RENORMALIZED ENERGY BETWEEN FRACTIONAL VORTICES WITH
TOPOLOGICALLY INDUCED FREE DISCONTINUITIES ON 2-DIMENSIONAL
RIEMANNIAN MANIFOLDS

RUFAT BADAL AND MARCO CICALESE

ABSTRACT. On a two-dimensional Riemannian manifold without boundary we consider the variational
limit of a family of functionals given by the sum of two terms: a Ginzburg-Landau and a perimeter term.
Our scaling allows low-energy states to be described by an order parameter which can have finitely many
point singularities (vortex-like defects) of (possibly) fractional-degree connected by line discontinuities
(string defects) of finite length. Our main result is a compactness and I'-convergence theorem which
shows how the coarse grained limit energy depends on the geometry of the manifold in driving the
interaction between vortices and string defects.
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1. INTRODUCTION

In many physical and biological systems low energy states form complex patterns. The latter result
from the necessary coexistence of different and often incompatible geometries that characterize the ground
states of those systems. Explaining the emergence of such a complexity is a fascinating task which in
the last decades has attracted the attention of the mathematical community. The variational methods,
combined with ad-hoc rigorous coarse graining procedures, have proved to be very successful tools to
obtain detailed information in several cases of interest. They have lead, for instance, to a satisfactory
understanding of the energetic mechanism at the basis of phase coexistence. It is worth mentioning the
formation of microstructures in austenite-martensite mechanical transformations, micromagnetics, the
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RENORMALIZED ENERGY BETWEEN FRACTIONAL VORTICES 2
theory of liquid crystals, fracture mechanics or plasticity theory, to cite a few examples.

In the present paper we are interested in the variational analysis of some energy functionals that can
drive the emergence and the coexistence of point and line singularities of a vector-valued order parameter
defined on a two-dimensional manifold. In their simplest form this type of functionals consist of the sum
of a Ginzburg-Landau term, which penalizes point defects, and a perimeter term which penalizes line
defects. Functionals of this kind have been rigorously investigated from a mathematical point of view
in connection with models of ripple phases coexistence in biological systems in [25]. Slightly different
energy functionals leading to point and line defects have been recently investigated in the context of
discrete systems to model chirality phase separations in geometrically frustrated spin systems [9, [10], the
dependence of the energy concentration phenomenon on the rate of divergence of n in the n-clock model
[20, 211 22, 23] or the formation of partial vortices and line defects in modified xy models [IT]. The
latter analysis is also connected to the investigation of orientability issues of the director field of some
liquid crystals model as first discussed in [12] [I3]. In all such cases the analysis has been carried out in
a Euclidean setting. Here, instead, we aim at beginning the extension of the analysis done in the flat
setting to the general two-dimensional Riemannian setting. We start this program with the investigation
of the energetic model for ripple phases in biological matter (see for instance [14, [30, B34 B5]) and extend
some of the results first obtained in [25]. It is our opinion that some of the results obtained here will help
advancing the variational theory of spin systems on planar networks recently investigated in [T, Bl 17, (18]
(see also [2] and the references therein) to the case of discrete systems on manifolds.

Let (S, g) denote a 2-dimensional, compact Riemannian manifold without boundary endowed with a
metric tensor g. We denote by SBV (T'S) the space of special sections of bounded variation of the tangent
bundle T'S, i.e., those vector fields which are tangent to S, have bounded variation, and vanishing Cantor
part of the distributional derivative. For m € N we define the space of admissible vector fields AS™ (9)
as those u € SBV(TS) with square integrable approximate gradient Vu, jump set 7, of finite length,
and such that for a.e. point on J, the traces satisfy (u™)™ = (u~)™ (here the product is taken in the
sense of complex numbers, see Section . Roughly speaking, the latter condition can be understood as
the angle between v and ™~ being equal to %T mod 27. A rigorous definition of the above spaces can
be found in Subsection and Appendix [A] Given £ > 0 we consider the generalized Ginzburg-Landau
functional GL, : AS™(S) — [0, +00) defined as

GL.(u) = %/S|Vu|2 + %(1 — [uf?)?vol + H(T.). (1)

Here vol denotes the volume form on S and "H; the one-dimensional Hausdorff measure induced by the
geodesic distance on S. The main goal of this paper is to analyse the asymptotic behavior as € — 0 of a
renormalization of the above functionals in the spirit of the first order I'-convergence (see e.g. Theorem
6.1 in []). In the Euclidean setting such an analysis has been carried out in [25] for a slightly modified
version of (1)) and in [II] for a related lattice spin model.

Furthermore, notice that for m = 1 the space of admissible spins AS™M)(S) simplifies to W12(T'S) and
that the functional GL. restricted to AS™(S) coincides with the one considered in [27], where a similar
asymptotic variational analysis is one of the core results of the paper. An analogous lattice spin version
on a Riemannian manifold was investigated in [19].

In order to explain the main result of this paper we start with some heuristic arguments. Let us
fix m = 1 and let (us) be a sequence of admissible fields with equi-bounded energy, i.e., such that
sup, GL.(us) < C. On one hand, for small , by the definition of GL., the penalization term in (1)) forces
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the vector field u. to have length close to one while having square integrable gradient. On the other
hand, it is a standard result (see [16]) that the space of maps in W12(T'S) with unit length is empty if
the Euler characteristic x(5) of S is different from zero. In such a case the minimal Ginzburg-Landau
energy diverges as |loge| as e — 0. Consequently, it is natural to assume a logarithmic energy bound for
(ue), namely GL.(u.) < C|loge| for all e. Under this bound it has been proved (see [15] 28] 36, [37]) that
the family of vector fields (u.) can have K € N many vortex-like singularities around which u. winds
an integer amount of times. The winding numbers d,...,dx of the K singularities are related to the
topology of S by the following formula

di+ -+ +dg = x(9). (2)
The case of general m € N is similar. Under the same logarithmic energy bound as above the vector
field u. creates K € N fractional vortices at locations x1, ..., xx € S with degree dy, ..., dx € %,

respectively. Roughly speaking, a vortex of fractional degree % for some k € Z is a point around which
the vector field rotates by an angle of % As before, the formula remains true. Furthermore, for any
vortex center xp and r > 0 small enough the following energy lower-bound holds true (see Lemma:

. |dg| r .
— 1Bkl ) >
lim inf (GLE(UE,BT(%)) 2 7108 (6) >C, (3)
where B,.(x}) is the geodesic ball around z;, with radius 7 and C' > —oc.

In this paper we are interested in the energetic behavior of sequences (u.) € AS™)(S) whose Ginzburg-
Landau energy satisfies

N
GL(ue) < Ew|logfs| + C,

for some fixed N € N. By the energy bound above allows for the creation of vortices of degrees
satisfying the bound |dy| + -+ + |dx| < N. This heuristic picture is stated and proved in the first
part of the compactness result in Theorem [6] More precisely, as it is customary in the framework of
Ginzburg-Landau energies, to every u. we associate a two-form w(u.) (see ) keeping track of the
energy concentration of u. around vortices. In the planar setting this agrees with a multiple of the
distributional jacobian of u.. At this stage, in Theorem [6] the compactness properties of u. can only be
described via the ones of w(u.). We show that, up to subsequences, w(u.) converges in the flat sense
towards a finite sum of weighted Dirac deltas p = ZkK dy 6, with di, € % and satisfying the same degree
bound. In the same theorem we also prove a more refined compactness result when the energy of the
vector fields (u.) diverges like 2 |loge|. In this case we can find a vector field u € SBV(T'S) such that
ue — u weakly in SBV2(S\{z1,...,2x};TS). The limit vector field u has unitary length, Nm fractional
vortices, each of degree £ and it is such that (u™)™ = (u~)™ at a.e. point of the jump set. Under the
same assumptions as in the refined part of the compactness result the following asymptotic lower and
upper bound are shown in Theorem [6}

li£n_>i(r)1f GL:(u:) — %ﬂloge\ > WO (u) + Hy (Tu) + Ny,
(4)
lim sup G L, (ug) — gﬂloge\ < W) (u) + H}](Ju) + Nmom,
e—0 m ’
where 7, € R is the so called core energy defined in . This is to be understood as the local energy
contribution due to the presence of a vortex of degree :l:%. In Lemma |§| it is show that ~,, does not
depend on the geometry of S. In fact, it coincides with the Euclidean analog obtained in [25]. The other
two terms in the limit energy depend on the geometry of S. The term H;(]u) penalizes the length of
the jump set of u in terms of its one-dimensional Hausdorff measure induced by the geodesic distance on
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F1GURE 1. Doubling angles of a stadium configuration. On the left the vector field u
which has 2 fractional vortices of degrees 1/2 and jumps by 7 along a segment. On the
right the vector field v = u? which has 2 integer vortices of degrees 1 and does not jump.

S. The term W™ (u) stands for the renormalized energy that weights the interaction between vortices
and, according to its definition, pairs of vortices attract or repel each other (as usual depending on their
sign) with a force which scales linearly with the inverse of their geodesic distance.

In what follows we highlight the major obstacles we need to overcome in order to prove our result. The
main source of difficulties arises from the possible nontrivial topology as well as geometry of S. A first
sign of a nontrivial interplay between the topology and the energy concentration phenomenon appears in
the constraint . A consequence of this condition is that, in the case x(S) # 0, there exists no global
smooth orthonormal frame on S. This induces many technical difficulty in most of our proofs. We show
here that the 'power map tool’ described below cannot be easily exported from the Euclidean to the
Riemannian setting.

Roughly speaking, in the flat setting, in which a global frame is available, in [25] and [I1] the authors
could (in part) simplify some of the arguments of their proofs by exploiting the power map p : R? — R2,
p(x) == 2™ (here we identify R? with C) as a simple tool to show in the fractional setting the analog
version of some of the results proved in the classical Ginzburg-Landau theory. To understand how the
power map is used one can look at the action of p on a prototype vector field w describing the energy
concentration in the flat model (see e.g. Figure |1)). Such a vector field w has K fractional vortices of
degree dy, ..., dg € % and it jumps on a segment with its traces on both sides of the jump set having
an angular difference of %’TZ. The vector v := p(u) does not jump and has vortices at same locations as
u but of degrees mdy, ..., mdx € Z. Moreover, given N € N and a sequence of vector fields (u.) such
that GL.(u.) < Zrlloge|+ C the corresponding transformed sequence (v.) = (p(u.)) satisfies the energy
bound GL.(ve) < Nmlloge| + C. Of course these two properties enable one to transfer to the fractional
setting many of the results developed in the framework of the integer-degree Ginzburg-Landau theory.
The generalization of such an idea to the manifold is not straightforward. In order to generalize the map
p to the manifold setting one needs a global choice of frame {7,497} on TS, where i is the rotation of
7 by 5. But any such frame is forced to develop singularities if and only if S has a non-trivial Euler
characteristic. Globally applying the map p defined according to such a singular frame would induce
additional “spurious” singularities, further complicating the analysis. For instance, in Figure [2| doubling
the angles of the vector field in [2a] with respect to the singular frame in [2b| results not only in changing
half-vortices into integer vortices, but also in creating an additional vorticity at the blue point in
(We refer to [24] for a numerical computation of such global frames.) On the one hand, this forces us
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FI1GURE 2. Globally doubling angles on a sphere.

to localize many of the Fuclidean results and eventually to apply a partition of unity argument. On the
other hand, even in a coordinate neighborhood O where (u.) is such that GL.(u.) < Z-[loge| + C, it is
a non-trivial task to show that the sequence of vector fields v, = p(u.) satisfies GL.(v.) < w|loge| + C.
The main difficulties in pursuing this task are already evident when one considers how the gradient term

in the Ginzburg-Landau energy transforms under the map p. By the chain rule formula (see Proposition
@) it holds that

Vel = m?[Vue|* + (1 = m?)|d]uc||* + (m — 1)?|uc*[j(r)]* — 2m(m — 1){j(ue), §(7))-

In the equation above {r,i7} is a smooth (up to the boundary) frame in O and j denotes the pre-jacobian,
which for any vector field w satisfies j(w) := (Vw, iw). Notice the last two terms above are peculiar of the
manifold setting and need to be uniformly controlled in order to derive the needed energy upper bound
for (ve). In particular, it is non-trivial to show the boundedness of the last term since j(7) # 0 as the
manifold in general is curved and (Vu.) is not a priori bounded in L!. To tackle this problem we need to
combine a ball construction argument together with a specific choice of frame 7, namely a frame having
least Dirichlet energy [,)|V7|? vol.

Another source of difficulties is the characterization of the core energy -, in (EI) Let us recall the
definition of 7, in the Euclidean setting (see for instance [25]). For any r > 0 we have that

ety (00 e ()

Here ’yém) (r) is given by the following minimization problem:

507 (r) = min{GLim)(v, B,(0)): v e WH3(B,(0);R?), v = — on 8BT(0)},

where
——(m 1 2
GL" (v, B, (0)) = Se (1= o]")? da.

T om?

/ Vol2 + (m2 — 1)|V]o| 2 +
B,.(0)
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The core energy in the manifold setting can be obtained by comparing ﬁim) with its manifold analog
GL™ defined as

m 1 m?
GL£>aaBAmw>r-%ﬂ{Aﬂzva2+(m21nmm2+zgo»wﬁfvd
Lo

for any v € W12(TB,(x)). More precisely, the two functionals can be compared by choosing centered
normal coordinates at xog and an orthonormal frame which results in a coordinate representation v of v
satisfying

|GLE (@, By (20)) = L (0, B,(0))| < Cr (14 GL (0, B, (0))) (5)

Notice that for a sequence of minimizers (in the Euclidean setting) and fixed r > 0 the right-hand side
can diverge as |log e[, making our comparison strategy inefficient. A possible way out already appeared in
[27] and consists in considering a properly chosen sequence of radii (r.) such that r.|loge| — 0 for which
the error in (|5)) vanishes. For each € > 0 one then needs to find Nm disjoint balls of radius 7. (cores) such
that the Ginzburg-Landau energy in each ball scales like -7 log (%) In the Euclidean setting . = r > 0
is an admissible choice and the task is rather straightforward as one can simply take balls around the limit
vortex centers. On the manifold, instead, one must resort once again to the ball construction in order
to find an appropriate choice of ball centers around which a sufficient amount of energy concentrates.
Moreover, in contrast to [27] we need to take the I-limit with respect to the L!-convergence which does
not only track the defects but also the asymptotic behavior of the vector fields realizing them. Because of
that, compared to [27], further work is invested to assure that the strategy in the Euclidean setting (see
e.g. [25]) generalizes to the case of small cores (see in particular Step 3-5 in the proof of our I'-lim inf).

To finish we would like to mention that even the definition of special sections of bounded variation
that we roughly introduced at the beginning of this introduction requires some care. More precisely,
most of the notions in the statements of this paper benefit from an intrinsic definition of SBV(TS),
whose most important properties are stated in Section [2.I] while their proofs are contained in Appendix
[A]l Although the notion and the main properties of BV functions are well-understood even in the more
abstract setting of metric spaces (see [0} [6] [7, 29, [31]) and the translation of their finer properties to the
Riemannian manifold setting is possible, we have found it more convenient for the reader to derive these
results directly. It is worth mentioning that the definition and some of the properties of BV functions on
manifolds can be found in other papers as for instance in [26] [33]. To the best of our knowledge however,
the derivation of the finer properties of BV functions in the manifold setting was lacking. It is now
contained in the Appendix [A] where in particular we prove the decomposition theorem [3] The key ideas
behind its proof is an intrinsic definition of blow-up quantities, the investigation of their relation to the
Euclidean ones, and a partition of unity argument. For the purposes of the variational analysis contained
in this paper it would be sufficient to prove the decomposition theorem only for tangent vector fields or
scalar maps on S. Instead, since the main argument remains unchanged, we have decided to extend the
theorem to the general case of sections of an arbitrary Riemannian vector bundle.

2. PRELIMINARIES

2.1. Tangent vector fields of bounded variation. We wish to provide a definition of (special) func-
tions and (special) tangent vector fields of bounded variation on a manifold. Furthermore, we will state
several important results concerning this function spaces. The missing proofs can be found in Appendix
(In the same appendix we will also deal with case of a general vector bundle.)

Let n € N:= {1,2,...}. We denote by M an n-dimensional, oriented Riemannian manifold (with or
without boundary) with metric tensor g. The open geodesic ball of radius r centered at x € M will be
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written as B,(z). If no confusion is possible, given z € R"™ we use the same notation B, (z) to denote
the Euclidean open ball. We will write r* = r*(M) for the injectivity radius of M and exp,: T, M — M,
where T, M denotes the tangent space to M at x, for the exponential map at x € M. The volume form
on M will be denoted by vol. We will write TM for the tangent bundle and T*M for the co-tangent
bundle of M, respectively. For the covariant derivative we use the symbol V. Whenever possible, Einstein
summation convention will be used. Herewith, we will implicitly assume that any index such as i, j, ...
we encounter is ranging in {1,...,n}.

Functions spaces X (M;TM) of tangent vector fields w: M — TM with regularity prescribed by X
will be shortly written as X (T'M). We further use the notation X ,.(T'M) to denote those tangent vector
fields u that belong to X(T'K) for any compact K C M, where given any set A C M we denote by
TA = |],csTeM. For example, C*(TM) will be the space of smooth compactly supported sections
of TM. For any a € [0,n], we will denote by H the a-dimensional Hausdorff measure on M defined
through the metric distance induced by g. Note that for &« = n we recover the usual notion of integration
on the manifold M. More precisely, for any f € C°(M) we have

fvol:/ fdHy.
M M

From now on, we will shortly write a.e. in place of 'H;—a.e., when no confusion is possible. Let u be a
H,-measurable tangent vector field and p € [1,00]. If p € [1,00), we define the space LP(T'M) of those
H,-measurable functions u: M — T'M with finite |[ul|z», namely

[ ::/ lufP vol < oo,
M

where |-| denotes the norm induced by g. For p = co we require the following L>°-norm to be finite:
[lu]|pe = inf{C € R: |u(z)| < C for a.e. z € M} < cc.

The spaces LP(M) for p € [1,00] are defined similarly. Given @ C R™ and O C M open sets, we
denote by ¥: 2 x R®™ — T'O a local trivialization of T M. We remark that any such ¥ induces a unique
coordinate chart as well as a unique frame which, without further mention, will be denoted by ®: Q@ — O
and {r,...,7,}, respectively. ¥, ® and {7,...,7,} are implicitly assumed to be smooth up to the
boundary.

We single out tangent vector fields of bounded variation as precisely those elements of L!(TM) whose
total variation is finite. In order to define the total variation in our present setting we will first need
to introduce a classical object from differential geometry: the adjoint covariant derivative V*. The
latter is the unique operator V*: C°(TM ® T*M) — C°°(T'M) such that for all u € C*(TM) and
v € CX(TM ® T*M) the following integration-by-parts formula holds true (see also Proposition 10.1.30
in [32] for further details):

M

/M<u,V*v) VOI:/ (Vu,v)vol. (6)

Here, ® denotes the tensor product. The total variation of a section u € L1(T'M) is then defined as the
supremum of the left-hand side of @ over test-functions bounded by 1:

var(u) = sup{/ (u, V*v) vol: v € C(TM @ T™M), ||v||pe < 1}. (7)
M
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Notice that in the special case of M = €, where 2 C R™ is an open set, equipped with the Euclidean
distance, the adjoint gradient V* satisfies for any i € {1,...,n}

n
a’l]ij

—(V*); = (divw); = jz::l S

where v € C°(Q; R™*™). Hence, the general definition in of total variation in the manifold setting
agrees with the usual one in Euclidean space (see also (3.4) in [§]). We now introduce a local definition
of total variation. Given an O C M open we define the total variation of v in O as

var(u, 0) = sup{/ (u, V*v)vol: v € CX(TO R T*0), ||v||pe < 1}, (8)
M

where T*O = | | zeoTi M.
We are now ready to define tangent vector fields of bounded variation.

