introduce the space W(€; R?) of all functions u € SBV (Q; R?) such that .J, is a finite
union of disjoint segments and u € W*>(Q\ J,;R?) for every k € N. The following theorem
is essentially a consequence of results in [18] and [22]. The exact statement can be found in [32,
Theorem 3.6].

Theorem 2.3 (Density with boundary data). Let Q C Q' C R? be bounded Lipschitz domains
satisfying (2.9)-(2.10). Let h € W™>(Y') for r € N and let u € GSBD2(SY'). Then, there exists
a sequence of functions (un)n in SBV?(Q;R?), a sequence of neighborhoods (Uy), of '\ Q, and
a sequence of neighborhoods () of Q\ U, such that U, C ', Q, C Q, u, = h on Q'\ Q,
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un|y, € WHo(Upn; R?), and uylq, € W(Qn;R?), and the following properties hold:

Up, — u in measure on (2.11a)
nlbn;o lle(un) — e(u)||L2any =0, (2.11b)

lim H'(J,,) = H (Ju). (2.11c)
n—oo

In particular, u, € W (Q\ J,, ;R?) for every n € N.

3. SETTING AND MAIN RESULTS

3.1. Ciarlet-Necas and contact conditions. The aim of this paper is to characterize the re-
lation between Ciarlet-Necas and contact conditions in the passage from nonlinear to linearized
brittle fracture. Following [37, Section 2], we first give a precise meaning to the Ciarlet-Necas
non-interpenetration condition, see [20]. To do this, we recall the definition of measure theoretic
image of GSBV -functions.

Definition 3.1 (Measure theoretical image). Let y € GSBV(2;R?) and let Q4 C Q be the set of
points where y is approximate differentiable. We define y4 by

yalz) = {g}(x) for z € Qy,

0 else,

where §(z) denotes the Lebesgue value of y at € Q4. Given a measurable set F C ), we say that
ya(E) is the measure theoretic image of E under the map y, and we denote it by [y(E)].

Definition 3.2 (Ciarlet-Ne¢as non-interpenetration condition for GSBV-maps). We say that
y € GSBV(2;R?) satisfies the Ciarlet-Necas non-interpenetration condition if det Vy(x) > 0 for
a.e. x € 2 and

/Q det Vy dr < £2([y(2)]) (CN)

where [y(2)] denotes the image of Q under y according to Definition 3.1.

Remark 3.3. We recall that (CN) is equivalent to a.e. injectivity under the assumption det Vy(z) >
0 for a.e. z € Q, see [37, Proposition 2.5]. Here, we say that y is a.e.-injective if for every repre-
sentative 7 of y there exists an £2-negligible set £ C €2 such that the restriction of j on Q\ E is
injective.

We now define the linearized contact condition for functions in GSBD?*(Q).

Definition 3.4 (Contact condition for GSBD-maps). We say that u € GSBD?() satisfies the
contact condition if

Vo(x) - [u](z) >0 for H'-ae. x € J,. (CC)

Our first observation is the following: consider a sequence of deformations (y.). C GSBV?(Q;R?)
satisfying (CN) such that their associated rescaled displacements (u.)e, defined as

"o = é(ys —id), (3.1)
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have uniformly bounded linearized energies, i.e.,

sup F(ue) < +oo, where F(u) := |le(uc)|[ 72y + H' (Ju.) - (3.2)
e>0

This is not enough to guarantee measure convergence of u. to a displacement u satisfying (CC).
Example 3.5. Let Q@ = (—1,1)% and let u = (—1,0)X {4, >0} Clearly, we have J, = {0} x (=1, 1),
v, = ey, and [u] = —ey. Therefore, we have [u] - v, = —1 < 0 on J,,. We now construct a sequence
(ye)e € GSBV?(Q;R?) satisfying (3.2), as well as (CN), and such that u. — u in measure on 2,
where u. € GSBV?(2;R?) is defined in (3.1). To this end, we let (see also Figure 1)

2

e := (=1,0)X(z, >0} + (670) X{-2e<mi<0} s Ye = id +euc. (3.3)

Then, we see that Vy. = Id on Q and H'(J,.) = 4, i.e., (3.2) holds true. It is also easy to check that
ues — u in measure on ). Finally, the functions y. satisfy the Ciarlet-Necas non-interpenetration
condition, since for € sufficiently small the three sets

[y-({zr < =2e})], [ye({=2e <@ <OP],  [y-({z1 > 0})]

are pairwise disjoint.

Ye

Q y-(©2)

FIGURE 1. Graphic representation of the deformation y. in (3.3).

A crucial point in the example is that the length of the jump along the sequence has twice the
size of the limiting jump. Our second result shows that, under a suitable energy convergence of the
rescaled displacements and a slightly stronger control on elastic energies, the pathological situation
in Example 3.5 can be avoided.

Theorem 3.6 (From Ciarlet-Necas to contact condition). Let Q C R? be open and bounded. Let
(y-)e € GSBV?(Q;R?) be a sequence satisfying (CN). For every e > 0, let u. be defined as in
(3.1), and assume that there exists u € GSBD?(Q) such that u. — u in measure on ). Suppose
moreover that there exists v > % such that

s1>118 517’Y||VU5||L2(Q) < 400, (3.4a)
tim[le(ue) 32 0 + H () = lle(u) o + H' () (3.4b)
Then, u satisfies (CC).
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Let us comment on the hypotheses of Theorem 3.6. By a compactness argument, see Proposi-
tion 3.10 and (3.11b) below, assumption (3.4a) holds for sequences (u.). such that the correspond-
ing deformation fields y. = id 4 eu. have bounded nonlinear Griffith energy &., defined in (3.6)
below. Condition (3.4b) is instead stronger. In variational terms, it requires the rescaled displace-
ments (u. ). associated to (ye ). to be an energy-convergent sequence for the limiting displacement u,
in terms of the energy F defined in (3.2). As shown in Example 3.5, condition (3.4b) cannot be
weakened to a more traditional energy bound of the form (3.2). Hence, Theorem 3.6 states that
(CN) yields the contact condition (CC), provided (u.). is an energy-convergent sequence for F.

We defer the proof of Theorem 3.6 to Section 5 and continue here with the presentation of our
results. The second part of Section 3 is devoted to the definitions of linear and nonlinear Griffith
energies and to the passage from nonlinear to linear models, under the additional Ciarlet-Necas
and contact conditions.

3.2. From nonlinear to linear Griffith models with non-interpenetration. We start by
introducing the nonlinear Griffith energy for non-simple materials. We let W : R?*2 — [0, +00) be
a single well, frame indifferent stored energy density. To be precise, we suppose that there exists
¢ > 0 such that

W continuous and C?® in a neighborhood of SO(2), (3.5a)
W(RF) = W(F) for all F € R**? R € SO(2), (3.5b)
W (F) > cdist®(F, SO(2)) for all F € R*>*2, W (F) =0 iff F € SO(2). (3.5¢)

Let us fix k > 0, 8 € (%, 1), and two open bounded subsets Q C €’ of R? with Lipschitz
boundaries 9 and 9, respectively, such that (2.9)—(2.10) hold. Recalling the definition (2.6) of
the space GSBVZ(Y;R?), for € > 0 we define the energy &.: GSBVZ(Y;R?) — [0, +o0] by

= [ W(Vy(x)) do+e 2 / V2 ()2 da + wHM(J,)  if Jey C T,
gs(y) = v o
+ 00 else.

(3.6)

Here and in the following, the inclusion Jy, C J, has to be understood up to an H'-negligible set.
Since W grows quadratically around SO(2), the parameter ¢ corresponds to the typical scaling of
strains for configurations with finite energy. We further notice that the choice of two open sets
Q and €' is due to the fact that we are interested in boundary value problems, where a Dirichlet
datum is to be imposed on Q' \  (see also Section 2.4).

Due to the presence of the second term in (3.6), we deal with a Griffith-type model for nonsimple
materials. Elastic energies depending on the second gradient of the deformation were introduced
by TOUPIN [54, 55] to enhance compactness and rigidity properties. In our context, we consider
a second gradient term (describing the absolutely continuous part of the gradient of Vy) for a
material undergoing fracture, which has a regularization effect on the entire intact region Q' \ J,
of the material. This is modeled by the condition Jv, C J.

