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Abstract. Minimal lifting measures of vector-valued functions of bounded variation were introduced by Jerrard-
Jung. They satisfy strong continuity properties with respect to the strict convergence in BV. Moreover, they
can be described in terms of the action of the optimal Cartesian currents enclosing the graph of u. We deal with
a good notion of completely vertical lifting for maps with values into the two dimensional Euclidean space. We
then prove the lack of uniqueness in the high codimension case. The relationship with the relaxed area functional
in the strict convergence is also discussed.
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Introduction

R. L. Jerrard and N. Jung introduced in [16] an interesting notion of minimal lifting measures of vector-
valued functions of bounded variation u :  — R defined on open sets Q € R™. Namely, they are able
to define for each v € BV (€, RY) an RV *"_valued measure p[u] in such a way that:

i) for Sobolev maps u € WhH(Q,RY)
) = Adau)u(Viud L7LQ) Vi=1,...,n, j=1,...,N
where (Id < u)(z) := (x,u(z)) is the graph map;

i) if g ZY w in the strict BV convergence, i.e., up — w in L'(Q,RY) and |Dug|(Q) — |Du|(€2), then
plug] — plu] weakly as measures and |p[ug][(2 x RY) — |ufu]|(Q x RV).

They first observe that if an R *"-valued measure y = (,u); satisfies for each ¢

N
/ O, d(x,u) dx + Z/ By, bz, y)dul =0 Vo e C(Q xRY) (0.1)
Q =179

then the projection m4p onto the domain 2 agrees with the distributional derivative Du of the given
map u € BV (Q,RY), whence my|u| > |Du|. Minimality is given by selecting among such measures x the
one, say p = pful, satisfying the total variation equality mg|un|(2) = [Dul|(£2).

We recall that the existence of the minimal lifting is guaranteed by the density of smooth maps w.r.t.
the topology of the strict convergence in BV, see [5]. Uniqueness, instead, is obtained through the validity
for each 1, j of the explicit formula

¢, y) dpul[u] = $(x, v’ (x)) dO ) d(Du)!
foes (] )

u? being the jump interpolation function on the jump set .J,,, and a precise representative outside J,,.
As an application, they prove a weak continuity property of the distributional Hessian matrix u —
Det D?u of real-valued functions v € BV2 N W1>°() defined on open sets 2 C R3, see [16] for details.



Minimal lifting measures were also exploited by Rindler-Shaw in [26], where they analyzed the strict
continuity property of wide classes of functionals with linear growth.

COMPLETELY VERTICAL LIFTINGS. In this paper, we wish to extend the previous analysis to the
measures corresponding, for smooth maps u, to the high order minors of the Jacobian matrix Vu. We
first consider the case when n = N = 2, and let for simplicity Q = B2, the unit ball in R2. In this case,
comparing with (0.1), we require that the action of a completely vertical lifting measure p, of a map
u € BV (B?,R?) on smooth functions ¢ € C2°(B? x R?) depends on the minimal lifting p[u] in the sense
of Jerrard-Jung by means of the formulas

2

S f

i—1 B2 xR?

O, b, y) dplu] + / Oy b(ey)duy =0 j=1,2 (0.2)

B2xR2

where 1 :=2 and 2 := 1. Notice in fact that in the case of smooth maps u : B2 — R?, one can choose
tho = po[u] = (Id < u) g (det Vu L2 L B?).

The main idea, as already observed in [16], is that the lifting measures can be seen in an analytical-
geometric approach through the theory of Cartesian currents by Giaquinta-Modica-Soucek, see [14].

Roughly speaking, an element T in cart(B? x R?) is an integer multiplicity (say i.m.) rectifiable
2-current in B2 x R? that can be decomposed as T = G, + Sr, where:

i) G, is the 2-current carried by the “graph” of some map u € BV (B2 ,R?);

ii) St is “vertical”, in the sense that the action of St is zero on compactly supported smooth 2-forms
of the type ¢(z,y) dz, where dz := dz* A d?;

iii) the mass of T decomposes as M(T) = M(G,,) + M(ST) < o0;

iv) the vertical component Sp “fills the holes” in the graph of w, i.e., the boundary current 9T is zero
inside the cylinder B? x R2.

The underlying map u of a current T in cart(B? x R?) is such that the determinant det Vu of the
approximate gradient Vu is a summable function, and the mass of the graph current G, satisfies

M(G) = /B VIF VP + (det Vi) da < oo (0.3)

so that it agrees with the “area” of the “rectifiable graph” G, of u. Moreover, property iv) yields
0= (T, (=1)" " ¢(w,y) dz") = (Gu, O, S, y) d) + (1) Y (T, 0y, ¢(x, y)dy’ Nda')  Vi=1,2
j=1

for any ¢ € C°(B? x R?). Therefore, comparing the latter formula with (0.1), it turns out that in some
sense the lifting measures p are identified by the action of Cartesian currents 7' = G,, + St on forms with
one differential dy? in the vertical directions.
If e.g. w is the vortex map u(z) := z/|x|, see Example 4.6 below, the graph current has a “hole” upon
the origin O, and
(0G,)L (B? x R?) = —6o x [S'], [S'] := 0] D?]

where dp is the unit Dirac mass and
D? = {(y1,0) e R? | 2 + 42 < 1} (0.4)

is the oriented unit disk in the target space, compare [14, Sec. 3.2.2]. Roughly speaking, there are two
qualitatively different ways to “fill the hole” in the graph of u, by inserting a disk or a cylinder:

Sr, =60 x [D?], Sz, :=[L]x[S']



where L is any oriented line segment connecting a point in the boundary B2 to the origin. On the other
hand, letting T, := G, + St,, where £ = 1,2, the minimal lifting measure p[u] clearly corresponds to the
action of the Cartesian current T7.

From another point of view, it can be checked that if {u;} C C'(B? R?) is a smooth sequence such

that wuy EAeY strictly in BV to the vortex map u, and in addition

sup/ | det Vug| dz < oo (0.5)
k JB2

then, possibly passing to a (not relabeled) subsequence, it turns out that G, = T, weakly in the sense
of currents. In fact, the weak convergence G, = T, is incompatible with the strict BV convergence

wr, 2¥ u, as the total variation convergence | Dug|(B?) — |Du|(B?) is violated.

In view of the validity of formula (0.2), we need to ensure the existence of a Cartesian current
T = G, + St whose action identifies the minimal lifting measure p[u] by Jerrard-Jung, as e.g. the
current Ty for the vortex map. By exploiting the closure-compactness theorem in cart(B? x R?) from
[14], that is based on Federer-Fleming’s closure theorem [11], we are thus led to require the following
hypothesis:

Definition 0.1 A map u € BV(B?,R?) satisfies the area bounded strict density property, say (ABS)

density property, if there exists a sequence of smooth maps {uz,} C C'(B?,R?) such that u By, strictly
in BV and (0.5) holds.

MAIN RESULTS. If u satisfies the (ABS) density property, clearly det Vu € L'(B?), and it turns out
that the sequence of graphs {G,, } may sub-converge to a unique Cartesian current 7' as above, that
actually only depends on u and hence will be denoted by 7. In that case, in fact, the null-boundary
condition iv) yields that for any ¢ € C2°(B? x R?)

2

S0 [ty dull + (10,000 d) =0 j=1.2.

i—1 B2 xR2

Therefore, formulas (0.2) hold true provided that the completely vertical lifting measure i, [u] is defined
through the action of the unique current 7T, given as the weak limit point of sequences as in Definition 0.1.
In the case e.g. of the vortex map, using that T}, = G, + do x [ D?] we obtain:

/ o) dysolu] = / 60, 9)dy Vo e Cy(B® x R).
B2 xR2 D2

Taking instead u(x1,x2) = (z1,22) if 1 < 0 and u(xy,x2) = (x1 + 1, x2) if 7 > 0, see Example 4.7
below, we have T,, = G,, + S, where

St = —¢#([[—171]] X [[071]])7 w(Aas) = (07 )‘757)‘)'

The vertical component St is given by the integration of 2-forms on the “wall” that encloses the fracture
in the graph of u in correspondence to the discontinuity set of the SBV-map u, and this time we get:

/ () dpfe) = [ ¢l u(@)) de + / 6(0, A5, \) dAds
B2 xR2

32 (7171)X(0’1)

We now wish describe the action of our completely vertical lifting u,[u], by first considering the image
measure 74, [u], where m: B? x R? — B? is the orthogonal projection onto the domain.

For this purpose, we shall see that if u admits the completely vertical lifting measure pi,[u], then @' is
locally summable w.r.t. Du? and @2 is locally summable w.r.t. Du', where @’ is the average of the j-th
component u? of u, see (1.1). As a consequence, the product u'u? is a function of bounded variation,
even if u ¢ L°°(B? R?), see Remark 1.1.

We can thus introduce the R%-valued measure m, = (m}, m?) with components

u u

m, = % (@' (Du)3 —u* (Du)j), m? ;= % (w® (Du); —u' (Du)?)



and its distributional divergence, given by:

. 1 <& e 3
Divm, = 3 ijzz:l(fl) Tip, (uﬂ (Du)%) .

We shall in fact prove the following projection formula:

Theorem 0.2 Let u € BV (B? R?), with det Vu € L'(B?), and assume that the completely vertical
lifting p,[u] of u does exist. Then u'u? € BV (B2, R), the R%-valued measure m,, is well-defined, and

Ty fty[u] = Divm,, .
Therefore, the distribution Divm,, is a signed measure with finite total variation, and actually
| Divm,, |(B?) < |po[u]|(B? x R?) < 0. (0.6)

Notice that if in addition u € W11(Q, R?), then
1
Divim, = 3 Div(u1V2u2 —u?Vayu! , u?Viut — u1V1u2) .

We recall that the distributional determinant Det Vu, first introduced in [19], see also [25, 8, 22], is well
defined by the right-hand side of the latter formula, provided that u € W(Q,R?) is a bounded map.
We refer to [2] for a detailed survey on the distributional Jacobian of Sobolev maps.

In our context, we have:

Corollary 0.3 If u € WH1 (B2 R?) satisfies the hypotheses of Theorem 0.2, the distributional determi-
nant of u is a signed measure with finite total variation, and

T fty[u] = Det Vu, | Det Vu|(B?) < |u[u]|(B* x R?) < 0.

Now, if u € BV (B?,R?) is a bounded map satisfying the hypotheses of Theorem 0.2, according to
the decomposition of the derivative Du into its absolutely continuous, Cantor, and Jump components,
we can write:

(Divm,, g) = (Det Vu, g) + (Div Fy, g) + (u1,9) Vg € C2(B?).

