Maps into projective spaces:
liquid crystal and conformal energies

Domenico Muccs

Abstract. Variational problems for the liquid crystal energy of mappings from three-dimensional domains into
the real projective plane are studied. More generally, we study the dipole problem, the relaxed energy, and density
properties concerning the conformal p-energy of mappings from n-dimensional domains that are constrained to take
values into the p-dimensional real projective space, for any positive integer p. Furthermore, a notion of optimally
connecting measure for the singular set of such class of maps is given.

A liquid crystal is a state of a matter, called mesomorphic, intermediate between a crystalline solid and a
normal isotropic liquid, in which long rod-shaped molecules display orientational order.

According to the continuum description in the Ericksen-Leslie theory [10, 29], a configuration of a liquid
crystal which occupies a domain © in R3 is described mathematically as a unitary vector field u(z) in €.
The bulk energy associated to the configuration u is given by

E(u, Q) IZ/QW(’LL,DU)d:E. (0.1)

The form of the energy was derived by Oseen [32] on the basis of a molecular theory, and by Frank [15] as
a consequence of Galilean invariance. This means that the energy density satisfies the invariance properties

W (u, Du) = w(—u, —Du)
W(Qu,Q DuQT) = W(u,Du)  YQ € 0(3), (0-2)
so that the functional (0.1) is well-defined on the class of vector fields in 2, regardless of the orientation.
We address to [7, 8, 9, 11] for further information on the general theory.
For nematic vector fields, the liquid crystal appears to have low viscosity and a thread-like structure. In
this case, the energy density can be written as

W (u, Du) := a |Dul® 4 (k1 — a) (divu)? + (k2 — ) (u - curlu)? + (k3 — a) |u x curlu|?, (0.3)

where the constants depend on the specific material under consideration at a fixed temperature, and satisfy
a >0 and k; > « for every 1.

Formula (0.3) is obtained from the general form of the Oseen-Frank energy density by means of a change
of parameter in the divergence-free term, compare e.g. [20, Vol. II, Sec. 5].

Taking k; = a = 1/2 for every i, the liquid crystal energy (0.1) agrees with the Dirichlet energy

D(u,Q) := %/Q|Du|2 dx . (0.4)

Therefore, in this case the theory of liquid crystals reduces to the by now classical theory of harmonic maps
from Q into S?, the unit sphere in R3.

Physical evidence shows that in general the ends of the molecules of a mematic liquid cannot be dis-
tinguished. This means that the vector field u should actually take values into the projective plane RP?,
obtained by identification of antipodal points in S2. But the lack of orientability of RP? causes a lot of
trouble in the analysis of a variational theory.

In their celebrated paper [5] of 1986, Brezis-Coron-Lieb consider the Dipole problem for harmonic maps
with values into RPP?. One of the aim of this paper is to recover and extend some of the results from [5]. To



this purpose, we shall see the projective plane RP? as an embedded submanifold RP? of RS, and we shall
work with the corresponding class of Sobolev maps

Wh(B™, RP?) := {u € W"?(B",R%) | u(z) € RP? for a.e. 2 € B"},

where B™ is the unit ball in R™, the physical dimension being n = 3.
In the setting of Sobolev maps into S?,

wh3(B",S?) := {u € W"*(B",R®) : |u(z)| =1 forae z€ B"},

both the variational theories of harmonic mappings (0.4), in any dimension n, and of the liquid crystal
energy (0.1) are quite understood. The stable equilibrium for liquid crystals has been studied in [23, 24, 25,
26, 27, 28, 30, 39].

It is well-known that in the classical Sobolev approach to the theory of harmonic maps, the weak limit pro-
cess destroys energy concentration, the so called bubbling-off phenomenon, and does not preserve geometric
properties such as the degree, showing e.g. creation of cavitations.

Using tools from Geometric measure theory [12, 14, 35], variational results (such as e.g. the representation
formula for the relazed energy) have been tackled in a satisfactory way in any dimension n by means of the
theory of Cartesian currents of Giaquinta-Modica-Soucek [17, 20], see also [22]. Roughly speaking, given a
sequence of smooth maps u;, from B™ into S? with equibounded Dirichlet energies, and denoted by G,
the current integration of n-forms on the naturally oriented graph of wuy, possibly passing to a subsequence
the currents G, weakly converge to a Cartesian current in B™ x S2. Now, the weak convergence as currents
preserves geometric properties such as the absence of fractures, the orientation, and the degree. Therefore,
by Federer-Fleming’s closure theorem [14], it turns out that a Cartesian current 7' in the so called class
cart?! is an integer multiplicity (say i.m.) rectifiable n-current in B™ x S? given by

T=G,+Lx[S]. (0.5)

In this formula, G, is the current carried by the graph of a Sobolev map v € W12(B" S?), and L is
an i.m. rectifiable current of codimension two in B™ that ”encloses the singularity” of u. For example,
in the physical dimension n = 3, if the sequence {uj} weakly converges in W2 to the Sobolev function
u(x) = x/|z|, then (possibly passing to a subsequence) the currents G,, weakly converge to a Cartesian
current as in (0.5), where w =% and L is the current integration of 1-forms on an oriented line with initial
point at the boundary and final point at the center of the ball B3.

Using the same geometric approach, an exhaustive variational theory of liquid crystals has been developed
in [18], see also [20, Vol. II, Sec. 5.1].

In a similar way, one may consider for any integer exponent p > 2 the conformal p-energy

1
D, (u, B") := oz ) |Dul|? dx

of WP-mappings that take values into the unit p-sphere SP, i.e., in the class
WP (B™ SP) = {u € W' (B RP*) : |u(z)| =1 for a.e. x € B"}.

Paralleling the theory of harmonic maps into the sphere, variational problems for the p-energy of mappings
with values into the p-sphere have been dealt in any dimension n, see e.g. [19, 20] and Secs. 5 and 6 below.
However, when one tries to attack similar problems in the case of mappings with values into the p-
dimensional projective space RP?, a further difficulty occurs in the case p > 2 even, as RP? is orientable if
and only if p is odd.
As mentioned above, in this paper we shall see the projective p-space RPP as an embedded submanifold
RP? of some Euclidean space, i.e., see Sec. 1,

(p+1)(p+2)

RPP :=gy(SP),  gp:SP —=RY®), N(p):= 5

(0.6)

and we shall correspondingly work with the Sobolev class

WP (B™ RPP) := {u € W"P(B",RV®) | u(z) € RP® for a.e. x € B"}.



Notice that we have g,(—y) = gp(y), whereas
|Du| = |Dv| if u=gyouv for some v e WH?(B" SP).

In the case p > 3 odd, since RP? is oriented, a homological theory based on Cartesian currents can be
performed, see Sec. 5 below. However, this cannot be done for p > 2 even.

In fact, when analyzing e.g. the weak limits of sequences of currents integration of forms on graphs of
smooth maps in W1P(B" RP?) with equibounded p-energies, no concentration phenomenon can be seen
by testing with forms, for p > 2 even.

To avoid cancellation in the limit process, one may try to work with measures associated to graphs, and
settle the problem in the framework e.g. of rectifiable varifolds, see [35]. However, we shall not pursue this
direction.

MAIN RESULTS. In Sec. 1, we collect some preliminary facts about continuous maps into the projective
space RPP. According to (0.6), in Sec. 2 we shall then prove in any dimension n the following:

Theorem 0.1 Let p > 2. For every u € WH?(B" RP?), there exist exactly two Sobolev maps vi,vy €
WhLP(B"™,SP) such that g, ov; =u a.e. in B™. Moreover, vo = —v; and Dy(v;, B") = Dy(u, B").

This allows us to speak in a consistent way of singularity, degree, D-fields, Sec. 3, flat norm and minimal
connections, Sec. 4, for W'P-maps with values in RPP, for any integer exponent p > 2 and in any dimension.

In fact, making use of the corresponding features concerning Sobolev maps in W1P(BP*1 SP) in Sec. 4
we shall analyze the Dipole problem as in [5, VIII-B], giving detailed proofs.

Notice that in the notation from [5, VIII-B] we have p = N — 1, hence in our paper we e.g. have p odd
if N iseven in [5].

Trivial examples show that Theorem 0.1 is false for p = 1. Related questions about W''-maps into the
projective line RP! are discussed in [31], where we also compare the case p = 1 with the case p > 3 odd.

In Sec. 5, we shall then study the weak limit points of sequences of smooth maps in W1 (B™ RP?) with
equibounded p-energies, and density properties such as in Theorem 0.2 below.

For p > 3 odd, we shall also see that the Dipole problem analyzed in Sec. 4 can be reformulated in
terms of Cartesian currents in RPt! x RPP. Moreover, in this framework the minimum is attained, see
Proposition 5.13, and is given by the energy of a current of the type Gp + L x [RP? ], where Gp is the
current carried by the graph of a constant map, and L is an oriented line connecting in an optimal way the
prescribed singularities.

Therefore, in such a geometric approach, point defects connected by lines of concentration occur, whereas
in the classical Sobolev approach only point defects with total degree equal to zero come into the play.

In Sec. 7, we shall discuss a notion of optimally connecting measure of the singular set of Sobolev maps
with values into the non-orientable projective space RP? i.e., for p > 2 even.

Taking e.g., p = 2, for every Sobolev map u € W2(B" RP?), where n > 3, we can define a countably
(n — 2)-rectifiable set £, in B", equipped with an H"~2 L L,-summable and non-negative integer valued
multiplicity function 6, : £ — NT, such that the measure

fo =0, H' 2L L,

encloses the singularity of w in an optimal sense. Roughly speaking, the total variation
(B = [ ouan
Ly

agrees with the integral minimal connection of the (n—3)-dimensional current that describes the homological
singularity of any Sobolev map v € W12(B™,S?) that is linked to u by the relation gz o v = u, according
to Theorem 0.1.

In the physical dimension n = 3, it turns out that

4 - |py|(B®) = L(u, B®)  Yu e WY(B3? RP?),
where L(u, B3) is the flat norm

L(u, B®) := sup{/ D(v)- Do dx|¢peC(), ||do|| <1 in Bg}.
Q



In this formula, D(v) is the classical D-field of any Sobolev map v € W12(B", S?) satisfying g2 o v = u.
Theorem 0.1, in fact, yields that the definition of L(u, B®) does not depend on the choice of v, as D(—v) =
—D(v), compare [5].

Moreover, we shall obtain a density property for the class W1*(B" RP?), for any n > p + 1, that we
state here in the case p = 2.

Theorem 0.2 Let u € WH2(B" RP?), where n > 3. There erists a sequence of smooth maps {up} C
WL2(B™ RP?) satisfying the following properties:

i) up — u weakly in W2 as k — oo;

ii) D(ug, B") — D(u, B") + 47 - |1, |(B") as k — o0;
1 1
iii) §|Duk\2 LB — §|Du\2 L™ B"™ +4m - p, weakly as measures;

iv) for any open set A contained in B™ \ spt i, we have strong W12-convergence of Ug|a L0 uja-

In Sec. 6, in the same spirit as Lebesgue’s relaxed area, we shall also introduce the relazed energy of maps
u € WHP(B" RPP), defined by

Dy (u, B") := inf {%mmf Dy (ur, B") | {ur} € C*(B",RP?), uj, — u weakly in le'f’(B",RN(P))} .

In low dimension n = p, by Schoen-Uhlenbeck density theorem [34] we clearly have

D,(u,B") = Dy(u, B*)  Vue W""(B? RP).
In higher dimension n > p + 1, we shall prove that the relaxed energy D, (u, B") is finite, and actually
D, (u, B") <2Dy(u, B") Yue WHP(B" RPP).

We shall also obtain an explicit formula for the relaxed energy, that in the case p = 2 reads as

D(u,B") = D(u, B") + 47 - || (B™) . (0.7)
Therefore, in dimension n = 3 we have
D(u, B®) = D(u, B*) + L(u, B®), (0.8)

a formula that goes back to the analogous one proved by Bethuel-Brezis-Coron [3] for the relaxed Dirichlet
energy of maps in W12(B3,S?).

Notice that a formula similar to (0.7), and to (0.8) for n = 3, holds true if we replace B™ with any
bounded domain Q C R”, or with e.g. € = S, the n-sphere in R"*!. This clearly yields that the relaxed
energy is a non-local functional, for n > 3.

Moreover, one may similarly consider the analogous problem for Sobolev mappings satisfying a prescribed
Dirichlet-type condition at the boundary.