Definition 1 (Tangent vector fields of bounded variation). A section u € L*(T'M) is of bounded variation
if and only if var(u) < oo. The set of all such sections wll be denoted by BV (T'M). It is equipped with
the norm

lullpv = [lullzr + var(u).
With this norm BV (T'M) turns out to be a Banach space.

We will now introduce the Riesz representation theorem and Radon-Nikodym theorem in our setting.
The former provides a representation of linear bounded functionals on the space of compactly supported
continuous sections of TM via T'M ®T*M-valued Radon measures. These measures are defined as follows:

Definition 2 (TM ® T*M-valued Radon measures). Let M (M) denote the set of positive (finite)
Radon measures on M. Given u € M (M) we define as L' (T M @ T*M; ;1) the set of measurable sections
o of TM ® T*M such that
/ lo| dp < oo.
M

Then, the set M(TM @ T*M) of TM ® T*M-valued Radon-measures is defined as
M(TM @T*M) = {(o,p): p € My (M), 0 € L*(TM @ T*M; )}

Note that the pair (o, 1) will be usually written as ou. Furthermore, for a given v = oy € M(TMQT*M)
such that |o| = 1 at p-a.e. in M we will call u the total variation of v (written as |v|) and o its polar
density (written as o or o, if confusion is possible). Two measures v, v € M(TM ® T*M) are said to
be equal if and only if || = || in the sense of measures and o, = o5 at |v|-a.e. point in M. Given
ve M(TM®T*M) and p € M, (M) we use the notation v << pu if v is absolutely continuous and
v L pif v is singular with respect to u. A sequence (v,) C M(TM ® T*M) weakly* converges towards
v e M(TM®T*M) (shortly written as v, — v) if and only if for all continuous and compactly supported
v € Co(TM @ T*M) it holds that

lim (ou,,v) dlv| —>/ (oy,v)ydly|.
M M

h—o0

Theorem 1. (Riesz representation for tangent vector fields) Let T: Co(TM & T*M) — R be a bounded
linear functional, then there exists a unique TM & T*M -valued Radon-measure v € M(TM @ T*M) such
that

Tw) = /M<1), o)y dly|.
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Proof. We refer the reader to Theorem [26] for the proof of the statement in the scalar case. The same
proof works also for the case of the tangent bundle or, more generally, the case of an arbitrary vector
bundle with minor modifications. |

Given v € BV(TM) we can define a linear functional T,,: C°(TM ® T*M) — R as follows:

Tu(v) = /M<u, V*v) vol.

By the definition of total variation in it turns out that T, is bounded since ||T,|| = var(u). Due to
Theorem [I| there exists a unique measure in M(TM ® T*M) which we will from now on denote by Du
such that for all v € C°(TM ® T*M) the following integration-by-parts formula holds true

/(u,V*v>v01:/ (v, o) d| D,
M M

where o, := 0p, is the polar density of Du.
The following Radon-Nikodym decomposition holds true:

Theorem 2 (Radon-Nikodym). For any v € M(TM @ T*M) and p € M (M) there exist only two
measures v, v° € M(TM ® T*M) such that v* << p, v* L p and v = v* + v°.
Furthermore, there exists a unique c® € LY(TM @ T*M; u) such that v* = o%p.

In the special case of v = Du for some v € BV(TM) and p = ’H; in Theorem [2[ we will denote v* by
D%y and v* by D%u.

We will now define intrinsic blow-ups of a section u € Li, (TM). An intrinsic definition will involve
comparing a vector in the bundle T, M with another vector in the bundle T}, M for two different points
xz,y € M. In order to assure invariance under a change of coordinates we will employ parallel transport
on TM, which can be briefly described as follows: Given a smooth curve ~: [0,1] — M with v(0) = =

and y(1) = y and a vector vg € T )M, there exists a unique family {Pt(A’)}te[O’u of linear isomorphisms
Pt('Y): Ty 0)M — Ty yn such that v(t) = Pt(W)(vo) satisfies:

v’?(t)v(t) =0, te [07 ]‘]ﬂ
v(0) = vo.

This notion of transport between T, M and T,M depends on the choice of curve . Nevertheless, for
points close enough (more precisely strictly closer than the injectivity radius of M) we can make the
transport unique by taking v as the geodesic between x and y. More precisely, for any x € M we define
the transport map Tp: By (x) X Ty M — TB,.(z) from x € M as:

Ta(y,v) = P (v), 9)

where v, : [0,1] — M is the unique geodesic starting at = and ending at y with constant speed equal to
the geodesic distance disty(z,y) between x and y.

Definition 3 (Approximate limit). Let u € L _(TM) and let T, be the transport map from x € M

loc

defined in @ We say that u has an approximate limit z € T, M at x if

1

i f o) =Tty 2 v0ll) = B s [ ) < T2 el =0 (10

The set S, where this property does not hold is called the approzimate discontinuity set of u. For any
x € M\ S, the approximate limit z in is uniquely determined and will be denoted by @(x). Finally,
we say that u is approzimately continuous at z if x € M\ S, and u(x) = a(x).
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It is sometimes useful to resort to coordinates. In this regard we wish to define the pull-back of a
section of T'M through a local trivialization.

Definition 4. Given a local trivialization ¥: Q2 xR"™ — T'O and a section u of TO we define V*u: Q — R"
at x € 2 through
(T u(@(2))) o (®(z)) = u(®()).

The following proposition investigates the relationship between approximate limit points and their
coordinate representations in Euclidean space.

Proposition 1 (Approximate limits and coordinates). Let ¥: Q x R™ — TO be a local trivialization.
Then, a section u € L*(TO) has approzimate limit z at x € O if and only if its coordinate representation
U*u has approzimate limit ¥*z € R™ at ®~1(x).

Definition 5 (Approximate jump points). Let u € Ll (TM) and let 7, be the transport map from

r € M defined in @D We say that x is an approzimate jump point of w if there exist a, b € T, M with
a # b and a unit vector v € T,, M such that

lim lu(y) — Tz (y, )| vol(y) =0, lim lu(y) — Tz (y,b)| vol(y) =0, (11)

=0 /B (2,v) =0/ B (z,v)
where BF (z,v) and B (z,v) are the geodesic half balls defined by
B (z,v) = exp,({X € T,M: |X| <r, (X,v) > 0}),
B (z,v) =exp,({X € T,M: | X| <r, (X,v) <0}).

The triplet (a, b, v) is uniquely determined by [L1{ up to switching a and b as well as changing the sign
of v. The triplet in the definition will be denoted by (u™*(z),u™(z),v(z)) and the set of approximate
jump points will be denoted by 7,,.

The relation between approximate jump points and their coordinate representations in Euclidean space
is as follows:

Proposition 2 (Approximate jumps and coordinates). Let U: Q x R™ — TO be a local trivialization.
Then, a section u € L], .(TO) has an approzimate jump at x € O with triplet (a,b,v) if and only if ¥*u
has an approzimate jump at ®~1(z) in the usual Buclidean sense with triplet (¥*a, ¥*b, 1), such that

1
= ———— g forke{l,...,n}

gijﬁiﬁj

and (g"”) denotes the inverse of the metric tensor (gi;).

Definition 6 (Approximate differentiability). Let v € L{ (T'M) and let 7, be the transport map from

x € M defined in @ We say that x is an approximate differentiability point of u if x € M \ S, and if
there exists L € T, M ® T M such that

) ( )T_llu(y) = To(y, u(@)) = Ta(y, L(X))| vol(y) =0, X = exp, " (y), (12)
r B, (x

where we identified T, M ® T M with the space of linear maps from T, M to T,M. The tensor L is
uniquely determined by and will be denoted by Vu(xz). The set of approximate differentiability
points of u will be written as D,,.
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The next proposition clarifies the relationship between approximate differentiability points and their
coordinate representations.

Proposition 3. Let U: QxR™ — TO be a local trivialization with induced frame {Ty,...,7,}. Then, any
section u € L' (TO) is approxvimately differentiable at x € O with approzimate gradient L € Ty M @ T:M
if and only if V*u is approzimately differentiable at ®~1(x) in the usual Euclidean sense with approzimate
gradient L and approzimate limit Z € R™ such that

L= (L + F?Bzﬁ) To @ dzt, (13)
where (I';) denotes the Christoffel symbols at x.
In the next definition we recall the notion of rectifiability on a Riemannian manifold M.

Definition 7 (’Hgfl—rectiﬁable). Aset N C M is ’H,Z*l—rectiﬁable if and only if there exists a countable
family {N},}5, of Cl-regular (n — 1)-dimensional submanifolds of M such that

Hy (M \ ULN,) = 0.
We are ready to state a fundamental theorem for tangent vector fields of bounded variation.

Theorem 3 (Decomposition of tangent vector fields of bounded variation). Let u € BV (TM), then the

discontinuity set S, 1is ’H,Z*l—rectz'ﬁable, ’Hgfl(é’u \ Ju) = 0, and the restriction D’u = Dul J, of the

singular part of Du to [J, can be represented as
Diu=(ut —u" )@ ’H;“l L Tu,s
where the triplet (u*, u™, v) is as in Deﬁm’tion@ and V° is the 1-form given by 1*(X) = (v, X) for any
XeTl, M.
Furthermore, u is approximately differentiable at a.e. point of M and the absolutely continuous part
of Du can be written as
D% = Vu Hy,

Vu being the approximate gradient of u.

Remark 1. To summarize the above theorem, we end up with the following decomposition of Du:
Du= (u" —u”) @V Hy~' LT+ VuHy +D,
where D = D*ul (M \ S,) is the so called Cantor part of u.

At this point we wish to shortly comment on the decomposition theorem the scalar case. A scalar
function f € L'(M) has bounded variation if and only if

var(f) = sup{/ fd*vvol: v e C(T*M), ||v||L= < 1} < 00,
M

where d* is the adjoint exterior derivative. Similar definitions (to the vector-valued case) hold true for
the blow-up quantities. Instead of V f we will usually write df for the approximate gradient fo f. Notice
that given an approximate differentiability point x of f and a local chart ® in the vicinity of z we have

9 _ ;
Af(@) = 5 (f 0 @)@ () da.
Finally, the following decomposition holds true in the scalar setting for the distributional derivative D f
of f:
Df=(ft = f W HE LTy +df HL +DeF.
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The definition of special tangent vector fields of bounded variation then naturally follows:

Definition 8 (Special sections of bounded variation). The set of special sections of bounded variation
consists of u € BV (T M) with vanishing Cantor part. More precisely we set
SBV(TM) ={u € BV(TM): D = 0},
For any p € (1,00) we also define the space
SBVP(TM) :={ue€ SBV(TM): Vu e LP(TM ® T*M), H;’_l(Ju) < 00}

Let u € SBVP(TM), then a sequence (up) C SBVP(TM) is said to converges weakly towards u in
SBVP(TM) (shortly written as up — w) if and only if

(7) Vup — Vu weakly in LP(TM @ T*M),

(i) Diuy, = DIy weakly* in M(TM @ T*M).

In order to show that a section w is in SBVi,.(T'M) we can equivalently resort to coordinates. More

precisely:

Lemma 1. A section u € L, (T M) is in BViee(TM) (SBViee(TM), LY. (TM) N SBVE (TM)) if and
only if for any local trivialization ¥: QX R™ — TO the pull-back *u is in BViee(;R™) (SBWVipe(2; R™),

L (Q;R™) N SBVE (Q;R™)) in the usual Euclidean sense.

loc loc

The last result of this section concerns a compactness result in the spaces SBVP(TM).

Theorem 4 (Compactness in SBVP). Let M be a compact manifold (with or without boundary), p €
(1,00), and (up) C SBVP(TM) be a sequence satisfying the following bound:

sup (lunz~ + [Vl o+ Hy~H(T,)) < oo
h

Then, up to taking a subsequence, up, — u weakly in SBVP(TM) and uj, — u in L*(TM).

2.2. Vorticity. From this point on, we restrict ourselves to the case of a closed, oriented 2-dimensional
Riemannian manifold S with metric tensor and volume form still denote by g and vol, respectively.
For the moment, let u € C*°(T'S) be a smooth tangent vector-field. The pre-jacobian of u is the 1-form
j(u) € C°(T*S) defined by
jw)(X) = (Vxu,iu), forall X €TS.

Here, i: T'S — T'S is the isometry of T'S onto itself characterized by
iv=—v, (iv,w)=—(v,iw) = vol(v,w) for all v,w € T'S,

where (-, -) is the scalar product on TS induced by the metric tensor g.
Given an open subset O C S with Lipschitz boundary such that |u| > ¢ on 9O for some ¢ > 0 we can

define the degree of u on 9O as
1 J(w)
deg(u, 00 :—(/ —|—//<;V01), 14
( ) 2 \Jao [ul* ~ Jo 1

where k is the Gauss curvature. It can be shown that the degree is valued in Z.
If w is of unit length on 90, by Stokes’ theorem it holds that

deg(u, 00) = /Ow(u)7 w(u) :==dj(u) + kvol.
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The 2-form w(u) is called the vorticity of u.

The pre-jacobian and the vorticity can be extended to a more general setting. Given S C M, in this
paper we are mainly interested in the case of u € SBV(TS) such that |Vu| € LP(S) and |u| € LI(S) for
D, q € [1, 00] satisfying %+é = 1. Note that Vu is the approximate gradient of u (see also Deﬁnitionﬁ). By

an application of Holder’s inequality we see that j(u) € L' (T*S). It is then possible to define the vorticity
of u in distributional sense. In fact, given o € C°°(T*S) and 8 € C*°(A2S), where A%(S) := T*S AT*S,
the adjoint exterior derivative d* satisfies:

/S (da, B) vol = / (a,d*B) vol.

s
Furthermore, for ® = ¢ vol with ¢ € C*°(5), we have that

d*® = xd(xP) = *(dyp),

where x is the Hodge star. Consequently, as a A (x5) = («a, §) vol for «, § as before, for smooth u the
following integration-by-parts formula holds true:

[ @i, @) vol = [ (i) ae)) vol = [ ) 8 (exde) = = [ i) n

s
where A is the wedge product. This allows us to define d j(u) in distributional sense through its action
on smooth 2-forms ® = @ vol € C*°(A2S) as follows:

4i@®) == [ i) Ade

For any such ®, we can then define the vorticity of u € SBV(T'S) in distributional sense via
() (@) = —/ (3w A de + mpvol ). (15)
S

With this definition the validity of Morse’s index formula in our present function setting, easily follows.

Theorem 5 (Morse’s index formula). For any u € SBV(T'S) N L>®(TS) it holds that

[ @t =xs)

s

where x(S) is the Euler characteristic of S.

Proof. Testing (15]) with ¢ =1 and using the Gauss-Bonnet theorem we conclude that

/Sw(u):w(u)(vol):/Sj(u)AdH/Smol:/Smol:X(S).

In the absence of jumps the distributional jacobian satisfies the following two useful properties:

Lemma 2. Let O C S be an open subset and u € WH2(TO). Then, the distributional jacobian dj(u) is
in L*(A%20) and for a.e. point in O we have that

[dj(w)] < [Vul*. (16)
Furthermore, given another vector field v € WY2(TO) it holds that
lw(w) = @)l 1oy < llu=vll2(IVul L2 +[[Vol L2). (17)
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Proof. A proof of can be found in [27] (see Lemma 5.3), while a proof of is contained in [19]
(see (3.27) in Lemma 3.7). O

In the remainder of this section we will investigate how a vector-field u and associated quantities such
as its pre-jacobian j(u) change under local “doubling” of the angles. Let us first precisely define what we
mean by “doubling” or, more generally, multiplying all angles by m € {2,3,...}, which will be shortly
written as “m-pling”. For this purpose, let O be a coordinate neighborhood of S. This guarantees that
we can find a smooth (up to the boundary) unit-length vector field 7 € C°°(TO). For each z € O we
will see 7(x) as the unique unit-length vector in 7,S having zero angle and represent a tangent vector X
through its polar coordinates r = r(X), a = a(X), which are characterized by

X = rcos(a) T+ rsin(a) iT.

The map p(Tm): TO — TO multiplying the angles by m (shortly written as m-pling the anlges) is then
given by

ps_m) (X) = cos(ma) T+7r sin(ma) iT. (18)

The next proposition shows how the derivative of a tangent vector field in SBV (T'O) changes after m-
pling the angles. From this point on, we will denote the approximate gradient of a scalar map f € SBV(O)
by df instead of Vf.

Proposition 4 (Derivative and related quantities after m-pling). Given a simply connected open set
OcCS, letue SBV(TO), and let v == pgm)(u) with p(Tm) as in for some smooth unit-length vector
field 7 € C°(TO). Then, |u] € SBV(0) and v € SBV(TO). The approzimate gradient and jump part
of v are

Vo = [u] "M @ dlu| + v @ (mlu] 2 j(u) = (m = 1) (7)), (19)
Dl = (P (wh) = pi™ (u) @ vy, Hy LT, (20)

where the right-hand side of (@ is implicitly set to be 0 in {u = 0}. Furthermore, the squared approximate
gradients and pre-jacobians transform in the following way:

[Vol? = m?|Vul? + (1 = m?)|dJul|* + (m — 1)*[ul?[j(7)]* = 2m(m — 1)(j(«),}(T)), (21)
j(v) = mj(uw) — (m = Duf*j(7). (22)
Additionally assuming that uw € L (TO) we have the following relation between the vorticities of u and
v:
w(v) =mw(u) — (m—1)w(|ulr), (23)
with w(-) defined distributionally as in (15).

Before proving Proposition 4| we will derive several helpful lemmas.

Lemma 3. Let uw € SBV(TO) for some open subset O C S; then, |u| € SBV(TO). Furthermore, given
coordinates {zt,x?} and an orthonormal frame {r,it}, we have for any k € {1,2}

0 1 L Out 5 Ou? ‘
d|u|(@) = Tl (u ok +u 9ok a.e. in O, (24)
where ut = (u, ), u? = (u,it), and the expression on the right-hand side of the equality sign is implicitly

defined to be 0 in {u = 0}.
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Proof. Without loss of generality we can assume that the coordinates and the frame can be globally
defined in O. Let w denote the coordinate representation of |u|. As we chose an orthonormal frame we
have

w= f(u',u?) = /(ul)? + (u2)2.
Then by Theorem 3.92 (a) from [8] the approximate gradient satisfies du = 0 a.e. in {w = 0}. At

a.e. point in the remaining set {w # 0} we derive by the Euclidean chain rule in BV (see also Theorem
3.96 in [§]) that

87w_87f( )87“1 ﬂ( )87“2_ 1 187“1_1_ 2 Ou?
azk — oul ok T ou2 " oxk (W2 + (u?)? ek T 9ak )
With this directly leads to . O

Lemma 4. Given m € {2,3,...}, the map p: C — C defined by p(z) = IZIZ% for z# 0 and p(0) :==0
1s Lipschitz continuous with Lipschitz constant bounded by 2m — 1.