The second term is given by the distributional divergence of the R?-valued measure F, = (F}, F?) with
components

Fpo= < (u' (Du)% — u? (Dcu)é) , F?.=

u

(«® (DCw)} - u! (D u)})

DN | =
N —

u being a precise representative. Moreover, ./ is the distribution
Wlog) = [ Alwoglayant, geCxw?)
Ju

where 7 := v = (—14,11) is the unit tangent vector to the Jump set, and for H!-a.e. x € J,

Al(z) = % (u' (z) u*t(2) —u'F (z) u? (2)) .

If u is the vortex map, we have Det Vu = wdp, F, = 0, and p; = 0. Instead, if u is the cited
SBV-map from Example 4.7, we obtain that Det Vu = det Vu £2L B? + (Det Vu)*, with det Vu = 1
and singular part

1
(Det Vu)® = 57{1 LJu,  Ju={0} x (=1,1).

Moreover, F,, =0 and

1t , -
Gilog) =5 [ o022 dos = (Dt Vu,g) Vg € CX(B?).



Therefore, mypu,[u] = £2L B2+ H!' L J,, but Det Vu and p are not mutually singular measures.

Notwithstanding, we expect that whenever Theorem 0.2 holds, at least for bounded maps, the three
terms in the previous decomposition formula (4.6) are finite signed measures, and the total variation of
the measure Div m,, satisfies the additivity property:

| Divm,| = | Det V| + | Div F,| + || < 0o

The action of the completely vertical lifting p, [u] is computed in Theorem 5.1 below for a dense class
of test functions. This yields to an explicit total variation formula, see Corollary 5.3. In the case of
Sobolev maps, it becomes:

|0 [u]|(B* x R?) = sup{| Det V[®(u)]|(B?) : ® € F}
where

F:={2 € C®([R*R?) | D(y) = (D1(y1), 2(y2)), P} € CF(R), [|®][loc <1 for j =1,2}.

On the other hand, we expect that equality holds in the lower bound estimate (0.6), that in the

Sobolev case reads as
|1ty [u]|(B? x R?) = | Det Vu|(B?). (0.7)

In fact, we shall see that equation (0.7) holds true provided that in addition u is a continuous map
in WtP(B2 R?) for some p > 1. For this purpose, we rely on arguments taken from the theory of
functions of bounded higher variation due to Jerrard-Soner [15], and in particular on a result by De Lellis
[9] concerning the validity of the strong coarea formula for the distributional Jacobian.

FAILURE IN HIGH CODIMENSION. All the previous results readily extend to the case of maps
u € BV (B™,R?), in any dimension n > 3, by introducing the expected modifications.

However, the situation is totally different if one considers maps taking values in high codimension
Euclidean spaces. In fact, already in the case of maps u € WH1(B? R3), the strict convergence in the
BV-sense of a smooth sequence of maps whose graphs have equibounded area, fails to contain sufficient
information yielding to a good definition of the completely vertical lifting of the limit map wu.

Following an example taken from [14, Sec. 3.2.3], this drawback can be seen by considering the 0-
homogeneous extension of the Lipschitz-continuous map ¢ : 9B% — R3 given in polar coordinates by

(cos 40, sin40, 0) if0<0<m/2
o ) @1,0,0—-m/2) ifr/2<0<nm
p(cos 0, sinf) := (cosdf, —sin4f, w/2) if 7 <0 <3mw/2
(1,0, 2 — ) if 3r/2 <60 < 27.

In fact, recalling the notation (0.4), by Example 2 in [14, Sec. 3.2.2] we know that
(0G.)L (B* xR?) = =60 x x[S'],  @x[S']=0[D?] x (80 — 6 /2)-

Now, we can build up two Cartesian currents Ty = G, + St, € cart(B? x R3) with underlying function
equal to u and such that the component St, is “completely vertical”, namely

St, = do x Se, Sy € Ro(R3), (=1,2.
By considering the boundary of the cylinder C' = D? x [0,7/2] in the target space, we in fact have:
[C]=51— 82, S1:=0[D*]x[0,m/2], Sz:=[D*]x (6o —6x/2)
so that Sy, Sy € R2(R?), whereas
951 = 0S8y = [ D*] x (60 — 6 /2) -

Therefore, in codimension N > 3, uniqueness of the completely vertical lifting measure fails to hold,
since both the currents 7T and T play the same role for the map u in the latter example.



RELAXED AREA. Coming back to Definition 0.1, we do not know if any map v € BV (B? ,R?) with
det Vu € L'(B?) satisfies the (ABS) density property, even assuming v € L*. On the other hand, the
(ABS) density property holds true if and only if the map w has finite relazed area w.r.t. the strict BV
topology, i.e., Apy(u) < 0o, where

Apy(u) = inf{likrriior;f A(ug) | {ur} € CY(B* R?), uy BV strictly in BV}

A(ug) being the area of the graph of uy, so that A(ux) = M(G,, ), see (0.3).
For that reason, in the last section we discuss the relationship between our previous results and the
relaxed area functional. Notice in particular that with our previous notation, if Agy (u) < co by lower

semicontinuity we clearly have: -

However, the “double eight” example by Giaquinta-Modica-Soucek [13], that was inspired by Maly
[17], shows the existence of 0-homogeneous Sobolev maps with finite relaxed area but for which the strict
inequality holds in (0.8), whence a gap phenomenon occurs, see Example 9.4 below.

Finally, we point out that the previous example on the failure in high-codimension shows that even for
Sobolev maps u : B2 — R3, the strict BV -convergence doesn’t guarantee any control on the 2 x 2 minors
of the gradient matrix along smooth approximating sequences with equibounded area, see Remark 9.2.

PLAN OF THE PAPER. In Sec. 1, we collect some notation on vector-valued functions of bounded
variation, and recall the notion of lifting measure due to Jerrard-Jung. In Sec. 2, we then briefly discuss
the relevant class of Cartesian currents and how they can be used to re-write the lifting measure.

In Sec. 3, we introduce the completely vertical lifting measure p,[u] in the case n = N = 2, proving
the uniqueness property. The formula on the projected measure w4 pu,[u] is then discussed in Sec. 4,
where we also give some examples showing different features.

In Sec. 5, we compute the action of the completely vertical lifting on a dense class of test functions,
thus obtaining an explicit formula for its total variation.

In Sec. 6, we prove the sufficient condition ensuring the validity of the total variation formula (0.7).

In Sec. 7, we briefly sketch how to extend our previous results on the completely vertical lifting to
the case of maps in BV (B",R?), in high dimension n > 3.

In Sec. 8, we show how our approach fails to give a good definition of completely vertical lifting of
RN -valued maps, in high codimension N > 3.

In Sec. 9, we finally discuss the relationship with the relaxed area functional.

1 Liftings of BV maps

In this preliminary section, we collect some notation on vector-valued functions of bounded variation,
referring to [14, Sec. 4.1] or to the treatise [4] for further details. We then recall the notion of lifting
measure due to Jerrard-Jung [16].

FUNCTIONS OF BOUNDED VARIATION. Let u : Q — RY be a vector-valued summable function
defined in a bounded domain Q C R"™, where n, N > 2. We say that u € BV (Q, RY) if the distributional
derivative Du is an RV *"-valued measure of finite total variation, | Du|(Q2) < co. In this case, denoting
by Du = Du+ D”u the decomposition into diffuse and Jump part, one has Du = D%u+ D%u, where the
absolutely continuous component D%y w.r.t. the Lebesgue measure L£" is equal to Vu L™ L 2, with Vu
the approximate gradient map, and Du denotes the Cantor component. Moreover, the jump component
satisfies D/u = (vt —u~) @ vH" "' L J,,, where H* is the Hausdorff measure and u® are the one-sided
limits of v at H™ !-a.e. point of the jump set J, w.r.t. a given unit normal v. Therefore, the jump
function (u™ —u~): J, — RY is H" "1 J,-summable.

Let u € BV(Q,RY) and f : RY — R a Lipschitz function of class C'. Tt is proved in [27, 28] that the
composition fow is in BV(Q,R) and

D(fou)= Vf(u)VuLl™LQ
DC(fou)= Vf(u)DCu
D' (fou)= (f(u®)—flum)@vH" 1Ly



where u is a precise representative (cf. [4, Thm. 3.96] for a proof). We also recall that the previous
chain-rule formula involves the jump interpolation function, given for H" '-a.e. x € J, by

u(x) == 0ut(z) + (1 —0)u (z), 0 €[0,1]

and extended as equal to a precise representative u(x) at H" l-a.e. x € Q\ J,. In fact, one has:

1
D(fou)=fuDu,  fu(x) ::/0 V f(u?

The chain-rule formula was extended in [ ] to Lipschitz-continuous functions f : RY — R™. When
N =2 and f(y1,y2) = y1y2, given u = (u',u?) € BV(Q,R?), and letting u(z) := (a*(x),u?(x)), where

W (z) == /0 u® () dh ji=12 (1.1)

if in addition u € L°°(£2, R?) it turns out that the product u'u? is a BV-function with
D(u'v?) = @' Du? + @ Du'.

Remark 1.1 If u is not bounded, the same conclusion holds true provided that 7' is locally summable
w.r.t. Du? and @? is locally summable w.r.t. Du', compare e.g. [14, p. 487].

The weak-* convergence uj, — u in BV is defined by the strong L'-convergence joined with the weak-*

convergence Duy — Du as RV *"-valued measures in . Finally, we say that uy BY strictly in BV if
up, — win LY(Q,RY) and |Dug|(2) — |Dul|(Q). Clearly, the strict convergence in BV is stronger than
the weak-* convergence.

LIFTING MEASURES. Jerrard-Jung [16] analyzed for a given map u € BV (Q, RY) the measures 1 in
QxRY, wherei=1,...,nand j =1,..., N, defined through the formulas

N
/ami¢>(m,u)dac+2/3yj¢(m,y)dug:0 Vi=1,...,n (1.2)
Q =1/e

for any ¢ € C°(2 x RY). Then, if u is smooth the formulas (1.2) are satisfied by taking
] = (1d > u) 4 (Viu? L7 Q) (1.3)

where (Id <t u)(z) := (x,u(z)) is the graph map, see Example 2.2 below.
In general, choosing ¢(x,y) = g(z) y;, where g € C°(12), and using a cut-off argument when u ¢ L,
one has

/ Oz, g(x) u! dz +/ g(z)dpl =0 Vi, j
Q Q

and hence the image though the projection map 7 : 2 x RY — Q satisfies W#Mg = (Du)f for all 4, 7.

For that reason, the R *"-valued measure y = (uf) is called in [16] a lifting of u. Of course, the lifting

measure is not unique. However, using that mxu = Du, in general it satisfies myg|p| > |Dul.
Definition 1.2 A lifting measure p is said to be minimal if mx|u|(2) = |Du|(£2).

