MASS OPTIMIZATION PROBLEMS WITH CONVEX COST
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ABSTRACT. In this paper we consider a mass optimization problem in the case of scalar state func-
tions, where instead of imposing a constraint on the total mass of the competitors, we penalize the
classical compliance by a convex functional defined on the space of measures. We obtain a char-
acterization of optimal solutions to the problem through a suitable PDE. This generalizes the case
considered in the literature of a linear cost and applies to the optimization of a conductor where
very low and very high conductivities have both a high cost, and then the study of nonlinear models
becomes relevant.

1. INTRODUCTION

An optimization problem that plays a central role in many questions in Applied Mathematics is
the so-called mass optimization problem. A version of such a problem, in the scalar case, provides a
mathematical framework for the study of stationary heat conduction models, for instance in finding
optimal mixtures of two conductors (see for example [26]). It has been studied in the celebrated
paper [8] and reads as follows: let 2 C R™ be a bounded Lipschitz domain, whose closure represents
a given design region, and let a signed measure f € .# () with finite total variation represent a
given heat source density.

The energy associated to some distribution p € .#Z 7 (Q) of conducting material is given by:

Er(n) = inf{/W;Pd,u— (fou): ue @(Q)}, (1.1)

where 2(1) is the class of smooth functions compactly supported in Q. The optimization problem
one wants to consider is that of finding a distribution p, of a given total amount m > 0 of material,
which provides the minimal compliance J¢(u), defined as Jr(p) == —Ef(p). Namely:

min {Jp(p) : p € A4(Q), p(Q) =m}. (MOPy)

The term “scalar case” associated to this problem is related to the fact that the competitors
u € Z(Q) in the minimization problem (1.1) take values in R, and represent the temperature
profiles. In [8], the characterization of the optimal masses for (MOP) is shown to be related to the
Monge-Kantorovich PDE:

—div(uVyu) = f,  |Vuu| =1 p-ae., ue LIPg (). (PDE)

In the above equation the notation V,u stands for the u-tangential gradient of u, introduced in
[9]; we recall its precise definition in Subsection 5.1, while the notion of p-divergence div(pV,u) is
recalled in Section 3.2 (see (3.14)); for the definition of the space LIPg 1(€2) see (5.4). Let us mention
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at this point that, as it is evident from the above PDE, the study and the characterization of the
solutions to the problem (MOP ) rely on the notion of Sobolev functions with respect to an arbitrary
measure £ on R™. Such a notion has been introduced for the first time in [9], and has been followed
up to now by the new results concerning Sobolev and BV theory in this framework [3, 11, 17, 23, 31],
as well as the applications in mass optimization problems (see [10]), in homogenization theory (see
[19]), or in optimal transport (see [22]), just to name a few.

For the forthcoming discussion, let us set

I :=inf { — (f,u) : u e LIPy;(Q)}. (APy)
It is proven in [8] that (MOP) admits a solution whenever f € .#(2) and the following fact holds:
p solves (MOPy) and u solves (APy) iff  (p,u) satisfy (PDE). (1.2)

The theory has been then extended to more general settings, some of which are listed below.

- Problem (MOP/) has been considered also in the framework of Riemannian manifolds (see
28)).

- The optimizer u has been characterized via (PDE) also in the wvectorial case (the term
“vectorial” indicating that the competitors u in (1.1) take values in R™), where also the
Dirichlet regions (namely, the closed subsets of © on which the Dirichlet boundary conditions
may be imposed) have been taken into consideration (see [8]).

- Mass optimization problems in the vectorial case have been used in structural mechanics in
order to find a distribution of a given amount of an elastic material which, for a given system
of loads, gives the best resistance in terms of minimal compliance (see for instance [1]).

- In [12] a variant of mass optimization problem, involving an arbitrary linear operator A
defined on the space of smooth functions Z(Q2) instead of the gradient operator, has been
considered, together with the applications to the elasticity theory of thin plates.

- In [4], instead of looking for the optimal mass distributions y € .#(Q), the problem of

sym ) has been addressed.

have been considered in the definition of £y, satisfying a
suitable p-growth conditions with p > 1 (see [8]).

- Without any intent of being complete, we mention also some other recent contributions to

looking for an optimal conductivity tensor o € .Z (2, R
- Integrands more general than | - |?

the topic, in which different variants, motivated by some precise applications, have been
considered (see [5], [21]).

In this paper we provide a generalization of problem (MOP/) in the scalar case, in a new and
different direction with respect to the above mentioned papers in the literature. Namely, instead of
imposing a constraint on the total mass for the competitors in (MOP ), we look at the compliance
functional —& penalized by a convex functional C defined on the space of measures. This corresponds
to rephrase the constraint in terms of Lagrangian multipliers (for a related discussion see [30]). More
precisely, let C: .#(Q2) — [0, +00] be a cost functional defined as

Clp) = /Qc(a(x)) do + (1) u®(Q), for every u € 41(Q),

where p = adz + p® is the decomposition of p into absolute continuous part and singular part with
respect to the Lebesgue measure and ¢ is the recession function associated to ¢ (cf. Subsection 2.1).
The function ¢: R — [0,400] above is referred to as a (homogeneous) cost function; it is assumed
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to be proper, convex, lower semicontinuous, and to satisfy the following properties:
c(t) > at+p forall t >0, c(t) = +oo for all t <0, (1.3)

with a > 0 and 8 € R. In order to rule out the trivial case when c is finite only at the origin, we
also require

there exists ¢ > 0 such that ¢(tp) < +o0. (1.4)

We thus consider the following minimization problem, to which we refer to as to a mass optimization
problem with convex cost:

min { — Ep(u) +C(p) : p € A+ (Q)}. (MOPy,)

Roughly speaking, by adding the penalization term given by the functional C we are taking into
account the cost to select conducting properties of the material and not only its total amount.

For the sake of generality all the results contained in the paper are obtained in the case of
heterogeneous cost functions ¢ = c(x,t), which may depend also on the spatial variable x € € (see
Subsection 3.1 for a deeper insight on results and relative hypotheses). However, in this introductory
chapter we prefer to present the results in the homogeneous case ¢ = ¢(t), that is of particular interest
and allows a simpler presentation.

Under the above hypotheses on the cost function ¢, the functional C turns out to be convex and
lower semicontinuous with respect to the w*-topology on . (£2). Thus, whenever the distribution f
is such that the domain of the functional p — —E&¢(u) + C() is non-empty, we obtain, by means of
Direct Methods in the Calculus of Variations, the existence of an optimal measure fiopt for (MOP )
(see Subsection 3.2, Theorem 3.3).

Our goal is the characterization of the optimal measure jiop; in terms of some suitable auxiliary
variational problem. Therefore, we introduce the problem

If.:= inf / c* <\V2u]2> dz — (f, u). (AP .)
Q

ueHL(Q)

The notation ¢* above stands for the conjugate function of the cost function ¢ (cf. Subsection 2.2).
In particular, in the case ¢(t) = t/2 for t > 0 and +oco otherwise, we have that the quantity Iy
above coincides with Iy and the conditions obtained in Theorem 1.2 below coincide with the Monge-
Kantorovich PDE in [8].

For the sake of clarity we state here our main results, in the particular case of homogeneous
cost functions c¢(t), distinguishing two cases: the first one, called superlinear case or briefly (SL),
is concerned with cost functions ¢ such that ¢>°(1) = +o0, while the second one, called linear case
or briefly (L), is concerned with cost functions ¢ such that ¢*(1) < +oo (i.e. that have a linear
growth at infinity). Note that, in the superlinear case, the competing measures p are necessarily
absolutely continuous with respect to the Lebesgue measure (otherwise C(u) = +00), therefore in
the sequel we often refer to them by considering simply the density of their absolutely continuous
part a(z) € LY(Q).

