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ABSTRACT. We formulate and study a variational two-phase free boundary problem with
Robin condition on the interface between the two phases, and we prove existence and
regularity of solutions in dimension two.

1. INTRODUCTION

Free boundary problems with two and more phases are often used to describe models
in different areas of Physics, Engineering and Life Sciences, for instance in Fluid Dynam-
ics (Bernoulli free boundary problems), Dynamics of Populations (optimal partitions prob-
lems), Mechanics and Phase Transition (obstacle problems). The different phases are called
segregated if they occupy different space regions; segregation occurs for instance in the two-
phase Bernoulli problem, the two-phase obstacle problem, optimal partitions problems.

In all these cases the interaction between the different phases is supposed to be competitive,
in particular, the interfaces are not formed because it is convenient energetically, but due
to the lack of space. For instance, if we have two disjoint one-phase solutions of the
variational Bernoulli (or obstacle) problem, then the couple they form is a minimizer to the
corresponding two-phase problem, and even if the two phases are very close to each other,
an interface is not formed (we briefly discuss this phenomenon in Section 1.1).

In this paper, we consider a two-phase problem, in which the phases are still segregated, but
the interaction along the free interface is collaborative. In this case, if two or more disjoint
one-phase solutions are sufficiently close, then it is energetically convenient for them to
create a free interface, that is, the formation of clusteres is incentivized.

We introduce the functional in Section 1.2, while in Section 1.3 we state the variational
problem and the main results of the paper.

1.1. The classical one-phase and two-phase Bernoulli free boundary problems.
Let D be a smooth bounded open set in R%. Let g : 9D — R be a given nonnegative
function and A > 0 a given constant. The classical one-phase Bernoulli problem can be
stated as follows. Find a domain Q C D and a function u : D — R such that u = g on 0D
and

Au=0 in Q, u=0 and |[Vul=A on 9QND.

In the seminal paper [1] Alt and Caffarelli showed that the existence of such a couple (u, 2)
can be obtained by minimizing the functional

T (u) :/D|VUP+A2|{U >0} N D,

among all functions in H!(D) such that u = g on dD, and then taking Q := {u > 0}.

In the two-phase problem, we are given two constants A; > 0 and Ao > 0 and two
nonnegative functions ¢; : 0D — R and ¢o : 0D — R with disjoint supports. Then, the
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two-phase free boundary problem is the following. Find two disjoint sets €21 and Q9 in D
and two functions u; : D — R and ug : D — R such that u; = g1 and ue = g2 on 9D and

Au; =0 in O and Aus =0 in Qg;
up =0 and |Vui|=XA1 on DN\ INs;
ug =0 and |Vug|=2X2 on DN\ N ;
uy =uy =0 and ’VU1|2—’VUQ|2:)\%—>\% on DNONLNIN,.

(1.1)

The existence of a solution can be obtained by minimizing the functional
Talu) = [ Va4 A8 {u> 01 D]+ Ml{u < 0} D],
D

among all functions in H'(D) such that u = g; — g2 on dD, and then taking u; = max{u,0},
ug = max{—u,0}, O = {u; > 0} and Qs = {uz > 0} (see [2], [14] and [6]).

In the two-phase problem, the two-phase interface 921 N 9 is formed when the two
sets 1 and 29 act as geometric obstacles to each other; if 1 and €y are disjoint one-phase
solutions, then the two-phase interface is simply not formed. In other words, if u; and
up are minimizers of the one-phase functionals Jy, and .Jy, such that ujus = 0, then it is
immediate to check that u = u; — ug is a minimizer of the two-phase functional Jy, »,. In
fact, if v € H'(D) is such that v = u on 9D, then vy = u; and v_ = up on &D and so, by
the optimality of u; and uo, we get

‘])\1,)\2(”) = J>\1 (U-i-) + J>\2(1}_) > J)\1 (ul) + J>\2 (UQ) = J)\1,>\2(u)‘

1.2. A two-phase problem with Robin condition on the free interface. In this
paper we study a different type of two-phase problem in which the two state functions u
and us might not vanish on the interface 9§21 N 0€s. Precisely, given § > 0, A > 0 and a
fixed set D, we consider the functional

(1, Q) = / Va2 dz + 3 2 dH + Alfu> 0} D,
D 001NN

defined for couples of disjoint domains Q1,5 in D and functions u € H'(D) with u = 0
on D\ (1 UQg). We will then show that if (Ql, Qg,u) locally minimize Jg o in D, then
the functions

up = ulgq, and ug = ulq, ,

are solutions to the problem

Au; =0 in O and Aus =0 in Qo
up =0 and |Vui|=+vA on DN\ 0
us =0 and ‘VUQ’ :\/K on Dﬂ@QQ\(‘)Ql
up =uz and |Vuy|+|Vuge| = B(u1 +u2) on DN NN,

(1.2)

and satisfy an additional condition on 01 N 92y involving the mean curvature of the
interface (see [9]).

Notice that if (u1,€1) and (ug,Q9) are two minimizers of the one-phase Bernoulli func-
tional J /5 with disjoint supports (€21 N Qg = (), the triple (1, Q2, u = w1 + uz) might
not be a minimizer of Jg A, even if the Hausdorff distance between ¢ and ) is strictly
positive. In fact, it might be convenient to enlarge the domains 2; and €2 in order to
obtain a non-empty interface 9€2; N 02, that will allow to have competitors which are not
vanishing identically on the entire free boundaries 92y and 9. This is illustrated by the
following one-dimensional example.
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Ezample 1.1 (Formation of an interface in 1D). Let € > 0 and 5 > 0 be fixed. We consider
the interval D = [—-1 — ¢,1 + €] and the boundary data g1, g2 : 9D — R given by

gi(—1—¢)=1, g(l4+e)=0, go(-1—-¢)=0, g(14+¢)=1
The minimizers of the one-phase function

J1:/ |/ (x)|* dz + |{u > 0} N D
D

with boundary conditions ¢g; and g9 are respectively the functions
up(z) = (—x —¢e)4 and ug(x) = (x — ) 4.
If we consider the sets ; = (=1 — ¢, —¢) and Q2 = (&,1 + ¢), then we have that
Jg1(ur + u2, 1, Q2) = Ji(u1) + Ji(u2) = 4.
On the other hand, by taking
1 if z=-1-—c¢,
D =[-1-¢0, Q=[0,1+¢, ulx)=4q¢ if =0,
1 if z=1+¢,

and extending u linearly on the intervals [-1 — ¢, 0] and [0, 1 + €] we obtain that

~ < 1—-4)?
Ja 1 (u, 1, Q) :2(1+ ) + BO* + 2 4 2¢.

€
tting th t to be th timal = — t that
Setting the parameter ¢ to be the optimal one, ¢ 2_i_ﬁ_'_gﬁ,vvege a
~ o~ (1+€),82 < >2
J ,1,0) =2———F—— — ) +2+4 2.
SICRERL) (2+ B +¢ep)? \avsrep :

When ¢ = 0, we get

5 G o B 2\, gy B+28
J571(U,Ql,92)—2<2+6)2+5<2+5> +2—2m+2<4.

In conclusion, if we fix 8 > 0 we can find gy > 0 such that
Jpa(u, 1, ) <4 forall € (0,&),
which means that for those choices of 8 and e, the combination of the two one-phase

solutions is not optimal.