Uniqueness of the minimal lifting, denoted p = pfu], is obtained in [16] through the validity for each

1,7 of the explicit formula
/ / oz, u? ) d(Du)!
(1.4)

| otamdudla
/ |, et / / o010 ) (D



for any ¢ € C°(Q x RY) where, we recall,
(Du)! = V! L™ L Q + (DCu)! (D7 u)) = (Wt — W)y HP L,

In particular, property (1.3) holds whenever u is a Sobolev map in W11(Q,RY).
Formula (1.4) is proved by exploiting the Disintegration theorem (cf. [4, Thm. 2.28]), and analyzing
the RY*"_valued measures j, on RY this way obtained through the chain-rule formula.

Existence of the minimal lifting, instead, readily follows from the fact that if wuy BV strictly in BV,
then pfug] — plu] as measures and [pfug]|(Q x RY) — |u[u]|(2 x RY), and that for any v € BV (2, RY)

there exists a smooth sequence {u;} C C*(Q,RY) such that uy BY 4 in the strict BV-sense, see [5].

Remark 1.3 Following [26], one defines for H"!-a.e. z € Q the RV *"-valued measure v, on RY as the
functional acting on test functions ¢ € Co(RYV) by

dDu !
| ewdunts) = G5 [ ot as

where dDu/d|Du| is the Radon-Nikodym derivative. Therefore, one has pfu] = |Du| ® v. Moreover, by
the chain rule formula

o:/ﬂdw(ldMu)=/va(a:,u(x))dx+/Q(/Olvy¢(:c,u9(m))d9) dDu(z)

for every ¢ € CL(Q x RY), where according to (1.4)

/Q(/Ol Vy¢(x,u9(x))d9) dDu(z) = /QXRN V,é(x,y) dulu) .

Using this approach, the continuity of wide classes of functionals with linear growth w.r.t. the so called
“area-strict convergence” is analyzed in [26].

2 Cartesian currents

In this section, we show how the above notation can be re-written by using tools from Geometric Measure
Theory. Therefore, after introducing some general notation, we briefly discuss in our context the relevant
class of Cartesian currents introduced by Giaquinta-Modica-Soucek [14].

RECTIFIABLE CURRENTS. If U C R™ is an open set, m € NT, and n = 0,...,m, we denote by
D, (U) the strong dual of the space of compactly supported smooth n-forms D™ (U), whence Dy (U) is the
vector space of distributions in U. For any T € D,,(U), we define its mass M(T) as

M(T) := sup{(T,w) |w € D"(U), [w| <1}
and (for n > 1) its boundary as the (n — 1)-current 0T defined by the relation

<8T? 77) = <T’ d77>a ne Dn_1<U)

where dn is the differential of 7. The weak convergence Ty Z T in the sense of currents in D,(U) is
defined by duality as

klim Tk, w) = (T,w) YweD"(U).

—00

If Ty, = T, by lower semicontinuity we clearly have

M(T) < liminf M(Ty) .
k—o0
For n > 1, an n-current T with finite mass is called rectifiable if

(T,w) = /M 0w, &) dH"  Vwe D'(U)



with M an n-rectifiable set in U, £ : M — A"R™ an H" L M-measurable function such that £(z) is a
simple unit n-vector orienting the approximate tangent space to M at H"-a.e. © € M, and 0 : M —
[0,4+00) an H™ L M-summable and non-negative function. Therefore, we get M(T') = fM 0dH™ < oo.
In addition, if the multiplicity function 6 is integer-valued, the current 7' is called i.m. rectifiable and
the corresponding class is denoted by R,,(U).
Finally, if f : U — V is a smooth map with values in an open set V C R%, where d > n, and f is
bounded on the support of a current T' € R,,(U), the image current fxT" in R, (V) is defined by

(faT,w) := (T, ffw)  VweD"(V)
where f#w denotes the pull-back of the n-form w by f.

Remark 2.1 The relevance of the class R,,(U) in the Calculus of Variations relies of Federer-Fleming’s
closure-compactness theorem [11], stating that if a sequence {T},} C R, (U) satisfies sup, M(T}) < oo and
sup;, M((0Tk) L W) < oo for each open set W CC U, then there exists T' € R,,(U) and a (not relabeled)

subsequence of {T;} such that T} 2.

GRAPH CURRENTS. Currents in R, (U) generalize the action given by integration of n-forms on
smooth oriented n-surfaces M. Ife.g. U = Q@ xRY, where Q C R” is a bounded domain, and u : Q — RV
is a smooth map, the graph current G,, given by integration of n-forms on the naturally oriented graph
Gu, belongs to R, (2 x RY), and M(G,) = H"(G.), see (2.3) for the case n = N = 2. In particular,
Stokes theorem yields that G, satisfies the null-boundary condition (0G,)L (2 x RY) = 0, see (2.5)
below. Moreover, denoting by (Id >t u)(x) := (z,u(z)) the graph map, by the area formula one has
Gy = (Idpau)x[Q], ie.,

(Gouyw) = /Q(Id u)fw  VweD'(QxRY). (2.1)

Example 2.2 Property (1.3) is readily checked by means of an explicit computation in the integration
by parts formulas that express the null-boundary condition of GG,,. Precisely, setting dz? in such a way
that (—1)*"1da® A dzt = dx, where dz := dz' A --- A da™, for every ¢ € C2°(Q x RY) we have:

N
0= (0Gy, (—1)"'¢(x,y)dz’) = (Gy, Op,d(z,y) dz) + (—1)"! Z(Gu, Dy, &z, y)dy’ A dz?) Vi. (2.2)

j=1
Therefore, using (2.1), definition (1.2) holds true with ,ug given by (1.3).

CARTESIAN CURRENTS. The class cart(©2 x RY) is defined in [14] by analyzing the properties

of the currents T that are weak limits G,, 2T of smooth sequences {ur} € CHQ,RY) satisfying
sup, M(G,, ) < 0o, on account of Federer-Fleming’s theorem.
A current T in cart(Q x RY) with underlying function u, decomposes as

T=G,+Sr, MT)=M(G,)+ M(Sr) <0

for some u € BV (Q,RY) such that all the minors of the RY*"-valued Jacobian map z +— Vu(z) are
summable in Q. Therefore, when e.g. n = N = 2 we have det Vu € L'(Q). The graph current G,
is an i.m. rectifiable current in R, (Q x RY), and it can be defined by (2.1) through the action of the
approximate gradient Vu. As to the mass of G, when e.g. n = N = 2 by the area formula one has:

M(G,) = / V1 + [ Vul?2 + (det Vu)2 dz < 0o (2.3)
Q
Moreover, the i.m. rectifiable current St € R, (2 x RY) has finite mass and is “vertical”, i.e.,
for every ¢ € C°(Q x RY). Finally, the current T € R,,(Q x RY) satisfies the null-boundary condition
(0T, n) :== (T,dn) =0  VneD" Q2 xRY) (2.5)

that will be denoted by the equation (0T) L (Q x RY) = 0.



Example 2.3 If T € cart(Q x RY), by (2.4) and (2.5) one has
. _ . N - -
0= <8T7 (_1)2_1¢(l‘7 y)daﬂ) = <Gua 6a:,i¢(xa y) dl‘> + (_1)1_1 Z<Ta 8yj ¢(x7 y)dy] A dxz> Vi
j=1

for any ¢ € C(Q2 x RY). In particular, if T = G,, for some smooth map u, the latter equation becomes
the integration by parts formula in (2.2).

In the case n = N, for j = 1,...,n we define dyJ so that (—1)7~tdy? A dyi = dy := dy* A --- A dy".
In a similar way, by (2.5) we can write for each j and any ¢ € C°(2 x R™)

n

0= (OT, ¢(w,y)(—1) " dyi) = > (T, 04, 6(w, y)(—1)"'da’ A dy?) + (T, 0y, 6(, y) dy) (2.6)

i=1

In particular, when T' = G, for some smooth map u, equations (2.6) become the integration by parts
formulas:

0= (0G, d(z, y)(—1)7~Ldyd) zz/ D, d(x, u) (adj V)] dﬂc+/ Oy, d(x,u) det Vudz . (2.7)
=179 Q

Remark 2.4 If T = G, + St € cart(2 x RY), since M(T) < oo, by dominated convergence we can
define the lifting measure p of u corresponding to T through the system:

/ f(@,y) dpl = (=1 "N, flo,g)dy! Adat) Vij o Ve CQxRY). (2.8)
QxRN
In fact, by the definition (1.2) we infer that
[ @il = [ g@) Vil (@) do + (-0 Srgl)dy? Ad) Vig Ve Cl@).
QxRN Q

Therefore, it turns out that in some sense the minimality assumption in Definition 1.2 involves the so
called (n — 1,1)-stratum of the vertical component St, see (3.1) below.

3 Completely vertical liftings

In this paper, we wish to extend the above minimality condition to the measures related to the higher
strata of the vertical current St enclosing the graph current G,. For this purpose, we shall again make
use of the explicit formula of the null-boundary condition (2.5).

In this section, we deal with the case of dimensions n = N = 2, and let for simplicity Q = B2, the
unit ball in R2. We shall define the measure p, through the action of the completely vertical component
of currents T in cart(B? x R?) with underlying BV-map equal to u. We recall that Jerrard-Jung were
able to define the minimal lifting measure p = pfu] by requiring that the total variation of the projection
onto the domain satisfies 74 |u|(Q) = |Dul(Q2), see Definition 1.2. Minimality of the completely vertical
lifting, instead, is expressed by requiring that the (1,1)-stratum of T corresponds to the minimal lifting
measure pfu]. With this notation, existence is guaranteed by Proposition 3.4, provided that u is the
strict BV limit of a sequence of smooth maps whose gradient determinants are equibounded in L!, see
the (ABS) density property in Definition 3.2, whereas uniqueness is proved in Theorem 3.5. Finally, we
discuss a class of (non-smooth) maps for which the explicit formula of p, is readily obtained.

COMPLETELY VERTICAL LIFTINGS. Any current 7' € Ro(B? x R?) is identified by the measures
pr[T] =T oL dz, u{[T] =T (=1)'dx" Ady?, i, =1,2, p,[T]:=TLdy (3.1)
where 1 :=2 and 2 := 1. If T = G, + St is a current in cart(B? x R?), the horizontal component (i.e.,

the (2,0)-stratum of T') satisfies
pnlT) = (Idva ) (£2 L B?)
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and hence it only depends on the underlying map u. However, in general the intermediate components
wlT7], ie., the (1,1)-stratum of 7', and the completely vertical component u, [T, the (0,2)-stratum, also
depend on the component Sr.

On account of Remark 2.4, we shall restrict to the case when the intermediate components only
depend on w through the formulas ‘ ‘

i [T] = pifu] Vi, j (3.2)
where ,ug [u] is for each 4,7 = 1,2 the minimal lifting measure in the sense of Jerrard-Jung, see Defini-
tion 1.2. Notice in fact that equalities (3.2) make sense on all test functions in Cj,(B? x R?) by dominated
convergence, see (2.8).

