ASYMPTOTIC BEHAVIOR OF THE DIRICHLET ENERGY
ON POISSON POINT CLOUDS

ANDREA BRAIDES AND MARCO CAROCCIA

ABSTRACT. We prove that quadratic pair interactions for functions defined on planar Poisson
clouds and taking into account pairs of sites of distance up to a certain (large-enough) threshold
can be almost surely approximated by the multiple of the Dirichlet energy by a deterministic
constant. This is achieved by scaling the Poisson cloud and the corresponding energies and
computing a compact discrete-to-continuum limit. In order to avoid the effect of exceptional
regions of the Poisson cloud, with an accumulation of sites or with ‘disconnected’ sites, a suitable
‘coarse-grained’ notion of convergence of functions defined on scaled Poisson clouds must be
given.
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1. INTRODUCTION

The object of this paper is an analysis of the asymptotic behaviour of quadratic energies on
Poisson random sets. Loosely speaking such sets are characterized by the property that the number
of their points contained in a given set has a Poisson probability distribution, and that the random
variables related to disjoint sets are independent. Even more loosely, in average the number of
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points contained in a set is proportional to the Lebesgue measure of the set. We denote by 71 such
a random set.

In order to define some almost-sure properties of 17 we use a discrete-to-continuum approach that
has been fruitfully used to derive continuum theories from microscopic interactions (see [2]). A
simple interpretation of this method is as a finite-difference approximation. If 7 is a deterministic
periodic locally finite discrete set in R%, then we can consider real-valued functions v : n — R and
quadratic interaction potentials between points on 7. The corresponding Dirichlet-type energy is

> (ul@) —uly))?, (1.1)

(z,y)

where (z,y) indicates summation over nearest-neighbouring pairs (z,y) in n. We can then intro-
duce a small parameter € and scale both the environment and the energies accordingly; namely,
considering v : en — R and

> e P ule) - u(y)?, (1.2)
()
now summing over nearest-neighbouring pairs (z,y) in €. By letting ¢ — 0 we obtain a limit
continuum energy, of the form

AVu - Vude, (1.3)
Rd

where the matrix A carries information about the microstructure of the original set . Note that in
order to perform this passage to the limit we have to embed our energies in a common environment
identifying functions on 7 with suitable interpolations. The limit is meant in the sense of I'-
convergence, which implies that minimum problems for the limiting energies are approximations
of the discrete ones, and can also be performed ‘locally’, by considering interactions only for
x € ennU for a fixed open set U.

In order to define analogs of (1.1) and (1.2) for the realization of a Poisson cloud n we face a
choice regarding what to consider as ‘interacting sites’, whether nearest neighbours in the sense of
Voronoi cells or points ‘close’ in the sense of the ambient space. For the random set n these two
choices are not equivalent since nearest-neighbouring points on n may be indeed arbitrarily distant
in the ambient space, and conversely a very small distance between points of 1 does not ensure
that they are nearest neighbours in 7. We choose the second option, which also seems closer to
applications; namely, we introduce an interaction radius XA > 0 and consider the energies

Felw)y= Y e P(u(z) —u(y))?, (1.4)
z,y€QNen,
|lz—y|<eA
defined for v : enN@Q — R, where @ is the unit coordinate cube centered in 0 (for ease of notation
we treat only this case, which anyhow, up to scaling and localization, implies the result for any
bounded Lipschitz open set in R?). Note that, if a T-limit of such energies does exist then, thanks
to the invariance properties by rotations of 7, it must be a multiple of the Dirichlet integral (i.e.,
A in (1.3) is equal to a multiple of the identity matrix), which we expect to be almost surely
deterministic.

The main issue in proving the convergence of F. consists in providing a suitable notion of
convergence for discrete functions u. to a continuum parameter u, for which a compactness theo-
rem can be proved under an assumption of boundedness of the energies. While for periodic 1 we
can use piecewise-constant interpolations on Voronoi cells (or, equivalently, piecewise-affine inter-
polations on the related Delaunay triangulation), for a Poisson point process we cannot control
the behaviour of such interpolation due to the presence of arbitrarily large and arbitrarily small
Voronoi cells. Nevertheless, we can prove that the union of ‘regular’ Voronoi cells with suitably
controlled dimensions form an infinite connected set in which we find ‘paths’ of cells such that also
cells at distance A are regular. This is done by exploiting a Bernoulli site-percolation argument.
In the planar case d = 2 the complement of this set of Voronoi is composed of isolated sets with
controlled dimensions, so that the ambient space can be thought of as a “perforated domain”, in
which we do not have a control of the discrete functions only in isolated ‘holes’ of controlled size.



DIRICHLET ENERGY ON POISSON POINT CLOUDS 3

FIGURE 1.1. A representation of a regular grid in @) with two ‘paths’ highlighted.

This allows to define a suitable convergence by choosing a subset G. of en composed of paths
mentioned above whose union V.(G.) has the geometry of a square grid (see Fig. 1.1) We thus
use these grids to define a suitable convergence notion: given a sequence of function u. : en — R
we say that u is the L2-limit of u. if

/ [t — ul*dz — 0; (1.5)
Ve (Ge)

namely, if the L?-distance between the piecewise-constant extensions i, of u. and u, restricted to
the Voronoi cells of the grid G, vanishes as ¢ — 0. Regular grids allow also to give a meaningful
notion of boundary-value problems; in particular we can consider affine boundary condition as in
the cell problems

v:n—R
m(&;7TQ) := inf Z Z lv(z) —v(y)|* | v(z)=¢E-a for all z € i such that
zENN(TQ) yEnNBa(x) dist(z, 0(TQ)) < 2A
(1.6)
Using subadditive ergodic theorems we then can prove that, if £ # 0, the constant = given by

= [ RETQ)
== m ———
T54oo  T2[E|2
exists and is deterministic. Moreover, by the invariance properties of 7 it does not depend on £.
This allows to state and prove the main result of the paper, which is the almost sure I'-convergence

in the planar case d = 2 of functionals (1.4) to
F(u) = E/ |Vu|?dz (1.7)
Q

with respect to the convergence in (1.5). Note that more in general we may consider energies of
the form
Frwy= Y &) (@) - uy)? (18)
z,y€QNen
with a positive and with compact support, recovering the case in (1.4) as a special case when a(§)
is the characteristic function of the ball centered in 0 and radius A. If a is radially symmetric the
same limit result holds with obvious modifications in the statements.

The convergence theorem can be compared with various results in the literature. Our result is
inspired by the recent paper [7], where perimeter energies on Poisson random sets are considered.
In that context a simpler compactness result can be obtained with respect to the convergence is
measure of sets, by using a covering lemma that ensures that the energy cannot concentrate on
non-regular Voronoi cells. In the present context, this would correspond to an extension theorem
for Sobolev functions from regular sets, which seems hard to obtain due to the random geometry
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of clusters of non-regular Voronoi cells. Furthermore, we can compare our approach to that in
[4, 3], where a notion of stochastic lattice 7 is given for which energies of the form (1.8) can be
considered. Differently from Poisson random sets, stochastic lattices are more regular, in that
all Voronoi cells have controlled dimension and hence are regular in the terminology above, a
condition that seems a considerable restriction in terms of applications. The regularity of the
lattice implies that functionals F2 are coercive with respect to the L? convergence of piecewise-
constant interpolations on Voronoi cells. Conversely, in general the limits of functionals F?

£
which exist under ergodicity and stationarity assumptions, are not isotropic even if a is radially
symmetric, except for specially constructed examples [16]. More general random distributions of
sites have been considered within problems in Machine Learning by D. Slepcev et al. [9, 12, 18]
(see also the references therein). In their approach the convergence is given in terms of suitable
interpolations of discrete functions using Optimal-Transport techniques. The presence of non-
regular Voronoi cells is mitigated by considering kernels a® with increasing support as ¢ — 0,
which also allow to obtain isotropy in the limit (see also [8] for variational limits using a coarse-
graining approach). Energies (1.8) have a continuum approximation in terms of a convolution
double integral, for which random homogenization has been considered in [6] (see also [1]). We
note that the existence of regular paths can be proved in any dimension d > 2, but if d > 2 the
geometry of regular grids can be thought as a set of “fibers” rather than a perforated domain. We
believe that the same asymptotic result holds but with an even more complex argument. Finally,
we mention, following a remark by D. Slepcev in a private communication, that our results may
also have practical implications for the study of the graph Laplacian. Namely, one can show that
if one drops all of the eigenmodes of the graph Laplacian on a low degree random geometric graph
where the eigenvector has large L™ norm (in other words concentrates at few nodes) one still
recovers the continuum spectrum.

We briefly outline the plan of the paper. In Section 2 we introduce the necessary definitions
and notation for Poisson point clouds. This allows to give a definition of Dirichlet energy on
a Poisson cloud 7 and to prove some asymptotic properties as the Poisson set is scaled by a
small parameter 7 and correspondingly the energies F. as in (1.4). We introduce the notation for
Voronoi cells and define grids of paths of regular cells G, ; depending on an additional parameter
t > 0. This allows to define the convergence of piecewise-constant functions u. on Voronoi cells to
a continuum function v as the successive convergence of averages of u. computed on G, ; at the
“mesoscopic scale” t to piecewise-constant functions u! defined on a square grid and then of such
u! to a limit u as t — +oo (Definition 2.7). This is proved to be equivalent to the L? convergence
on grids as in (1.5), and actually independent of the choice of the family of grids. In Section 3
we state the main results of the paper. Theorem 3.1 states the pre-compactness the sense of the
convergence above of sequences with equi-bounded Dirichlet energy; Theorem 3.3 is an almost-sure
homogenization result characterizing the I'-limit of Dirichlet energies as a deterministic quantity
asin (1.7). Section 4 is devoted to the proof of the Compactness Theorem, based on the geometric
properties of the grids that allow the use of Poincaré inequalities. In Section 5 we prove the
Homogenization Theorem. The lower bound is obtained by using the Fonseca and Miiller blow-up
method, which is possible thanks to the use of cut-off functions that are locally constant close to
non-regular Voronoi cells. The construction of recovery sequences is also made possible thanks
to these ‘regular’ cut-off functions. Finally Section 6 (the Appendix) contains the proof of the
existence of regular grids.

2. NOTATION AND PRELIMINARIES

In this section we introduce the main ingredients required to perform our analysis. For the sake
of simplicity, and since our analysis will take place in this context, we always consider the ambient
space dimension to be two-dimensional, even though some of the definitions and results can be
extended to general space dimension.

2.1. General notation. We let Q := (—1/2,1/2)> denote the unit coordinate square centered in
0. We will also write @, = rQ, Q.(x) = x 4+ rQ. The same notation applies to B,.(z), being B
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the unit ball of R2. For a Radon measure v € M*(R?) the space L?(A;v) is defined as the space
of all measurable functions u : spt () N A — R such that

/ ()2 d(z) < +o0.
A

When v = L2, the Lebesgue measure, we simply write L?(A). We denote by Bor(A) the collection
of all Borel subsets of A. The notation |E| stands for the Lebesgue measure of E. For a set A and
for t > 0 we define

(A) := {x € R? | dist(z, A) < t}.
If no confusion arises, the notation {z; € X;};cs is used for a family z; indexed by I, such that
z; € X;

2.2. Poisson point clouds. Some basic properties of the stationary stochastic point process
called Poisson point cloud are here recalled. A complete treatment of this subject can be found in
[10, 17]. In order to formally introduce this notion, we consider the family N of simple measures;
i.e.,

N, := {Z% e M*(R?)
i€l
Here and in the sequel, d, is the Dirac delta at x. For any Borel set E € Bor(R?) and k € N we
define the subset Agj := { € Ny | p(E) = k} of Ny and consider the o-Algebra N generated
by {Ag | E € Bor(R?), k € N}.

{w;}ier €R?, x; # x; for all 4,5 € I, and T a subset of N}

Definition 2.1. A Poisson point process on R? with intensity -y is a random element 1 on (N, N);
that is, a map from a probability space (2, F,P) onto (N, N), such that
_ QIED* s,
1) P(U € AE,]C) - k' € )
2) denoted by n(B) : (Q, F,P) — N the random variable induced by 1 when fixing B, (namely
n(B) = n(w)(B) for w € Q) then, for any By, ..., By, pairwise disjoint Borel sets we have
that n(B1),...,n(B,) are independent.