1.3. Setting of the problem and main theorem. We will define the variational problem
for the functional Jg A in the class of sets of finite perimeter and Sobolev functions. Then,
we will prove an existence theorem in this class and we will show that the minimizers are
regular. We fix the boundary data for €2y, {29 and g. Precisely, let

e E; and F5 be two smooth, bounded and disjoint sets of positive distance in R%;

o D := Rd\ (El UEQ);
Q; = E; in R?\ D;
g € HY(R?) N L=(R?) be a non-negative function such that

g=1 on FEiUE;.

We define the following admissible set of functions
V= {u e H'RY : u>0in R and u—g € H&(D)}

Then, fixed u € V, we define the admissible set A(u) as the set of all couples (€1,9) of
Lebesgue measurable sets such that:

e 01NNy =0, By CQ and Ey C Qo Lebesgue almost-everywhere;
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e O and Q have finite perimeter (as subsets of R%);
o {u>0} C Q UQy Lebesgue almost-everywhere.

For every > 0 and A > 0, we consider the functional Jg 5, defined for functions u € V
and couples of sets (Q1,Q9) € A(u), as

Jaa(u,Q, Q) = / \Vul? de + 3 w? dHT + Al{u > 0} N D,
D 0*Q1NO* Qo
where 0*(Q); is the reduced boundary of €2;; we recall that since v is a bounded Sobolev
function, the second integral is well-defined (see Section 2).

In this paper we consider the variational problem
min {JE,A(U,QLQQ) cueV, (Q,0) ¢ A(u)}. (1.3)
The main result is the following.

Theorem 1.2. Let D be a smooth bounded open set in R%, d = 2. Given sets Ey and Fs,
and a function g as above, there are a function w € V and sets (21,Q2) € A(u) that solve
the variational problem (1.3). Conversely, if (u,Q1,Q2) is a solution to (1.3), then also

(u, Q1,9Q2) is a solution to (1.3), where
51:{U>0}ﬂ91 and 52:{U>0}ﬂ92.
Moreover,
(i) the boundary d{u > 0} is CY*-regular in D;

(ii) the interface 9Q1 NNy is C™ in the open set DN {u > 0} and is C regular up to
the boundary D N O{u > 0}. Moreover, 0 N 0Ny reaches d{u > 0} orthogonally.

Sketch of the proof and plan of the paper. In order to prove Theorem 1.2, we first
introduce a family of approximating problems in Section 4. Then, passing to the limit,
we obtain a function v € V and a couple of disjoint sets 21 and 2. We cannot obtain
immediately that (u,€;,€s) is a solution to (1.3), since there is not a uniform bound on
the perimeter of the approximating sets, so we do not a priori have that ; and 9 are
sets of locally finite perimeter in D. Instead, we are able to prove that u satisfies an
almost-minimality condition involving the one-phase Alt-Caffarelli functional, which allows
to prove that the set {u > 0} is regular (Theorem 9.1). This solves the problem only in
part because we only have that

{u>0}=0,UQ in D.

We then show that the sets € and Q9 are almost-minimizers of the perimeter in {u > 0}ND,
which implies that (in low dimension) the free interface 09 U0z is smooth in DN {u > 0}.
Thus, in order to prove that Q1 and 9 have finite perimeter it is sufficient to study the
behavior of the interface 92 U0 close to the free boundary 0{u > 0} (see Theorem 10.1).
We show that €; and 2y are minimizers in {u > 0} of a weighted perimeter functional,
the weight being precisely the function u?, which is C%% and positive in {u > 0}, but as it
approaches the free boundary 0{u > 0} we have that

u?(z) ~ dist*(z, 0{u > 0}).

In order to deal with this degenerate weight, we perform a 2D conformal change of coor-
dinates, which flattens 0{u > 0} to a line; then we rotate €; around this line in order to
obtain an almost-minimizer of the perimeter in R*. This allows to conclude that 99, U9
is the union of C! curves that meet O{u > 0} orthogonally in a (locally) finite number of
points. This concludes the proof of Theorem 10.1 and also shows that 2 and 25 have
locally finite perimeter. In order to show that €2; and € have finite perimeter, in Propo-
sition 8.1 we prove that {u > 0} contains strictly both E; and E5. Then, in Section 11
we show that ©; and Q9 are actually minimizers of (1.3) and we complete the proof of
Theorem 1.2.
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2. SETS OF FINITE PERIMETER AND SOBOLEV FUNCTIONS

2.1. Caccioppoli sets. For any Lebesgue measurable set Q C R?, we define
Per(Q) := sup{/ divé(z)de : € € CHRY), 11l oo (Ray < 1},
Q

and we say that 2 is of finite perimeter (Caccioppoli set) if

Per () < 400.
Given a € [0,1], we say that the set  has a Lebesgue density o at » € R? if
lim 205@]_
r—0 ‘Br‘
We define the set Q@) as
QN B
Q@ = {m eR? : lim 7| (@) = }
r—0 |BT|

Given a set of finite perimeter Q C R? we will denote by 9*( its reduced boundary and by
vq the generalized exterior normal. We recall that

Per(Q2) = H1(6*Q),
and that for any ¢ € C}(R?)

/ divé(x) da = € vqdHT,
Q 0*Q)

where #?~1 denotes the (d — 1)-dimensional Hausdorff measure in R?. Moreover, we recall
that at every point of the reduced boundary, 0*(2 has Lebesgue density 1/2, that is,

o*Q c Q).
We also recall the following well-known result by Federer
HH (R {20 U o)) =0,
which can also be stated as in the lemma below.
Lemma 2.1. IfQ is a set of finite perimeter in R%, then up to a set of zero H~! measure
QP =00 and QO uUQPUQW =R
Finally, we conclude this section with the following proposition
Proposition 2.2. Let A and B be two disoint sets of finite perimeter in R%. Then,
9" A = (a*A N a*B) U (8*A \ a*B) and 9B = (a*A N a*B) U (a*B \ a*A),
the set AU B is a set of finite perimeter and, up to a set of zero H* '-measure, and
9" (AU B) = (8*A\8*B> U (a*B\a*A). (2.1)
In particular,
Per(A) + Per(B) = Per(AU B) + 214! (0*ANo*B). (2.2)
Proof. Up to a set of zero H?™! measure, we have that
9*A\ "B = AP N (B(O) U B(l)) = AU 0 BO),
Analogously, 0* B\ 9*A = B('/?) 0 A©), On the other hand
9*(AUB) = (AUB)?) = (AWQ) N B(O)) U (B(lm N A(O)),
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which proves (2.1). Finally, (2.2) follows since the sets
O*A\NO*B, O0*B\J0"A and 0"ANI*B,
are disjoint. O
As a consequence of Lemma 2.1, one can obtain the following decomposition.

Proposition 2.3. Let A and B be two sets of finite perimeter in R%. Then, also A\ B and
B\ A have finite perimeter and we have the following decompositions (up to sets of zero

H measure) of 0* A, 0*B, 0*(A\ B) and 9*(B \ A) into disjoint sets:
9" A = ( A0/ A B<o>> U ( A0/ A B<1>) U ( A0/ A B(l/a))
9*B — (Bo/z) n A(O)) U (Bo/z) n A(l)) U (Bo/z) n A(l/z))
9*(A\ B) = ( AD A B(l/z)) U ( A0R) A B<o>) U ( A2 A BOA A (AU B)a))
*(B\ A) = (B(l) N A(l/Q)) U (BWQ) N A(O)) U (BWQ) NAY n(4au B)(l)).