Theorem 0.2, as well as the formula (0.7) for the relaxed energy, shows that in the limit process the
measure corresponding to the energy density concentrates on a measure the singular part of which agrees
with p,. This will be discussed with an example at the end of the introduction.

In Sec. 8, using the same approach as above, we shall finally analyze the problem of the liquid crystal
energy (0.1) for Sobolev maps u in W12(B3 RP?). By Theorem 0.1, and by the invariance properties
(0.2), it turns out that the energy &(u, B3) is well-defined by the energy &(v, B3) of any Sobolev map v
in Wh2(B3 S?) such that gs ov = u. As we have seen, the unit vector field u(z) describes a liquid such
that the ends of the molecules cannot be distinguished.

We shall restrict to the physical model of a nematic liquid crystal, with energy density given by (0.3),
where, for the sake of simplicity, we normalize the constant a to a = 1. The case of cholesteric liquid
crystals, compare e.g. [20, Vol. I, Sec. 5.1], can be treated in a similar way.



The relevant quantity corresponding to the energy density (0.3), where « = 1, is the physical constant

1
Tk, ko, ks) ::\/kkzg/ 1/1+(k£3—1)52ds, k= min{ki, ko),
0

compare [20, Vol. II, Sec. 5.1.2]. Notice that if k; = 1 for every i, we have £(u, B®) = 2D(u, B®) and
I'(1,1,1) = 1, whereas in general I'(k1, ko, k3) > 1.

Using results taken from [18] about the liquid crystal energy of maps in W12(B?,S?), we shall obtain
the following density result, that extends Theorem 0.2:

Theorem 0.3 Let u € WH2(B3, RIP’2) and let ji, := 0, H' L L, be an optimally connecting measure. Then
there exists a sequence of smooth maps {ux} C WH2(B3 RP?) satisfying the following properties:

i) up, — u weakly in W2 as k — oo;
i) &(ug, B3) — E(u, B3) + 87 T'(k1, k2, k3) - || (B3) as k — oo;
iii) W (ug, Dug) L3 B3 — W (u, Du) £3 L B3 + 87 T'(k1, ko, k3) p, weakly as measures;
iv) for any open set A contained in B>\ spt ju,, we have strong W12-convergence of Ugja to uja.

In a similar way, we shall also discuss the Dipole problem for the liquid crystal energy in W12(B3 RP?).
As to the relaxed energy of maps u in W12(B3 RP?), defined by

&(u, B®) := inf {likminfé'(uk,Bg) | {up} € C=(B* ,RP?), uj — u weakly in Wl*Q(BB,]R6)} ,
—00

we shall then obtain the following representation formula, that extends (0.7) and (0.8):

Theorem 0.4 For every u € W12(B3 RP?) the relaved energy &(u, B) is finite. Moreover,
E(u, B?) = E(u, B®) 4+ 8w (k1 ko, k3) - |pu|(B®) = E(u, B®) + 2T (ky, ko, ks) - L(u, B%).

Theorem 0.4 holds true if we replace B? with any bounded domain Q C R3, or with e.g. Q = S3.
Therefore, again the relaxed energy is a non-local functional. Moreover, one may similarly consider the
analogous problem for Sobolev mappings satisfying a prescribed Dirichlet-type condition at the boundary.

We finally mention here that the interpretation of defects as singularities is meaningful only when the
degree of order is the same everywhere in the body €. This is the case of the theory of liquid crystals of
maps into the real projective plane that we consider here. When the degree of order may vary, a manifold
richer in states than RP? has to be considered in the attempt to describe transitions between differently
ordered phases which take different places in space, compare e.g. [6].

AN EXAMPLE. In the physical dimension n = 3, let v € W12(B3 S?) a Sobolev map with e.g. two
point singularities of degree £1 at the points ay = (£a,0,0), where 0 < @ < 1, and let u := g o v the
corresponding map in W12(B3 RP?). In this case, we set u, = H'L L, where £ is the line segment
connecting ay and a_, so that |u,|(B3) = |ay —a_|.

Theorems 0.3 and 0.4 yield that the energy concentrates on L, as the limit energy contains the extra
term given by the factor 87 I'(ky, ko, k3) times the length |ay — a—_| of the Dipole L. Correspondingly, for
the Dirichlet energy we have the extra term 4m|a; — a—|. On the other hand, the area of the projective
space RP? is 2.

From a phenomenological point of view, this means that in the process of concentration, at each point of
the Dipole L the crystalline character disappears, and the vector field of the nematic liquid crystal covers
twice each direction of the projective space RP2. This is coherent with well-known topological facts that
are collected in Sec. 1, and with the Dipole problem described by Brezis-Coron-Lieb in [5, Sec. VIII-B-¢].

Acknowledgement. I wish to thank M. Giaquinta for suggesting this investigation.



1 Maps into projective spaces

In this section we collect some well-known facts about maps taking values into real projective spaces, focusing
on the case of maps into the real projective plane.

MAPS INTO RPP. Let p > 2 integer and SP denote the unit p-sphere in RP*?
SP={y e RPH : |y| = 1}.

We recall that the real projective p-dimensional space RP? is defined by the quotient space RPP := SP/ ~,
the equivalence relation being y ~, § <= y = y or y = —y, and we denote by [y], the elements of
RPP. Every function v: A C R" — SP yields a function [v], : A — RPP defined by [v], := P, o v, where
P, : SP — RP? is the canonical projection map P, (y) = [ylp, i-e., [v]p(z) := [v(x)], for x € A.

We equip RP? with the induced metric

drer ([Ylp, [Y]p) := min{dss (y,9), dsr (Y, =)}

where dsr denotes the geodesic distance on SP. The metric space (RP?, dgpr) is complete, and the projection
map P, is continuous. Therefore, [v], := P, ov is continuous, if v: A — S is continuous. By the lifting
theorem, see e.g. [36, p. 34], if A is simply connected, for any continuous map U : A — RP? there are
exactly two continuous functions v; : A — SP such that [v;], = U, for i = 1,2, with ve(x) = —vi(z) for
every = € A.

The manifold RPP is orientable if and only if p is odd. This yields that the degree of a continuous map
v:XP — SP where XP is a copy of SP, satisfies degg, (—v) = degg, (v) if p is odd, whereas degg, (—v) =
— degg, (v) if p is even. For this reason, for p > 3 odd the degree of a continuous map U : XP — RP? is
well-defined, compare [5, Sec. VIII-B-a)], where p = N — 1, and Sec. 3 below.

We also recall that the free homotopy groups of RP? are

0 ifk=0o0rl<k<p
ﬂ'k(R]P)p)Z ZQ ifk=1
Z ifk=p

whereas 7 (RPP) = 74 (SP) for k > p. Moreover, the integral homology groups are
Z if k=0 or k=p odd

H(RPP;Z) ~ < Z/2Z if 0<k<p and k is odd
0 otherwise .

HOMOTOPICALLY NON-TRIVIAL MAPS. The following result implies that if a continuous map from
¥P into RP? is homotopically non-trivial, then its ”winding number” is a positive even integer. This is
coherent with the discussion from [5, Sec. VIII-B-c)] for the case p even.

Proposition 1.1 Let p > 2. Let U : ¥ — RP? be a continuous map such that U~ ({[ylp}) contains at
most one point, for some [yl, € RPP. Then there exists a continuous map h : [0,1] x P — RP? such that
h(0,z) =U(xz) for every x € ¥ and x +— h(1l,z) is constant.

PROOF: Since P is simply-connected, there exists v € C°(XP,SP) such that P,ov = U. By the assumption,
v is not onto SP, otherwise HO(U({[ylp})) > 2 for every [y], € RPP, whence v takes values in SP \ {y}

for some point y € SP. Since SP\ {y} is contractible, we can find a continuous map h : [0,1] x 2P — SP
such that h(0,z) =v(z) and = — h(1,z) is constant. Define h:= P, o h. O

EMBEDDING OF RP?. Assume now p = 2. Following [33, Sec. 3.1], the mapping g : S* — RS

V2 5 V2

V2
g(y1,y27y3) = (7?!1 ) 7242 , 73/327 Y1Yy2, Y2ys, y3y1) (1-1)

induces an embedding

§:RP* - RP?, RP?:=g(S*) C R, G([yl2) :=g(y).



Notice that RP? is a non-orientable, smooth, compact, connected submanifold of R® without boundary,
such that |z| = v/2/2 for every z € RP2. Also, g maps the equator S?N{y® = 0} into a circle C' of radius
1/2, covered twice, with constant velocity equal to one. The circle C' is a minimum length generator of the
first homotopy group 71 (RP?) ~ Zs.

Remark 1.2 Let [S?] denote the standard integer multiplicity (say i.m.) rectifiable current integration of
2-forms in S2. Since RP? is covered twice with opposite orientation by g, we infer that the image current
is zero, gx[S*] = 0.

Proposition 1.3 We have H?(RP?) = 2.

PROOF: By the area formula, and since H°(g7!(z)) = 2 for every z € RP?, we find that

2HARPY) = [ HOg T @) ) = [ I ) i),

RP? 52
where J§2 is the Jacobian of g. Since H?(S?) = 4, it suffices to observe that
JgSQ(y):l Vy e §%.

This can be checked by recalling that

IS (y) = \/det(dg,)* o (dg,)

where dg, : T,S* — R® is the induced linear map and (dg,)* : R® — S? is the adjoint transformation,
compare [35, Sec. 7]. In polar coordinates, if y = (cos asin 3, sin asin 3, cos (3), setting

71 := (sina, — cos @, 0) , 7o := (cos acos 3, sin acos 3, —sin 3) ,

then {71,702} is an orthonormal basis to 7,S?, with 71 A 72 = (cosasinf3,sinasin/3,cos3). For each
component ¢’ we have
dgi (1) =7-Vg’(y) V1 e Ty82 ,

whence the (6 x 2) matrix corresponding to dg, is

V2 sin acos avsin 3 V2 cos? asin 3 cos
—V2sinacosasinS  v2sin? asin B cos 3

M= 0 —+/2sin fcos 8
| sinB(sin?a — cos?a) 2sina cosasin [ cos 3
—cosacos 3 sin a(cos? 3 — sin? B)
sin o cos 3 cos a(cos? 3 — sin? j3)

Denoting by a,b € RS the columns of the matrix M, we have det(M? - M) = |a|?|b]> — (a - b)%. Since
la| = |b] =1 and a-b =0, we infer that \/det(dgy)* o (dgy) =1 for every y € S?, as required. O

In the sequel we let B™(z,r) denote the ball in R™ centered at z and with radius r. We also set
B := B™(0,r), and B™ = B"(0, 1), the unit ball centered at the origin.
For X = (0% C>*, L2, W'2 and B C R" a Borel set, we define the classes

X(B,S?) :={ve X(B,R3 : |v(x)| =1 for a.e. z € B},
X(B,RP?) := {u € X(B,R%) : u(z) € RP? for a.e. x € B},

where RP? is equipped with the induced metric from R®. We also denote by

D(w,B) := %/B |Dw(z)|? dz



the Dirichlet energy of a map w in W12(B,S?) or in W?(B,RP?). For B = B", we finally set
D(w) := D(w, B").
If w:B — RP? is given by u = gowv for some map v € WH2?(B,S?), we have v € W12(B,RP?) and
|D;ul* = |v? - |Div]* + (v - Div)?

for each partial derivative D;. Therefore, since |v| =1 and 2 (v- D;v) = D;|v|? = 0 a.e. for every i, we
infer that
|Du| = |Dv| ifu=gouw. (1.2)

In particular, for every v € WH2(B,S?) we have
D(gowv,B)=D(v,B).
EMBEDDING OF RPP. In a similar way, for every p > 2 integer we can find a smooth map

1 2
gp :SP =RV N(p) = MQ@H
with go = ¢ in (1.1), that induces an embedding
o i RPP — RPP | RPP := g,(S") CRY®) | G ([yly) = gp(v) -

More precisely, the first p + 1 components of g, are the functions y — (v2/2)y?, for i =1,...,p+1, and
the other ones are the functions y — y;y;, for 1 <i<j<p-+1.
For X = (C°% C>,LP, WP, and for B C R" a Borel set, we similarly define the classes

X(B,S?) :={ve X(B,R*T) : |v(x)| =1 for a.e. x € B},
X(B,RP?) := {u € X(B,RN®)) : y(z) € RP? for a.e. z € B},

where RP? is equipped with the induced metric from RN®) . We also denote by
1
— p
D, (w,B) := o7 /B |Dw(zx) P dx

the conformal p-energy of a map w in W?(B,SP) or in W (B,RP?), so that Dy = D, and for B = B"
D,(w) := Dy(w, B").
Proposition 1.4 The following properties hold true for every p > 2 :
i) RP? is a smooth, compact, connected submanifold without boundary, orientable if and only if p is odd;
|z| = V/2/2 for every z € RPP;

if p is even, the image current gyx[S*] =0;

)
)
iv) if p is odd, we can equip RPP with an orientation in such a way that gyx[SP] =2[RP?[;
) HP(RP?) = o, /2, where oy = HP(SP);
) if u: B — RP? is given by u= gy ov for some v € W'P(B,SP), then u € WP (B,RP?) and

|Du| = |Dv| if u=gpov. (1.3)

In particular, for every v € WH¥(B,SP) we have
Dy (gp 0 v, B) = Dy (v, B).