—_—~

For any Poisson point process 7 we can observe that its probability distribution P, on (N, N)
satisfies

P((A) = 1) 1= Py(A ) = By € Ag) i= B({w € | n(w) € Ap}) = D —visl

We will often make use of the notation « € 5, or z € n(w) by meaning that = € spt (n(w)) for
some realization w € Q2. Accordingly, x € e n(w) will stand for € e spt (n(w)).

Definition 2.1 implies (see [15, Proposition 8.3]) in particular that the Poisson point process on
R? with intensity 7 is stationary: if we define 7,m(A) := n(A+z), then 7,7 is equal in distribution
to n for any x € R? This implies in particular that P(n(R?) < 4+o0) = 0 (see [15, Proposition
8.4]). In the sequel, whenever we speak of a Poisson point process we always mean a Poisson point
process on R? with intensity .

2.3. Dirichlet energy on point clouds. Let 1 be a Poisson point process. Without loss of
generality, we fix the intensity to be v = 1 and we carry out our analysis on the unit square
Q). This is not a restriction since we may localize our energies on regular subsets of () where
the analysis applies unchanged, while we can deal with arbitrary bounded regular open sets by
rescaling them to subsets of Q.

Let A > 0 be a fixed parameter (the interaction radius) and for u € L?(Q;n.), for a subset

A C @ define
Fwd)= 35 30 fula) —uly)®
zEN:NA yen.NBxe ()

where we have set
ne(A) :=n(e""A), spt(n.) =espt (n).
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Remark 2.2. The definition of F. takes into account the values of w in a Ae-neighbourhood of
A. As a consequence, the energy F. is subadditive on essentially disjoint sets, namely

Fo(u; AUB) < Fo(u; A) + Fo(u; B) for all A,B C R* |ANB| =0.

Indeed, the energy of a function u on some open set A, takes into account also the contribution
of all those points

BA :={y € (R*\ A) N1, | there exists x € AN, such that |z —y| < \e}.

Note that F. is not local, since we may not have F.(u; A) = F.(v; A) if u = v on A due to the
interaction around boundary points. However, if u = v on A we can infer that

Fe(u; A\ (0A)xe) = Fe(v; AN\ (0A)re).

We now give some estimates on the asymptotic behavior of F. and 7. by means of a kind of
(spatial) Mean Ergodic Theorem. We show that, almost surely, the average number of points in
some open set A, lying at a distance less then Ae can be bounded from above by the Lebesgue
measure of A (the proof of Proposition 2.3 follow the lines of the proof of [15, Theorem 8.14]).

Proposition 2.3. There exists a constant C, depending on A only, such that the following property
holds almost surely:
limsup 3 e2n(Bre(a) < CJ4] (2.1)
e=0 rEN.NA
for any A C Q with Lipschitz boundary.

Proof. We consider a sequence {e, },en such that €, — 0 and

l < n
c En+1

<C, (2.2)

where C' > 1 is a fixed universal constant. For an open set A we define the following objects
I(A) = {i € X2 | Qu()) NA# 0}, Q(A) :={Qx(i) | i € Z(A)},  N(A) := #(Z(4)),
and consider, for any i € AZ? the random variable X; := n(Qx(i))?. Note that

) +oo ()\)Qk
E(X;) =e? ZkQT =T\ < +o0.
k=1 ’

Let R := (0,a) x (0,b) for a,b € R. Then, we can relabel each square Q,(i) € Q(e,,' R) in such a
way that
1 N(,'R)

1 ‘
N(eI°R) Z U(QA(Z))2:m kz: Xi-

i€Z(en” R) =1
If we now invoke the law of large numbers (see for instance [15, Theorem B.11]), we have that

L S n@ ) = = E(X1)

e O ey
R—+o00 N(En R) iel(e2 ' R)

almost-surely. Since e2N (e, 'R) — % and 7., (Qxe, (ent)) = n(Qx(7)), we have that

Y 2 @ue(eni? = NS0y o

1
i€Z(¢:'R) N(en™R) i€Z(entR)
for almost all w € Q. Let now
pe(R) == > e0(Qre(e)?, pn(R) = pe, (R),
i€Z(¢~1R)
Ro:={R=1[0,p] x[0,q] | p,q € Q, p,q, <2}

Oy = {w €0 ‘ i (R) — L for an RERO}.

Az
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Since Ry is a countable family of rectangles we have that P(€y) = 1. Let now R := [p,p’] X [q,¢] C
Q with p,p’,q,q € Q and define

Ry:=[0,p] x[0,q],  Rz:=10,p] x[0,q]
Ry :=[0,p] x [0,q],  Ry:=[0,p"] x[0,q].
so that R = R4\ (R1 U Rs), |R| = |R4| — |R1| — |R2| + | R3|- Moreover
fin(R) = pin(Ra) — pin(B1) = pin(R2) + pin(R3) + sn,
with
4
$n<CY Y e, (@, (E01))*.
i=1ieZ(en ' 0R;)
Since s, — 0 we immediately have p,(R) — %ln\. In particular, having defined
R:={lp,p]x[a.d1CcQlp.p.a.qd €Q},
|R|

we have p,(R) — S\ for allw € Qg and R € R.
Let R € R, let w € Q be a realization and let {€; = &x(w)}ren be a sequence along which
sy Y )@@ = Tim Y @)@

e—=0 .
i€Z(e~'R) i€Z(£,'R)

Consider &,, < &, < en,+1. By (2.2), we can find R € Ry with |R| < C|R| (for a universal
constant C') and such that &, 'R C e, 'R for all k € N. Note that Z(¢;,'R) C Z(e; ! R) and thus

Y En@@))’ < D @ (@@)?<C Y e nw)(@a)*.
i€Z(5;'R) i€Z(en, R) i€Z(en, R)
By taking the limit and exploiting that R € Ry, w € ', we achieve
limsup Y *n(w)(Qx(1) < C|R|,
70 er(c1R)
where C' depends on A only. In particular we have that
limsup e (R) = limsup Y~ £”n(Qa(i)) < C|R]
e—0 e—0 . _
i€T(¢-1R)

almost surely. For any open set A C @ and for any § > 0 we can find a finite covering of disjoint
rectangles {Rk}ivil C R with ZkN:k1 |Ri| < |A|+ 0. Then, since p. is sub-additive on disjoint sets,
we conclude that

Nk Nk
pe(A) < pe(Ry) = limsup pc (A) < CY [ Ry
k=1 €0 k=1

almost surely. Now, since
Y En(Br(2) C Y Ene(Qrcle)? = Cpc(A)
rEANN. i€L(e"1A)
for a universal constant independent of A\, n,w we obtain the claim for all w € g, which has
probability 1. O

Corollary 2.4. Fiz A > 0. There exists a constant C' depending on A only such that almost surely
it holds

lim sup F (u; A) < C’/ |Vul? dz (2.3)
e—0 A
2%62 Z u(x)an(BAE(:z:))SC’/A|u|2dx (2.4)

zEN.NA

for any u € C*(Q) and for any A CC Q with Lipschitz boundary.
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Proof. Fix A C Q. Let Q,, := {Q7}ien be a dyadic division of @ in squares of size % Since
u € C! for any fixed § we can find K > 1 such that

rgg;%{u( x)} — Igg}n{u )}‘ < ¢ for all Q" € Q,, such that Q"N A # 0

‘ max {|Vu(z)]} — min {|Vu(x)|}‘ < 6 for all Q™ € Q,, such that Q7" N A # 0
IE(QF))\En :EG(Q:"’)XE”

whenever m,n > K. Moreover (A)2/,, D U Q7" and
QI NA#D

/ u(z)?da < / u(z)?dx + 0, / |Vau(z)|? de < / \Vu(z)|* dz + 6.
(A)Q/m A (A)g/m A
Then

e > ne(Brlo)u(@)?® < > Igg{g{u ()%} Z £2ne (Bae ().
zEN-NA QI'NAH#D zENNQT

In particular by invoking Proposition 2.3, almost surely we have

lim sup 2 Z N-(Bye(z))u(z)?

€0 zEN.NA
<C Z max{u 2HQ™M = C Z / max {u(r) Vde
QmmA;é(D @ QrnA#p Y @ eQi
<c Y / (u(z)? +6%)de = C u(z)? dz + C8%|Q)
Q,’L-'”FTA#@ QY (A)2/m

< C/ u(x)? dz + C6|Q)|
A
for a constant that depends on A only. Since § is arbitrary we get (2.4). Also

> Yo lul@) —uy)f

€ENNA yeN-NBx:(x)

<Y Y Y ) -u)P

QNAAD 2EN-NQT yenNBxc ()

<Y Y Y ) -u)P

QTNA£D 2€n.NQT yen.NBy. (z)

< )2 Z max | Vu(z)[? Z e2ne(Bxe(2)).

QrAAZ0 z€(Q) e zEn.NQ™

Then Proposition 2.3 almost surely yields

limsup Fe(u; A) < C / max Vu 2 da
oy ( Qm%yé@ Qm:ce(@mg{‘ @I}

< c/ V(@) dz + C52|Q)|
A

for a constant that depends on A only. The arbitrariness of ¢ yields (2.3). O

2.4. Voronoi cells and paths. We now consider 1 : 2 — N, a Poisson point process. For a
given realization w we identify the Voronoi cell of x € i as

C(z,n) :={y eR?| |y — x| < |z — 2| for all z € R?}.

Note that C(z,n.) = 50(%77).
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We say that z,y are nearest neighbors if C(x,n) shares a common edge with C(y,n). In this
case we write (z,7y). Given z € R? we define
my(x) == argmin{z € n | |z —y|},

where, in case of multiple choices we consider the lexico-graphical order. We say that

P(,y) == {Ziy, - Tiy }
is a path in n connecting x to y if x;,, € nform =1,..., M, z;, = m,(x),2;,, = m(y) and
(T, T4, ) for m =1,... M — 1. Moreover, we let £(p) := #(p) denote the length of a path p.
This notion induces a natural metric on 7
Ty (z,y) == min{l(p(z,y)) | p(z,y) is a path in 7 connecting z to y}.

We say that a sub-cluster S C 7 is connected if for every z,y € S there is a path p(z,y) :=
{®i,,... i, €S} connecting x to y.

2.5. Piecewise-constant extensions. Let q C 7. be a family of points in the point cloud. We
define

Ve(a) == | Cla,n.).

req
For u : p. N @Q — R we define the piecewise-constant extension

4:Q — R, dx):= Z uw(y)Loym.) ().

YyEN:NQ

2.6. Geometric structure of Poisson point processes. Now we state and prove some sta-
tistical properties of Poisson point processes that we find useful in the treatment of the Dirichlet
energy on point clouds. For ¢t € R, and a Borel set A C R? we define

T(A) ={J etZ’: Qu(J)NA#£D}, Qu(A) :={QY :=Q:(J), J € T,(A)}, ki(A) := /#(To).

When it is clear from the context that A = @ we sometimes write x; in place of k¢(Q). For
J € T,(Q) we have J = t(i, j), i,j € Z. Therefore, we set Q% = Q} ; € Q; the square placed on
the i-th row and j-th column.

Fori=1,...,k, j=1,...,k we define the vertical and horizontal rectangles as

k+ k¢
Rt = Qi Rt :=[]JQi,
=1

Jj=1

2.6.1. Selecting a sub-cluster: Percolation Theory. For a Poisson point process 17 we consider the
sub-cluster

n*(\) == {z €n | in(C(z,n)) > a, diam(C(z,n)) < a™ !, n(Br(z)) < a™'A?}
where the in-radius of a set in(A) is defined as
in(A) := sup{s > 0 | there exists Bs(z) C A}
Definition 2.5. Fix o and \. Let ,¢ > 0 be fixed. We say that a family of vertical and horizontal
paths
Ger={hl, vi dje{l,....k},me{l,...,M}}
is a regular t-grid with T bounds for n., if the following properties are satisfied

a) all the paths are in en®(\);
b) for any m = 1,..., M., hi,
strictly contained in RP(t);

c) for any m = 1,..., M., vi,

strictly contained in R} (t);

connects the two opposite sides of RP(t) of size t and is

connects the two opposite sides of Rf(t) of size t and is
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el
Zratms

W%
o

F1GURE 2.1. A graphic visualization of Definition 2.5.

d) the following bounds hold for any ¢,j € {1,...,k}, me {1,..., M.}, ke € N;

t ) Tt t . Tt

< i ty< 2 < J )<

Ye = g(hanz,]) =z ) Te e(vanl,j) =

(2.5)

t Tt
— < M., < —
Ye = = ¢

e) dist(hi,,h%) > 3\e and dist(v/,,vI') > 3\e, for all 4,i,4,j € {1,...,k}, m,s €
{1,..., M.} (with m # s for i =i or j = j');
f) Ifz e (hin‘):;)\a N7, (x € (v )axe Nne) it holds n.(Bye(x)) < é)\Q;
g) If z,y € hl,, (x,y € v,) neighboring points then |z — y| < Ae;
For the family of (e, t) regular grids with T bounds we use the notation G¢(Y;7.).