Theorem 1.1 (Existence and optimality conditions in the superlinear case). Assume that Q is a
bounded Lipschitz domain and that ¢ is a homogeneous cost function with ¢>°(1) = +oo. Then for
every f € H () any solution piopy of problem (MOP;,.) is absolutely continuous with respect to
the Lebesque measure. In addition, the auziliary variational problem (AP .) admits a solution u
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and there exists an optimal measure fiopt = Gopt AT such that the couple (aopt, @) € LY(Q) x HE(Q)
is identified by the differential conditions:

—div(acpt V) = f in 2'(Q);

_ 1.5
Aopt () € Oc* (M) for L™-a.e. x € Q. (1.5)

In other words, in the superlinear case, in order to recover an optimal density aqpt, we first solve
the auxiliary variational problem (AP .) obtaining the corresponding solution #; then it is enough

to take aopt(x) € Oc* (w) Note that Vi solves the dual problem associated to E¢(aept) via

the standard duality arguments (cf. (3.13)). In the superlinear case, Theorem 1.1 holds even for
more general f, depending on the growth properties of the cost ¢; in Example 6.1 we show a case in
which this occurs. See also Remark 4.3 for a related discussion.

In the linear case instead the optimal measure popy may have singular parts and the corresponding
optimality conditions have to take this fact into account.

Theorem 1.2 (Existence and optimality conditions in the linear case). Assume that Q is a bounded
Lipschitz domain and that ¢ is a homogeneous cost function with ¢*(1) < +oo. Then for every
[ € .#(Q) the auziliary variational problem (APy.) admits a solution @ in the space

LIPc(Q) = {u € LIP(R") : u=0 0on 09, ||[Vulo <c} with ¢=+/2c¢2(1).

In addition, the couple (popt, @) € A T(Q) x LIPoc(Q) is identified by the following differential
conditions:
n - diV(Moptvpopta) =f i @/(9)5

V o ()2 af@)|”
2) Wt;(x)'aopt(x) =c* (W) + c(aopt(z))  holds agp L™ -a.e. x €
(1.6)
Vo a(x)?
3) [Viop ()" =c>(1) holds for pigy-a.e. © € €

2
4)  popt(0£2) = 0.

Also in the linear case, the first step to be done, in order to characterize the optimal measure
Hopt, is obtaining a solution @ to the auxiliary variational problem (APy.); then conditions 1)-4)
above make the link between @ and popt. Note that, due to the linear growth of the cost function c,
we have ¢ = +00 outside a bounded set, which implies that @ is necessarily Lipschitz continuous.

In the last section of this paper (Section 6) we provide some examples and discuss possible variants
of the problem.

2. PRELIMINARIES

Throughout the paper we shall (mainly) use the following notation: the space of all finite real-
valued Borel measures on R" will be denoted by .#(R"), while .# " (R™) stands for the set of all
non-negative p € 4 (R™). Given any compact set K C R", we set

MK) ={u € AR spi() C K,
MK ={u € #(K) : pu non-negative}.

Given any pu € #*(R™) and p € [1,+00), we denote by LI, (2, R™) the space of p-integrable maps
from © into R"; in the case of real valued functions we simply write L1 (). We denote by L"
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the n-dimensional Lebesgue measure in R”. In the case of y = £ we omit the subscript p in the
notation and we simply write LP(€,R™). In the integration of functions, we use equivalently the
notations [, u(x)dL"(z) and [, u(x)dz.

The space of smooth functions with compact support in € is denoted by Z(2). The notation
2’ () stands for the space of distributions on €, while we denote by 2’(Q) the subset of 2'(R") of
distributions whose support is contained in Q. The space of continuous functions on a compact set
K C R" is denoted by % (K), while || - || stands for the maximum norm.

2.1. Convex functionals on the space of measures. In this subsection we recall some termi-
nology and results regarding the lower semicontinuity of convex functionals defined on the space of
measures.

Let (X, %(X),m) be a Borel space, with X a separable, locally compact metric space, Z(X)
a Borel o-algebra on X and m a non-negative, non-atomic and finite measure on X. A function
v: X xR = RU{+0o0} is said to be an integrand if it is Borel measurable. An integrand ¢ is said to
be normal if ¢(x,-) is lower semicontinuous for m-a.e. x € X, while it is said to be convez if p(z, -)
is convex for m-a.e. x € X.

Given a convex function g : R — RU{+o0}, we define the recession function ¢ : R — RU {+o0}

of g as
o0 - g(to + st)
g=(t) = SEI—POO = for every t € R, (2.1)
where tg is an arbitrary point in Dom(g) # O (for the definition of proper function and its domain see
Subsection 2.2 below). The following properties of the recession function g> can be easily deduced:
1) ¢g* is positively one-homogeneous, i.e. g*°(At) = A g>°(t) for every A > 0 and all ¢ € R;
2) given any ty € Dom(g) it holds that g(t) < ¢g>°(1)(t — to) for all t € R.

Below, we use the notation .#(X) for the space of all real-valued measures with finite variation
on X, while %(X) stands for the space of continuous functions vanishing on the boundary: namely,
those continuous function g: X — R such that for every ¢ > 0 there exists K. C X compact for
which |g(x)| < € holds everywhere on X \ K.. We shall denote by || - ||Tv the total variation norm
on the space .#(X). The space .#(X) can be also characterized as the dual of the Banach space
(60(X), || * |loo), where the duality paring between p € .#(X) and g € 6,(X) is given by

(1,9) = /9 dp.

We shall often consider the weak*-topology on .Z(X); recall that a sequence (y;)ien € #(X)
weakly*-converges to p € . (X) if for every g € 6,(X) it holds that

/gd,ui%/gd,u as ¢ — +00.

Let us also recall that for any p € .#(X) there exists a unique l-integrable (with respcet to m)
function a € L., (X) and a unique measure p® € .#(X) singular with respect to m, such that

w=am+ p’. (2.2)

In what follows our interest is in the convex functional ®: .#(X) — [0, +0o0] given by

D(p) = /gp(x, a(z))dm(z) + /gpoo (x, ;,Z;) d|p®|(x), for every u € #(X), (2.3)
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where ¢: X x R — [0, +00] is a normal convex integrand and ¢*(z,-) == (p(z,-))” for every z € X.
In the particular case when ¢ is independent of the variable x, the functional ® is nothing but
the lower semicontinuous envelope in the weak*-topology on .#(X) of its restriction to the space
L} (X), which provides its weak* lower semicontinuity (see [2]). This is not always the case when
we deal with an z-dependent integrand ¢; see for instance [2], [7], [15], and [27] for the integral
representation of the lower semicontinuous envelope @ of the functional ®| L, as well as for some
sufficient conditions granting the equality ® = ®.

Nevertheless, motivated by the z-independent case, we shall concentrate on the functionals ®
of the above form, which coincide with the lower semicontinuous envelope of ®[r1y,). Sufficient
conditions one may impose on the integrand ¢ to achieve such a property are given by the following
theorem, proven in [7, Theorem 8§].

Theorem 2.1. Let (X, #(X), m) be a Borel space and let p: X x R — [0, 4+00| be a normal convex
integrand satisfying the following condition:

the functions ©*(-,t) and > (-,t) are upper semicontinuous for all t € R.