2.2. Sobolev functions and capacity. Let u : R* — R be a measurable function. We
recall that u is a Sobolev function (v € H'(R?)), if v € L*(R?) and Vu € L?*(R%RY),
where Vu is the distributional gradient of u. Given a measurable set {2 C R? and a Sobolev
function v € H*(R?), we say that u € HZ(Q) if

u=0 almost everywhere on R\ Q.

If Q is an open set, we can also define the space H{ () as the closure of C2°(€2) with respect
to the Sobolev norm

1/2
el = (llal2 + 1Val2:)

It is well-known that both H{(€) and HZ(Q) are closed (with respect to both the strong
and the weak H'-convergence) linear subspaces of H 1(Rd) and that, for any open set €,
H(Q) C HE(Q), while the converse inclusion is in general false.

Given any set A C R? and any ball Baog(xg), we define

cap (A; BQR(:UO)> := inf { / Vo2 de : ¢ € HY(Bagr(zo)),
¢ > 1 in a neighborhood of Br(zg) N A}.
We say that a set A has zero capacity if
cap (A; BgR(x0)> =0 for every ball Baog(xg) C R

We recall the following properties of the capacity.
e If a set A C RY has zero capacity, then |A| = 0 and H4~1(A) = 0.
e Given u € H'(RY), there exists a set of zero capacity N, such that
1

lim ———— u(x)de exists for every xp€ R\ N,,.
=0 | Br(%0)| J B, (20)

In particular, to every u € H'(R?), we can associate a representative

u:RY =R
defined pointwise everywhere as follows:
~ 1
u(zg) := lim —— u(z)de if xzo € R\ N, ,

r=0 | Br(w0)| J B, (z0)
while u(zg) = 0 if 29 € N,.
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e Suppose that a sequence u, € H'(RY) converges strongly in H' to u € H'(RY).
Let @, and @ be the representatives defined above and let A, and N, be the
correspondig sets of zero capacity. Then, there are a subsequence u,, and a set of
zero capacity A such that

N, CN and U./\/'UHCJ\/',
n>1
and

k]im Up, (r) = U(z) for every x € RI\WN. (2.3)
—00

For simplicity, we will identify any function v € H'(R?) with its representative u
and if a sequence u,, € H'(R?) satisfies (2.3), then we will say that it converges
quasi-everywhere to u € H'(R9).

2.3. Traces of Sobolev functions on the boundary of sets of finite perimeter. Let
Q be a set of finite perimeter in R? and let u € H'(R?). Let @ : R? — R be the representative
of u defined for every point xo outside a set of zero capacity N, (and defined as zero on
N). Then, @ is defined at every point of 9*Q \ Ny. Since N, has zero H? '-measure, we
have that @ is defined H%!-almost everywhere on 0*Q. We also notice that
u:0" Q=R
is a H?! measurable function. Indeed, since u € H'(R?) is a strong H' limit of a sequence
of C'*° functions, we have that @ : 9*Q2 — R is a pointwise limit of smooth functions. From
now on, we will write u instead of w.
The next two propositions allow to write the functional Jg 5 in an equivalent way.

Proposition 2.4. Let Q C R? be a bounded quasi-open set of finite perimeter and let 9*€)
be its reduced boundary. Let u € H}(Q) and let i : R? — R be a representative of u defined
up to a set of zero capacity. Then,

=0 H -almost everywhere on 00/,

In particular,
=0 H'-almost everywhere on 9*Q.

Proof. Without loss of generality, we can suppose that
0<u<l.

For every n > 1, we consider the functional
F,:H}Q) =R, F,(v) :/ |Vv|2dac+n/ v — u|® da.
Q Q

The functional F,, admits a unique minimizer in H}(Q2) that we denote by u,,. By construc-
tion, testing the optimality of u, with v = u, we get

/|Vun|2d:n—|—n/|un—u|2d$§/|Vu|2dx.
Q Q Q

In particular, the sequence u,, converges strongly L?(2) and weakly in H}(€2) to the function
u. Moreover, u, solves the PDE

—Aup =n(u—uy) in Q, u € Hy(Q). (2.4)
We notice that since u, minimizes F;, and since 0 < u < 1, then also
0<u, <lI1.

Thus, the right-hand side n(u — u,) of (2.4) is bounded. Let now zo € Q('/?) that is,

. |BT($0) N Q| 1
lim ————— = —.
r—0 |Br($0)| 2
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By [7, Proposition 4.6] we have that for > 0 small enough
[n | zoo (B (o) < 77 Ch,
for some constant C), depending on u,, and some dimensional constant § > 0. In particular,
u, =0 on QU7
Now, since

/ |V, |? dr < / |Vu|? de for every n>1,
Q Q

we get that the convergence of u,, to u is strong in Hg (). It is well-known that there is a
subsequence of u,, converging pointwise quasi-everywhere to u. In particular, the same sub-
sequence converges pointwise H% -almost everywhere on 9*Q). Thus, (the representative
of) u vanishes H? '-almost everywhere on both Q('/2) and 9*Q. O

Proposition 2.5. Let Q; and Qo be two sets of finite perimeter in R® such that
|Ql N Q2| =0.
Then, for any function u € ﬁ&(Ql U Qo) N L>®(21 UQs), we have that

/ w2 dpi = 1 </ u? dH! +/ u? de—1> . (2.5)
9*Q1M0* Qs 2 \Jorq, Q0

Proof. We first notice that the reduced boundaries 0*§2; and 0*€Qy can be decomposed as
90 = (8*91 N 8*92) U (8*91 \3*92) and  9*Qy = (3*91 N 8*92) U (3*92 \ 3*91).
Thus, in order to prove (2.5), it is sufficient to prove that

u=0 H4 L almost everywhere on (001 \ 0" ) U (0" \ %) (2.6)
Let 29 € 0*Q4 \ 0*Qy. Since

H (R (2 Lol Uoma,) ) =0,
we can suppose that zg € Qéo) U Q(21), but since xg € Q(II/Q) and 21 N Qs = 0, we get that
necessarily xg € Qéo). But then,
20 € (1 U Q)2

Thus, by Proposition 2.4, we get that u(xo) = 0. This proves (2.6) and (2.5). O

2.4. A semicontinuity lemma. In the proof of the main theorem we will repeatedly use
the following lemma, which is a restatement of a lemma from [9].

Lemma 2.6 ([9]). Let A C R? be a bounded open set. Let u, € H'(A) be a sequence of
functions converging to us, € H'(A) weakly in H'(A), strongly in L?(A) and pointwise
almost-everywhere. Let Q, C A be a sequence of sets of locally finite perimeter in A
converging almost-everywhere (in A) to the set of locally finite perimeter Qoo C A. Then,

/ u? dH < lim inf/ u? dHIL (2.7)
ANO* Qoo =0 J And*Q,

Proof. The proof is precisely the one from [9, Lemma 2.4]. We report it here for the sake
of completeness. The key observation is that given u € H'(A) and a set of locally finite
perimeter 2 C A, we have

/ uw?dH T = sup{/ div (u?¢) dz : € € CHA;RY), |¢] < 1}.
ANoO*Q ANQ
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We now fix a vector field £ € C}(A;R?), |¢] < 1 and we compute

lim inf/ u? dH > lim inf/ div(uif) dz
ANO* QU ANy

n—oo n—oo

— lim inf /A (2(un€) - (10, Vuwn) + (un 1g,) (un div€) ) de

n—o0

Now, since 1, Vu,, converges weakly in L? to 1o, Vus, we get

lim inf / w2 dHI > / (2(uec) - (L Vitos) + (11 Te..) (e div ) ) da
o0 JANO* A

= / div(uZ.¢) da.
ANQoso

Taking the supremum over &, we get (2.7). O

3. ALMOST-MINIMALITY AND HOLDER ESTIMATES

In this section, we prove two general technical results on the continuity of subharmonic
functions which are almost-minimizers of the Dirichlet energy in a suitable sense. We will
use these estimates in Sections 4 and 9.

