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ABSTRACT. The rigorous derivation of linear elasticity from finite elasticity by means of I'-
convergence is a well-known result, which has been extended to different models also beyond the
elastic regime. However, in these results the applied forces are usually assumed to be dead loads,
that is, their density in the reference configuration is independent of the actual deformation. In
this paper we begin a study of the variational derivation of linear elasticity in the presence of live
loads. We consider a pure traction problem for a nonlinearly elastic body subject to a pressure
live load and we compute its linearization for small pressure by I'-convergence. We allow for a
weakly coercive elastic energy density and we prove strong convergence of minimizers.
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1. INTRODUCTION

Linear elasticity is a well-known and powerful mathematical approximation of the nonlinear
theory of elasticity, with extensive application to the structural analysis and the numerical
treatment of elastic bodies. In engineering textbooks its derivation is classical and is based on a
formal linearization of finite elasticity about a reference configuration. A rigorous mathematical
derivation via I'-convergence was developed only rather recently in the pioneering work [8], where
a Dirichlet boundary value problem was considered. A similar approach was then applied to
different frameworks in elasticity, such as rubber-like materials [3], multiwell models [1I, 2], [32],
elasticity with residual stress [27), 28], and incompressible materials [21]. Beyond elasticity we
also mention the papers [9, [10] 25, 26] for models in fracture mechanics, [12] for viscoelasticity,
[23] for plasticity, and the recent contribution [11] for materials with stress driven rearrangement
instabilities.

Linearization of pure traction problems has been recently studied in [14] 16, 17, [19], again
in the context of elasticity. In this setting a full I'-convergence result has been obtained in [22]
and later extended to incompressible materials in [20]. As observed in [22], in the Dirichlet case
the boundary conditions prescribe the rigid motion to linearize about, whereas in the purely
Neumann case the linearization process occurs around suitable rotations that are preferred by
the applied forces.

In all this literature the main focus is on understanding the behavior of the bulk elastic energy
and the applied forces are usually assumed to be dead loads, namely their density in the reference
configuration is independent of the actual deformation. This assumption is mathematically
convenient, since the work done by the loadings turns out to be a continuous perturbation of the
elastic energy, so that I'-convergence of the total energy immediately follows from I'-convergence
of the elastic energy. However, restricting the analysis to dead loads is physically unsatisfactory,
since the only realistic examples of dead loads are the gravitational body force and the zero
surface load (see, e.g., [29, 30] and [4, Section 2.7]).

In this paper we begin a study of the derivation of linear elasticity in the presence of live loads.
More precisely, we consider a pure traction problem for a hyperelastic body € C R" subject
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to a (small) pressure load on its boundary. In this setting the total energy of a deformation
y: Q — R” is given by

To(y) = /Q W a, Vy(a)) do + ¢ /Q m(y(x)) det Vy(z) d,

where the elastic energy density W: Q x R™*™ — [0, +-00] satisfies the usual assumptions of
nonlinear elasticity (see ((W1)H(W5)|) and e is the intensity of the applied pressure load, with
€ > 0 a small parameter and 7: R” — R a given function. For simplicity in this introduction we
assume 7 to be continuous. As shown in [30, Proposition 5.1] (see also [15, Proposition 1.2.8]),
the second term in the energy 7 is the potential of the pressure load

—em(y(z))(cof Vy(z))naa(x) for x € 0Q (1.1)

acting on the whole boundary of €2, where cof ' denotes the cofactor of the matrix F' and ngq
is the outward unit normal to 0€2. In the deformed configuration y(€2) the pressure load (1.1)
corresponds to the surface force

—em(2)na(y()) (2) for z € O(y(Q2)).

Since W (z, -) is frame-indifferent and minimized at the identity, it is immediate to see that for
¢ = 0 the minimizers of T; are all the rigid motions of 2. When ¢ is small, it is thus natural to
expect minimizers to be close to rigid motions and their asymptotic behavior to be described by
a linearization of the energy. In pure traction problems, as mentioned before, the applied forces
select the class of rigid motions around which the linearization takes place (see [22]). Indeed, if
Ye i a minimizer of 7., then we have

Te(ye) < 8/ m(Rzx)dx for every rotation R € SO(n).
Q

If we assume y. to be of the form y.(z) = Ro(x + cug(z)) with Ry € SO(n), then by a formal
expansion we obtain

622/QQ(%B(UO)(QJ))d93+8/QTr(Ro:c) dz 4+ O(e?) Se/Qw(Rg;) dz

for every rotation R € SO(n). Here Q(z, -) is the quadratic form given by the Hessian of W (z, -)
computed at the identity and e(ug) is the symmetric gradient of ug. Dividing by ¢ and letting
¢ tend to zero, we deduce that Ry is a so-called optimal rotation, that is, Ry belongs to the set

R := argmin {/ 7(Rx) dac} .
Rreso(n) UJa

Assume now for simplicity that the identity matrix belongs to R (one can always reduce to
this case, up to rotating the whole system). The previous argument suggests that in order to
identify the limiting behavior of minimizers one needs to renormalize the energy as follows:

Lewi=4 (7;@) _g/ﬂm) dx)

=% [Wa e+ L [ (o) det v -~ ate)dn. (2)

Under suitable assumptions for 7 and a weak p-coercivity condition on W with 1 < p < 2
(see|(W5))), we compute the I'-limit of the rescaled energies 6%85 and we establish a compactness
result for deformations with equibounded energies. Here deformations are assumed to have zero
average on ), as it is common in Neumann boundary value problems. More precisely, we prove
the following results:
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Compactness: If £ (y.) < Ce?, then there exist rotations R. € SO(n) and displacements
ue € WHP(Q; R™) such that

Ye(z) = Re(z + euc(z)) for x € Q (1.3)
and, up to subsequences, there holds
e u. — ug weakly in WHP(Q; R?) with ug € H'(Q; R™),
e R. = Ry with Ry € R.

I'-convergence: Under the above notion of convergence y. — (ug, Rp), the rescaled energies
6%85 I’-converge to

Eo(ug, Ro) = ;/{)Q(x,e(uo)(a?))dw + /BQ m(Roz)naa(x) - up(x) dH" (z).

We also deduce strong convergence of (almost) minimizers: if (y.) is a sequence of (almost)
minimizers, then we have in addition that u. — ug strongly in W1(Q; R™) and the pair (ug, Ro)
is a minimizer of &.

We now comment on the expression of the limiting energy &y, which features two terms: the
usual linear elastic energy and a potential term accounting for the surface load —7(Roz)naq(x)
on 0. The emergence of this boundary term can be explained by the following heuristic
considerations: on the one hand, a formal linearization of leads to a pressure load of the
above form; on the other hand, if y is smooth enough, the force term in can be written as

é </y(ﬂ) m(x)dr — /Qw(a;) da:) .

Hence, taking into account , computing the limit of the above expression on sequences
(ye) with equibounded energies corresponds to a sort of shape derivative of the functional 2
Jom(x)dz (see, e.g., [18, Proposition 17.8]). However, we stress that in the present setting
deformations y. are only of Sobolev regularity and are close to rigid motions only in the sense
of WHP(Q;R"), therefore the usual arguments in the context of shape derivatives do not apply.

From a mathematical viewpoint the main difference with respect to previous contributions
dealing with dead loads, is that the force term in is not a continuous perturbation of the
elastic energy. Indeed, our assumptions on W imply that deformations are at most strongly
convergent in W1P(Q; R") with 1 < p < 2 and this is not enough to guarantee convergence
of the determinants. Moreover, the crucial step in the proof of compactness is to show that
deformations satisfying the bound &-(y.) < Ce? have an elastic energy of order £2. Once this is
established, one can apply the rigidity estimate by Friesecke, James, and Miiller [13] and deduce
(L.3), together with a uniform bound for (u.) in WP(Q;R™). In the case of dead loads deducing
the e2-bound on the elastic energy is straightforward, since the force term is linear with respect
to the deformation. In our setting, instead, this is one of the main difficulties. We show that
the problem can be solved under two different sets of conditions:

e 7 Lipschitz continuous in a suitable neighborhood of {2 and nonnegative;
e 7 Lipschitz continuous in a suitable neighborhood of €2, with a growth condition on its
negative part (see |(73)) and an additional coercivity property for W (-, F) in terms of

det F' (see [((W6))).

We note that this additional coercivity condition on W is satisfied by a large class of elastic
materials (see, e.g., [3, Remark 2.8]).

We also observe that both the nonlinear energy and the I'-limit & are well defined if
7 is merely a continuous function. However, because of the low regularity of deformations, in
our proofs we need 7 to be Lipschitz continuous, at least in a suitable neighborhood of 2. How
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to extend our analysis to less regular pressure loads is an interesting question that we plan to
consider in a future work.