We invite the reader to confront Definition 2.5 with the situation depicted in Figure 2.1, which
has the only purpose of being illustrative. For any ¢ > 0 we consider the k2 ~ 1/t squares covering
Q. Then we consider horizontal and vertical rectangles made by union of these squares and labeled
suitably (from left to right for the vertical, and from bottom to top for the horizontal). We define
a grid to be regular if inside each rectangles we can find a certain number of paths of points with
properties (a)—(g) of Definition 2.5. These paths are further labeled inside each rectangles (from
left to right in the vertical rectangles, and from bottom to top in the horizontal rectangles). In
Figure 2.1 are depicted the sets V.(vJ ) and V.(h?,) composed of the Voronoi cells of the points
of the path. Theorem 2.6 ensures the existence of such grids with uniform bounds, by exploiting
a Bernoulli site-percolation argument (see Section 6).

The following result ensures that we can find a universal constant T such that G;(T;7.) # 0 for
a suitable choice of the parameters ¢,t, o, A\. It comes as a re-adaptation of a percolation result in
[7] coupled with a technical geometric construction. We postpone the proof to Appendix 6.

Theorem 2.6. There exists ag, \g with the following properties. Provided
2
a <y, A>max —,Ag ¢, (2.6)
e

we can find a constant Y > 0, depending on « only, and, for any t € Ry and for almost all
realizations w, a constant eo(w,t) > 0, such that, if € < eq then G(T;ne) # 0.
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In order to lighten the notation we now choose «, A satisfying (2.6) and we consider them to
be fixed for the rest of the paper. We are covering () with squares of size ¢ and in horizontal,
and vertical rectangles given by union of squares from the subdivision. We are considering the
paths lying inside the rectangles and satisfying geometric properties (a)—(g). In particular, we find
sometimes convenient to work on Q:, D @, which represent a slightly bigger square and can be
divided in exactly k? squares of size t.

2.7. A notion of convergence for functions on Poisson point clouds. For a fixed ¢ we
introduce the set of simple function on (Q as the space

K}
X = {w € L*(Qu,) ‘ w = Z Ci’leﬁ’j}'

i,j=1
Fix now (e,t) and consider a grid G.; € G¢(Y;n.). For every i,j =1,... k; we denote by
Iel 1
(W)= s Y ula), (2.7)
N:(Ge,t N Q) €G!
and we consider the operator T¢ : L'(Q;n.) — X; to be

k¢

T (u)(z) = Y (u)f;’tIleid (2). (2.8)

i,j=1

Definition 2.7. A sequence of function u. : 7. N Q — R, u. € L?(Q;n.) is said to converge to
u: @ — R, and we simply write u. — u, if there exists T € R, such that, for any ¢ € R and for
any sequence of grids {Ge; € Gi(T;7e) }e>o0, it holds

TGE’t(UE) —u! in L2(tht) as e — 0,
where {u' € X, }icr, satisfies
u' = u in L?(Q) as t — +oo0.

Remark 2.8. We note that in order to have a meaningful notion of convergence, it is necessary
to prove that the convergence is well defined; that is, it is independent of the choice of the grids.
This will be a consequence of Lemma 4.3. Also note that this convergence implies (and, along
sequences with equibounded energy, is in fact equivalent to) the L? convergence of the piecewise
constant extension . restricted to the (Voronoi cells of the) grids (see Propositions 4.4 and 4.5)

Remark 2.9 (Convergence up to subsequences). Note that with this notion of convergence, a
sequence u. converge to u up to subsequences if there exists {e,}nen such that for any sequence
of regular grids {{G<, ¢ }nen € G¢(T; e, ) }eer, it holds

T%nt(u., ) = u' asn— +ooin L2(Qu,), u' — u ast— 0in L3(Q).

3. THE MAIN RESULTS

We have now introduced all the basic notation and we are thus ready to state our main results,
which regard the asymptotic behavior of F.. The first one is a compactness result.

Theorem 3.1 (Compactness Theorem). Let Q@ O Q and given A\g > 0 as in Theorem 2.6, if
A > Ao the following holds. If {u. € L?(2;m:)}e0 is a sequence satisfying

sup{ Y Y @ -uwPt Y a2uz<x>}<+oo, (3.1)
>0 r€NNA yeEnNBrc(T) TEN.NQ

where Q C A C Q is any open set strictly containing Q, then there exists u € W2(Q) such that
ue converge to u, up to subsequences, in the sense of Definition 2.7.
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Remark 3.2. Note that in requiring to a sequence to have equibounded energy on () we need to
take into account Remark 2.2 and the fact that the energy is carried also on B(Q). For this reason
we state the compactness Theorem in terms of u. € L?(Q;7.), with a uniform bound for the
energy assumed on a set A, provided @ C A C Q. In other words we are asking to the functions
ue to be defined on a slightly bigger open set than just Q.

With this compactness theorem in mind, that will be proved in Section 4, the following T’
convergence result is then meaningful.

Theorem 3.3 (I'-convergence). There exists a deterministic constant E such that, for almost all
realizations w, the energy F-(-; Q) I'-converges to

Flu;Q) = E/ |Vu(z)]? dz
Q
in the topology induced by the convergence of Definition 2.7. Namely
(liminf) if ue — u in the sense of Definition 2.7 then

lim inf F. (ue; Q) > E/ \Vu(z)|? du;
Q

e—0

(limsup) for any u € WH2(Q) there exists a sequence {u. € L*(Q;n:)}eso such that
Ue — u in the sense of Definition 2.7 and

lim sup F. (ue; Q) < E/ Vu(z)? da.
e—0 Q

The constant Z is identified by the relation

m(&; Qr)

=:= i —_—
T e T2|EJ2

where, for any open set A, m(-; A) denotes the cell problem

v:n—R
m(&; A) ;= inf Z Z lv(z) —v(y)|> | wv(z)=¢&-x forall @ € nsuch that ». (3.2)
zENNA yenNBy (z) diSt(JL‘, 8A) <2A

This theorem will be proved in Section 5. More precisely, in Section 5.1 we will prove the
relation between = and cell problem (3.2), in Section 5.3 the lower bound and finally in Section
5.4 the upper bound.

4. PROOF OF THE COMPACTNESS THEOREM

This section is entirely devoted to the proof of the compactness Theorem 3.1. We first need a
few technical lemmas in order to guarantee that the convergence of Definition 2.7 is well defined
and that any sequence with bounded energy is pre-compact.

4.1. Preliminary lemmas. For u € L?(Q;7.) we adopt the shorthand
Dou(z):= Y luly) - u(@).
YENNBxe(2)

For any ¢,t fixed we set

Hor(i; G ) := {hi,..., 3-\/15)‘}

Ver(j; Get) :=={v1,... 7vgwg,t}.
Next lemma ensures that we can choose a “skeleton” of G, ; connecting two neighboring squares
and carrying small energy (see Figure 4.1). This lemma is stated and proved for horizontal

neighboring squares but it holds also for vertical neighboring squares with obvious changes in the
proof. It will be used in the proof of Theorem 3.1 (in particular in the proof of Lemma 4.2).
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t
Qi

t
\ @i

Ven (p?iyj))

FIGURE 4.1. The “skeleton” obtained in Lemma 4.1. The blue part is carrying
less energy than the grid (in red). In particular this allows to link each y € Qﬁﬁj

tow € Qf j+1 on particular paths that follows p?i ) Again, for illustrative reason
we are depicting the Voronoi cells of the point clouds.

Lemma 4.1. Fize > 0. Lett € Ry, Gy € Gi(Y;n.) and u € L*(Q;n.). For all Qf,Ql i
(horizontal) neighboring squares there exists two vertical paths and a horizontal path

v € Ver(j;G.y), VT e Ver(j+1;G.;), h'e Hor(i;G. ;)
such that, setting
P?,j = (¥ N Qi) U (*n Qf 1)U (h' N (Qi,;UQ741)),
we have
Te : )
Z D.u(r) < 7]:8(“;( i UQi 1))
T€P(; ;)
Proof. Since both horizontal and vertical paths are all disjoint we have that
Me ¢
Z Z Deu(z) < Fe(u; (Qﬁ,j U Q?,j-ﬁ-l))
m=lgzeh] N(Q} ;UQ! ;)
Me ¢ M, ¢
>, D@+ > Deula) S FlwQiy) + Fe(wiQiyp):
m=1

= j = j+1
m=1gevl,NQt ; zeviitnQt 1,

In particular there are three paths h' € Hor(i; Gc ), v € Ver(j; G. ), v/ *! € Ver(j +1; G ;) such

that
1
Z D.u(z) < M tfs(u; Qi UQi 1)
Ieflim(QﬁﬁjUQ;]‘Jrl) '
1 t t
> Da@)+ Y, D) € T FwQl ) + Fe(uiQl)
TEVINQY] ; zevItinQ} ;1 =t
Note that, by the properties of the grid we have ﬁf < T%. Therefore, we conclude. U

We now provide a lemma that allows to estimate the difference of 7% (u.), defined as in (2.8),
between neighboring squares of the squares partition Q;. Once again, we limit ourselves to prove
the statement for horizontal neighboring squares since the vertical case follows in the same way
up to changing the notation accordingly.



14 ANDREA BRAIDES AND MARCO CAROCCIA

Lemma 4.2. There exists a constant C' > 0 independent of € and t such that for any G, €
Gi(T;m) any u € L*(Q;n:) and any pair Qﬁj, Q! j+1 of neighboring squares there holds

Ge,t Get
@)% — @)
Proof. Let h*, v7 %711 be the paths given by Lemma 4.1. Let p := pﬁj and let
1 1
wpP = u(z), Wl = u(x).
Wi menay 2 @ Wha = igagn 2 v

zepNQ} i zepNQ} a1

< C]: (u ng UQZ]+1)

We will make use of the above quantities (namely the average of the function u on the skeleton

p) to estimate (u)zG;t

For any z € pnN Qﬁ’j we now build a family of paths P; ;(z) which links x to all points
Yy € Ger N Qf] The construction will be such that we may control the number of times a path
path passes through a point y € G.; N Q} ;. We say that y € G.; N Q} ; is a horizontal point if
it belongs to some horizontal path h € Hor(i; G¢ ) and does not belongs to any v € Ver(j; G ;).
We say instead that it is vertical if the converse happens. We say that it is nodal if it belongs
to the intersection of horizontal and vertical paths. We briefly describe the construction: if y is
horizontal, say it belongs to hi, the m-th horizontal path, then we consider the path starting from
z, following p until we meet h?, and then following h!, until we reach y. If instead y is vertical
and belongs to V{ we start from z, follow p until we meet v{ and then follow vlj to reach y. If it is
nodal we follow any of the two possibilities. This family of paths, call it P; j(z), have the following
property, which is crucial in what follows. For any x € p N Q! j» each point y € (Ge N Qij) \p
belongs to not more than <t paths t € P; j(z). Indeed, if y € h?, then it belongs only to the paths
with initial points in h¢ , Wthh do not exceed C't/e. Moreover, the length of each path does not
exceed Ct/e as well.

We now divide the rest of the proof in two steps.