Then the convex functional ®: 4 (X) — [0,+00] given by (2.3) coincides with the lower semicon-
tinuous envelope in the weak™-topology on . (X) of the functional ®|p1(x)-

2.2. Conjugate functions. Let V be a normed vector space and denote by V* its topological dual.
In what follows, we consider V' and V* endowed with weak and weak™ topology, respectively, which
make them Hausdorff locally convex topological spaces. We denote by (-, -) bilinear pairing between
V and V*. Given a function F': V. — R U {+o0}, we set

Dom(F) ={veV: F(v) < 400},

and call it the effective domain of F. A function F is said to be proper if Dom(F) # . Given
a proper function F, the Fenchel conjugate (or briefly, conjugate) of F is the function F*: V* —
R U {+o0} given by

F*(v*) =sup {(v,v*) = F(v)} = sup {(v,0") = F(v)}, forevery v* € V" (2.4)
veV v€Dom(F)

We list below some useful properties of conjugate functions: fix any F,G: V — RU {+oo}. Then
we have

1) F* is convex and lower semicontinuous with respect to the weak®™ topology on V*;
2) if F < G then F* > G*;
3) for every (v,v*) € V x V* it holds that

(v,v") < F(v) + F*(v").
The subdifferential of F' at v is defined as
OF (v) ={v* e V*: (v,v") = F(v) + F*(v")}.
In the next lemma we recall a well-known formula for the subdifferential of a composite function.

Lemma 2.2. Let h: R — R be a non-decreasing convex function and let G: R™ — R be continuous
convex function. Then the composite function @ := h o G is convex and it holds that

dp(z) = On(G(2)) - 0G(z), for all z € R",

where by the product in the right-hand side we mean the algebraic product of two sets.
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Theorem 2.3 ([16, Chapter IX, Proposition 1.2 and Proposition 2.1]). Let A C R™ be an open
bounded set and let p: AXR — [0, +00] be a normal convex integrand. Then the function ¢*: AXR —
R defined as

o (x,t) =sups-t—p(x,s) forall (x,t) € AXR
seR

is a normal convex integrand as well. Moreover, if we define the functional ®: L'(A) — [0, +00] as
O(g) = /Acp(x,g(x)) dL™(x),  for every g € L'(A)
and assume that there exists gy € L (A) such that ®(go) < +00, then we have
o*(h) = /Anp* (z,h(z))dL™(z),  for every h € L™(A). (2.5)

We recall here a result from min/max theory that is useful for our purposes (for its proof see for
instance [13] or [29]).

Theorem 2.4. Let V,W be two topological vector spaces, let K C 'V be a compact and convex set,
and let C C W be a conver set. Suppose that the function L: K x C' — R satisfies

a) for each v € K, the function L(v,-): C = R is convez,
b) for each w € C, the function L(-,w): K — R is upper semicontinuous and concave.

Then we have that

sup inf L(v,w) = inf sup L(v,w). 2.6
sop Jef L) = Jof, s EC) 20

The following theorem gives a relation between primal and dual problems in the case of compo-
sitions with linear operators. For its proof we refer to [6, Proposition 2.5].

Theorem 2.5. Let U and V be two Banach spaces and let A: U — V be a linear operator with the
dense domain denoted D(A). Let U: V — RU {400} be convex and lower semicontinuous function.
Let F: U — R U {+o00} be given by

Flu) = {\IJ(Au) if u € D(A)

400 otherwise.

Assume that there exists ug € D(A) such that F(up) < 400 and that ¥ is continuous at Aug. Let
: U — RU{4o00} be a convex function. Then

inf U(Au) + ¢(u) = sup —¢*(—A*v) — ¥*(v).
ucl veEV*

Furthermore, we have that

a pair (u,v) € U x V* is optimal <= v € 0V(Au) and — A*v € 0Y(u). (2.7)

3. MASS OPTIMIZATION PROBLEM WITH CONVEX COST

3.1. Introduction to the problem. From now on, we fix a bounded domain (i.e. open, bounded
and connected set)  C R™ with Lipschitz boundary, whose closure Q represents a given design region.
Given f € 2'(Q), representing a heat source density, the total energy of the system associated with
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a distribution of a given conductor p € .#*(Q) and a smooth temperature profile u € 2(1) is given
by the quantity

1
Firlp,u) = 3 / \Vu|? dp — (f,u). (3.1)
We consider the energy functional £;: .#(2) — R given by

inf {]:f(u,u) Cu € @(Q)}, for pe.#"(Q),

— o0, otherwise.

Ep(p) = (32)

Namely, the quantity £(p) will be considered as the energy associated with the distribution p €
A+ (Q) of a given conductor.

We are interested in finding the best distribution of a given conductor, in order to achieve the
minimal compliance, under the presence of a convez penalization term (that we shall also refer to as
convex cost). More precisely, we define the cost functional C: .4 (Q) — [0, +o0]

Cu) = /ﬂc(m,a(m)) dz + /c°° <a:, ‘jZ;) d|p®|(z), for every u=aLl™+p® € #(Q), (3.3)

where the (heterogeneous) cost function c: 0 x R — [0,+00] is a normal convex integrand (in the
Borel space (Q, 2(Q), L™)), satisfying the following assumptions.

(P1) It holds that

c(z,t) > at+ B, foralzeQandallt>0, for some a >0 and 3 € R, (3.4)
c(z,t) = +oo, forallz € Qandall t <O0. '

(P2) There exists agp € L*(2) and Ag > 0 such that
ap(x) > N for L™a.e. 2 € Q  and  c(-a0(-)) € L1(Q).

(P3) the functions ¢*(-,t) and ¢>(-,t) are upper semicontinuous for all ¢t € R.

For any cost function ¢ that is z-independent the hypotheses (P1) and (P2) are exactly the ones
given in (1.3) and (1.4), respectively, while the property (P3) is redundant. These cost functions
motivate our investigation (cf. Introduction) and we will refer to them as homogeneous cost functions.

Remark 3.1. A couple of comments about the hypothesis on the cost functions are in order. The
properties (P1) and (P3) are needed for the existence result for our mass optimization problem:
(P1) is giving us compactness property, while (P3) provides us with the lower semicontinuity of the
functional C (with respect to the w*-topology on A (9Y)), due to Theorem 2.1. In particular, C is the
lower semicontinuous envelope in the w*-topology on .4 (Q)) of the functional Clpi()- The property
(P2) plays a role in making the relation of our minimization problem with the auziliary problem
(APy.) (homogeneous case) and (4.10) (the general, heterogeneous case), where a I'-convergence

arqument will be required (see Theorem 4.2). [ |

Having fixed a cost function ¢ as above, and having fixed any distribution f € 2'(Q), we define
the functional J. s: .# () — [0, 4+00] by

Tep(p) = —Ep(p) +C(p), for every u € 4 (Q). (3.5)
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Notice that, depending on the cost function ¢, for some heat sources f it might happen that 7. =
+00. In order to avoid these degenerate cases, we define the set of c-admissible sources

Adm, = {f € 2'(Q) : Dom(J.s) # O}. (3.6)

Remark 3.2. [t is not difficult to see that, due to the property (P2) of the cost function c, it holds
that H=1(Q) € Adm,. In the case in which ¢ has the property sup, g ¢ (x,1) < 400 (that we shall
refer to as the linear (or briefly, (L)) case), we will show in Section 5 that .# () C Adm,. See
Theorem 5.35. [

Thus, given a cost function ¢ as above and given f € Adm,, our aim is to study the following
minimization problem:

inf T r(p). (3.7)
pen+ (@)

3.2. The existence of minimizers.
Theorem 3.3. Let f € Adm,. Then, the set
//ZOpt = {:U@pt € //+(ﬁ) : jC,f(:u“OPt) = inf _ jC,f(N)} (3.8)
pe+(S)
is nonempty. Moreover, there exists k > 0 such that for every piopt € Mopy and every k > k we have

inf F u) —C — inf Frlu,u) —C 3.9
. 7 (topt, u) — C(fiopt) o MES];?@ £, uw) = C(p) (3.9)

where we set
A Q) ={peat(Q): p(Q) <k}, foreverykeN.