Finally, in [22] it is proved that, in the case of dead loads, the set R of optimal rotations is
a submanifold of SO(n) and, as a consequence, one can prove that the distance of the approx-
imating rotations R. in from R is at most of order /. In the last part of the paper we
show that neither of these properties is true, in general, in the present setting.

Plan of the paper. In Section [2] we set the problem and we state the main assumptions. In
Section [3] we discuss the case of a nonnegative pressure intensity 7. We then extend our analysis
to pressures with arbitrary sign in Section[dl Finally, in Section [5] we compute a refined I'-limit,
which takes into account how much deformations differ from being optimal rotations, and we
make a comparison with the results proved in [22] in the case of dead loads.

2. SETTING OF THE PROBLEM

2.1. Notation and preliminaries. Throughout the paper, the symbols C' or ¢ will be used to
denote some positive constants not depending of €, whose value may change from line to line.

Given two (extended) real numbers a and b the notation a V b (respectively, a A b) stands for
the maximum (respectively, the minimum) between the two numbers. Given a scalar function
f, we denote its positive and negative part by f™ and f—, respectively, so that f = f™ — f~.
By B, C R™ we mean the open ball with radius r > 0 centered at the origin.

Let 2 be an open set in R™. For p € [1, 00| the norms in LP(€2) and LP(£2; R™) will be simply
denoted by | - ||,. The conjugate exponent of p € [1,00] will be denoted by p’. The notation
WLP(Q; R™) stands for the space of Sobolev functions y € WP(Q; R™) with zero average; if
p = 2, we shall write H'(Q; R") instead of W12(Q;R™).

We denote by R™™" R2X" and R**" the set of (n x n)-matrices and the subsets of symmetric

sym » skew
and skew-symmetric matrices, respectively. The set of rotations is denoted by SO(n), namely

SO(n)={ReR™": RITR=1, detR=1}.
Finally, we recall that for every F' € R™*"™ and ¢ > 0 there holds

det(I +eF) =1+ zn:skbk(F), (2.1)
k=1

where ¢ (F') is a homogeneous polynomial of degree k in the entries of F'. In particular, there
exists a constant C' > 0, depending only on n, such that

| (F)| < C|F|* for every F' € R™™". (2.2)

For k =1 and k = n we have that (1 (F) = tr F' and ¢,(F) = det F'.
For the definition and the properties of I'-convergence we refer to the monograph [7].

2.2. The main assumptions. Let ) C R", with n > 2, be a bounded domain with Lipschitz
boundary representing the reference configuration of a hyperelastic body. Up to a translation
of the axes, we can assume without loss of generality that the origin is the barycenter of €2, i.e.,

/ xdz = 0. (2.3)
Q
For future use we also introduce the set

0= U RO,
ReSO(n)

which is an open annulus (if 0 ¢ 2; an open ball if 0 € ) centered at 0 and containing 2.
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The stored energy density of the body is assumed to be a Carathéodory function W: € x
R™™ — [0, +o0] satisfying the following conditions for almost every z € Q:

(W1) W(x, F) = +oo if det F' < 0 (orientation preserving condition);

(W2) W(x,RF) = W(x, F) for every F € R"™ and R € SO(n) (frame indifference);

(W3) W(x,I)=0 (the reference configuration is stress-free);

(W4) W (x,-) is of class C? in a neighborhood of SO(n), independent of z, where the second

derivatives of W are bounded, uniformly with respect to x € ;
(W5) W(x, F) > c1gp(dist(F;50(n))) for every F' € R"*™ and for some p € (1, 2], where g, is

defined as ,
£ if t € [0,1],
gp(t) == L (2.4)

Eyri—1 ift>1,

and ¢; > 0 is a constant independent of x (coercivity).

Assumptions [(W1)H(W3)| are natural conditions in elasticity theory (see, e.g., [4, [15]), assump-
tion |(W4)| is the minimal regularity hypothesis needed to perform the linearization, while

condition |(W5)| is satisfied by a large class of compressible rubber-like materials (see, e.g.,
2, 13, 19, 20} 21]).
We note that )
gp(t) > 5(752 AtP)  for every t > 0. (2.5)
Moreover, condition [(W5)| implies the following bound:
W(z,F)>c|det F —1|* for a.e. z € Q and for every F' € R™" with |det F — 1| <1, (2.6)

for a suitable constant ¢ > 0, independent of z. Indeed, by [(W5)[the bound ([2.6) is satisfied for
F outside a neighborhood of SO(n). If instead dist(F; SO(n)) is small enough, then one has

c/det F — 112 < dist?(F; SO(n)),
which implies (2.6 by using again |[(W5)]

We assume the body to be subjected to a pressure load, whose (unscaled) intensity is a Borel
measurable function 7: R™ — R such that

(1) m is Lipschitz continuous in an open set containing O.

Since we do not prescribe any Dirichlet boundary condition, the linearization process will natu-
rally select, as in [22] in the case of dead loads, a particular set of rotations that are “preferred”
by the force. This set is called the set of optimal rotations and in our framework it is defined as

R := argmin {/ 7(Rz) dx} . (2.7)

ResO(n) LJa
Since the map R — [, 7(Rz) dz is continuous and SO(n) is compact, the set of optimal rotations
is not empty and is a compact subset of SO(n). For simplicity we assume that

IeR, (2.8)

where I is the identity matrix. Indeed, if this is not the case, we can always replace m by m(Ry-)
and deformations y by ROTy, where Ry is a given optimal rotation.

Let Ry € R. By computing the first variation of the functional in along the curve
t — Rpe!d with A € RI<", we deduce that any optimal rotation Ry satisfies the following
Euler-Lagrange equation:

/ Vr(Rox) - RoAzdx =0  for every A € RTX" (2.9)
9)

skew *
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Applying the Divergence Theorem, condition (2.9) can be rewritten as

skew?

/ 7(Roz)nga(x) - Az dH" (z) =0 for every A € R" (2.10)
0N
where ngq is the outward unit normal to 0.

3. NONNEGATIVE PRESSURE LOADS

We start our analysis by considering a pressure load with nonnegative intensity, that is,

(72) 7(y) > 0 for every y € R™.
This includes, for instance, the relevant case of hydrostatic pressure 7(y) = gpy; , where g is the
gravitational constant, p is the constant density of the fluid, and g5 denote the negative part of

the third component of y.
For every € € (0,1) we consider the energy & : W1P(Q; R") — (—o0, +00] defined as

E.(y) = /QW(ac, Vy(z))dx + e/ﬂ (m(y(z)) det Vy(z) — w(z)) de  ify € YP, (3.1)

400 otherwise,
where the set of admissible deformations is
YP .= {y e W'P(Q;R") : det Vy(z) > 0 for ae. z € Q} :
In other words, admissible deformations are orientation preserving and, as it is common in

Neumann boundary value problems, have zero average on ().

By ([2.3)) any rigid motion of the form
yr(z) := Rx with R € SO(n) (3.2)

belongs to Y?. Moreover, under the assumption |(72)| the energy is well defined since the two
integrands W (-, Vy) and n(y) det Vy are nonnegative for y € Y.

Remark 3.1. Here we do not assume deformations to be injective in any sense. However, one
can easily include the requirement that admissible deformations are a.e. injective (see, e.g., [4]),
without affecting the results of the paper, see also Remark

The key ingredient in the proof of compactness is the following variant of the celebrated
rigidity estimate by Friesecke, James, and Miiller [I3], whose proof can be found, e.g., in [3|
Lemma 3.1]. Similar variants of the rigidity estimates with mixed growth condition have been
proved in [5 24 [37].

Theorem 3.2. There exists a positive constant C = C(Q,p) > 0 with the following property:
for every y € WHP(Q; R™) there exists a constant rotation R € SO(n) such that

[ 51V3t@) = R dz < € [ gy(aist(Vy(a)s SO()) da.
The following generalized rigidity estimate will be used in Theorem to infer strong con-
vergence of almost minimizers. For a proof we refer to [6, Theorem 1.1].

Theorem 3.3. Let 1 < p; < p2 < 0o. Then there exists a positive constant C = C(2,p1,p2) > 0
with the following property: for every y € WH(Q; R™) with

dist(Vy; SO(n)) = f1 + f2 for some f; € LPI(Q), i =1,2,
there exist a constant rotation R € SO(n) and two functions g; € LPi () such that
Vy:§+gl+92 and ngHZh < CHszp“ i=1,2.
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Our arguments will strongly rely on the Lipschitz continuity of the pressure function 7. This,
however, holds only in a suitable set ' containing Q (see . Since deformations y € Y?
may be a priori valued outside €', it is convenient to introduce an auxiliary Lipschitz continuous
function that coincides with 7 in €’ and is bounded on the whole of R™. This is the content
of the following lemma, which is clearly not necessary if « itself is Lipschitz continuous and
bounded.

Lemma 3.4. Assume|(w1)| and|(n2){ Then there exists a Lipschitz continuous function 7: R" —
[0, +00), with compact support, such that T coincides with 7 in an open neighborhood of O and
(y) < w(y) for all y € R™. In particular, T is bounded.