Step one: Comparison between (u)? . and (u )G **. For the sake of shortness set

i
Nj = Ws(PQO‘)7 NI =n:(G E,tﬂQf',j)
(g

Then, by using Jensen’s inequality twice and property (g) of Definition 2.5 we have

2

W5 =W < > S Jule) - uy)P

N J zepNQt ; y€Ge :NQ! ;
S XY Y
17T zepnQt ; tePi ;(x) =

By invoking property (d) we can further deduce

Wi - < X X Daw Y nw)

7 zepnQ} ; y€G:,:NQ} tePi ;(x)
Ct
<5 X > Dauly) D, L)
€Nij
2€pNQ} ; y€(Ge tNQY )\P tePi j(x)
foow 2 DD LW
zean‘ YyEP teP; j(x)

Ct? ct
<m Z Z Dau(y)"‘m Z ZDEU(@/)

7 zepnQ! ; y€(Ge,:NQ!L )\ J zepnQl ; yEP

Ct? . Ct3 ¢
SiszN‘;fE(u;QLj)—i_ 53NJI‘ (u Q UQ”_H)
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where the last inequality follows from the particular choice of p given by Lemma 4.1. Since the
properties of the grid (property (d) of Theorem 2.6) also imply that

Cct?
/
Nj > 6727
we conclude that )
Ge, .
@~ @] < CRQL UQLL). (41)
The same exact computation shows also that
G., 2
‘(“)”4;1 - (u)$j+1‘ < C}—E(U; Qﬁ,j U Qg,jJrl)' (4-2)

Step two: Comparison between (u)};,, and (u)};. For x € pNQ; ; let P} (x) be the family
of paths t on p which link each point of p N Qf,j+1 to x. By considering one path for each
y € pNQ;; ., we can build P}, (z) in a way that each t € P} ,(2) contains not more than
Ct/e) points. Moreover, each point z € p is contained in at most Ct/e paths. With the notation
introduced above, we then compute

2 1
W2 = @ e Y Y jule) - )
I+ ¢ [
PNQ; ; YyEPNQY; 1y

SN;;4 S Y wt)Y Doty

zepNQ} ; tEP; L, (z) yEt

“Fyo L X Da) Y LW

z€PNQ} ; yePN(Q} ;UQ% ;1 1) tePl,,(x)

Ct?
SoNN 2 2, D

z€PNQ} ; yEPN(Q} ;UQ% ;1 1)

£
<C Z ;FE(U;QE,jUQg,j+1)

mépﬂQ;j
<CFe(u;Q; UQSj11) (4.3)

Conclusion. By means of Step one and Step two, in particular by collecting (4.1), (4.2) and
(4.3) and by means of a triangular inequality we conclude. O

4.2. Properties of the convergence for sequences with equibounded energy. We now
state and prove some useful properties of the convergence in Definition 2.7. We start with the
following lemma, which ensures that the limit of sequences with equibounded energy, when it exists,
is unique and does not depend on the choice of the sequence of regular grids {Ge € Gi(T;7e) Fet>0
when €,t — 0.

Lemma 4.3. If {u. € L3(Q;ne)}eso0 is a sequence of function satisfying (3.1) and {G.; €
G (T3m) Ye>0, {Geyt € Ge(Y'5me) Yeus0 (with possibly T # Y') are two sequences of reqular grids
such that )

TGt (u) 8l T (u) =3
then

t—0

i ) — a(z)|” dz = 0.
hm/@’u(w) (z)|" dz =0

Proof. Fix 5] € 9, and let p, p be the union of paths given by Lemma 4.1 relative to ij (and
one of its neighbors, say Qi j+1 Without loss of generality) and to to the grid G. 4, G-, respectively.
Now by construction we have that pN Qﬁ, j»PN Qﬁ’ ; share at least two points. In particular, for any
z € pNQ;; we can still build a family P(z) of paths that link each y € pN Q} ; to = containing
only points in pUp N Qf’j. We can also ensure that each t € P(z) contains not more than Ct/e
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points and that any point in z € pUpN Qﬁﬁj is contained in at most Ct/e paths in P(z). With

the notation introduced in the proof of Lemma 4.2 we now compute

0y =B < o X X ) el

I7 wepnQl; yepNQ!
1

NjN- Z Z g(t)ZDau('x)

T zepnQt , teP () yEt

< OFc(ue; Qi U Q; j11),

IN

where we have used the properties of p, p and of t € P(z). Now, by recalling that (4.1),(4.2) are
in force respectively on G, ;,p and G.;,p by means of the same arguments used to prove Step

one of Lemma 4.2, with a triangular inequality we obtain

Get Ga,t 2 t t
(ue)i,j - (ué)i,j < OFc(ue; Q55 U Qi ji1)-

If we sum up over all 7, j and we observe that the energy of each square is counted at most a finite

number of time (independent of ¢,n) we reach

Gs t GE t 2
S|l = @S| < CF(ues Que) < CFo(ues A).

By means of this last relation we have

_ 2 ke 2
[ o @ - 19 @)@ do = 3 ) - @] < o
Q

ij=1

In particular, if TC=¢(u.) — uf, T%*(u.) — @' then
/ |ut(z) — @(2)|* dz < CF?
Q

and we conclude.

Now we proceed to state and prove Proposition 4.4 and Proposition 4.5, which will give us a
useful characterization of the convergence in Definition 2.7. We will make use of the notion of

piecewise-constant extension introduced in Section 2.5.

Proposition 4.4 (L? convergence on the grids). Let {u. € L?(Q;n:)}e>0 be a sequence satisfying

(3.1) and assume that u. — u in the sense of Definition 2.7. Then

lim lim sup/ |t () — u(z)[*dz = 0
ve(Ga,t)mQ

=0 0

for any sequence of reqular grids {G- € Gi(T;1n:)}et>0-

(4.4)
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Proof. By means of similar computations as the ones used in the proof of Lemmas 4.2 and 4.3, we
can infer also that for any z € G, N Qf] (adopting the same notation)

|ue(z) — (ue)}; ? S% Z lue () — ue(y)]? < — Z ZD uly

! yepnQ! N teP; ;(2) yEL
C
S > Dgua(w > L)
yEGE tﬂQ teP; J(w)

Ct
N Z D.uc(y

yeGs,thE,j\p

_Ct
N > Doy +

yeG,, thzj\p
<Cf (u€7 Qz N U Q’L j+1) (45)

for a constant independent of ¢,e. In particular, by collecting (4.5) and (4.1) we have

Z D.uc(y

yEPOQI j

f (UJE, UQt,j+1)

ue(@) — (ue) 05|

< C‘F(usv UQz ]+1)

which, summed up over € G¢; and i,j € {1,...,k}, and taking into accounting property (d)
of Definition 2.5 (implying that #(G. ;N Qf ;) < C¥*/e* ), yields

e Y fule) — T (ue) ()| < CEF(uss A). (4.6)
z€G: :NQ

In particular, if u. — u, and {u' € X;}¢cr, denotes the sequence of intermediate functions with
respect to G4, then

23 M)y —ulh? =0

JEL(Q)
and thus
2 Ge 2
Y @) - u@P e Y fue) - T ) @) o> | -
z€G:,:NQ z€G:,:NQ JET(Q)
2
<Ct*F.(ue; A) + Ct? Z ’(ug)%’t —uf

JELH(Q)

This implies that

/ e () — ()P dz < / e () — () da + / i (z) — u(2)[? da
a(Ga,t)mQ VE (Ga,t)mQ Gz,t

2
<ct* |1+ Z ’(us)fs’t—u’}‘ +/ Jut () — u(z)|]? dz
Q

JET(Q)

and then also (4.4) holds for any sequence of regular grids {Ge,; € Gi(T;n¢) }et>0- O

Proposition 4.5. Let ¢,,,t, be two sequences. Set 1, = n.. . Let {u, € L*(Q;nn))}nen be a
sequence satisfying (2.5). If there exists a sequence of regular grids {Gy € G, (Y;nn)}nen such
that

lim |ty (2) — u(z)|* dz = 0. (4.7)
n——+o0o Vgn (Ga)NQ

Then u, — wu in the sense of Definition 2.7.
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Proof. We first show that

lim / | TS (up (2)) — u(z)|? dz = 0. (4.8)

n—-+oo

Indeed, by means of the same computation as in the proof of Proposition 4.4 we can achieve (4.6);
that is,
2N fun@) =T () @) < CEF, (uni Q).

ze€G,NQ
This implies that

lim |t () — T (uy,)(x)]? dz = 0,

nEE IV, (G

which, together with hypothesis (4.7) implies (4.8).
~ We now fix ¢ € R and we provide a suitable rearrangement of G,, in order to obtain a grid
Ge, + € Gi(T;ny,), provided n is large enough. We describe the construction. Inside each R (t) we
can find at least ¢, = [(t = 2ta)/t, | horizontal rectangles R (t,),. Rf o, (tn) strictly contained
in R!(¢) and each containing M,, disjoint horizontal paths h?, ..., h o, - Note that

t
5 < tncn <2t (4.9)

In particular, by relabeling the paths of G, as {h! , m =1,..., M,,c,,} C RP(t) for each horizontal
rectangle accordingly. We repeat the same argument for vertical paths and we obtain a grid G,, ;.
Thanks to (4.9) we have that G, € G.(2Y, n,).

We now show that 76t (u,,) — ut and u! — u in L2(Q). Let now J € Z,(Q) and consider

To(Qu())) :={J €L, (Q:(J)) : Qu,(J) C Qe(J)}, () = #(Zn(Qr(J)))-

Recalling the notation

Gn_; v (2 u én,t: 1 Un (T
s = a2 e S ey )

z€GnNQ(J") 2€G,,:NQ:(J)

we have

) 1
(un) " = —— 2w
M (Gt N Qe (J)) 2€Gn.eNQs, (J)

1
B nn(éntht(.])) Z Z ’Lbn(l')—l—Rn(J)

J' €L (Qe(T)) x€Gp,:NQ4,, ()

. (Gt 0 Qr, (1) (un) 5" + R (J)

J €T, (Qe(J)) nn(Gn,t N Qt(J))
= Y (D)5 + Ra(J),

J €10 (Q:(J))

where
nn(éfl,t N Qtn (J/))
nn(Gn,t N Qt(‘]))
1
Bn) = e rT) > > un ().

J'ETn(Qe(J)) 2€GnNQy,, (J)NQ:(J)

kn(J)) =

Observing that

2 1
Wawn = 32 Wau, )+ 5 / uly) dy
T €T (Qu(])) J'eztn(aQt (1)) Qen (J)NQ:(T)
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we have
- 2
/‘Tant(un)(z)— Z (U)Qt(J):H'QL(J)(I)’ dzx
Q JETL(Q)
én.t
= > Plu)i = W,
JET(Q)
2
=C Z t2‘ Z ’{n(J/)(Un)?/"—(u)Qt(J)‘ + Z t2|Rn(J)|2
JETH(Q)  J'€Tn(Q:(J)) JET(Q)
t2 2
<c Y 2 Y S - e, | +C Y PIRWDE (@10)
JEL(Q)  J€Ln(Qe(J)) JEL(Q)
where we have set
1
Ry(J) = Ral)) + / u(y) dy.
J'eImef(J))) Qun (IINQ()

We now concentrate on proving separately the estimates required.
2

Y @S - B e,

J' €T (Qe(J))

2

T w0 - wanwm)|

J'€Ln(Q1(J]))

DY

J' €T (Q1(J))

ny2In(J) Gn —u(z)]? de
< > O [ @

J €T (Q1(J)) "

>

J €10 (Q:(J))

/ t% 2 2
Hn(J ) - 9 |(u>Qtn(J/)|

t2 12

ra(J') = 35 (W), (4.11)

Observe that r,(J) < ;52 , kn(J) < C%’ and then

3 Hn(J’)QM/ » |(un)Sr — u()[? da

t2
J €T (Qe(J)) "
C
<@ 3 e u@ras g [ @ e @1
J' €T, (Q(J))

We also have

! t% 2 2 ti 2
> k) =B e, PcE Y ,, fufda

J'eL,(Qi(J])) J'e€L,(Qe(J)) tn (

t2
gc%/ luf? dz. (4.13)
Q:(J)

In particular, (4.12) and (4.13) yield

2 2
XY ) - e, <C [ T - u(@)fas

JETH(Q)  J'EL(Qi())) (4.14)

t2
L ¢ /| 2 da.