PRrOOF: For p > 3, it is a technical adaptation of the argument given above for the case p = 2. For this
reason, it is omitted. O



2 Sobolev maps into projective spaces

In this section we analyze some crucial properties concerning W' P-functions that take values into real
projective p-spaces. This properties hold true for every p > 2. We then collect from [20] some features
about the modified of the inverse of the stereographic projection. We finally consider a minimum problem
for continuous maps into the projective p-space.

Clearly, if u : B — RP? is continuous (or Lipschitz), the corresponding function U = g, Yow: B — RP?
is continuous (or Lipschitz). Moreover, we have:

Proposition 2.1 Let u € WY* (A, RP?) a continuous map, where A C R™ is open and simply-connected.
Denote U := §p_1 ou:A— RP?, and let v: A — SP a continuous map such that P, ov = U. Then v
belongs to WHP(A,SP) and Dy(v, A) = Dy(u, A).

PROOF: Let zy € A. By continuity, there exists a positive number 6 > 0 such that B"™(xg,§) C A and
dgpr (U(x),U(x9)) < 1 for every x € B"(xq,d). Setting

Q= Go({[ylp € RPP | dape ([ylp, U(0)) < 1}),

the pull-back g, 1(Q) is given by the union of two disjoint open connected subsets Q1,9 € SP such that
0y = —Q;. Since v is continuous, then v(B™(zg,d)) is connected, with

P, (v(B™(20,9))) = U(B"(20,9)) C Q.
We then may and do assume that v(B"(zg,d)) C €. This yields that

1
VB (20,5) = (Ip121) "~ O U|B7(20.5) »

where g, |, : 21 — Q is bi-Lipschitz, whence v|gn(4,,5) € WLP(B™(xg,6),SP). Moreover, we have

U|Bn(z9,6) = 9p © V|Bn(20,5) »

so that (1.3) yields that |Duv(zg)| = |Du(xg)|. The claims follow. O

DENSITY RESULTS. Let ) =S? or RP?. In dimension n = p, Schoen-Uhlenbeck density theorem [34]
yields that the class of smooth maps in W?(B¥ ) is strongly dense in W1?(BP,Y). This is false in the
case of higher dimension n > p + 1. For this reason, Bethuel [2] introduced the classes Rp°(B",)) and
RS(B”J/) of maps w € WLP(B",)) that are smooth, respectively continuous, outside a smooth closed
singular subset ¥(w) of B™ of dimension (n —p — 1), e.g., a discrete set for n = p + 1. He also proved:

Theorem 2.2 (Bethuel [2]) For any n > p+1, the classes R°(B™,Y) and Ry(B",Y) are strongly dense
in WH»(B™,)).

Now, in any dimension n > p + 1, and for any p > 2, it turns out that the open set A := B™\ X(w) is
simply-connected and with full measure |A| = |B™|. Notice that this is false for p = 1. Therefore, from the
above facts we obtain:

Proposition 2.3 Let n > p+1 and p > 2. For every map u € Rg(B”,RP") there exist exactly two maps
V1,V € Rg(B”,Sp) such that gy, ov; =u a.e. in B™.

PROOF: Letting A = BP \ X(u), by Proposition 2.1 we find a continuous map v € W?(A,SP) such that
gpov=u in A. Actually v belongs to the class Ry(B",S"), as X(v) = X(u) is a smooth closed subset of
B" of dimension (n —p —1). Since U := }jgl ou|4 is continuous, the lifting theorem yields the claim. [

Remark 2.4 Of course, Proposition 2.3 holds true in dimension n = p > 2, replacing Rg with WP N Q0.
We now prove that a similar property holds true for WP-maps into RP?, in any dimension n.

Theorem 2.5 Let p > 2 integer. For every u € WLP(B"™ RPP), there exist exactly two Sobolev maps
v1,v2 € WHP(B™ SP) such that gyov; =u a.e. in B™. Moreover, vy = —v; and Dy (v;, B") = Dy (u, B").



PROOF: Assume first n > p+ 1, and let {ux} C Rg(B",RPp) be a sequence that strongly converges to
u in WhP(B", RN®)) Theorem 2.2. By Proposition 2.3, we find a sequence {v;} C Rp(B™,SP) such that
gp o Uk = uy, for every k. Since Dy (vx) = Dy(ux), possibly passing to a subsequence, we find a Sobolev
map v € WHP(B™,SP) such that vy — v weakly in W' and g, o v = u, so that Dy(u) = Dy(v). By
uniform convexity, the convergence Dy (uy) — Dy(u) yields that vy, — v strongly in WP, This gives that
v and —ov satisfy the required properties. Assume now by contradiction that there exists a third Sobolev
map w € W1P(B" SP) such that g, o w = u. Setting

A:={z e B"|w(x)=v(x)}, B:={xeB"|w(x)=—-v(zx)},

since |v(z)| =1 and gp(—y) = gp(y), we have that [ANB| =0 and |AU B| = |B"|, whereas |A| >0 and
|B| > 0. By a slicing argument, this property should hold true also in dimension n = p — 1, a contradiction,

as WhP-maps defined on (p — 1)-dimensional domains are continuous, whereas |v(z)| = 1 for a.e. z. In
the case n = p we argue in a similar way, on account of Schoen-Uhlenbeck density theorem [34]. The case
n < p is an immediate consequence of the cited lifting theorem. O

Remark 2.6 Notice that in dimension n > p, Theorem 2.5 continues to hold if we replace B™ with any
bounded domain  C R”, or with e.g. Q = S™, the n-sphere in R"*!. In fact, for n > p > 2, any such set
Q is simply-connected, hence we can apply again Propositions 2.1 and 2.3.

THE MODIFIED STEREOGRAPHIC PROJECTION. We recall that for every p > 2 integer, the stere-
ographic projection o of the unit p-sphere SP onto RP, from the south pole Ps := (Oge,—1), maps
(y,2) € S* C R? x R, with |y|? + |2]> = 1, to y/(1 + 2) € RP, whereas its inverse o=! : RP — SP

sends x € RP to f?
2 1— |z
-1 _
0= (5 1)

Since the Jacobian J,—1 is equal to p—P/2 |Do=1|P, by the area formula we have

1
W/Rp |D071|pd$:/Rp Jo-—l dl':Hp(Sp)

Recall also that the map (—1)? o~! is an orientation preserving conformal diffeomorphism from RP into
SP\ {(=1)PPs}, where SP is equipped with the natural orientation induced from the outward unit normal;
in particular, (—1)° a;&l[[Rp]] = [SP]. We modify o' as follows. We first write

oY (z) = (”3 sin(|z), —cos@(m|)) ,  z€eRP,

|

where 6(r), for r > 0, is the angular distance, i.e. the geodesic distance of o=1(9BF) from the south pole
Ps. For € > 0 we set

0(r) if r<R,
0-(r): =<9 €(2R. —r)/R. if R.<r<2R.
0 if r>2R.,

where R. :=07!(¢), and we define ¢, : R® — SP by
e(z) = (=1)P (a:| sin 0. (|z|), —COSGE(|$)> , r €RP.

|z

Clearly ¢. is Lipschitz-continuous, with ¢.(z) = (—1)Po~1(z) for |z| < R. and ¢.(z) = (~1)® Ps for
|z| > 2R.. Moreover, see [20, Vol. II, Sec. 4.1.1], it can be shown that the p-energy satisfies

1

W/}Rv | D[P dz < HP(SP) + ce,

where ¢ > 0 is an absolute constant, and that the image current

pex[RP] = pep[ B | = [S"].
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Finally, by considering the mapping ¢e 5(z) := @-(R.x/d), where the positive parameter § can be chosen
independently of e, one can even shrink the set {z € R? | ¢.(x) # (—1)®? Ps} to {Og»}, without affecting
the p-energy, and state the following.

Proposition 2.7 For any €,6 > 0 there exists a smooth map ¢ 5:RP — SP such that

i) ¢e5 = (—1)P Ps outside B ;

i) HP(SP) < —= |Dpe 5P de < HP(SP) +¢;
pP/2 RP ’

iii) @esx[RP] =[SP], i.e., -5 has degree one;
iv) @.5 is conformal on B§/2~

A MINIMUM PROBLEM. According to Proposition 1.1, we now consider a minimum problem concerning
homotopically non-trivial maps. To this purpose, we introduce the class

Fp = {u e WP(B? RP") N C° | u is constant on dB” and homotopically non-trivial } ,
the homotopy to be intended with fized boundary datum on 0BP.

Proposition 2.8 For every p > 2, we have:
inf{Dy(u) | u e F,} = 2H?(RP?).

Remark 2.9 Recall that 2HP(RP?) = a,, where «, := HP(SP). Proposition 2.8 is the counterpart of a
well-known fact concerning homotopically non-trivial maps in W1 (B? SP) N CY where the corresponding
infimum is equal to HP(SP). This time, in fact, Proposition 1.1 yields that maps in F, have to cover at
least twice the target space RPP, see Remark 3.5 below.

PrROOF OF PROPOSITION 2.8: Let u € F, and U := ’gp—l o u. By Proposition 1.1, we deduce that
HO(U~Y(z)) > 2 for every z € RP?, whence H®(u=!(2)) > 2 for every z € RPP. Denote by J, the
Jacobian of wu, so that by the parallelogram inequality

Ju(z) < pp% | Du(x)P for a.e. x € BP.

Using the area formula, as in [1] we obtain

D, (u, B*) > / Judx = H(u™(2)) dHP (2) > 2HP(RPP) = o .
B RP?

On the other hand, by Proposition 2.7 we obtain for every & > 0 a (homotopically non-trivial) map v :
BP — SP that is constant on OBP and satisfies

D,(v,B?) <ap +e.

Taking u = g, o v, on account of (1.3) we find a map u € F, satisfying Dy (u, B?) < o + €, that proves
the assertion. |

Remark 2.10 Notice that the infimum in Proposition 2.8 is not attained. Otherwise, the infimum in the
corresponding problem about the class W?(B? SP) would be attained too, a contradiction.
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3 Singularity and degree

In this section we collect the definition of singularity and degree of W'*-mappings with values into the
projective p-space, recovering the notation from [20] and [5], respectively.

SINGULARITY OF MAPPINGS INTO SP. For p > 2, let wsr denote the volume p-form on SP,

p+1
Wep 1= Z(—l)]_ly]dyj ; y = (yl, N .’ypﬂ)
j=1

where Ey\ﬁ =dyt A Ady I A Ay TEA - AdyPTY so that dwse = (p+ 1) - dyt A--- AdyPT and

[SP J(wse) ::/ wsr = HP(SP) = ay .
Sp
Let Q C R™ open, where n > p + 1. To every Sobolev function v € WHP(,SP) it corresponds an
(n—p —1)-dimensional current P(v) € D, _,_1(Q2) acting on compactly supported smooth (n —p — 1)-forms
¢ € D"PHQ) as

1
(P(v), ¢) := —/ dp A v¥wgs . (3.1)
QA Ja
For future use, we notice that
(—v)#wse = (=1)P Mo g Yo e WhP(Q,SP). (3.2)

Remark 3.1 The current P(v) in (3.1) describes the singularity of v € WP (Q,SP). In fact, ife.g. n=p+1
and v € Ry(B**!,SP), denoting by X(v) := {a; | j = 1,...m} the discrete set of BP*! of singular points
of v, we have, see Remark 5.1 below,

P(v) = _iAj da; ; (3.3)
j=1

where A; € Z and J,; is the unit Dirac mass centered at a;. For example, if vo(z) = z/|z| we get
]P(’l]o) = —5(1, a = Ogp+1 .