Remark 3.5. Note that the set of optimal rotations (2.7) stays the same if 7 is replaced by T,
since m and 7 coincide in a neighborhood of O.

Proof of Lemma 3. Assume 0 € 2, so that O is an open annulus centered at 0 (the case where
0 € Q can be treated similarly). Let 0 < ry < rp and 0 < § < 71 be such that O C B,, \ B,,
and 7 is Lipschitz continuous in B,,4s \ By, —s with Lipschitz constant L. Let M > 0 be the
maximum of 7 on 0B,, UJB,,. We first define 7 : B,,45 \ By,—s — R as

()K= =5 <<
m(y) = {7(¥) if 11 < Jy| <,
7 (rofy) = Kllyl=r2) ifra <lyl <ra+d,

where K := LV %. It is easy to see that 7 is Lipschitz continuous in its domain; moreover, by

construction it coincides with 7 in an open neighborhood of @. We now show that 7 < 7 on
By,15\ By, —s. Indeed, if r; —§ < |y| < r1, by the Lipschitz continuity of = we have

Y _

m(y) < m(y) + L|r Y

— K(ri —yl) =7(y) — (K = L)(r1 — |y]) < 7 (y),

and similarly if o < |y| <7y + 0. Finally, we note that, if y € 0B,,_s U 0By,1s, then

Fy) < M — K§ <0,
We now conclude by considering 7 (y) := 7(y) V0 for y € By, 15 \ By —s5, 7(y) := 0 otherwise
in R™. U

We are now in a position to state and prove some estimates which will be crucial to infer
compactness of deformations with equibounded (rescaled) energy.

Lemma 3.6. Assume [(WDH(W5), [(71), and|(72). If E-(y.) < Ce? for every e € (0,1), then
there holds

/ |det Vy.(z) — 1)>de < Ce?  for every e € (0,1). (3.3)
{l det Vye—1|<1}

Furthermore, there exist constant rotations R. € SO(n) such that the rescaled displacements
us € WHP(Q; R™) defined by

1
Ug 1= gRg(yE —YR.) (3.4)
(see (3.2) for the definition of yr.) satisfy
/ 9p(e|Vue(2)]|) do < Ce?  for every e € (0,1) (3.5)
Q

and are uniformly bounded in WP (Q;R™).
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If, moreover, (R.) C SO(n) is another sequence for which the rescaled displacements, defined

as in (3.4), satisfy (3.5), then
|R. — RL| < Ce (3.6)

for every e € (0,1).

Proof. Let &. be the auxiliary energy defined as in (3.1)) with 7 replaced by the function 7 given
by Lemma Since m > 7 everywhere and ™ = 7 on €, we have that

~

E(y) < E(y) for every y € W'P(Q; R™). (3.7)
For the sake of brevity we introduce the notation
Q. ={reQ: |det Vy.(z) — 1] <1}, O =0\ 0. (3.8)

Since E'E(ye) < &.(y:) < Ce?, we have that y. belongs to YP, hence in particular det Vy. > 0
a.e. in Q. By |(W))| and Theorem |3.2| we infer the existence of R. € SO(n) such that

[ 91900 = R o < € [ Wi, V(o) (3.9)
By we deduce that
| W@ Tnds = Eutoe) ¢ [ () = 7(0) det V)
< e /Q (#(yn.) — #(ye) det Vi) de

< Ce? + 5/ |7 (ye) — 7(yr.)|do + 5/ 7(ye)(1 — det Vy,) de.
Q Q

Since 7 > 0 by construction, the integrand in the last integral above is nonpositive on Q1. Thus,
using the fact that 7 is Lipschitz continuous and bounded, and applying Holder’s inequality we
deduce that

/ W(a, Vi) dz < Ce? + Celly. — ya.|ls + Cell det Vg — 1o . (3.10)
Q
By ([2.6) this implies

|| det Vy. — 1]\%2(96_) < Ce? + C¢ellye — yg. |1 + Ce|| det V. — 1HL2(Q;)7

which, in turn, by Young’s inequality yields

I det Ve = 1][7, o) < Ce? + Cellye — yr.hr- (3.11)
By combining (3.10) and (3.11)) we deduce
| W Vi do < 02+ Celye — yu . (3.12)
Q

and, as a consequence of (3.4), (3.9), and (3.12)), we obtain
/ gp([eVue|) dz = / 9p(|Vye — Re|) dz < Ce® + Celly. — yr. |1 = C*(1 + [|ucl1).  (3.13)
Q Q

Using the definition (2.4]) of g, this implies that

/ eVu|? dz < 2/ gp(|eVue]) do < Ce*(1 + ||uel|1)- (3.14)
{|leVue|<1} Q
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By Holder’s inequality we obtain

p

2
/ |eVuelPde < C / eVu > dz | < CeP(1+ Hug||1)g < CeP(1 + |Juel),
{leVue|<1} {leVue|<1}

(3.15)
where the last inequality follows from the fact that t3 <l+tfort>D0.
Again from (2.4 and recalling that p < 2 we also have that
/ leVu|P da < / 9p(|eVue]) do < Ce?(1 + |lug|1) < CeP(1 + |Jue|lr)- (3.16)
{|eVue|>1} Q

By (3.15), (3.16)), and the continuous embedding of WP (2;R") into L'(Q; R") we deduce that
Vue|[y < €+ Cllue|[wr-
Since u. has zero average, Poincaré-Wirtinger inequality finally yields

HueH’éyl,p < C + Cllue|lwrv,

which implies ||uc|ly1, < C. This inequality, combined with (3.11)) and (3.13)), provides (3.3)
and ((3.5)).

Finally, if (R.) is a sequence of rotations whose corresponding rescaled displacements satisfy

(3.5)), then
|R. — R.| < C(||[Vye — Rellp + [IVye — RL||) < Ce.

This concludes the proof. O

As an immediate corollary we obtain that the infimum of the energy &. is of order 2.

Corollary 3.7. Assume[(WDHW5S),, [(#1), and[(#2)] Then

—Ce2 < o Ii??é'.Rn)Es <0 foreveryee€ (0,1). (3.17)

Proof. Let (y-) be a minimizing sequence satisfying

E(ys) < inf & + €%
WLp(Q;R™)

Using the fact that W is nonnegative and arguing as in the proof of Lemma [3.6] we deduce that

Ealye) > e /Q (#(ye) det Vg — #(yr,)) do > —Cellye — yr. |1 — Cell det Ve — 1 2
C

> 2

€,

where the last inequality follows from Lemma This proves the first inequality in (3.17]).
The other inequality in (3.17)) follows trivially by the fact that the energy & is zero on the
identity map. O

We now have all the main ingredients to prove compactness of deformations with equibounded
rescaled energies.

Proposition 3.8 (Compactness). Assume|W1)H(W5), |(71)|, and . If E-(y:) < Ce? for
every € € (0,1), then for any R, u. given by Lemma we have that, up to subsequences,

o u. — ug weakly in WP (Q; R") with ug € H(Q;R"),
e R. — Ry with Ry € R,
as € = 0. Moreover, Ry is independent of the choice of Re and ug is independent up to infini-

tesimal rigid motions of the form Ax, with A € RI".
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Proof. By Lemma the sequence (u.) is uniformly bounded in W1P(£2;R™). Hence, up to
subsequences, u. — ug weakly in W1P(Q; R"). We now show that ug belongs to H'(£2; R"). We
first introduce the set

Ge == {a; €N: Eé\Vug(x)] < 1}, (3.18)
and we observe that by Tchebichev inequality
10\ G.| < Cét. (3.19)

We claim that

(i) xq.Vue is bounded in L?(£2; R™*");

(i) Vug € L?(2;R™™) and, up to subsequences, g, Vue — Vug weakly in L?(Q; R™*").
Assertion (i) easily follows from (3.5 arguing as in (3.14)) and using that G. C {|eVu.| < 1}.
To prove (ii) we first note that (i) ensures that xg.Vu. — v weakly in L?(Q;R"™ "), up to
subsequences, for some v € L%(Q;R™™). On the other hand, by (3.19) we have that yc.
converges to 1 boundedly in measure. Since Vu. — Vug in LP(Q;R™*™), we conclude that
Xa. Vue = Vug in LP(2; R ™). Hence, v = Vug and (ii) is proved. By Sobolev embedding we
have that uy € H(;R").