We finally remark that the condition Jyv, C J, in (3.6) is not closed under convergence in
measure on ', and to guarantee the existence of minimizers one needs to pass to a suitable
relaxation, see [32, Proposition 2.1 and Theorem 2.2].
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The corresponding linearized Griffith model is represented by the functional £: GSBD?*(Q') —
[0, +00) given by
1
E(u) = §Q(e(u)) dx + kH(J), (3.7)
Q/
where Q: R?*2 — [0, +o0) is the quadratic form Q(F) = D*W (Id)F : F for all F € R**2. In view

of (3.5), Q is positive definite on R2%2 and vanishes on R2X2

The T'-convergence of & to £ has been studied in [32] in dimension d > 2, with neither non-

interpenetration nor contact conditions. We also refer to [31] for a linearization result in dimen-
sion d = 2 without second order regularization in (3.6).

Justified by [37, Section 6.1], [25, Appendix A], or [30, Section 5.1], a natural conjecture would
be that, in this limiting passage, the conditions (CN) and (CC) could simply be included on the
nonlinear and linear level, respectively. Example 3.5 showed that this is not the case, as (CC) is
not maintained for limits of sequences satisfying (CN). In the next example we further show that
the variational limit of the functionals &, cannot expected to be expressed by means of the classical
Griffith energy.

Example 3.7. Let Q = (—1,1)%, let u = (u1,p2) € R? be such that p; < 0, and let u =
(B, 12)X {2, >0y To fix the ideas, we also assume pp < 0. As in Example 3.5, J, = {0} x (—1,1)
has length #'(.J,) = 2 and normal vector v, = e1. Hence, [u] -e; = & < 0 on J,. Fore > 0 we

set ne := | == |, where |-| denotes the integer part, and let

1
elp2|

RF .= (76%,5"“—;‘) x (=14 2kelpa|, =1 4 (2k + 1)e|p2|) for k=0,...,n. — 1,

ne—1

R, = U R,
k=0
Then, we define y. € GSBV?(Q;R?) as (see also Figure 2)
. . 2
Ye = id + cu, with Ue i= (%,MQ) X(Q\ R ) {z1>0} T <6,0> XR. » (3.8)
so that (y.). satisfies (3.2), and (CN), as in Example 3.5, and u, — u in measure.

In particular, the jump set J,_ satisfies the inequalities

Hl(Jys) <HH(OR:) + (ne + Delpa| = 2neelp] + 2neepz| + (ne + 1)elpus|

= Bneelyin] + 2neclyi| + elpin] < 3+ 252} T elpal
HI(J,.) > HU(OR.) — 2elr] + (ne — D)elpa] = 2nceln] + 2ncelua] — 2elur] + (e — Delpa]
= Sncela] + 2naclyn] - 2l — cla] 2 3~ delpal + 212}~ deln.
Thus, we deduce that
li #(J,,) =3+ 22

whereas in comparison H!(.J,) = 2.

Examples 3.5 and 3.7 suggest that, besides kH!(.J,), the formulation of the variational limit
of &£ in (3.6) should account for an additional anisotropic surface term being positive whenever
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Ye
—) —
clial{
R/_/
Q el v=(2)

FIGURE 2. Graphic representation of the deformation y. in (3.8). The set R, is in gray.

(CC) is violated. This term should depend on the orientation and on the amplitude of the jump
of the displacement u. The full characterization of this I'-limit is beyond the scope of the present
contribution, and in the following we restrict our attention to energy-convergent sequences. In
order to comply with boundary conditions on €'\ , for h € W2>(Q/; R?) and ¢ > 0 we set

S.n={y € GSBVZ(Q;RY): y=1id +eh on Q' \ O}, (3.9)

and also recall the definition GSBDZ () in (2.8).

We start by clarifying the definition of convergence. The general idea in linearization results (see,
e.g., [1, 12,27, 33, 34, 48, 51, 52]) is to obtain compactness for the rescaled displacement fields (u. ).
associated to a sequence (ye). with sup, & (ye) < +00, see (3.1). For bodies undergoing fracture,
however, no compactness can be expected: consider, for instance, the functions y. = idxon\p +
Ridyp, for a small ball B C Q and a rotation R € SO(2), R # Id. Then |u.|,|Vu.| = oo on B
as € — 0. As observed in [32, Theorem 2.3], this phenomenon can be avoided if the deformation
is rotated back to the identity on the set B. This justifies the following notion of convergence, see
also [32, Definition 2.4].

Definition 3.8 (Asymptotic representation). Fix v € (%, B). We say that a sequence (ye). with
Ye € S.p is asymptotically represented by a limiting displacement v € GSBD3 ('), and write
Ye ~ u, if there exist sequences of Caccioppoli partitions (P;) ;j of " and corresponding rotations
(R5); € SO(2) such that, setting

> 1
=Y Riyexer  andu= (g —id), (3.10)
j=1
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the following conditions hold:

[sym(Vy:**) —Id| 2 < Ce, (3.11a)
[Vt —1d|| 2 < Ce7, (3.11b)
[Vyt —1d| < C(e7 + dist(VyL**, SO(2))) a.e. on € (3.11c)
ue > u ae in Q\ Ey, (3.11d)
e(uc) = e(u) weakly in L*(Q'\ Ey;R2:Y), (3.11e)
H(J,) < liminf H'(J,.) < liminf H(J,, U Jg,.), (3.11f)
e=0 e—0
e(u)=0 on E,, H'((0*E.NY)\J,)=H (J.N(E)")=0, (3.11g)

where E,, := {z € Q: |u.(x)] — oo} is a set of finite perimeter.

Remark 3.9. The presence of the set F, is due to the compactness result in GSBD?(Q)), see [19)].
We point out that the behavior of the sequence cannot be controlled on this set, but that this is
not an issue for minimization problems of Griffith energies since a minimizer can be recovered by
choosing u affine on E,, with e(u) = 0, cf. (3.11g). We also note that E, C Q, i.e., E,N(2'\Q) = 0.

We speak of asymptotic representation instead of convergence, and we use the symbol ~», in
order to emphasize that Definition 3.8 cannot be understood as a convergence with respect to a
certain topology. Indeed, the limit « for a given (sub-)sequence (y.). is not uniquely determined,
but rather depends on the choice of the sequences (P5); and (R5);. For details in that direction, in
particular concerning a characterization of limiting displacements, we refer to [32, Subsection 2.2].

We have the following compactness result for asymptotic representations.

Proposition 3.10 (Compactness). Let h € W2 (Q/;R?), and assume that W satisfies (3.5). Let
v € (2,B). Let (ye)e be a sequence satisfying ye € S and sup, E(y-) < +o00. Then there exists
a subsequence (not relabeled) and u € GSBD3 (') such that y- ~ u.

The statement has been shown in [32, Theorem 2.3]. Actually, property (3.11c) has not been
stated there explicitly, but has been used in the proof, see [32, (4.11)]. We now present a conse-
quence of Theorem 3.6 about the passage from the Ciarlet-Necas to the contact condition, whose
proof is also postponed to Section 5.

Theorem 3.11 (From Ciarlet-Nec¢as to contact condition in the asymptotic representation). Let
h € W2°°(Q/;R?), and assume that W satisfies (3.5). Let (yc)e be a sequence satisfying y. € Se.pn
and (CN). Letu € GSBD32(Y) be such that y. ~ u and E-(y.) — E(u) ase — 0. Finally, assume
that y=°* in (3.10) also satisfies (CN). Then, u satisfies (CC) on J, \ 0*E,.

The assumption that also y™°' satisfies (CN) is not really restrictive since it would also be
possible to consider modifications of the form y°" := Z‘;’;l(Rj Ye — b5) xps for suitable (b5); C R?
(cf. [31, Theorem 2.2]) such that (CN) holds. The full proof of this statement would be quite
technical. Since this is not the main focus of the paper, we would rather not dwell on this point
and just explain the general idea behind it: for £ € N, assume that the sum of the contributions
on the first £ — 1 sets is injective. If the local rotation of the contribution on the ¢-th set creates
some overlapping, a translation b} is added to restore injectivity. An induction argument on the
ordering of the partition then yields the claim.
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We conclude this section by stating the third main contribution of this work, whose proof is
postponed to Section 6. In particular, we assert that for every u € GSBD%(Q’ ) satisfying the
contact condition (CC) there exists an energy-convergent sequence (in the sense of Definition 3.8)
which fulfills the Ciarlet-Necas condition (CN).

Theorem 3.12 (Existence of energy-convergent sequences). Let 2 C Q' C R? be bounded Lipschitz
domains satisfying (2.9)—(2.10), let h € W3 (Q/;R?), and assume that W satisfies (3.5). Then,
for every uw € GSBD(Y) satisfying (CC) there exists a sequence (y:). satisfying (CN) and such
that y- € S, Ye ~ u, and

lim £. (ye) = £(u).

4. STRUCTURAL RESULT FOR BLOW UP AROUND JUMP POINTS

This section is devoted to a preliminary result needed in the proofs of Theorems 3.6 and 3.12.
For p > 0, we set Qpi = Q,N{£x e > 0}. Here and in the following, + is a placeholder for both
+ and —.