20 ANDREA BRAIDES AND MARCO CAROCCIA

Finally, we estimate
2
PIRDE<E( 3wl )5
J'E€L(0Q(J))

SEHL,0Qu) Y walI)(un)

J'€Ts,, (0Q(J))

ct
ST Ll
J'€Ts,, (0Q+(J
Ct,
< / 1T () ()2 da. (4.15)
J’el'tn(i)Qt Qe (J7)

Also, we have

1 ( / 2
= u(y) dy)
t? 2 Qun (J)NQu ()

J' €4, (0Q:(J)))

#(Zt, (0Q:(J 2
< Cw / ) ay)
J'E€L,, BQt(J))) Qi (J)NQ:(J)
t
<0y / u(y)? dy (4.16)
t Z Qtn,(J/)me,(J)

J' €L, (0Q:(])))
By collecting (4.14), (4.15) and (4.16) we then have

/’TGM - > (U)Qt(J>]th<J>(m>‘2dx

JET(Q)

< C/ |TG”(un)(x)—u(:E)|2dx+C—z”/ lu|? dz
SIS /Q T )@+ ) )

JEL(Q) J' €Ly, (0Q:(J

C TGn Unp, ?
< /Q T (up) () — ulz))
+ OTt /Q<|TGn () (@) ? + [u(z)[?) da.

dx

Hence, by taking the limit as n — +o00 we obtain T%m¢ (u,) — u! in L?(Q) where

ul = Z (Wai(nla.w) (@)

JEL(Q)

Note that u! — u in L?(Q). In particular we exhibit a sequence of regular grids along which
convergence in the sense of Definition 2.7 holds. Lemma 4.3 ensures then that it occurs on any
sequence of regular grids, achieving thus the proof. O

Remark 4.6. Note that Propositions 4.4 and 4.5 imply also that the stronger convergence on the
piecewise-constant functions implies the convergence in the sense of Definition 2.7, provided the
sequence has equibounded energy. Indeed if u. is a sequence satisfying (2.5) and

lim e () — u(z)[*dz = 0

e=0 Ve (Wa)ﬂQ
then, in particular it converges when restricted to any sequence of regular grids, allowing us to
invoke Proposition 4.5 and thus to conclude that u. — w in the sense of Definition 2.7. This has
some useful consequence, as in the proof of the locality of the convergence (Lemma 4.7) and the
fact that we can diagonalize in the L? convergence (Lemma 4.8).
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Lemma 4.7. Let u. — u in the sense of Definition 2.7 and satisfying (3.1). Let A C @ and
suppose that u. = w on A for some w € C1(A) and for all e > 0. Then u = w on A.

Proof. Let {Ge i € Gi(T,me)}e >0 be a sequence of regular grids. Then, Proposition 4.4 gives

lim lim sup/ |t () — u(z)|*de = 0.
(G..0)NA

=0 «—0

Moreover, since u.(z) = w(x) on n. N A and since |x —y| < Ae for z € G. 4, y € C(z;7.) (property
(g) of Definition 2.5) and |C(x;7n.)| < Ce?, we have

e () — w(y)? dy = / —w(y)? dy
/VE(GEJ)I’TA Z (r,na)ﬁA

zeG: +NA
< O||Vw||Z, Z et < e,
reENNA

where C depends on a, A and |A|. Here we have used Proposition 2.3. Then, for some subsequence
{&n,tn}nen and by means of a triangular inequality we have

lim lu(z) — w(z)|*dx = 0.
n—=+too Jy, (@ )NA

€n,tn

Observe now that 1y, (g, , ) — f weakly L?(A) and f(x) > so > 0 due to the good properties

of the grids. In particular

so/ |u(z z)|de = lim lu(z) — w(z)|dz = 0.
n=+ Jy, (@ YNA

en,tn

Being sp > 0 we conclude u = w on A. O

Lemma 4.8. Let {u,, € L*(Q;n.,), 7 > €, > 0} be a sequence such that

a) For anyr >0, up, — U, as n goes to +0o in the sense of Definition 2.7;
b) {ur}r=0 C WH2(Q), ur — u as r goes to 0 in L%(Q) for some u € W12(Q);
€) Sup,~. ~oiFe, (Un,r; A)} < +00 on some open set A D Q.

Then there is a sequence rn, >> €, such that r, — 0 and for which u,,, — u in the sense of
Definition 2.7.

Proof. By invoking Proposition 4.4 we have (up to a subsequence)

limsup/ |G (2) — up(2)|* do = 0.
Ve, (Gn)NQ

n—-+oo

Since also u,, — u we have

lim lim sup/ |t () — u(z)|? dz = 0.
=0 nstoo Sy, (Ga)NQ

Hence, we can select the sought sequence r,, to satisfy

lim sup/ |t ., () — u(z)|* dz = 0.
n——+oo en (Grn)NQ
Property (c) and Proposition 4.5 imply now that w, , — u in the sense of Definition 2.7. O

4.3. Proof of the compactness theorem. We are now ready to prove Theorem 3.1. We rely
on the following Lemma 4.9, which comes as a consequence of [2, Theorem 3.1]. Recall that

7(Q) :={J = (i,j) € tZ* N Q}.

If [J—J'| = t we write (J, J'), meaning that the square Q% = Q} ; and QY = Q}, ;, are neighboring
squares.
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Lemma 4.9. Let {u' € X;}icr, be a sequence of function such that

sup{ Z Z luly —ub |2 + 12 Z |uf]|2}<+oo.

1R+ " Je1(Q) s ez, (): JETHQ)
(1.

Then there exists a function u € W12(Q) and a subsequence {t;}1en such that the piecewise-
constant interpolation of u;, converge to u in L*(Q).

Proof of Theorem 3.1. Let a, A be fixed and ensuring the validity of Theorem 2.6 and choose
{Ger € Gi(T;me)}er to be a sequence of regular grids. Then, by invoking Lemma 4.2 and by
summing up on i,j € {1,...,k:}, we infer that

2
>Y ) - @S] < CF(ues A) < 400, (4.17)
JET(Q) J' €Z:(Q):
(4,77
where we have adopted the shorthand (us)fs‘* = (uE)ZG;’ for J = (4,7). Moreover, by Jensen’s

inequality and the properties of the grid we have

P s set Y P

JEZ,(Q) JEZH(Q) yeGe :NQY
< > > Ju)P <C Y Jue(y)]? < +oo. (4.18)
JEL (Q) yeNQY yenQ

Fix now a sequence {t;}en € R4 going to zero and observe that, for any J € Z;,(Q) we have

G 2 1 52
‘(UE)J < (G O Z Jue (2)|* < Z Z |ue(z)|* < +00.
Meltet 7 zec. ,nQY ! 2eG..,nQY

Therefore, for such a fixed ¢; € R4, we can find {e,, } men such that (uem)%"’”” — . Up to a
diagonal extraction argument we may find {&,, } men such that

G

(ue,),; ™" —u'} forany J € {l,...,k,}* 1 €N.

This means that we can find a sequence of functions {u" € Xy, };en and a subsequence {&,, }men
such that

TCmt(u,, ) " u'  in L*(Q).

If we now invoke Lemma 4.9, combined with estimates (4.17) and (4.18), we can find a subsequence
of {t;}1en and a function u € WH%(Q) such that, with a slight abuse of notation, u® — u in L?(Q)
along the subsequence. But then, by Proposition 4.4 we have

lim Tim sup / e, () — u(z)2dz = 0.
l—=+00 m—+oo Ve (Gam,tl)ﬁQ

and by invoking Proposition 4.5 this means that there is a subsequence of {uc,, }men converging
to u in the sense of Definition 2.7. O

5. PROOF OF THE I'-CONVERGENCE THEOREM 3.3

In this section we prove Theorem 3.3. We state and prove some preliminary results, subordi-
nated to the identification of the constant = and to the development of the technical machinery
required to present the proof.
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5.1. The cell problem. We recall the notation for the boundary-value problem

vin—R
m(&; A) == inf{ Z Z lo(z) —v(y)]* | v(z)=¢& -2 for all x € n such that }
z€NNA yennBy (z) dist(z, 0A) < 2A

The first thing we need is the following lemma on the asymptotic behavior of the “cell problem”
m(&; Qr) when the boundary values are fixed on a cube Qr and T diverges.

Lemma 5.1. For any & € R? it holds
m(§; Qr)

—1e12 .
= = 1 —_—
€17 = Jim =

where = is a constant independent of the realization.

Remark 5.2. In light of Lemma 5.1, the constant = can be identified as
m(e1; Qr)

=:= 1l —_—
T—lbIEOO T2
The proof of Lemma 5.1 comes as a consequence of Proposition 5.3 below.

We denote by M(¥9) a clockwise rotation of an angle 9 around the origin.

Proposition 5.3. For all £ € R? there exists almost surely the limit

f(§) = _lim m(& Qr)

T—+o00 Td

independent of the realization. Moreover, there exists a function g : Ry — Ry such that

i () = o0

and such that, for any sequence yr with |yr| < Tg(yr) and any rotation M () we have

i PEMOQrlyr) _ p mEQD) _ g

T— 400 Td T—+oco Td

Proof. Note that
m(§ AU B) <m(§A) +m(E; B)

whenever |[ANB| = 0. In particular, by arguing exactly as in the proof of [6, Lemma 5.1], invoking
the uniform version of the sub-additive ergodic theorem, [14, Theorem 1], we can achieve the
existence of g and f such that for any family of translations {yr}ren satisfying |yr| < Tg(lyr|)
it holds
- m(§M©)Qr(yr))
f(f) o Tl—lg-loo Td
as desired. 0

We now focus on proving Lemma 5.1. During the proof we find it convenient to explicit the
dependence of F; and ms on 7 and X. In particular, if ' is another Poisson point process, ' € R
we write

Filw; A N)= Y > |u@) - o),

zEN'NAYEN'NB /(o)

and
v:ng - R
m(& A", N) i=inf { Fi(v; A,n'N) | w(x) =&-a for all z € ' such that
dist(xz,0A) < 2X
We also refer, whenever needed, to f,/ (&, \') as the limit in 7" of m@f}iﬁ'”) (which exists because
the argument in Proposition 5.3 applies to a generic Poisson point process 7).
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Proof of Lemma 5.1. We argue as follows. We prove the following two relations on f:
F(M9)E) = f(&) for all ¥ € ]0,2n) (5.1)
f(ré) =r2f(&) forallreR,. (5.2)

Equations (5.1) and (5.2) tells us that, setting = := f(e;) then f(&) = Z|¢|?>. We proceed then to
the proof of (5.1) and (5.2) separately.

Step one: invariance by rotation. Observe that

Fi;Qron N = Y. Y |u@) —oy)f

zENNQT yenNBy(x)

> > [0(M(=0)z) — v(M (=0)w)|*

2€M(9)nN(M (9)Qr) weM (9)n B (2)

Fr(o(M(=9)-), M(9)Qr, M(9)n, A).

Ifv=¢ -2 on (0QT)2x, then v(M(—)x) =& - (M(—9)x) for x € (A(M(9)Qr))2x. In particular
m(M(=9)&; M (=0)Qr,n,A) = m(& Qr, M(I)n, A)

By dividing by T? and taking the limit, recalling that the limit exists (Proposition 5.3) , we get

m(&; Qr, M(9)n, A)

fM(ﬂ)n(gv A)=_lim

T—4oc0 T2
o mM(=0)E M(=0)Qr,1,)) _
= phm e = fo(M(=0)E, N). (5.3)

Noting that M (¥)n = n in distribution, we conclude that m(&; Q, M (9)n, ) = m(&;Qr,n, A) in
distribution. This equality in distribution implies that f,(§,A) = far()y(&,A) in distribution.
Since f,, and fy(g), are independent of the realizations, as stated in Proposition 5.3, we conclude
that

Fa(&A) = Faroyn (€, ). (5.4)
Thus, by combining (5.3), (5.4) we get (5.1).
Step two: positive homogeneity of degree two. Fix r € R, and observe that

FQraN= Y Y @) - o)

zENNQT yEBX(T)
Z Z lv(rz) — v(rw)|?
z€n/rNQr/r wEBx/r(2)
=2 F1 () fr; Qs /1, A7)
If v(z) =& -z on x € (0QT)2) then @ =¢-xonx € (0Qr/r)2r/r In particular, we also get
that m(&; Qr,n, A) = r*m(&; Qryyp, /7, A/r). By dividing by T? and taking the limit, using the
existence result in Proposition 5.3, we get (setting T'= T'/r)

: &Qr, . A o r*'m(&§ Qryrn/m A7)
(& A) = Tgrfoo m TE L = TLHEOO T7/12
Q)7 \
= TEIEOO m(ga QT/J’:Z/T’ /T) _ fn/r(ga )\/’I") (55)

Analogously we have
Fi(v;Qr,n, A) = 18 F1L (0 % Qe /1, A T).