Definition 3.1 For any v € BV (B? ,R?) with det Vu € L'(B?), we denote by T, the class of currents
T = G, + St in cart(B? x R?) such that (3.2) holds. A signed measure y, in B% x R? is said to be a
completely vertical lifting of u if

where p,[T] := T L dy for some T € T,,.

Now, if T' € Ty, using (2.8) we have

(T 001 o’ N = (< [ 2o dyd

for every ¢ € C°(B? x R?) and hence we can equivalently write the null-boundary condition (2.6) as:

2

S (1) / Do, b, ) dpllu] + (T, 0y, 8(z,y) dy) =0 j=1,2. (3.4)

i—1 B2 xR?

Therefore, according to the notation (1.2), by (3.3) it turns out that the action of a completely vertical
lifting measure of u on smooth functions ¢ € C°(B? x R?) satisfies the system

2

S |

%ﬁwwmﬂm+/ Oy, by duy =0 j=1,2. (3.5)
i—1 B2 xR?

B2 xR?

Notice that in the case of smooth maps u : B2 — R2, recalling that (adj Vu)? = (=1)*t/V,u? and
taking T'= G, on account of (2.7) we can choose

o = po[u] = (Id < u) . (det Vu L2 L B?). (3.6)

EXISTENCE. The existence of a completely vertical lifting i, is guaranteed provided that the class T,
is non-empty. For this purpose, we give the following

Definition 3.2 Let u € BV (B?,R?). We say that u satisfies the area bounded strict density property,
say (ABS) density property, if there exists a sequence of smooth maps {uz} C C'(B? R?) such that

e X strictly in BV (B2, R?) and
sup/ | det Vug|dz < oo (3.7)
k JB2

Remark 3.3 The (ABS) density property implies that the area of the graphs of the smooth approxi-
mating sequence is equibounded, so that sup, M(G,, ) < 0o, see (2.3). Therefore, it is equivalent to the
boundedness of the relaxed area functional w.r.t. the strict BV convergence, see Sec. 9 below.

Our notation is motivated by the following

Proposition 3.4 Let u € BV (B? R?) that satisfies the (ABS) density property, Definition 3.2. Then
det Vu € LY(B?) and the class T, is non-empty, whence a completely vertical lifting is given according to
Definition 3.1.

11



PrOOF: By Remark 3.3 we have sup, M(G,,) < oco. Since moreover uy is smooth, Stokes theorem
implies the null-boundary condition (0G,, )L (B? x R?) = 0 for each k. Therefore, using the closure-
compactness theorem in the class of Cartesian currents, see [14], it turns out that possibly passing

to a (not relabeled) subsequence G, 2 T to some current T in cart(B? x R?). By L!-convergence,
T has underlying map equal to u, whence we can write T' = G, + Sp. Since by lower semicontinuity
M(T) < liminf, M(G,, ) < oo, where M(T') = M(G,)+M(St), by (2.3) we infer that det Vu € L1(B?).

Finally, the strict convergence wy BY implies that property (3.2) holds, whence T € T,. O

UNIQUENESS. We now show that the completely vertical lifting of u is unique, when it does exist,
whence we denote it by p, = u,[u]. In fact, we shall see in the next two sections that the completely
vertical lifting only depends on w.

Theorem 3.5 If for some u the class T, in Definition 3.1 is non-empty, it contains only one element,
that will be denoted by T,,.

PROOF: If 7y, Ty € T, the difference T := Ty — Ty is a current in Ro(B? x R?) satisfying ,uh[f] =0,
wl[T] =0 for i,j = 1,2, see (3.1), and also (97) L (B% x R?) = 0. We now show that

(T, 9(@)$1(y1)a(y2) dy) =0 Vg e C®(B%), ¢; € CF(R), j=1,2. (3-8)

Let ®;(y) := ffoo ¢;(t)dt, so that ®; is a smooth bounded function, for j = 1,2. We thus can write:

9(@)p1 (Y1) d2(y2) dy = ¥# (g(z)dy),  V(z,y) = (z,P1(v1), P2(y2)) -

Denote now

1
wy =5 (y1 dy® — y2 dy?) (3.9)

so that dwy = dy := dy' A dy®. Since the image current \Il#f satisfies the null-boundary condition
(0¥, T)L (B? x R?) = 0, by dominated convergence we have

0= (0UyT, gws) = (T, d(gws)) = (VT dg Aws) + (V4T gdy).

Moreover, using that ug [f] =0 for 7,j = 1,2, we compute

1 ~
<T, dg AN (@1(1@2 - (I)qu)l)> =0

<\I}#T’ dg A w2> = <Ta \II#(dg A w2)> = 5

whereas
(UuT, gdy) = (T, 0% (gdy)) = (T, g(x)p1 (y1)b2(y2) dy)

so that (3.8) holds true. Finally, since the vector space generated by linear combinations of products
of functions g(z), ¢1(y1), and ¢2(y2) as above is strongly dense in D°(B? x R?), by (3.8) we infer that

~.

wy[T) = 0, see (3.1), whence T'= 0 and T} = T3, as required. O

Remark 3.6 If u € Wh!(B2 R?) satisfies the (ABS) density property, by equality (1.3) it turns out the
component St of the Cartesian current T,, in T, is “completely vertical”, i.e., (Sy,w) = 0 for each form
w € D?(B? x R?) with at most one differential dy’.

CARTESIAN MAPS. If u is smooth, the completely vertical lifting 1, [u] is given by (3.6). We now
analyze a larger class of maps u € BV (2, R?) for which formula (3.6) holds.

We recall from [14] that the class A'(B2,R?) is given by the summable maps u in L'(B?,R?) that are
approximately differentiable £2-a.e., with approximate gradient Vu € L'(B? R?*2?) and with det Vu €
LY(B?). If u € A'(B? R?), the graph current G, is well-defined by (2.1), with Q = B2, through the
action of the approximate gradient Vu. It is again an i.m. rectifiable current in Ro(B? x R?) with finite
mass given by formula (2.3). However, in general the current T' = G,, fails to satisfy the null-boundary
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condition (2.5), where n = N = 2 and Q = B?. In the case e.g. of the vortex map u(x) = z/|z| discussed
in Example 4.6 below, the graph current has a “hole” upon the origin O, see (4.8).
A map u € AY(B?,R?) is said to be a Cartesian map in cart!(B?,R?) if in addition

(0G,) L (B* x R?) =0.
Therefore, if u € cart! (B2 R?), actually u € WH(B2% R?). Moreover, G,, is a current in cart(B? x R?),

and trivially T, = G,, satisfies (3.2), so that the completely vertical measure p,[u] is given by (3.6).
Therefore, we conclude with the following

Corollary 3.7 If u € cart!(B?,R?), the completely vertical lifting of u is given by the formula (3.6).

Remark 3.8 Notice however that it is not clear whether any map in cart!(B?,R?) satisfies the (ABS)
density property. In fact, the strict BV density result from [5] is based on a convolution argument, but
| det Vu| fails to be a convex function of the gradient, whence property (3.7) is not guaranteed. The same
problem is open for maps u € BV (B?,R?) with det Vu € L'(B?), even in the bounded case.

4 Projection formula

In this section, we begin to analyze the completely vertical lifting p,[u], assuming it exists, obtaining
the formula of the image measure 74, [u], where 7 : B? x R? — B? is the orthogonal projection onto
the domain. This yields to a lower bound for the total variation of u,[u]. We then focus on the case of
bounded maps, and give some examples showing different features.

PROJECTION FORMULA. Let u and p,[u] as in Definition 3.1. Using (1.4), formula (3.5) reads as
the system

2 1 i
/BMW Dy, ¢(x,y) dpsy[u] = —;(—1)’“ /32 (/O c’)wi¢(:c,u"(a:))d9) d(Du)!, j=1,2. (4.1)

Taking in particular ¢(z,y) = g(z) y;, by summating on j = 1,2 and dividing by two we get:

[ s@dui = 3 Miluw [ o[ wwas) atpu

1§ it vl
3 20 [ g@)w @) dDu)

i,7=1

(4.2)

SIS

where the average functions are given by (1.1). As a consequence, it turns out that # is locally summable

w.r.t. Du/, and hence u'u? € BV(B?), see Remark 1.1.

We thus introduce the R2-valued measure m,, = (m}, m2) with components depending on the distri-

butional derivative Du and on the average @ = (@', u?) of u as follows

1 1
m! = 3 (@' (Du)3 — @ (Du)j), m? = 5 (@® (Du); —u' (Du)3)
and observe that in the distributional sense we can define:
12
. _ + y g 7
Divim, = 3 ijzzl(_l)i D, (uJ (Du)g) .

We have actually proved the following projection formula:

Theorem 4.1 Let u € BV (B? R?), with det Vu € L*(B?). Assume that the completely vertical lifting
o [u] of u does exist, see Definition 3.1. Then u'u®? € BV (B? R), the R%-valued measure m, is well-
defined, and we have:

T fty[u] = Divm,, . (4.3)

Therefore, the distribution Divm,, is a signed measure with finite total variation.
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Assume now that in particular u € W11(Q, R?). Then we have:
1
Divim, = 3 Div(u1V2u2 — u?Vayu! , u?Viut — u1V1u2) .
We recall that the distributional determinant Det Vu is well defined by the right-hand side of the latter
formula, provided that u € W(£2,R?) is a bounded map. In our context, we have:

Corollary 4.2 Let u € WH(B? R?), with det Vu € L'(B?), and assume that the completely vertical
lifting p,[u] of u does exist. Then the distributional determinant of u is a signed measure with finite total
variation, and we have

T fby[u] = Det V. (4.4)

TOTAL VARIATION LOWER BOUND. Since u,[u] is a signed measure,
(Divmy, B) = mgp,[u](B) = po[u](B x R?)
for each Borel set B C B2. Therefore, by Theorem 4.1 we readily obtain:

Corollary 4.3 If u is a BV map satisfying the hypotheses of Theorem 4.1, then:
| Divm,, |(B?) < |po[u]|(B? x R?) < 0.
For Sobolev maps we know that (1.3) holds, with = B? and n = 2. Corollary 4.2 yields:
Corollary 4.4 If u is a map in WH1(B2 R?) satisfying the hypotheses of Corollary 4.2, then:
| Det Vu|(B?) < |y [u]|(B* x R?) < 00.

THE BOUNDED CASE. If u € BV (B2 R?) is a bounded map satisfying the hypotheses of Theorem 4.1,
the measure Div m,, can be written as the sum of three distributions, involving the absolutely continuous,
Cantor and Jump part of the distributional derivative of w, respectively.

The first term agrees with the distributional determinant Det Vu, whereas the second term is given
by the distributional divergence of the R?-valued measure F, = (F}, F?) with components

Fpo= - (u! (Du)% — u? (Dcu)é) , F?.=

u

(u? (D7w) - u! (D°w)?)