Proof. The functional —& is convex and w*-lower semicontinuous, being the supremum of the linear
and w*-continuous functionals —F; (-, u), with u € 2(€). By Theorem 2.1, we also have that the
convex functional C is w*-lower semicontinuous. Thus the functional J. ;= —&f + C is convex and
w*-lower semicontinuos. Further, due to the growth condition of the cost function ¢ (see (3.4)), we
have

Cp) > (), for all u € 47 (Q).
This, together with the fact that f € Adm,, implies that there exists k > 0 such that
0 # e M @) Jog(u) <k} € A7 (@)
Being the set 7" () w*-compact, the set {u € 41 (Q) : T, s(n) < k} (which is w*-closed due to
the w*-lower semicontinuity of 7. ) is w*-compact as well. By the direct method of the Calculus of
Variations, we conclude that #p # O.
In order to show (3.9), we observe that for any k > k the set :%/IJ (Q) is nonempty, and

inf T ()= inf _ Jep(p). (3.10)
peA+(Q) pet ()

For any k > k our minimization problem (3.7) can be written as a min/max-type problem in the

following way:

inf 7. = inf — inf  Fr(p,u)+C
%Wﬁ,m>ﬁw®(wmfm> ()

= — sup inf  Fp(p,u) —C(p).
,LLEe}g;—(ﬁ) u€P(N)

(3.11)
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Thus, by applying Theorem 2.4 with the compact convex set K = Ji/,j (Q) C .# (), the convex set
C = 2(9), and the function L: K x C' — R given by L(u,u) := Ff(p,u) — C(p), we obtain

sup inf Fy(p,u)—C(p) = inf sup  Fyr(p,u) —C(w). (3.12)
/14€=%/k+(§) ueP(Q) ueP(Q) ,U«Ea%j(ﬁ)
Putting together (3.10), (3.11) and (3.12), we have that (3.9) holds, concluding the proof. O

Next we prove an auxiliary result providing us with the formula for the conjugate C* of the
functional C, that will be needed in the sequel.

Lemma 3.4. The Fenchel conjugate C* of the cost functional C defined in (3.3) reads as

C*(h) = /Qc* (z,h(z))dz,  for all h € €(Q).

Proof. Given any h € %(£2), by the definition of the Fenchel conjugate in (2.4) and taking into
account the fact that C is the lower semicontinuous envelope of C|1(q) in the weak*-topology on
measures (tanks to the property (P3) of the cost function c), we have that

C*(h) = sup /hdu —C(p) = sup /Q (h(z)a(z) — c(z,a(z))) dz.

e (Q) a€L(Q)

By using Theorem 2.3 applied to the functional

1
L' (Q)>g+— /Qc(x,g(x)) dx,

which is proper, since the functional C enjoys the same property, we have that

sup /Q (a(z)h(z) — c(z,a(z))) dz = / ¢ (z, h(z)) d

aeL(Q) Q

as required. O

We collect here some observations that will be useful in the next sections. Let us recall from
Theorem 2.5 that given any u € .7 (Q), the dual problem associated to the minimization problem

infy e g ) Frp, u) — C(u) reads

o(z)|?
sup {—/ | (2)| dp: o€ L%L(Q,]R”)7 —div(uo) = f in @/(Q)} —C(p). (3.13)

In the above formula, the notation div(uo) stands for the distributional p-divergence of a vector
field 0. Namely, div(uo) € 2'(Q2) is defined by

(div(po),u) = —/0 -Vudyp, for every u € 2(Q). (3.14)

Recall also that, whenever f € Adm, and p € Dom(Jy,.), we have that the supremum in (3.13) is
achieved.
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4. THE CASE OF SUPERLINEAR COST FUNCTION

In this section we provide optimality conditions for the optimal conductivities piopt € #opt When
the cost function ¢ has a superlinear growth at infinity. More specifically, we consider throughout
this section the following case:

Superlinear case: inf ¢™(z,1) = +o00,  where ¢®(z,1) == (c(z,-))*(1). (SL)
€S

Notice that in this case the domain of finiteness Dom(C) of the cost functional C is contained in the
space of measures that are absolutely continuous with respect to the Lebesgue measure and thus all
the optimal conductivities popt € Aopt are of the form

Hopt = Qopt L with Qopt € LI(Q).

For a simpler and clearer presentation, we consider first the homogeneous case, i.e. with ¢(z,t) =
¢(t), and then the heterogeneous case, emphasizing in this way the differences due to the z-dependence
of the cost function c.

4.1. Homogeneous cost function. Throughout this subsection we add the following assumption
to the cost function c:

Homogeneous cost: c(x,t) = c(t) for all t € R.

In order to characterize the optimal conductors aqp; in the next sections we shall examine the
auxiliary variational problem (AP .). Recall for the future reference that the notation Iy . stand for
the value of the infimum in the problem (AP ).

Theorem 4.1 (The auxiliary problem in (SL) homogenoeus case). Let f € H=(Q). Then it holds
that )
: [Vu(z)|
f | ——— ) dz — =1I¢e. 4.1
Lt [ () @ ) =1 (4.1)
Moreover, the auziliary problem (APy.) admits a solution and any solution 4 € H} () satisfies

V() ?

—div(v) = f, where v(x) € c* ( 5

) Va(zx) for L"-a.e. x € Q. (4.2)

Proof. The first part of the statement directly follows from [16, Chapter X, Proposition 2.6] and the
growth condition from below on the function

p(s) = c*(s%/2)

granted by the property (1.4) of the cost function ¢. The same property ensures that the functional
H}(Q) 5 u s 1,(Vau) = / o(Vu(z)) dz
Q
is coercive in the weak topology on H}(f2), thus the problem (AP .) admits a solution in H} ().
The dual problem to (APy.) (cf. Theorem 2.5) reads as
sup {I;(v) : v € L*(©) such that — div(v) = f},
so that the optimal pairs (u,v) satisfy
—div(v) = f and v € 9l (Vu).
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Recalling from Theorem 2.3 that I* fQ ©*(v(x)) dz, the second condition gives

[ (V@) + ¢ (o) do = / o(z) - Vuz) da,
Q Q

or in other words that v(z) € d¢(Vu(x)) for L -a.e. x € Q. Being ¢* non-decreasing and | - |? a
continuous function, it follows from Lemma 2.2 that

2
0p(z) = z0c* <|ZZ|> for all z € R™.