Lemma 3.1 (A growth estimate). Let D be a bounded open set in R?, z9 € D and let
u € HY(D) be a function such that

(a) u is non-negative and subharmonic in D;
(b) there are constants o € [0,1], K > 0 and ro > 0 such that By,(zo) C D and

/ |Vul|? dx < / IV (u+ ¢)|? do + Kri 1o,
By (z0) By (z0)

for every r € (0,79) and every p € HE (B, (o)) with ¢ > 0 in By(xg).
Then, for every r < ro/4, we have
CoVE  1p

e,
a+1

][ u(z) de —u(xg) <
By (zo)

In particular, if u(zg) = 0, then

Cd V K l-ga f < To
T or ever T —.
at1 vy r=7

Proof. Without loss of generality, we can suppose that xop = 0 and D = B,,. Then, for
every r € (0,rp), we have

1 T
0< ][ wdH¥ —u(0) < / s Au(By) ds.
0B, dwq Jo

[ull Lo (B, (20)) <

Thus, we only need to estimate Au(B,). In order to do so, we test the optimality of u with
u + tp, where () == 2(2r — |z[)5 .

K K
—2 | Vu-Vpdr< t/ IVo|? + TTd_Ha < twgr®? + TTd_Ha.
B

By
K 1+
ti=/—1r 2,
wd

—2/ Vu-Vedr < \/KwdrdfgjL%,
B

Taking

we obtain
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and so, for every r < 77, we get

1 2 a
Au(B,2) < / o(r)Au(z) de < — Ve - Vudr < 5\/Kwd rd=3+%
B, By

Then, for every r < 7, we can estimate

d—1 r d 4o
][ wdH — u(0) < 2\/1(7%!/ sldgd=3+% gs < 2V ERuwg 1> .
OBy dwg 0 dwg a+1

Now, using the non-negativity and the subharmonicity of u, we get the claim. (|

Lemma 3.2 (Holder continuity). Let D be a bounded open set in RY let v € H' (D) be a
function which is subharmonic in D and such that

0<u<<M in D,
for some constant M > 0. Given ¢ € (0,1), we define the set
Ds:={z €D : dist(z,0D) > 4}, (3.1)

and we suppose that there are constants o € [0,1] and K > 0 such that
/ |Vu|?dx < / IV (u+ ¢)|? do + Kri= e,
Br(.to) Br(CUO

for every zo € Ds, every r € (0,68) and every ¢ € H (B, (wo)) with ¢ > 0 in By(z0). Then,

lu(z) —u(y)| < Cq <M+ Oﬁ) oz — y| e,

for every x,y € Ds such that |z —y| < (1%)2

Proof. We apply the previous lemma, to zyp = y and r = |x — y|?. Then,

(rt o=y -
u(z) —u(y) < ]{9,-(96) )= r ]{3T+|zy(y) ¢ i

ond _.d
ey ‘)
r Br+\x—y|(y)
|z — 9] (r+lz -yt CyWK 1+a
< bty ™ VR e,

Now, since |x —y| <1 and r = |z — y|?, with v € (0,1), we get

., 2CaVK ita
u(e) —uly) < d2'Mlz —y['7 + I g
Choosing v = 34%04’ we get that
1 1+ a a+l
T T Ay

and so we get the claim. Finally, we notice that we should have the inequality r+ |z —y| < %,
which is satisfied for instance when |z — y|7 < 1%. O
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4. NON-DEGENERATE APPROXIMATING PROBLEMS

In this section, we define a sequence of non-degenerate problems, approximating (1.3),
in which the competitors u are a priori bounded from below by a fixed positive constant.

We consider the family of approximating problems
min {Jg(u,Ql,Qg) cu€eV, (Ql, Qg) € A(u)}, (4.1)
where the functional J. is defined as

J. (1, 01, ) ::/ Vul?dz + Al{u > 0} A D)
D

.8 </ u? dH! +/ u? de—1> +5(Per(Ql) —|—Per(92)).
2 \Jory Qs

Proposition 4.1 (Solutions to the approximating problem). Let D be a bounded open set
in R, Then, for any € > 0 there are u. € V and (Q},02) € A(u.) such that:
(i) (ue,QL,02) is a solution to (4.1);
(ii) the function ue is Hélder continuous in D and for every 6 > 0 there is a constant
Cs > 0, depending on §, d, 5, A and ||g||r=, such that

Jus(2) = ue(y)| < Coslw —yl"* for every .y € Dy, (4.2)

where Ds is the set defined in (3.1).
(iii) there is a constant p > 0, depending only on d, A and ||g||pe~, such that

QLUQZC (F1UEy) + B,. (4.3)
Proof. Let € > 0 be fixed. We divide the proof into several steps.

Existence. Let {(uc;, Q};,Q2)) }iEN be a minimizing sequence for (4.1). Since we can use

€, et
(g, FEq, Eg) as a competitor against (um, Ol le), we have that

£,0)
/ Ve ;| da + g(Per(Q;i) + Per(Qgﬂ-)) < J.(g, Er, E2) < Ji(g, E1, E»). (4.4)
D

Moreover, since u.; — g € H& (D), by the Poincaré inequality with constant Cp, we have
ueillz2(py < lluei — gll2py + 9]l L2 (D)
< Op||V(uei = 9)llzzpy + l9ll2(p)-

Thus, the sequence {uc;}ien is bounded in H'(D). Hence, up to a subsequence, there
exists a function u. € Hg (RY) such that Vue; — Vu. weakly in L*(R%) and Uei — Ue
strongly in L?(R%) and pointwise almost-everywhere. In particular, the almost-everywhere
convergence gives that

:ﬂ-{u€>0} S hm inf ﬂ{u57i>0}. (45)
1—00
Using again (4.4), we obtain
1
Per(Qéi) + Per(Qgi) < ng(g,El,Eg).
Hence, there are sets of finite perimeter 2} and Q2 such that
Qni=0, E cQ and FEycCQ
and such that (up to a subsequence)
]191‘ — ]lﬂé and ]]_QQ' — ]ng,

strongly in L'(R%) and pointwise almost-everywhere. Together with (4.5), this implies that
{u. >0} cQluQ?,
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so (2}, 92) € A(u.). Finally, the semicontinuity of .J. (see Lemma 2.6) gives that (u., Q!, Q2)
is a solution to the variational problem (4.1).
Subharmonicity of u.. Let v be a function in H'(D) such that
v<wu, in D and v=u, on 4dD.
Then, testing the optimality of (uc, QL, Q2) with (vy, QL Q2) and using the fact that

vy <us in D,

/|Vv|2d:p2/ |Vv+|2dx2/ |Vug|2dl‘-
D D D

In particular, if ¢ is a nonnegative function compactly supported in D, then we can apply
the above inequality to v := u — ty for some t > 0. Then , by sending ¢ to zero, we get that

—/ V- -Vusdr > 0,
D

which means that the distributional Laplacian Awu. is a positive Radon measure in D.