In [20], the authors also defined the (n — p)-current D(v) € D,—,(£2) given by

1
(D(v),y) := —/ v A v wge
Qp Jo

for every v € D™ P(Q), so that clearly
P(v) = 0D(v) on D" PL(Q). (3.4)

In the particular case m = p + 1, the above can be stated in terms of the so called D-field of Brezis-
Coron-Lieb. For p = 2, the vector field D(v) is defined for every v € W12(Q,S?), where Q C R?, by

D(v) := (v - Vgy X VUgy, U+ Vgy X Ugyy U+ Vgy X Vgry)

where, setting v = (v!,v?%,v3),
ol w2 WP Syt
) % —det | vl 02 03 ho._ 99U
V- Vg, X Vg, = de v Vs Vs |, vy = )
vl 2w Oy,
x; Yz Vg,

More generally, see [5, App. B, for p > 3 the D-field of a map v € WHP(Q,SP), where Q C RP*1 is the
vector field D(v) € L'(Q,RP*1) defined in components by D(v) = (D*(v), ..., D**1(v)), where




If e.g. v e RP(BPT,SP), it turns out that for a.e. 2 € BP™! the vector D(v)(x) € RP! is tangent
to the naturally oriented level lines {z € BP*! | v(z) = v(x)}. More precisely, when normalized, the
vector D(v)(x) orients the slices of the current [ BP™1] by the map v at v(z) € SP. Moreover, for every
v e WhP(BPTL SP) we have

B = o [ DE)ds vy DB,

Qp
so that (3.4) yields to:
P(v) =0 <= DivD(w)=0 on B!,

where Div denotes the distributional divergence.
In higher dimension n > p + 2, the (n — p)-vector field D(v) can be defined as the dual to v#wss,

(n, D(v)(x)) dz* A--- Adz™ :=n A vFwse () Vne A" P(R"),

see [20, Vol. II, Sec. 5.2.1]. More precisely, D(v) may be identified with *v#wse, where * is the Hodge
operator. For maps v € WP (B" SP) we thus have

1 n— n
(D(v),7) = — : (v, D(v))de  VyeD"?(B"). (3.5)
p n
Also, for a.e. z € B™ the (n — p)-vector D(v)(z) € A,_,R" is tangent to the naturally oriented level
(n —p)-surfaces {z € B" | v(z) = v(z)}, if v belongs to R°(B",SP).

SINGULARITY OF MAPPINGS INTO RPP. If p > 3 is odd, due to (3.2) we may and do define the
singularity of functions in W1?(Q, RP?) by means of homological arguments.

THE CASE p 0DD. The projective space RPP being orientable for p > 3 odd, there exists a (normalized)
volume form wrpr on RP? | i.e., aclosed p-form wrpr € DP(RPP) such that wrps(z) # 0 for every z € RP?
and [RPPJ(wgrpr) = 1, compare iv) in Proposition 1.4. To our purposes, we define wrpr by taking the

pull-back
2
wrpr == — (G,

o )#WS‘” ) (36)

where g, is the one-to-one map given by the restriction of g, to the upper semi-sphere Si ={y € S* |
yP+1 > 0}. In fact, since (g, ')x[RP?] =[S ], we check

[RPP [(wrpr) = jp [RPP [((3; ) Fwer) = jp [S” J(wsr) = 1.

Notice that wrpr can be smoothly extended to the whole of RP?, as p is odd.
According to (3.1), to every map u € WP (Q, RP?), where 2 C R™ is open and n > p + 1, we associate
the current P(u) € D,,—p_1(Q2) acting on forms ¢ € D" P~1(Q) as

(P(u), d) == /Q 46 N g . 3.7)

Due to Theorem 2.5, the following result clarifies the situation:

Proposition 3.2 Let p > 3 odd and Q C R™ open and simply-connected, with n > p + 1. Let u €
WLP(Q,RP?) and v € WHP(Q,SP) be such that gy, ov =u. Then we have

5 Pu) =P(v)
PROOF: By (3.6), we can write
¥ 2 #((G-1\# 2 #((am #
U” WRpr Za—(gpov) ((gp ) WSP):OTU ((gp 0 gp)Twse).
P p
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Moreover,

~1 _ L y if RS Sg_
9y ©9p(y) = h(y) -—{ Ty if —yesh
and h#wg = wse if p is odd, see (3.2), so that
1 1
3 uFwrpr = —v¥wse Vo € WHP(B",SP)  such that g, ov =u. (3.8)
Gp
The assertion follows from the definitions (3.1) and (3.7). O

THE CASE p EVEN. The above does not hold for p > 2 even. In this case, in fact, RP? being non-orientable,
according to (3.2) the form wgrps defined in (3.6) cannot be extended to a smooth form in the whole of
RPP. On the other hand, if we define the i.m. rectifiable current [RP?] as [RPP] := gpx[S% ], for p even
it turns out that its boundary is non-zero, [ RP* | # 0.

Example 3.3 If e.g. p =2, it is readily checked that [RP?] = gox [0S ] = 2[C], where the 1-cycle C
is a generator of m(RP?), see Sec. 1.

However, taking e.g. Q = B", by Theorem 2.5, for p even, the singularity of a Sobolev map u €
WP (B RPP) is actually identified (up to the sign) by the current P(v) in (3.1), for any Sobolev map
v € WHP(B™, SP) such that g, ov = u, compare Proposition 6.6 below. In fact, (3.2) yields P(—v) = — P(v).

DEGREE OF MAPPINGS INTO SP. Let %P a copy of SP in RPT!. We recall that the degree of a
smooth map v € WP (XP SP) is given by the integer

1
deggy (v) := — D) -vdH? € Z,
@p Jxr
where D(v) is the D-field of a smooth extension of v to a neighbor of ¥* and v is the outward unit normal
to XP in RPT! so that D(v)-v agrees with the Jacobian J>', compare [5]. According to (3.2), we thus
have:

1
degsy (v) = — / g | (3.9)
ap >p
In fact, if e.g. p = 2, we check:
viwse = vldv? A dvd + 0v2dv? A do! + v3dot A do?
= (V- Vg, X Vgy)dro Adxg + (V- Uy X Vg, ) dxg Adzy + (V- Vg X Ug,) dzy A dxo

= D) -vH?.

Similarly, the degree of a continuous map v € WH?(BP SP) that is constant at the boundary OBP is

defined by
1

deggp (v) := —/ vFwse €7 (3.10)
Oép By
In dimension n = p + 1, the degree of a map v € R)(BPT!,SP) at a singular point a; € %(v) is:

1
deggp (v, a;) := */ D(v) - vq, »rdH? € Z,
OB?+1(aj,r)

Qp

where vg, , is the outward unit normal to OB (a;,r) and the radius r > 0 is smaller than the distance
of a; from ¥(v)\{a;}, see Remark 3.1. The definition does not depend on the choice of 7 small. Moreover,
if the current of the singularity P(v) satisfies (3.3), we have

deggr (v,aj) = A; Vi=1,...,m. (3.11)

Recall that if v has zero degree at a;, then the singularity at a; can be removed by paying an arbitrary
small amount of energy. More precisely, Bethuel-Zheng [4] proved the following;:

14



Proposition 3.4 Let v € R)(B"™' SP) satisfy deggs(v,a;) = A; for some a; € %(v). Then for every
e > 0 there exists a Sobolev map v. € Rg(B”+1,S'J) smooth in Bt (a;,r), with r =r(e) > 0 small, and
equal to v outside B*T1(aj,r), such that

Dy (v, B) < Dy(v, B 4 [Ajlap +e. ap = HP(SP).

DEGREE OF MAPPINGS INTO RPP. Due to (3.2), we distinguish between p >3 odd and p > 2 even.
Actually, our Proposition 2.3 and Theorem 2.5 clarify the situation.

THE CASE p ODD. As in [5, Sec. VIII-B-a)], for p > 3 odd the D-field D(u) is well-defined for maps
u € WH#(BPFL RP?) by

D(u) := D(v) for some v € W"P(B**! SP) such that g, ov=1u. (3.12)

In fact, on account of Theorem 2.5, it suffices to recall that for p odd we have D(—v) = D(v).
Therefore, the degree of a smooth map u € WHP(XP RP?) is well-defined by

1
degrps (u) := — [ D(u)-vdHP.
Qp Jyp
In principle deggps(u) € Z/2, as HP(RP?) = «,/2. However, by (3.12) we have deggrp»(u) = degg, (v) for
any Sobolev map v € WP(XP SP) such that g, ov = u, whence deggps(u) € Z. Moreover, due to (3.8)
and (3.9), we infer that

1
degpps (u) = 5 /Zv U#WRPP .

If eg. u = gy ov, where v(z) = z/|z| € WP (EP,SP), we have degppe (W) = 1. According to [5,
Sec. VIII-B-a)], this means that the double of the degree, 2 degrpr(u) € 27, tells the times the function
u: XP — RP? winds around RPP, with orientation prescribed by the sign.

Similarly, according to (3.8) and (3.10), the degree of a continuous map u € WP (B? RP?) that is
constant at the boundary 9BP is defined by

1
degRPp (U/) = §/B 'U,#(URPIJ el.
p

In dimension n = p + 1, the degree of a map u in Rg(Berl,RPp) at a singular point a; € X(u) is
well-defined by

1
degrpr (u,a;) = —/ D(u) - va, r dH? € Z,
Qp JoBr+i(ay,r)
for r > 0 small. We thus have
degrps (u,a;) = deggy (v,a;) € Z (3.13)

for any Sobolev map v € Rg(BpH, SP) such that g, ov = u. In fact, on account of Proposition 2.3, one has
deggr (v, a;) = degg (—v,a;) if p is odd,

compare (3.2). If e.g. u = gy o U, where v(x) = z/|z| € WP (BPT! SP), then

1 ~
3 P(a) = —bq, degrps (W,a) =1, a = Ogp+1 .

More generally, by Proposition 3.2 and (3.11), if ¥(u) ={a; | j =1,...,m}, we infer that

1 m
5 P(u)=— ZAJ 0o, <= deggrps(u,a;) =A;€Z Vj. (3.14)
j=1

Again, the double of the degree, 2 deggrpr(u,a;) € 27Z, tells the times the function U|9BP+1(a,,r)s fOT T
small, winds around RPP, with orientation prescribed by the sign, compare Proposition 3.6 below.
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THE CASE p EVEN. Following [5, Sec. VIII-B-c)], by (3.2) this time for every v € WP (2P, SP) we have
degg, (v) = —degge (—v) if p > 2 is even.

Therefore, arguing as above, in dimension n = p, the degree of a smooth map u € W1P(XP RPP) is
well-defined by
degrpe (u) == | deggp (v)| € N

for any Sobolev map v € WP(XP,SP) such that g, ov = u. In a similar way one defines the degree of a
continuous map u € WH#(B? RP?) that is constant at the boundary OBP.

Remark 3.5 If v € W1P(ZP RPP) N CY the degree is equal to the topological degree of the mapping
U € C°(¥P,RPP) that corresponds to u by the formula

U=g,' ou,

so that both U and u are homotopically trivial if and only if deggpy(u) = 0, compare Proposition 2.8.
Notice that for p even, we cannot define the degree of e.g. smooth maps u € W1 ¥ (3P RP?) by using
the form wgrpr in definition (3.6). In fact, arguing as in Proposition 3.2, we have

~1 # ) wse (y) if ye Si
(Gp 0 9p)"wse (y) = { —wse(y) if —ye Sﬂ

1
and hence f/ u#prp =0.
2 Js

Similarly, in dimension n = p + 1, the degree of a map u € Rg (BPT1SP) at a singular point a; € X(u)
is well-defined by
degrps (u,a;) := | deggy (v,a5)] €N,
for any Sobolev map v € R)(BP*!,S?) such that g, ov = u. In fact, by (3.2) we again have
deggp (v,a;j) = —degge (—v,a;) if p is even.
For the same reason, the D-field D(u) is not well-defined for maps u € W1#?(B**1 RP?), as
D(—v) = (=1)*"'D(v) VYove WhP(BPTL SP). (3.15)
A MINIMUM PROBLEM. As a consequence, setting for every k € Nt
Fop = f{ue WHP(B? RP*)NC°| u is constant on 0B* and |deggps (u)| =k}
on account of Remark 3.5 we extend Proposition 2.8 as follows:
Proposition 3.6 For every p > 2 we have
inf{D, (u, B*) | u € Fypix} = 2k H"(RPP).
PROOF: Let u € Fpj and v € WHP(BP,SP) N C? be such that g, o v = u, see Remark 2.4. By the area

formula, as in [1] we have

Dy(0,8) 2 [ dnde= [ 0T ) dH0 ).