Since SO(n) is a compact set, there exists Ry € SO(n) such that R. — Ry, up to subsequences.
To prove that Ry € R we argue as in the proof of Lemma [3.6] and deduce

C > Eu(0) > 5E0) = = [ () det Ve = 7)) do = —c+ = [ (w(Re) = n(a) o

Note that in the last integral we used that # = 7 on O.
By multiplying by € and then letting € — 0 we infer that

/ (w(Roz) — 7(x)) d < 0.
Q

This implies that Ry € R since by assumption the identity matrix is an optimal rotation.
Uniqueness of Ry is a straightforward consequence of . Uniqueness (up to an infinitesimal

rigid motion) of ug follows by arguing as in [22] Theorem 5.1], recalling that displacements have

zero average in our setting. O

The following proposition will be useful in both the liminf and the limsup inequalities to
characterize the asymptotic behavior of the rescaled pressure potential. Note that, besides the

presence of 7 in place of 7, the integral at the left-hand side of (3.20]) differs from the rescaled
pressure potential in the total energy whenever R. is not an optimal rotation.

Proposition 3.9. Let & be a function as in Lemma and let y. € WLP(Q;R") satisfy (3.3)).
Assume there exist R. € SO(n) converging to Ry € R such that the corresponding displacements
ue, defined as in (3.4), weakly converge in WHP(§;R™) to ug € H'(2;R™). Then,

Jim inf = / (#(ye) det Vi — #(yn.)) dz > lim - (#(y.) det Vy. — #(yn.)) dz
e=0 € Jo =20 € J{|det Vy.—1|<1}
= / 7(Roz)naa(x) - up(x) dH" (z). (3.20)
o0
Proof. We write
1 . . 1 ~ 1 ~ ~
/ (7(ye) det Vy. — w(yg.)) do = / #(y:)(det Vy. — 1) dz + — / (7(ye) — 7(yg.)) do
€Ja € Ja €Ja

— L+ 1. (3.21)
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We start by considering I.. Let Q7 and G. be defined as in (3.8)) and (3.18)). Since (u.) is
bounded in W1P(2; R™), property (3.19) still holds. Moreover, by (2.1)

n
det Vye(x) = det( + eVue(z)) =1+ ZekLk(Vua(x)) for a.e. z € Q.
k=1
Since by (2.2]) we have that for k=1,...,n
¥ 1 (Ve (2))] < CF|Vue(2)|F < Cet < Cez for a.e. x € G,
we deduce that G. C QZ for e small enough. Therefore, using the nonnegativity of 7 and (2.1)
again, we obtain
1

I. > / 7(ye)(det Vye — 1) dz
g Q-

- 1
:/ 7 (ye)div ue dz + E 5k_1/ 7 (ye )t (Vue ) do + / 7(ye)(det Vy. — 1) dz
e 2 G- € Jao\G:

= P+ JZ+ T2
We first show that

e—0

lim J! = / 7(Rox)div ug(z) dz. (3.22)
Q

Indeed, since ©# = m on O, we may write

Jg—/W(ROx)divuo(:U) dz
Q

< / #(Roz + e Roue (x)) — #(Row)||div u.| da

+ : (3.23)

/ m(Rox)div ue dx—/ﬂ(ROx)divuodx
e Q

Using the Lipschitz continuity of 7 and the definition of G, the first integral at the right-hand
side can be bounded as follows:

/ |7 (Rex + eReus () — w(Rox)||div ue| dz < C|R: — Rol||Vuellp + CE/ |ue||Vue | dz

£ GE

< C|R. — Ro| + Ce2|[ucl|,
< C|R. — Ry| + Ce?,

where the last term goes to zero, as € — 0. Since xg. converges to 1 boundedly in measure, we
have that xg.divue. — divug weakly in LP(£2), hence the second term in goes to zero, as
well. This proves (3.22]).

We now prove that both J2 and J2 converge to 0, as ¢ — 0. By and (3.4)), since 7 is
bounded, we obtain

172 gczgk—l/ IV |* da :czgk—l/ V[P |V P da
k=2 Ge k=2

€

Since |Vue| < e71/2 on G., we have that

n
k4-p—
12l <CY e | Vue |k < Cet 0.
k=2

To bound J3 we use (3.3) and deduce

C 1 1
2] < 2 det Ty = Ul o190 Gl < CI0\ G
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which vanishes by (3.19)).
By combining the previous inequalities we conclude that

1
hm 1nf[ > lim — 7(ye)(det Vy. — 1) dz = / 7(Rox)div ug(z) dz. (3.24)
e—=0 ¢ O 0
We now claim that
1
lim /1, = lim — (7(ye) — 7(yg.))dz = / Vr(Rox) - Rouo(z) dz. (3.25)
e—0 e—=0 ¢ OF Q

Assuming this is true, the thesis follows by (3.21)), (3.24)), (3.25]), and the Divergence Theorem,
since

m(Roz)div ug(x) + Vr(Rox) - Roug(x) = div (m(Roz)ug(x)).
To conclude we only need to prove (3.25). We can write the integrand in Il as

1, . . 1, .
L7 (0e) — #lym) = Z((Rea + eRetn(2) — 7(Ret) (3.26)
and owing to the Lipschitz continuity of 7 we have
1
g]ﬁ(ya) —(yr.)| < Clus(z)| for a.e. x € Q. (3.27)
Since (ue) is bounded in LP(2;R™) and |2\ Q7| < [\ G<| — 0 by (3.19), we deduce that
.1 R . _
lim = . (7(ye) = #(yr.)) dz = 0.

Hence, proving (3.25) is equivalent to show that
lim 11, = / Vr(Rox) - Rouo(x) dz. (3.28)

On the other hand, u. — wug strongly in L'(Q;R") by compact embedding. Thus, by
and the Generalised Dominated Convergence Theorem, is proved if we show that the
integrand converges a.e. to Vr(Roz) - Roug(z).

To this aim, we first note that, up to subsequences,

lim Vi (R.z) = Va(Rox) for a.e. x € Q.
e—0

Indeed, the convergence is actually in L'(O;R™). This can be easily proved by approximating
V# with functions in C°(O;R"). Now, by Rademacher Theorem (we point out that we are
working with a countable sequence of rotations R.) for almost every x € Q2 we have
T(Rex + eRous(z)) — T(Rex)
€

— V#(Rex) - Roue(z) + éo(6|u€(ac)\).

Since u. — ug a.e., up to subsequences, and @ = w on O, we deduce the desired convergence.
This concludes the proof. O

With the result of Proposition at hand, we are now in a position to state and prove the
liminf and the limsup inequalities for the energy functionals ié’ .

Proposition 3.10 (lelnf inequality). Assume [WDHW5S)l, [(#1), and [72)l For every
e € (0,1) let y. € WYP(Q;R") be such that there exist R. € SO(n) converging to Ry € R
and the corresponding displacements u., defined as in , weakly converge in Wl’p(Q;R”) to
uy € H'(Q; R™). Then

Eo(ug, Roy) < hmmf ! 5Ee(Ye),
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where E: H'(;R™) x R — R is defined by
Eo(ug, Ro) : / Q(z, e(up)(z)) dz —I—/ 7(Rox)naq(x) - ug(z) dH" (). (3.29)
[2/9)

The density Q(x,-) is the quadratic form given by
Q(x,F) = DiW(z,])F: F  for F € R™",
and e(ug) denotes the symmetric gradient of uyg.

Remark 3.11. For any optimal rotation Ry € R the functional & (-, Rp) is invariant under
perturbations by infinitesimal rigid motions. Indeed, if uj(z) = up(x) + Az with A € RX"

skew’
then clearly e(u(,) = e(up) and by ([2.10)
/8 7(Roz)naq () - up(z) dH " (z) = /a 7(Roz)naa(x) - up(x) dH" ().
Q Q
Proof of Proposition [3.10, Without loss of generality we can assume
e—=0

1
liminf — & (ye) < 400,
g2

so that y. € Y? and, up to subsequence, & (y.) < Ce?. By Lemma and Proposition there
exist a (possibly different) sequence (R.) C SO(n) such that, up to subsequences, R. — Ry,
the corresponding displacements u. satisfy and, up to subsequences, weakly converge to
ug+ Az for some A € RI". However, by Remarkwe can assume, without loss of generality,
that R. = R, and so, u. = u. and A = 0.