Proof. Let z, w € C. Without loss of generality we can assume that |z| > |w| > 0. We then compute:

m m m m
Ip(2) - p(w)| = | — et
|Z|m—1 |Z|m—1 |Z|m—1 |w|m—1
1 [w|™ -1 —1
gW\zm—wm|+WHz\m — |w|™7
|Z ’LUI m—1 1 m—2
_ 2= k. m—1—Fk k _o_k
= > A + |Z|m,2||z\ = [wll| > [z |w|™
k=0 k=0
<m|z—w|+ (m—1)|z —w| = (2m —1)|z — w|,
as desired. O

Lemma 5 (Product rule in BV). Let f € BV(O) for some open subset O C S and u € C>®(TO); then,
fv € BV(TO) with its approzimate gradient satisfying

V(fu)=u®df + fVu. (25)

Proof. Without loss of generality we can assume that O is a coordinate neighborhood. By linearity, the
distributional derivative D(fu) is uniquely determined by the values [, (fu, V*v)vol for v € C*(TO ®
T*0) of the special form v = X ® a with X € C°(T0O) and oo € C°(T*0). Assume for the moment that
f € C*(0). Then, the product rule in holds pointwise. Consequently, taking the scalar product of
both sides of with v and integrating by parts leads to

/ (fu, V*v) vol = / (u, X){df, a) V01+/ (fVu,v) vol = / (f, d* ((u, X)) + / (fVu,v) vol.
o o o o o
Note that we used that
(udf, X ® a) = (u, X){df, a).
The second equality above can be extended to any f € BV (O) by approximation in L!(O). By the very

definition of the total variation in the formula above proves that fv belongs to BV (O). Furthermore,
by Riesz representation (see Theorem [I)) it follows that

/O<Ufu,v>d|D(fu)|:/O<u®c7f,v>d\Df|+/O<fVu,v>V01.
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Using the decomposition of D f (see Theorem [3|) and the uniqueness of the respective decomposition of
D(fu), we derive that the absolutely continuous part of D(fu) with respect to 7—[3 is given by

(u@df + fVu) M2,
as desired. O

Proof of Proposition[f} We can assume that O is a coordinate neighborhood with coordinates {2, 2%}
and an orthonormal frame {7,i7}. Let us denote by ¥: Q x R? — T'O the induced local trivialization

and let pgm) be the power map defined in 1’ To shorten notation, we will write u := U*u and v = U*v.
Step 1 (v € SBV(TO) and chain rule for the jump part): We can represent pg-m) in coordinates as
(), 1,2y r cos(ma) _ Ry 55 _
Py (ut, u) <r sin(ma) ) where 7 (u')? + (u?)?, «=arg(u).

Here, u! and u? are the components of u with respect to the frame {7,i7}. Furthermore, arg(u) is the
argument of u! + su?. By Lemma {4 the map ﬁ(Tm) is Lipschitz continuous. Since u € SBV(TO), the
Euclidean chain rule in BV and Lemma [1] imply that v € SBV(TO).

We now wish to prove . Fix * € J,. By Proposition 2 ®=1(z) € Jz. Consequently, by the
Euclidean chain rule and Lemma ¥ has approximate upper and lower limits at ®~!(z) given by
ot = ﬁ(Tm) (@*) and approximate normal 7; = 7z. Using Proposition [2] again it follows that v has
approximate limits v+ = p(Tm) (u*) and approximate normal v, = v,. By the arbitrariness of x we see

that
Dol Jy = (p (u) = ™ (w)) @ v Hy L T

Using again the chain rule and the relations between approximate quantities on the manifold and in the
Euclidean setting given by Proposition and Proposition 2| from J; C Sy and H'(Sz \ Ja) = 0 it follows
that H;(jv \ Ju) = 0, which together with the equality above shows lb

Step 2 (Chain rule for the approximate gradient): As Vi = 0 a.e in {t = 0} (see also Proposition 3.92
a) in [8]) and u has approximate limit 0 at a.e. point in {& = 0}, by (13), it follows that Vu = 0 a.e. in
{u = 0}. Therefore, is satisfied at a.e. point in {u = 0}.

By H;(Su) = 0 (see Theorem , and therefore H"(S, \ Sy), it remains to investigate points x €
O\ {u = 0} at which v and u are approximately differentiable. Using

ul u? 0 ul u?
%(r cos(ma)) = - cos(ma) + m-- sin(ma), %(r sin(ma)) = . sin(ma) — m-- cos(ma),
u? ul 0 u? ul
W(T cos(ma)) = - cos(ma) — m-—- sin(ma), w(r sin(ma)) = . sin(ma) + m-- cos(ma),
we see that
1 2
B ) B /()
oultT (u)? + (u2)2'" ()2 + (u2)2 77

) (26)
B0 S ) B S = ()
8’(,&2 T (U1)2+(U2)2 T (u1)2+(u2)2 T

where for every p € R? we have written ip for its anticlockwise rotation by 5. By the Euclidean chain
rule it follows that

65 3 (m) 8U1 6 —(m) _ 3u2

Ozk — Oul (@) oxk 8u2pT (U)W
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With the help of and this implies

1 out ou
Vafgkv:wculv muzw)a—uk—i—(u v—i—muw)a k)—l—UlVdT—I—UQV (1)
B 1 ul L Out ‘u 5 Ou? v—l—m B 8u i
()24 (u2)2 " 9z dxk " 9k (27)

+0'V o 7+ 0*V o (i),
axk axk
where we have used
VN (Thy 7 +T2,07) + 02 (Dot + Tiyit) = 0!V o T+ V2V o_(iT). (28)
dx dx

In order to find an intrinsic expression of 7 we need to make use of several additional formulas that
we derive below. By differentiating the identity (7,7) =1 as well as (iT,7) = 0 we have (V_o_7,7) =
dx

(V_o_it,iT) =0 and (V_o_(i7),7) = —(V _a_7,i7). Hence,
oz oaxk ox

Voo 7= (V o 1 i7)iT = j(r )<88k>i7,

azk

(29)

azk

V o it = <VﬁT,Z’T>T: =il <8:v’€) T
Hence, we can express the pre-jacobian in coordinates as

. 0 , Out ou? 9
j(u) (W) :(Vajku,w>:<a - +872T+u V 2 T4+ u V 2 i, —ulT +u z7’>

e k+| ulj(r )(aﬁ,@)
Substituting into , by the above equality and we have
Vo = [ul v @ dlu| + mlu| v @ (J'(U) = [ul?j(r)) +iv ®j(7)
= [ul"tv @ dful + v ® (m|u]7? j(u) — (m — 1) j(1)),

as desired.

Step 8 (Chain rule for the squared gradient and pre-jacobian): As already discussed above, we can
restrict ourselves to points in O \ {u = 0} at which v, u, and |u| are approximately differentiable. Using
(19), (v,iv) =0, and |u| = |v| we have that

Vol = Jul = o*|dJul[* + m?[ul "ol [j(w)[* + (m = 1)*[o[j(7)]* = 2m(m — Du| =0 (j(w),j(7)

= [dful[* +m?[u|2[j(w)* + (m = 1D ul?[j(1)[* = 2m(m — 1){j(u),i(r)), (30)
Let us decompose Vu into the components parallel and orthogonal to u:
Vu = |ul"2(u ® (Y, u) + (i) @ j(u)). (31)

Employing the coordinate representation of Vu in , with v replaced by u, , and leads

to
out ou? 15} 0
(v sor W= <sz 8uk ir+(r) (333’“) ulit = j(r) (835") whr,utr UQiT>

oul ou? 0
B ()
€T X k
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Using the above identity in , we derive that
(Vul* = [ul = (JulldulPul® + () *ul®) = [dul* + [u]7]jw)*. (32)
Hence, implies
Vo> = m?|Vul* + (1 = m?)[dul* + (m — 1)*[u?[(7)|* — 2m(m — 1)(j(u),§(7)),
which shows .

From the very definition of the pre-jacobian by a direct computation using and |u| = |v| we obtain

(22).
Step 4 (chain rule for the vorticity): From this point on, we additionally assume that v € L>(TO).
Using the smoothness of 7, m > 1, and we can estimate

IVollr <m||Vul|pr + (m = DfullL[5(7)l|zee + 2m(m — D[ Val| L [j(7) [l < o0,

by which we can define w(v) in distributional sense. Let now ® = ¢ vol with ¢ € C°(0), by and
(22) it follows that

w(v)(@):/ofj( v) Ady + K vol = m/ u) Adp + Kk vol) — (m 71)/O(f|u|2j(7)/\d<p+/ivol)
:mw(u)(@)—(m—l)/ (—|ul?j(m) Ady + K vol) . (33)
0

By the product rule from Lemma [5| applied to |u|r and |du|u|| < |[Vu| which follows from we can
estimate

IV (ulm)llee < Vullzr + lull [V7][pe < oo

Hence, w(|u|7) can be defined in distributional sense. Furthermore, by the same product rule we get that
ilulr) = (7 @ dJul + [u|V7, ilulT) = [ul* j().

The above equality combined with gives . O

3. STATEMENT OF THE MAIN RESULT

This section is devoted to the statement of our I'-convergence result. Let us first define all required
objects. Given m € N, the set of the admissible spin fields is

AST™(8) = {u € SBVH(TS): (u")™ = (u™)™ Hjp-a.e. on T, }.

Here, u™, u~, and 7, are the approximate upper-value, the approximate lower-value, and the approximate
jump-set of u (see also Definition . Furthermore, for z € 7, the expression (u'(z))™ stands for
P (ut(z)) for some local frame {e,ie} in the vicinity of x (see for a definition of p(Tm)). In this
context it is important to note that the condition (u™)™ = (u~)™ is independent of the choice of local
frame. Note also that, in the case m = 1 the spin field u satisfies u™ = u™ at 7-[1 -a.e. point on 7, and
therefore

ASW () = Wh(T8S).

Given ¢ > 0, the Ginzburg-Landau energy of u € AS™) is defined as

/|w2 + o (1= [ul?)? vol + My (T). (34)
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Given O C S open, the following two sets of Dirac measures on O will be relevant for the compactness
result:

K
XMoo { Z e KEN, dy €7, 2y, € O, p(S):X(S)},

K
Xm0 { Z O GX(m)(O):dke{1,1},xk7éxlfork7él},

where x(S5) is the Euler characteristic of S. For any Dirac measure p = Zszl dy, 04, we will from now
on implicitly assume that xzy # x; for k # [. Furthermore, we will denote by |u|(S) = ZkK:1|dk| its total
variation in S.
The set £L8™)(S) of the limit spin fields consists exactly of those u € SBV (T'S) such that
(i) Jul=1a.e. in S;
(ii) (u™)™ ( -)m ’Hae onjuandH(Ju) 00;
(i) w(u) € X and u € SBVZ, (S \ spt(w(u)); TS):
(iv) |Vul ELP( ) for all p € [1,2).
Let u € L8 (S) with w(u) = Zszl di 5. We define the renormalized energy of such u as

m

WO () = lim (1/ Vu|2V01—|w(u)(S)7r|logr|> ) (35)
2 /s (w(w) m

r—0

where we have introduced the notation
K
ST = U B .’L’k

Note that we will show in Lemma [15| that the renormalized energy is well-defined, i.e. the limit in
exists and belongs to [—oo, 00) for all u € £L8™)(S).

Let us continue by introducing a minimum problem on Euclidean balls. Given r > 0, let B,.(0) denote
the Euclidean open ball centered at the origin. For any v € W12(B,.(0); R2) we define

——(m) 1
GL™ (0. B (O) = 5 [ Vol (m® = DI + 51— pf?)?d (36)
B, (0)
Then, for A € S! let
50 (7, 2) = min{GLi”“(v, B,(0)): v e WY2(B,(0):;R?), v = )\W on 9B, (0 )} (37)

where the product )‘\%I is meant as a product in C. Note that by direct methods, we can show that the

minimum in exists. As ﬁim) (v, B.(0)) = ﬁim) (9, Br(0)) for o(z) := A~ tv(ez) and ¥ is admissible

for the minimum problem in the definition of %m) (e71r, 1) we see that for any r > 0, ¢ > 0, and A € S!
M (e 1r) = 3™ (€7, 1) = 0 (1, ).

The following convergence result was proved in [25] (see Lemma 3.9):

Lemma 6. There exists v, € R such that:

lim (50" (1) = = llog(R)|) = 7. (38)

R—o0
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Consequently, given (A\:) C St and (r.) C Ry such that lim. e~ 'r. = oo, we have that

lirnO (’_yém)(rs, Ae) — % log (7'5)) = Y- (39)

e—> £
We are ready to state our I'-convergence result:

Theorem 6 ([-convergence). The following Gamma-convergence result holds true for the sequence of
functionals (GL.) in ([34).
(i) Compactness: Let (u.) C AST™(S) be a bounded sequence in L(TS) such that for all & > 0
N
GL.(ue) < aw|log5| + C, (40)

where N € N and C > 0 are constants independent of €. Then, there exists p € X M) with
|| < N such that, up to subsequences, it holds that

w(us) — p weakly in W1(8). (41)
If |u| = N we can find u € ES("’)(S) satisfying w(u) = p such that, up to subsequences,
ue — u weakly in SBV;2.(S \ spt(u); T'S) (42)
and for allp € [1,2)
ue — u weakly in SBVP(TS). (43)
(ii) D-liminf: Let (us) € AS"™(S) and u € LS™(S) be such that ue — u in L*(T'S). Then,
lirrijglf GL:(u:) — |w7(niu)|7r\log el = WU () + HL (Tu) + mlw(u)|ym. (44)
(iii) T-limsup: For any u € L™ (S) there exists a sequence (u) C AS™(S) such that u. — u in
LY(TS) and
timsup G 1) ~ X rlog e < WO () 4343 u) + mleo) o (45)
e—0

4. PROOF OF I'-CONVERGENCE

All constants appearing in this paper are implicitly assumed to be independent of £ and may change
from line to line. We also employ standard asymptotic notation. For example O,.(1) stands for a bounded
term as r — 0. Furthermore, we will not explicitly write out € in our asymptotic notation. For example
o(1) is shorthand for o.(1).

4.1. Compactness. In this subsection we will prove the compactness result for our sequence of vector
fields with equibounded energy. Given an open set O C S we define

AS(m)(O) — {U c SBV2(TO) (u-l-)m — (U_)m H;-a.e. on ju}

and for u € AS (m)(O) the localized generalized Ginzburg-Landau energy as

1 1
GLe(u,0) = /O|vu|2 + 55 (1- [ul?)? vol + H (T, N O).
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Furthermore, given v € C*°(T'O) and a geodesic ball B C S the localized degree of v around 9B in O
is given by
deg(v,0B) if BC O and |v| >  on 0B,

46
0 else, (46)

dg(v,0B;0) = {
where deg(v, B) is as in (14).
In the proofs of this subsection we will employ the following ball-construction result:

Theorem 7 (Ball construction in an open subset). For every T, C' > 0, every integer n > T — 1 and
every q € (0,1 — T(n 4 1)~Y), there exist constants o, o9, C > 0 such that the following holds true: if
e € (0,e9), o € [e%,00], and v € C(TO), for an open set O C S with Lipschitz boundary satisfying the
energy upper bound

GL:(v,0) < Trlloge| + C, (47)

there exists K, € N and a finite collection of pairwise disjoint geodesic balls B(?) = {B,(CU)},CK;’U each one

with radius denoted by r,(gg), such that the following properties are satisfied:

. Ky o
(i) o € O: Ju(@)| < 3} C Uiy B
(ii) Dy = Zf;’ﬂd;f” < n, where d,(f) = dg(v,aB,(f);O);
(iii) S5y i) < (n+1)o;
(iv) GL(ve, B N 0) > |d|(r1og (2) = C) for k=1,...,K,.
Note that the above result is a generalization of Proposition 8.2 in [27]. The necessary modifications

can be found in Appendix [B]
For the readers convenience we recall here an important result from [27] (see also Lemma A.1):

Lemma 7 (Energy lower bound on circles). Let uw € C®(TS), e >0, z € O, and r € (g,r*). Then,

;/aBT(@lWlQ + T;Q ~Jul?)? vol > A (2) (48)
for
g {deg(uﬁBr(x)) if mingp, (z)lul > 3,
any positive integer else.
Here, A\.: R — R satisfies
2
re(r) > 02T

where C' is a universal constant only depending on S.

Lemma 8. Given an open set O C S and v € WH(TO), the following holds true at a.e. point in O:

—1 —27/- . .
W:{m v@dlo| + o] (i) ®j(v), i v A0,

49
0 else. (49)

Proof. By an approximation argument we can reduce ourselves to the case of v € C°°(TO). Furthermore
for a.e. z € {zx € O: v(x) = 0} it holds that Vu(x) = 0. It remains to investigate a points in O where
v # 0. Using the product rule, we have that

Vo = V(Jollo] ') = e @ dfv] + [v] V(o] o).
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Differentiating both sides of (57, \:T}|> =1 we see that (V(Jv|~1v),v) = 0. Hence, by yet another product
rule, it follows that
V(lvl™tv) = o] 7 (i) @ (V(Ju] ™M), [o] THiv) = o] 7 (i) @ (d(ju] ) @ v+ o] T Ve, iv) = (o] 7 (iv) @ (),
which leads to . g

From this point on, given a coordinate neighborhood O C S, we will shortly write
C>®(0;S") = {r € C>=(TO): || =1 on O}

for smooth (up to the boundary) unit-length tangent vector fields on O. We also define the truncation
Tr%: TS — TS by

for any X € T'S.

Lemma 9. Given an open coordinate neighborhood O, let 7 € C*®(0;S') and (v.) € C=(TO) be a
bounded sequence in L>°(TO) such that for all e
GL.(v:,0) < Clloge|. (50)

Then,
w(|ve|r) = 0 weakly in Wy ">(0). (51)

m(n+1)
Theorem [7] to v., where n, ¢ are as above and o = 0. = €. Hence, there exists €9 > 0 such that for all

€ € (0,e0) there exists a finite collection of disjoint closed geodesic balls B, = {B,(f)}f;l such that

Proof. Step 1: Let n > % —1land ¢ € (0,1 — =), where C is as in . For each ewe then apply

K.
{reO:v|<3}C UB,(:), (52)
k=1
K.
Sor <+ 1), (53)
k=1
where r,(f) is the radius of B,(f).
Step 2: In O we define w, := |v.|7 and W, = Tr%we. Our aim now is to show
w(we) — w(be) — 0 weakly in Wy ">(0). (54)

Note that there exists a constant C' > 0 such that H(QJ (B,(7))) < Cr?forall x € S and r € (0,r*). Hence,

(1), (2), and |ve| = |uc| we derive that

K K K 2
1 = £ = £ - £
/ Pl S HBY) <0Y 6 <0 <§ i >> < Cln+1)2%,
{lwe|<3} k=1 k=1 k=1

On the set {|w.| > 1/2}, by the definition of w. and w. it follows that

we — we|* = (1 = |we])® < (1= Joe|)*(1 + Jve ),
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and therefore, with (50 and the definition of G L.