DN =
N —

where u is a precise representative. By (4.2), the third term is given for any g € C°(B?) by:

1
0

% ;_:1(‘1*” /J Ong(x) ( / W (@)d0) (w7 — I (@) v dHY

Now, setting for H'-a.e. x € J,

Al(z) = = (u' () u®F (z) — u'T(2) v® (2)) (4.5)

we compute

Allw) =5 (-1 (/01 W () de) (Wt — ().

Jj=1

1 2
2 =

Therefore, denoting by 7 := v = (—vs, 1) the unit tangent vector to the Jump set, we get:
(Divm,, g) = (Det Vu,g) + (Div Fu, g) + (i, 9) Vg € CZ(B?) (4.6)

where p is the distribution

ul,g) == / Al (2)Org(x)dH', g€ CF(B?).

u
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Of course, each term in the decomposition formula (4.6) is equal to zero when the corresponding
component of the distributional derivative of u is zero. We e.g. have Div F,, = 0 if D%u = 0, i.e., if u is
a special function of bounded variation, say u € SBV.

However, Example 4.7 shows that in general, even for an SBV map u such that both the distributions
Det Vu and u are measures, they are not mutually singular. Notwithstanding, we expect that whenever
Theorem 4.1 holds, the three terms in the decomposition formula (4.6) are finite signed measures, and
the total variation of the measure Div m,, satisfies the additivity property:

| Divm,| = | Det Vu| + | Div F, | + || < o0. (4.7)

Remark 4.5 In definition (4.5), the number |A/] is equal to the area of the triangle of the target space
generated by the jump vectors u~ and ut. Moreover, A = 0 when v~ and u* are collinear, otherwise
the sign of A/ is consistent with the orientation of the ordered couple of vectors (u~,u"). For future
use, we also point out that for H'-a.e. z € J,

1
Af(x) = / wa , wp =g (y1dy® — y2 dy?)
Y

where 7, . is the oriented segment 7, : [0,1] — R? with end points «~ and u*, given by
Yz (0) := (' (2),u* (x)), w(x)=0uT(2)+ (1 —0)u(z), 6 €[0,1].

SOME EXAMPLES. We now observe different behaviors of the projected measure Tufw[u]. In all
the following examples, the map w is in L and satisfies the hypotheses of Theorem 4.1, whence the
decomposition formula (4.6) of the signed measure Divm, holds. Notice that according to equation
(3.3), the value of the total variation of y,[u] can be computed in terms of the (0,2)-stratum of the
unique Cartesian current 7T, with underlying map u and with (1,1)-stratum satisfying (3.2). On the
other hand, we do not know if equation (4.7) holds, in general.

Example 4.6 Taking the vortex map u(z) = x/|z|, we have D’u = D%u = 0, whence Div F,, = u = 0,
whereas det Vu = 0 and Det Vu = (Det Vu)® = 7 dp, where dp is the unit Dirac mass at the origin. We
thus get mgp,[u] = mdo. Notice that the latter formula can be checked by computing the action of the
Cartesian current T, = G, + 6o x [ D?] on 2-forms g(1,x2) dy, where dy := dy* A dy? and

D? = {(y1,42) €R® |y} + 95 < 1}
is the oriented unit disk in the target space. In fact, compare [14, Sec. 3.2.2], equation
(0G,) L (B? x R?) = —6p x O] D?] (4.8)

yields that T, satisfies the null-boundary condition (2.5), whereas (3.2) holds true. Since moreover the
(0,2)-stratum of the current 7, is identified by the term do x [ D?], we have:

M(3o x [ D2]) = | [ul] (B* x B?) = | Det Vu|(B?) = =
and hence equality holds in the lower bound from Corollary 4.4.
Example 4.7 Let u(xy,22) = (21, 22) if 21 < 0 and u(zy, 20) = (21 + 1,22) if 2 > 0. Since D% = 0
we have Div F,, = 0, whereas
Det Vu = % Div(u1, uz)

whence Det Vu = det Vu £2 L B2 + (Det Vu)*, with det Vu = 1 and singular part
1
(Det Vu)* = 57{1 LJu,  Ju={0} x (=1,1).

Also, taking v = (1,0) and 7 = xv = (0, 1), so that 9,9 = 9,9, we have u™ (z) = (0,z2), ut(z) = (1, 22)
and A7u(z) = —x2/2 for all z € J,. Therefore, integrating by parts we get for any g € C}(B?)

1 1

1
T2 a$2g(0a x2) d$2 = 5/ 9(071'2) de = <(Det V’U,)S,g> .
-1

11
(1, 9) = /Ju Al(x) 0-g(x) dH ffi/

—1
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We thus conclude that 7y p,[u] = £2 L B2 +H! L J,, but the two terms Det Vu and u are not mutually
singular measures, even if (4.7) holds.
The latter formula can be checked by computing on forms g(z) dy the action of the Cartesian current
T, = Gy + St, where St := —9x([—1,1] x [0,1]) with (X, s) := (0, A, s, A). Notice in fact that
(0Gu) L (B® x R?) = (0vx([-1,1] x [0,1])) L (B* x R?) = 704 [-1,1] = max[-1,1]

where vo(A) := (0,X,0,A) and y1(A) := (0,,1,), for A € (—1,1). Therefore, again T, satisfies the
null-boundary condition (2.5), whereas (3.2) holds true. In particular, this time the (0, 2)-stratum of T,
satisfies

GlT).6) = Tuody) = [ otau()do+ [ 50,1, 5,3) dAds

(—1,1)x(0,1)
for every ¢ € C°(B? x R?), whence we obtain:
o [u][(B* x R?) = |B| + £2((~1,1) x (0,1)) = | Det Vu|(B?) + |uy] (B?)
and hence equality holds in the lower bound from Corollary 4.3.

Example 4.8 Taking instead u(z1,22) = (1 + a,z2) if 21 < 0 and u(zq,22) = (1 + b, z2) if 21 > 0,
where a < b, we similarly obtain Div F;, = 0,

DetVuzLQLBZ—F[)_TaHlLJu, W= {0} x (=1,1)

and A7u(z) = (a — b) 29/2 for all = € J,, so that we again have

b—a (!
ilsg) = "5 [ 9(0.02)des = (DetVuy.g) Vg € O ()
—1

and hence mgu,[u] = L2L B% + (b — a) H' L J,, so that similar conclusions to the one in the previuos
example are readily checked.

Example 4.9 Take this time Q = (0,1)? and u(z1, z2) = (v(x1), (1:2)) where v is the classical Cantor-
Vitali function. We have Vu = 0, D7u = 0, and (D%u)} = (D%u)? = 0, whereas

(Du)} = D% @ (L' (0,1)), (D)3 = (L£'L(0,1))® D

where D% is concentrated on the classical middle thirds Cantor set in [0,1]. We thus get Det Vu = 0
and g =0, but

2 DivF, = Div(u' (D)3 —u? (Dcu) u? (Du)} —
= Div(v(z1) ((£'L (0,1)) ® D), v(x2) (DCU ® (El

so that integrating by parts we get:
Divm, = Div F,, = D%v® D%.

“u)?)
L (0,1)))

Now, taking ug(z) = (vi(z1),vi(22)), where vg : (0,1) — (0,1) is the k-th step Lipschitz approximation
of the Cantor-Vitali function, we clearly have fQ |det Vo |dz = 1 for each k. Therefore, by an easy
argument based on convolution and diagonalization, we can find a smooth sequence {uy} C C1(Q2,R?)

such that uy, BY o and fQ | det Vuy|dz — 1. Therefore, it turns out that G, 3 T, to the unique current
T, € cart(Q x R?) with underlying map u and such that (3.2) holds true, whereas by lower semicontinuity

1 [0](Q x R?) < hmmf/ | det Vug|de =1
and hence, using that

mamlu] = D0@ D%y = mylu,[ull(Q) = [DCv ® Do|() =

we obtain
1,|(Q x R?) = | Divm,,|(Q) = | Div F,|(Q) = 1

Again, replacing B? with (0, 1)2, it turns out that equality holds in the lower bound from Corollary 4.3.

16



Example 4.10 S. Miiller [23] showed the existence of a very interesting Sobolev map u :  — R?, where
Q = (0,1)2, such that |[Vu!| - |[Vu?| = 0 a.e. in Q, whence det Vu = 0, but

Det Vu = (Det Vu)®* = D @ D%

where v is a pure Cantor function, whence the singular part of the distributional determinant is concen-
trated on C' x C, where C is a Cantor-type set in [0, 1].

In [14, Sec. 4.2.5, Ex. 9], it is correspondingly shown the existence of the unique Cartesian current
T, € cart(Q2 x R?) with underlying map u and satisfying (3.2). Therefore, since D7u = D% = 0, with
our notation we have Div F,, = u = 0 and

Tupplu] = Divm, = Det Vu = 74|, [u]|(Q) = |D @ D0|(Q) .

From the non-trivial construction in [14], we expect that in this example from [23] equality holds in the
lower bound from Corollary 4.4, replacing B? with (0,1)2, but we were not able to check all the details.

Notice that in [14] it is also proved that the boundary of the graph current G,, fails to have finite mass.
This property can be readily checked by means of a contradiction argument as a direct consequence of
a result taken from [21], where we showed that if u € Wh1(Q,R?) N L satisfies det Vu € L'(Q2) and
condition M((0G,,)L Q x R?) < oo, then the singular part (Det Vu)® of the distributional determinant
is concentrated on a countable set.

5 An explicit formula

In this section, we compute the action of the completely vertical lifting p,[u] on a dense class of test
functions, giving an example. This yields that the completely vertical lifting only depends on the map
u. As a consequence, we obtain an explicit formulation of the total variation of p,[u]. Finally, for our
purposes, the relationship between the distributional determinant of composition maps ®(u) and the
boundary current 0G,, is discussed.

EXPLICIT FORMULAS. If & : R? — R? is a smooth and bounded vector field, for any u € BV (B?,R?)
the composition U := ®(u) is a map of bounded variation in BV (B2, R?)NL>. As a consequence, writing
U = (U',U?), both the distributions

Det V[®(u)] = Det VU = % Div((U' VaU? — U2 VaUY) , (U2 ViU — U ViU2) )

. 1
Div Foqy, Faw =5 (U1 (D0 = U2 (DC0)), (U2 (DU~ U (DU)Y))

are well defined. We also recall that v, ., denotes the oriented segment 7, . : [0,1] — R? given for H!-a.e.
7 € Jy by Yuz(0) :=u(x), 0 € [0,1], see Remark 4.5, and that ws is the 2-form given by (3.9).