Proposition 4.1. Let 0 < p < 1, let v € GSBD?*(Q,), let w™,w™ € R?, and let 0 < n <
min{%\w+ —w™|,00,107%}, where Oy is the constant of Proposition 2.2. Assume that

H(JoNQp) < p(1+1), (4.1a)
2 +, A+ n 2 — = n < 2t
L ({a: €EQ,: [v—w'|> 7@13/2 }) +L ({x €Q,: [v-—wT[> o s }) < p°n°, (4.1b)
2
PN
le(v)]? dz < 55—, (4.1¢)
‘/p 026373/2

where Cyy > 1 denotes the constant of Proposition 2.2 applied for 6 =n, and ¢y /o > 1 denotes the
constant of Lemma 2.1 applied for 0 = n®/2. Then there exist two disjoint sets DT, D~ C Q, such
that

[v = w Lo (p+y < 3 and [v —w™ e (p-) < 3, (4.2a)
1 (((6*D+ UO*D7)\ J,) N Qp) < 6np. (4.2)

Moreover, there exist two curves I C 8*D* N Q, connecting (—5,2) x {—2} to (—5,2) x {£}.

Remark 4.2. Later in the proofs of Theorem 3.6 and Theorem 3.12 we will show that (4.1) holds
in the blow-up around jump points.

Proof of Proposition 4.1. We first apply Proposition 2.2 to construct the sets D*. Afterwards, we
prove the properties stated in (4.2).

Step 1: Application of the piecewise Korn inequality. We start by applying Proposition 2.2 for v
and for 0 = n on the set Q,. (Note that n < 6y by assumption.) We obtain a (finite) Caccioppoli

partition @, = RU szl P;, and corresponding rigid motions (a;)7_; such that (2.7) holds. By
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assumptions (4.1a) and (4.1c) and the fact that H'(0Q,) = 4p we get

J
SHU(O PN Q)N L)+ H (O RNQ)\ L) <n(pL+m) +4p),  (43a)
j=1
LX(R) <n(p(L+mn)+4p)*,  LX(Py) > pPn® forallj=1,...,J, (4.3b)
v —ajllLep,y < Cylle(®)llz2(q,) < = forallj=1,...,J. (4.3c)
Cn3/2
We now show that for each j =1,...,J we have
o —w* L, < 3n or v = w™ Lo (py) < 3n. (4.4)

In fact, since (4.1b) and (4.3b) hold and < 1, we find that

e({p-wcLYnp) =20 o 2({v-wic2)np) = 20 s

CWS/Q

Cp3 /2

Without loss of generality we may assume that (4.5) holds true for w*, and we write S; =

{lv —w*| < n/E;s/2} N Pj. By (4.3c), the assumption that p < 1, and the triangle inequality we
3

get [lwt —a;llpe(s,) < 21 By applying Lemma 2.1 for § = L and R = @ we then get

En3/2

lla; —wh ey < llay —wHllLe(q,) < ppjalla; —w™|lp(s;) < 21,
where we used that £2(S;) > %RQ by (4.5). Another application of (4.3c) and using ¢,s /5 > 1
implies (4.4) for w™. In a similar fashion, we obtain the estimate for w™.

Since |wt — w™| > Tn by assumption on 7, we observe that for each P; estimate (4.4) either
holds for w™ or for w™. We denote by J 7 the set of indices such that (4.4) holds for w™, and set
T ={1,...,J}\ JT. We define the sets

pt:=J P, D = |J P.

JjeET+ JET~

Step 2: Proof of (4.2): We start by observing that (4.4) implies [[v — w* || = (p+) < 37 and
v —w™ ||Le(p-) < 3n, i.e., (4.2a) holds. By (4.3a) and since n < 1 we also find that (4.2b) holds
true. In particular, by (4.1a)

H((0*DTUO*DT)NQ,) < p+Tnp. (4.6)

It remains to show the existence of the curves 't C 9* D*. First, we note that D D {|v —w™®| <
n/Cp3 2} N (Q, \ R) by construction and therefore we find by (4.1b) and (4.3b) that

L2 (DFnQy) > %pQ —-p’n* = L*(R) > %f - p*n* = 36p°n > %pQ — Cop®n, (4.7)
where we set Cy = 100 for notational convenience. Thus, by (4.7) we get that
1 ({w eme: £1((DEN Q%) > o}) > p— 2Conp. (4.8)
This in turn implies

H ({wen: HO(O"DFNQ,)5) 2 1}) = p— 4Cunp. (4.9)
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We further claim that
7

H ({w e HO((0'DFN Q%) 2 2}) < £+ Snp. (4.10)

Indeed, if (4.10) were not true, by the area formula (see, e.g., [4, Theorem 2.71]) and by (4.6) we
would have that

p+Tnp < 2H! ({w el : HO((0*DF N Q,)%) > 2}) < / HO((0"D*F N Q,)%) dH (w)

IIe1

:/ s - e dHY < H((0° D U D) NQ,) < p+ Tup,
8*DENQ,

where by vp+ we denote the outer unit normal of 9*D*. Thus, (4.10) holds true. Let us set

0 :=16Con and K := (—%p, %p) x (—=%,%). Then, by (4.7) we get

L2 (DFNQINKs) > L7 (Diin)—ﬁ(Qi\K(;)
1

1 1
50" = Cop®n — 5(1=8)p* = 50p* = Cop™n.

[\)

Arguing as in (4.7)—(4.9) we deduce that

Con 3
H1<{w e HO((0"DF N Ky)%) > 1}) >p -4 0, = . (4.11)
where in the last equality we have used the definition of §. Hence, combining (4.1
infer that

0) and (4.11) we

({w ell®: H((0*DFNKs)%) =1 and H°((0*DFNQ,)%) = 1}) P gnp (4.12)

We now prove the existence of a curve I'" € 0* DT connecting (-4, §) x {—5} with (=5, 5) x {5}
The argument for '™ C 9* D~ is the same, with a different notational reahzatlon. In view of (4. 12)

we can fix w € (—5,5) and t € (—%7 %”) such that

y = (t,w) € 0*DT N K; and (s,w)29*DTNQ, forse (-5,5), s#t. (4.13)

Without loss of generality, we may assume that there exists the approximate unit normal vp+(y)
to 0* DV in y and that vp+(y)-e1 # 0. By [3, Corollary 1], * DT can be decomposed uniquely into
at most countably many pairwise disjoint rectifiable Jordan curves. Let us denote by A C 9* D™ the
Jordan curve containing y. Then, (4.13) and vp+(y) -e1 # 0 imply that ANQ, C A. Thus, A must
connect y to 9Q,. Let us denote by I'" C A the sub-curve of A containing y and intersecting 9Q,
only in its endpoints.

We now show that such endpoints lie in (—5,%5) x {=4} and in (=5, 5) x {4}, respectively.

22 202
By contradiction, let us assume that one of the endpoints is of the form (§,w) or (—4,w) with

29
w e (—5,5). Setting |w —w| = (p for some ¢ € (0,1), by (4.9) and by definition of § and 7 we

estimate

10D 00 D7) Q) > (B=D) o — w2 + (o 4G — jw =

=p< @Jr@—()ﬂp—woﬂp)

(1-10)? 1—6)2
> p—r=
4420 9

+p—4Co77p2p( +p—4Conp > p+Tnp,
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which is in contradiction to (4.6). Hence, both endpoints of I'" lie on (—4, §)x{—5} or on (—4§, §)x

202
{£}. Since (4.13) holds, the endpoints can not both lie on the same side. Thus, I'" connects
(=5,%8) x{—%} and (=4, %) x {5} This concludes the proof of the proposition. O

5. PROOF OoF THEOREM 3.6
This section is entirely devoted to the proofs of Theorems 3.6 and 3.11.

Proof of Theorem 3.6. We start by noting that the Ciarlet-Necas non-interpenetration condition
(CN) along with (2.3) implies

| det Vi do = £2((u(E)) (5.1)

for all measurable sets E C Q.

The proof of the theorem is performed by contradiction. We suppose that there exists a recti-
fiable set Ji"* C J, with H!(J™) > 0 such that [u](z) - v, (z) < 0 for all z € JBt. By a careful
analysis of the blow-up around a point in J™, we will construct a sequence of subsets E. C
which violates (5.1), i.e., such that

|| det(Vido > 2B, (5.2)

The argument is divided into several steps: in Step 1 we show by a blow-up argument that around
a point in J™* the sequence u. = L (y. — id) satisfies the assumptions (4.1) of Proposition 4.1. In
Steps 2 and 3 we estimate the two sides of (5.2) separately, assuming that a sequence E. = GFTUG_
of subsets of () exists such that (5.11) below is satisfied. The remaining part of the proof (Steps 4-6)
is devoted to the construction of such a sequence.