Holder continuity of u.. Let 6 € (0,1) and let Dy be given by (3.1). Let zp € Ds and
0 < R <4. Let ¢ € H}(Bgr(zp)) be such that ¢ > 0 in Br(xg). We set

ﬁ; .= Q! U Br(x0) and Qg := Q2 \ Bg(xo),

so that (Q,Q2) € A(ue). Using (ue + ¢, QL O2) to test the optimality of (ug, QL Q2), we
get

we get

B

/ |Vue|? de + A|Br(xo) N {us > 0}] + 6/ u? dH + u? dH!
Br(zo) 2 Jora 2 Jorq2
< / |V (us + @)|> dz + A|Bg| + ﬁ/ w2 dHT s w2 dH + eHTH(OBR).
B (o) 2 Jora 2 Joraz

Moreover, the definition of (u + ¢, ﬁé, Qg) gives that, for j = 1,2,

/Mugd’}-[d_l g/ ,uﬁd%d—w/ u? dH!
o+ o+ OBR(z0)
S/ uZ dH + dwgR|g)| 7o (-
o*Q

Combining these two estimates, we obtain

/ Ve |? da g/ V(e + @) do + A|Bg| + (2 + Bllg| 2o ) dioa R
Br(zo) Br(zo)

< St g (s (1 Bl ) dea) RO
Br(xo

By Lemma 3.2 we get that

ue () — ue(y)| < Cla —y|'? for every z,y € Ds, (4.7)
2

h that |z —y| < —
such that |z y]_256,

Boundedness of Q! and Q2. We first notice that u. is a subsolution of the Alt-Caffarelli
functional, that is,

/ \Vua\zdx+A]{ug>O}]§/ \Vo|? dz 4+ Al{v > 0}],
R Ré

where the constant C' depends only on d, A, 5 and ||g|| .

for every v € H'(R?) such that u — v € H3(D) and 0 < v < u. on R?. In particular, this
implies (see for instance [15]) that the set {u. > 0} lies in a sufficiently large ball B,. Now,
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since outside {u. > 0} the functional J. only accounts for the perimeter of Q! and 02,
we have that these sets should be contained in the convex envelope of {u. > 0}, which in
particular gives (4.3). O

5. THE LIMIT OF THE NON-DEGENERATE SOLUTIONS

In this section we define the function u (Section 5.1) and the sets (€21, £22) (Section 5.2),
which we will prove to be solutions to the initial problem (1.3). Throughout this section,
for any € > 0, we fix a solution (ug, L Qg) of the approximating problem (4.1) for J..

5.1. The limit function. It is immediate to check that, there is a function
ue HY(RY),
and a sequence €, — 0 such that
e for every fixed § > 0, u,, — u uniformly in Ds as n — oo;
e u., — u strongly in L?(R%) and pointwise almost-everywhere in R
e Vu., — Vu weakly in L2(R?).
By construction, we have u — g € H} (D), while Proposition 4.1 gives that
u € Hy((E1UE») + B,) and  ue C%3(Ds) for every > 0.
Moreover,
0 <u < [|gll oo (ray and Au>0 in D.
5.2. The limit sets. We next construct the sets €; and Q5. Choose a ball
Bgr(zo) cC DN {u > 0}.
Then, there are ¢t > 0 and § > 0 such that
Bpg(zo) C DsN {u > t},
where Ds is given by (3.1). By the uniform convergence of u., to u on Ds, we can find
ng > 1 such that, the following inequality holds for every n > ng:
Ue, > % in  Br(x).

Using this inequality and the optimality of (ugn, an, an), we can estimate

ng(g7E17E2> > gJa(U&L’Q;nann) Z/

ugn dH + / ugn dH41
B B Br(z0)nd*QL,

BR(IQ)ﬂa*an
2
> 7 (Per(Qin; Bg(z0)) + Per(Q2 ; BR(xo))>.
Thus, the sets
Q;n N Br(xo) and an N Br(xo)
have uniformly bounded perimeter. In particular, up to a subsequence there are sets
Q}%7x0 N BR(iL‘()) and Q%%,xo N BR(.%'Q),

of finite perimeter and such that, as n — oo,

]]‘Q%nﬂBR(I()) - ]]_QIR,acO and ]]'anﬂBR(Io) — ]]-Q%%,xo’

pointwise almost-everywhere and strongly in L'(R?). Thus, by a diagonal sequence argu-
ment, we can define the sets €); and )5 as the union of Q}% 0 and Q% 2y OVEr all balls

Bpr(zo) CC DN {u > 0},
of radius R € Q and center with rational coordinates zo € Q¢,

Qi =Eu ] Q, for i=12
R,z
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By construction, €; and Q9 have locally finite perimeter in D N {u > 0} and satisfy
E; CQ; C ((E1 UEQ) ﬂBp)y

where we recall that D := Rd\ (El UEQ). Moreover, we still have the pointwise convergence
of the corresponding characteristic functions, that is, for ¢ = 1,2,

Lo, = lim Loi oy in RY

n—00 en

which implies that, for almost every z € R%,
Lo,n0:(2) = Lo, (2) - loy(@) = lim (Toy (2) - Taz, () T(usoy) =0,
the sets Q1 and Q9 are disjoint, | N Q] = 0.
Remark 5.1. Notice that we do not have a priori that €27 and 9 have finite perimeter in
R?, so at this stage they might not be in the admissible class A(u) defined in Section 1.3.
6. ALMOST-MINIMALITY AND LIPSCHITZ ESTIMATES OF

In this section we will show that u is an almost-minimizer (in some suitable sense) of
the classical one-phase functional of Alt and Caffarelli. From this we deduce the Lipschitz
growth of u on the boundary, which we will use in Section 9.1 in order to deduce the
convergence of the blow-up sequences of w.

Lemma 6.1. Let u € H'(R?) be the function from Section 5.1 and let B,(x9) C R?\ Fj.
Suppose that v € H'(R?) is a function such that v —u € H(B,(xo)). Then,

/ Vul? dz + A By (o) N {u > 0}]
Br($0)

< / |Vo|? dz + A|B,(x0) N {v > 0} + B/ wrdH
By (o) OBy (x0)

Proof. We can suppose that v > 0. Then, testing the minimality of (uen, Q;n, an), with
the function v (which we can do since v — g € H}(D)) and the sets

QL U B, (o) and Q2 '\ By(x0),

we obtain

/ Ve, |? dz + A|D N {ue, > 0}
D

g/ \Vol?dz + A|D N {v >0} + 3 w2 dHit
D OBr(z0)

Passing to the limit as n — oo, we get the claim. O

Lemma 6.2. Let u € H'(R?) be the function defined in Section 5.1. For every § € (0,1)
and every xo € Ds N {u = 0}, we have

J

ull oo (B, (z0)) < O for every r< 556"

where C' is a constant depending only on d, 5, A and ||g||Lee-

Proof. We set for simplicity M := ||g||p~. By Lemma 6.1, we have that for every r € (0, )

/ |Vu|2dx§/ |V(u+ @)>dz+ A|B,| + 3 u? dHI?
By (o) By (o) OBy (x0)

5/ |V (u+ @) da + (Awd5+5dde2)rd—1,
Br(zo)
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for every ¢ € Hi(B,(x¢)) such that ¢ > 0 in B,(xg). Applying Lemma 3.1, we obtain

1wl Loo (B, (20)) < Ca(A+ 6M2)1/2 r'? for every r <

| >

Using this estimate in Lemma 6.1, we get that, for every r € (0,9/8),

/ \Vu|2d:c§/ IV(u+ )2 dz + A|B,| + u? dH!
Br(z0) Byr(zo 0Br(z0)

g/ \V(u+go)12da:+Od(A+ﬂ(A+5M2)>rd,
Br(z0)
for every nonnegative ¢ € H} (B, (z0)). Applying again Lemma 3.1, we get the claim. O

7. NON-DEGENERACY OF u

In this section we show that w is a subsolution of the Alt-Caffarelli functional. From this
information, we can immediately deduce that {u > 0} has finite perimeter in Dy, for every
& > 0. Moreover, the suboptimality of w implies that it is non-degenerate, which assures
that the blow-up limits of u are not identically zero.