Theorem 5.1 Let u € BV (B? ,R?) with det Vu € LY (B?). If u,[u] is the completely vertical lifting of
u, see Definition 3.1, for every g € C°(B?) and ¢; € C°(R), j =1,2

/ g(%)¢1(y1)¢z(yz)duv[U]=<DetV[¢>(U)],g>+<Diqu><u>,9>+/(
B2

/ ¢>#w2) 0rg(x) dH*
Ju Yu,x

where ® : R2 = R? is the smooth and bounded vector field

O(y) == (P1(y1), P2(v2)), y = (y1,92)
the function ®; being a primitive of ¢;, for j = 1,2, so that

1

(I)#UJQ = 5

(‘I>1(yl) d2(y2) dy® — Pa(y2) b1 (y1) dyl) - (5.1)
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PROOF: Since d(gws) = dg Aws + gdws = dg Aws + gdy, and ¥(x,y) := (x, P(y)) defines a smooth and

bounded vector field from B2 x R? into itself, we have:
U# (gdy) = U#d(gws) — ¥ (dg A wy) = dU# (gws) — dg A D% wy

where for any (x,y) € B? x R?
U (gdy) = g D% dy = g(x) $1(y1) ¢2(y2) dy
Let T,, = G,,+ St the current in cart(B? x R?) such that (3.2) holds true. By the null-boundary condition

(2.5), we infer that
(Tu, dV# (gws)) = (0T, ¥ (guws)) = 0

and hence we get
/ 9(2) 1 (Y1) b2 (y2) dpsou] = (T, g(@)b1(y1)P2(y2) dy) = (Tu, ¥# (g dy)) = —(To,, dg A DFwy) .

Notice also that
Ulz) := ®(u(z)) = (D1 (u' (2)), P2 (u?(x))

VT, = Gu + \IJ#ST,
On account of (5.1), we are thus led to apply formula (4.1) with ¢(z,y) = g(z) F;(y;) ¢;(y;). By using

the decomposition DU = DU + D’U into diffuse and jump part, and recalling that 7 = *v = (—va, 1),
on account of the chain-rule formula we obtain (after averaging between j = 1,2):
2 —
Op,9(x) U7 (2)d(DU )7
B2

/32 9(2)1(y1)P2(y2) dppyu] = -5 Z(f”iﬂ
1 2 N =1 j ) j ~
+/ (/0 2 ;PU 10w/ (@) 5 (2)) (W — w”)(x) d0) rg(x) dH!

=1L+ 1
where the first term further decomposes as
I, = (Det VU, g) + (Div Fy, g) , U=o(u).

As to the second term I, using that 9p[®;(u? (z))] = ¢;(u?®(2)) (W — w7 )(z), by (5.1) we get

1

(=17 71@5((u))’ (@) 65((w)" (@) (w7* = w7 ) () ) O

vl
- [0y
O

for Hl-a.e. x € J,, as required.

1 2
un = [ (5 X078 () @) oo () 9

o
|

Notice that in general
Whr9) 2 [ ([ @) 0ngta)ant.
Ju Yu,z
In fact, with U = ®(u), by Definition 4.5 we have
1 _ _
(u;{)(u),g> = /J Al (x) 9-g(x) dH! | Af(z) = B (U1 () U*(z) — U () U? (m))
with U7%(z) = ®;(uw/*(z)), whereas the integral I ®#wy is given by (5.2).
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Example 5.2 Coming back to the SBV-map u from Example 4.7, following the notation in Theorem 5.1
we readily compute Div Fg(,,y = 0,

1 1
Det V[®(u)] = ¢1(u') - po(u?) L2 L B* + 5 [@1(1) — 2:(0)] / g(0,A) g2 (N) dA

-1

and

/J(/ @#wz) g(z)dH' = [ 1(1) — ®4(0)] /1lg(O,A)¢2(>\)dA

u,x -

Finally, recalling that the vector space generated by linear combinations of products of functions g(z),
#1(y1), and ¢o(y2) as above is strongly dense in D°(B? x R?), by Theorem 5.1 we immediately obtain:

Corollary 5.3 Let u € BV(B?,R?) with det Vu € L'(B?) such that the completely vertical lifting ., [u]

exists. Then

il (5 < 22) = sup{ (Det ¥ (). 0) + (Div Fauy )+ [ ([ @%eu) orgyan’ 196, @ e 7)

where G := {g € C=°(B?) : ||glloc < 1} and
Fi={® € OFR%LR?) | @(y) = (P1(11), P2(12)) , ®j € CFX(R), [®)lloc <1 forj=1,2}.  (5.3)

In particular, if u € WH1(B2% R?) we have:
o lull(B? x B?) = sup{| Det V[B(w)]|(B?) : € F} (5.4)

DISTRIBUTIONAL DETERMINANT OF COMPOSITIONS. For future use, we finally point out the
relationship between the distributional determinant of the composition maps ®(u) and the boundary
current 9G,,.

Proposition 5.4 Let u € WY1 (B2 R?) with det Vu € L'(B?) such that the completely vertical lifting
o [u] exists. Then for every ® € F and g € C2°(B?)

(Det V[®(u)],g) = (Gu, ®*ws A dg)
= _<8Guag/\(1)#w2> + <Guvg/\(1)#dy>
= (OGN FFu) + [ gl (0! (@)62( () det V) da

where the 1-form wy is given by (3.9).

PRrROOF: For £2-a.e. x € B? we compute

Vilg ®;(u?)d5(w)] (adj Vu)] 01,9 2 (W) d5(u7) (adj V)]

i

. 96;(w)¢;(w?)Viu? (adj Vu)]
+ 92;(u!)¢i(w) Vi (adj Vu)]

for ¢,j = 1,2. Therefore, summing up on %, by the Laplace’s formulas we obtain:

Zvi[gq)j(uj)(b (v?)] (adj Vu)! Z&E g ®;(u!)py(w?) (adj V)] + g ¢ (u?) 5 (u?) det V.

i=1
Taking ¢(z,y) := (—1)77 g(2)®;(y;)¢(y;) in the second equation in (2.7), with n = N = 2 and
Q = B2, we thus have:

(=) H0G . 9(@)®; ()6 ;) dy?) / (Zazgcb (w)5(u?) (adj V)] + g 65 (u)65(u) det V) da
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so that averaging on j, by (5.1) we obtain

2

(3 1709, w)050) (0t V! o+ [ g0 (u)ou) det Vs d.

ij=1

)

(@G g o¥u) =5 [

B2
Using equations
d (g @%ws) = dg A ®Fwy + gd®%wy,  d®Fws = ¥ dy = ¢1(y1) d2(y2) dy

we conclude with formula (5.5). O

6 Total variation formula

Our previous examples suggest that for any BV-map u satisfying the (ABS) density property, the equal-
ity sign holds in the total variation lower bound for the completely vertical lifting p,[u] obtained in
Corollary 4.3. In particular, we expect that in the case of Sobolev maps u one has

|1ty [u]|(B? x R?) = | Det Vu|(B?). (6.1)

Notice that by the lower bound in Corollary 4.4 and the explicit formula (5.4), it turns out that equation
(6.1) holds true provided that

sup{| Det V[®(u)]|(B?) : ® € F} < |Det Vu|(B?) (6.2)

where, we recall, the sub-class F of smooth vector fields in R? is given by (5.3).

In this section, we prove that formula (6.1) holds true when u is a continuous map in W1 (B2 R?) for
some exponent p > 1. To this purpose, we make use of arguments taken from the theory of functions of
bounded higher variation due to Jerrard-Soner [15], and in particular of a result by De Lellis [9] concerning
the validity of the strong coarea formula for the distributional Jacobian.

STRONG COAREA FORMULA. If u € WH(B2 R?) satisfies the hypotheses of Corollary 4.2, by
Corollary 4.4 we infer that w is a function of bounded higher variation, see [15]. Therefore, using the
notation adopted here, the distributional determinant of u satisfies the following properties.

The weak chain rule formula holds: setting

one has v¥ € Wh1(B2 R?) N L™ for L2-a.e. y € R? and
1
(Det Vu, g) = — / (Det Vu¥,g)dy Vg€ Cx(B?).
™ JR2

As a consequence, u satisfies the weak coarea formula:
1
| Det Vu|(B2) < = / | Det V| (B2) dy . (6.3)
™ JR2

When equality holds in (6.3), the function w is said to satisfy the strong coarea formula. Moreover, the
weak chain-rule from [15] implies that for every bounded vector field ® € C*°(R? R?)

(Det V[®(u)], g) = 1 /]R det VO(y) (Det Vu¥,g)dy Vg€ CZ(B?). (6.4)

™

We now recall that De Lellis [9, Thms. 13 and 14] proved that the strong coarea formula holds true
if u € WhP(B2,R?) is continuous, p > 1, and

/2 | Det Vu?|(B?) dy < 0. (6.5)
R
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More precisely, he showed that with these hypotheses the Sobolev map wu satisfies the strong chain rule,
i.e., for every ® € C°°(R?,R?), the composition ®(u) is a function of bounded higher variation and

Det V[®(u)] = det V®(u) Det Vu

in the distributional sense, a condition ensuring the validity of the strong coarea formula.
In our framework, we have the following:

Theorem 6.1 Let p > 1 and u € WHP(B% R?) be a continuous map that satisfies the (ABS) density
property in Definition 3.2. Then u satisfies the strong coarea formula:

1
| Det Vu|(B?) = - /R | Det Vu?|(B?) dy. (6.6)

PROOF: On account of the cited result by De Lellis [9], it suffices to prove inequality (6.5). For this
purpose, we make use of an argument by Jerrard-Soner, cf. [15, Thm. 1.4]. Let {ux} the smooth
sequence given by the property in Definition 3.2. Possibly passing to a not relabeled subsequence, we

know that G, z T, where T, = G, + St € cart(B? x R?). This yields that for every n € D'(B?)
lim (G, w2 An) = Ty, w2 AN) = (Gy,wa A1)

k—o0

where the 1-form ws is given by (3.9), whence the second equation follows from Remark 3.6. With the
notation from [15], since (j(u),n) := (Gy,w2 An) we infer that j(ug) — j(u) weakly in Li . Also, taking
n = dg for some g € C2°(B?), since by (5.5) we have ([Ju],g) := (Det Vu, g) = (G, w2 An), we infer that
[Jug] — [Ju] weakly in (C})*. Therefore, following [15, Lemma 4.9], it turns out that (possibily passing
to a not relabeled subsequence)

lim (Det Vu, g) = (Det VuY, g)

k— o0

for £2-a.e. y € R? and every g € C°(B?). By lower semicontinuity, this yields that for a.e. y € R?
| Det VuY|(B?) < lim inf | Det Vul|(B?)
—00
and hence, by Fatou’s lemma,
| Det Vu¥|(B?)dy < liminf [ |Det Vul|(B?)dy < sup/ | Det Vu}|(B?)dy. (6.7)
R2 k—oo  Jr2 k JR2

Since moreover each map uy is smooth, it satisfies the strong coarea formula and actually
1
1 / | Det Vul [(B%) dy — / et Vug(2)| dz V. (6.8)
™ JR2 R2

In conclusion, inequality (6.5) follows from (6.7), (6.8), and the L!-equibondedness of the gradient deter-
minants from (3.7). O

TOTAL VARIATION. In conclusion, we obtain:

Theorem 6.2 Let p > 1 and u € WHP(B2 R?) a continuous map satisfying the (ABS) density property,
Definition 3.2. Then the completely vertical lifting ., [u] satisfies the total variation formula (6.1).