Let 5’5 be the auxiliary energy defined as in with 7 replaced by the function 7 given by
Lemma By the properties of © we have

~ 1 1 . .
Eve) = %5 [ W Vo) o+~ [ (0 det V. = #(yn) da
1 . .
+ - /Q(ﬂ(yRE) —7(z)) dx. (3.30)
Arguing as in [3, Proof of Theorem 2.4] one can prove that

lim inf — /W x,Vy.)dx > = /Q z,e(up)(x))dz.

e—0 52

Since condition (3.3)) is satisfied by Lemma we can apply Proposition and we obtain

lim inf ! /Q (7(ye) det Vy. — 7(yg.)) dz > / 7(Roz)npa(x) - up(x) dH" ().

e—=0 € o0
Finally, assumption ([2.8) guarantees that the last term in (3.30|) is nonnegative. This proves the
desired inequality. O

Proposition 3.12 (Limsup inequality). Assume [WDHW5), [(#1), and [(72)l For every
(uo, Ro) € HY(Q; R™) x R there exist (ue, R.) € WP(Q; R"™) x SO(n) such that ue — ug weakly
in WIP(Q;R"™), R. — Rg and, setting ye(m) := R.(x + euc(x)), there holds

hmsup 5 (ye) < Eo(uo, Ro),

e—0

where &y is the functional defined in (3.29).
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Proof. Let (ug, Ry) € H'(Q;R") x R. By mollification there exists (u;) C W12°(€Q;R") such
that
ue — ug  strongly in H'(Q;R") and E%HUEHWLOO <1. (3.31)
We define R := Ry, so that y.(x) = Ro(x + cu-(x)).
We first observe that y. € Y? for € small enough. Indeed, by ([2.3)) it has zero-average and by
(2.1)) it satisfies

det Vye(z) = det(I + eVue(x)) =1+ Y "y (Vue(z))  for ae. z € Q. (3.32)
k=1
Since by (2.2) we have that for k=1,...,n
51, (Ve ()| < Ce¥|Vue(z)|F < Cet < Cer for a.e. z € Q,

for £ small enough we obtain

|det Vye(z) — 1] < Cez < for a.e. x € Q, (3.33)

N |

and thus, det Vy. > 0 a.e. in .
By (3.31) we have that for € small enough the set y.(2) is contained in the neighborhood of
O where 7 and 7 coincide. Therefore, using also that Ry € R, we can write
1 1 1
580) = 5 [ Wi TeVu@) do+ - [ () det Vymilyn,) do

Arguing as in [3, Proof of Theorem 2.4], one can show that
1 1
limsupQ/ W(z, I+ eVue(z))dr < / Q(z, e(up)(z)) dz.
e=0 €7 Jq 2 Jo

On the other hand, by (3.32)) we have that
|det Vye(z) — 1| < e|Vue(z)| + Ce for a.e. x € Q,
hence condition (3.3) is satisfied and we can apply Proposition By (3.33]) we deduce

;g%é A (7(ye) det Vy:)—7(yr,)) doe = /89 7 (Rox)naq(x) - ug(x) d?—["_l(m).

This concludes the proof. O

Remark 3.13. If we include a.e. injectivity in the definition of the space YP of admissible
deformations (see Remark , the limsup inequality can be proved by means of the same
recovery sequence. Indeed, by [4, Theorem 5.5-1(b)] the deformations y. are a.e. injective owing
to (B.31).

Combining together the previous propositions, we can prove the main result of this section.
It ensures that almost minimizers of the nonlinear energy strongly converge to minimizers of the
limiting energy.

Theorem 3.14 (Convergence of almost minimizers). Assume[WDHW5)| [(71)], and[(72)]

If (ye) is a sequence of almost minimizers for the energies &, that is,

E(ye) < inf & 4 o(e?), (3.34)
Whp(Q;R™)

then there exist R, € SO(n) such that, up to passing to a subsequence, we have
o u. — ug strongly in WhP(Q; R") with ug € H(Q;R™),
e R. — Ry with Ry € R,
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as € — 0. Furthermore, the pair (ug, Ro) is a minimizer of & on H'(€;R™) x R and

1 o
lim 7( inf 55) = min {&(u, R) : (u,R) € H (%R") x R}. (3.35)
=0 &% \y1Lp(R7)

Proof. Let (y.) be a sequence of almost minimizers. By Corollary we have that

inf & <0,
WLp(Q;R?)

hence by Proposition there exist ug € H L(Q;R™) and Ry € R such that, up to a subsequence,
us — ug weakly in Wl’p(Q;Rn) and R. = Ry.

We now show that (ug, Ro) is a minimizer of &. To this aim let (v,5) € H'({;R") x R and let
(ve, Se) be a recovery sequence for (v,S), as in Proposition Let z.(x) := Sc(x + ev(x)).
By Proposition we have

1 1 1
Eo(ug, Ry) < lim inf —255(3/5) < lim inf ( inf <& ) < lim sup ( inf & )
=0 \yyLp(QRrn) € e=0  NWLp(Q;Rn) €

< hmsup 5 (z2) < &(v, 9). (3.36)

e—0
This implies that & is minimized at (ug, Ry) and, as a consequence, (3.35)) hold.
To conclude, it remains to prove that u. — wg strongly in WHP(Q;R"). We adapt the
argument in [3, Theorem 2.5] to our framework. We claim that the following properties hold:

(a) xqg.e(us) — e(ug) strongly in L?(Q; R2X), where the set G is defined as in (3.18));

Sym
(b) the sequence (Eip dist? (Vye; SO(n))) is equi-integrable;
(c) the sequence (|Vuc|P) is equi-integrable.
The thesis follows from (a) and (b), by using Vitali’s convergence theorem together with Korn’s

second inequality, see [3, proof of Theorem 2.5] for more details.
We now prove (a). By choosing (v,S) = (ug, Ro) in (3.36]) we deduce

. 1
;I_I}(l) ;255(?45) = & (uo, Ro)-

By (3.30) and assumption ({2.8]) we have

1 1 1 . .
255(%:) > = / Wz, Vye) dz + - / (7(ye) det Vy. — 7(yr.)) d.
9 9 Q g Jo

Therefore, letting e — 0 and applying Proposition [3.9] yield

limsup =5 /W 2, Vye) dz < Eo(uo, Ro) — / m(Roz)noa(w) - uo(x) dH" ()
e—0 o0

- /Q Q(z, eup)) de.

On the other hand, by Taylor expansion of W around I and by the weak convergence of x¢.e(ue)
to e(ug) in L2(€; R”X”) (see property (ii) in the proof of Proposition we obtain

sym

lim sup — = / W(z,Vy:)dz > limsup = /Q(az,xgse(ue))dx
Q

e—0 e—0
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see, e.g., [3, 8, 22]. Combining the previous inequalities yields

.1 1
hm2/QQ(93,XGEe(uE))da:: 2/QQ(x,e(uo))daz. (3.37)

e—0

nxn

Since xg.e(u:) — e(ug) weakly in L2(Q;R2X") and the quadratic form Q(z,-) is coercive on

sym
R by [(W2)] [(W4), and [(W5)} equation proves claim (a).

To show claim (b) one can repeat verbatim the proof in [3, Theorem 2.5].
We now prove claim (c). Given a > p and 1 > 0, we deduce by (b) that there exists M, > 0
such that, setting

fiM(z) = dist(Vye(2); SO(n))xpen (), f3"(2) = dist(Vye(2); SO(n)) xq\mem (),
where

E&N = {x €N: Eipdistp(VyE(:c); SO(n)) > Mn} ,

Theorem |3.3] now ensures the existence of ﬁgm € SO(n) and of g7, 5" such that

we have that

g,m ||«
J2

ff7n

<7 and < QM. (3.38)
9

p ‘

p o

Vye = Rs,n + giﬂl + g;JI and HQTWHP < CHff’anv Hg;m

a < C[f3 o (3.39)
Since Vy. = R. + eR-Vu,, we deduce that

E _ R &M E,M
Ten T e _pogy - %2 (3.40)
€ € €
hence
E —R p g1 ||P M ||P
|5:’7€p€| <C <||Vu5||§ + ‘ 91? + ‘ 92 < C(1+n+ M,), (3.41)
p p

where the last inequality follows from Holder’s inequality, (3.38)), and (3.39)).
On the other hand, by (3.40) we can write

ﬁ _R &M &N
VuszRgT(a’la*glg*gi ‘

Thus, by (3.38)), (3.39), and (3.41)) we have that for every measurable set A C €2

B _p|p €n|P en |p
/ |VuelP de < C (MM +/ g dx—f—/ 72 dx)
A P Al € Al €

f2‘€777

SC’((1+77+M,7)]A\+17+ -

P p
A1)
1Ci£
< C (U n+ M)Al 4+ + My A]'75).

Now, for every 6 > 0 we can choose first 7 = n(d) and then w = w(d,n) in such a way that the
right-hand side above is less than § for every measurable set A C Q with |A| < w. This proves
claim (c) and concludes the proof of the theorem. O



PRESSURE LOADS AND THE DERIVATION OF LINEAR ELASTICITY 17

4. PRESSURE LOADS OF ARBITRARY SIGN

Here we extend the results of the previous section to pressure loads whose intensity 7 is not
necessarily nonnegative (and still satisfies [(w1)[). To deal with the negative part of m we need to
assume an additional bound from below for W (-, F) in terms of det F":

(W6) W(x, F) > cagq(] det F' — 1|) for a.e. z € Q and for every F' € R™*", for some ¢ € [1, 2],

where g, is defined as in (2.4) and ¢ > 0 is a constant independent of z. According to the value

of ¢ in [(W6)| we assume 7 to satisfy the following condition:
(w3) if ¢ =1, 7~ is bounded; if ¢ € (1,2], 7 (y) < C(1 + |y|§) for every y € R™.