Step 1: Blow-up. Up to a translation and rotation, it is not restrictive to assume that 0 € Jt,
that 1,(0) = ey, and that there exist u™,u~ € R? with (u™ —u~)-e; < 0 such that

513% p ' HY (JNQ,) =1, (5.3a)
;i_r}(l) p_2(£2({x €eQr: u—ut|>e)+L2({reQ,: u—u|> e})) =0 Ve>0, (53b)

lim p*l/ le(w)[2 dz = 0, (5.3¢)
p—0 R

where we recall that Q;ﬁ = Q, N {+z-e; > 0}. Indeed, (5.3) holds true for H'-a.e. z € Jint:
property (5.3a) follows from the countably H!-rectifiability of Ji"*, (5.3b) follows directly from the
definition of J,,, and (5.3c) holds due to |e(u)|? € L1(Q).

For convenience, we denote the direction of the jump by p := (u™ —u™)/|ut —u~|. Recall that
i-er < 0. We now pick a constant 7 sufficiently small whose choice will become clear along the
proof. To this end, we first choose § € (0,1) sufficiently small such that

166 < |p-e| and 1> (1—08)V1+ 962 (5.4)

and then choose A € (0,1) sufficiently small such that
for each v € S' with [v - e1| > 1 — A, we have ||pu-e1] — |- v|| <6, (5.5a)
21— (1- N2 <. (5.5b)
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For notational convenience, we indicate by Cy a fixed constant with Cy > 103. Eventually, we
define n € (0,1) such that
i e 1y
16(CoN2 + 1) ’ 087 21
where Ny denotes the dimensional constant appearing in Besicovitch’s covering theorem (see,
g., [4, Theorem 2.18]), and 6y denotes the constant from Proposition 2.2.

7 < min {90, (5.6)

By [23, Theorem 11.3] for every open subset A of € it holds that
lim inf le(u)llZzay > lle(u)[F2(a)  and lim inf HY (.. NA) >HY (T, NA).

Therefore, hypothesis (3.4b) implies
lim [le(uc)lz2ca) = lle(w)lz2ca)  and  lim H (Ju. N A) =H (J, N A) (5.7
€

)
for all A C Q open with H'(0AN J,) = 0. In view of (5.7) applied for A = Q,, of (5.3)
with ¢ = ﬁ, and of the fact that u. — w in measure, we can fix a particular 0 < p < 1

with H'(0Q, N J,) = 0 such that for all ¢ sufficiently small we have

H (Ju. N Q) < p(1+m), (5.82)
+ o+ n 2 —. R n 2, 4
({x €Q, u™| > 757]3/2 }) +L ({x €Q,: |ue —u"| > e s }) < p°nt, (5.8b)
2
/ le(us)[? dz < 02’”; , (5.8¢)
P n 173/2

where C;, > 1 denotes the constant of Proposition 2.2 applied for § = 7, and ¢,3,2 > 1 denotes
the constant of Lemma 2.1 applied for § = 73/2. In the following, without further notice, ¢ will
always be chosen sufficiently small such that (5.8) holds. The strategy of the proof is to construct a
measurable subset E. C @, such that (5.2) holds, which is a contradiction to (5.1). To show (5.2),
we now estimate separately its left- and right-hand side.

Step 2: Estimate on the determinant. In dimension two, a Taylor expansion implies that
|det(Id + F) — (1 + tr(F))| < co| F|?

for a universal constant ¢y > 0. For all measurable E C @, this implies by (5.8¢c), the fact that
Cycy3 /2 > 1, and Holder’s inequality that

/det(Vys)dm>£2 /\f€| e(ue |dx700/ £2|Vu,|* dz (5.9)
E
> L*(E) *\/55(£2(E)) 2 le(ue)llr2(q,) *Co/ | Vu. |* da
Q
> L2(E) — V2epy/pn — co/ £2|Vu,|? dz.
Q

Note that ¢ [, [Vuc|[*dz — 0 as € — 0 by (3.4a) and the fact that v > 1. Therefore, for all € > 0
sufficiently small (depending on p and 7), we deduce from (5.9) that

/ det(Vy.)dz > L2(E) — 2¢p>/?n > L2(E) — 2epn, (5.10)
E

where the last step follows from observing that p < 1.
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Step 3: Estimate on the measure of the image and conclusion. By p < 1, (5.6), and (5.8), we can
apply Proposition 4.1 to v = u. and w* = u*. We find two sets Df satisfying (4.2) and the curves
I'F. Based on the definition of DF, we construct in Steps 3-6 two disjoint sets GE C DZ satisfying

L ({z e R*\ GE: dist(z,GF) < 3ne}) < CoNanep, (5.11a)
L2((eu™ + G2) U (eut + GI)) < L2(GH) + LX(GT) — gshﬁ —u||p- el (5.11b)

Let us assume for the moment that such sets exist and let us explain how to conclude the contra-
diction. By (4.2a), (5.11), and the fact that G¥ C D we find that, for ¢ sufficiently small, the
functions y. = id + eu,. satisfy

L2([ye(GF U GD))) (5.12)
< L2 ({x € R?: dist(x,eu™ + GT) < 3ne} U {z € R?: dist(z,eu” +GZ) < 37]6})
< L*((eu” + GZ) U (eut + GF)) + 2CoNanep
< LX(GH)+ £2(GD) - gaw — || e1] + 2Co Nonep.
On the other hand, since (5.10) holds and GI N GZ = (), we have
/G g V) o 2 £(GH) + £2(G0) —22p (5.13)
Combining (5.6) and (5.12)—(5.13) we infer that
/G?UGE det(Vye) de > L2([ye (G UGD))) + §€\u+ —u”||p- er| = 2CoNanep — 2epn)

> L2([ye(GFUGD))).

This shows (5.2) for E. = G UGZ and the argument by contradiction is concluded. To conclude
the proof, it remains to give the construction of the sets G and to prove the properties (5.11).

Step 4: Definition of GT. By Proposition 4.1 there exists a curve I'. C §*DZF which connects
(—5,8) x {5} with (=5,5) x {—=5}. In particular, we assume that there exists a continuous
curve 7. : [a,b] — R? with I'c = 7:([a,b]), 7-((a,b)) C Qp, 1(a) € (—5,5) x {5}, and 7(b) €
(=5, 5) x{-5}

We define FF := Int(¥.) and F. = Q, \ F.F, where Int(-) stands for the interior of a Jordan
curve. We denote the connected components of sat(FF \ D) by (Sii)i, where sat(-) indicates the
saturation of a set. Note that each of these sets is simple, i.e., 8*52%5 is equivalent to a rectifiable

Jordan curve up to an H'-negligible set. We define

GH=F\ s/, G =F \{JSi.. (5.14)
i i
By construction, we note that I'. C 9*GF NQ, up to an H'-negligible set. Moreover, we have
HY(Te) <HI((0°GEUO*GI)NQ,) < p+Tpn < 2p, (5.15a)
H ("G UO*GD) < 6p. (5.15b)

Indeed, by [3, Proposition 6(ii)] and by (4.2b) and (5.8a) one can check that
H' ((0*GFuo*GZ)NQ,) <H'((0"DF VDI )NQ,)
<SH' (Ju. NQp) + H (((0°DF VD) \ Ju,) NQ,) < p(1+Tn).
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Then, (5.15a) follows from the fact that I'. C 9*GF N Q, up to an H'-negligible set, and the fact
that 7 < 1, see (5.6). To get (5.15b), we simply note that H!(9Q,) = 4p.