By Sp

Property |degg, (v)| = |deggrps (u)| = k yields that H°(v=1(y)) > k for every y € SP, whence
Dy(v,B?) > kHP(SP) =ka, .

Since Dy(u, B?) = Dy (v, B?), and H?(RP?) = «,/2, we obtain the inequality ”>".

Conversely, by Proposition 2.7, for every ¢ > 0 we can easily find a continuous map v € WP (B SP)
constant on dBP, with degree |degg, (v)| = k, such that Dy (v, B?) < ka,, +¢. Taking u = g, ov, we obtain
amap u € Fp, satisfying Dy (u, B?) < kay + ¢, that proves the assertion. O
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4 The dipole problem

In this section we recover the results about the classical dipole problem that have been stated in [5, Sec. VIII].
We only consider the problem in dimension p+1, where the singularities of W1 *-maps into RP? are assumed
to be zero-dimensional, with a prescribed constant condition at infinity. More general dipole problems as in
[5] can be treated in a similar way. To this purpose, we first recall the definition of real and integral mass.

REAL AND INTEGRAL MASS. Let  C R" open, where n > p+ 1. For every current I' € D,,_,_1(Q)
we denote by
mya(T) inf{M(D) | D € D,,_,(R2), (0D)LQ =T}
mi.o(T) inf{M(L) | L € Rpn—p(Q), (OL)LQ =T}

the real and integral mass of I' relative to €1, respectively.

(4.1)

INTEGRAL FLAT CHAINS AND MINIMAL CONNECTIONS. The current I' € D,,_,_1(Q) is said to
be an integral flat chain if there exists an i.m. rectifiable current L € R,,_,(2) such that (OL)LQ =T or,
equivalently, if m; o(I") < oo. In this case, moreover, Federer-Fleming’s closure-compactness theorem [14]
yields that the minimum is always attained. Therefore, an i.m. rectifiable current L € R,,_,(2) is an integral
minimal connection of T' allowing connections to the boundary of Q if (OL)LQ =T and M(L) = m; o(T),
see [20, Vol. II, Sec. 4.2.6].

For example, the current P(v) € D,,—p—1(2) of the singularity of a Sobolev map v € W (2, SP), see
(3.1), is an integral flat chain:

Proposition 4.1 Let Q C R™ open, where n > p+ 1. Then for every v € WHP(Q,SP), the integral mass
m;.o(P(v)) of P(v) relative to Q is finite, and actually

ap - m;0(P(v)) < Dp(v,Q).

PROOF: By the parallelogram inequality and the coarea formula [1], we have

D, (v, Q) > / T d = /S H () O (y).

Q
We then find y € SP such that the i.m. rectifiable current L € R,_,(£2)

L= T(v_l(y),l,f), f(x) = m, zev(y),

acting on forms v € D" 7P(Q) as

has finite mass

1
M(L) = H" (v (y)) < — Dy(v,Q) < 00
p
whereas by (3.4) and (3.5) it also bounds the singularity of v, i.e., (OL)L Q = P(v). O

Remark 4.2 Therefore, for every v € WHP(Q,SP) there exists an integral minimal connection of P(v), i.e.,
an i.m. rectifiable current L € R,_,(2) such that (OL)L Q = P(v) and

M(L) = m;a(P(u)).
As a consequence, by Theorem 2.5, Remark 2.6, and Propositions 3.2 and 4.1, we immediately deduce:

Corollary 4.3 Let p > 3 odd and Q C R™ open and simply connected, where n > p + 1. Then, for every
u € WHP(Q,RPP) the current L P(u) is an integral flat chain, and actually

ap mg(% P(u)) - % “mia(P(u)) < Dy(u, Q).
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FLAT NORM. Let now © C RP*! open. The flat norm of a function v € W1P(Q,SP) is defined by

L(v, Q) := L sup{/QD(v) ‘Do dr|deCr(Q), ||do|| <1 in Q}, (4.2)

Qp

compare [5]. Since the integral mass m; o(P(v)) is finite, by Federer’s theorem [13] it agrees with the real
mass myq(P(v)). On the other hand, by a duality argument, see [20, Vol. II, Sec. 4.2.6], the real mass
my.q(P(v)) agrees with the flat norm L(v, ). We then obtain:

Proposition 4.4 If n=p+ 1, for every v € WHP(Q,SP) we have m; o(P(v)) = L(v, Q).
By Theorem 2.5 and (3.15), we may and do give the following

Definition 4.5 Let Q2 C RP* open and simply-connected. The (non-normalized) flat norm of a function
u € WHP(Q,RPP) is well-defined by
L(u,Q) :=ap - L(v,Q),

where L(v, Q) is the flat norm (4.2) of any Sobolev map v € WP (Q,SP) such that g, ov = u.
Notice that for p > 3 odd, by (3.12) we deduce that

L(u,Q) = sup{/QD(u) Do dr|peCr(), ||do|| <1 in Q} . (4.3)

THE DIPOLE PROBLEM. Let now p > 2 integer and n = p + 1. We choose a finite number m of points
a; C RP*! for 4 =1,...,m, and to each point a; we assign a non-zero integer number A;, that corresponds
to the degree at a;. Similarly to [5, Sec. VIII-B-a)], the classical dipole problem is formulated as

inf{Dy (u, RPT') | u € ﬁp},
where ]?p denotes the class

Fp={uec W (RPHL RPP) | uwe C®RPHN\{a;|i=1,...,m}), (4.4)
u is constant at infinity, deggps(u,a;) =4A; Vi}. '
THE CASE p ODD. By the definition of degree degppr from Sec. 3, we assume A; € Z\ {0} for every i.

Proposition 4.6 Let p > 3 odd. The class .7-'p is non-empty if and only if the compatibility condition

> A=0 (4.5)

on the non-zero integers A; is satisfied. If (4.5) holds, moreover, we have
inf{Dy, (u, R"*) | u € F} = 2H°(RP?) - m; o1 (L), where Toi=—Y A;da,.
i=1

PROOF: Assume that fp is non-empty, and let v € RS(RP“,RPP) be such that gy ov = u € .7-"p, see
Proposition 2.3. Then degg, (v, a;) = deggps (u, a;) for every i. Therefore, since v is constant at infinity,
condition (4.5) holds. The converse holds true, too. Moreover, if (4.5) holds, by a density argument, and on
account of Theorem 2.5 and (3.13), we deduce that

inf{D,(u, RP*) | u € £} = inf{Dy (v, R**") | v € Gy},
where

Gy :={v e WELP(RPHLSP) | v e C®RPH\ {a;|i=1,...,m}),

v is constant at infinity, degg, (v,a;) =4A; Vi}. (4.6)
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Finally, condition deggs (v,a;) = A; yields that P(v) =Ty for every v € QNP, see (3.3) and (3.11), so that
inf{Dy (v, RP*) [ v € Gy} = ap - m; gos1 (Do)
compare e.g. [20, Vol. II, Sec. 4.2.10], whereas HP(RP?) = o, /2. O

As a consequence, we readily obtain:

Corollary 4.7 Let p > 3 odd and assume that (4.5) holds. Then we have

inf{Dp(u,Rp+1) | ue .7?,,} = sup{ D(ug) Do dzx | ¢ € Cfo(Rp+1), ldo]| <1 in RHI}

RP+1
for any ug € fp, where the D-field D(ug) is defined by (3.12).
Proor: If vy € va is such that g, o vg = ug, we have P(vg) = I'g, hence m; go+1 (o) = m; ge+1(P(v)).

The assertion follows from Propositions 4.4 and 4.6, on account of Definition 4.5 and (4.3). O

THE CASE p EVEN. We now recover the statement from [5, Sec. VIII-B-c)]. To this purpose, by the

definition of degree from Sec. 3, we first observe that in the notation of F, from (4.4) this time we assume
that A; € N\ {0} for every i.

Proposition 4.8 Let p > 2 even. The class jEp is non-empty if and only if we can find some signs €; = +1,
for i=1,...,m, such that the compatibility condition on the natural numbers A; € N\ {0}

Z5iAi =0, € € {+1,—1}, (47)
i=1
is satisfied. If (4.7) holds, moreover, we have

inf{D, (u, RP1) | u € F,} = 2HP (RPP) -mf{mi,mﬂ (Z il 5) | (4.7) holds }
’ i=1

PROOF: Assume again that F, is non-empty, and let v € R)(RP*!, RPP) be such that g, ov = u € F,.
Then for every ¢ there exists ¢; € {+1,—1} such that degg(v,a;) = &; degrps (u, a;). Therefore, since v
is constant at infinity, condition (4.7) holds. The converse holds true, too. Moreover, if (4.7) holds, we now
deduce that B R

inf{Dy (u, RP™) | u € Fp} = inf{D,(v,R**) | v € G, },

where

Gy :={v e WhP(RPHL SP) v € CORPH N {a; | i=1,...,m}), (48)

v is constant at infinity, degg, (v,a;) = &;A; Vi, and (4.7) holds} . ’
Finally, this time we have
inf{D, (v, RP*!) | v € Q\p} =y ~inf{mi’Rp+1 (Z e\ 5%) | (4.7) holds }7
£q
i=1

as required. ]

Example 4.9 For p > 3 odd, taking e.g. m =2, Ay =1, and Ay = —1, we have 'y = d,, — 0o, and
m; ge+1 (o) = |a1 — az|, whence
inf{D, (u, RP*Y) | u € F,} = 2HP(RP?) - |a; — ay|. (4.9)

For p > 2 even, taking this time m =2, A; =1, and Ay = 1, we obtain again the formula (4.9).

This means that in both cases, the energy of minimizing sequences {uy}r C j-:p for the Dipole problem
concentrates along the minimal connection of the singularities, but the double of the degrees A; tells how
many times the wug’s have to ”cover” the target manifold RP? near the lines of concentration of energy.
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5 Weak limits, currents, and dipoles

In this section we analyze the weak limit points of sequences of smooth maps with equibounded p-energies
that are constrained to take values into the projective space RP®.

Our approach relies on the results from the previous sections and on well-known facts for the analogous
problem concerning maps that take values into the sphere SP. For this reason, we briefly recall some facts
from the theory of Cartesian currents, for further details of which we refer to [20] and [22].

CARTESIAN CURRENTS. Let n > p>2 If v: B" — SP is a smooth map, the n-current G, is
defined by the integration of compactly supported smooth n-forms w in B™ x SP over the naturally oriented
n-manifold given by the graph G, of v, i.e.,

Gy(w) ::/ w, weD"(B" xSP).

v

We thus have
Gy(w) = / (Id > v)#w Vwe D" (B™ x SP), (5.1)

where (Id > v)(x) := (z,v(x)). More generally, to every Sobolev map v in W1P(B" SP) we associate
an i.m. rectifiable current G, € R, (B™ x S?) by means of definition (5.1), where this time the pull-back
involves the distributional gradient of v. More precisely, G, acts on forms in D" (B™ x SP) by integration
on the rectifiable graph G, of v, and the mass agrees with the area of G,, i.e.,

M(G,) = H"(Gy) < ¢Dy(v,B") < 00.

Remark 5.1 For n > p+ 1, if P(v) € D,—p_1(B") is the current of the singularity of a Sobolev map
v € WEP(B™ SP), by (3.1) and (5.1) we find that

ap - (P(v),¢) = Gu(dp Nwse) = 0G (¢ N wsp ) (5.2)

for every ¢ € D" P~1(B"), as G,(¢ A dwsr) = 0. More precisely, from the proof of Proposition 5.5 below
we deduce that for every v € WhP(B™ SP)

0G, =P(v) x [SP] on D" }(B" xSF).
For example, if n =p+ 1 and vy = z/|z|, we have
0G,, = —0g x [SP] on DP(B*T! xSP),

compare (20, Vol. I, Sec. 3.2.2], whence P(vg) = —do, see Remark 3.1. More generally, if v € R)(B"*! SP)
and X(v) := {a; | j = 1,...m} is the discrete set of singular points of v, we recall that the current
P(v) € Do(BPT!) and the degree of v at the a;’s are related by (3.3) and (3.11).