Lemma 7.1. Let u € H'(RY) be the function from Section 5.1. Then,
/ \Vu|?dz + A[{u >0} N D] < / |Vo[? dz + A|{v > 0} N D,
D D

for any v € H'(R?) such that
v—u € H)(D) and 0<v<wu in D.

Proof. Testing the optimality of (uan, an, an) with (v, an, an), we obtain
/ Ve, |* dz + Al{u, >0} N D| < / Vo2 dz + Al{v >0} N D|.
D D

Passing to the limit as n — oo, we get the claim. O

As an immediate consequence, we have

Corollary 7.2. Let u € H'(R?) be the function defined in Section 5.1. Then:

(i) the set {u > 0} has locally finite perimeter in D;
(ii) there is a constant n > 0 such that for every xo € D N {u > 0}

lull oo (B, (o)) = M7 for every Ba,.(x9) C D.
Proof. See [1] or [15]. O

8. DENSITY ESTIMATE AND ITS CONSEQUENCES

In this section, we will show that the free boundary d{u > 0} is not touching 0E; and
OE,. This is a crucial step in proving that €; and Qs have finite perimeter in R?. The
main result is the following.

Proposition 8.1 (Non-collapsing). Let u € H'(RY) be the function from Section 5.1.
Then, there is a positive constant t > 0 such that u >t in a neighborhood of E1 U Es.

The proof of Proposition 8.1 is based on the following lemma.

Lemma 8.2 (Density estimate). Let u € H'(R?) be the function from Section 5.1. There
is a constant ¢ > 0 and Ry > 0, depending only on d, B, A and ||g||p~, such that

|Br(zo) N{u=0}| > c|Bg| for every Bgr(zo) C D with u(zg)=0.
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Proof. We notice that by Lemma 6.2, we have that
R
[ullLos (B, (o)) < Cp  for every p< 256" (8.1)

Now, we consider the competitor

P = ~ u(z) if xe€RI\B x
Q1 == MUBrpse(z0) , Q2 1= Q2\Brpse(z0) ,  u(z) == { (z) \ B (0)

h being the harmonic extension of u in Bryys6(70). Setting for simplicity r = % and xg = 0,
by Lemma 6.1, we have that

/ |Vu|? dx + A|B, N {u > 0}| < / \Vh|?dz + A|B, 0 {h > 0}| + Bdwgrd=1C%2.
B, Br

The rest of the proof follows the analogous lemma from [1]. Using the fact that h is harmonic
and strictly positive in B,, we have

/ |V (u— h)|?de < A|B, N {u = 0}| + BC?dwar®™!.

T

By the Poincaré inequality, there is a dimensional constant Cy such that

1 2 1 )
(B y/ (h —u) dx) < B ‘/ (h—u)?dr < ‘Cg“‘ (A|Brﬁ{u:0}’ +302rd+1)'
rl J By rl JB, 3}

On the other hand, the combination of Corollary 7.2 and the subharmonicity of v in Bg,
gives that for any « € (0,1)

1

—_— h(zx)dr = ][ u>2"r

|Bier| JB,, dB;
On the other hand, (8.1) implies that

1
w(x) de < Ckr.
Borl Ja, "=

Thus,

d, \2 Ca 2, .d+1

(e C2') < 5 |<A|Brﬂ{u:0}|+ﬁ0 r )
T

Choosing x and R > 0 small enough, we get the claim. O

Proof of Proposition 8.1. Suppose that zg € D is such that
u(zg) =0 and d := dist(xg, 0E1) < do,

where the constant dg > 0 will be chosen later. Let yy be the projection of zg on E; and
let R := 2|xg — yo|- We consider the competitor

u(z) if z€RY\ (Bg(y)ND)

Q1= QUBR(), Q2:=M\Br(y), u(x):= {h(m) if 2¢€ Bgr(yo)ND

h being the harmonic extension of u in Br(yo) N D. We notice that u is the solution to

min{/ \Vol?dz u—vEH&(BR(yD))}.
Br(yo)

Thus, by [15, Lemma 3.7] and the fact that w = g on Ej, we have that

2
1
= 0} 0 Bagyo)| <][ ucmd—1> < cd/ Vu—h)Pdr.  (3.2)
0BR(yo) Br(yo)
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On the other hand, using Lemma 6.1, we get

/ \V(u— h)|*dz < A|Br(yo) N {u=0}+ 23 wrdH (8.3)
Br(yo) 0BRr(yo)

Now, since . =1 on E; and u < 1 in R%, we get that

1
— < ][ wdH! and / w?dHT < dwgR,
1 8Br(yo) 9Br(yo)

where C7 > 0 is a constant depending only on Fj (notice that since Fj is regular, for § > 0
small, we can choose C ~ 2). Thus, combining (8.2) and (8.3), we get

1
=01 Bat)| < C2Ca(A+ 2) Bl

which by the density estimate Lemma 8.2, gives a contradiction when R is small enough. 0O

9. REGULARITY OF THE FREE BOUNDARY O{u > 0}

In this section we prove the following.

Theorem 9.1. Let u € H'(RY) be the function defined in Section 5.1 and let d = 2. Then
o{u >0} N D is a CH* regular (d — 1)-dimensional manifold.

The proof is based on the fact that u satisfies an almost-minimality condition in D.
Precisely, by Lemma 3.1 and Lemma 6.1, we have that, given a compact set K C D, there
are constants C' > 0 and r¢ > 0 for which

/ \Vu|? dz 4+ A|B,(z0) N {u > 0}
Br(wo)

< / V|2 dz + A|By (o) N {v > 0}] + Crét1, 9.1)
Br(wo)

for every r < 19, 29 € d{u >0} N D and v € HY(B,(x)) such that u — v € H}(B,(z¢)). In
Section 9.1, we use the almost-minimality to show that when d < 4 every blow-up w is a half-
plane solution (that is, solution of the form (9.2)) of the classical Alt-Caffarelli functional.
Then, in Section 9.2, we show that in dimension d = 2, we can use the epiperimetric
inequality from [14] to conclude the proof of Theorem 9.1.

Remark 9.2. We notice that the function v might not be smooth in the open set {u > 0}. In
fact, u is not even C'! as the gradient is not continuous across 99 NON,. We stress that we
can still use the 2D epiperimetric inequality from [14] together with the almost-minimality
condition (9.1) to prove the C1® regularity of the free boundary, but we cannot improve
this regularity to C*°.