We note that the growth condition inis at most linear, since p, ¢ € (1, 2] implies p/q¢’ € (0, 1].
In the current framework the energy & is defined as in (3.1)) with the set of admissible
deformations Y? replaced by

YP = {yeY?: detVye LI(Q)}. (4.1)

Owing to the energy is well defined on Y/: indeed, if y € Y/, then the composition
7~ oy belongs to Lq/(Q) and thus, 7(y) det Vy is integrable. Clearly, all rigid motions yr with
R € SO(n) are still admissible deformations. As observed in Remark also in this setting
the a.e. injectivity condition can be included in the definition of Y, without altering the results
of this section.

As in the previous section we need a Lipschitz continuous function that extends 7 outside a
neighborhood of O, is below 7 everywhere, and satisfies the same growth condition m as 7.

Lemma 4.1. Assume conditions |(m1)| and |(73)l Then, there exists a Lipschitz continuous
function 7: R™ — R such that & coincides with 7 in a neighborhood of O, 7 (y) < w(y) for all

y € R™, and 7t has the following property: if ¢ = 1, 7 is bounded; if g € (1,2], |7 (y)| < C(1+|y|§)
for every y € R™,

Proof. We consider only the case ¢ € (1,2], being the case ¢ = 1 analogous and even simpler.
Let C > 0 be a constant for which |(73)|is satisfied and let

h(y) == (C1+|y|7)) v (1+T).

Since p/q’ € (0, 1], the function h is Lipschitz continuous in the whole of R” and 7 > —h by
Hence we can apply Lemma to the function II := 7 + h. This provides us with a function
II. It is now easy to check that the function 7 := II — h has all the required properties. O

Under this new set of assumptions, the results of Section [3| can be modified as follows.

Lemma 4.2. Assume [WDH(WO6)|, [(#1), and[(w3)} Then there exists eg € (0,1) such that, if
E:(ye) < Ce? for every e € (0,2¢), then there holds

/ gq(|det Vye(z) — 1|)dz < Ce*  for every € (0,&). (4.2)
Q

Furthermore, there exist constant rotations R. € SO(n) such that the rescaled displacements .

defined by satisfy
/ 9p(e|Vue(z))) do < Ce?  for every e € (0, ) (4.3)
Q

and are uniformly bounded in WP (Q; R™).
If, moreover, (R.) C SO(n) is another sequence for which the rescaled displacements, defined

as in (3.4), satisfy (4.3), then
|R. — RL| < Ce
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for every e € (0,g¢). Finally, one has

_Ce? < o i]([gm )55 <0 for every e € (0,¢0).
2 (Q:R"

Proof. The choice of ¢y will be made throughout the proof. We follow the lines of the proof of

Lemma By Lemma inequality (3.7) still holds. By |[(W5)[ and Theorem there exists
a sequence (R.) C SO(n) such that

/gp(lvye(x) — Re|)dz < 0/ W (z, Vye(z)) da.
Q Q

and
/ W (z, Vy.)dz < Ce? + Cellye — yr. |1 + 6/ |7t (ye)|| det Vy, — 1| dx. (4.4)
Q Q

We denote by P: the last term in the above inequality. In the following, cs is the constant in
condition |(W6)l If ¢ = 1, the function 7 is bounded and thus, recalling the definition (3.8 of
the sets 12, we have

P. < Ce|| det Vyg — U2y + Celldet Ve — 111 o1
< Ce? +2 H det Vy. — 1H y T Cel| det Vy. — 1||L1(QE+)

<Ce 4 (7 ey / 1(|det V. — 1)) dz
2 Q

where we used Cauchy’s inequality and (2.5). If instead ¢ € (1,2], the function 7 is Lipschitz
continuous and satisfies a p/¢’-growth condition with p/q¢’ < 1, so that we obtain

P. < Cs/_(1+|y5—yRs|)|detVyE—1|d:1:+05/+(1+|y5—yRE|;)\detVyE—1|dx.

£ Q€
Using that | det Vy. —1] <1 on Q7 and applying Holder’s inequality, from the previous equation
we deduce

P. < Cel|det Vy. — 1HL2 )+ Cellye — yr.|lwrr + Cel| det Vy. — lHLq(96+)

+C€/ \ye—nglpd:c+C€/ | det Vy. — 1|7dx
oF +

>

C2 C2
< Ce? + 2| det Vg — 12, + Ce7 + <Z + Cs) | det Vg =17, )

+ el — v s+ Col - [
C2
<ce 4 (4 Ce) [ anlldet Ve — 1) do + el — wi lwss + Clye — vy
Q

where we used Young’s inequality, (2.5)), and the fact that ¢’ > 2. Combining (4.4) with the
previous bounds on P:, we obtain that

/Q Wz, Vye) dz < O + Cellye — yr.llwio + Cellye — v |Por,
(4.5)

+ (9 + C’e) / 9q(| det Vy. — 1]) dz
2 Q
in both cases ¢ =1 and ¢ € (1,2].

Now, if £9 < co/(4C), where C is a constant for which ([4.5) is true, then by we deduce
that

gq(|det Vye — 1)) dz < Ce* + Celly- — yr. |wiw + Cellye — yr. b1 (4.6)
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for every ¢ € (0,gp). Combining (4.6)) and (4.5) yields

/ W (z, Vye) dz < Ce® + Cellye — yr_llwro + Cellye — yr.fy1s
Q
= C*(1+ Jlucllwrw + P Hluellfyo,)-

Arguing as in (3.14)—(3.16) and using Poincaré-Wirtinger inequality we deduce that

[uellfyrp < OO+ [lucllwrr + 7 uefy1)-
Up to choosing ¢y smaller, if needed, we obtain
e, < CA+ llucllwrs),

which implies ||ue|y10 < C.

Inequality (4.2) now follows easily from (4.6[), while (4.3]) is a consequence of (4.7)) and

The last two statements of the lemma can be proved arguing exactly as in the proof of Lemma|3.6
and Corollary O

The proof of the following compactness result is completely analogous to that of Proposi-

tion B.8
Proposition 4.3 (Compactness). Assume |[((W1)H(W6)| |(71), and . If E-(y=) < Ce? for
e € (0,e9), then for any R., u. given by Lemma we have that, up to subsequences,
® u. — ug weakly in lep(Q;R") with ug € ﬁ[l(Q;R"),
e R. — Ry with Ry € R,
as € — 0. Moreover, Ry is independent of the choice of Re and ug is independent up to infini-

. . . . . ><
tesimal rigid motions of the form Az, with A € Rl .

The next proposition is the analog of Proposition [3.9] However, in the present setting, owing
to the assumptions [(W6)| and |(73)l we can improve the result and show convergence on the
whole of €.

Proposition 4.4. Let & be a function as in Lemma and let y. € W“’(Q;R”) satisfy (4.2)).
Assume there exist R. € SO(n) converging to Ry € R such that the corresponding displacements
ue, defined as in (3.4), weakly converge in WHP(§;R™) to ug € H'(2;R™). Then,

tim = [ (#(ye) det Vo — #(ym.) da = / r(Row)non() - uo(z) AH™ (z).
e=0¢€ Jo o0

Proof. We follow the lines of the proof of Proposition [3.9f The only difference is in the analysis
of the term I, in (3.21]), which now can be written as

IE:/ ﬁ(ye)divusd:U—I—Zsk_l/ 7 (ye)ti(Vue ) dz

k=2 €

1 1
+ / 7(ye)(det Vy. — 1) dz + / 7(ye)(det Vy. — 1) dz
€ Jas\Ge € Jas

= JL+ 2+ 2+ T
where the sets QF and G, are defined as in (3.8) and (3.18). Here we recall that G. C € for

e small enough. The first integral J! can be handled exactly as in the proof of Proposition
To conclude it is enough to show that the remaining terms are infinitesimal, as ¢ — 0.
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By (2.2) and the Lipschitz continuity of & we obtain

Ge

= C’Z (akl/ |V |FP|Vu|P dz + ak/ ]uEHVu5|kda:> :
k=2 Ge Ge
Since |Vue| < e=1/2 on G., we have that
\ﬂ<c§x

Using (4.2)), the boundedness of (u;) in W?(Q;R"), and recalling that |det Vy.—1| < 1 on
Q_, we deduce that

172 gCng_l/ (1+ eluc])| Ve |F da
k=2

+€2Hua|]p) <C’Z< +€2) < Ce 0.