If v € WHP(B™ SP) is smooth, by Stokes’ theorem the current G, has null boundary inside B™ x SP,
as for every compactly supported smooth (n — 1)-form 7 in B™ x SP

9G, () = Co(dn) = /g dn = /a =0, (5.3)

We also recall that a sequence of currents {7} C D, (B™ x SP) is said to converge weakly in D,, to
some T € D,(B"™ x SP), say T, — T, if Tp(w) — T'(w) for every test form w € D"(B™ x SP). Moreover,
the mass is lower semicontinuous along sequences of weakly converging currents.

For this reasons, taking into account Federer-Fleming’s closure theorem [14], one has:

Theorem 5.2 (Giaquinta-Modica-Souéek) Let {v;} be a sequence of smooth maps in WP (B™ SP)
such that supy, Dy (vg, B™) < 0o. Then, possibly passing to a subsequence, the currents G, weakly converge
in D, to some current T € D, (B™ x SP) satisfying the following properties:
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i) T is i.m. rectifiable in R, (B™ x SP);
ii) there exist a function vp € WHP(B™,SP) and an i.m. rectifiable current Ly € R,,—,(B™) such that

T =Gy, + Ly x[S']; (5.4)

ili) T has finite mass, M(T) = M(Gy,) + ap - M(L1) < 00;
iv) T has no interior boundary, i.e.,

OT(n):=T(dn) =0 YneD" HB"xSP). (5.5)
PRrROOF: Compare [20, Vol. IT], Sec. 5.2.3 for p = 2, and Note 6 in Ch. 5 for p > 3. O

Notice that the sequence {v;} weakly converges in W1 (B" RP*1) to the Sobolev function vr in (5.4).
Theorem 5.2 motivates the following definition, that agrees with the one in [20, Vol. II], as cited above.

Definition 5.3 We denote by cart?1(B™ x S?) the class of n-currents in B™ x SP satisfying the properties
i)-iv) in Theorem 5.2.

Therefore, G, belongs to cart?*(B™ x SP) for every smooth map v € W1?(B" SP) or, more generally,
for every Sobolev map v € WP (B" SP) satisfying the null-boundary condition

G, (n) := Gyu(dn) =0 Yne D" Y(B" xSP). (5.6)

Remark 5.4 In dimension n = p, property (5.6) is always satisfied. In fact, by Schoen-Uhlenbeck density
theorem, for every v € WHP(BP SP) we find a smooth sequence {v,} C C°°(BP,SP) that strongly converges
to v in WP, By Lebesgue’s theorem, this yields the weak convergence G, (w) — Gy(w) for every form
w € DP(BP x SP). Since G, (dn) =0 for every n € DP~1(BP x SP), see (5.3), letting k — oo we get (5.6).

More generally, we obtain:

Proposition 5.5 Let n > p+1 and T € R,(B"™ x SP) satisfy (5.4), where vy € W*(B" S?) and
Ly € Ry—p(B™). Then the null-boundary condition (5.5) is equivalent to

(OLt)L B™ = —P(vr), (5.7)
where P(vr) is given by (3.1).

PROOF: In order to prove that (5.7) implies (5.5), we decompose any form w € DF(B" x SF) as w =
Z?zow(j), where w() is the (possibly zero) component with exactly j differentials in the ”vertical” y-
directions. Moreover, we split the differential d = d, + d,.

Since vy € WP (B",SP), arguing as e.g. in [22, Prop. 4.2.10] we get:

(a) 0G4, (W) =0 for every j=0,...,p—1 and 5 € D"~ (B" x SP);
(b) 0Gyy(dyy?)) =0 for every j=0,...,p—1 and v € D""2(B" x SP).

Since O(Lr x [SP])(n¥)) =0 for every j =0,...,p—1 and n € D*~1(B" x SP), by (5.4) and (a) we deduce
that the null-boundary condition (5.5) is equivalent to the property

ALy x [SP)(n®)) = —0G,, (n')  ¥ne D" H(B" xSP). (5.8)

By a density argument we reduce to show that (5.8) holds for every 1 such that n®) = ¢ Aa for some

¢ € D" P~1(B") and « € D*(S?). By Hodge decomposition theorem, we can write a = Awse + df for
some A € R and 3 € DP~1(SP), so that

") =pAa=ApAwse +dAdS.
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Using (5.2) and (b), we have
OGyr (pNa)=0G (AP Awse) + 0Gy (¢ NdB) = Aoy - (P(vr),d) + 0.
Moreover, by definition of Cartesian product of currents we obtain

ALy x [SP])dAa) = Ly x [SP])(Ap Awse) + Ly x [SP])(¢ A dB)
= ALz x [SP])(de Awss) + (L x [SP])(dé A dB)
= ALz(dg) - [SPJ(wse) + Lr(de) - [SP](dB)
= Aap-0Lr(¢) +0,

ey =

as [SP](dB) = I[S*](B) = 0, so that (5.7) implies (5.8), hence (5.5). The converse implication follows from
the previous computation, where we take 7 =n® = ¢ Awsp, i.e., A=1 and §=0. O

In [17] and [19], by means of the parametric lower semicontinuous extension of the conformal p-energy
integrand, Giaquinta-Modica-Souéek defined a non-negative functional T +— Dy (7T') on the class cart?!(B"x
SP), called the p-energy, satisfying the following properties:

Proposition 5.6 We have:

(a) T — Dy(T) is lower semicontinuous with respect to the weak convergence in Dy ;
(b) if T satisfies (5.4), then Dy(T) = Dy(vr, B") + ap - M(L7);

(c) the class cart?*(B™ x SP) is closed under the weak D,,-convergence of sequences {Ty} of currents with
equibounded p-energies, sup;, Dy (T}) < 0o;

(d) if {Ty} C cart’!(B™ x SP) satisfies sup;, Dy (T})) < 00, possibly passing to a subsequence Ty weakly
converges to some current T in cart®!(B™ x SP);

(e) for every T € cart?!(B™ x SP), there exists a sequence of smooth maps {vy} C WHP(B",SP) such
that G,, =T in D, and Dy(vg, B") — Dy(T) as k — oo.

PROOF: As to the properties (a) and (b), see [20, Vol. II, Sec. 1.2.4] and also [22, Sec. 4.9]. Properties (c)
and (d) follow by arguing as in [16], where they were proved for the case p = 2 in any dimension n. The
density property (e) is obtained by using the same argument as for the case p = 2 in [21], see also [22,
Ch. 5], on account of Proposition 2.7. For this reason, we omit any further detail.

We finally notice that the weak convergence Ty — T of currents in cart?!(B™ x SP) with equibounded
p-energies yields the weak W1P-convergence vy, — vr of the corresponding functions in W1¥(B", SP).

CARTESIAN CURRENTS IN B™ x RPP. In the case p > 3 odd, we are able to characterize the weak
limits of sequences of smooth maps in W1?(B" RPP?) with equibounded p-energies by means of homological
arguments as above.

We first recall that RP? ¢ RV(®) and that by Federer’s flatness theorem [13], every i.m. rectifiable n-
current in B" x RV®) with support in B x RPP gives rise to an i.m. rectifiable current in R.(B™ x RPP).
This holds true if e.g. T = G, for some Sobolev map u € WH?(B" RP?), where the current G, €
R, (B™ x RPP) is defined in a way similar to (5.1), but with S? replaced by RP®.

THE CASE p > 3 oDD. In this case the i.m. rectifiable current [RP?] has been defined in Sec. 1 so that
g#[S°]=2[RP"],  M(IRPP]) = H*(RP?) = 2. (5.9)
Moreover, in dimension n > p + 1, for every u € W1P(B", RP?), by definition (3.7) we have

(P(u),¢) = Gu(do N wrpe) - (5.10)

Therefore, we introduce the following.
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Definition 5.7 For p > 3 odd, and n > p, we denote by cart’!(B"™ x RPP) the subclass of currents
T € D, (B™ x RP?) satisfying the following properties:

i) T is i.m. rectifiable in R,(B™ x RP?);

ii) we have
T =Gy, +2Ly x [RP?] (5.11)

for some up € WHP(B" RP?) and some i.m. rectifiable current Lt € Ry, —y(B™);
ili) T has finite mass, M(T) = M(Gy,) + ap - M(Lp) < 00;
iv) T has no interior boundary, i.e.,

AT (n) :==T(dn) =0 VYne D" (B" x RP). (5.12)

Notice that the weak convergence T}, — T of currents in cart?!(B"™ x RP?) with equibounded p-energies
yields again the weak W!'¥-convergence ur, — ur of the corresponding functions in W1?(B™ RP?).
Moreover, as in Remark 5.4, we infer that in dimension n = p, the current G, belongs to cart®!(B? x RP?)
for every w € WH?(BP RP?). In higher dimension, we have:

Proposition 5.8 Let n > p+1 and T € R, (B" x RP?) satisfy (5.11) for some ur € WP (B" RP?) and
Ly € Ry—p(B™). Then the null-boundary condition (5.12) is equivalent to

1
(OLr)LB" = —5 P(ur), (5.13)
where P(ur) is given by (3.7). Moreover, for every u € W*(B™ RP?) we have:
0G, =P(u) x [RP"] on D" Y(B™ x RP¥).

PROOF: Since the p* de Rham group HSR(RPP) ~ 7, by Hodge theorem, for every form « € D (RP?) we
have o = Awrpr + dB for some A € R and 3 € DP~}(RP?). Therefore, the proof is similar to the one of
Proposition 5.7, using this time (5.10). O

As a consequence, we obtain the following relation:
Proposition 5.9 If p > 3 is odd, and n > p, we have
{hpuT | T € cart”!(B™ x SP)} = cart”! (B™ x RP¥),
where hy(z,y) == (x,9,(y)) € B™ x RP?, for any (z,y) € B™ x SP.

PROOF: If up = gy ovr for some vy € WHP(B™, SP), since hy o (Id < vr) = Id i (g, o vr), for every form
w € D"(B™ x RP?), by (5.1) we get

(hppGop ) = (Gop, i) = / (T vp)* ()
= /W’(Idbd(gpovT))#w:/n(IdmuT)#w = (Gup,w) .

Moreover, by (5.9) we have
hp#(LT X [[Sp]]) = LT X gp#[[Sp]] = 2LT X HRPp]] .

Therefore, if T € cart?!(B™ x SP) satisfies (5.4), the image current h,x7T satisfies the structure property
(5.11). Propositions 3.2, 5.5, and 5.8 yield the inclusion ”C”. The equality follows from Theorem 2.5. [

Finally, setting for every T € cart?!(B™ x RP*) as in (5.11)
D, (T) := Dy (ur, B") + % "M(2L7), (5.14)

by Theorem 2.5 and Propositions 5.6 and 5.9 we readily obtain:
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Proposition 5.10 For p >3 odd, and n > p, the p-energy functional T — Dy(T) on cart?!(B™ x RPP)
satisfies the following properties:

(a) T — Dy(T) is lower semicontinuous with respect to the weak convergence in D, (B™ x RP?);

(b) the class cart?(B™ x RP?) is closed under the weak D,,-convergence of sequences {T}} of currents
with equibounded p-energies, sup, D, (T}) < oo;

(c) if {Tx} C cart?!(B™ x RP?) satisfies sup;, Dy (Tk) < 00, possibly passing to a subsequence Ty, weakly
converges to some current T in cart?!(B™ x RP?);

(d) for every T € cart?!(B™ x RP?), there exists a sequence of smooth maps {ux} C WP (B" RP?) such
that Gy, — T in D, and Dy(u, B") — Dy(T) as k — oo.

THE CASE p > 2 EVEN. Since RP? is not orientable for p > 2 even, the above arguments fail the attempt
to define the class cart?!(B"™ x RP?). In fact, this time we have g,x[SP] = 0, hence the concentration
phenomenon cannot be seen by means of a homological theory.

More precisely, if G, is a sequence of currents in B™ x RPP carried by the graph of smooth maps
u, € WHP(B™, RPP) satisfying supy D, (ur, B™) < oo, possibly passing to a subsequence, the G, ’s weakly
converge to the current G,, carried by the graph of the Sobolev map ur € WH?(B™ RP?) given by the
weak limit uy — up in WP,

We also recall from Sec. 3 that if p > 2 is even, the i.m. rectifiable current [RP?] := Go4[S% ] has a
non-zero boundary, [ RP?] # 0, see Example 3.3.

WEAK LIMITS OF MAPS WITH VALUES IN RPP. For the above reasons, if p > 2 is even, one may
attack the problem of identifying the weak limit points by means of a measure-theoretic approach, based e.g.
on the theory of rectifiable varifolds, see [35]. We shall not pursue this direction. In fact, by Theorem 2.5
and Propositions 5.5 and 5.6, we readily obtain the following result, that holds true for all n >p > 2.