/ |we — e |* vol < 4G L. (v.,0)e? < Clloge|e®.
{lwe=3}

Combining the aforementioned estimates it follows that
lwe — |2 < Cllogele? + C(n + 1)%e%1 < Ce4, (55)
where we have used ¢ < 1. We next estimate ||Vw,| 2. By the product rule,
Vwe = V(|ve|T) = 7 @ dJve| + |ve| VT
Hence, due to the boundedness of (v.) in L*(TO), the smoothness of 7 , and |d|ve|| < |[Vu.| which
follows from it holds that |Vw.| < |Vuv.| 4+ C. With this shows
[Vw,||3. < /O|Vv5|2V01+C < 2GL:(ve,0) + C < Cllogel. (56)

We will now derive a similar estimate for ||V.|/r2. At points in O for which |v.| > %, by the product
rule, it holds that

Vi = V(jwe| twe) = —|we| 2we @ d|ve| + |we| " V..
Taking the norm on both sides of the above equation leads to the following bound:
Ve | < 2[dJve|| + 2[Vwe|.

At points in O with |v:| <  we have |Vi.| = 2|Vw,|. The last two estimates combined with and

result in
V.72 < Cllogel, (57)

which eventually gives by using together with and (56)).
Step 3: By the previous step, is proved if we show that

w(.) = 0 weakly in W, *°(0).

Fix an arbitrary test-function ¢ € Wy *°(0) with ||de||z~ < 1. Let B = B,(z) € B. such that B C O.
As . = 7 on 0B, by Stoke’s theorem and the smoothness of 7

/ (i) :/ i(2) :/ i(7) = deg(r, 0B) = 0.
B oB OB
Hence, by [|dp|lLe <1, , , and it follows that

’/B‘p‘*’(wa) :'¢($)/ng(@e)+/3(s0(y)—@(x))w(u?a(y))‘

Let us now consider B = B,(x) € B. such that B\ O # 0, instead. Take 2’ € B N 90, using that
o(2') = 0 we can derive , similarly to the previous case, that

/c,ocuwE

< 27"/ |w(we )| vol < 2r/ |V, | + |k| vol < Crllogel.
B B

/|g0 2')|Jw(1ve ()| vol(y) < 27"/ |V |2 + |k| vol < Cr|loge].
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In O\ Uf;lBl(f) we have that .| = 1 and therefore w(w.) = 0. Consequently, by (16), (50), and
we conclude that

K. K.
feetan| =30 [ euta) <c (Zr?) loge| < C(n+ 1)elogel.
% k=1]" By k=1

The weak convergence in follows by the arbitrariness of ¢. |

In the next lemma we will derive our initial compactness result for the vorticities.

Lemma 10 (Initial vorticity compactness). Let (uz) C AS™(S) be a bounded sequence in L>(T'S) such
that for all e:

GL.(u:) < Clloge]. (58)

(m

Then, there exists a measure p € X (M) sych that, up to subsequences,

w(ue) — p weakly in W—5°(S).

Proof. Step 1 (locally m-pling the angles): We start by localizing the problem. Let O C S be a coordinate
neighborhood with smooth boundary. Furthermore, choose an arbitrary 7 € C°°(0;S!) and set v, :=

p(Tm) (ue) in O. By it holds that

/ |V |? vol
o

=m? ul? vo —m? ue|? vo m—1)2 uel?j(7)]? vo
=t [ [Fufrvol+0 =) [ dfuclvolHm = 17 [ ) vol
= 2m(m 1) [ (i(ue).i(r)) vol.

Using Young’s inequality we derive

. . . 1 1 .
/ (3(ue), §(7)) vol < / ot [ Ve ()] vol < / ot 2|V P vol + / ()2 vol.
o o 2 Jo 2 Jo

Consequently, by the energy bound , the boundedness of (u.) in L>(T'S), and the smoothness of 7
it follows that

1 1
GLS('UE,O) = § /O‘V’Usl2 V01+@ O(l — ‘q}s|2)2 vol

(m—1)2 m?

. 1
< el [ B vol+ (T mm = el ) [ D0 vl [ (1= el vol
2 1o} 2 o) 4e o)
< C(1+4 GL(ue)) < Cllogel. (59)
Using a standard approximation argument in W12(T0) we can assume that v. € C°°(TO) for all ¢ and

holds true with a possibly larger constant C. We now apply Theorem [7| to the sequence (v.), where
n > % —1,¢€ (0,1 —C(r(n+1))71), and 0 = 0. = €. Hence, there exists ey > 0 such that for all



RENORMALIZED ENERGY BETWEEN FRACTIONAL VORTICES 25

€ € (0,e9) we can find a finite collection of disjoint geodesic balls B, = {Bl(f)}kKél such that

Ka
{re0: || <$tc|BY, (60)
k=1
Ka
D. =Y ld| <n, where d\) = dg(v., 0B\, 0), (61)
k=1
Ka
S < (n+1)et (62)
k = 9
k=1

where r,(f) is the radius of B,(f).
Step 2 (Compactness locally): We will prove the compactness of (w(u)) in Wy »*°(0). With the
notation from the first step, for € € (0,¢0) let v. € X (O) be the measure
K.

— (e)
Ve == des 5155),
k=1

where x,(f) is the center of the ball B,(:). Using we see that |v.| = D. < n < co. Consequently, there
exists v € X(0) and a (not relabeled) subsequence (v.) such that v, = v weakly* in M(O), in particular

ve — v weakly in W, *°(0). (63)
Setting v, = Tr%vs, by and , following the proof of Step 2 in Lemma@we have that
w(ve) — w(@e) = 0 weakly in W, "*°(0). (64)

Let ¢ € W, °°(0) such that |[Vg| Lz~ < 1. For a ball B = B,(f) € B. that is contained in O we see by
and that dgf) = deg(ve, 0B). Hence, reasoning as in the proof of Step 3 in Lemma @ we have

/B pu(d.) - /B pdv. /B (o) — dF (@)

SN x(s) 16
/wa(ve) ol )/aBJ( )
< / 9(y) — (@) (B2 ()] vol(y)

B

< / (@) vol < Or[loge].
B

Let us now consider a ball B = B,(f) € B. such that B\ O # (. Taking 2’ € 0 N B and using
p(r') = d,(f) = 0 we obtain the same estimate as above:

/ puw(de) _/ pdre / puw(de)
BNO BNO BNO

Consequently, as w(9:) = 0 outside UnglB,gE), by the arbitrariness of ¢ and it follows that
w(®.) — ve — 0 weakly in W, >°(0).

< / () — (@) [w(2) ()] vol(y)
BNO

<2 / ()] vol < CrJlogel.
BNO
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By and w(ve) = v weakly in W(;l’oo(O). Hence, using , Lemma @, and possibly extracting
a further subsequence, we see that

1 —1 1 -
wie) = —w(v.) + B2 w(|velr) = —v =t i€ X(0) weakly in Wy " (0).

Step 3 (Partition of unity): The global compactness result then follows by a partition of unity argu-
ment. Let K € N and let {Oy}/_; be a finite familyof coordinate neighborhoods with smooth boundary
such that S = UE_|Oy. Furthermore, let {px}2 | be a smooth partition of unity subordinate to the
cover {Ox}2<,. Due to Step 2 we can find for each k a measure y, € X(™(0}) and a (not relabeled)

subsequence such that w(uz) — py weakly in Wy L%°(0},). Then, for the measure y = Eszl prpty and
© € WL°(TS) we have

/Ssow(ua) = ;/Spww(ua) =Y okt ) = (1, 0),

k=1

where we have used prp € Wol’oo(Ok). Let us check that p € X(m) " For this purpose consider = €
spt(pr) N Op for k, 1 € {1,..., K} with & # [. Take ¢ € C*(B,(x)) with ¢(z) = 1, where r > 0 is
sufficiently small such that B,(z) Nspt(ug) = {z}, By(x) Nspt(u) \ {z} =0, and B,.(z) C O N O;. As
© € W™ (Oy) we have

ot = [ putu) > s@me) = ).
S Oy
As we also have ¢ € W,°(0;) we can similarly derive that

/wm%rﬂmm
S

and therefore uy(x) = p(z). By the arbitrariness of x it follows that (ur — )L O N O; = 0. By the
arbitrariness of k and I, in order to prove p € X (S) we only need to check that ;(S) = x(S). This
follows by the W—1:>°_convergence of (w(u.)) and Morse’s index formula (see Theorem [5)) since

u(S) = lim [ 1w(ue) = x(S).
e=0 Jg

In order to improve the above compactness result we will need to employ harmonic vector fields.

Definition 9 (Harmonic vector fields). Let O C S be a coordinate neighborhood with Lipschitz boundary.
We call a vector field 7 € C°>°(0,S') harmonic (on O) if and only if j(1) = d*® in O, where ® is the
2-form solving

A® = —gvol in O,
{ (65)

=0 on 00,
A = dd* being the Laplace-Beltrami operator.

In the next lemma we show the existence of such vector fields.

Lemma 11 (Existence of harmonic unit-length vector fields). On any coordinate neighborhood O C S
with Lipschitz boundary, there exists a harmonic vector field 7.
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Proof. Step 1: Let ® € C>(A20) solve . Fix an arbitrary point o € O and a unit-length vector
70 € Ty,O. We then define 7 at a point € O as follows: Let : [0,1] — U be a smooth curve with
~v(0) = zp and v(1) = z. Then by classic ODE theory there exists a smooth vector-field X € C*(TO),
such that

{Vw<s>X(7(8)) — d"®(+/(5)) X (4(s)) for s € [0,1], (56)
X(ajo) =1T70-

We set 7(x) := X (x). By construction for all s € [0, 1] it follows that

Ay ()| X (V())* = 2(V1(9 X (4(5)), X ((s))) = 2d"@(+' () (X (7(5)), X (7(s))) = 0.

As | X (xo)| = |70| = 1 this proves | X (v(s))| =1 for all s € [0, 1]. In particular, we see that |7(z)| = 1.

Step 2: Let us now check that this definition of 7(x) does not depend on the path . To this end,
consider another smooth curve ¢: [0,1] — O with (0) = zg, (1) = x, and let Y € C*°(T'O) be a solution
of

VoY (C(s) = d*@(¢'(s))YH(¢(s))  for s € [0,1],
Y(l‘o) =T0,
As, both, X (1) and Y (1) are of unit length it is sufficient to show that the angle between X (1) and Y (1)
is a multiple of 27r. Fixing n € C*°(0;S!) we can find «, 8 € C*°([0,1]) such that
X(v(s)) = e“n(1(s), Y(¢(s) = e (¢(s)).

We then have for any s € [0, 1] that

(Vo9 X (7(9)), X ((s))) = (e’ (s)n(v(s)) + € §(m) (7 (8))in(v(s)), e *in(y(s)))
=d(s) +j(m)(Y'(s)),
and similarly
(Ve Y (C(5)), YH(C(5)) = B'(s) +(m)(C'(s))-
Let w: [0,1] = O be the curve:

_J(2s) if s €[0,1),
w(s) = { 21

By the simple connectedness of O the curve 7 is homologous to 0. Therefore, there exists an integrable
function f: O — Z such that for any 1-form ¢ on O we have (see Section 5.4 in [27])

/nw/ofdsﬁ-

Applying the above result for ¢ = d*® + A leads to

o) =8(1) = [ (Vo X(iX () ds— [

1

(Ve Y (s),iY(s)) ds — /

~

j(n)+/j(n)

:/d*cb—j(n):/ f(A® 4+ Kvol) =0 mod 27.
" o

Consequently, 7 is a well-defined unit-length tangent vector field on O. Its smoothness follows from the
smoothness of ®. Lastly, the fact that j(7) = d*® is directly implied by . a

By possibly decreasing O we can from now on assume without loss of generality that any harmonic
vector field we encounter is smooth up to the boundary.
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Lemma 12. Let O be a coordinate neighborhood with smooth boundary, T a harmonic unit-length vector
field in O, and (v.) € ASW(O) such that

w(ve) = kb, weakly in Wi >°(0),
where k € Z, and x € O. Let ® be the 2-form solving and j(1) = d*®, then,

[ G2 vol = k s@)@) + [ [i(r) vl (67)
O (@]

Proof. By , integration by parts, and the definition of w(v.) we derive that

/O<j(v8),j(7')>volz/O<j(v8),d*<1))volz/()(w(vg)—ﬁVOl,@)VOH—/ B i(v.)

20

:/O(%I))w(vg)—/O/ﬁ@—>k(*¢’)(x)—/oﬁ¢

as € — 0. To show it is enough to rewrite the last integral on the right-hand side above as follows:

/—n@z/(dd*@,@)volz/ |d*<I>|2v01:/|j(T)|2vol.
(] ] (@] o
O

Lemma 13. For any o € (0,7*) there exists a constant C > 0 such that for allz € S, r € (0,7¢], 2-form
P solving @ on B.(x), and the corresponding harmonic unit-length vector field T it holds that

[®[lr= < C. (68)

/ §(7)[? vol < C/Im\vol. (69)
Br(x) s

Proof. The bound in follows by standard elliptic theory. Furthermore, by j(7) = d*® it holds that

/ |j(7')|2v01:/ |d*®|2 vol = _/ kP < C/Mvol,
By (x) By (z) B, (x) s
which is . 0

and

Lemma 14 (Localized I-liminf inequality). Let (u.) ¢ AS™(S) be a bounded sequence in L*(TS)
such that

GL:(us) < Clloge| for alle >0 and (70)
K )
w(ug) = p = Z Ek 0e, € XM(8) weakly in W~12°(89). (71)
k=1

Furthermore, let ro € (0,7*) be small enough such that the balls { By, (x)} are disjoint. Then, there exist
C € R such that for every k € {1,...,K} and r € (0,7¢] it holds that

lim inf (GLE(UE,BT(xk)) - ﬂ-'d;l log (Z)) >C. (72)
m

e—0
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Proof. Fix k and r € (0, o] and shortly write B := B,(xj). Furthermore, let v, := pgm)(us), where 7 is a

harmonic unit-length vector field on B. By , the boundedness of (u.) in L, and we derive that

1 N9 1 9 m2 —1 9
GL.(uc,B) > =2 B(17|v5| ) VolJr—2 |Vv5| vol + 3 |d|u5|| vol

—1)2
—M/mgmj( 01—7/ (ue),j(7)) vol

> L GL(ve, B) ~ el / i)l vol - /B (j2), (7)) vol
> 5 GL(0B) = O = "o [ (). vo (73)

for some constant C' independent of € and r. By and we also have that

S [ Gt vt = =2 [ it vl =T [ i el

m Jg m?2

> =" [ (e i) vol =C. (74)

Note that by , , Lemma@, and
w(ve) = mw(ug) — (m — 1) w(|ve|T) = dy 0y,
weakly in Wofl’oo(B) and hence by Lemmal . . ., and ) it follows that

. m—1 . ] m—
hran_}élffT B<J(us)7j(7)>V012— —

Recalling Proposition 4(ii) in [19] stating that under our assumptions
lim inf (GL (v, By (k) — 7|dk| log (f)) > -,
e—0 3

for a constant C' independent of r, by and we eventually obtain . O

Proposition 5 (Improved vorticity compactness). Let (u.) C AS™) be a bounded sequence in L (T'S)
such that for all €

N
GL(ue) < Eﬁ|log€| +C, (76)

where N € N and assume that w(u.) — p € X (S) weakly in W—1°°(S). Then, |u| < N. Moreover, if
lu| = N, then p € X™(S).

Proof. Step 1 (Upper bound on |w(u)|): Let us write p = Zszl %’“6%. Furthermore, let 7o € (0,7*)
be chosen sufficiently small that the balls {B,,(z))} are disjoint. We will shortly write By, for the ball
B, (zx). By and Lemma |14 there exist Cand g > 0 such that for all € € (0,¢9)

|dk| 5 o mlal =yl
7|1og6|+C>ZGL (ue, By) >Z g(z)—KC’Z |loge|—KC’—?|logro|.

m

Taking £ — 0, this can only hold true if |u| < N.
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Step 2 (Case |w(u)] = N ) : Let us assume that |u] = N. We will show that this implies |di| = 1 for

all k and hence p € X(™(S). For fixed k let v, := ) (ue) in By, for a harmonic unit-length vector field
7 on By,. From (2I), the boundedness of (u.) in L™, and we derive that

1 m? 1 —m?
GLE(UE,B]C) = 4—62/3 (]_ — |us|2)2 V01+TL \Vus|2 vol + 5 L |d|u8”2 vol
k k k

(m—1)? 21102 o
+2/Bku€ li(7)[? vol —=m(m — 1)/3k<J(uE),J(T)>VO1
< m*GLe(ue, By) —m(m — 1) /B (i(ue), (7)) vol +C. (77)

Furthermore, using (22)), we can write
—m(m — 1)/B (i(ue),j(7)) vol = —(m — 1) /B (i(ve),j(7)) vol —(m — 1)2/3 |ue|?[j(7)]? vol
<—(m=1) [ (G(00).i(r)) vol.

Hence, by Lemma [T2] it holds that

imsup —rn(m — 1) | G i) vol £ ~(m =) (w0 + [ o)Pvol)
e—0 By, By,
By and Lemma |13| we have that
GLc(ve, Br) < m?GL.(ue, By) + C. (78)

As the balls {B;} are disjoint we derive using || = N and Lemma [14] the following upper bound on
GL.(ue, By) for € small enough:

GLc(ue, Br) < GLc(uz) — Y | GLc(ue, By)

Ik

N |dl| To

< m—lloge| — WZﬁlOg —)+C
g -3 B (1)
N il — di

<7m—|loge| — m———"~|loge| + C = 7— [loge| + C. (79)
m m m

Using this bound in ([78) we see that
GL.(v.) < 7|dg|/loge| + C. (80)

Following the by now standard arguments in the proof of Theorem B (i) in [I9] (see also Theorem 5.3 (i)
in []) this bound can only hold true for ¢ — 0 if |dy| = 1, as desired. O

From now on we define A, ,/(x) = By (z) \ By(z) for any z € S and 0 < r <7’ < r*.

Lemma 15 (Well-definedness of the renormalized energy). Let u € LS (S) be such that w(u) =
Zszl % 8o, € XM Then, the limit in exists and belongs to (—oo, 00]. Moreover, for rq € (0,1%)
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sufficiently small that the balls { By, (k) }r are disjoint we have that

K
(m) _ } 2 (m — 1>2 (k)2
W () = 5 |Vul vol—i—z WY, By (a1) = Y §(7®)[? vol
Sm (w(u)) k=1 m o (Tk)
-1
+ Z / )3 )) vol,
ro(l’k
where 7%) € C=(B;SY), v*) = p_u (u), and
1
W(w®| B, (xx)) = lim f/ Vo2 vol —r[logr] | . (81)
=0 2 Ar ro(xk)

Proof. For any 0 < r < ro we can write

1 S 1 K
f/ |Vu|2vol—7rM|logr| = 7/ |Vul? vol —r— [log 7|
S () m 2 )5 @wu) m

2
1 Ko (1
= 7/ |Vu|? volJrZ </ |Vu|? vol|10gr|> .
2 /5, (w(u) =\ 2 A @)

Therefore, to prove the existence of the limit in , it is enough to show that for every k

.1 9 T
}13(1)5 AT,TO(%)|Vu| Vol—@|logr| € (—o0,x)]. (82)

Let us fix k and set B := B, (zx) and A, == A, ,, (1). Furthermore, let 7 € C>(B;S!) and v == p(Tm) (u)
in B. Then, by and |u| =1 a.e. in S we get that

1 —1)?
QATVU|2V01—|10gT| ( / |Vv|? vol — 7r|10g7“|> 2m2) /ATU(T)QVOI

m—1

+ 22 [ G0),() vol.
Ay

Since u € £L8™(8) is such that Vu € L(TS), by we have that Vv € L*(TB), which together with
the smoothness of 7 leads to

ti ([ onitopo - [ o)

_m-l <<><>>vol—;1/u 2 ol

m

Finally, follows thanks to

: 1 2
}41_1}% <2 /ATVU| V01—7r|10g7"|> € (—o0,x]

whose proof can be found in [T9] (see Subsection 6.1). O
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Lemma 16 (Localization of a unit vortex). Let O C S be an open set and (ve) C C*°(TO) a bounded
sequence in L°°(TO) such that for all e:
GL.(v:,0) < 7lloge| + C.
Furthermore, assume that for zog € O and d € {—1,1}
w(ve) = db,, weakly in Wy >°(O).
Then, there exists g > 0 and C > 0 such that for all e € (0,e0) we can find x. € O such that

(Z) lima_)o Te = X0,
(it) deg(ve, 0B, (z.)) =d for r >0 such that OB,(z.) C O and |v.| > § on 0B, (z.);

(iii) GL.(ve, By (x.)) > mlog(%e) — C, where r. = 2€3.