Step 5: Proof of (5.11a). Without loss of generality, we show (5.11a) only for GI. The proof for G
works in the same way, up to a different notational realization. Let Small .= {j: H!(9* S;f .) < 3en}

and SPig == {i: 7—[1(8*5;;) > 3en}. By (5.14) and the fact that 0*F" and (9*S;); are equivalent
to rectifiable Jordan curves we get
L2 ({z € R*\ GT: dist(z,GF) < 3ne}) < Z L2(S) + Z L2 ({z: dist(z, 5'*5;:5) < 3en})
i€Ssmall iesgig
+ L£?({z: dist(z, 0" F) < 3en}). (5.16)
We now estimate the terms on the right-hand side of (5.16) separately. For the first term, we recall
the definition of S$™!! and use the isoperimetric inequality to get

3 L‘Q(S;fs)gﬁ S (H(OSH) 35" S W81, (5.17)

ieSSmall iesgmall leSinlmll

For the other two terms, we show that

L2 ({z: dist(z, 0*S;.) < 3en}) < 40Naen ’Hl(a*SZE), (5.18a)

L2 ({z: dist(z, 0" FF) < 3en}) < 40N2enH (0*F), (5.18b)
where N3 denotes the constant in the Besicovitch covering theorem. We first perform the proof for
the sets S;_. For notational simplicity, we set S:E = {x: dist(z, 8*5’;) < 3en}. We cover S;_ by
balls Bgey(x) with o € 8*Si+75. In particular, since 3*52*76 is a rectifiable Jordan curve and i € SP®
we have that

H (9" S, N Bsey(x)) > 3en. (5.19)

Then, by the Besicovitch covering theorem there exists a countable subcollection of balls Bs.,(z),
r € &, which cover 5‘*5{; up to an H'-negligible set such that each y € R? is contained in
at most N, different balls. Clearly, BGEn(m), r € X, then covers S:r . up to a set of negligible
L2-measure. Therefore, by (5.19) we compute

L2(Sf) < Y L(Boey(x)) < Y 12menH! (Baey(z) N 9*S},) < 12Noment! (97 S}).
TEX; . TEX;
This shows (5.18) for the sets SZ‘E. The proof of (5.18b) for the set F works in the same way
once we notice that H!(9*FF) > p > 3en for ¢ sufficiently small.
Eventually, we conclude the proof of (5.11a) by combining (5.15)—(5.18).

Step 6: Proof of (5.11b). We recall that u = (ut —u™)/|u™ — u™| satisfies - e; < 0 and let

= Jut — u~| for brevity. We also write A, := (0*G U9*G) N Q, and recall that the curve I'.
(without its endpoints) is contained in A.. We also recall the notation in (2.1)—(2.2). The main
point of this step is to prove the estimate

H(VH) > gm ~eq, where V# := {w € I*: H°((T: N Qp_2-)%) = 1 and H°((A =1}.
(5.20)

The set V# (see Figure 3) corresponds to the vectors w € II* such that there exists a unique t,, € R
with w+tp € T, w+tp € G for t € (ty — 7, ty), and w + ty,u € G7 for t € (ty,tyw +7¢). This
estimate implies (5.11b). In fact, for w € II*, the two sets

{w+tp+eut:t € (ty —7e,tw)} and {w+tu+eu :t € (fu,tw +7)}
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coincide, where we used that u* — u~ = 7. This implies
L2((eu” + GI)U (eut + G)) < L2(GE) + L2(GD) —eTHN (V).

T~

FIGURE 3. Visualization of V. Here, O, = A\ I'..

We are hence left to prove (5.20). To this end, we recall the definition of é and A in (5.4)—(5.5).

We define I, := {z € T'z: |vr.(z) - e1] > 1 — A}, where vp, denotes a unit normal vector of the
curve I'.. We start by observing that
H'(T\TL) < 7pn/A < pd. (5.21)

Indeed, by the area formula, by (5.15a), and by the fact that I'c connects (—£,%5) x {£} with

(—4,5) x {—%5} we calculate

p< | HUAT)) dH (w) = | v, - er| dHT < HN(TL) + (1= AT\ TY)
IIe1 I
=H'(Ce) = XH (T \TL) < p+ Tpn — AR (T \ T7).
This along with 7n/A < 6 (see (5.6)) shows (5.21). Now, (5.21) and the definition of I'. particularly
imply that

SUP,, pyer, |(@1 — 22) - eq| S HN(TL) /1 — (1= N2+ HY(\TL) < 26p, (5.22)
where in the last step we also used (5.5b) and (5.15a). Thus, we can choose two points 27, 2% € T
with 25 - ez = (4§ — 7¢) such that the segment connecting 25 and 2%, denoted by o, satisfies
7,(0°) < mu(LeNQp_2re). (Recall notation (2.2).) Clearly, p—27e < H'(0%) < H'(T.) < p+Tnp
by (5.15a) and Wocweal 200 — 35 by (5.22), provided that e is small enough. By (5.4), the

|lvpe-e1] — p—27e

latter also yields |vye - €1] > >1—4. For e sufficiently small, this gives

1
14952 =
LY (7 (De N Qpoore)) > LM (mu(0%)) = L0 |1 Vo | > (p— 278) (|1t - €1|[Voe - €1] — [Vos - ea])

3
> (p—27¢)|vge - ea| (|l - ex| = 38) > plp-er| —4pd > prelI, (5.23)
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where the last step follows from (5.4). By (5.15a), (5.21), the inclusion I'. C A. (up to the
endpoints), and the fact that H'(T'.) > p we find H'(A: \ T) < (7 + 6)p, where A, = (0*GF U
0*GZ)NQ,. Recalling again the definition of I'. and using H'(I'.) < p+ Tnp (see (5.15a)), we get
by (5.5a) and the area formula

/ HO((A2)1) dH () = / va, - pl dHY < (- er] + 6YHA(TL) + H (A TY)
I Ae

5
< plu-ex| +21np +2p6 < plp - e1| + 4pd < zplu-eﬂ, (5.24)

where in the last steps we used (5.4) and (5.6). Here, v, denotes a unit normal of A.. Consequently,
by (5.23)—(5.24) and the fact that T'. C A, (up to the endpoints) we conclude

£1({w:7{0( N Qp2se)) =1 and H((A —1}) |M'€1|-

This shows (5.20) and concludes the proof of the theorem. ]

Proof of Theorem 3.11. As (CC) is a local condition, it is enough to prove the statement on any
Lipschitz set Q, cc Q' \ E, with H!(J, N 9,) = 0. In view of Theorem 3.6 (applied on ,)
and Definition 3.8, in particular (3.11b), it suffices to prove that (3.4b) holds for the rescaled
displacements u. defined in (3.10) (for €, in place of ©’). To this end, we recall that in the proof
of the I'-liminf inequality in [32], see particularly [32, (4.16)ff.], it has been shown that

1
1 S Timi
llggf =z, W(Vy.)dx > h?i)lglf /Q/ Xe

1 1
2Qe()de > [ SQ(e(u))dr

where (x:)e is a sequence of indicator functions satisfying x. — 1 in measure on . More
specifically, x-(z) = X[0,5.)(|Vue|(2)) for a sequence n. — +oo with e'~7n. — +o0. By the same
argument, for any open A C ' and any second sequence (X.). of indicator functions with y. — 1
in measure on A it still holds

hmmfi/ XeW(Vye) dx>hm1nf/ XsXs e(ue)) dx>/ —Q(e (5.25)

e—0 g2

By (5.25) for xe = 1 and A € {Q,, '\ Q,}, since & (y.) — E(u), and H1(J,NIQ,) = 0, by (3.11f)

we have
il — : 1 a1
ah_r}r(l) = / W(Vy.)dz = / ~Q(e(w))dz, 511_%7-[ (Jue NQ) = H (Ju N Q). (5.26)
It remains to show |le(uc)||z2(a,) — lle(w)|r2(q,)- To see this, we will use an argument based on
equiintegrability, related to the one in [51, Proof of Theorem 2.3].

As a preliminary step, we check that the sequence g, : {0, — R given by g. := E% dist?(Vy., SO(2))
is equiintegrable. In fact, if the statement were wrong, we would get

M—oo ¢

lim limsup / gedz > Kk
{g€>M}

for some k > 0. Then, by a diagonal argument we can choose a sequence (M.). with M, — +oo
such that

lim inf ge dx > K. (5.27)
e—0 {95>M5}
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Define Y. := X{g.<m.}, and note that x. — 1 in measure on 2, by sup.., & (y:) < 400, (3.5¢),
and M, — +oo. Thus, by using (3.5¢), (5.25) for A = Q,,, and (5.27) we calculate

lim inf — / W (Vy.)dx > hmlnf (6 / XW(Vye) dx-l—/
Q,

€0 Qu

(1 = Xe)cge dx)
/ —Q(e(w))dz + ck.

This, however, contradicts (5.26), and shows that g. is equiintegrable on €,,.

Next, we show that |e(uc)|? is equiintegrable on €2,. To this end, by using the linearization
formula |[sym(F — Id)| = dist(F, SO(d)) + O(|F — Id|?) (see [32, (4.12)]) and (3.11c), we get for
each = € Q,, satisfying dist(Vy.(x), SO(2)) < 1 that

le(us)(2)]* < Cge(x) + Ce 2| VYt (z) — Id|* < Cg.(z) + Ce2 (e + dist* (Vy:(z), SO(2)))

< Og.(z) + Ce 2 dist*(Vy:(2), SO(2)) + C < Cg.(z) + C,

where we used v > 1. On the other hand, if dist(Vy. (), SO(2)) > 1, we easily find

le(us)(x)|> < e 2|Vyt(z) — Id|? < Ce 2 dist?(Vy.(z), SO(2)) = Cy.

for a sufficiently large universal constant C' > 0. Combining both estimates, we get that |e(u.)|?

is equiintegrable since g. is equiintegrable.