Remark 9.3. We expect Theorem 9.1 to hold in every dimension 2 < d < 4, as there
are several epsilon-regularity results for functions u satisfying almost-minimality conditions
similar to (9.1) (see for instance [5, 4, 8, 13]), but we stress that non of these results
directly apply to (9.1). In fact, the almost-minimality of w only holds around points at
the boundary d{u > 0} (and in our case u is not even C** in {u > 0}), which essentially
requires [5, 4, 8, 13] to be revisited in order to be used in our context. We choose the
approach from [13] which limits Theorem 9.1 to the case d = 2, but on the other hand is
based on the epiperimetric inequality from [14], which works without any modifications in
our case.
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9.1. Blow-up sequences and blow-up limits. Let zg € 9{u > 0} N D. We define
1
up(x) 1= ;u(xg +rx).

Let r,, be an infinitesimal sequence. Then, for n large enough, the sequence ., is uniformly
bounded in L> in every ball By C R%. Moreover, by Lemma 3.2, u,. is uniformly bounded
also in C%'3(Bg). Thus, up to a (non-relabelled) subsequence wu,., it converges uniformly
in Br). By a diagonal sequence argument, there is a continuous function

uosz—HR

and a subsequence u,, such that u,_ converges to 1y uniformly on every ball Br C R%. We
will say that ug is a blow-up limit of u at xg.

Proposition 9.4. Let 2 < d < 4 and let u be the function from Section 5.1. Then every
blow-up limit ug : R — R of u at a point xo € O{u > 0} N D is of the form

uo(x) = VA (z - )4 | (9.2)
for some unit vector v € R%.

Proof. Let u,, be a blow-up sequence converging to ug. We notice that, by Corollary 7.2,
ug is non-trivial. Moreover, using the almost-minimality condition (9.1) we get that ug is
a local minimizer of the Alt-Caffarelli functional (see for instance [1] of [15]). Precisely,

/|Vu|2da:+A|BRﬂ{u>0}|§/ |Vo|? dz + A|Br N {v > 0},
Br

Br

for every B C R? and every v € H'(Bg) such that v — v € H(Bg). Moreover, the
almost-minimality condition (9.1) implies that every blow-up limit ug is 1-homogeneous
(see [13]). When d < 4, using [3] and [10], this gives that every blow-up limit ug is of the
form (9.2). O

9.2. Epiperimetric inequality and regularity of d{u > 0}. For any ¢ € H(B;) we
consider the Weiss’ boundary adjusted energy introduced in [16]

W) :—/ \V@]Qdm+A\{<p>O}ﬂB1\—/ o A,
Bl 8B1

Let K be a compact set contained in D and let C' > 0 and 7y be the constants from
the almost-minimality condition (9.1). Let zg € 0{u > 0} N K be fixed and let u,(x) :=
Lu(zg + rz). Then, the derivative of W (u,) is given by

0 _é Zr) — U ! z-Vu—ul?dH¥ (z
S W) = S(W () = W) + [ e Fu—uft o),

where z,. : B1 — R, z.(z) := |z|u, (90/|a:|), is the 1-homogeneous extension of u, in By. Now,
by the 2D epiperimetric inequality of [14], we have that there is a constant ¢ € (0,1) such
that for every r > 0, there exists a function h, : By — R with A, = u, = z. on 0By and

| B1

W(hy) —© < (1—¢)(W(z)—0), where ©:= AT.
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Now, using the almost minimality (9.1) of u, we have that for every r < rg

g U :ﬂ 2r) — U 1 z-Vu— ul? =1y
g W () = —(W(z) W(r))+r/aBl| Vu —ul* dH (x)

= g((W(Z'r) -0) - (W(uy) — @)) + % /83 - Vi — ul? dHE Y (2)
> () —0) v -) + L[ e v et
dr 1 Cr 1 )
= ?(1 — (W) =0) = 7= = (Wlur) = 0)) + r/aBl [ Vu—ul? dH" (x)
> %1 i c (W(Ur) - @) — 1d_C'€ + i/aBl ‘w SV — u‘2 de_l(x),

d
Taking v = 175, we get that
—c

0 (W(uy) dCrt=7 1 9 et
> SV —
or < rY 1—(d+ 1)5) = ity /831 |- Vu —ul” dH" (),

which implies that
W (ur,) alC’r(lf7
o 1—(d+ 1)
By a standard argument (see for instance [14], [13] or [15]), this implies the uniqueness of

the blow-up limit at 2o and the Cl®-regularity of O{u > 0} in K, which concludes the
proof of Theorem 9.1. O

W (u,) < Cor? where Co:=

10. REGULARITY OF THE FREE INTERFACE
In this section we prove the following theorem.

Theorem 10.1. Let u be the function from Section 5.1 and let Q1 and Qo be the sets
constructed in Section 5.2. Then,
(i) in any dimension d > 2, the free interface 9*Qq N (D N{u > 0}) is a C*° manifold
up to a closed singular set of Hausdorff dimension at most d — 8;
(ii) n dimension d = 2, the contact set 91 N ONe N (D N I{u > 0}) is discrete in D;
(iii) in dimension d = 2, in a neighborhood of every point x € Q1NN N(DNI{u > 0})
the boundary 0 NN N {u > 0} is a C* curve, C* regular up to the endpoint x,
and attaches orthogonally to d{u > 0} at x.

10.1. Minimality and regularity of the free interface in D N {u > 0}.

Proposition 10.2 (Minimality of the limit sets). In any d > 2, let Q1 and Qg be the
sets from Section 5.2 and u be the function from Section 5.1. Then, for every open set

Acc Dn{u>0},
/ u? dH < / u? dHI L, (10.1)
ANd* ANO*y

for every set 0 of locally finite perimeter in D N {u > 0} such that QAQ; CC A.
In particular, 0*Q1 N (D N{u > O}) is a CY®-regular manifold up to a closed singular
set of Hausdorff dimension at most d — 8.

Proof. Without loss of generality we can suppose that A is a finite union of balls

N
A= By (z).

Jj=1
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Let (un, 2%, Q2) == (ue,, QL Q2 ) be the sequence of minimizers from Section 5.1 and
Section 5.2 converging to (u,1,€2). Then, by construction

Oln02=0 and (Q}LﬂA)U(QiﬂA) = A,

and the same holds for the limit sets 1 and Q3. Let now ﬁl be such that £~21A91 cC A.
Notice that we can find a family of balls B, (z;), j = 1,..., N, such that

B, (z;) C By (%) forevery j=1,...,N;

N N
QlAgl CcC U Bpj(:zrj) CcC U Brj(xj),
Jj=1 J=1
and such that for every j = 1,..., N, we have

HI~ <8*Ql NoB,, (:c])) =0 and HA! (8*9711 NOB,, (arj)) =0 forevery n>1.
We define

Bi= U By, (@),

=

1

J
and consider the sets

QL= <§1QB>U (Q;\B) and Q2= (B\ﬁl)u(ﬁi\B).