Wl

Proof. We start by applying Theoremwith T =1,n=1,and g = 3. Hence, taking ¢y small enough, we

1
3
can find for each € € (0,£0) a finite family of closed geodesic balls B(*) = {B,(f)} 5:51 satisfying condition
(i)-(iv) from Theorem [7] Let us now define the measure

v, = Z dgf) (515?7
k

where x,(f) is the center of B](:) and dff) = deg(vs,é)B,(f)). By Theorem [7] (ii) we have that |v.| < 1.
Hence, up to taking a subsequence, v, — u weakly* in M(O). Arguing as in the proof of Lemma
the whole sequence (v.) weakly* converges towards p = dd,,. By possibly decreasing ¢y this assures
that for any € € (0,e9) we have that B,_(z.) C O and we can find a unique k. € {1,..., K.} such that

d,(fa) =1 while d,(f) =0forallk e {1,..., K. }\{k:}. With Theorem (i) this shows (ii) in the statement.
Furthermore, by Theorem [7] (iv) we see that

GL. (v, By, (2:)) > Wlogg—z —C =rlog %E —mlog(2) — C,

which shows (iii) in the statement, after redefining C'. O

Lemma 17. Let (u.) C AS"™)(S) be a bounded sequence in L°(TS) such that for all
N
GL.(ue) < Eﬂloge\ +C (83)

for constants N € N, C > 0 independent of €. Suppose that

mN
d
w(ug) = p = Z Ek Oz, € X weakly in W—12°(9).
k=1

Furthermore, set rg € (0,7*) to be sufficiently small that the balls { By, (zi)}i are disjoint. Then, for any
p € [1,2) and r € (0,79) it holds that

sup (||Vue || 21+ 5. (ny@rs, () + Ho(Tu NS (1)) < 00, (84)

sup||Vu5||Lp(T*S®TS) < oQ. (85)
€
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Proof. Step 1 (L?-bound outside vortices): Let r € (0,7q). By Lemma and the energy bound in
we have that for € small enough

mN
GLc(uc, Sr(p)) < GLe(ue) = > GLc(uz, Br(x))
k=1

mN
N
mlloge| — Z %log (T) +C< Ew|logr| + C < Cllogr|.

S —
k=1 <

By the definition of GL. this leads to (84)).
Step 2 (Partitioning of By, (xy)): For (85) it now suffices to prove for all k& that

sup/ [Vu|P vol < 0. (86)
By (zk)

5]

For this purpose, let us fix k& and shortly write B = B, (% Furthermore, let 7 be a harmonic unit-
(20)

length vector field on B and v, := p$m) (ue) in B. By , , and the definition of AS™)(S), we have
that v. € W12(TB). Our goal now is to show that the energy bound on (v.) and the assumption |dx| = 1
gives

sup/ [V |P vol < 0. (87)
¢ JB

The above estimate will be achieved by partitioning B and eventually estimating the LP-norm of Vv,
on each component of the partition, separately. Given 7 := %’r‘() we define J. € N as the largest natural

number satisfying 2777, > 23, By this choice we have that
Jo< 14— (Lioge| —log o ) < Clloge] (88)
. < e \ 3 oge| —logTy | < Cllogel.

As in the proof of Proposition we can show that
GL.(v., B) < m|loge| + C. (89)
By the weak convergence of (w(u.)), (23)), and Lemma [9] it follows that
w(ve) = d, b6, weakly in W, ">°(B). (90)

Since, using a standard approximation argument, we can assume that v, is smooth. We are now in

a position to apply Lemma |16 for the sequence (v.) and for O = B. Let (a:ff))g denote the resulting

sequence of vortex centers. For j € {0,...,J.} we then set
BfY = By-is, (w))
and for j € {0,...,J. — 1}
(&) _ pleo) ()
A;7 =B, \ B /.
With the above notation we partition B as follows:

Je—1
B=8Yu |J AP uB\B).
j=0
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Step 8 (Bound on Bf,i)).' We estimate the LP-norm of Vv, on the set BS‘?. By the maximality of J. we

must have 2~ (=17, < 25%, and therefore 7-[_(2] (B(Ji)) < Ce3. Holder’s inequality and the energy bound
then lead to

/( )\Vve\pvol < Hg(Bgi))ﬁ / |V |? vol < Ce=m [loge| = o(1).
By B

Step 4 (Bound on B\ B(()E)): By Lemma (i) we have |z — a:,(f)| < iy for sufficiently small e. Then,
by our choice of 7o for all such e it holds that Bra (zx) C B(()E) C B. By Holder’s inequality and it
follows that

/ [V |P vol < / |Vve|P vol < H;(B)ﬁ / |Vve|? vol = O(1).
B\Bg” B\Brg (xx) B\Brg (zx)

Step 5 (Bound on UJigl A 6)) Using , Lemma [16| (iii) , and the maximality of J. we have that

GLc(ve, B\ BF]?) = GLe(ve, B) — GLe (v, Bf]?)

2e3
< wlloge| — mwlog ( i ) +C < —mlog(2~=Vip) + C < wJ.log(2) + C.  (91)

Furthermore, by Lemma( i), , and 2797, > 2777, > 2% for any j € {0,...,J. — 1} we can
estimate

2777 _ 2
GL. (UE7A(E))2/ m1=Cr7) 4,
2

J ~G+nr, T+ Ce
2777
™
2/ —Crdr
2-G+F, T+ Ce

27j7~’0 + Ce —2j~2
2 7T10g (WM) — 02 L)

> mwlog(2) — mlog <1 + C’ ) — C27%72 > 1log(2) — C’(e% +27%072)

Ty

le i €H{o,.. — 1}. We are now able to prove boundedness of G L (v, A( )) independently of €. By
and the above estimate it follows that

(J. — D)rlog(2) — C((Je —1)es + 2 Z 2—2j) < Z GL.(ve, Ags))
J#3’ J#5*
< GL.(v, B\ BY) - GL.(v., AD)
< Jemwlog(2) + C — GLe(ve, A (E))-
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Solving for GL.(v,, A(f) and using (88]) then leads to
g J g

GL:(ve, AY) < mlog(2 )+C(1 + et 7y 2*2j)
%5

< mlog(2 )+C(1+€3|log6|+r022 2J> =

Consequently, by the arbitrariness of j/ and Holder’s inequality we derive for p € [1,2) that

Je—1

P < 2 5)
Z /(>|V’UE| vol Z Hy (A / |V, |? vol
J.—1 o .
<23 H2(BY) G L.(v., AY)) < < CFTT Y@=y = o).
j=0 j=0

Finally holds true by combining the estimates from the previous three steps.
Step 6 (Proof of ) Let us first show that

sup/ |d|ue || vol < oco. (92)
e JB
Thanks to and we can apply Lemma [14] to (v.) with m = 1. Exploiting also (21)), Lemma [12]

, the boundedness of (u.) in L°°, and repeating the argument for the proof of (79) we obtain the
estimate

1
rllog | - / SIVo o (1= [oel?)?vol

1— 2
- / — |Vu.]* + 7(1 — |ue]?)? vol + mn / |d|ue||? vol
B B

/|us\ j(7)|? vol —m(m )/B(j(us),j(T»VO]

21
< m2GL.(ue, )—|—C— /\d|u5||2vol
2 B

~ 2_ 1
< 7|loge| + C — o /|d|u5||2vol.
B
Consequently, follows. Furthermore, by We see that
. . 1 _ . .
|ua| 2J(UJE) QW = E(VUE - ‘ul ! d|u8| ® Ve + (m - 1)J(T) ® (“}s))-

Hence, by the triangular inequality, , and the boundedness of (v.) in L™ it follows for any p € [1,2)
that

[ue| ™! (UE)HLP(T*B) < (HV%HLP(T*B@TB)+||dus||Lp r-p) +C) = O(1). (93)

Finally, combining , , and ) leads to . O

We are ready to prove our main compactness result.
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The existence of € X (™ (S) such that holds true follows by combining Lemma |10/ and Proposition
Let us assume that |u| = N. Thanks to Proposition |5 we know that p belongs to X (™)(S).

Step 1 (SBV{2.-compactness): For any r € (0,r9), by (84), the boundedness of (u.) in L*>, and
Theorem [ there exists u € SBV?2(S,(1)) such that, up to taking a subsequence, u. — u weakly in
SBV?2(S,(1)). Then, via a standard diagonal argument follows. Suppose from this point on that we
have extracted a subsequence, without relabeling, such that holds true. Given p € [1,2), by we
have that Vu, — G weakly in LP(T*S ® T'S). As by Vue — Vu weakly in LP(T*S, (1) @ TSy (1))
for r € (0,79), we derive that Vu = G a.e. in S. This shows that Vu € LP(T*S @ T'S) for any p € [1,2).

Step 2 (Pointwise properties of u): We continue by showing that w has unit length. By the energy-
bound in and the definition of GL. we derive for any r € (0,r¢)

Proof of Theorem |6 (i). Let ro € (0,7*) be chosen small enough that the balls {Broﬁc)}k are disjoint.

/ (1= Jue])? vol < 482G L. (u., S) < Ce[loge| = o(1).
Sr(.“')

By the strong convergence of (u.) in L2(T'S,(11)), up to subsequences (not relabeled) we have that u. — u
pointwise a.e. in S,(u). Then, by the previous estimate, the boundedness of (u.) in L*°(T'S), and the
dominated convergence theorem, it follow that

/ (1 — |u|)? vol = lim/ (1 — |uc|)? vol = 0.
Sr(n) =205

and therefore |u| = 1 a.e. in S, (i), and in S due to the arbitrariness of r. Let us now consider a
coordinate neighborhood O C S, (1) and arbitrary 7 € C>*(0;S'). We set v, = ) (ue). By the
definition of AS™(S) and applied to u. we have

v = plm(ut) = plim(uZ) = vo "H;—a.e. on J,. NO

and, therefore, v. € WH(TO). Using the boundedness of (u.) in L>(TS), , and (21)) applied to u.
we derive that sup,||ve|lyw1.2(r0y < 0o. Consequently, we can find v € W12(TO) such that, up to taking
a subsequence, v. — v pointwise a.e. in O. We have already shown that u. — u pointwise a.e. in ST%,

(20)

) (m)

up to subsequences. By the continuity of p(Tm this leads to v = p; ’(u) a.e. in O. Hence, applying

to u, and using v € WH2(TO) we see that
P (ut) = vt = v = pmM(u7) H;—a.e. on J, NO.

By the arbitrariness of O and r the above property extends to S.

Step 8 (w(u) = p): We will now relate the vorticity of u with the limit g in Note that by
IVul|z1 < oo and |u| = 1 it follows that w(u) is well defined in distributional sense. B and the fact
that |j(ue)| < |Vue||ue| there exists j € L'(T*S) such that, up to taking a subsequence, j(u.) — j weakly
in LY(T*S). We will now show that j = j(u) a.e. in S. Let r € (0,79) and p € L>®(T*S, (1)), then

/ST(M)@D,J'(us) —J(u)) vol = /Sr(#)@, (Ve i(ue — u))) vol+/ (o, (Ve — Vi, iu)) vol

ST(N)

= / (Ve i(us —u) ® @) vol+/ (Vue — Vu,iu ® @) vol.
Sr (1) Sy (k)

By we have that Vu. — Vu weakly in L?(T*S, (1) ® T'S, (1)) and u. — u in L2(TS,(u)). Hence,
by weak-strong convergence, both integrals in the last line above converge to 0 as € — 0. Furthermore,
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the weak convergence of (j(u.)) in L'(T*S) implies that

tin [ o) ~i)vel = [ o =) vol.
e Sv'(l‘) ST'(N’)

The arbitrariness of ¢ and r shows that j = j(u) a.e. in S. Using the weak convergence of (j(u.)) we
derive for any ¢ € W (T'S) that

(g = [ denitw = lim [ donju) = fimGu(u). ) = n.6)

which gives w(u) = p by the arbitrariness of .
Step 4 (Finite jump): In order to prove that u € £8™) it remains to show H? ¢(Ju) < 0o. By the same
argument as in the proof of Proposition [5| I we can show that for any r € (0,7)

GL (ue, Sp(n)) < Wa\logr\ +C
for some constant C' independent of r and €. Solving the above inequality for ’H; (J:) we derive that

N 1
’H;(jus NS.(w) <m—|logr|+C — f/ |V |? vol .
m 2 s

Then, by

N 1
’H;(ju N Sy(p)) < lim inf’H;(Jus NSy (p)) < C+ m—Jlogr| + limsup ff/ |Vu|? vol
e—0 m e—0 2 Sy (1)

1 N
<C- 7/ |Vu|? vol —r—[log 7| | .
2 Sr(:u) m

With W™ (u) > —oco (see Lemma , it then follows:
(ju) =limsupH (T, N S,) < C = WM (4) < oo,

r—0

as desired. From the inequality above we can also derive that
lim sup H;(]us) < C—-WmM(u) < .
e—=0

Hence, by possibly selecting a subsequence we can assume that sup, ’H_(l](jus) < 00, which, combined with
and the boundedness of (u.) in L™ leads to thanks to Theorem O

4.2. T-liminf. In this section we will prove the lim inf-inequality of Theorem |§| (ii). For any open set
O C S we define the modified Ginzburg-Landau energy GLI™: AS (1)( ) — R as:

1
GL™ (v) = GLI™ (v,0) == 53 /O|W|2 + (m? = 1)|dv||* + 2—2(1 — |v|*)?vol. (94)
Note that, the functional above is the natural candidate to keep track of the energy concentration in
our setting. More precisely, let O = B be a geodesic ball With radius r € (0,7%), u € AS™ (B),

T € C®(B;SY), and set v = pim) (u) € AS(l)( B). Then, by (2

[ PR v+ 222D G vl o)

where the latter two terms will turn out to be negligible for small balls.

GL.(u) = GL™ (v, B) m2
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Remark 2. Throughout this subsection, given zo € S and r € (0,7*), ¥ will stand for a local trivialization
of T'S corresponding to centered (at xo) normal coordinates on B, (z¢) with chart denoted by ® and an
auxﬂlary orthonormal frame {71, 72} on TB,(zo) (smooth up to the boundary). Objects such as g*
\/E U, etc. will always correspond to the above choice of coordinates. For an arbitrary section v of
TB,(xg) we will write U*v for its coordinate representation.

Note that, under this assumptions, the following holds true:

g7 =07+ 0(r), Th=00), Vig=1+0(). (96)

Lemma 18. Let v € WY2(T B, (z0)) N L®(T By, (z0)) for xg € S and ro € (0,7*). Furthermore, let ¥
be a local trivialization of T B,,(zo) as described in Remark @ Then, for any r € (0,7¢) it holds that

/ |Vo|? vol = (1+(9(r))/ |V (T*0) |2 da + O(r) ||v]|3 (97)
B, (x0) B..(0)
GLI™ (v, B, (x0)) = (1 + O(r)GL" (W70, B,(0)) + O()|[o]|2, (98)

where all O(r)-terms are independent of v and ﬁim) 18 as in ,
Proof. For the sake of shorter notation we will write ¥ instead of ¥*v. By a standard approximation

procedure we can assume without loss of generality that v is smooth. Furthermore, by the equivalence
of norms, we have that |5 g C||v||pe. Hence, using and Young’s inequality it follows that

/ |Vu|? vol = / < -+ ho l) <8+Fﬂ,v )gij\/|g|dx
B,(z0) O)k 1 8x oxJ

=/ |V17|2+(’)(1)|17|(\17|—|—|V17|)d:c+(’)(r)/ o2 + Vo2 da
B..(0)

r

:/ |V17|2+(’)(r_1)\17\2+O(r)|V@\2dx+(’)(7‘)/ o2 + Vo2 da
B,.(0)

= (1+O(r))/ |V17|2dx+0(r_1)/ o> dz = (1+(’)(T))/ \Vo|? dz + O(r)||v||2 =,
B;(0) B (0) B(0)
which shows @ Using the above result together with we can similarly show . O

Let us now consider v € W12(T B,.(z)) for some x¢ € S and 7 € (0,7*). Then, given any r € (0,7),
we define
dg(v,r) = ig?f__t{FlH‘P*U - Z”LQ(BT(O);]RQ) + [V (V) — vZ||L2‘ (0) R2X2)}

where

]

H = {v: R?\ {0} = R?: v(z) = A~ for some A € Sl}
WYA(TAL), where Ac =
1,

Lemma 19. Let (r.) C (0,7*) with limeor: = 0, (z) C S and (ve) C
Are o (ze). We assume that sup, ||ve L= (a.) < oo, deg(ve, 0B, (2c)) = s € {—1,1},

e 2/ (1= [o.])2 vol = 0, (99)
e—0 AL

and
dg(ve,re) >0 (100)
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for some 6 > 0. Then, there exists w(d) > 0 such that

1
3 / |Vve|? vol > mlog(2) 4+ w(d) + o(1).
Ae
Proof. Without loss of generality we can assume that s = 1, as the other case follows by a similar
argument. Suppose, by contradiction, that up to a subsequence
1
lim sup 7/ |V, |? vol < mlog(2). (101)
e—0 2 A,

Let A, = A%EJE (0) be the Euclidean annulus corresponding to A. and 9. := ¥*v.. Note that by the
equivalence of norms and our assumptions on (v.)

sup{ 0.l 1+ [ V07 de} <o
g As
As 7. — 0, with (@ and the contradiction assumption (101) we have

lim sup/ Vo |? dr < 7log(2). (102)
AE

e—0

We rescale each v to a vector-field w. defined on the unit annulus Aj. More precisely, we set w. (1) =
Ue(rex) for € Ay, From (102)) and a change of coordinates it follows that

limsup [ |Vw.|?dz = lim sup/ Vo |? dr < 7log(2).
_ i

e—0 A, e—0

Together with the boundedness of (we) in L°, this implies that, up to selecting a subsequence, w. — @
weakly in W12(A;;R?) with w satisfying