Moreover, (3.11b) implies

lim L2{|Vue| > n}n8,) = lim .c“‘({|vymt —Id| > en.} NQ,) =0, (5.28)
E—r

where we used that e!=7n. — +00. We now conclude as follows. By (5.25) for A = Q, and y. = 1,
by the equiintegrability of |e(u.)|?, and (5.28) we get

e—0 5

1
hmlnf—/ W(Vye) da:>hm1nf/ Q( (u ))da::liminf/ —Q(e(ue)) dx.
=0 Ja.n{Vu.l<n.} 2 =0 Jo, 2

This along with (3.11e), (5.26), and the fact that Q is positive definite on R2X2 implies

Sym

/ —Q(e dx—hm—/ W(Vye) da:>hm1nf/ —Q(e(u.) dx>/ -Q(e(u))dx

e—0 g2

This yields convergence of the linearized energies which together with weak convergence shows
the strong convergence |le(uc)|z2(q,) — lle(w)||z2(q,)- This concludes the proof. O

6. PROOF OF THEOREM 3.12

This section is devoted to the proof of Theorem 3.12. We start by a preliminary approximation
result which allows us to strengthen the contact condition.

Lemma 6.1 (Stronger contact condition). Let Q C Q' C R? be bounded Lipschitz domains satis-
fying (2.9)~(2.10). Given h € W™= (;R?) for r € N, let u € GSBD?(Q') satisfy (CC). Then,
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there exist sequences (T,)n in (0,+00) and (uy), in GSBD3(Q) such that

Up, — u in measure on ', (6.1a)
Tim_fle(un) — e(w)lz2@) =0, (6.1)
lim H'(Ju,) =H'(Ju), (6.1c)
li_>m H ({z € Ju,: [un)(®) - v, () < 27,}) = 0. (6.1d)

Proof. Fix 0 < 6 < 1. It suffices to construct a function & € GSBD3? (') such that
ot — ] e ) + () — () 2y + HA(TulsTa) < o1+ HM ()0 (6.2)

for some universal ¢ > 0, and such that for some 7 > 0 we have

H' ({z € Ja: [a)(z) - valz) < 27}) < c(1+H' (Ju))0. (6.3)

Then the result follows by considering a sequence (6,,),, converging to 0.

We start by using the fact that J, is countably H!-rectifiable: arguing as in, e.g., [16, Proof
of Theorem 2] or [18, Proof of Theorem 1.1], we infer that for H'-a.e. zy € J, there exist the
approximate unit normal v, (zo) € S' to J, at zg, a positive number p(zo) € (0,6%), and a
curve ', such that the following properties hold: T, is the graph of a C! and Lipschitz function
with o € I'y,, for every p < p(zo) the curve I';; N B, () separates B,(zo) in two open connected
components B}:’i(mo), and

H' (Ju N By(z0)) > (1 —06)2p, (6.4a
H' ((JuLT4) N By(x0)) < Op, (

H' (Ju N (By(20) \ Ba—6)(0))) < 30p, H'(Tzy N (By(0) \ Ba—g)p(w0))) <30p  (6.4c

v, -Vu(zo) >1—60 onTy NB,(xo), (6.4d

) '
where vp, () denotes the outer normal to B}~ (zo) N Ty, at z. Moreover, for each p < p(zo),
we have

By(zg) CQ ifzg€ J,NQ, Bt (xo) CQ if g € J, N O, (6.5)
where in the latter case v, () corresponds to the inner unit normal at z¢ € 9€Q.

For z € J, and p € (0,p(x)), the balls B,(z) are a fine cover of J, up to a set of negligible
H'-measure. By applying Besicovitch’s covering theorem to this fine cover, we find a finite number
of pairwise disjoint balls B,,(z;), i = 1,...,m, such that z; € J,, (6.4)-(6.5) hold, and

1 (Ju \ 0 B, (xi)> <0. (6.6)

We consider ¢ € C2°(B1(0)) with ¢ = 1 on B1_4(0), ||¢|lec = 1, and |[|[V¢||e < 87! for some
¢ > 0. We define the function

u(z) = u(z) + Zm‘ 80((37 - xi)/ﬂi) Vu(2:) XB§;+(zi)(9C) for z € ', (6.7)

We start by observing that (6.5) implies 4 = u on '\ ©, and thus @ € GSBD3Z(Y'). Let us now
check (6.2)-(6.3). First, since ||¢|loc < 1 and the balls B,,(z;) are pairwise disjoint, we clearly
have

lu — Loy < max p; <0<, (6.8)
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where we used max; p; < 3. By a change of variables, (6.4a), and ||Vl < 71 we further get

le(@) — e(w)|22an <Z / RECEIRE (6.9)

<sz/ V() ? da

1 0

93 2 m 1
< s g1 Velacmon D, M (D Byu(@)
< com1(1,)

for a universal constant ¢ > 0. Up to slightly altering the values of p;, we can suppose that
HY (Ju \ Ja) = 0. As Jz \ Jo, C UL (Ta; \ Ju) N By, (), (6.4a)—(6.4b) imply

H (JuDTa) <> 0pi < O (). (6.10)

i=1
Combining (6.8)—(6.10) we conclude (6.2).
We now show (6.3). First, for i = 1,...,m and for H'-a.e. z € (Ja N Jy, NTy,) N Ba_g)p, (@)
we find vy(x) = vu(z) = vr, (). Thus, by (6.4d), by (6.7), and by (CC), we get for H'-
ae.z e, (Jg NnJ, N Fmi) N Bi—6)p, (z4)

[a](2) - va(2) = [u](2) - vu(2) + ([@(z) = [u](2)) - vr,, (@) > piva(@:) - vr,, (@) > (1= 0)pi. (6.11)
On the other hand, we have

m

H1 (Jﬂ VU (Ju N Te 0 Bao, (xi))) < H! (Ju \UB,( ) ZHI ((JuATa,) O B_gyp, (1))

i=1 i=1 i=1
+ Z HY (S, UT.) N (B, (23) \ Ba_ayp: (1))

Then, by (6.4a)—(6.4c) and (6.6) we conclude

21! (Jﬁ \{J (Ju N T2, N By, (mi))) <0+ T0p; <0+ HH(],).

i=1 i=1

This along with (6.11) shows that (6.3) holds for 7 = 5(1 — #) min; p;. O

1
2

We now provide an adaption of the GSBD?-density result stated in Theorem 2.3 which guar-
antees the contact condition up to a part of the jump set with small H'-measure.

Theorem 6.2 (Density with boundary data and contact condition). Let Q C Q' C R? be bounded
Lipschitz domains satisfying (2.9)—(2.10). Let 8 > 0, 7 > 0, h € W">(Q') for r € N, and let
u € GSBD3 () satisfy

H ({z € Ju: [u](2) - vu(z) < 21}) <0 (6.12)

Then, there exist a sequence of functions (uy,)n in SBV?(Q;R?), a sequence of neighborhoods (U, ),
of U\ Q, and a sequence of neighborhoods (Qy)n of Q\ U, such that U, C Q', Q, C Q, u, = h
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on \ﬁ, unlv, € WT’OO(UH§R2)7 unla, € W(Qn§R2); and

un — u in measure on Q' as n — oo, (6.13a)
lim. le(un) — e(u)||r2) =0, (6.13b)
lim HY(Ju,) = H(JL), (6.13c)
lirri)sup H ({2 € Ju,: [un)(@) - va, (z) < 7}) < 30 (6.13d)

In particular, u, € WH>®(Q\ J,,;R?) for alln € N.

Proof. Given § > 0 and u € GSBD3 (') as in the statement, we apply Theorem 2.3 to u to obtain
an approximating sequence (uy,), C SBV?(Q;R?) satisfying the properties (6.13a)—(6.13c). Note
also that it is not restrictive to assume that #!(.J,) > 0. Otherwise, (6.13d) would follow directly
from (6.13c). By defining J2*! := {z € Jy, ¢ [un](x) 14, (x) < 7}, we see that to conclude (6.13d)
we need to show that

limsup H'(J2*9) < 36. (6.14)

n—oo

Let us fix ¢ > 0 sufficiently large such that H!({z € J,: |[u](z)] < (7! or |[u](z)| > ¢) < 6§ and
let us set J&°°d == {x € J,: [u](z) - v,(z) > 27, ¢! <|[u](z)| < ¢}. By (6.12) we get

H(T, \ JB°°Y) < 26. (6.15)
Let us also fix A € (0,1) such that
.
< — 1
A< o (6.16)
and 7 € (0,1) such that
20 T 1
i —, =,00,107* 1
’7<mln{56(A2+1)H1(Ju)’ 137 7¢ %0 10 } (6.17)

with 6y from Proposition 2.2. The choice of A and 7 will become clear along the proof.