Taking z = Vu(x) we obtain the condition stated in (4.2). O

Theorem 4.2. Let f € H-1(2). Then for every optimal conductivity aept € Mops it holds that

inf /W@Opt(:c)dq:—<f,u>—/Qc(aopt(x))dx: min )/c (’Wé )|2> dz — (f,u).

u2(Q) Jo weHL(Q

Proof. Recall from Remark 3.2 that H-!'(Q) C Adm,, thus there exists Hopt = GoptL" € Mopt-
We first show the inequality <: being apt an optimal conductivity, we have from Theorem 3.3, pre-
cisely from (3.9), that for & € N big enough it holds

. Vu(z)|?
inf / |;)|a0pt(ﬂs) dz — (f,u) — /Qc(aopt(:c)) dz

ue?2(Q) Jo

— inf s Fp(uu) - Clu)
ue2(Q) MEJ/J @)

< inf  sup  Fyp(p,u) —C(p)

= in su M:c— u) — cla(z))dz
= ot s [ O dr (g0~ [ o) de

u€Z(Q) geLl (2

where the last inequality follows from the property of C of being the lower semicontinuous envelope
of C| r1(@)- Then, we get the desired inequality by applying first Lemma 3.4 and then Theorem 4.1.
We now show the inequality >: Let us introduce some auxiliary notation. For every k € N we set

C(t) if t € Ay,

Ay ={t e R: 0<t <Ek/L™D)}, Xk =XA Ck=C+Xk= )
+o0o otherwise.

Consider the sequence (c})gen of functions ¢} : R — R given by
ci(t)=sup s-t—cp(s), forallteR. (4.3)
sE€EAL
It is straightforward to check that

(a) For every k € N, the function ¢j is a normal convex integrand.

(b) (c;)ken is an increasing sequence.

(c) cp(t) / c*(t) for every t € R.

(d) Let \p > 0 be as in (1.4). Then for every N 3 k > A\gL"(2) we have

cr(t) > Aot —c(Xg), for every t € R.
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Since we are in the superlinear case, the right-hand side of the equality in (3.9) becomes

|Vu(z)® !2
inf sup  Fr(p,u) —C(p) = inf  sup / ) — cla(x)) dz — (f,u).
iy S P =) = Juf, s (o)) do = (£,

By noticing that Lk:/[:n(Q)(Q) C LL(Q) and taking N 3 k > \oL"(£2) we get the following bound

sup / [Vu(@)l® z) — c(a(z)) dz > o / Nul@)P ) — ex(a() da

a€L;(Q k/z:n(n)
2
Q 2
All in all, the above shows that
inf sup  Fr(p,u) —C(p) > inf  Pp(u) — (f, u). 4.4
By SUP Fslw) =000 > nt () = (£, (14)
We now claim that
, , . o [ [Vu(@)?
1 f & — = f —— | dx — . 4.
Jim e w) = (f) = [ (575 o= th) (45)

Due to the assumptions on f, in the next passage to the I'-limit the functional (f,-) is treated
via continuity, thus we only need to take care about the sequence of functionals {®y}ren. Being
{®. }ren the sequence of weak H(Q)-lower semicontinuous and increasing functionals, as granted by
the properties (a)-(c) of the sequence (c})ken stated above, its I-limit in the weak H{(£2)-topology
coincides with its pointwise limit (see [25, Proposition 5.4 and Remark 5.5]). Moreover, since the
functionals ®y, k € N are equicoercive (as the consequence of the property (d) above), it follows
from [25, Theorem 7.8] that the equality in (4.5) holds. This together with (3.9) and (4.4) concludes
the proof. O

Remark 4.3. We remark that the above results hold even under less restrictive assumptions on the
admissible distribution f € Adm.. Namely, it is enough to require that f is continuous with respect
to the convergence u; — u in Hg () weakly and sup; [, ¢*(|Vus|?/2) dz being finite. [ |

Theorem 4.4 (Optimality conditions in the (SL) homogeneous case). Let f € H='(Q2). Then, the
following are equivalent: the couple (aopt, @) € LY(Q) x HL(Y) satisfies the conditions (referred to as
the optimality conditions)
1) —div(aeptVa) = f in 2'(Q);
a(z)|? 4.6
2)  aept(z) € Oc* <Méx)\> for L™-a.e. x € Q. (4.6)
if and only if
a) aopy 15 a solution of the problem (MOPy .);
b) @ is a solution to the problem (APy.),
c) Vu is a solution of the dual problem (3.13) with a = aopt.

Proof. Let us prove the implication (=-). The conditions 1) and 2) grant that Vu is a candidate
in the dual problem (3.13) with a = agpt, 4 € HJ () is a solution to the problem (APj.) (thus
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condition b) is verified), and the vector field aop Vi € L*(£2) solves the dual problem to (APg..).
Taking into account Theorem 4.1 and Theorem 4.2, the following chain of inequalities holds:

o
_ / Va@l @) de / c(aop (@) de < inf Frlaope,w) — Claops) < sup  Tel(p)
2 Q ueZ(Q) peM+(Q)

“tpo= [ (Y ooy = [T 0000 = [ clounte)) a0,

Take now any sequence (u;);eny € 2(2) such that

ui — @ weakly in H} ()  and /C* (W> dr = lim /C* <|Vuz| > 0.
Q 2 i—4o0 Jq 2

which exists due to Theorem 4.1. Up to a non-relabeled subsequence, we also have that Vu; — w
weakly in Lgopt(Q, R™) for some w € Lgopt(ﬂ, R™). Being aopt Vi € L*(Q2) and Vu € L2 5 (€2), thanks
to the condition 2), we have that

(4.7)

/w Vi aopy do = lim Vu; - Vi agpt dx/Vu Vi aopt dx/ Va|? Aopt de.
Q

i——+00 QO

Notice that

(f,u) = lim (—div(acptVa),u;) = lim [ V- Vu; aepr do —/ V|2 aopt de,
1—+00 1—400 Q
which, when plugged in (4.7), shows that all the inequalities in (4.7) equalities. In particular, aopt
solves (3.7) and Vu solves the dual problem (3.13) with a = aopt, thus the conditions a) and c)
follow.
We now prove the implication (<). Due to the assumptions and Theorem 4.2 we have that

al? a1
_/’v2|aopt dx—/ﬂc(aopt(x))dx—uelgf )ff(aopt, u) — C(aopt) = /Qc* (W2|> de — <f,(u).)
4.8

Take now any sequence (u;);eny € Z2(£2) such that

—_12 12
u; — u weakly in H&(Q) and / c* (]Vu| > dr = lim / o <‘VU1| > da,
Q 2 1—+o0 J 2

which exists due to Theorem 4.1. Up to a non-relabeled subsequence, Vu,; weakly converge in
L2 (9,R"™) to some w. Notice also that due to the lower semiconitnuity of the norm, we have that

Qopt
wl? Vu;|? . [V 2
/| | opt A <z—l>1+oo/|2’aopt dx < /Qc <|2|> dx+/gc(aopt(x)) dx. (4.9)

where the last inequality follows from the conjugate duality and the way in which the sequence
(u;)ien has been chosen. Further, being Va a solution to (3.13), we have that

(f,u) = lim (—div(aept V), u;) = lim Vi - Vu; aopt dz = /Vﬂ-waopt dz.

1——+00 1——+00
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Combining the latter equality with (4.9) and (4.8) we get that
Viil? Vii|?
—/2u|aoptdm—/gc(aopt(x))dx:/gc* (‘ 2u] > dx—/Vﬂ'waoptdx

2
Z/MU;aoptdl'—/C(aopt(x)) df—/Vﬂ'waoptdx'
Q

This implies that V& — w = 0 holds aqpi L -a.e.. Now it follows from (4.8) and b) that

=12 =12
/|v2u|a0ptd$:/c* <|V2U| ) dﬂf‘f‘/c(aopt(x)) de,
Q Q

proving 2). The point 1) is trivially satisfied by the assumption c). O

4.2. Heterogeneous cost function. We now assume that the cost function ¢ is dependent also on
the domain variable x, namely we consider:

Heterogeneous cost: c: QxR — [0,+00] satisfying (P1) — (P3).