C
2| < / (14 eluc])| det Vy.—1| da
E\ €
1
< ;H det Vye—1|l 1212\ G:|2 +C/_ , |ue| da

< CION Gel? + Cllucllpl\ G| < CIQ\ Ge|7 + CQ\ el

where the last term goes to zero, as ¢ — 0, by (3.19)).
To deal with J? we consider the two cases ¢ = 1 and ¢ € (1,2], separately. If ¢ = 1, the
function 7 is bounded and so, we have

~ C
[J2] < ;” det Vye — 1 1 qr) < C,

where in the last inequality we used (4.2).
If instead ¢ € (1, 2], by using the p/¢’-growth of & we have

. C
L@sgé(uwmm

_Us

)| det Vy. — 1| dz

p

< *H det Ve — 1||Lq |Q+|q +C€q HdetVyE— 1||Lq(Q;)HUs”z?-
By and the boundedness of (u:) in W1HP(€; R™) we deduce

A < ceh QT + et )y < ClaF|T + Gt
It is easy to verify that %—i— 7 1 > 0. Moreover, since G, C ) for € small enough, we have that
|QF| — 0 by (3.19). Therefore, we conclude that in both cases jf is infinitesimal, as e =+ 0. O

The next proposition collects both the liminf and the limsup inequalities, which thus provide
a full I'-convergence result.

Proposition 4.5 (Liminf and llmsup inequalities). Assume [[W1DH(W®6)], [(71)] and-
For every £ € (0,0) let y. € WYP(Q;R™) be such that there exist R € SO(n) converging
to Ry € R and the corresponding displacements uc, defined as in , weakly converge in
W2(Q;R™) to ug € H'(Q;R™). Then

1
50(160, Ro) < lim inf ﬁgs(yg),
e—=0 €
where &y is the functional defined in (3.29).
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On the other hand, for every (ug, Ro) € H (S R™) x R there exist (ue, R.) € WhP(; R™) x
SO(n) such that u. — ug weakly in WiP(Q;R"), R. — Ry and, setting y.(z) := Re(z+eu.(z)),
there holds

. 1
lim sup ?Ee(yg) < &o(up, Ro).

e—0

Proof. The proof is the same of Propositions and once we have at our disposal Propo-
sition [£.4] The only additional remark is that the deformations y. in the recovery sequence are
admissible since det Vy. € L>°(2) by construction (see (4.1]) for the definition of Y7). O

Combining the previous results and arguing as in Theorem one can infer the following
convergence result for almost minimizers.

Theorem 4.6 (Convergence of almost minimizers). Assume[[WDH(WG6)], [(71)], and[(73)]
If (ye) is a sequence of almost minimizers for the energies &, that is,

E(y:) < inf &+ 0(62),
WLp(Q;R™)

then there exist R. € SO(n) such that, up to passing to a subsequence, we have
e u. — ug strongly in lep(Q;]R") with ug € f[l(Q;R”);
e R. — Ry with Ry € R.

Furthermore, the pair (ug, Ro) is a minimizer of & on HY(Q;R") x R and

. 1 . . . T1i0. PN
;1_13(1) €2(W1,;?£;Rn)€€) =min {&(u, R) : (u,R) € H'(GR™) x R}.

5. A REFINED [-LIMIT AND A COMPARISON WITH DEAD LOADS

In this section we make a comparison with the results obtained in [22], in the case of dead
loads. In particular, we compute a refined version of the I'-limit of the rescaled energies 6%85.
We assume [[WDH(W5)| and [(71)] together with either [(72)] or [[73)] and [[W6)| In addition,

we require

(74) 7 is of class C? in the open set given by

Under this assumption any optimal rotation Ry € R satisfies, in addition to (2.9)), the following
condition:

/ (Vr(Rox) - RoA?z 4+ D?m(Rgx) Ry Az - RoAz)dz >0 for every A € R"" (5.1)
Q

skew "

This is obtained by imposing that the second variation of the functional in (2.7)) is positive
semidefinite along the curve ¢ — Rpe'?. By the Divergence Theorem, condition (5.1) can be
rewritten as

/ (Vr(Roz) - RoAz)naq(z) - A dH" Y (z) >0 for every A € RTX" (5.2)
o0

skew "

In [22] the applied body force is assumed to be a dead load of the form

- /Q o) - y(x) da,

where g € L?(£2;R") is given. In this setting the authors proved that the set of optimal rotations,
which is defined as

R, := arg min {—/Qg(x) - Rmdx}, (5.3)

ReSO(n)
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T2

FiGURE 1. The set 2 in Example

is a submanifold of SO(n) (see [22, Proposition 4.1]). Moreover, if (y.) is a sequence of deforma-
tions with total energy of order £2, then any sequence of rotations (R.) provided by the rigidity
estimate converges to an optimal rotation Ry (as in Propositions and {4.3) and, in addition,
satisfies

diStSO(n) (Re; Rg) < C\/E, (54)

where distgo(y,) is the intrinsic distance in SO(n), that is,

distso(n) (R, S) :=min {|A] : A€ R} R= SeA}.

skew?

Finally, the I'-limit of the rescaled energies can be expressed as

;/QQ(I’, e(up)(x))dx — /Qg(x) - Roug(z) dz — ;/Qg(ac) . R()A%:B dz, (5.5)

nxn

w18 the limit of

where ug is the limit displacement, Ayg € R
1
NG

(which exists up to subsequences), and P, is the projection operator on R, (see [22], Section 5]).

We note that the last term in (5.5)) is the second variation of the functional in (5.3) at Ry

computed in the direction Ag. In [22] it is then proved that Ay = 0 for sequences (y.) of almost

minimizers, so that the last term in (5.5)) is identically equal to 0 on minimizers.

In our setting of a pressure live load, a first difference with [22] is that the set of optimal
rotations may not be a manifold, as the following example shows.

Rj (Re = Ty(Re))

Example 5.1. Let n = 2 and let 2 be the set given in polar coordinates by
Q={(p,0): p<1liffel0,7/2]U][mr 37/2], and p < 2 otherwise}

(see Figure[1). We note that is satisfied.

Let ¢ € C°(]0,7/2]) be a nonnegative function satisfying ¢(0) = 0 and attaining its maximum
at o = m/2. Suppose, in addition, that the first, second, and third derivatives of ¢ vanish at
a =0 and at a = 7/2. Let ¢ € C?([1,4+0)) be a bounded function with bounded first and

second derivatives satisfying (1) = ¢/(1) = ¢”(1) = 0 and f12 p(p)dp = 1. A simple choice of
¥ could be ¥(p) = %(p —1)3 for p € [1,2], suitably extended to [2,+00).
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We consider the following pressure function:

(21, 2) = P(y/2? + 23)¢’ (arctan 22) ifa1 >0,22 >0, and 2?4+ 2>1,
0 otherwise.

Elementary computations show that  is Lipschitz continuous and of class C?(R™), so that
and are satisfied; furthermore, 7 is bounded, so also |(73)| holds true.
We recall that SO(2) can be identified with the unit sphere S! via the map

[0,27) 2 a = R := <cosa —sma) ,

sinav  cos«

so that we can write

R:argmin{/ 7 (z1,x2) day dxg}.
a€l0,27) £19)

For a € [0,7/2) we can compute

2 ra 2 o'
| mena) = [ ol 0paar= [ pwioan [ 0100 = o)

Similarly, we obtain

p(a) if a € [0,7/2),
_ dla) e dPT/2) —pla—m/2) it ac[n/2,m),
i M tacimsn, OO
[

o(r/2) — ol —37/2) if a € [37/2,2m).

Since ¢ is nonnegative and maximized at 7/2, the set of optimal rotations corresponds to the
zero-level set of the function ¢. In particular, in [0,7/2) this is given by the zero-level set of ¢,
which can be any closed set at positive distance from /2.

This example shows that, in general, we cannot expect R to be a manifold.

Since R is not in general a manifold, the projection operator on R is not well defined. However,
in the limiting process we can keep track of the distance of the approximating rotations R, from
R through a suitable sequence of skew-symmetric matrices A.. In contrast with , the
scaling of this distance may be larger than /¢ (actually, larger than /¢ for any given k > 2),
see Example To recover compactness of (A.) we rescale it by |A;| V v/ and we denote by
Ag its limit. The I'-limit of the rescaled energies can be then expressed as

1
5()(uO, RQ) + EF(RQ, AQ),

where F: R xRI<" — [0, +00) is the second variation of the functional in (2.7). This additional
term measures the cost due to the fluctuations of the approximating rotations from the set R.

Arguing as in (5.1)) and (5.2]), the functional F takes the form
.F(R(), Ao) = / (V?T(Rox) . R()A()J:‘)A()ZU : nag(x) dHn_l(x).
o0

For sequences (y.) of almost minimizers the limit Ay may be different from 0; however, we have
F(Rp, Ag) = 0. More precisely, we have the following result.

Theorem 5.2. Under the assumptions of Proposition[3.8 or Proposition[4.3, we have in addition
that there emst A, € R such that R. = S.e?s for some S. € R and, up to subsequences,

skew

A. — 0 and e IVf — A for some Ay € RIS with |Ag| < 1.
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If also is in force, then

1 1
I — il_r)% ?gg(yg) = 50(U07 Ro) + QF(R(), Ao)

with respect to the following convergences: u. — ug weakly in Wl’p(Q;R”), R. — Ry, A: — 0,
Ae
and W — AO.
Finally, if (y:) is a sequence of almost minimizers for the energies &, that is, (3.34]) holds,

then there exist R. € SO(n) and A. € R<" as above such that, up to a subsequence, we have

e u. — ug strongly in lep(Q;R") with ug € ﬁl(Q;Rn),
e R. — Ry with Ry € R,
e A, — 0 and — Ao with Ag € RIX" ) |Ap| < 1.