Thus, if v(z) = (r€ - ) on (0Q7 )2 then % = ¢ xon (0Q7/r)2x/r- As a consequence we also
have the equality

Hl(?”f, QTv 7, A) = 7‘4111(5; QT/’I‘7 77/7"7 )\/7’),
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F1cURrE 5.1. In the proof of Proposition 5.4 we refer to the notation depicted here.

which, dividing by T" and sending to T" — +o0, still by Proposition 5.3 yields
m(£7 QT/’!’7 77/7"7 )\/’I")

fo(r&, A) = lim —m(rf;?gﬂ,n, A) =r* lim

T T—+oo T2
L mEQpn/r M)
T=T/r—+o0 T
=12 fy (& N/7). (5.6)
By combining (5.5),(5.6) we thus get f,,(r&, ) = 72 £,(£, \); that is, (5.2). O

5.2. A boundary-value fixing argument. We now concentrate on a key ingredient of these
types of results; that is, the possibility of modifying boundary values. Before proceeding, we
introduce the notation by referring to Figure 5.1. We fix § > 0, N > 0 and we divide (9Q1)s N Q
(depicted in soft grey on the left in Figure 5.1) in N sectors S; of size 6/N (see one of them in dark
grey on the left). Given G, ;, € G, (YT;ny) inside each sector we can find ci,...,c} disjoint
“annuli” (one of them is depicted in red on the right) composed of portions of paths from the grid
and all contained in S;. Still the good properties of the grid allows us to estimate K, ~ §/c,.
We consider this annuli labelled increasingly from the outer one, and we call Q(c?) the portion

of the square bounded by the Voronoi cells of cj- and including them (on the right: the union of
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the region depicted in dark grey and all the red regions). Clearly Q(c}) C Q(cé) for 3/ > j. We
use this geometry to build cut off functions h; that we will use to change the boundary data of a
sequence of functions w,, converging to u in the sense of Definition 2.7.

Proposition 5.4. Let U C Q, be an open set with Lipschitz boundary. Let {x,}nen be a sequence
of points and pick {G-:, +, € G, (L0 —€nZn) tnen a sequence of grids and a sequence of functions
{un € L?(Q;6n(n — n)) bnen such that

lim |ty (2) — u(z)[*dz =0
n—-+oo Ve, (G U

en\Men,tn

for some u € C*(U). Suppose that the sequence also satisfies

Sug{fn(un;A, Nen — Tn€n)s A)} = ¢ < 400
ne

for a supset A D Q. Then, for any § > 0 there exists a sequence {vp tnen such that
Up=u on (Ne, — Tnen) N(OU)s NU,

lim |9, (2) — u(x)]*dz =0
=+ Sy (Gep oty )NU
and
liminf Fp, (vp; U, ne,, — Tpen, A) < liminf Fy, (un; U, en(n — ), A) + CP(U)||Vu|%.0 (5.7)

n—-+oo n—-+o0o

where C = C(a, \) depends on « and X only and P(U) denotes the perimeter of U.

Proof. For the sake of simplicity we will prove the result only in the case U = @ since the general
case results only in a heavier notation. So we assume U = @ and we fix § > 0 and N > 0. Consider

Si::Qlf%(s\Ql—’ﬁé’ Z:].,...,N.

For any fixed n > 0, if Ge,, 1, € Gy, (Y7, —€nxy) is a regular grid, by joining the paths of the grid
suitably, as in the proof of Theorem 2.6 (see Appendix) for any S; we can find (and eventually
relabel) annuli ¢, ..., cf where

1) Yo
<K,< —
Ye, — T en

for a T uniform in n (see Figure 5.1). We moreover observe, due to the properties of the grid, that

dist(ci, cl) > 3Xe,  for all i, 5,7'j"; (5.8)
dist(c?,aSi) >3Xe, foralli,j. (5.9)
Moreover, we have
. 1
if # € (c})3xe, Nn then 7, (Bae, (z)) < —A>. (5.10)
o

Both properties (5.8) and (5.9) derive from property (e) of Definition 2.5 and from the fact that
c; is made of paths of G, ;,. Property (5.10) is instead consequence of Property (f) of Definition
2.5. Let Q(c;) denote the portion of the square bounded by c; and containing the Voronoi cells

of points in c§- (we refer to Figures 5.1 and 5.2). For i =1,..., N we set
' 0 if z € Q(c})° '
ho(z) = %, if z € Q(cf) \ Q(cg—y) (5.11)
1 if r € Q(ck,)-

Finally we adopt the shorthand 7, := ¢, (n — x,,). Note that

N
>y > (un(@) = un()® < 2Fn(un; Q \ Qs i, V),

1=1 x€S;Nin y€Bxe,, ()N7ln
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x Ve, (cj)

Q(cj+1)

Q(c;) \ Q(cjy1)

Rz

FIGURE 5.2. The situation in the proof of Proposition 5.4. The difference h,,(z)—
hy(y) is different from 0 only on pairs (x,y) satisfying the relation (5.12).

where the constant 2 arises since the interaction around 95; are counted twice when summed up
over i. We can thus pick ¢ =1,..., N for which it holds

> Yo (@) —ua(y) + (ulz) —uly))?

z€SiNMn yEBae,, ()N

< (i @\ Q1 A) + T (15.Q\ Q1,10 V)

Then, we set h,, = ht, cj = cé- and
on () i= (1= i (2))u() + hn(2)un(2)
Set also G, := G-, +,. We immediately conclude that

e Y (@) —uw@)?=c Y (vale) —u(@)(1 — ha(2))?

z€G,NQ zeG,NS;

<2 Y (unle) — u(@),

zeG,NQ
giving v, — u. We also note that
Up (@) = vn(y) =(1 = ha(y))(w(y) — u(@)) + hn(y) (un(z) — un(y))
+ (hn(z) = ha(y)) (un(z) — u(z)).
Thanks to the structure of v,, we thus have

Z Z (vn(2) = va(y))* < Z Z (vn(z) = va(y))?

TEQNMy yEBAsn (z)mﬁn IE(Q\Si)mﬁn yeB)\sn (w)nﬁn

+ Y Y (wal@) —valy)?

2€8iNTin YEBae,, (2)Niin

< }—n(una nyln,)\) +}—n(u;Q \ Ql*(s’ ﬁn7)‘)

T DD DI () ) o

€SN YEBae,, (2)Niln

where the second inequality exploits property (5.9) and the fact that v,, agrees with u and u,, on
a slightly bigger sets than the two connected components of @ \ S;. The choice of i now allows to
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estimate

Z Z (vn () _vn(y))z S%(}—H(UMQ\Qlf&ﬁm)‘)+}—n(u§Q\Q176;ﬁm)‘))

£€8:Niin Y€ B, (2)Niln

+C D (@) —u(@)? Y (@) = ha()?,

2€8:Nitn Y€ B, (2)Niin

where C, here and in the rest of the proof, stands for a constant depending on «a, A only and
that may vary from line to line. We now exploit property (5.8): the annuli paths lie at a certain
distance between each other and therefore we have that

B 9 o ifx ¢ Q(cj), y € M, NQ(c;) for some j
(hn(x) hn(y)) ]]'Bkgn(a:)(y) < Oen and |.17 _ y| < \e,, (512)

(hn(z) — hp (y))zllBAE” ) (y) =0 otherwise. (5.13)

In particular, we get

S (@) —u@)? Y (ha(@) = ha())?

€SNy, YEBie,, ()N7n
= Y (un(@) = u(@)(hn(@) = ha(y))®
(=,y)
satisfies (5.12)
2 Ko
<CHy X > (@) —u@)?
Jj=1 TEMp: YEBie, (2)NQ(cy)
z€Q(c;)N(c))ren
g2 K
<C< > (un () — ul))?,
j=1 TEMNy:
z€Q(c;)N(ej)ren

where the last equality follows from property (5.10) of the annuli. For z € 7, N Q(c;)° N (¢j)ae,
let z, € c; be such that |z — z;| < A&, (see Figure 5.2). Then

> (tn (@) — u())* < C( > (un() = un(22))® + Y (u(@) — u(z))?

TEMn ZEGQ(CJ‘)CQ(CJ'))\E,” TEMNn:
z€Q(c;)N(es)ren z€Q(c;)N(Cs)ren
Y (w(z) —u(z))?)
TEMn:
z€Q(c;)°N(c;) ey,

<0 Y (@) —ua(y)® + (ulz) —uly)?

TEC; yEBie,, (2)Niln

+C Y (unla) — u(@)),

TEC;

where the last inequality follow from property (5.10) and the fact that | — z,| < Aep,. Thus, by
summing up over j = 1,..., K,, we obtain

K,
> > (un(2) — w(@))? < CFp(tn; Qs fins ) + CFn(1; Q, iy A)
7=1 TEMn:

2€Q(c;)°N(c))aey,

+C Y (un(x) —u(x))?

z€Gp
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Then we conclude that

fn(UMQvﬁna /\) < ]:n(un; Qaﬁm/\) + Fn(”? Q \ Ql—ﬁ)f]na)‘)

C

+ N(fn(una Q \ Q1—67ﬁna A) +fn(’U,,Q \ Ql—éaf]ﬂm)‘))

C - _
t5 en T (tins S ns A) + €0 F (U5 S, 1, A) + €2 Y (un (@) —u(x))?]
zeGy

where the constant C is independent of n, N,d. We now use Proposition 2.3 (by observing that
1 — &, has the same distribution than 1) and consider the limit in n and achieve

lim inf 5, (vn; Q) n, A) < liminf 7, (un; Q. iin, A) + CP(Q)|[Vul|26
+ S0+ P@)IVul).

A further limit in N yields (5.7). O

Proposition 5.5 (Blow-up). Let u,, — u, u € W42(Q) and pick xo € Q a Lebesgue point of Vu.

Fiz a sequence of reqular grids {G., + € Gi(Y;n.,) }er, such that

=0 psto0o

lim lim sup/ [ty () — u(z)* dz = 0.
Ge,, tNQ

Then, for any p > 0 it holds

G ot N Q — Xp
GL, i(wo) = ————— € Gy (Tyn2),
where
np,ajo — 775n B :L‘O
En p
Moreover, for any § > 0 we can choose two sequences t,, p, — 0 such that
t
oy, S, |xo|<g<x°|>, (5.14)
Pn Pn Pn En

where g is the function given by Proposition 5.53. Finally, setting

G N —x
Gofa) = Sonte L0 =50
n

we have

lim |Gl "0 (1) — V(o) - x> dz = 0, (5.15)
n—r+00 Vsn(Gn(xO))mQ
where
un (o + px) — u(20)

ub®o(x) == P

forz en™NQ

Proof. We start by proving that G? (xz0) € Gy/, (T;7£:*°). Indeed, property (b) and (c) follow
immediately by construction. By scaling we also get property (e), (f) and (g) from their validity

1% (N —mo
En

on G, ;. Since Ge, ¢ € £,7*()\) we also obtain property (a): GZ_ ,(zo) C ( ) Property

(d) is immediate since, by replacing ¢ with ¢/p and €, with €, /p the bounds (2.5) given by Y are
still in force.

The second part of the statement comes just from a diagonalization argument in n,t, p and by
exploiting that z¢ is a Lebesgue point of Vu. O
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5.3. Proof of the lower bound. We follow the blow-up method by Fonseca and Miiller [11] (see
also [5] for its adaptation to homogenization). Let u. — u in the sense of Definition 2.7. Without
loss of generality we can assume that

lim inf F¢ (ue; Q) < +00
e—0
Fix 2y € @ a Lebesgue point of Vu and u, and a subsequence ¢, — 0 achieving the lim inf. Define
wn(A) = Fe (ue,; A).

Then g, — p (up to a subsequence) for some measure y, and u, := u., — u in the sense of
Definition 2.7. Moreover u € W12(Q) due to Theorem 3.1. We would like to show that

dp -
2= | Vu(z)[?

for £2-almost every x € . This would imply that

liminf 7. (ue; @) = lim Fo, (un; Q) > E/ |Vu(x)|2 dz.
Q

e—0 n—+oo
Note that
ﬂ(300) i M@o@0)) s (@ (0))
dcz p—0 p? p—0 n——+o0 p?

Since u,, — u then, for any ¢ € R, and any grid G, ; there exists a u’ € X; such that T (u,,) —
ut. With fixed §, by invoking Proposition 5.5 we can find two subsequences p,,, t,, such that (5.14)
and (5.15) holds. By relabeling &, := €,/pn, tn = tn/pn, Tn = T/, and by invoking Proposition
5.4 we can find {v, € L*(Q,&,(n — 2,)) }nen such that

vn(7) = Vu(zo) -z on Q1 \Qi-s
and

liminf 7z, (vn; Q,En(n — xp), A) < liminf Fz (uf™0;Q, &0 (n — zpn), \) + C|Vu(x0)\25.

n—-+oo n—-+4oo

Observe now that

d,ll T fn(un;Qpn ($0);5n777)‘)
ez = lim 2 :
Moreover the following holds

Fn(un; Qp, (20); €nms A) = Z Z | () = un(y)[*

erpn (xo)ﬂavm yeBAan (x)ﬁen’?