Step 1: Blow-up. We now introduce a covering of J&°°4: for H!-a.e. x € J&°°¢ we find v, (z) € St,
ub,u; € R% and 0 < p(z) < 1 such that for all 0 < p < p(x) it holds that

x x

1 (1N Qp) — ol < B, (6.18a)
2,4
2 o4 s U 2 z,— . = n <p77 1
e({veqptluw —ul> )+ 2({ye @y ) ) > Z}) < 5 Gash)
2
PN
le(uw)|?dy < s =—5—, (6.18¢)
/Qﬁ 207707273/2

where Q7 denotes the square with sidelength p centered at x with two sides parallel to v, (z), and
Q= :=Q2n{y: £ (y—x) vu(z) > 0}. Moreover, C; > 1 and ¢33 > 1 denote the constants of
Proposition 2.2 applied for # = 7 and of Lemma 2.1 applied for § = 1®/2, respectively. We refer
to (5.3) and (5.8) above for an analogous argument.

For z € J&°°¢ and for p < p(z) such that H! (Ju N 8Q§) = 0, the squares @} form a fine cover
of J&°°d up to a set of negligible H'-measure. By applying Besicovitch’s covering theorem to this
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fine cover, we find a finite number of pairwise disjoint squares @7, i = 1,...,m, such that the
centers x; belong to J8°°4  (6.18) holds, H* (Ju N 8@2}') =0, and

Hl(JEOOd \ G Qm;:) -
=1

Arguing as in (5.7), by (6.13b)-(6.13c) and the fact that H'(J, N 9Q%) = 0 we deduce that

0

5 (6.19)

nh_}rx;o ||€(Un)HL2(Qﬁ;') = HG(U)HL2(Q"7§;L) foralli=1,...,m, (6.20a)
lim H'(Jy, NQL) =H'(J.NQL)  foralli=1,...,m, (6.20b)
n—oo i
lim ! (Jun U Q;g;) — ! (Ju U Q;f;). (6.20¢)
i=1 i=1
The convergence in (6.20) along with (6.13a) and (6.18) shows that for n large enough we have
H (Ju, N Q) < pil1+1), (6.21a)
c({veQutsfun—utl > W)+ 22 ({w e Qums fun —uz | > —-}) < o2, (621b)
Cp3 /2 ' Cn3/2
2
/ le(un)[? dz < =21 (6.21c)
Qpi Cats o

In the following, without further notice, n will always be chosen sufficiently large such that (6.21)
holds for all i = 1,...,m.

Step 2: Conclusion. The main step of the proof consists in showing that
0
1 bad Z; . .
H (Jun ﬁQi)§74 1(Ju)pl fori=1,...,m. (6.22)

Once we have proved (6.22), the claim (6.14) is achieved as follows: by applying (6.15), (6.19), and
(6.20c) we find

m m 5 m 9
limsup H! (JP*4) < lim sup H* (Ju I?) +limsup Y H' (I NQ%) < Z0+ —— .
n—>oop ( " ) - n—>oop " \izlesz n— o0 ; ( " p’) 2 ; 4H1(Ju)p
Then, in view of (6.18a), the assumption 7 < 1, and the fact that the squares (le){il are pairwise

disjoint, we get

5 9 1 =
: 1 gbady 2 1 Ti) < 30
llrzrisotip% (Jg29) < 20+4H1(Ju)1—77/2 i;?—[ (JuN Qi) <30,

and the proof of (6.14) is thus concluded.

Step 3: Proof of (6.22). It remains to prove (6.22). Let us fix ¢ € {1,...,m}. After possible
rotation and translation, we may suppose that z; = 0 and v, (z;) = e;, and we write @, in place

of Q7.
By the choice of 1 in (6.17) and the fact that z; = 0 € J&°°¢ we particularly have n < 1/(7¢) <
luf — ug,|/7. Moreover, (6.17) implies n < min{fy, 10~*}. Thus, in view of (6.21), we can apply
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Proposition 4.1 to v = u, and w® = uZ to find two subsets D;}, D C Q,, such that
[ltn — u;”Lw(Dﬁ) <3 and [[tn — u;iHLoo(D,;) < 3n, (6.23a)
H(((0° D VO" D)\ ) N Q) < 6upi, (6.23D)

and two curves I't C 9*DE N Q,, connecting (—5,5) x {—5} to (—4,5) x {5}. For simplicity of
notation, let us set W,, :=T';/. As observed above, we have n < |u; —wu; [/7. Then (6.23a) implies

Ju, D U, up to an H'-negligible set. We now show that
pi <HN (W) < pi(147), (6.24a)
H'(U)) < Tpin, where ¥, :={z € ¥,,: 1, (2) -1 <0}, (6.24b)
and where we choose the orientation of v, such that v, coincides with the outer normal to D, .
Inequality (6.24a) follows from (6.21a) and (6.23b). As for (6.24b), by the fact ¥,, is a curve
connecting (-5, %) x {=5} to (=4,5) x {4} we find that

\I/;LC{QSE\IITLI ty ~€2<0},

where ty, denotes the tangent vector of the curve ¥,,. This along with (6.24a) shows (6.24b).
We recall the definition of A in (6.16) and define
U= {x eV, v, (z) —e1] <A}

x

x € ¥ we deduce from (6.23a), (6.16), and the fact that n < 7/12 (see (6.17)) that

[un](2) - v, () > (u, = ug,) - v, () — 67
> (u;7u;i)'€1f‘u:i7u;i‘)\*677227'7c>\*67]>7'.

Since x; = 0 € Jg°4, we have |uf —ug | < ¢ as well as (uf —ug )-e; > 27, and thus for each

This implies that ¢!/ N JEjd = (). Based on this, we now derive (6.22). First, we observe that
14pin

A2
Indeed, for z € ¥, \ (¥, U W) we find 0 < e1 v, (z) =1 —|er — v, (2)]?/2 < 1 —X2/2 by a
simple expansion. Then, by the area formula and by (6.24a) we estimate

H (T, \ (T, UT)) < (6.25)

p< [ HW AN ) = [, eal aH < R, D)+ (1= A\ (8, U W)

ITe1 v,
= HH (W) = FH (W \ (5, U00)) < it Tpin = 5 HH (T \ (5,0 07),
which yields (6.25).
Since ¥/ N JP* = and J,, N Q,, D ¥, we conclude by (6.21a), (6.24), and (6.25) that

M0 Q) < HY((Ju \ W) N Q) < HY (i \ W) 0@y ) +H! (T \ 27)
= 1 (1) = H (W01 Qp) + H (1, 01)

14pin
< pil+n) = pi+ —5= + Toin.
Therefore, H'(J2* N Q,,) < 14np;(1 + 1/A?) which by (6.17) implies (6.22). This concludes the
proof. O

We close this section with the proof of Theorem 3.12. Recall the definition in (3.9).
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Proof of Theorem 5.12. Consider u € GSBD? (') with h € W2>(Q; R?) satisfying (CC). Let
v € (2,8). By Lemma 6.1 and the definition of the energy in (3.7) we obtain sequences (7,), C
(0, +00) and (up,), C GSBD3?(Q') such that u, — u in measure on €, &(u,) — E(u), and

O :=H ({2 € Ju,: [un)(x) vu,(z) <27,}) =0  asn — oo.

Since the convergence in Definition 3.8 allows for diagonal arguments (measure convergence and
weak convergence on bounded sets are metrizable), it suffices to construct for every u, a se-
quence (y™). such that y? ~» u, and limsup,_,; & (y?) < E(un) + 1260,,. Then, since u, — v in
measure on ) and &(u,) — £(u), by a diagonal argument and [32, Theorem 2.7(ii)] we obtain an
energy-convergent sequence for u.