1
7/ Vol de < liminf/ Vi, 2 dz < 7 log(2). (103)
2 A, e—0 A,

Furthermore, by and a change of coordinates we also have

/_(1—\1175\)2dx:7“5_2/_(1—|7§E|)2dx§0r;2/ (1= Joe])2 vol 5 0,

Ay A, Ae

as € — 0, and therefore |w| = 1 a.e. in A;. Finally, by the continuity of the degree with respect to weak
convergence in W12 it follows that deg(w,dB1(0)) = 1. Combining this result with gives that
w € H thanks to Remark 5.2 in [4]. By , recalling that 3 [|Vv|dz > mlog(2) for any v € H, we
have

lim [ |Vw.|?de = [ |Vw|*dr,

e—0 A, A,
By the weak convergence of (w.) this leads to w. — w strongly in W2(A;;R?). Hence, changing
coordinates and using the definition of dg we derive that

d%(vs,rg) < r€_2/A | () — w(z)|* do + /ﬁ V. (2) — Vio(z)|? dz

= [we(z) — w(z)>dz + [ |Vw(z) — Vw(z)*dz — 0
Al Al
as € — 0, which is a contradiction to (100]) for & small enough. O
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Proof of Theorem [6] (ii). Let us first select a subsequence (without relabeling) such that
N N
lim inf <GLE(u5) — m—|log 5|> = lim (GLE(US) — 7T|10g5> .
e—0 m e—0 m

Note that given any w € AS™)| the truncation @ := min{l, |w| *}w has lower energy: GL.() <
GL.(w). Consequently, without loss of generality, we can assume that sup,||uc| L~ < 1. Furthermore, it
is not restrictive to suppose that

N
GL.(ve) < ﬂ'aﬂog el +C

for some constant C' independent of & since otherwise trivially follows. By Theorem |§| (i), we can
select a subsequence, again without relabeling, such that

ue — u weakly in SBV;2_ (S \ spt(u); T'S), (104)
where p = w(u) = Zzg %k 0y, with sp € {—1,1} for all k. Let 7o € (0,7*) be small enough such that the
balls in { B, (x1)} are pairwise disjoint and for r € (0, 7¢) recall the definition of S,.(1) == S\U,, Br, (z)-

Step 1 (Lower bound in Sy(p)): We first wish to derive the I'-liminf inequality in S,(p) for r €
(0,79). By (104), standard lower semicontinuity arguments, the definition of W™ (u), and the fact that
H'(J,) < oo, it holds that

1
lim inf G L, (ue, Sy(p)) > liminf | = / |V |2 vol + 1 (Ju. N S,)
e—0 e—0 2 ) g e

Sr(p
1 2 1 _ y(m) N 1
> 5 [Vul® vol +H (T N Sy (1)) = W™ (u) + m— [logr| + H (Ju) + or(1).
Sy (k)
Step 2 (From u. to v.): It remains to show
. 7r r
lim intf (GLE(uE, B,(x1)) — — log (g)) > Y + 0p(1) (105)

for any vortex center x, of u. Let us from now on fix k and shortly write B, := B,.(x). Furthermore, let
7€ C®(Bry;SY), ve == pi™ (uz) (with p{™ as in ) and let GL{™ be the energy functional in .
As it was done in the proof of Proposition [5| one can show that (see )

GL.(ve, Bry) < m*GL.(uc, B,,) < 7lloge| + C, (106)
for a constant C' independent of €. Using , the boundedness of (uc) in L, the smoothness of 7, and
Holder’s inequality we derive that

sup/ [u P17 + | G(ue),3(7)) [ vol < Cl()[F=r? + Clli(r) | poer s sup||Vue|| 4 < Crd. (107)
€ B, (zo €
Hence, by instead of ([105]), we can equivalently show that

lim inf (GLgm)(v67 B(z0)) — % log (g)) > Ym + 0r(1). (108)

e—0

Step 3 (Lower bound outside dyadic annuli): By a standard approximation argument we can assume
that v, is smooth for every €. Thanks to (106]), we can exploit Lemma [16{ with O = B,.. Let (z.) be
the sequence in Lemma [16] (). We further set r. :== 2¢3 and R. := 7. Note that, as (z.) converges to
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the center of B,,, for t € (0,7) and e small enough it holds that B,(z.) C B,,. Consequently, by in
Lemma [7] there exists a constant C' only depending on S such that for any ' € (0,7) we have that

1
GLgm)(vs,ARs,r/(zs» > 7GL6(U67AR r(e))

_ 2/ / V. |2 + 7(1 o) d MO de
m OB (zc)
1 (" n(1-Ct?)
> UASRi S0P
= m? /RE t+Ce
> ™ (10g (22} —1og(1 + =ty — C(()2 — B2
= mz \%8 R, & o W\ °
™ r
> — — .
> 2 log (RE) C (log( ) +7) +o(1) (109)

In the same fashion we can also show that for any K € N and € > 0 small enough,

m T R, T
GLz(E )('I}E,ATE’Q—KRS("ES)) Z Wlog (7‘E> _KW 10g(2) +0(1) (110)
Lastly, by Lemma [16| (iii) it holds that
1 T r -
G’Lgm) (Vey Br_(x2)) > WGLE(UE,B% (ze)) > Wlog (f) - C. (111)

Combining (109)), (110), and (111) leads to

GLgm) (Usa Br’ (.TE) \ A27KRE1R5 (SCg))

™ r ™ ~ r (112)
> -)-K— -C- — .
z 3 log (5) Km2 log(2) —C - C (log (r’) +7‘> +o(1)
Given § > 0, let K = K(0) € N be chosen (independently of € and r) big enough such that
Kw(8) > 3 + C, (113)

where w(d) > 0 is as in Lemma[19} We need to discern between two cases.
Step 4 ((ve) away from rotations): In the first case we assume that, up to taking a subsequence,
dy(ve,27%R.) > 6 for all k € {0,..., K — 1}. Let us observe that, thanks to (106]) we have that

(27]635)72/( )(1 — oz])? vol < 2K+23 QL (v.) = o(1).
A

where A,(f) = Ay—(e+1) g_ o+ g_ (7). Hence the assumptions of Lemma are satisfied and we obtain that

/( Vo vol > " log(2) + w(8) + o(1), (114)
Aff m
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As B,/(z:) C B, (x0) for sufficiently small €, for all such ¢, by (112)), (113)), and (114} it follows that
GLI™ (ve, B,) > GLU™ (ve, By ()

> GLU (ve, By (w2) \ Ag-x g, g (2e)) + GLU™ (ve, Ay . g ()

—log ( ) +Kw(d)-C-C (log (1> +T> +o(1)

m—log( ) Jr’ym—C(log( ) +r ) +o(1).

Letting first ¢ — 0 and then v’ — r, (108) follows from the previous estimate.
Step 5 ((ve) close to rotations): We Will now deal with the second case. Suppose that, up to taking a
subsequence, we can find kg € {0,..., K — 1} such that

I\/\/

v

dy (ve,00) <6 for all & (115)

where o, = 27% R_. We will now show that the following inequality (116] leads to the conclusion:
GLU™ (v., By, (22)) > —log( ) + Ay — C8 +o(1), (116)

where C' is a constant independent of ¢, §, and r. Given ' € (0,r), where r € (0,79), by the same
argument as in the third step, we have that

(m) , > 0 r
GL™ (ve, Ap_ 1 (xe)) - log ( E) C <log( ) +r ) +o(1).
Consequently, by (|116])

im (m) — " 0 (t
llgélfGLE (ve, Br(z0)) 3 log( )

O¢

im (m) , - (m) e (&
> h?i}glf GL™ (ve, Ag, v (22)) log ( ) + hm 1nf GL™ (ve, By () 3 log ( )

€
—C(log( ) +r2+4),
which shows (108) after sending first ' — r, then » — 0, and eventually § — 0. It remains to prove
(116]). Let v, := T*v, for a sequence of local trivializations (¥.) of T'B,_(z.) as described in Remark
| Using and (106)) we derive that
(GLE (02, By (22)) = G (02, By (0))] < O(0)GLe(ve, By, (22)) + O(02) = o(1).
According to the above estimate, instead of (116]), it suffices to prove

GL™ (0:. B,.(0)) > > " log ( ) +Ym — O3 +o(1). (117)

Note that by the definition of dy and 1) we can find z. = A\ ; € H such that

/ M + |V — VZ|* dz < 6% (118)
oe . (0) Js

et ¥ be a local trivialization of B, (o) as described in Remark then We(x) == V(x — 1 (x:)).
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Through an interpolation procedure we will now modify v, into a vector-field ©. such that v. = 0. in

Be: (0) and 9. = z: on 0B, (0). As Brg () C Byy(o) for € small enough, using (106) and (107) we

then see by a similar argument as in Step 3 that

GLgm) (UE7 ,ae(wg))
< GLu(te, Bry(w0)) + Crf — GLI (v, Ay 2 (22)) — GLI™ (v, Bag ()
™ 2 70 7r o
< s _ T o Te
< m2|log€|+CTO log<20 )+CT0 3 10g(2€>+c
<

%(210g(2) + |[logro|) + C (1 +r§) :

Passing to coordinates, it follows by that ﬁim)(7757AL25705 (0)) < C. Consequently, by Fubini’s

theorem and 1) we can find 7. € (%, *7) such that

Cs?

IN

|0 — Ze|” _ _ 2 gl
—— 4+ |V?. — VzZ.|°dH (119)
dBs.(0) o?

€

IN

o
c
—. 12

- (120)

1
[ Vel TP+ (1 o an
8B5, (0) €

Let 6(z) be the argument of r7 and let a. € R be such that A. = e’ Note that z. = e!(?+e<) By
Young’s inequality we also obtain that

_ _ 1 _ 3
115~ 1 om o < C | 902+ 501 = oo < Cet, (121)
Consequently, for ¢ small enough we have that p. := [t:| > 1. By Lemma (ii) we have that
deg(ve,0B5_(0)) = 1. Therefore, since also deg(z.,0B,.) = 1, by a standard lifting argument we can

write 9. = p.e¥s, where 6. — 0 € H'(0B5.(0)) and from (119) obtain

0. — (0 2 U — 7|2 52
OB5_(0)

2
5 9B5,(0) = O¢

Let us extend p. and 6. by zero homogeneity outside of Bs_(0). Setting 6. = 7. + % we define 9, in
B;_(0) through:
Ve () if x € Bs_(0),
UE(-T) = (pe(l“) qs — |~'T| + |EC‘ — 96) eies(x) ifr e Al}s,&g (O)

O¢g — O¢ O — O¢

By (121)) and the definition 6. we have for any = € As_5_(0):

R 0. — |x 1-—
V]6c]|? = ‘ws e ol | pf
Oc — O¢ Oc — O¢

2
(|v A pﬁ') < C(IVpl2 +1).

3
E8

For the same x as before we can similarly compute that

Voe|? < OV (pe™)]? + |Vpel* +1).
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By the last two estimates, a change of coordinates, and (120]) we derive that
3

GL™ (0., As. 5. (0)
|V| €\|2+—(17|vs| )2dH +Ces < C— < Ces.

a 2 2

€ 1
:C/ — dr/ Q\VE\Z Pdnt f<o=
5. Oe 8B5, (0) 2M Oe

Lastly, we extend ¥, into As_ . (0) by linearly interpolating between 6. and 6 + a.. More precisely, we
set for x € As, . (0)

00—

(123)

Ue(x) = eife(@), where 0. (z) = Z_E;Z_C‘Gg(x) + L;]j';;s(ﬁ(x) + a.).
e Ve e Ve
Let € As. +.(0), as |0:(z)| = 1 we derive by Young’s inequality and the definition of #
— 0 —0.(x) |
% 17 6. 2) - wo(a)) + ML)

0. — 0% O. — 0¢

X o 2
< (1+26)|VO(z)|]? + (2 + (15) VO (x) — VO(x)* + <2 + 5) i )(05(2(5.1; )
|0 (z) — (0(z) + as)|2> + @

ol

Vi (2)]? = |VO.(z)]> = ‘V@(z) +

1 C
S W + E <v95($) — V@(.T)F +

As a result, by Fubini’s theorem, a change of coordinates, and (122]) we get that

/ |Vvs|2dx—/ / |Vo|> dH dr
Us Us(o) 6B7(0

_ 2
S/ 7d7~ - |v9 (:l?)|2+ |95($) (9(21‘)+045)| dHl +27rlog($)
0Bs5.(0) Og O¢
< 2rlog ( ) +Cs. (124)
Oe

Using (119) we can show in a similar fashion that

/ |V175|2dx=/ |VZ. + Vo, — Vz. |2 dz
AastE (0) Aé’sﬂ’s(o)
>(1 —5)/ |VZ|? dx — 7/ Vo, — V2> dx
A5ayf’a (0) Ua Te (0)

> 27w log (76) - 0.
O¢
Note that our construction assures that 9. = z. on 9B,_(0). Hence, by (123]), (124), the above estimate,
and (39)) we derive that

GL(m) (3., By, (0)) = GL™

€

(i, Bo. (0)) + L™ (02, As . (0) = G (b, A5 . (0))

> 50 (0, Ae) — GLU™ (0e, As.5.(0)) + 7/ |w5|2 ~ Vi d

"E ‘75

2

which is (117]). O

Y g 1
> —log(—= m — C(6 + €3 1
> 5 10g(%5) + i — C(6 + %) +o(1),
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4.3. T-limsup. The goal in this section is the construction of the recovery sequence in Theorem |§| (iii).
In the next lemma we relate the non-fractional renormalized energy on a surface to the Euclidean one:

Lemma 20. Given xo € S, ro € (0,min{1,7*}), and v € W,-2 (B, (x0)\ {z0}; SH)NWLH(TB,, (x0)) such

loc

that w(v) = d 8,,, where d € {—1,1}, and W(v, By, (20)) < 0o, with W(v, By, (o)) as in (8I)). Then,

1
lim = [ |Vv|?vol = mlog(2), (125)

k—o0 Ay

where Ay = Ag—(k+1)py 2-kry (T0). Further, given a trivialization ¥ of T By, (xo) as described in Remark
@ and U :== ¥*v we have that the Euclidean renormalized energy of v in By, (0) is finite:

r—0

_ 1
W(D, By, (0)) := lim 7/ |Vo|? dz — w|log(r)| | < oo.
2 )4y

Proof. Step 1 (Proof of ): Note that we can write the renormalized energy as a series as follows:
(1 27k (1
— - 2 _ 0 — — 2 _
W(v, By,) = Z (2 . |V vol —m log (2—(k+1)ro>> = Z (2 . |Vl vol ﬂlog(Z)) ,
k=0 k k=0 k

where we set By, = By, (20). Using |v| =1 a.e. in B,,(zo) and w(v) = dd,, with |d| = 1, by a standard
convolution argument and we have that for every 0 <r < R <rgand € € (0,7)

: 2 Tl —or) R+ Ce L,
) 1> ———Zdt>nrl _ B
2 /AT,R(Io) ‘vv| Yol = /r t+ Ce = mi0g r+ Ce C(R r )7

where C' is a constant independent of ¢, 7, and R. Passing to the limit ¢ — 0 then leads to
1

7/ |Vv|? vol > 7 log (R) — C(R% —r?).
2 Ay r(z0) r

As a consequence, we have that for every k € N

1 —k
5 N |V’U|2 vol > 7T10g (M) — 0(2_2kr(2) _ 2—2(k+1)rg) — 7T10g(2) _ 02—2(16-‘1-1)7»8'
k
Hence,
Z (2|Vv|2 vol —mlog(2) + 02_2(1‘“)7“3) <W(v, By, (0)) + Crg < .
k=0

Since each term of the series is nonnegative we get (125)).
Step 2 (Finiteness of the Euclidean renormalized energy): From the properties of v in the statement
and our choice of U we derive that o € W 2(B,,(0) \ {0};S') and w(v) = dd,. By there exists

loc

Ky € N big enough such that for any k& > K

1
= |Vv]? vol < 37 log(2).
2 Ja,

Setting Ay, == Ag-(e41) g 92—k (0) and using we therefore obtain that for every k > K
1 12 1 2 —k 2
— [ |Vol*dz —7log(2) < = [ |Vu|*vol—mlog(2)+C27%rg [ 1+ [Vl vol

1/ |Vo|? vol —7 log(2) + C2 *ro(1 + 3 log(2)).
Ay

IN

IN

2
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As a consequence, we have that

W(o, B, (0)) = 1 /A |Vo|? dz — K7 log(2) + Z (;/A |Vo|? da — 7r10g(2)>
k=Kj k

2= Korg,rg ©)

2
1
2

IN

/ |Vo|* dz — K7log(2) + W(v, By-r0,, (20)) + Cro < o0,
Ay Koy o (0)

as desired. 0
The next lemma will be useful for the construction of a recovery sequence outside of vortices.

Lemma 21 (Approximation outside cores). Let u € £L8™(S) with W(u, By, (zo) < co where zo € S is
one of the vortex centers of u and ro € (0,7*) is chosen sufficiently small that By, (zo) Nspt(w(u)) = {zo}.
Furthermore, given an orthonormal frame {7,it} with 7 € C®(By,(x0)), let U be a local trivialization
of TBy,(x9) as described in Remark @ Then, for any 6 > 0 we can find r € (0,79), A\ € S, and
Uy € SBV?(Ag 1o (0);S') such that

(i) p(rm) (uf) = (m)( uy) at 7—[ -a.e. point on Ty, ;
(1) ue = u in Apro(2o);
(iit) @ = A, Ty on 0B3 =(0), where @, = U*u, and we identified R* with C;

(iv) ||u_u*||SBV2(TA7 (z0)) < 0.

T

Proof. In B,,(zo) we define v = ) (u). Furthermore, let us set @ == U*y and v := ¥*v. Note that
by our choice of coordinates we have that o = 4™ € Wi)f( ,(0)\ {0};Sh). By Lemma it holds that

W(, B,,(0)) < co. Given ¢ > 0, by a standard cut-off argument in the Euclidean setting (see e.g. the
proof of Lemma 3.15 in [25], we can find by r € (0,70), A, € S, and @, € SBV?(Az ,,(0);S') such that

(a) (_—+) = (a;)™ at H'-a.e. point on Jy.;

(b) « = U1 in Ar ro( )
(c) a* = Arer on 0B (0);
(d) flu. — ullspva(ay () < 5.

Let u, be the vector field on B,,(z¢) such that U*u, = @,. By (b) and (c) this choice of w, trivially
satisfies (ii) and (iii) from the statement, respectively. As we chose an orthonormal frame, which preserves
angles we also see that (i) follows from (a). Lastly, by Lemmall|

flu— U*”SBV?(TA%‘T(IO)) <Cy,
for a constant only depending on S. Hence, choosing ¢’ small enough (iv) follows. O

The next lemma will be employed in the construction of the recovery sequence in the vicinity of
vortices.