PROOF: Let ® € F, see (5.3). Since | det V®(y)| = |®(y1)|- |®5(y2)] < 1 for each y € R?, the weak chain

rule (6.4) yields that
| Det V[®(u)]|(B?) < 1 |Det Vu?|(B*)dy V&€ F.
™ JR2

We thus get the inequality
1
sup{| Det V[®(u)]|(B") : ® € F} < - / | Det VuY|(B?) dy .
R2

Since by Theorem 6.1 the map u satisfies the strong coarea formula (6.6), inequality (6.2) holds, whence
equation (6.1) follows from the lower bound in Corollary 4.4 and the explicit formula (5.4). O
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7 The high dimension case

In this section, we show how to extend our previous results on the completely vertical lifting to the case
of maps in BV (B™,R?), where B" is the unit ball of dimension n > 3. We omit to write the proofs of
almost all the results stated below, since they are an easy adaptation of the case when n = 2 already
treated in the previous sections.

We first observe that if n > 3, a current T € R,,(B" x R?) is identified by the measures

up|T) =T L dx, uz[T] =T (=1)"tdy’ A da . uOT) =TLo(a,a)dz® Ady, dy:=dy* A dy?

foreachi=1,...,n,j = 1,2, and each ordered multi-index « of length n —2in {1,...,n}, where & is the
complementary ordered index of length two and the sign o (o, @) = +1 is such that dz*Adz® = o(a, @) dz,
see (3.1) when n = 2. In the sequel, we fix an order on the set of the d(n) := n(n — 1)/2 multi-indexes &
of lenght two in {1,...,n}, and we correspondingly denote by 1, [T] the R4™)-valued measure in B™ x R?
with components pS[T].

Notice that if T = G, for some smooth map u € C1(B",R?), then u,[G,] = (Id > u) (L™ L B"),
1) [G] = (1d ba u) 4 (Viud £ B™), and also

pSGy] = (Id < u) g (M (Vu) L7 L B™) Va

where Mg (Vu) is the 2 x 2 minor of the gradient matrix Vu € R?*" with columns detected by a.

For any u € BV (B™,R?), recalling that D*u = Vu L™ L B", we denote by M) (Vu) the d(n)-vector
with ordered entries Mgs(Vu), for & as above.

Let now T € cart(B™ x R?) be a Cartesian current with underlying function equal to u, so that we
can write ' = G, + Sp. The horizontal component satisfying p,[T'] = (Id b u)x (L™ L B™), we require
again that the intermediate components only depend on u through the formulas (3.2), where ﬂg [u] is the
minimal lifting measure in the sense of Jerrard-Jung, see Definition 1.2. We thus give the following

Definition 7.1 For any u € BV (B",R?) with M) (Vu) € LY(B"™,R¥™), we denote by T, the class of
currents T = G, + St in cart(B™ x R?) such that (3.2) holds. An R¥™-valued measure s, in B" x R?
is said to be a completely vertical lifting of w if (3.3) holds for some T € T,,.

Extending Definition 3.2, we say that a map u € BV (B",R?) satisfies the (ABS) density property if
there exists a sequence {uy} C C'(B",R?) such that wuy B strictly in BV (B™,R?) and

Sup/ \M(Q)(Vukﬂd:c < 00.
k Bn

Arguing as in the proof of Proposition 3.4, it turns out that if u satisfies the (ABS) density property,
then M) (Vu) € L*(B", R4™) and the class 7T, is non-empty, whence a completely vertical lifting exists.

As in Theorem 3.5, we now check the uniqueness of the completely vertical lifting p, = p,[u], when
it exists. We just have show again that the class 7T, contains at most one element 7' = T,.

PROOF OF UNIQUENESS: If T1, 15 € T, the difference T .= Ty — T, is a current in R, (B™ x R?) satisfying
pn(T] =0, gl [T) =0fori=1,...,n and j = 1,2, and (0T)L (B™ x R?) = 0. Therefore, by a density
argument it suffices to show that

(T.n(@) A dr(y)da(y2) dy) =0 ¥ e D" *(B"), ¢; € CX(R), j=1.2. (7.1)
Recalling that ws is given by (3.9), following the lines in the proof of Theorem 3.5 this time we get:
0= QW4T 0 Awn) = (WyT,d (n Awp)) = (WyT,dn Aws) + (=1)" > (W4T, n Ady) .

Moreover, using that uz [f] =0fori=1,...,nand j = 1,2, we compute

~ ~ 1 ~
(T, dn Aws) = (T, % (dn Aws)) = 3 (T, dn A (®1dPy — Ped®y)) = 0
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whereas R R R
(WyT A dy) = (T, 9% (n Ady)) = (T,n(z) A d1(y1)$2(y2) dy)
so that (7.1) readily follows, as required. O

Denote again by 7 : B” x R?> — B" the orthogonal projection onto the domain. If u admits the
completeley vertical lifting 1, [u], similarly to Theorem 4.1 this time we get for each « as above

[ s@duifu) = (Divam,.g) Vg e Cx(BY)

where in the distributional sense (and with an obvious extension of the adjoint notation to the R**"-
valued measure Du)

Divgm, := Z Z

] 1ica

I(2) ((adj Du)z)] )

u
O0x;
Therefore, we get the lower bound:

| Divg my|(B") < [u&[u]|(B™ x R?) < oo Va.

Assume now in addition that u € W(B" R?). In this case, we have

Divs m, = %ZZ a‘zi (v (z) ((adj Vu)z)? ) =: J%(u)

where the right-hand side agrees with the @-component of the distributional Jacobian J(u). We thus get:
[T ()|(B") < |po[u]|(B" x R?) < co.

Following the proof of the explicit formulas in Theorem 5.1, for Sobolev maps we also obtain the total
variation formula
o [u]| (B™ x R?) = sup{|J(®(w))|(B") | ® € F}.

Now, as in Theorem 6.1 we infer that a continuous map v € W?(B" R?), where p > 1, that satisfies
the (ABS) density property, also satisfies the strong coarea formula:

TIE) = [ B dy.

s

As a consequence, as in Theorem 6.2 we conclude that the total variation of the completely vertical
lifting of any such map u satisfies:

|o[ull(B™ x R?) = | (w)|(B").

Further details are omitted.

8 Failure of uniqueness in high codimension

In this section, we see how for RV -valued maps, in high codimension N > 3, even in the Sobolev case the
previous approach fails to give a good definition of completely vertical lifting. This drawback is outlined
by analyzing an example taken from [14, Sec. 3.2.3].

Denoting by S! := {z € R? : |z| = 1} the unit circle S' = B2, where polar coordinates are used, we
consider the Lipschitz-continuous map ¢ : St — R3

(cos 40, sin40, 0) if0<6<m/2
. . (109—#/2) ifr/2<0<m
pleosd, sinl) = (00619, —sindg, 7/2) if 1< 0 < 372 (8.1)
(1,0, 2m — 0) if37r/2 <60 <2rm



and its 0-homogeneous extension u : B2 — R3, given by

u(x):ga(m), x40 (8.2)

]

where O is the origin in R?. Then, u is a Sobolev map in W1P(B2 R3) for any p < 2, and all the 2 x 2
minors of the gradient matrix Vu are equal to zero, by the area formula. Therefore, the graph current
G, is i.m. rectifiable in Ro(B? x R?), with finite mass, M(G,) < co. Moreover, by Example 2 in [14,
Sec. 3.2.2] we know that

(0G,) L (B* x R?) = —dp x pu[S'].

Also, denoting by [ D?] the 2-current given by integration of 2-forms on the positively oriented disk
D?:={(y1,42) € R* |y + 45 < 1}
it turns out that
¢[S'] = 0[D?] x (0 — 6r/2)
whence the null-boundary condition (9G,,) L (B? x R?) = 0 is violated, and u is not a Cartesian map.
Remark 8.1 Writing u = (u!,u? u?), and denoting by w the map in W1 (B2 R?) with components

determined by the complementary ones to u?, for each j = 1,2,3 it turns out that w/ is a Cartesian map
and in particular Det Vu? = 0, even if (0G,,) L (B? x R3) # 0.

We now build up two Cartesian currents Ty = G,, + S, € cart(B? x R3) with underlying function
equal to u and such that the component St, is “completely vertical”, namely

St, =00 x Se, SgERQ(RB), {=1,2.

Consider the cylinder C = D? x [0,7/2] in the target space, equipped with the natural orientation,
and the i.m. rectifiable current [ C'] € R3(R?) given by integration of 3-forms on C, i.e.,

[C]=[D?] x[0,7/2].
We have:
8[[0]]251—52, St ::8[[D2]]><[[0,7r/2]], So ::[[D2]]X(50—5ﬂ./2)
so that S1, Sz € Ra(R?). Moreover, using that (0] C']) = 0, we get

08) = Sy = A[ D] x (60 — 0 /2)

Therefore, both the i.m. rectifiable currents Ty := G, + o x Sy € Ro(B? x R3) satisfy the null-boundary
condition (9Ty) L (B? x R3) = 0, whence T} € cart(B? x R3) for £ = 1,2,

Now, similarly to (3.1), any current T' € Ro(B? x R?) is identified by the measures
pnlT) =T dx, pl[T]:=TL (=1)da’ Ady', pd[T]:=TL (—1)"'dyi

fori=1,2and j = 1,2,3, where 1 := 2, 2 := 1, and dy’ is such that (—1)7~1dys Ady’ = dy* A dy?* A dy3.
Therefore, if T = G, + Sr is in cart(B? x R?), since the underlying function u is in BV (B? R?) and
pn[T) = (Id = u) (L% L B?), we may require again that the components [T of the (1,1)-stratum of T
only depend on u through the formulas (3.2), where p[u] is the minimal lifting measure in the sense of
Jerrard-Jung, see Definition 1.2.