Ae
|Ac|Vy/E skew’
Furthermore, the triplet (ug, Ry, Ao) is a minimizer of & + %]—' on ﬁl(Q;R") X R x RI<",
F(Ro, Ap) =0, and

. 1 . o . 1 . rl LN nxn
lim EZ(WL;?SE;W)@) = min {50(u, R)+ SF(RA): (R, A) € H(QR") x R x ]Rskew}

=min {&(u,R) : (u,R) € H'(4R™) x R}.

Proof. As for the compactness statement, since R is a closed set, there exist S. € R and
A. € RIX" such that R, = S.es and

diStSO(n)(R5§ R) = diStSO(n) (Raa Ss) = |A€|

Since, up to subsequences, R. — Ry € R, we have that A. — 0. The remaining properties
Mliwg) is bounded by 1.

We now give a sketch of the proof of the liminf inequality. By Proposition [3.10] or [4.5] we have
that

follow from the fact the sequence (

1 _z) —
liminf — & (y:) > Eo(uo, Ro) + lim jnf/ m(Rex) — 7(2) da.
e—0 € e—0

Q £

In fact, the last term above was always neglected in the previous computations, since it is
nonnegative by (2.8)). Using that S, € R, a Taylor expansion of 7 and of the exponential map
yields

.z) — 1
/ m(Rew) —m(x) 1 / Vr(Sex) - S-Acx da
Q £ Ja

£
1
+ % (Vr(Szx) - S. A%z + D*1(S.(I + t-()K.)x)S. K.z - S.K.x) dx
Q
1
+ 8/ |A|PV7(Sex) - SeHox du, (5.7)
Q

where t.(x) € [0,1], H. is a uniformly bounded matrix, and

1
K.:=A. + §A§ + |A: P H..
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We now note that the first integral in (5.7 is equal to 0 by (2.9)); thus, by multiplying and
dividing by a. := (|]Ac| V 1/2)? we obtain

/ m(Rex) — ()
Q

g
Qe ) Agx 2 @ K.z
o /Q (W(sgx) S: e DS+ (0)K)2)S: 2 5. \/07) da

2| A3
+ A / Vr(S:x) - SeHex d:x] )
Qe Q

We observe that the left-hand side is nonnegative, hence the term within square brackets is
nonnegative, as well. Since \/a: = |A:| V /e > g, |Ac] — 0, S: — Ry, \}% — Ap, letting
€ — 0 and using the Dominated Convergence Theorem yield

e—0 £

- 1
lim inf / r(fer) = (@) g s 5 / (Vr(Rox) - RyAZw + D*m(Roz) Ry Aoz - RoAgx) da.
Q Q

The liminf inequality follows now from the Divergence Theorem.
For the construction of the recovery sequence we proceed as in Proposition or but
choosing R, := Rge?s with A, := \/eAq. Since Ry is in R, we can write

LE) = /Q W (e, V) o+ © /Q (m (e () det Ve — 7(Rew)) do

m(R.x) — m(Rox)
+ /Q dx.

3

(5.8)

The first two integrals at the right-hand side can be bounded by &y(ug, Rp), arguing as in
Proposition or Repeating the same computations as for the liminf inequality, one can
show that the last integral converges to 3 (Ro, Ao).

Convergence of almost minimizers and of infima can be proved exactly as in Theorems [3.14]
and Finally, we observe that the functional F is always nonnegative by and F(R,0) =0
for every R € R. Hence, by minimality we deduce that F(Ry, Ap) = 0. This concludes the

proof. O
We conclude the paper with an example showing that, given any sequence A; — 0 such that
A2 A\E
lim —= = 400 and lim —= = (5.9)
e—0 € e—0 ¢

for some k > 2, there may exist sequences of almost minimizers of & for which any approximating
sequence of rotations has a distance from R of order A.. This provides a further difference with
the case of dead loads [22].

Example 5.3. We start by considering a sequence (\¢) satisfying (5.9) with £ = 3. We assume
the pressure intensity 7 to be of class C®. Moreover, we assume that the set of optimal rotations
R is finite and that for every Ry € R there exists Ay € RX" such that

skew

|A()‘ =1 and f(Ro,Ao) = 0. (510)

These properties are satisfied, for instance, in Example[5.1]if the function ¢ is strictly increasing.
Indeed, in this case the function ¢ in attains its minimum only at & = 0 and o = 7 and
thus, R = {£I}. Moreover, in this example V7 (z) = Vr(—z) = 0 for every z € 91, so that
F(Ro, Ag) = 0 for every Ry € R and every Ay € R"*". Finally, 7 is of class C? if we assume,

skew *
in addition, ¢ € C*([0,7/2]) with ) (0) = (V) (7/2) = 0 and 1 € C3([1, +00)) with bounded
third derivative and ¢"'(1) = 0.
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Now let (ug, Ro) be a minimizer of & on H*(Q;R") x R and let Ay € RI<" satisfy ((5.10)).
Let R, := Rpe*40 and let (ue) be an approximating sequence for ug as in (3.31)). We claim that
the deformations y.(x) := Re(z + euc(x)) are a sequence of almost minimizers of &. Indeed,

arguing as in the proof of the limsup inequality in Theorem we have by (5.8) that

lim %Sa(ye) = &o(ug, Ro) + lim m(Rex)—m(Rox) dz = min & + lim w(Rex)—m(Rox)
e—=0¢ e=0 Jq € xR =0 Jo €

= lim (1 inf & —i—/ m(Rew) = (Ro) dm) .
Q

e—0 82 ﬁ/l,p(Q;Rn) £

dx

Therefore, the claim is proved if we show that the last term above vanishes, as € — 0. To prove
it we argue as in the proof of the liminf inequality in Theorem [5.2] now expanding up to the

third order. By (2.9) and (5.10) we obtain

ex ) £ )\2 )\3 )\3
/W(R l‘) 7'['(R0$) d$:);/VW(R0$)ROAOmd$+2;'F(RO’AO)+O( >:O<€ )
o Q

e
€ € €
(5.11)
which proves the claim owing to with k = 3.

We note that the intrinsic distance of R, = Rge*<4° from R in SO(n) is of order A;. Indeed,
since R is finite by assumption, we have that dgo(m)(Re;R) = dgsoem)(Re, Ro) for € small
enough. By definition we clearly have dgo(n)(Re, Ro) < Ae. On the other hand, since the
intrinsic distance in SO(n) is equivalent to the Euclidean distance, we obtain

dso(n)(Re, Ro) > cler 40 — I > eA..

We now prove that for the sequence (y.) constructed above, any sequence (R.) of approxi-
mating rotations satisfies

dsom) (RL;R) > ce. (5.12)

By Lemma [3.6] or Lemma [4.2] we deduce that |R. — R.| < Ce, hence R. — Ry. Since R is finite,
we have that dgo@) (R R) = dgom) (R, Ro) for € small enough. Let AL € RIXT be such that

skew
R. = Rpe’: and dsom)(RL, Ro) = |AL|. Assume by contradiction that (5.12) does not hold,
that is, |[AL|/A- — 0, as € — 0. Then we have

Ce > |R. — R.| = |e*40 — 42| > |0 — I| — | — 1| > |eMe0 — I — ¢|AL).

Dividing by A: and sending € — 0, we obtain a contradiction, since the left-hand side vanishes
by and the right-hand side converges to |Ag| = 1.

Using again that |R. — R.| < Ce, it is easy to see that in fact the intrinsic distance of R.
from R is of order A..

If, instead, the sequence (\.) satisfies for some k > 4, the previous arguments can be
adapted with small changes as follows. We assume, in addition, that 7 is of class C* and that
for every Ry € R there exists Ag € R”" such that

skew

|Ag| =1 and Vi(Ro,Ag) =0 forevery j=2,...,k—1, (5.13)

where V;(Ro, Ap) is the j-th variation of the functional in at Ry computed in the direction
Agp. This is fulfilled by the pressure load in Example if ¢ and ¢ have enough regularity and
satisfy suitable boundary conditions. By expanding up to order k in , condition
guarantees that the sequence (y.), constructed as above, is still a sequence of almost minimizers.
The bounds on the intrinsic distance from R can be proved as before.
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Remark 5.4. If condition ([5.10]) is not satisfied, that is, for every Ry € R one has
./."(Ro,Ao)ZO < A():O,

the phenomenon described in the previous example can not arise. More precisely, one can show
that the intrinsic distance of the approximating rotations from R is at most of order /£, as in
(5.4). The argument is the same as in [22, Theorem 5.1, combined with (5.7)).
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