Lemma 22 (Approximation inside cores). Let o € S, r € (0,7*), A € S', § > 0, and ¥ be a local
trivialization of T By(xo) as described in Remark @ Then, there exists sequence (u.) C AS™ (B,(z0))
such that

(i) U*u, = A7 on 0B,(0);
(i1) GLc(ue, Br(20)) — f]og( ) < Am +d+0.(1) +0(1);
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Proof. By Corollary 3.11 in [25], we can find &g € (0,1) and z € SBV?(B;(0);S') N L°°(B1(0)) such that
(zH)™ = (z7)™ at H'-a.e. point in Jz, 2™ = 2 on dB;(0), and

G (&, Bu0)) < 5 log o]+ + 6, (126)

For any € € (0,7¢9) we then define

B )\Z(%’x) if |z| < =
: arg(z)+a . 0
e if = <z <,

where « is such that A = e'®. Let u. be the vector field on B,.(z¢) such that ¥*u. = 1., hence (i) follows.
By our choice of trivialization it also follows that u. € AS™(B,(x¢)). It remains to show (ii). Setting
U == 4 a change of coordinates gives for p € [1,2) that

P P P
[ owara= [ (@ (2w [ |via
B,.(0) Be (0) M€ € Ae . (0) 2|
€0 €0’
2
< / VP dz + ——— 2P < o0 (127)
B1(0) 2—p
In order to show (ii) we claim that it suffices to prove

GLU™ (e, By (20)) = 5 1og (L) + Hy(Tu) < 7 +6 +0,(1) +0(1), (128)

where v, = p(Tm)(uE). In fact, assume that the claim (128]) is proved, then (ii) follows by provided we
show that [, (j(ue),j(7)) vol = O,(1). This last inequality follows by the definition of j(u.) and (127).
Let us now prove the claim. By construction we have that

Ta. C Eijg UOB= (0)U{(t,0): t € [—r,—¢/c0]}.
0 0

Therefore,
2me

Hl(JaE) § — (Jz)ﬁ-f—ﬁ-

€0
which by the equivalence of norms shows that

Hy(Tu.) < 0p(1) +0(1). (129)

Furthermore, by changing coordinates and (126|) we derive that

—=(m 1
T )(EE,BT(O)):—/ V5|2 + (m? —1)\V|v6||2+—(1—|v5| P o+ log (2
0)

= GI™ (™, By (0)) — |log60| + " log ( ) < nT log ( ) Fym 4+ (130)
Denoting by K| the largest natural number satisfying 2_K°r > é we define for any k € {0,..., Ko}:

A A2*(’“+1)r,2*k’r(0) if kK < Ky,
k= AL 271(07.(3;‘0) if k= K().
Eh
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With this notation, ((130]), and it follows that

Ko
GL™ (v, By (z0)) < (1 + Cf) GL" (02, B= (0)) + O=+ Y (1+C27 GL™ (0, A) + C27Fr
0 0 h—0
Ko
= ﬁim) (U, Br(0)) + Celloge| + Z C27  rrlog(2)
k=0

T T

< 5 10g (£) +9m + 6+ 0,(1) +o(1),

which proves the claim once combined with (129)). O
The T'-limsup is then a straightforward consequence of Lemma [21] and Lemma

Proof of Theorem[6 (iii) . Let N = |w(u)| and p == w(u) = ZkNg Sk 0g,. Let us further take § > 0
and r € (0,7r9), where 79 € (0,r*) is small enough such that the balls {B,,(zx)}r are disjoint. Fix k,

applying Lemma in the ball B, (z) for 6 and r as above shows the existence of u e Ast™ (Bry (z1))
satisfying

uM = win Ay, (2p), (131)

—(k)\m __ k) L
(@)™ = Al >m on 9Bz (0), (132)

k
lu = spvacray @y < 6

where ,\5’“) e St and fai’“) = \Il*uik) where U is the trivialization of T'B,.(zy) from Lemma Furthermore,
using Lemma in B,(zy) for A = A\* we can find a sequence (ugk))g c AS™)(B,(z)) such that

k
sup€>0||u§ )”LOO(TBT(zk)) < C and

xT

a® = Ag@' j on dB,.(0), (133)
X
GL.(u®, B, (z1)) — % log (g) < Y + 8+ 0,(1) + 0(1), (134)

where ﬂgk) = \I/*ugk). We then define

uw(z) if z € Sy (),
ue(z) = ul®  ifze Az vy (T1),
u ifze Bz (xy).

Note that from (131)), (132), and (133) we derive that u. € AS"™(S). Due to (131) and |u.| < 1 a.e. in

Q) we also have that
Nm

sup||u — uel[L1(rs) < CZH;(BT(%)) < Cr?.
c k=1
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Finally, by (131), the definition of W(m)(u), and (134) it holds for any = that

Nm

N 1 N

GL™ (u.,S) — —nlloge| = = / [Vul? vol = —[log 7| + Hy (Tu N Sr(1) + > Hy(Tu. N OB (1))
m 2 ST(H) m b1
i r
+ GL(u™, By.(z1,)) — oo log (g)
< WO (u) + H(Tu) + Nmym + Nmd + 0,.(1) + o(1).
Hence, a desired recovery sequence can be found by a standard diagonal sequence argument. O

APPENDIX
APPENDIX A. PROOF OF THE DECOMPOSITION THEOREM

In this appendix we provide the missing proofs of the statements in Section [2.1]using the same notation
provided therein. While the results in Section [2.1| are concerned with the special case of the tangent
bundle, for the sake of generality, we will deal in this appendix with a general metric vector bundle E
over M with rank m. The induced covariant derivative on E will still be denoted by V and its adjoint by
V*. As previously we assume Einstein summation convention where latin indices such as i, j, k, ... and
Greek indices such as «, f3, 7, ... that appear multiple times are implicitly summed over {1,...,n} and
{1,...,m}, respectively. Notice that an analog of @ remains true in the present setting for u € C°(E)
and v € C*(E®T*M). Given u € L{. (E) and O C M open we define the total variation of u in O as
follows:

var(u, 0) = sup{/ (u, V*v)vol: v € C(E|o ®T*O)}.
M

A section v € L'(E) is then said to have bounded variation, shortly writing u € BV (E), if and only
if var(u) = var(u, M) < co. Riesz representation also holds in the more general setting. In fact, for a
bounded linear functional T': C.(E) — R there exist a unique E ® T*M-valued Radon measure v such
that

T(v) = /M<v,ay> dlvl,

where |v| and o, are the polar density and total variation of v, respectively.
The following theorem is a generalization of Theorem [2| to the case of general vector bundles.

Theorem 8 (Radon-Nikodym). For any v € M(E @ T*M) and p € My (M) there exist only two
measures v*, v°* € M(E ® T*M) such that v* << p, v* L p and v =v° 4+ v°.
Furthermore, there exists a unique o® € L*(E @ T*M; ) such that v* = op.

Proof of Theorem[8 Step 1 (Ewistence): We start by showing existence of v* and v*. Let |v| be the
total variation of v and o, its polar density. As |v| is a scalar Radon measure we can apply the classical
Radon-Nikodym theorem (see for example Theorem 1.28 in [8]) to the pair |v|, p. Therefore, we can find
positive Radon measures |v|%, |v|® such that |v| = |v|* + |[v]®, |v|* << p, and |v|* L u. Furthermore,
there exists f € L'(M;p) such that |v|* = fu. Let us now set vy == 0, |v|* and vy == 0, |v|*; then,

v=o,lv|=o,(v|*+ V|°) = v1 + 1e.

Furthermore, by |o,| = 1 |v]-a.e., it follows that |v1| = |[v|* << p and |ve] = |v|® L p. With the
boundedness of o, we also derive that fo, € L'(E;u). Thanks to that, the measures v! and v? are
admissible candidates for »* and v®, respectively.
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Step 2 (Uniqueness): Tt remains to prove the uniqueness of v; and v, found in the previous step. Let
1 Uy € M(E) be such that v = 0y + Uy, 1 << p1, and P L p. Our first aim is to show |v| = |14] + |-
Given an open bounded set O C M we consider a sequence (v,) C C°(E|p) with ||vp]pe < 1 that
converges in L'(E|p;|v|) towards o,10. Then, by the dominated convergence theorem we have that

10) +1721(0)> [ (onos) il + [ tonon)dinl = [ (wno) Al 11(O).

By the arbitrariness of O it follows that |v| < |¥1| + |2]. Let us us investigate the reverse inequality. As
|72] L p there exists a Borel-set B such that |#|(M \ B) = p(B) = 0 and as |7;| << u we also have
that |71|(B) = 0. Let O be as before and (vs,) C C(E|o) with ||vp| L=~ < 1 converging in L'(E|o; |v|)
towards o3, 1o\p + 05,15, then

V(0) > /M<vh,au>d\u| - /N (om0, dlin | + /M<vh,oa2>d|ﬂz| 110\ B) + [5/(B)
— 1311(0) + |2/(0),

By the arbitrariness of O leads to |P1|+ |2| < |v|. With the uniqueness of the absolutely continuous and
singular part in the classical setting we see that |vi| = |71] and |ve| = |D2| in the sense of measures. It
remains to show the uniqueness of o, and o,,. Let O be an open bounded set and B a Borel set such
that [11](B) = |v2|(O\ B) = 0. Furthermore, let us take a sequence (vp) C C°(E|p) converging towards
o5, 1ovp in L'(E|o; |v]), then

IO\ B) > / 0oy ) dla] = lim | {on,00.) dlia] + / (o, 0 ]
O\B h—oo Jpr M

—tim [ (o0 diin] + / (vnr 05y) ]|
M

h—oo [ar

> |[m[(O\ B) = |[(O\ B) = [n[(O\ B),

where in the last equality we have used the uniqueness of the decomposition of |v| proved in the previous
step. Hence, the first inequality above must be an equality, which can only hold true if o5, = 0, at
|1 ]-a.e. point. The uniqueness of o, follows similarly. O

Our next goal is the proof of Proposition [] Proposition [7} and Proposition [§] which are generalizations
of Proposition [, Proposition [2, and Proposition [3] to the case of a general vector bundle, respectively.
We remark that Definition and [6] can be easily generalized to sections using the parallel transport
induced by the metric structure on E. The next lemma provides a Taylor expansion of parallel transport
in a coordinate domain, which will turn up to be useful in this task.

Lemma 23 (First order Taylor expansion of parallel transport). Let ¥:  x R™ — E|o be a local
trivialization, © € O, and ro < r* sufficiently small so that B,,(z) C O. Then, there exists T =
To-1(z): D71 (By, () = R™*™ such that

U (Ta(y, w)) = T(27H(y)) T w.
Furthermore, T enjoys the following Taylor expansion
T§(z) = 65 — X' 4+ O(dist(z, ©(2))%), X = exp, (®(2)), (135)
where (I'y) are the Christoffel symbols at x.

Proof. For a proof we refer to Section 3.3.2 in [32]. O
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Let O C M be a bounded open set and let ®: Q@ — O and {r,..., 7} denote a chart and a frame
(smooth up to the boundary), respectively. We define

A=A(Q) = sup{\ﬁ : X eigenvalue of (gs5(2)) or (Gap(z)), z € Q},
A=A(Q) = inf{\/i : \ eigenvalue of (g;;(x)) or (fas(z)), = € Q}

As the chart and the frame are smooth in € and g and § are pointwise positive definite in € it follows
that 0 < A < A < oco. Then, for any x € Q, v € R", and w € R™ it holds that

>‘|U| < |U|g(m) < A|U|’ >\|’LU| < |w|§(m) < A|w‘> A" < V |g(l‘)| < An? (136)

where |-| denotes the Euclidean norm in both R™ and R™, |v]g(5) = v/ gij (2)v'07, |w|g(z) = /Jij(v)w'w,
and |g(z)| is the determinant of (g;;()). In particular, the first estimate in (136) implies the following
relation between Euclidean balls an the pre-image of a geodesic ball in coordinates:

By (z) € @7 YB,(®(z))) C Bar(z), (137)
where z € Q and 7 > 0 is chosen sufficiently small so that B,(®(z)) C ®(Q2). Furthermore, changing
coordinates and using we can also derive that

NVH™ (Bar (@71 (2))) < Hy (Br(2)) < A" H™ (B (@7 (2))). (138)
We are ready to prove the relation of approximate limits on the manifold and in Euclidean space.

Proposition 6 (Approximate limits and coordinates). Let ¥: Q x R™ — E|o be a local trivialization.
Then, a section u € L*(E|o) has approzimate limit z at x € O if and only if its coordinate representation
U*y has approzimate limit ¥*z € R™ at ®~1(z).

Proof of Proposition[f. Suppose that W*w is the approximate limit of U*u at the point ®~*(z). Then,

by changing coordinates z = ®~1(y), (136)), (137), (138), and (135)

il L I
0 = T 0% = gy [ 0ate) = T o o

1

< _ AT u(z) — T(z)T*w|A™ dz
N H™ (B (@~ 1(2))) /BAT@l(z))
A2n+1
<o WP u(z) — | + [T(2) 0w — W] dz
A Bar(271(x))
<C |[¥*u(z) — ¥*w|dz + Cr

Bar(®~1(2))
for C' > 0 independent of r and T is as in (135]). Letting » — 0 in the inequality above shows that z is
an approximate limit of u at x.
The reverse implication in the statement follows similarly. O

Before coming to the proof of Proposition [7] we introduce the following helpful result:

Lemma 24. Let N C M be an (n — 1)-dimensional C*-submanifold of M and v a unit normal on N
at some point x € N. Further, let ®: Q — O be a chart of M with x € O. Then, the following relation
holds true between v and the Euclidean normal v on ®~1(N N O) at ®~'(z) with orientation induced by
v: )

A — 7 forke{l,...,n}. (139)
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Proof. Note that the coordinate representation (X*) for any X € T, N is tangential to ®~1(N N O) at
®~!(z) in the Euclidean sense. Let us define ' :== g7 for i € {1,...,n}. Then, as ¥ is orthogonal to
the coordinate representation of any X € T, N we derive that
gij/,Lin = gijgikaXj = (5‘;617ka = 17ij =0.

Consequently, ¢ must be parallel to the coordinate representation of v. Furthermore, by positive defi-
niteness of (¢g*) it follows that

pivt = gR Rt = gt > 0,
where we have used in the last inequality that 7 and v have the same orientation. Eventually the
coordinate representation of v follows by renormalizing p, that is

1

_ Lo i = 1 i = gD
|:u|9 gk/l/gk,lﬂlgl/kﬂk \/5;/gl/k17kljl \/9lele

l/i

O

Proposition 7 (Approximate jumps and coordinates). Let ¥: Q x R™ — E|o be a local trivialization.
Then, a section u € L. (E|o) has an approzimate jump at x € O with triplet (a,b,v) € E, x By x TiM if
and only if W*u has an approzimate jump at ®~1(x) in the usual Euclidean sense with triplet (V*a, U*b, 1),
such that

vk = %gklﬂl forke{l,...,n}

and (g") denotes the inverse of the metric tensor (gi;).

Proof of Proposition[7. Let ro be chosen sufficiently small so that Ba,,(z) C O := ®(Q). As we will be
interested in limits where r — 0, without loss of generality, we assume that r < rg. Furthermore, we will
only prove the statement for the approximate upper limit as the arguments for the lower limit are the
same.

Let us first assume that W*a is the approximate upper limit and W*b is the approximate lower limit

of U*y at ®~1(x) in direction v. Further, let v = v/* a?ci € T, M be given by

. 1 i
V= Yl forie {1,...,n}.

/gklljkljl
Similarly to the proof of Proposition [6] to show that a is an approximate upper limit of u at x with
respect to the unit normal v it suffices to prove that

1
lim U*u(y) — ¥*aldy = 0.
r—0 H"((I)_I(B;r(x,lj))) /i'l(Bi(m,u))| (y) | Y
We define the (n — 1)-dimensional geodesic disk centered at the point & with radius r orthogonal to v as
follows:

D,(z,v) =exp,({X € T,M: |X| <r, (X,v) =0}).
Note that D,.(z,v) is a smooth (n — 1)-dimensional submanifold of M and that the vector v is orthogonal
to D,.(x,v) at x. By Lemma [24] and our choice of v, the Euclidean unit normal onto ®~!(D,(z,v))
at ®~!(z) is given by v. Therefore, there exists a § > 0 such that ®~(D,(x,v)) is contained in the
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FIGURE 3. Geodesic half-balls in coordinates

parabolic cone
{y e R?: I (y — 2)| < 0|y (y — @)},
where I,y := y'v* and 1,1y = y — Iy (see Figure . Setting HT := {y € R": (y* — 2%)v* > 0}, we
can estimate
01 (B (2,0)) \ H¥| + 071 (B} (w,v)) N HY| < Gy,
where C7 > 0 is independent of 7. As
(B} (z,v)) D BL (@7 (2),») \ (27 1(B; (z,v)) NHT),
by possibly decreasing the value of rq, the following bound holds:
H (& Y(Bf (z,v))) > Cor™
for some constant Co > 0 independent of r. As a consequence it follows for r small enough that
1
TN o sapinny V0~ Vel

1 1
< — [ wpA" T*uly) — U — T*u(y) — U*
<G <wn ]iﬁ( [P u(y) aldy + Tn/ [P u(y) bl dy Corn

) N C’1T"+1|\I/*a _ \I/*bl
+ (®-1(x),7) &=V (B (z,v)\HT

<C (J[ [ u(y) — U*al dy +][ [V u(y) — Wb dy + r) ,
B B

(@71 (2),7) A (271 (2),7)
where w,, the volume of the unit ball in R™. Taking the limit 7 — 0 leads to the desired result.
We omit the proof of the reverse implication as it follows by similar arguments. |

Lastly we prove the relation between approximate differentiability points on the manifold and in
Euclidean space.

Proposition 8. Let ¥: Q x R™ — E|p be a local trivialization with induced frame {r1,...,7m}. Then,
any sectionu € L' (E|o) is approzimately differentiable at x € O with approzimate gradient L € E, QT M



RENORMALIZED ENERGY BETWEEN FRACTIONAL VORTICES 54

if and only if V*u is approzimately differentiable at ®~1(x) in the usual Euclidean sense with approzimate
gradient L € R™*™ and approximate limit Z € R™ such that

L= (Ly +T%2%) 70 ® da’, (140)

where (I'fz) denotes the Christoffel symbols at x.

Proof of Proposition[8. Let ro be chosen sufficiently small so that Ba, (z) C O = ®(Q2). As we will
be interested in limits where r — 0, without loss of generality, we assume that r < rg. Let us assume
that ®~1(z) is an approximate differentiability point of U*u with approximate gradient L. By definition
of approximate differentiability in the Euclidean setting, U*u has an approximate limit ¥*z at ®~!(z).
With Proposition [6] this implies that u has the approximate limit z at z. Let L be defined as in the
statement. Following the same lines of the proof of Proposition[f] in order to prove that u is approximately
differentiable at = with approximate gradient L, it suffices to show that

1
lim o [tu(g) - T — T(5) ¥ LX)| dg = 0, (141)
r—0 Br(i) T

where X = exp;!(y) and z :== ®~!(z). For each § € B,(Z) let y := ®(y) and ~,: [0,dist(z,y)] = M
be the unique unit-speed geodesic such that +,(0) = = and ~,(dist(z,y)) = y. By the smoothness of the
map (y,t) — 7, (t) the following Taylor expansion holds true:
X = dist(x, y)'y;(O) =y — 2"+ 0(r?). (142)
Thanks to (135 we have for any « € {1,...,m} that
T(y)5L°(X) = LX) — X' L7 (X) + O(r?) = L*(X) 4+ O(r?),

where we have used vV X?X? = O(r). Hence using the choice of L and (142) we further derive for any
a€{l,...,m} that

T(y)5L° (X) = Ly X* + XFTs2" + 0(r?) = Ly (y" — 2%) + (T0)§2” + O(r?),

where (Fo)fg‘ =X kF%B. Consequently, the integrand in 1D can be written as
1 * — — * — * 1 * * * T (+ = *
S1u(G) = T2 = TG LX)| = —[¥u(y) — (P72 = To¥"2) — (L7 — 2) + To¥"2)| + O(r)
1 * * T(+ =
= ;|\IJ u(y) — 'z — L(y — z)| + O(r).