Theorem 5.11 Let {uy} C WP(B",RP?) be a sequence of smooth maps satisfying sup;, Dy (uy, B™) < oo.
Let {vy} C WYP(B",SP) be such that g, o vy = uy. Then, possibly passing to a subsequence, G, — T
weakly in D, (B™ x SP) to some current T = G, + L x [SP] in cart?}(B" x SF), i.e., v € WLP(B" SP),
L e Ry_p(B"). For n>p+1, we also have (OL)L B™ = —P(v). Moreover, the sequence {ur} weakly
converges in WP to the Sobolev function u:= g, ov € WHP(B™ RPP), and

D, (u, B") + ap - M(L) < likminf D, (ux, B").

On account of Proposition 5.8, for p > 3 odd we also obtain:

Corollary 5.12 Under the hypotheses of Theorem 5.11, if p > 3 is odd we also have that G, = T weakly
in D, (B" xRPP) to the current T = G, +2L x[RP?] in cart?!(B" x RP?), where (OL)L B" = —1 P(u)
if n>p+1.

We shall see in the next section that Theorem 2.5 allows us to describe the relazed energy in the case
p > 2 even, too.

THE DIPOLE PROBLEM. We finally observe that in the case p > 3 odd, the Dipole problem from
Proposition 4.6 can be reformulated in terms of Cartesian currents. In this framework, moreover, the
minimum is attained. More precisely, according to the notation in (4.4), for n =p + 1 we denote

Fp:={T =Gy, +2Lx [RP?] | ueWhP(RPTL RPP), L € Ry(RPT),

Nl
u is constant at infinity, T = 2T x [RPP ]} (5.15)

where, we recall,

FO::_ZAiéaia A1€Z\{0}
i=1
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If the compatibility condition (4.5) holds, we have m;ge+1(I'g) < 00, see (4.1), and we can find an
integral minimal connection for Ty, i.e., an i.m. rectifiable current Lo € R1(RP*!) such that

0Ly =Ty and M(Lg) = m;ge+1 (To) -
Therefore, the locally i.m. rectifiable (p + 1)-current in RP*! x RP?
To=Gp+2Ly x [RP?], (5.16)
where Gp is the current carried by the graph of a constant map P € RPP, satisfies
Toe Fp and Dy(Tp) = 2HP(RPP) - mj e+ (Do) - (5.17)

Moreover, (3.14) and Proposition 5.8 imply that the currents carried by graphs of maps in ]T'p, see (4.4),
belong to the class F, in (5.15), i.e
{Gulue R} CFp. (5.18)

Proposition 5.13 Let p > 3 odd, and assume that (4.5) holds. Then we have

inf{D, (u, RP"*1) |u e F,} = inf{D,(T)|T € F,}
= min{D,(T) | T € F,} = 2HP(RPP) - m; g1 (Tp) .

PrOOF: The inclusion (5.18) yields the inequality ”>" in the first line of the assertion. To prove t the converse

inequality, it suffices to show that for every T € ]—'p and € > 0, we can find a map u. € }"p such that
D, (ue, RPT!) < Dy (T) + . On account of (1.3), the map u. can be defined by u. := g, ov. for a suitable

map v, € WP (RP“,SP) that actually belongs to the class Q~p in (4.6). The map v, can be obtained as
in the proof of the density property (e) in Proposition 5.6 for the case n = p+ 1, compare e.g. [17], using a
dipole-type construction based on Proposition 2.7. The claims follow from Proposition 4.6 and (5.17). O

As for the case of maps into SP, Proposition 5.13 says that by formulating the Dipole problem for maps
into RP? in the framework of Cartesian currents, point defects connected by lines of concentration occur.
Moreover, according to Example 4.9, taking m = 2, A; = 1, and Ay = —1, since 'y = 4, — 0oy, We
have that the infimum of the Dipole problem agrees with the energy D, (T}), where Ty is given by (5.16)
with Lg equal to the current integration on the oriented line segments with initial point a; and final point
as. Therefore, differently to what happens in the case of maps into SP, the multiplicity of the minimal
connection 2Lg is dictated by the double of the degrees A;.

6 Relaxed energy

In this section we study the relaxation problem concerning W!*-maps with values in RP?. We shall assume
p > 2, and we first recall how the analogous problem about W!**-maps into SP is solved.

THE CASE OF MAPS INTO SP. The relazed energy of maps v € WP(B" SP) is defined for every
integers n > p > 2 by

f)p(v,B") = inf {likminf D, (vg, B") | {vr} € C®(B™,SP), vx — v weakly in Wl’p(B",R‘”l)} .

For any v € W1P(B" SP), we denote by 77! the class of Cartesian currents with corresponding function
vr equal to v, i.e.,
TPl = {T € cart™' (B" x S*) | vy = v in (5.4)}.

In dimension n = p, by Schoen-Uhlenbeck density theorem [34] we have
D, (v, B*) = D,(v,B°*)  Yve W"(BP SP).

On the other hand, G, belongs to 7,}* for every v € W1P(BP SP), see Remark 5.4.
In higher dimension n, by Propositions 4.1 and 5.5 we readily obtain:
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Proposition 6.1 Let n > p+ 1. For every v € WY (B SP) the class TP is non-empty, and we have
TP ={G + Lx[S"]| L € Ry—p(B"), (L)L B" = —P(v)}, (6.1)
where P(v) € Dy—p—1(B™) is given by (3.1).

As a consequence, we deduce the following representation formula, first proved for p =2 in [17] and [3],
in dimension n = 3, and in [38], in higher dimension n.

Theorem 6.2 Let n > p+ 1, where p > 2. For every v € WLP(B" SP) the relazed energy ﬁp(v,B”) is
finite. Moreover,

D,(v,B") = inf{D,(T)|T €T}

= Dy(v,B") + ap - mipn(P(v)) < 00.

(6.2)

PROOF: The below cited properties always refer to Proposition 5.6. Let T € 7!, see Proposition 6.1,
and apply the density property (e). Since the convergence G,, — T with Dy (vg, B") — D, (T") yields the
weak convergence v, — vy in W1P, and_vr = v, we deduce that the inequality ”<” holds in the first line
of (6.2). Therefore, the relaxed energy D,(v, B") is finite. On the other hand, for any smooth sequence
{v} € C>°(B",SP) such that vy — v weakly in WP, since sup, Dy(G,,) = sup, Dy(vg, B") < oo,
by the closure-compactness property (d), and possibly passing to a subsequence, we have G,, — T to
some T € cart?!(B™ x SP) with vy = v, i.e., T € TP!. The lower semicontinuity property (a) yields
D, (T) < liminfy D, (vg, B"), hence the inequality ”>” holds in the first line of (6.2). The second equality
then follows from (4.1), (6.1), and from the representation property (b). O

In dimension n = p + 1, by Proposition 4.4 we then infer:

Corollary 6.3 For every p > 2 and v € WY (BPTL SP) we have
D, (v, B?*1) = D, (v, B"*Y) + a, - L(v, B+,
where the flat norm L(v, B**Y) is given by (4.2).

Finally, by Proposition 4.1 we obtain in any dimension n > p + 1:

Corollary 6.4 For every v € WHP(B™,SP) we have

D,(v,B") <2Dy(v,B").

THE CASE OF MAPS INTO RPP. We now similarly introduce the relazed energy of maps u €
WL?(B", RPP), defined by

D, (u, B") := inf {likminpo(uk, B") | {uy} € C>=(B",RP*), uj, — u weakly in WLP(B",RN@))} :

(6.3)
On account of Theorem 2.5, we deduce:

Theorem 6.5 Let n > p > 2. The relazed energy Dy(u, B") of a Sobolev map u € W1*(B", RP*?) agrees
with the relazed energy Dy (v, B™) of any Sobolev map v € WP (B™ RP?) such that gy ov = u.

PROOF: Let u and v be as in the claim, see Theorem 2.5. Since uy, := gy o vy, is smooth in W1 (B" RPP)
if vy, € WHP(B™, SP) is smooth, and Dy (uy, B") = Dy(vi, B"), the weak convergence vy — v in WP
yields the weak convergence up — u. Therefore, the inequality

D, (u, B") < Dy(v, B")

holds. On the other hand, if wy, is smooth, by Theorem 2.5 we find v, € WP (B" SP) continuous such

that ug = gp ovg. A standard convolution arguments yields a smooth sequence {v}(f:)} C WHP(B™,SP) that
strongly converges to v, in W'¥ as h — oco. A diagonal argument yields the assertion. g
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As a consequence, and by (1.3), in low dimension n =p we again have
D,(u, B?) = Dy(u,B*)  Yue WH"P(B? RPP).
In higher dimension n > p + 1, we obtain:

Proposition 6.6 Let n > p+1, where p > 2. For every u € WP (B",RP?) the relazed energy Dy(u, B")
is finite. Moreover, o
D,(u,B") = Dy(u, B") + ap - m; gn (P(v)) < 00, (6.4)

where v is any function in WP (B",SP) such that u = g, ov. Finally,
D, (u, B") < 2Dy (u, B").

PRrROOF: The assertion follows from (1.3), Theorem 6.2, Corollary 6.4, and Theorem 6.5. O

In dimension n = p + 1, by Corollary 6.3, Theorem 6.5, and Definition 4.5, we then infer:
Corollary 6.7 For every p > 2 and u € WP (BPYL RPP) we have
D, (u, B*™) = Dy(u, B*™) + L(u, B**) .

Remark 6.8 Theorems 6.2 and 6.5, Proposition 6.6, and therefore Corollaries 6.3 and 6.7, hold true if we
replace B" with any bounded domain Q C R", or with e.g. € = S", the n-sphere in R"*!. In fact,
Theorem 2.5 continues to hold, see Remark 2.6. This clearly yields that the relaxed energy is a non-local
functional, for n > p + 1.

THE CASE p ODD. If p > 3 is odd, according to Definition 5.7, we denote for any u € Wi (B" RP?)
TP .= {T € cart™ (B" x RP?) | ur = u in (5.11)},

compare (6.1), so that by Proposition 5.8, for n > p+ 1 we have

TP = {Gu+ 2L x [RPP] | L € Ry y(B"), (DL)L B" = —%P(u)},

where P(u) € D,,_,_1(B") is given by (3.7). We finally obtain:
Proposition 6.9 Let n > p+ 1, where p >3 is odd. For every u € WL?(B"™ RP?) we have

D, (u, B") = inf{D,(T) | T € TP} = Dy (u, B") + 2 - m; o (P(u)) < 00.

2
PrOOF: The first equality is obtained by arguing as in the proof of Theorem 6.2, but this time making use
of the properties from Proposition 5.10. The second equality follows from (5.13) and (5.14). O

7 Optimally connecting measure

In this section we discuss a notion of optimally connecting measure of the singular set of Sobolev maps with
values into the projective space RP?, for any p > 2 and n > p+ 1.

If p > 3 is odd, by Corollary 4.3 we infer that for every u € WP (B",RPP) there exists an integral
minimal connection of %P(u)7 see (3.7), i.e., an i.m. rectifiable current L, € R,,—,(B™) such that

(OL,)L B" = %P(u) and  M(Ly,) = m; p» (% P(u)) .

Therefore, there exist a countably (n—p)-rectifiable set £,, in B™, an H" P L L,-summable and non-negative
integer valued multiplicity function 6, : £, — Nt and an H" P L L,-measurable unit (n — p)-vector field

=
Ly : Ly — Ap_pR™, orienting the approximate tangent space to £, at H" P-a.e. point, such that

(Lu,'y> = / 0., <’)/, Zu> dHP V€ pr—p (Bn) )
L

u
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N
In this case, one writes L, = 7(Ly, 0y, L), and we can say that the measure
fy =0, H P L L, (7.1)

encloses the singularity of u in an optimal sense.

In order to extend the definition (7.1) to the case p > 2 even, we let v € Wh#(B",SP) satisfy g,ov = u,
see Theorem 2.5. By Remark 4.2, there exists an i.m. rectifiable current L, € R,_,(B") such that
(OL,)L B" = P(v) and M(L,) = m; g« (P(v)). Write again Ly = 7(Ly, 0y, Lo).

Due to (3.2), we deduce that the i.m. rectifiable current (—1)P*1L, := T(,Cy,ev,(—].)p+lz)v) is a
minimal integral connection for P(—wv). Therefore, by Theorem 2.5 we can write £, = £, and 6, =6, in
the definition (7.1). Notice that for p >3 odd, by Proposition 3.2 we have % P(u) = P(v), as required.