To simplify notation, in what follows we drop the index m, so that we consider a function
u € GSBD3 () and two positive parameters 6 and 7 such that

0:=H'({z € Jy: [u(z) vu(z) <2r}), (6.26)
and we construct a sequence (Ye)e, Ye € S n, satisfying (CN) and such that y. ~» u and
limsup & (y.) < E(u) +126. (6.27)

e—=0

Step 1: Construction of (y:)e. In view of (6.26), we can apply Theorem 6.2 to find a sequence
(ve)e € GSBVZ(QY;R?) such that v, = h on Q' \ Q, the jump set J,, of v. is a finite union of
disjoint segments (S2)<, v. € W2®(Q'\ J,_;R?), and the following conditions hold:

ve — u in measure on Q" as € — 0, (6.28a)
tim [le(v2) — e(w)] (e = 0. (6.25D)
lim HY(T,,) = H (Ju), (6.28c¢)
[0ell oo () + IV Vel oo () + 1Vl oo () < gB-D/2 < 71 (6.28d)
dist (S, 89) > 4y/e forall 1 < i < j < m,, (6.28¢)
dist(SL, '\ Q) > 4y/e forall 1 <i < m,, (6.28f)
lim sgp H ({z € Ju: [ve](z) - vy (x) < 7}) < 30. (6.28g)
e—

Indeed, properties (6.28a)—(6.28¢) and (6.28g) follow directly from Theorem 6.2. Property (6.28d)
can be achieved by a diagonal argument since the approximations satisfy v. € W2°°(Q'\ J,_; R?).
(Recall v < B < 1.) Eventually, properties (6.28¢) and (6.28f) can again be guaranteed by a
diagonal argument since the segments (Sé)f’fl are closed, pairwise disjoint, and do not intersect a

neighborhood of Q' \ 2. Moreover, v. € W2 (Q'\ J,_;R?) also implies Jy,. C J,..

Since v. € W2>(Q'\ J,_;R?) and J,_ consists of a finite number of segments, by the coarea
formula applied on z — [v:](2) - vy, (z) we find 7. € (7/2,7) such that

JTE):Id = {33 € Jva : [UE](:E) * Uy, (.’17) < Ts} (629)

consists of a finite number of segments (77 )ic,. We cover these segments by pairwise disjoint rect-
angles RL, i =1,...,n., of length H'(T?) and height min{H!(T?),/e} such that T! separates R!
into two rectangles of length H!(T7) and height min{H(T}), /z}/2, as in Figure 4.
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1!
RL
FIGURE 4. The rectangles R: and R’

Clearly, by (6.28g) and (6.29) we obtain
S HYORD) <Y AHNTE) < 4H(J5) < 126. (6.30)

i=1 i=1

We define

We = veXoUrs, R D SEXR: (6.31)

i=1
for suitable constants (st); C R? for which the functions y. = id + ew, are such that the sets

Ne

[y (2" \ U RY)], [ye(RY)], i=1,...,n., are pairwise disjoint. (6.32)

i=1
Note that this is possible since v. € L (£)'; R?). By construction and by (6.28f) we see that the
rectangles (RL); do not intersect Q' \ Q. As v. € GSBVZ(Q;R?) and v. = h on '\ Q, we get
Ye € Sen, see (3.9).

Step 2: Clharlet-Necas condition. We now check that y. is injective. Clearly, y. is injective on
each RL, i =1,...,n.. In view of (6.32), it suffices to check that y. is also injective on '\ J;=, RL.
To this end, fix arbitrary 1, 22 € U\, R, 21 # 2, and recall that y. = id+ev. on ' \{J;=, RE.
We distinguish between two cases according to the distance between x; and x,.

Case 1. |zy — 22| > /2. By (6.28d) and v > 2 we get
[y (21) = ye(w2)] = |21 — 22| — 2e|ve|| Lo () 2 VE — 2677 > 0.

Case 2. |v1 —x2| < \/e. Inequality (6.28¢) implies that the segment between z1 and x5, denoted by
[x1; x2], intersects at most one segment SZ. We subdivide this case in two subcases, distinguishing
between [z1;22] N SL =0 and [x1;x2] NSL # 0.

Case 2(i). If [x1; 2] does not intersect one of the segments S¢, v. is Lipschitz in a neighborhood
of [x1;x2], and we get by (6.28d) and v > % that

e (1) = ye(@2)| > |1 — 22| = elar — 2of| Ve |l e o) > |21 — 22|(1 —ee77") > 0.
Case 2(ii). Let us now suppose that [z1; o] intersects S:. By construction of R:, we can find

a piecewise affine curve I': [0,lr] — Q' \ Ui, R. with T'(0) = z1, I'(lp) = z2, parametrized by
arc-length, such that

(a) Ir = |z; — 2 or (b) Ip < |z — 22| + H(ORY), (6.33)
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where case (b) holds if [z1; x] intersects some T¢ C JP21. Moreover, we have that I'(t) € SZ for
at most one ¢ € (0,Ir), where in this case we have vg: - I'(f) > 0, where vg: denotes the normal
vector to S oriented such that vgi - (z2 — x1) > 0 (see Figure 5).

T2

X9 \—
j vt / j
Sg Tf'? T / Sz TE T
T
T

N \

T

FIGURE 5. Visualization of the curve I' in the case (a) (left) and (b) (right) of (6.33).

If (a) of (6.33) holds, then
(8) Ir < VE. (6.34)
If (b) of (6.33) holds, we further distinguish two cases, namely
() HAT) = Ve or  (by) MU(TY) < VE. (6.35)
If (by) holds, we immediately infer that
(b2) Ip <5ve. (6.36)
In the case (b;), instead, we get that ) + Rug: intersects T for some k = 1,2, and since R} has
height min{H'(77), v/} = 1/, we get that
(b1) (z2—a1)-vgi >Ve/2  and Iy <Ve+AHN(T!) <5HN(TY). (6.37)

In the following, we will only treat the cases (by) and (bs), as the argument for (a) is easier.
By the fundamental theorem of calculus we compute

t Ir
Ye(12) — ye(x1) = 22 — 71 +/o eVu(s) - T'(s) ds + e[v](T'(t)) +/t eVu.(s) - T'(s)ds,

where t is chosen uniquely such that I'(t) € SZ. Since I'(t) € J,, \ J)*, we get [vc] -vgi > 7o > 7/2.
If (by) of (6.35) holds, by using (6.28d), property (b;) in (6.37), and the arc-length parametrization
of T, giving |I'| = 1, we find

(e (2) — ye (1)) - vsi > (22 — 21) - vgi — Ipe” +e[v](D(t)) - v

V

1 1 .
23 e —lpe? + %5 > 5\54— %6 — 5€7H1(Tg).
If (bg) of (6.35) holds, arguing in a similar way and using (bs) in (6.36) we obtain
’
(e (w2) = e (@) - vsy > (w2 = 1) vy = Iee” + eloe] (D(1)) vy > 0= 5e0H) 4 Ze

In both cases, since v > 2 we find that (y(z2) —ye(z1))- vsi > 0 for ¢ sufficiently small, depending
only on H*(J,) and 7. This shows y.(z1) # y-(z2) and yields that y. is injective.

By (6.28d) and (6.31) we further get det(Vy.) > 0 for a.e. z € @', provided that ¢ is sufficiently
small. Therefore, y. satisfies the Ciarlet-Necas non-interpenetration condition.
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Step 3: Convergence of functions and energies. We now check that y. ~» u in the sense of Defini-
tion 3.8. We define y:°" = y., i.e., the Caccioppoli partition in (3.10) consists of the set Q" only with
corresponding rotation Id. As Vyi** —Id = eVuxo\re, gi, (3.11a)~(3.11c) follow from (6.28b)
and (6.28d). The rescaled displacement fields u. defined in (3.10) satisfy u. = v-xonyre, ri-
Then, (3.11d)—(3.11g) for E, = 0 follows from (6.28a)—(6.28b), the lower semicontinuity result
in [23, Theorem 11.3], and the fact that

Z£2R1<fZH ) < 3v/e,

where in the last step we used (6.30).
Finally, we confirm (6.27). Since Jy,, C J,_ and (6.28c), (6.30), and (6.31) hold, we get
limsup H'(J,.) < limsup H'(J,,) —l—hmsupZH (ORL) < H'(J,) + 126.
e—0 e—0 e=0 T

Consequently, by the definition of the energies in (3.6) and (3.7), it suffices to show

. 1 1 9 19 B 1

tim (4 [ W) de+ / V2P de) = / L o(e(u)) da. (6.38)
The second term in (6.38) vanishes by (6. 28d) B < 1, and the fact that V2y. = eV2v.. For the
first term in (6.38), we use that W(Id+F) = 1Q(sym(F))+w(F) with |w(F)| < C|F|? for |F| < 1,

and compute by (6.28b) and (6.28d)

(%Q(e(vs)) de + éw(sVuE) dx)

e—=0 52 e—=0 5

lim — ! W(Vys) z < lim —/ W(Id +eVu,)de = hm
Q/

§Q(e(u)) dz + gl_% /Q/ O(e|Vue|*) dz = /Q/ %Q(e(u)) dz

where in the last step we have used that || Vo, || (o) < Ce?~! for some v > 2/3. This concludes
the proof of (6.38) and of the theorem. O
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