The desired limit in (141) then follows by the approximate differentiability of ¥*u at ®~'(z) with ap-
proximate limit U*z and approximate gradient L.
The reverse implication in the statement follows similarly. O

We are ready to investigate the decomposition of a section u € BV (E). We first provide several helpful
results. The next lemma derives a formula for integration on submanifolds in coordinates. Without
further mention we will assume that the metric tensor of an oriented (n — 1)-dimensional C''-submanifold
N C M is given by the restriction of g to TN. The corresponding volume form on N will be written
as voly. Note that the orientation of M guarantees the existence of a unit-length C''-vector field v such
that vivol = voly, where v (+) is the interior product with v. We will call v the normal vector-field of
N.
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Lemma 25 (Integration on a submanifold and coordinates). Let N C M be an (n — 1)-dimensional
oriented C'-submanifold of M. Furthermore, consider an open set 8 C R™ and an orientation preserving
chart ®: Q@ — O C M. Then, for any f € C(0) we have

/ Fvoly :/_ o ®y/gimimi\/[g voly,
N =& Y(NNO), v is the Buclidean unit normal onto N with orientation induced by the normal field v
on N, and voly is the volume form on N induced by the restriction of the Euclidean metric to N.

Remark 3. Note that by a standard approximation argument the result above holds for locally integrable
functions on N.

Before coming to the proof of Lemma |25 we state the following classical result (see Proposition 4.1.54
in [32]). For any I € {0,...,n} we denote by Q!(M) the space of smooth I-forms on M.

Lemma 26. For k € {0,...,n} let « € Q¥=Y(M) and B € Q*(M). Furthermore, let N be an (n — 1)-
dimensional oriented C'-submanifold of M with unit normal field v. Then,

(@A %8)|y = a|y AxyLB)|N, (143)

where (+)|n is the restriction to N and xn denotes the Hodge star on N.

Proof of Lemma[25 Let xn denote the Hodge star on N induced by the restriction of g to N. Note that
*n1 = voly, the volume form on N. Using l) with « = f and 8 = 1" == (v,-), the linearity of x, and
a change of coordinates shows

/NmofvolN:/Nmof/\*N(z/b(v)):/Nmof/\*N(yva):/Nmo*(fyb):/l\_[d)*(*fyb), (144)

where ®* is the pull-back operator induced by ® and N := ®~'(N N O). By the definition of * we have
for an arbitrary € Q*(O) that

a Ax(f*) = flo, ") vol
Taking the pull-back of both sides we have that
¥ () AD*(f1°) = fg b\/|g dz' A+ Ada™ = fg¥agr™/ gl de = far'/|g| da.
Let 8 := v’ dz’ and a = a;dz’ be an arbitrary 1-form on 2. By the definition of the Euclidean Hodge

star xgn~ it holds that
a Axgn (fV/191B) = faiv' /gl dz.
By (144) and the arbitrariness of o we see that
*rn (f1/19]8) = @*( f v
With this face and ((143)) applied for the Euclidean Hodge star we arrive that
| oy = [ 1Vlglnsep = [ 1Vlalnnso8) = [ g7 voly,

NAU N N N

where 7 is as in the statement. The desired result then ready follows from (139)) as

gt pi ___
vt = Yoy =\/gvviI.
/gklljkljl
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In the next lemma we will relate the total variation of a section defined in to the Euclidean total
variation of its coordinate representations. We will assume that ¥: Q x R™ — E|o is a local trivialization
such that its induced frame {7y, ..., 7, } is orthonormal. As usual, we will denote by ® the induced chart.

Lemma 27 (Coordinate representation of the total variation). Let U: Q x R™ — E|o be as above and

let u € L*(E|o). Then, there exists a constant C independent of u such that
var(u, 0) < C(var(u, Q) + [|u]| 11 (510)), 45
var(V*u, Q) < C(var(u, O) + [V ul| L1 (ora)), (145)

where var(¥*u, Q) stands for the Fuclidean total variation of ¥*u in .
Moreover, for any v € C°(E|o ® T*O) it holds that

* n « 0 1, i, Ao
—/(u,V v)d?—[g :/u ok k( \g|g”c vi)dx—i—/gku I‘kﬁv?\/|g|dx. (146)
o Q €T Q

Proof. We start by proving (|146)). In a coordinate domain with orthonormal frame, V* has the following
representation (see e.g. (10.1.8) in [32]):

5oF oxt -

* -10 i i
v Z—{vgl 5 (VIglg™) +¢* VT]

where for any w € C2(E|o) and a € Q1(0) we set ;L (w ® @) = o (g2) w. Let v = vf1, @ da’ €

o
C*(E|o ® T*O) with |jv||L~ < 1, passing to coordinates and using the representation of V* from above
we derive

* o 8 [APNe" a ki avia 1, A
- [ ool = [t (alg et do+ [ gl det [ gt Vidde
«@ a i, Q i, Ao
— [ Valg vy do+ [ gl Viglds,
Q Z Q
which is (146]).

We will now prove (145). Let v = v&e, ® dzt € C2°(E|p ® T*O). Using the smoothness of g, and the
fact that ||v]|pe <1

> (Vlglg*ve)? < Cllvl= < C.
k,«

Hence, by the definition of Euclidean total variation we have
0 )
/QUQW( lg|lgFv®) da < O var(T*u, Q).
Using the smoothness of the Christoffel symbols and the metric we can similarly estimate
/ngiuafgﬁvf\/|g|dx < C’/O|u\d’HZ.

for some constant C' independent of u and v. This completes the proof of the first inequality in The
proof of the second inequality follows similarly. O

In the following we provide a definition for the push-forward of a vector-valued Radon measure in the
Fuclidean space to the manifold.
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Definition 10 (Push-forward of vector measures). Let F be a vector-bundle over M of rank m , ¥: Q x
R™ — F|o a local trivialization, and 7 € M(Q;R™) an R™-valued Radon measure on Q2. We denote by
U#p € M(F|o) the unique generalized vector-measure such that

(W#v,v) = /Qva(@(ff))&a(ff) d|7[(z) (147)
for all v € C.(F|o), where & and |7| are the polar density and total variation of 7, respectively.
Given v € M(F|p) and A € B(O) we denote by vL A the restriction of v to A which is defined through
o,La=0u, |VLAl =LA

Furthermore, using the definition of ®#|v| we see that Let F, ¥, U be as in Definition Using the
definition of ®#v, where ® is the chart associated to ¥, we see that

0B =
TGpp = \/%7 (U#v| = v §*P 500 D4#|p].
In the upcoming proof we will use the following relation
(U#D)LA = V#(mL O (A)). (148)
We will now relate all components of the distributional derivative of a BV section u to the correspond-

ing components of its coordinate representations.

Lemma 28. Let U: Q x R™ — E|o be a local trivialization of E, ¥: Q x R™*"™ — E|o @ T*O be a local
trivialization of E® T*M (both with the same induced coordinate chart), and u € BVio.(E|o). Then, the
following relations hold true:

U#(y/|glg ' D*(¥*u)) + TuHy, (149)
Diu = U#(y/|glg~ DI (T*u)), (150)
‘u=T#(\/|glg” D (T*u)), (151)

where N'u = F‘*ﬁuﬂea ® dz' and 9_1 = (g").

Remark 4. Note that the right hand-sides of . , and ( are well-defined since by Lemma
and u € BVjoc(F|o) implies that U*u has locally bounded Varlatlon

Proof. Let v € C°(E|o ® T*0), integrating by parts in 1] using Ffa = —I'{; and the Euclidean
Radon-Nikodym theorem, we have

—/O<u7v*v>volz—/gg v§'a /gl d[D(¥*u |—|—/g”uo‘1"26v Vgl dx
== [ g + T iglds = [ 67050V Iglaip (e

where 7, %, and ¢° are the polar densities of DU*u, D*W*u, and D*W¥*u, respectively. By the ar-
bitrariness of v, the definition of the push-forward in (147), and the uniqueness of Radon-Nikodym
decomposition of Du with respect to /HS, we obtain equality (149) together with

Du = (/g™ D* (0*w). (152)
Note that by Proposition [6] and Proposition we have that S, = ®(Sy~y) and T, = ®(Jy+y). Conse-

quently, (1 and - follow from ) and . O
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We are ready to prove the decomposition theorem for sections of bounded variation which generalizes
Theorem [3l

Theorem 9 (Decomposition of sections of bounded variation). Let u € BV (E), then the discontinuity
set Sy is H;_l-rectiﬁable, ”HZ_I(S,L \ Ju) = 0, and the restriction Diu = D%ul J, of the singular part
of Du to J, can be represented as

Diu=(u"—u") @ ") ' LT,

where the triplet (ut, u™, v) is as in Deﬁm’tz’on@ adapted to the setting of vector bundles and 1° is the
1-form given by v*(X) = (v, X) for any X € T, M.
Furthermore, u is approximately differentiable at a.e. point of M and the absolutely continuous part
of Du can be written as
D = Vu Hy,
Vu being the approximate gradient of u.

Proof of Theorem[9 In what follows we will assume that ¥: Q x R™ — E|o is an arbitrary local trivi-
alization with indued chart ®. Note that by Lemma U*y € BV (Q; R™).

Step 1 (Rectifiability of S, ): By Proposition |§| and Proposition [7| we have that S, 1O = ®(Sy+,) and
JuNO = &(Jy-,). By Theorem 3.78 in [§] Sg-, is H" *-rectifiable and H" (S« \ Jy-u) = 0. By
the smoothness of ® and |i we derive that S, N O is ’Hgfl—rectiﬁable and ’H;’*l((Su \ Ju) NO) =0.
The result on M then follows by the arbitrariness of W.

Step 2 (Characterization of the absolutely continuous part): Following the same argument in the first
step but using Proposition |8 and Theorem 3.83 in [8] one has that u is approximately differentiable at
Hy-a.e. points in M. For any test-function v € C2°(E|o ® T*O) we derive from (149) and that (140)

[ woryaprul = [ g @raVigde+ [ ©roan; = [ w.vuang,
o Q o o
where o is the polar density of D%, and according to Theorem 3.83 in [§], D*(¥*u) = V(¥*u) H". By
the arbitrariness of v we have shown that D®ul O = Vu H; L O. The result on M follows by a standard
partition of unity argument.

Step 3 (Characterization of the jump set) As in the second step it is enough to prove the representation
in O. With (150 and the representation of D/(¥*u) in the Euclidean setting (see Theorem 3.78 in [S])
we have

/ (v,07) d|D7u| = / g7 (T u)H)* = (T*u) ") )w'/|gl dH" T,
O Tu*u

where ¢ is the polar density of Diu and ¥ is approximate normal to Jy+,. Using Proposition and
vl = gk (1), it follows that

(T ) ) = (T7u)7)*)g?0" = (TFu™)* = (u7) ") /gl oo
= ((T*u)* = (T*u™)*) g ()i g P

By the rectifiability of the jump set we can assume without loss of generality that Jy«, is contained in a
Cl-submanifold N C Q such that 7 coincides with the normal to N. Hence, by Lemma it follows that

/O (v, 07) d| Diu] = / PR (T — (U0 )Y )/ gl dH !

Tu*u
:/ (v, (u+—u7)®yb>d7-[371.
JuNO
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By the arbitrariness of v we derive that D/ul O = (ut —u~) ® 7—[;’_1 L (JuNO), as desired. O
The next lemma is a extension of Lemma |1 to the case of a general vector bundle F.

Lemma 29. A section u € Li, (E) is in BVieo(E) (SBVioe(E), LY (E) N SBVE (E)) if and only if
for any local trivialization ¥: Q x R™ — E|o the pull-back U*u is in BVioc(;R™) (SBVioe(Q2; R™),
LY (5R™) N SBVE (5R™)) in the usual Euclidean sense.

Proof of Lemma[29 Let ¥: Q x R™ — E|o be local trivialization of E for some O CC M open. Sup-
pose that uw € BV (E|p). Then, var(u,0) < oo and |ul|z1(g|,) < oo by the definition of BV (E|o).
Consequently, the second inequality in implies var(¥*u, Q) < oo. With we also have that
[ ul| 1 @rm) < Cllullpr (o) < oo for some constant C' independent of u. Hence, we have shown that
U*y € BV(Q; R™).

Suppose now that uw € SBV(E|p); then, by the reasoning above we already know that U*u €
BV (Q;R™). By and it holds that DulL O = 0 if and only if D°(¥*u)L = 0. Hence,
U*y € SBV(Q; R™) follows.

We have shown the forward implication of the lemma due to the arbitrariness of O. The reverse
implication can be shown in similar manner. a

In the next lemma we will investigate a similar relationship of SBV? on the manifold and in Euclidean
space.

Lemma 30. Let p € (1,00), ¢ € [p,o0], and O CC M be open set such that there exists a local
trivialization ¥: Q — E|o. Then, there ezists a constant C such that for all u € SBVP(E|o) N LY(E|o)
the following estimates hold true:

1 * * *
oY ullLo@rm) < 070l La(mi0) < ClIY ullLarm), (153)
1 n— n— n—
ek NTu NQ) <HEHTLNO) < CH HTg-u NQ), (154)
IVullLe(glo) < C IV ull Lo rmxny + |2 ul| Lo (m)) (155)
IV Ul Lo mmxny < C (IVullLezio) + lullLe(s)0)) (156)

Proof. Both estimates in ((153)) directly follow from . Now, note that by Lemma [29| we have that
U*u € SBV(E|o). By d the fact that J, N O = &(Tg+, N Q) the inequalities i follow.

Let us shortly write @ for ¥*u. Using , a change of coordinates, , and the smoothness of the
Christoffel symbols we derive that

/O IVl vol = /Q 5% | (Vi + ) (Vi) + 05| ' Tl de
< C/Q [Z ((va)? +F?ﬁa5)2} ® de

1,

P
2

< OV ul| Lo grmxny” +C/Q {Zﬁ: (Z( 35)2)(@6)2 dﬂ«“} dz

[N
S C (HV\II*UHLp(Q;Rmxn)p + H\II*’UJHL;:(Q;]Rm)p) .
Taking the p-th root leads to (155]). We can show (156|) in similar fashion. O
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Proof of Theorem[J} The result follows by a partition of unity argument as in the proof of the decompo-
sition theorem, employing Lemma O

APPENDIX B. PROOF OF THE BALL CONSTRUCTION IN OPEN SUBSETS

Let S be a closed, oriented, 2-dimensional Riemannian manifold. In this appendix, we will prove the
localized version of the ball-construction stated in Theorem [7] As the argument closely follows the one
presented in [27] we will only sketch the necessary modifications.

The first such modification is a localized version Lemma A.3 from [27] to an open subset of S.

Lemma 31. Let v € C®°(TO) for an open subset O C S with Lipschitz boundary such that the energy
upper bound from is satisfied for some € > 0. Then, there exist g > 0 and a constant C' > 0
independent of v or € such that whenever € € (0,e9) we can find a finite collection of closed, pairwise
disjoint balls B = {B;} whose union covers {x € O: |v(z)| < 3}, and such that

er < Cellogel,
J
where r; is the radius of B;.

Proof. As was done in the proof of Lemma A.3 in [27] using the coarea formula we can find a regular
value a € [, 2] of |v| such that
1 ) _
Hy({z € O: Jv(z)| = a}) < Celloge|,
for some constant C' > 0 independent of v and e. Furthermore, using the Lipschitz-regularity of O, we
can find a constant C' > 0 only depending on JO such that
1 . ~qql . —
Hy(0{z € O: |u(z)| < a}) < CH,({z € O: [v(z)] = a}).

Combining both estimates we discover by the very definition of ”H; that there exists a countable cover of
O{x € O: |v] < a} whose radii sum up to at most Celloge|. By compactness we can reduce ourselves to
a finite cover and using a standard merging procedure to a disjoint cover without increasing the sum of
all radii. |

We continue by showing that (123) from [27] is still satisfied if we replace S by an open subset of S.

Lemma 32. There exists ro = r9(O) < r* depending on the geometry of 00 and C > 0 such that for
any v € C®(TO), x € O, and r € (g,19) we have
1

1 C
— d 2 1_ 2 2dH1 > = 1_ - - 157
QfaBT(mol ol + g 1 o) atd = S = oo, o (157

Proof. By the Lipschitz regularity and compactness of 0O we can find o € (0,7) and 7y € (0,7*) such
that for all y € 0O there exist a unit-length vector v € T),S satisfying

90N By (y) C Ca.r(y,v)
for all » € (0, 7)), where
Canr(y,v) = exp,({X € T,S: |X| <7, (X, v)] < cos(§)[(X,vT)[}).

Let us set rg := %0 and consider z € O and r € (0,79). Suppose that B,.(z) \ O # 0. Then, we can find
y € 00 N B,(z). Note that B,(x) is contained in Ba,(y). As 2r < 2rg < 7o we can find by our choice of
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7o a unit-length vector v € TS such that the set A = (0B,(x) N O) \ Cq,2,(y,v) is connected. Hence,
by the compactness of S, we can find a constant C' > 0 only depending on « and S such that

H,(A) > Cr. (158)

Let us set ¢ == (1 — |v|)? on A. Using Young’s inequality we derive that
1 1
|+ =l < dj|> + =1 - |v]?)? ).
€'+ 2161 = Ce (bl + 5251~ oP)

Here, ()" denotes the differential in tangential direction of dB,.(z). Let us now select a point z € A such
that ((2) = f 46 d?—l;. Using the connectedness of A, the fundamental theorem of calculus, and 1) it
then follows that

1 1
€l <l + [ [¢1ams < [ aoicl+iclany <c [ Zid+ iclan
A alr A€
1 1
< e /A el + 55 (1 o) ),

which is (157)).

The argument for the remaining case B,.(x) C O follows as in ([27]). O

In the same way as was done in [27] we define A.: [0,00) — R by

A(o) = /0 Ae(r) dr, where A\ (1) = O1r<nsil<11 [Z—z(l —5)?2 + 522(1 - 027’2)} ,

for constants ¢z, ¢z as in (125) from Lemma A.1 in [27].

Sketch of the proof of Theorem[7 As our argument mostly coincides with the one provided in the proof
of Proposition 8.2 in [27] we only briefly sketch the main differences. Employing Lemma [32{ and the same
Besicovitch covering argument as in [27] (see the proof of Proposition 8.2) we can find an initial cover of
Zp with a finite family B = {By} of pairwise disjoint, closed, geodesic balls each with radius denoted

by rj such that > kK o Tk < Celloge| for some universal constant C' > 0 and
; / Vol? . (lv]) vol = Ac(ri,0)
Vou|* + F(Jv|) vol > Ac(r
2 /g, 2¢e2 = felTko

for any By C O.

Given k =1,..., K we set di, := dg(v, By; O) (see ([46)) and define
* . : Tk

" e
Starting from the family B(°") := B we grow and merge every ball that does not intersect 9O according
to the standard ball-construction algorithm, while we leave unchanged all the remaining balls. For every
o € (0*,0p), where ¢ is as in the statement of Lemma this produces a finite family of pairwise
disjoint, geodesic balls B(?) = {B,(CU)} each with radius 7‘,(:) and degree d,(cg) = dg(v,dB;0) such that
{7 > o]d\”]| for all k and
(o)

1 2 1 212 Ty
— —(1— 1> -5 A
2/B,g°>vv| 5z (1= [pl) vol 2 = =A(0),

as long as B,ia) c 0.
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We conclude by following exactly the same lines of the proof of Proposition 8.2 in [27], since Lemma
provides the necessary extension of Lemma A.3 in [27]. O
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