- ¥ 3 [un (o + ) = un(zo + )|

TEQp, N(enn—20) YEBxe, (#)N(enn—20)
> |t (0 + pn) — tn(z0 + puy)|?

2€QNEE(n—2) YEB, 2a (212 (n=21)

2
= ) > |up ™ (2) = upm 0 (y)]

2€EQNER (N—xn) YEBaz, (£)Nén(n—an)
= pi]:én (uﬁnyl‘ﬂ; Qa én(n - xn)a )‘)

(]

In particular, we have
d,Uz - Fn (u’m Qpn (m0)7 En'l, A)
@ =, -
> _06|§|2 + Hg_ii_nf ]:én (Un§ Q, 5n(77 - l‘n)a )‘)7
n oo
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and finally

fén(vn;Qvén(n_xn)a/\) = Z Z |vn () _Un(y)|2

z€EQNEL(N—Tn) YEBae, (2)Nén(n—xy)
=& D >
2€Q1 /ey, (Tn) M yEB(2)Nn

Since vy, (x) = Vu(zg) - x for x € (Q \ Q1-5) NEn(n — x,), we get

Un (En(2 — 20)) . Un(En(y — o)) ?
é"’L 6”

E’ﬂ n

Un Enl® = 20)) | G0 - 2 = Tulzo) - (}/ N x) ~ Vu(zo) -
for z € (Ql/g” (zn) \Ql/gn(l,g)(a:n)) N 7. In particular, we have
Fe (03 Q, En(n — ), A) > E2m(Vu(zo) - 5 Q1 e, (z0)) = Exm(Vu(zo) - 25 Q1 z, (21))

Considering T}, = éi and observing that

|zo |0

|T’n| = — <T,— < Tn95(|$n|)7
n€n Pn
we conclude that
. N ) m(Vu(zg) - z; Qr, (n _
i S (Vaao) - Qe (o)) =t 2L LGB _ 030)) = Z[Vu(ao)l
by Proposition 5.3. Hence,
d -
d—gz(xo) > —C6|Vu(zo)|* + Z|Vu(zo) .
By considering the limit as § — 0 we get
duy -
W(Sﬁo) > E[Vu(zo)|*.
as desired. O

5.4. Proof of the upper bound. We prove the statement in several steps, in order to clarify
the diagonalization process that we use. The strategy will be to approximate a generic function
u € WH2(Q) with a sequence of functions {vy}reny which are piecewise affine on simplexes and
then show how to recover the energy of each v;. Then we will exploit a diagonalization procedure
(by means of Lemma 4.8). The recovery sequence for piecewise-affine maps is constructed in
Step two below. The major technical point consists in handling the interaction at the common
boundary between two simplexes S, S’. To deal with this issue we build, for a generic simplex S
and for an affine function v on S, an almost recovery sequence, which agrees with v in an internal
neighborhood of 9S. This is done in the Step one below.

Step one: We prove that for any triangle S C Q, for u(z) =& -2 on S C Q and for any fixved
§ > 0 there exists a sequence {uc, s € L*(S;nn) }nen such that

Uns — & -x in the sense of Definition 2.7 (5.16)
Uns=E-x on(99);NS. (5.17)
lim F. (uc, ;39\ (09)xe,) < EIS|[E* + C6 (5.18)

n—-+oo

with C' depending on S and |£| only.

The construction is illustrated in Fig. 5.3: we fix § > 0, m € N and we pick a grid of squares of
size 1/m. For a square Q1 /,,(J) that intersect in a non trivial way (95)sNS we define u. 5 = £ @
on Qi/m(J)NS. If instead Q1 /,,(J) is well contained in S we consider uc s to agree with the
quasi minimum v, of the cell problem m on a the subsquare Qi _s)/m(J) and uc s = & -2 on
Q1/m(I)\Q1=5)/m(J). In this way uc ;5 = -2 on A? and this construction ensures convergence
and the lim sup upper bound for the function u(z) =& -z on S.



32 ANDREA BRAIDES AND MARCO CAROCCIA

(0S)sN S

e

AN

€>\ 146
// N m
[
/
/ /
/ 1
1 / EREEEEN v\\L _
iy T }EB
/ RN 1
/] E=E N . —
‘ R m

FIGURE 5.3. construction of recovery sequences on a triangular domain.

We now formalize this argument. Fix § > 0, m € N and introduce the sub-class of indexes
Tim(S) = A{J € (/mZ*) N Q | Qi (J) C S, Quyn(J) N (05)s = 0}
Tom(S) :={J € (mZ*) N Q | Qu/,,(J) N (8S)s NS # 0}
For J € Iy ,,,(S) consider u? € L*(1/=Qa - 5)/,,(J); ) such that

ul, s(x)=¢-x forallz € nN1/eQa - ) fm (J) ¢ dist(z, 0(HeQau -5y, (J)) < 2A

e,m,d

and

> Yo uds(@) =l s < mlEeQu - s, () + 1.

zENNL/Q1 - 5)/m (J) yENNBA ()
For J € I3 ,,(S) consider just
ug,mﬁ(x) =E&-x forall xenn (1/eQu,(J) N1/ES).

In particular, setting

vl s(x) = Eu;]7m75(x/5) forz € n: N Qu -5, (J)NS;
e,m,8 6 - xT for z € MNe n [Ql/m(J) \ Q(1 _ 5)/771((])] N 57

we see that, for J € Z; ,,,(S) we have

(5.19)

vl ps(@)=€-a forallz € n.N Qi (J) : dist(z,0Q1,,())) < 2Xe, + Ll
m

e,m,d
and, by applying Corollary 2.4,
é
Z Z 0] 10 5(2) =0 s () 1P < 2m(&1/eQa - 51y (J)) + €% + CKPW’
Zenstl/m(J) yENNBx:(2)

while vim,é(x) =¢-xforallz € n. N Q). (J) NS if J € Ty 1 (S). Hence, we define

Veym,s () = Z LG (1S ()02, 5().
JET1, m (S)UZz, m (S)
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In this way, by applying again Corollary 2.4
FeWemai S\ (0)2e,) € Y Fel0emsi Quun) + Y. Feltems Quum(J)\ (09)xe,)

JETL1,m (S) JELs m (S)

<C Z |£|2‘Q1/m(<]) N S| =+ Z }—s(vs,m,é; Ql/m(J))

JEL2,m (S) JEL1 m(S)

<CPS)EPo+ > Fe(veumsi Qujm()))

JEL,m(S)
6
<P+ Y (i Qu-nm () + <+ Ol )
JEIl7m(S)

The existence of the limit of m(-; Q) given by Lemma 5.1 yields the existence of g such that, for
all € < g9 we have also

1
EQm(g; 1/5Q(1,5>/m( ) < E‘§| |Q(175)/m( )| + 3 for all J € Il,m(S)-

Therefore

5

Folvemsi S\ @) < CPONPS+ 3 (Fm(Es1/Qu - opulD) + €8+ Ol o
JeIl,m(S)
1
TP X 1Qu-anll+ (g + ) #E(S) + ClePS
JETL,m (S)
/|§\2 ( +&2m ) S| + Ce|%. (5.20)

Moreover

sup {Fe(Ve,m,6;9)} < +oo.
1/m>€>0

Thanks to the compactness Theorem 3.1 we can thus conclude that v., .6 — Um,s in the sense
of Definition 2.7. Observe also that v. ,, 5(x) = ¢ -z for all € AJ,, where

A= Y {zesS :dist(e,0Q1,.(]) gé/m}u( U Ql/m(J)ﬂS)
JET1,m(Q) JET2,m(S)

This in particular implies that w,, s =& -z on A? . Since U5 € WH2(S) and
1
E/ |Vt 5> de < liminf F., (ve, m.s;S) < E|S|E[* +C ( + 5)
S n—+4o0o m

we also have that, up to sub-sequences u,, s — £ - x in L?(S). Hence, by applying Lemma 4.8 we
can find me — 400, with e m. — 0 and for which uc 5 := Ve m.s = -2 and also (5.18) and (5.17)
hold.
Step two: we prove the existence of a recovery sequence for the piecewise-affine function
v = Z vg(x)
Ses

with S a finite family of essentially disjoint triangles partitioning Q and vs(x) = vg/ (x) for
x € 95 N OS’. Note that, being each vg affine it can be represented as vg(z) = €g -z + bs on S.
Fix 6 > 0 and for any S € S let {uia € L%(S;nn) }nen be the functions constructed in Step one
and satisfying (5.18),(5.17), and (5.16) relatively to fs Set

Ve,s (@ Z ls(z ) +bs).
Ses
We have that v, s — v in the sense of Definition 2.7. Moreover,

Uséa Z}— Uséas\ )\en +Z]: Uséa /\sn)-

Ses Ses
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Then we just observe that
Z Fe(Ve,55 (S)ae,) = Z Z Z |ve,s(x) — Ue,é(y)|2-
Ses SES z€N,N(S)re,, YENMRNBae,, (T)

Recall that, by construction we have that, for € S, v, s(x) = v(z) on (5)., and, since it is
continuous and piecewise affine, it is in particular a Lipschitz map. Then we have

S F(ves(She)=>. > S vesl@) —ves(y)

Ses SES z€NnN(S)re,, YEMNBae, ()

<c>d Yoo Ja—y)

Se8 Ienﬂ/m(S)Asn YENRNBie, (z)

<C Z Z nn(BAsn (l’))é‘i

S€S zen,N(S)s
<CY P(S)s,
sSes
where in the last inequality we have used Proposition 2.3. Thus

lim sup Fe(ve 5(2); Q) < Z E|S||€* + C6 = E/ |Vo|? dz 4 C6.
e—0 ses Q

By now diagonalizing along §, with the aid of Lemma 4.8, we find u. — v such that

e—0

lim sup F (ve,5(2); Q) < E/ |Vv|? d.
Q

Step three: we prove the existence of a recovery sequence for a generic u € WH2(Q). We just
observe that for any u € W12(Q) we can find a sequence of piecewise-affine functions {vy}ren
with the structure as in Step two such that v, — v in L? and

/|Vvk\2dx%/ |Vul|? dz.
Q Q

The construction developed in Step two, for each k, and a further application of the diagonalizing
procedure (Lemma 4.8) conclude the existence of the desired sequence. (]

6. APPENDIX

6.1. Existence of regular grids. We here focus on proving Theorem 2.6. Let

Ry 5(wo) := [mo _ I T‘S} % { T T}

7»3”0"‘ 5 $0—§»$0+§
T T T Té

Definition 6.1. Let {X};cz2 be a sequence of i.i.d random variable such that

X, = { 1 with probability p (6.1)

0  with probability 1 —p

We say that {j;}M, is an open path for the realization w if X;,(w) =1foralli=1,..., M and j;,
Ji+1 are neighboring squares.

We recall the following percolation property from [13].

Theorem 6.2 (Property of Bernoulli site percolation). There exists a probability pey such that
the following holds. Let C be a compact set, for any d > 0 there exists Ks such that for almost all
w € Q we can find To(w) > 0 for which any rectangles Ry 5(xo), R:}},(;(xo) withT > Ty andxg € TC
contains at least KsT disjoint paths that connects the two opposite sides of R”Tﬁ(xo),R%(;(xo)
respectively in the horizontal and in the vertical direction.
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For the sake of brevity we introduce the following notation confined to this section. For
R%(;(xo), R 5(z0) we denote by hT(zg),..., W% (2) and by vI(x¢),...,v1,(x0), the families of
horizontal (and respectively vertical) disjoint paths connecting the two opposite sides of Ri’h s(xo)
(and Rf. 5(wo) respectively).