As before, we shall look at the auxiliary variational problem, which in the general setting of the

inf /Qc* <g; W) dz — (f, u). (4.10)

ueHL(Q)

z-dependent cost reads as:

We will (since no ambiguity occurs) denote by I . the value of the infimum in (4.10).

Recall that, due to assumptions on ¢ (and taking into account [25, Example 1.24]), the functional

®: H}(Q) — R given by
2
ur— O(u) = / c (w, |V2u\ ) dz, (4.11)
Q

which appears in the minimization problem (4.10) is lower semicontinuous in the weak H{(Q)-

topology. Nevertheless, due to the dependence on the domain variable of the integrand c¢*, it might
happen that the equality

the lower semicontinuous envelope of ®|4(q) in the weak H}(Q)-topology = @, (4.12)

is not satisfied and thus also the equality (4.1) might not be true. This is related to the occurrence of
the so called Lavrentiev phenomenon. Since the scope of this paper is beyond analysing the necessary
and sufficient conditions on ¢ in order to avoid such a phenomenon, in what follows we will say that

Lavrentiev phenomenon does not occur for the functional ® if (4.12) is satisfied.

For a thorough discussion about the occurrence of Lavrentiev phenomenon see [24] and the references
therein. This said, the corresponding theorems to Theorem 4.1, Theorem 4.2 and Theorem 4.4 in the
heterogeneous case can be stated, respectively, as follows. Their proofs follow verbatim the proofs
in the homogeneous case, since the dependence on = does not have any influence to the arguments
used (notice that assumptions on ¢ with respect to the variable x are such that all the requirements
in the theorems stated in Section 2 are met; see also Remark 3.1).
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Theorem 4.5 (The auxiliary problem in the (SL) heterogeneous case). Let f € H=1(Q) and assume
that Lavrentiev phenomenon does not occur for the functional ® defined in (4.11). Then it holds

that
2
inf / c* <x, |Vu(:n)|> de — (f,u) =Iy. (4.13)
Q

ue2(Q) 2

Moreover, the auziliary problem in (4.10) admits a solution and any solution 4 € H} () satisfies
o2
—div(v) = f, v(x) € oc* (x, mf”) Vu(x) for L"-a.e. z € Q. (4.14)

Theorem 4.6. Let f € H '(Q) and assume that Lavrentiev phenomenon does not occur for the
functional ® in (4.11). Then for every optimal conductivity aopy, € Mopy it holds that

inf /QWaopt(x)dx—g,@—/Qc(x,aopt(x))dx: min /Qc* (x W) dz — (f,u).

u(Q) ueHE(9)

Theorem 4.7 (Optimality conditions in the (SL) heterogeneous case). Let f € H~(Q) and assume
that Lavrentiev phenomenon does not occur for the functional ® in (4.11). Then, the following are
equivalent: the couple (agpt, W) € L1 (Q) x H} (Q) satisfies the conditions (referred to as the optimality
conditions)

1)  —div(aeptVa) = f in 2'(Q);

V() [?

(4.15)
2) aept(z) € Oc* <x, ) for L"-a.e. x € Q.

2
if and only if

a) Gopt @5 a solution of the problem (3.7);
b) @ is a solution to the problem (4.10),
c) Va is a solution of the dual problem (3.13) with a = agpt.

5. THE CASE OF LINEAR COST FUNCTION

In this section we provide optimality conditions for the optimal conductivities piops € Aopy When
the cost function ¢ has a linear growth at infinity. More specifically, we consider throughout this
section the following case:

Linear case: c® = supc™(z,1) < +oo, where ¢ (z,1) = (c(z,-)) (1) (L)
z€Q

Let us start by observing that the following result holds.

Lemma 5.1. Let f € Adm. and p € Dom(Jy,). Let us denote by

2
(—00,0] >m = inf / |V2u| dp— (f,u) and C:=+—2m.

ueP(Q)

Then it holds that
[(f,u)] <C HVU/HLE(QJRW,) for all w € 2(Q). (5.1)
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Proof. Note that for every u € 2(Q2) we have that
()] < =+ [Vl 2 e
Thus, given any u € Z(2), by just plugging in the above inequality tu € Z(2), we have that
tQHVUH%Z(Q,Rn) —t|(f,u)) —m >0 forallt>0.
Then, optimizing with respect to ¢, we obtain precisely (5.1). O

As a consequence, we have that f admits a (unique) linear and continuous extension f to the
Banach space
2 . .
SO,M(Q) = CILEL(QJRTL){VU/ U e .@(Q)}

endowed with the norm || - || rz(o,rn)- The extension f has the property

fIVu] = (f, u) for every u € 2(Q).

Thus, a standard relaxation argument gives

inf Fi(uu)—C(u) = inf /Wdu—f[w]—(?(u). (5.2)
’ @/ 2

uG@(Q) wesg“u

In order to state and prove the optimality conditions for the optimal conductors that in this are
not necessarily densities with respect to a Lebesgue measure (as in the case (SL)), but may contain
also singular parts, in the following subsection we recall the notion of the p-tangential gradient and
Sobolev function with respect to a measure pu € .+ (Q).

5.1. Sobolev spaces with respect to a measure. Let us consider a bounded open set 2 C R"
and a measure u € .#7(2). In this subsection we recall the notion of Sobolev space H&H(Q),
following the approaches in [9] and [31], which turn out to be equivalent (see [23]). We first fix some
terminology: given a function u € Li(Q) we say that a vector field w € LZ(Q, R™) is a p-gradient of
u if there exists a sequence (u;); € Z(2) such that

u; — u strongly in LZ(Q) and Vu; — w strongly in LZ(Q, R™). (5.3)
We denote the set of all u-gradients of v by G, (u) and define
H&M(Q) = {u S LZ(Q) : Gu(u) # @}.

In particular, notice that every w € G, (u) for u € H&}u(Q) belongs to the space S&M(Q) defined
above. We will use this fact in the proof of Theorem 5.4.

It is not difficult to check that the set G, (u) is a closed and convex subset of LZ(Q,R”), thus it
admits the element of minimal L?-norm, denoted by V,u. The space H&M(Q) is a Banach space,
when endowed with the norm

HUHH&H = HUHLg(Q) + HV;A“HLg(Q,Rny
Notice that, thanks to Mazur’s theorem, we could equivalently require the weak convergence of
gradients in (5.3) instead of the strong one. Also, when p = L"|q, due to the closability of the
norm |[ul[z2(q) + [Vul|p2(rn) on Z(£2), the above definition reduces to the standard definition of
the space of Sobolev functions on €2 with ‘zero boundary values’. We shall thus in this case use
the standard notation H}(f2) and the L£"-gradient will be denoted by Vu (this will not cause any
ambiguity with the same notation of the strong gradient of smooth functions).



18 G. BUTTAZZO, M.S. GELLI, AND D. LUCIC

Given any positive constant M > 0, we set
LIPo,n(2) = clyp g {u € 2(Q) : [Vullos < M} (5.4)

We have that LIPg 5/(£2) coincides with the class of Lipschitz functions which vanish on 92 and with
their Lipschitz constant bounded by M. In particular, LIPg 5/(2) C H&H(Q) for every measure p,
and (see for instance [20], [23]) for every (locally) Lipschitz function u we have

|V u| < lip(u) p-a.e. in €, (5.5)

where

In particular, for every locally Lipschitz function v € H}(£2) we have |Vu| = lip(u) L™-a.e. in Q.