Formula (7.1) defines an optimally connecting measure p,, the total variation of which satisfies

|t (B™) = / 0, dH" P = m; pn (P(v)) Vo e WhP(B™ SP) such that gyov=u.

u

Therefore, by Proposition 6.6 we have

D, (u, B") = Dyp(u, B") + ayp - |pu|(B")  Yu € WHP(B™, RPP).
In dimension n = p + 1, by Corollary 6.7 we also deduce that

ap - |l (B"*1) = L(u, BP*1)  Vu € W (B, RPP),
where the flat norm L(u, B**1) is given by Definition 4.5.

Example 7.1 If e.g. @ = g, 00, where v(z) = x/|z| € WP (BPTL SP), we have uz = H? L L, where L is
any line segment connecting the origin Ogp+1 to the boundary of BP*1. Therefore, for every p > 2 we have

lpa|(BP*1) =1 and Dy(a, B*™) =D, (a4, B*™) +a,, a, = 2H?(RP?).
Finally, we deduce:

Theorem 7.2 Let uw € WP (B" RP?) and p, = 0, H" P L L, an optimally connecting measure for the
singular set of u. Then there exists a sequence of smooth maps {ux} C WYP(B"™ RP?) satisfying the
following properties:

i) up — u weakly in WY as k — oo;

ii) Dy(ug, B") — Dy(u, B") + ap - |pu|(B™) as k — oo;

1 1
b n. pn o .
iii) P72 |Dug [P L L B" — o7 |Dul? L™ L B™ + v j1,, weakly as measures;

iv) for any open set A contained in B™ \ spt ., we have strong W* -convergence of Ugja tO Uj4-

PROOF: The first three assertions follow from the density property (e) in Proposition 5.6 and from the
results previously obtained. The last assertion is given by the strict convexity of the energy density. O

8 The liquid crystal energy

In this section we analyze the liquid crystal energy

E(v,B%) = W (v, Dv)dzx . (8.1)
B3

The Oseen-Frank energy density of nematic vector fields v is defined on mappings v in W12(B3 §?) by

W (v, Dv) := |Dv|* + (k1 — 1) (divev)? 4 (k2 — 1) (v - curlv)? + (k3 — 1) [v x curlv|?, (8.2)

28



where k; > 1 for every i, see the discussion in the introduction.
The parametric extension of the liquid crystal energy over the class of Cartesian currents T' € cart®!(B3 x
S?) has been computed in [18], see also [20, Vol. 11, Sec. 1.2.4]. We recall that

T =Gy, + Ly x [$?]

for some vy € W12(B3,S?) and Ly € Ry(B3) satisfying (OLt)L B® = —P(vr), see Sec. 5. The liquid
crystal energy functional T +— £(T') satisfies

E(T) = E(vr, B¥) 4 81 T'(ky, ko, k3) M(Lr)

where, compare [20, Vol. I, Sec. 5.1.2],

1
Tk, ko, ks) :zw/k;kg/ ,/1+(k53—1)s2ds7 k= min{ki, ks} .
0

If k; =1 for every i, we have W (v, Dv) = |Dv|? and T'(1,1,1) = 1, so that £(T) = 2D(T). In general,
the functional £(T") it is controlled by the Dirichlet energy, as

2D(T) < &E(T) <cD(T) VT € cart® (B3 x §%),

where the positive constant ¢ only depends on the choice of the k;’s. Notice that T'(kq, ko, k3) > 1.
Moreover, by the construction, it turns out that £(T) is lower semicontinuous with respect to the weak
convergence of sequences of currents in cart®!(B? x S§?).
Also, the following density property was proved in [18]:

Theorem 8.1 (Giaquinta-Modica-Souéek) For every T € cart®!(B3 x S?), there exists a sequence of
smooth maps {vy} C WH2(B3,S?) such that G,, — T in D3(B*xS?) and E(vg, B3) — E(T) as k — .

The proof of Theorem 8.1 is similar to the one from [17] for the Dirichlet energy in dimension n = 3, where
this time the so called irrotational and solenoidal dipoles are used, when k = k1 and k = ko, respectively,
compare [20, Vol. II, Sec. 5.1.3].

Finally, consider the relaxed energy of the liquid crystal functional (8.1), with energy density (8.2),
defined by

E(v, B®) := inf {likm inf &(vy, B®) | {vr} € C=(B*,$?), v, — v weakly in W1’2(B3,R3)} .

In [20, Vol. II, Sec. 5.1.2], it is shown that for every Sobolev map v € W2(B3 S?) one has:
E(v, B?) = E(v, B®) 4 87 [(ky, ka, k3) - m; ps (P(v)) < co. (8.3)

This representation formula can be recovered by arguing as in the proof of Theorem 6.2, taking advantage
of Theorem 8.1.

THE LIQUID CRYSTAL ENERGY OF MAPS INTO RP?. We first recall that if k; = 1 for every 4, then
W (u, Du) = |Du|, hence by (1.2) we deduce that the energy density of a map v € WH2(B3,S?) has the
same structure as the energy density of the map v € W12(B? RP?) given by u = gowv, where g :S?> — RS
is the embedding (1.1).

Of course, this is not true in general, i.e., when k; > 1 for some 4 in the energy density (8.2). In the
appendix below, we shall see how the non-linear terms in (8.2) can be written in terms of the components
of u = g owv. However, by the invariance properties (0.2), on account of Theorem 2.5 we may and do give
the following

Definition 8.2 The liquid crystal energy &(u, B®) of a Sobolev map u € W12(B3,RP?) is defined by the
energy E(v, B®) of any function v € WY2(B3,S?) such that u = gowv.

THE DIPOLE PROBLEM. Similarly to the analogous problem for the Dirichlet energy in the case p > 2
even, see Sec. 4, according to the previous definition we obtain:
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Theorem 8.3 Let F, be the class of functions in (4.4), where p = 2. Assume that the compatibility
condition (4.7) on the natural numbers A; € N\ {0} is satisfied. Then we have

inf{€(u, R3) | u € Fo} = 87T (ky, ks, ks) .inf{mLRg (Z i\ 5) | (4.7) holds } . (8.4)
‘ i=1

PROOF: As in Proposition 4.8, we infer that
inf{&(u,R?) | u € Fo} = inf{E(v,R?) | v € G},

where Gy is defined by (4.8), with p = 2. Arguing as in [20, Vol. II, Sec. 5.1.2], we deduce that the infimum
inf{€(v,R?) | v € Go} agrees with the right-hand side of eq. (8.4), as required. O

A DENSITY THEOREM. In Sec. 7, we have defined an optimally connecting measure p, of the singular
set of Sobolev maps u € W2(B3 RP?). We recall that u, := 0, H' L £, for some countably 1-rectifiable
set £, in B? and some H!'L L£,-summable multiplicity function 6, : £ — NT such that the following
properties hold:

a u 3) = u 1;
(8) [j1a|(B?) /EuedH

(b) |pul(B?) = m; ga(P(v)) for every v e WH2(B?,S?) such that gov = u;

(c) D(u, B%) = D(u, BY) + 4 - |1 |(B®);

(d) 4r - |y |(B3) = L(u, B®), where the flat norm L(u, B®) is given by Definition 4.5, with p = 2.
Similarly to Theorem 7.2, the following density property holds true:

Theorem 8.4 Let u € W12(B3, ]RIF’Q) and p, := 0, H'_ L, an optimally connecting measure. Then there
exists a sequence of smooth maps {ux} C W12(B3 RP?) satisfying the following properties:

i) up — v weakly in W2 as k — oo;

11

E(Uka BS) - S(U, Bg) + 87Tr(k'1, ka, kB) ’ ‘/U'uKBd) as k — oo;
iii) W (ug, Duy) L3 B3 — W (u, Du) £3 _ B® + 87 T'(ky, ka2, k3) p,. weakly as measures;

v

)
)
) for any open set A contained in B3\ spt u,, we have strong W'2-convergence of Up|a o uja.

PRrOOF: The first three assertions follow from Theorem 8.1 and the results from the previous sections. As
to the last assertion, since |Du|?> < W (u, Du), and the energy density W (u, Du) is strictly convex in Du,
using a continuity theorem by Reshetnyak [37, p. 329], compare Thm. 2 in [20, Vol. II, Sec. 1.3.4], we infer
that D(ug, A) — D(u, A), that gives iv), again by strict convexity. O

Remark 8.5 By the above property (d), in the previous formula ii) we have
8T (k1, ko, k3) - | (B®) = 2 Tk, k2, ks) SUP{/ D(v)- D¢ dx | ¢ € C(B?), ||dg|| <1 in BS}
B3

for any v € W12(B3,§?) such that gowv = u.

RELAXED ENERGY. We finally introduce the relaxed energy of maps u € W12(B3 RP?), defined by
E(u, B®) := inf {likminfé’(uk,B?’) | {up} € C=(B* RP?), up — u weakly in W1’2(B3,R6)} .
The following representation formula holds:
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Theorem 8.6 For every u € Wh2(B3, RP?) the relazed energy &(u, B®) is finite. Moreover,
E(u, B®) = E(u, B®) 4 87 T(k1, ko, k3) - || (B?) = E(u, B®) + 2T (ky, ko, k3) - L(u, B), (8.5)

where ., is an optimally connecting measure of the singular set and L(u, B®) is the flat norm of u, see
Definition 4.5. Finally, B
E(u, B®) < &(u, B®) + 2T (k1, ka, k3) - D(u, B®).

PROOF: As in the proof of Theorem 6.5, using Theorem 8.1 we deduce that
E(u, B%) = £(v, B) Vo e Wh?(B3 S?*) such that gov=u.

By the representation formula (8.3), on account of the above properties (b) and (d), we obtain (8.5). More-
over, property (b), Proposition 4.1, where as = 47, and (1.2) yield

47 - |y |(B*) = 47 - my gs (P(v)) < D(v, B*) = D(u, B%).
The last assertion then follows from (8.5). O

Finally, the representation formulas (8.3) and (8.5) hold true if we replace B3 with any bounded domain
Q C R?, or with e.,g. Q = S3, see Remark 6.8. This yields again that the relaxed energy is a non-local
functional.

A Appendix

We compute the nonlinear terms of the energy density (8.2) of a map v € W12(B?,S?) with respect to the
components of the Sobolev map u := gov € W2(B3 RP?).

To this purpose, we consider the vector field U = (U, Us, Us) : B3 — R?, where U; = v?v?, Uy = v3v!,
Us = v'v? are the last three components of u := gow, see (1.1). We make use of a cyclic notation on the
indexes 4,5,k € {1,2,3},sothat j=i+1, k=j+1,and i = k+ 1. Assume e.g. that U, >0 and v" >0

for every h. We thus have
4 1U;U,
vt = Ik if u=gowv, wv=(v'v%v%)),
U;

so that ) U0
Dot = ———— (D (U;Uy) — 2% D, U;) .
T UinUk( G0 =7, )
We then compute
3
1 U, U,
divo= ——— Z(Di(UjUk) ik DiUi) .

2T U5 U;

We also recall that curlv := Zf’:l(Djvk — Dyv9) e;, where (eq, ez, es) denotes the canonical basis on R3.
We thus have

3

1 U,U; UU;
lv=—— S (D,;(UU;) — =22 D,U,, — D(ULU; DuU; ) ey
curlv S T T, ;( i (U:U5) U, D k k(UrU;) + U, k j)el
Since v - curlv = 2?21 v; (Djv* — Dyv?), this gives
1 ([0
v-curly = NAIE > ( ;]’“ (Ui(D;U; — DyUy) 4+ U;D;U; — Uy Dy U;)
i=1 '

. Uk] UijUk‘i’“ Uj UkaUj> .
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Therefore, by simplifying the terms D,U, we get

U; U
voewly = Z( (U; D;U; — Up DyU;) — U;DjUk—i—UkaU)
3
U; U
= Z( D,Uy, — ’“DkU>
= \Us

Finally, we have v x curlv = Z?:l ®; e;, where ®; := v/ (D;vI — Djvi) —v® (D' — D;w*), so that

1

_ 2 2
20, = 0,0, (Uj (D;U; — DyUy) + Ui, (D;U; — DjUj))
+U2Uk (U? = UR) DiU; + 7, U2 (U; = U;) DUy
Ui U,
D;U; —L DU, — D;U, — D, U; .
+U + U k k— PEUj
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