However, this is the case of both the currents 77 and T3 of the previous example, since the vertical
component Sy has (1, 1)-stratum equal to zero, for £ = 1,2. Therefore, using an approach as in Defini-
tion 3.2 in order to define a completely vertical lifting of u, it turns out that the uniqueness property
fails to hold. Notice in fact that with the previous notation we have u? [T1] # pl[T3] for j = 1,2,3 and

Tl—TQZSTl—STQ=5oX(Sl—Sg)=5o><a[[O]].
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On the other hand, by modifying the map u in small disks around the origin, we can find two sequences
of smooth maps {u,(f)} C C*(B? R?) such that G« 2 T, and M(G ) = M(T}) as k — oo, for £ = 1, 2.
k k

g) covers the two bases of the cylinder C, for ¢ = 1,
and the lateral surface of C, for £ = 2 . In particular, we infer that ug) BY strictly in BV (B?,R?) and

Roughly speaking, around the origin O, the image of u

sup/ |M(2)Vu§f)|dx < 00
k JB?

for £ = 1,2, where | M2 Vu|? is the sum of the square of the 2 x 2 minors of the matrix Vu. Therefore,

u satisfies a density property equivalent to the (ABS) one in Definition 3.2, but the two sequences {u,(f)}
have a qualitatively different behavior.

We thus conclude that for maps u € BV (B™,R") in high codimension N > 3, the strict convergence
in the BV -sense of a smooth sequence of maps whose graphs have equibounded area, fails to contain
sufficient information yielding to a good definition of completely vertical lifting of the limit map u. We
shall return to this feature in the next section, see Remark 9.2.

9 The relaxed area functional

In this final section, we discuss the relationship between our previous results and the relaxed area func-
tional. We first recall how the relaxation process w.r.t. a natural weak convergence gives rise to phenom-
ena that are not linked to our notion of completely vertical lifting. We then deal with the relaxation in
the strict BV topology, and finally with the relaxed Jacobian determinant.

WEAK RELAXED AREA FUNCTIONAL. Letn = N =2 and u € L'(B?,R?). Following the approach
by Lebesgue-Serrin, we define:

Api(u) == inf{likrgicng(uk) | {ur} c C*(B? R?), up — u strongly in Ll}

where for smooth maps A(u) is the area of the graph G,

Alu) = /32 V1 +|Vul? + (det Vu)2 de = H*(G,,)

so that A(u) = M(G,), see (2.3). Now, if Ap1(u) < oo, clearly u € BV (B2%,R?), and in this case the
L'-convergence can be replaced by the weak-* convergence u;, — u in BV . However, Acerbi-Dal Maso 1]
proved that the weak relaxed area functional does not satisfy the locality property, in general. Namely,
considering the localized functional, there exist maps u such that the set function B +— Ap:(u, B) fails
to be sub-additive on open sets B C B?. This is due to the following phenomenon observed in [1].

Consider e.g. the vortex map u(z) := z/|z| in Example 4.6, so that (4.8) holds. Roughly speaking,
there are two qualitatively different ways to fill the hole in the graph of u: inserting a disk do x [ B?] or
a cylinder [ L] x [S'], where [S!] := 9[ D?] and L is any oriented line segment connecting a point in
the boundary B2 of the domain to the origin O.

On the other hand, the Cartesian current T := G,, + [ L] x [S'] fails to satisfy equations (3.2), see
Definition 3.1. In fact, for any smooth sequence {u;} C C'(B?% R?) such that sup, M(G,,) < oo and

Gu, = T, the strict convergence uy BY 44 fails to hold. Notice in fact that the unique Cartesian current
in the class T, is T,, := G, + do x [ B?].

The explicit expression of the energy gap of the L!-relaxed area of the vortex map in the ball B?
of radius 7 > 0 has been computed in [6]. It turns out that for r large enough the gap is 7, and the
graphs of any optimal smooth approximating sequence weakly converge in Dy(B2 x R?) to the current
G + 9o x [B?]. More interestingly, for small radii 7, they instead converge to a Cartesian current
T = G, + St, where the term St is essentially obtained by solving a suitable codimension one Plateau-
type problem, and actually it looks like a catenoid that lives over a segment starting from the origin O.
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STRICT RELAXED AREA FUNCTIONAL. For u € BV(B? R?), consider now the relaxed area
functional in the strict BV topology, given by

Apv(u) := inf{likn_l)ior.}fA(uk) | {ur} € CH(B%R?), BY 4 strictly in BV}

so that clearly A:(u) < Agy(u), where the strict inequality holds in general.

A part from the case of real valued functions, the strict BV convergence is not natural for the
relaxation process of the area functional. In fact, if {ux} C C'(B2,R?) is such that sup, A(ux) < oo,
then possibly passing to a (not relabeled) subsequence uj — u to some u € BV (B2, R?), but we cannot
conclude that wu BY . In fact, as we previously checked for the vortex map, it turns out that G, 27
to some Cartesian current 7' = G,, + St € cart(B? x R?) that in general fails to satisfy equations (3.2),

e » . BY
whose validity is a necessary condition for occurrence of the strict convergence uy — u.

On the other hand, a map v € BV (B? R?) satisfies the (ABS) density property in Definition 3.2 if
and only if it has finite relaxed area w.r.t. the strict BV-convergence. More precisely, for any sequence
{up} C C1(B2,R?) such that uy, 25 u and sup, A(us) < oo, since sup, M(Gy, ) < 0o, arguing as in the
proof of Proposition 3.4, and on account of Theorem 3.5, possibly passing to a (not relabeled) subsequence
Gu, z T, to the unique Cartesian current in the class 7,,. In conclusion, if Agy (u) < oo, the completely
vertical lifting p, [u] is well-defined.

Remark 9.1 The uniqueness of the weak limit current T, in 7, leads us to expect that, differently to
the weak relaxed functional previously discussed, this time the locality property holds, i.e., considering
the localized functional, for any map u € BV (B?,R?) with finite relaxed area, the set function B
Apv (u, B) is sub-additive on open set, and hence it extends to a measure on Borel subsets of B2.

This is in fact what happens e.g. in the case of vortex-type Sobolev maps with values into the unit
circle, recently analyzed in [7]. More precisely, let u : B> — R? the 0-homogeneous extension (8.2) of
some Lipschitz-continuous map ¢ : St — R2. Then u € WP (B? R?) for each p < 2, and det Vu = 0,
by the area formula, whence the i.m. rectifiable graph current GG,, has finite mass, whereas its boundary
satisfies:

(0G.,) L (B* x R?) = —d0 x px[S']. (9.1)

If the map ¢ takes values into the unit circle, i.e., if |p(cos 6, sind)| = 1 for each 6, the degree of ¢ is
well-defined as a map from S* into itself, deg ¢ € Z, we have px[S'] = (deg ) [S'], and actually

Det Vu = (degp) 760 = | Det Vu|(B?) =7 |degyp]|.

In [7] it is proved that for any such vortex-type Sobolev map, the localized functional B — Apgy (u, B)
is a measure, and

Apy(u) :/ V14 |Vul2dz + | Det Vu|(B?). (9.2)

B2
With our notation, for any such vortex-type Sobolev map u, the unique Cartesian current in the class
To from Definition 3.1 is T, := G, + (deg ) 6o x [ B?], and there exists a sequence {uy} C C'(B? R?)

such that G, 2 T, and M(Gy, ) — M(T,) as k — oo.

Notice however that as for the weak relaxed functional, it is an open problem to characterize the
subclass of maps u € BV (B? R?) such that Agy (u) < oo, even in the case of bounded maps. By our
previous results, we only know that if Apy(u) < oo, then necessarily det Vu € L'(B?), the product of
the components u'u? € BV (B?), and the distribution Divm,, is a finite measure in B2?. Moreover, by
the lower semicontinuity of the mass w.r.t. the weak convergence as currents, one clearly has:

M(Tu) < ZB\/(U) < 0.

On the other hand, there exist maps v € W11 (B2 R?) such that Apy(u) < oo, whence the unique
Cartesian current T, in the class T, from Definition 3.1 does exist, but for any sequence {uy} C C1(B? R?)

such that uy BY 1 and Gy, z T, one has M(Ty,) < liminf, M(G,, ). This gap phenomenon, namely:
M(Tu) < ng(u) (93)

is illustrated in Example 9.4 below.
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Remark 9.2 Of course, the previous observations extend to the strict relaxed area functional of maps
u: B"™ — R? in high dimension n > 3, on account of the results sketched in Sec. 7. On the other hand,
in the high codimension case, differently what happens for R2-valued maps, it turns out that even for
Sobolev maps u : B2 — R3, the strict BV -convergence doesn’t guarantee any control on the 2 x 2 minors
of the matrix Vu. This drawback is illustrated by the example from Sec. 8, where the two approximating
sequences {u,(f)} have a qualitatively different behavior, even if both of them strictly converge to the
0-homogeneous extension u of the map ¢ in (8.1).

RELAXED JACOBIAN DETERMINANT. Finally, if one considers on maps u € BV (B? R?) the
relaxation problem:

k—o0

TVI gy (u) = inf{liminf / | det Vuy,| do | {ux} € CH(B2,R?), wy 2¥ u strictly in BV}
B2

by the lower semicontinuity of the total variation of the completely vertical lifting w.r.t. the weak
convergence as measures, on account of Theorem 6.2 we readily obtain the following lower bound:

Proposition 9.3 Let u € BV (B2, R?) such that TVIpy (u) < oo. Then
TVIgy(u) > |Divm,|(B?).

Therefore, in the particular case of Sobolev maps u € W11(B2 R?), the previous inequality becomes
TVIgy (u) > | Det Vu|(B?). (9.4)

We address e.g. to [18, 12, 10] for the analysis of the relaxed Jacobian determinant w.r.t. the weak
topologies of Sobolev spaces. As shown in [7], equality holds in formula (9.4) when considering the case
of vortex-type maps with values into S'. However, there exist bounded Sobolev maps u for which the
strict inequality holds in (9.4).

Example 9.4 Following an example by Maly [17], Giaquinta-Modica-Soucek [13] considered the 0-
homogeneous extension (8.2) of the map

(—1 4+ cos 46, sin 40) if 0<f<m/2
1 — cos 46, sin 46) it w/2<f<m7
—1+cosdf,—sindf) if 7<6<37w/2

p(cosf,sinf) := g
(1 — cos40, —sin 46) it 3r/2<60<27m

whose image covers an “eight” figure twice but with opposite orientation.

Since the loop ¢ is homotopically non-trivial, we have A(u) < Ap:(u), see [14, Sec. 3.4.2]. However,
the loop ¢ is homologically trivial, p4[S* ] = 0, whence by (9.1) we infer that u is a Cartesian map, and
actually | Det Vu|(B?) = 0. In particular, one clearly has T,, = G,,. For such map u the strict inequality
holds in (9.4), the relaxed area functional fails to satisfy equation (9.2), and the energy gap (9.3) holds.

Finally, the value of the relaxed area functional and relaxed Jacobian determinant of the “double
eight ” example w.r.t. the weak topologies of Sobolev spaces was independently obtained in [20, 24].

Acknowledgments. I wish to thank P. Celada for some useful discussions. The author is a member of
the GNAMPA of INDAM.
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