5.2. Homogeneous cost function. As in the superlinear case, we shall first concentrate on the
homogeneous cost functions, i.e. we add the following assumption to the cost function c:

Homogeneous cost: c(z,t) =c(t) for all t € R.

Note that in this case ¢> = ¢>°(1). Let us analyse the auxiliary problem (APj ).
Theorem 5.2 (The auxiliary problem in the (L) homogenoeus case). Let f € .#(Q). Then it holds

o e [ (T8 4 g
it [ e (55 ) do - (o =1 (5.6)

ueP(Q)
Moreover, the problem (AP .) admits a solution and any solution U belongs to the space € LIPg ¢(€2)
with ¢ = \/2¢>(1), and satisfies

u(r)|?
—div(v) = f, v(x) € Oc” <|Vé)|> Va(z) for L"-a.e. x € Q. (5.7)

Proof. The proof follows along the same lines as in the (SL) case, by just noticing the following:
since ¢(t) < ¢*(1)(t — to) for all ¢ > 0 and any ¢y € Dom(c) by assumptions, we have that ¢*(t) >
X{s: s<eoo(1)3 (1) + ¢ (1)to. Thus every u € H}(Q) with finite energy [, c¢*(|Vu[?/2) dz satisfies
|Vu(z)|? < 2¢>(1) for La.e. x € Q. Thus, recalling the assumption on f and the zero boundary
condition, any minimizer @ indeed belongs to the space LIPg ¢(2). O

Theorem 5.3. Let f € .#(Q). Then f € Adm, and for every optimal conductivity piopt € Mopt it
holds that

[ e — = o) = _min [ () o g, o)

ueZ() u€LIPg () 2
Proof. Notice that (cf. Theorem 2.4) for every k € N it holds that

sup inf Fr(p,u) —C(p) = inf sup  Fr(p,u) —C(p)
He%flj(ﬁ) ueP(Q) ue( )Ne/fflj(ﬁ)

Taking into account the above and Theorem 5.2, and following the same line of proof as in the
corresponding theorem in the superlinear case (Theorem 4.2) we show that

. . . . |Vu\2>
inf  ®p(u) — (f,u) < su inf Fr(u,u) —C <  min c dr — (f,u).
u€H(Q) b(u) = {fu) pe%f(ﬁ) ueEZ(Q) sl w) (1) ueLIPO,C(Q)/Q ( 2 {fou)
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In order to send £ — oo and conclude with the I'-convergence argument, just notice that the term
(f,") with f € .#(Q) can be treated via continuity also in this case, since the functions u € H}(2)
of finite cj-energy (with k large enough) are equi-Lipschitz and, due to zero boundary condition,
also equi-bounded, thus Ascoli-Arzela theorem applies. This proves that

i - « [ IVul?
f — — [Vul® B
MES/[/I/I?@) uel@n(ﬂ) Frpyu) —C(p) uerflllglo,c /Q c < 5 do — (f,u),
showing the admissibility of f as well as (5.8). -

Theorem 5.4 (Optimality conditions in the (L) homogeneous case). Let f € .#(Q). Then, the
following are equivalent: the couple (fopt, W) € AT (Q) x LIP () satisfies the system of equations
(referred to as the optimality conditions)

1) = div(popt Ve, @) = f in 7'(Q);

Vo ()2 ti(x)[?
2) Iuopgt(x)!aopt(x) =c <Méx>‘> + c(aopi(z))  holds aopiL™-a.e. x € €2,
S (5.9)
u\x
3) ‘L"# = c™(1) holds for Hf)pt‘a'e' r ey

4) uopt(aﬁ) =0.

if and only if

a) Mopt s a solution of the problem (MOPy .);
b) u is a solution to the problem (APy.).

Proof. We first prove (=). Recall that u € LIP¢(Q2) C H(%,uopt (©). Taking into account the hy-
potheses 1) and 2), we have that V., % is a competitor for the dual problem to inf,c 5 (o) F (topt, u) —
C(popt) given in (3.13). Take now any sequence (u;)ieny C 2(2) such that u; — @ in H} () as

1 — 400,
Yu, 2 A7 2
lim [ ¢* [Vl do = / c* [Vl dz and sup|Vuyl <c
i—+00 J 2 Q 2 ieN

(whose existence is granted by Theorem 5.2 and Theorem 5.3). Then, up to a subsequence we have
that u; — u weakly in Liopt (©) and Vu; — w weakly in Liopt (©,R™), for some w € Liopt(Q,R”). In

particular, w € Gy, (#). Then due to the hypotheses 1) and 2), we get (as in the proof of Theorem
4.4 above) (f, ) = [ V@ - @ dpiept. Due to the lower semiconitnuity of the norm we further get

w|? Vu;|? V|2 V o 02
/’2|d,uopt < lim /’ d dptopt < lim Qc* <M> dz + C(popt) :/‘“;‘duopm

1——+00 2 1——+00 2
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where the last equality follows from the hypotheses 3) and 4). In particular, due to the minimality
of V..U, we deduce that w = V.4 holds pept-a.e. Therefore, it follows that

(3.13)

AR TIE .
- / |u2p|dﬂopt - C(UOpt) < uelgfﬂ) F(Mopmu) - C(MOpt)

< Iy
</ <W> dz — (f,u)
= [ Deeml W (75— Clotone)

\V opt 1]
_/ugdﬂom _C(MOPt)7

which shows that all the inequalities above are indeed equalities, and thus proves a) and b).

Let us prove now (<). Pick a sequence (u;)ieny € Z(Q2) NLIP( () converging weakly in H{ ()

to © and such that
2 —12
/c* (]Vu,] ) dz — / c* <\Vu] ) dz, asi— oo.
Q 2 Q 2

Thus, up to a (non-relabeled) subsequence we have that there is w € L/lopt (Q)

u; — @ weakly in L?

ope (1) and  Vu; — @ weakly in L# 5 ().

In particular, w € G, (#) and, due to the lower semicontinuity of the norm we have that

w|? . [ |Val?
[ e [ () et

Due to the hypotheses a), the quantity in the (3.13) is finite; denote by & a solution for the dual
problem in (3.13). Then, taking the above into account, we have that (f, @) = [ & - @ dpept. Finally,
by using the equality

|7? (3.13) . [ IVal? _
_/Qduopt_c(ﬂopt) = Glgf )F(Hopta ) If,c:/ﬂc 92 dzr — <fa u>7

together with all the above considerations we deduce that w = ¢ holds pigp-a.e. and that

w|? . [ |Val?
/udﬂoptc(ﬂopt):/c <| 2’ ) dzx.
Q

Given that u € LIP( ¢(2) C H& jiops (§2), its p-gradient V. @ is a competitor for the relaxed problem

of inf,,c () F (Hopt, u) given in (5.2). Also, being V. u element of G, (u) of the minimal Lﬁ ont”

norm, we have that

2
/‘7’ dptopt — (f, @) — C(Hopt) /’ “Optu’ fopt — (f 1) — C(ttopt)
(5.2)

. =12
Z inf ]:()U“Opta )_Ifyc:/C*<V;| >d$—<f,ﬂ>,
Q

ueP(Q)
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proving that & = V@ holds pgpi-a.e.. Thus the item 1) follows, as well as the validity of the
condition 2), 3) and 4) in an integral form. Namely, it holds that

/W Aopt (2 )dfﬁ—/QC* <\Vuéa:)|2> da:—l—/{zc(aopt(a:))dx,

|v opt | S e
/ e opt = (1)Nopt(Q)'

To get the conditions 2), 3) and 4) pointwise, we argue as follows: In order to get 2), recall that
|Va| = lip(a) (see Subsection 5.1) holds L£"-a.e. in Q (and thus aepiL"-a.e. in ). On the other
hand, we have that |V
that |V
gives

% v7 2 V7 2 v opt 2
¢ <M¥)’> + caopt(2)) > ‘u;x)‘aopt( )2 mg(”aopt(l'), aopt L"-a.c. € O,

and together with the first line in (5.10) provide us with the claimed pointwise version 2).