Testing the optimality of (un, 2%, 02) with (u,, 2L, O2), we obtain

/ ~ui+/ ui:/~ui2/ ui:/ u%—i—/ ui
Bno* 9*QL\B o*QL o*Ql BNo*Ql 9*QL\B

which we can write simply as
BNo*, BNo*QL

Using Lemma 2.6 and the uniform convergence of u, to u, we get

Y

/ ~u? = lim ol and / u? < lim inf / u?
BNa*Qy n=00 J Bno*Qy BNa*Qy n—=00 JBno*QlL

which concludes the proof of (10.1). The regularity of 92 in A then follows (as in [9])
from the fact that u € C%*(A) and v >t > 0 in A, for some constant ¢ > 0. O

10.2. Minimality of the free interface up to the boundary of {u > 0}.

Proposition 10.3 (Minimality of the limit sets). In any d > 2, let Q1 and Qo be the sets
from Section 5.2 and u be the function from Section 5.1. Then, for every ball B,(xy) CC D,

/ W dHI < / u?dH (10.2)
By (z0)N0* Q1 By (z0)N0* Q1

for every set Q such that Q1 AQ; CC B, (x0) and which is of finite perimeter in B,(xg).

Proof. Let fll be such that Q;AQ; cC B, (zp). Since u satisfies the minimality condition
from Lemma 7.1, we have that there are a sequence 6, — 0 and a constant C' > 0 such that

HIt (Br(xo) No*{u > 5n}) <C for every n>1.
Moreover, we can suppose that
P! (a*{u > 8} N 8*91) = Hit (8*{u > 8.} N a*?zl) ~0.
Now, consider the sets

Api=B(zo) N {u>d,} and Q= (An N 51) U (91 \An>.
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Since Q,AQy CC B,(z9) N {u > 0}, by Proposition 10.2, we have that

/ u? < / u?,
B (z0)N0* 1 By (z0)N0*Qy,

which we write as

u2

J '
(Br(20)nd=1 ) A, (Br(20)n0*Q1)\ Ay

< / _ u? + / u? +2 / u?
(Br(2z0)nd* ) nA, (Br(20)nd*Q1)\An Br(20)Nd* Ay,

S/ B u2+/ u? 42020,
(Br(20)n0*01 ) NA, (Br(20)n0* Q1) \An
which gives
/ u? < / ~ u? 4+ 262C.
(Br(z0)n0*21) NA, (Br(z0)n0*01) nA,
Passing to the limit as n — oo, we get (10.2). (|

10.3. Regularity of the free interface up to the boundary 9{u > 0}. In this section
we will need the C1* regularity of the free boundary d{u > 0} in D, so in order to have
Theorem 9.1 we assume that d = 2.

Let o € DN {u > 0} and B,(x¢) be a (small) ball contained in D. Without loss of
generality, we suppose that zo = (0,0). We define the function h: B, — R as

Ah=0in B,N{u>0}, h=win 0B,, h=0in B,No{u > 0}.

Then, h is C1 regular in B, N {u > 0} up to the boundary B, N d{u > 0} and moreover,
there is a C%%regular strictly positive function
a:B.N{u>0} >R
such that
h(x) |Vh|(z)
= —= f € B.Nn{u > 0}; =——2 f € B, N o{u > 0}.

a(x) w(z) or » N {u>0}; a(x) A or » N O{u > 0}
Moreover, choosing r > 0 small enough the set B, N{u > 0} is simply connected, so we can
find a function w : B, N {u > 0} — R such that

Opw =—0yh and Oyw=0,h in B,N{u>0},

w being defined as

w(z,y) = L <8yh dx — Ozh dy),

z,y
where 7, : [0,1] — R is any C! curve connecting (0,0) to (z,y) in B, N {u > 0}. Then,
the map

®:B.N{u>0}, O(x,y) = (w(:c,y),h(a:,y)),
is C1® smooth in B, N {u > 0} (up to the boundary B, N d{u > 0}) and the set
A= <I>(BT n{u> 0})

is a relatively open subset of the upper half-plane {(w,h) € R? : h > 0}. We notice that
for r small enough the function ® is invertible. Then, we define

1
A MNeR? . h> R = —— o ® !
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Then, ¢ is C%® and is bounded from below by a positive constant. We will show that in
the new coordinates the set  := ®(2;) locally minimizes the functional

Fa(Q) = / h2o(w, h) dH (w, h).
{h>0}N0*Q

In fact, since 9*Q is a C! curve, it is sufficient to check that for any

v:[0,1] = B0 {u >0}, ~(t) = («(t),y()),

we have
1

/ = [
/Olhz(’y(
/01 ((

- [ eoVETOT o

®(y(t))) \/(x@xw + y/ayw)2 + (2/0zh + y’8yh)2 dt

(1) e(
1) o(®(4(1))) \/(a;'ayh —y9,:h)? + (¢'8.h + y9,h) dt
t))p (@

2 (VD) (@sh)? + (0,12 (@ ()2 + (5 (D)2 dt
2

which concludes the proof. In order to conclude the proof of the C' regularity of 9, it
is sufficient to prove that at the point (wo, ho) = (0,0) the set Q := ®(€2;) has a unique
blow-up limit given by

Qo :={(w,h) €R? : h>0, w> 0}.
In order to do so, we consider the set
R = {(w,X) eRxR? : (w,|X]) e Q}

Then, R is a local minimizer of the functional
FiR) = [ ol 1X]) i w, X),
0*R

among all sets with the same simmetries as R, that is, all sets of the form

R = {(w,x) eRxR® : (w,]|X]) e ﬁ}

for some € C {(w,h) € R? : h > 0}. Now, by the monotonicity formula for the local
minimizers of the area (see for instance [11]), we have that any blow-up limit Ry of R
is a cone in R*, which is area-minimizing with respect to perturbations that preserve the
simmetries of R. But then, since the dimension of ORy is less than 7, we have that IR
is necessary a plane (with the same simmetries as R). Thus, Ry is ortogonal to the line
{0,0,0} x R, which concludes the proof of the uniqueness of the blow-up, which implies
points (ii) and (iii) of Theorem 10.1.

11. PROOF OF THEOREM 1.2

In order to prove the existence of a solution to (1.3), we observe that as a consequence
of an almost-minimality condition involving the one-phase Alt-Caffarelli functional and
Theorem 10.1, we have that the sets €23 and 22 constructed in Section 5.2 have locally
finite perimeter in D. It remains to prove that

(i) €1 and € are sets of finite perimeter in R?;
(ii) (u,1,82) is a solution to (1.3).
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First, for j = 1,2 and § > 0, we define
ES = {ac eRI\ B, : dist(s, Ej) > 5}.
Then, Ef N and Eg N Q9 are sets of finite perimeter and, by Proposition 8.1,
Per(ES N Q) + Per(ES N Q) < C,

where C is a constant that does noit depend on §. Thus, passing to the limit as § — 0, we
get that ©; and Q9 have finite perimeter. Next, in order to prove (ii), we consider u € V
and (Q1, Q) € A(u). Testing the optimality of (ue, L, Q2) we get that

Je(uea Q;, Q?) < Je(u, (217 52)
Now, the semicontinuity lemma (Lemma 2.6) gives that

Jaa(u, 1, Q) = liminf J (ue, O, Q2) < lim J. (7, Q1, Q2) = Jpa (@, 1, Qa),
e—0 e—0

which concludes the proof of the existence.

Moreover, if (u, 21, 9) is any solution to (1.3), then it satisfies the minimality conditions
from Lemma 6.1, Lemma 7.1, Proposition 10.2 and Proposition 10.3, so by Theorem 9.1
and Theorem 10.1, the claims (i) and (ii) of Theorem 1.2 follow.
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