Proposition 6.3. Let C C R? be a compact set. There exists Ks, s, ap, Ao such that, provided
2
a<ag, > max{—, )\0},
o

for almost all w € Q we can find To(w,C) > 0 for which any rectangles R%(;(mo)?R%,é(mo) with

T > Ty and xg € TC contains at least KsT disjoint paths hi (o), ..., hic 1 (x0), satisfying the
following properties.

a.1) hi (x0),v] (z0) are paths in n®(X\) N Qp for all i, j;

b.1) for any m = 1,..., KsT, hl connects the two opposite sides of R%(;(:Eo) and is strictly
contained in Rl 5(x0);

c.1) for any m = 1,..., KsT, vl connects the two opposite sides of Ry 5(zo0) and is strictly
contained in Ri 5(wo);

d.1) the following bounds hold for any m € {1,..., KsT};

T T
TS U(hy, N R 5(w0)) < YsT TS U(vy, N Ry 5(x0)) < 15T (6.2)
5 5
e.l) dist(h;fr(;vo),hf(xo)) > 3, dist(v;f(xo),vf(xo)) >3\ foralli,j=1,...,KsT, i #j;
£1) Ifz € (h?(xo))M Nn then n(Bx(r)) < a™t)\%;
g.1) If x,y € h] (z0), (z,y € hl (o)) satisfies (x,y) then |z —y| < A;
Proof. Fix A € N and consider the division of R? in the grid
I:={i € ANZ® | (Qax(i) N Q7 # 0}
Q:={Qax() [ i eI}
and, for any Qxa (i) € Q consider the refinement
J(0) = {j € AZ* | (Qx(7) N Qax(0) # 0}
(i) =={Qx(j) | j € J(i)}
N'(i) == #(J'(i)) = A2
For any ¢ € I we introduce the following events Q?’)‘ of all the realizations w with the following
properties
1) 1 <n(Qx(j)) < %2 for all j € J(i);
II) dist(z,y) > 2a for all z,y € Qax(i) Nn;
IIT) dist(z, 0Qax(7)) > 2« for all x € Qax (i) Nn;
We also define
£Mw) = Lgan (w).
Observe that the probability of the set of realizations satisfying properties (II) and (III) tends to
1if o« — 0 (we refer to the same argument as in the proof of [7, Lemma 4.1]). Moreover

Laglsz )
. _ )2 A=
P(1<np@Qa() <aN) = > — =n(a).
m=1
In particular, setting
a1

AN = {o.; €N 1<nQrG) < A\ forall j € I(z)}

8
we have that P(A®") = pa(@).
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If « —» 400 we have py(a) — 1 — e . In particular, for any choice of A > 1, v > 0 we can
find ap(A), Ag(A) > 0 such that

IP(@Q”\ =1)=p(a,\) >1—~ forall a<ag A> A
Thus for a suitably small o and big A we can invoke Theorem 6.2 and find a Ks independent
of the realization and Ty = Ty(w,C) such that, for any %’5(:1:0),]%%5(%) (note that this is

uniform as z9/T € C) contains at least KsT disjoint paths (connecting the two opposite sides
of Ry s(xo), R% s(x0) vertically and horizontally respectively) of neighboring squares from Q. We

now define the Voronoi paths as follows. Consider, for instance {z]}jvzl to be the first (from
the bottom) horizontal path in R’i&(xo) and let s1,...,sy be the segment joining the centers of
neighboring squares (for instance (s, joins the centers of Qax(im), Qax(im+1). We set

hi (zo) :={z €n: (C(x;n)Nsj,)#0 for somem =1,...,N}.

We define all the other horizontal paths accordingly, as well as the vertical paths. We refer to
h?(z¢) without loss of generality in proving the properties. By arguing as in the proof of Lemma
[7, Lemma 4.1] we can derive also that

diam(C(z;n)) < I(C(z;m)) > o

Q|+

Moreover By choosing A > max {2/a, A\g} we can guarantee additionally that

N
h@)cl) U @
Jj=1 meJ(i;):
Qx(m)Ns; #0

In particular if 2 € h{ (z() then z € Qx(m) CC Qaa(i;) for some m € J(i;) intersecting s;. In
particular, By (z) is contained in the union of the eight squares whose boundary intersects in a
non trivial way the boundary of @x(m) and this union, call it O, is still contained in Qax(Z;) and
made by at most 8 of such squares. Therefore

N(Bx(x)) < n(0) < a™'A%

This implies that h{ (z) is a path on n%(\) and we get property (a.1). Properties (b.1) and (c.1)
are immediate from Bernoulli site percolation. Also property (e.1) is a consequence of the fact that
any path is contained in a square around the segment joining the centers and thus the distance
between two paths is at least 3\. By the same principle, if A was chosen big enough from the
very beginning (say bigger than 10) whenever x € (h{ (z¢))sx then it belongs to a square of size
A contained in Qax(¢;) and the same estimate applies on n(Bx(z)), achieving property (f.1). If
instead x,y are neighboring points in a path, then |z — y| < % < A yielding property (g.1).

It remains to show property (d). Due to the fact that diam(C(x;7)) > a~! we have
¢(hl NRY ) > aT
forany m =1,..., KsT. Fix L > 0 and consider
I(L) =={m=1,...KsT | ¢(h}, N Ry ) > LT}.
Then, since the paths are disjoint, we have
U vl c Risteo), | U V0D <7%  #0(0) < g

mel(L) mel(L)
If we now choose L = Ls large enough we can ensure that
KT -T2 — ki
Lo
with Kj < K. Then, up to discarding the paths labeled by I(L) (which do not affect prop-

erties (a)—(g) ) we can reduce ourselves to KT paths satisfying also property (d) with Y5 =
max{Ls, a1} O
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Observe that the above proposition is not sufficient to conclude the validity of Theorem 2.6
yet, since a straight application of Proposition 6.3 on R%t(x) (that would be required to get the
horizontal and vertical paths connecting the opposite side of @) would yield the constants given by
property (d) of Proposition 6.3 dependent of ¢. We instead require a uniform geometry. Moreover
we need to localize the estimate given by property (d) of Proposition 6.3 to each square Qﬁj
Therefore an additional construction is required.

The following corollary comes as an application of Proposition 6.3.

Corollary 6.4. There exists T, ag, Ag such that, for any fixred t > 0 and provided o, A satisfies
a<ao,)\>max{ )\0}

then for almost allw € Q we can find eg(w, t) > 0 for which, if e < g9 any rectangles R21/2 (z), Rijl/Q(x)

with © € Q, contains disjoint horizontal paths hi,... hy, | (and respectively vertical paths
vi,... ,V“}{/jm) satisfying the following properties.

a.2) all the paths are in en™(X);

b.2) for any m =1,..., M., h connects the two opposite sides of Rfl/z(x) of size t and is

strictly contained in R?1/2( x);
c.2) foranym=1,..., M., v§

m connects the two opposite sides of R} 1/2( x) of size t and is

strictly contained in Ry, ,(x);
d.2) the following bounds hold

t N Tt t S Tt t
== (b, N R} j5(x),) < - == Uvi MRy, jp(2),) < - My > Tz (6.3)

e.2) dist(hZ,, h*") > 3)\e and dist(vi,, vI') > 3)e foralli,i',j,5 € {1,...,k}, m,s € {1,..., M.}
(with m # s fori=1 orj=7j);
£2) If y € (hZ)3xe NNe, (Y € (VE)3ae N Me) it holds n-(Bxe(y)) < é)\ ;
g.2) If z,y € h¥,, (z,y € vZ,) neighboring points then |z — y| < Ae;
)

Proof. By invoking Proposition 6.3, (applied with t/ in place of T') for almost all realizations we
can find K = K5, T = T2, 2, Ao such that, provided o, A satisfies (6.2) then for almost
all realizations w we can find €y = €o(w, t) for which any Rf/syl/,z(xo), R}, 1 ,(w0), (provided zo €
Qk,¢/.) contains at least Kt/ disjoint paths satisfying properties (a)—(g) of Proposition 6.3. In
particular by scaling back to 7. = en we have that, for any © € Qu,, € < €o we can find
hy,... hi,, € en®(A) disjoint horizontal (and respectively vertical) paths contained in Rﬁl /()
(Rfl/z(x)) such that properties (a.2)—(g.2) of Corollary 6.4 are implied by Properties (a.1)—(g.1)
of Proposition 6.3 by considering T = max{K 1, Y'}. O

We can now finally prove Theorem 2.6. Let us briefly explain how we will proceed. We will
consider rectangles Rffl /2( x) whose edge proportion is fixed and for which Corollary 6.4 ensures the

existence of the sought paths. These paths are not long enough to join the opposite sides of R?, Ry
but the geometry of the paths is independent of ¢, e (since it depends only on the edge proportlon
1/2). Thence we will perform a construction that will allow us to exploit such rectangles to build
a grid on the whole square @y, without affecting the constants and all the other properties. We
introduce some definitions in order to clarify the construction. We focus on vertical paths, since
the construction will be performed in just one direction (the other following in the same way).

Definition 6.5. Let R be a rectangle and h, v be a horizontal and vertical path in R connecting
opposite sides of R in the respective directions. Let x € nNR. We adopt the following terminology:
- We say that a point x lies below h in R (and we write z 7 h) if any path in n N R that
links x to the top of R intersects h;
- We say that a point x lies above h in R (and we write x Ag h) if any path in n N R that
links = to the bottom of R intersects h;
- We say that a point = lies on the left of v in R (and we write <z v) if any path in nN R
that links x to the right of R intersects v;
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2 2
Vi,..., Vi

Q5,1

t
1,1

FI1GURE 6.1. The notation adopted in the proof of Theorem 2.6. Here are depicted
the sets V(v}), and V.(h;) fori =1,2 j =1,..., M.

- We say that a point x lies on the right of v in R (and we write x > v) if any path in
7 N R that links z to the left of R intersects v;

Proof of Theorem 2.6. Let T, g, Ao be given by Corollary 6.4. Fix «, A satisfying (2.5), let ¢ > 0.
Then for almost all realizations we can find €y such that, if ¢ < g9, the existence of paths in
Rf’l (), R 1, (2) is guaranteed for x € Qu,, according to Corollary 6.4. We set the notation
with the aid of Figure 6.1. Consider, for instance, the first square Q’il on the bottom-left corner
corner. Consider the three rectangles depicted in Figure 6.1 with edges proportion of 1/2, namely
the vertical one on the bottom left Ry, C Q1 ;, the horizontal one on the top Rfop C @}, and the
vertical one on the top right R}, intersecting Rfop and the adjacent square QQJ. Each of them
contains at least M., > % paths satisfying properties (a.2)—(g.2) of Corollary 6.4 relatively to
their own rectangle. Now we label these paths from the

hl,...hMERfop, vi,...vi € RY, Vi ...vi ERY,
with the shorthand M = M, ;. Now the strategy is to join them and then refine the family in a
way that all the properties (a)-(g) are ensured.
Consider a generic vjl». Let R = Ry N Ri’op, R=Rj.N Rf”op. We define the following path (see
for instance Figure 6.2).
p; :={z € vjl- cerhy—j}U{y ehyj: vjl» <1Ry<lévj2-}u{x EV? s Aghp_j}

1

; and the same ending point of

Note that p; is a path which has the same starting point than v
v3. Moreover with this definition we note that

dist(p;, Pj4+1) > 3Ae.
Indeed, suppose that for some (y;,y;4+1) € P; X Pj+1 we have
lyj — Yj+1] < 3Xe.
Then one of the following is necessarily in force
(I) yj € hy—j and yj41 € Vi,
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FIGURE 6.2. The paths p; in the box R built in the proof of Theorem 2.6. Again,
we are depicting the Voronoi cells of the paths V.().

(I) y; € hpr—j and Y41 € V?H;
(III) Yj € le' and Y; € hM—j—l;
(IV) y; e viand y; € hprj 1.
The other possibilities are ruled out by the fact that
dist(vj, vjy1) > 3Xe,  dist(v],vi,) >3he,  dist(hy—j by ) > 3he.

Now case (I) cannot be attained since it would imply y;4+1 Vg ha—;—1 and thus hy,_; would get
too close to hps ;1. Analogously for case (II), since we would have y; <z v§ and thus v} would
get close to VJQ- +1- The other cases follow the same line. In particular none of them can be achieved
and thus we must get that

dist(pj, Pj+1) > 3XAe.

By applying this construction we can prolong V]l a bit outside Qﬁ}l. If we shift this construction
and we repeat it, we can extend each path further until we reach thl. In this way we are able
to obtain a family of M, ; paths in each rectangle RY (t). By exploiting the same argument, with
the required modification we also obtain the horizontal paths. This produces a family of vertical
and horizontal paths G, which satisfies properties (a), (b), (c), (f) and (g) (from the validity of
properties (a.2), (b.2), (c.2), (f.2) and (g.2) of Corollary 6.4). Property (e) instead follows by the
previous argument and the care adopted to junction the paths. It remains to show that they also
meet the requests of property (d). Up to discarding some paths (operation that never affects the
other properties) we can ensure that M, ; < Tﬁ. Moreover, each vi N Qf ; (as well as the vertical
ones) is the junction of a finite number (independent of ¢,¢) of paths of length satisfying (6.3).
Therefore, up to increase a bit T (but independently of ¢,¢) we can guarantee that property (d)
is in force. This concludes the proof. O
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