(5.10)

a| < lip(w) holds popt-a.e. (and thus aepiL"-a.e. in ). Hence we deduce

Hopt

u| < |Vl holds agptL™-a.e. in . This property, together with the conjugate inequality

Hopt

The conditions 3) and 4) are due to the fact that V, 4 is a weak L}%opt limit of a sequence of

M < ¢™(1) for all x € Q. Thus, up to applying

Mazzur’s lemma and getting the strong (and thus, up to a subsequence, pointwise) convergence,
m 2

we have that M < ¢*(1) for Hopt-a.e. & € Q. This together with (5.10) implies that

Hopt (09) = pg,: (02) = 0 and that w = (1) holds for p5-a.e. x € €, as claimed. This

concludes the proof. O

smooth gradients Vu; satisfying the property

5.3. Heterogeneous cost function. In this section we consider a general x-dependent cost func-
tion ¢, namley

Heterogeneous cost: c: QxR — [0,+00] satisfying (P1) — (P3).

As already explained in the Subsection 4.2, when the cost function is z-dependent, Lavrentiev
phenomenon may occur. Under the assumption of no occurrence of such phenomenon, we have the
following corresponding results to the Theorem 5.2, Theorem 5.3 and Theorem 5.4, respectively.
Proofs follow exactly the same line as in the homogeneous case.

As in the (SL) case, we first consider the auxiliary problem (4.10).

Theorem 5.5 (The auxiliary problem in the (L) heterogeneous case). Let f € .#(Q)) and assume
that Lavrentiev phenomenon does not occur for the functional ® defined in (4.11). Then it holds

that )
inf / c* (az, W) do — (f,u) = Ij.. (5.11)

ue2(Q) Jq
Moreover, the auziliary problem (4.10) admits a solution and any solution u belongs to the space
LIPo.c(2) with ¢ := v/2c™, and satisfies
Vu(z)| < /2c¢>®(x,1)  for L"-a.e. € (5.12)

and

u(r)|?
—div(v) = f, o(x) € oc* (ZE, Wé”) Vau(z) for L -a.e. x € Q. (5.13)



22 G. BUTTAZZO, M.S. GELLI, AND D. LUCIC

Theorem 5.6. Let f € .# () and assume that Lavrentiev phenomenon does not occur for the
functional ® defined in (4.11). Then for every optimal conductivity popt € Mopt it holds that

: [Vu(z)[? : / V(@)
f —F0—d opt — ) -C (¢} = s o dz — ’ .
ué;(m/g y dopt = () = Clatopt) = min | " {2 z—(f,u)
Theorem 5.7. Let f € .#(Q) and assume that Lavrentiev phenomenon does not occur for the
functional ® defined in (4.11). Then, the following are equivalent: the couple (popt, ) € AT (S2) x
LIP¢ c(S2) satisfies the system of equations (referred to as the optimality conditions)
1) — div(popt Ve, @) = f in 2'(Q);
v m 2 m 2
2) Maopt(x) =c" (x, W) + c(z, aopt(z))  holds aopi L™ -a.e. x € §,;
2 2
- (5.14)
3 |vﬂoptu(x)|
) 2

4)  propt(092) = 0.
if and only if

= c™(x,1) holds for pg,i-a.e. x € Q;

a) Uopt s a solution of the problem (3.7);
b) @ is a solution to the problem (4.10).

6. EXAMPLES AND VARIANTS OF THE PROBLEM

In this section, we provide some concrete examples of interest.

Example 6.1. Consider the function ¢(t) := t2/2 for t > 0, and set ¢(t) = +oo elsewhere in R. This
is a superlinear case (SL), with ¢>°(1) = 400 and

. s2/2 ifs>0
c*(s) =
0 if s <0.

In this case the auxiliary variational problem becomes

min{/9<|vg‘|4—fu> do - u€W01’4(Q)}

and its unique solution @ is determined by the nonlinear PDE
—Agu =2f
{u e Wy'(Q).
Then the optimal conductivity coefficient aqpy is in L?(2) and is given by
aopt = |Val*/2,
and the coupling between % and aqp; is through the PDE
—div(aopt V) = f.

Note that in this case the right-hand side f can be taken in W~14/3(Q), which allows Dirac masses
as soon as n < 3. For instance, if © is the unit ball of R? and f = 1, we obtain

o) = §(2)" (1= 1el),
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which gives
1,2\2/3
aope(2) = 5 () Ja?2.

2\n
Taking, with the same Q, f = §p (with n < 3) gives
3.21/3
_oN 1 |p|(d-n)/3
and
aopt(x) _ 2_1/3‘1"2(1_”)/3.

Example 6.2. Consider the cost function ¢(t) :=t + 1 for ¢t > 0, and set c(t) = +oo elsewhere in
R. This corresponds to a case when both the costs of materials with large and small conductivities
are high. This situation falls in the case (L) of linear growth, and we have ¢*(1) = 1. An easy
calculation gives the conjugate function

“(s) —2v1—-s ifs<1
c*(s) =
400 otherwise.

Therefore the auxiliary variational problems becomes

min{/ —24/1— |V§‘2dx—<f,u>: ueLIPOﬁ(Q)},
q -V :

and it has a unique solution @. Then we can recover the optimal measure fiopt = @opt L™ + ,ugpt by
Theorem 1.2:

|Va|?y —1/2
opt = (1 T2 )
Concerning the singular part p5,, we have

L"-a.e. on {x € Q: aept(x) > 0}. (6.1)

'V ops 0] = V2 o pf-ae.
and the coupling between # and pop¢ is through the PDE

_diVHopt (v/lopt a) = f

Note that, since ¢(0) = +00, we have agpt(z) > 0 for a.e. x € €2, and by (6.1) this implies aopt () > 1
a.e. on (2.

Example 6.3 (Comparison with [3]). Let us consider the homogeneous cost function c(t) = 3t for
i

all t > 0 and set to be +oo elsewhere in R. Clearly, we are in the case (L), with ¢*°(1) = 5 and
¢ = X|-c0,1/2)- Let popt and @ be solutions of (MOPy.) and (APy ), respectively. Note that the
point 2) in (1.6) gives us that

|vHopta|2 _ ’Vﬂ|2 _ 1

5 5 5 aoptL"-a.e. in Q,

while by the point 3) we have that M = % holds pgpi-a.e. in . All in all, we get that
|V jiope @] = 1 holds fpigpi-a.e. in €. This, together with the conditions 1), 4) and 5) gives precisely the
optimality conditions given in [8, Equation (4.1)] with ¥ = 0. On the other hand, it is clear that
the couples (popt, @) satisfying [8, Equation (4.1)] in 2 and with ¥ = 02 satisfy also the optimality

conditions given in (1.6).
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Remark 6.4. All the stated results can be obtained, by means of the same techniques, also in the
case of energies F(u,u) involving |[VulP for any 1 < p < 4oo. It would be further interesting to
investigate, in light of recent results in [17], the case p = 1. [ ]
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